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ABSTRACT

Ensuring fairness is a crucial aspect of Federated Learning (FL), which
enables the model to perform consistently across all clients. However,
designing an FL algorithm that simultaneously improves global model
performance and promotes fairness remains a formidable challenge, as
achieving the latter often necessitates a trade-off with the former. To
address this challenge, we propose a new FL algorithm, FedEBA+, which
enhances fairness while simultaneously improving global model performance.
FedEBA -+ incorporates a fair aggregation scheme that assigns higher weights
to underperforming clients and an alignment update method. In addition, we
provide theoretical convergence analysis and show the fairness of FedEBA+.
Extensive experiments demonstrate that FedEBA+ outperforms other SOTA
fairness FL. methods in terms of both fairness and global model performance.

1 INTRODUCTION

Federated Learning (FL) is a distributed learning paradigm that allows clients to collaborate
with a central server to train a model (McMahan et al., [2017)). To learn models without
transferring data, clients process data locally and only periodically transmit model updates
to the server, aggregating these updates into a global model. A major challenge for FL is
to treat each client fairly to achieve performance fairness (Shi et all 2021), where the global
model’s performance is uniformly distributed among all clients. Achieving fairness is vital
to prevent problems like performance discrimination, client disengagement, and legal and
ethical concerns (Caton & Haas, [2020). However, due to data heterogeneity, intermittent
client participation, and system heterogeneity, the model is prone to be unfair (Mohri et al.|
2019; [Papadaki et al., [2022]), which decreases FL’s generalization ability and hurts clients’
willingness to participate (Nishio & Yonetani) 2019)).

While there are some encouraging results of addressing fairness challenges in FL, such as
objective-based approaches (Mohri et al.l [2019; Li et al. 2019a; |2021)) and gradient-based
methods (Wang et al.| 2021; Hu et al.,[2022), these methods typically result in a compromise
of the performance of global model. However, training an effective global model is the
fundamental goal of FL. (Kairouz et al., [2019). This raises the question:

Can we design an algorithm for FL that promotes fairness while improving the performance
of the global model?

To this end, we propose the FedEBA 4 algorithm, which uses Entropy-Based Aggregation
plus alignment update to improve Federated learning. FedEBA+ introduces a new objective
function for FL via a maximum entropy model and comprises a fair aggregation method and
an alignment update strategy. Specifically, FedEBA+ algorithm:

1. Implement an entropy-based aggregation strategy called EBA, which gives underperforming
clients with relatively high aggregation probability, thus making the performance of all
clients more consistent.

2. Introduce a novel update process, comprising model alignment and gradient alignment, to
enhance the overall accuracy and fairness of the global model.

Maximum entropy models have been successfully adopted to promote fairness in data prepro-
cessing (Singh & Vishnoi, 2014)) and resource allocation (Johansson & Sternad, |2005)). The
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Performance Gap for Clients with Different Algorithms Figure L: Illustration Of fairness improvement Of
f 100_The smaller the gap, the fairer FedEBA+ over q-FFL and FedAvg. A smaller perfor-
F2(9 a-FFL mance gap implies a smaller variance, resulting in a fairer

. redtn method. For clients Fi(z) = 2(z —2)* and F2(z) = $(z+4)?
with global model zf = 0 at round ¢, -FFL, FedEBA +, and
FedAvg produce z'*t! of —0.4, —0.1, and 0.5, respectively.
The yellow, blue, and green double-arrow lines indicate the
performance gap between the clients using different methods.
FedEBA-+ is the fairest method with the smallest loss gap,
thus the smallest performance variance. Computational
details are outlined in Appendix

F(x)

principle of constrained maximum entropy ensures a fair selection of probability distribution
by being maximally noncommittal to unobserved information, eliminating inherent bias,
thereby promoting fairness (Hubbard et al., [1990; [Sampat & Zavalal [2019)).

However, introducing entropy for fairness in FL is challenging due to its departure from
traditional fairness objectives like resource allocation. Fair FL aims to ensure equitable
model performance across diverse clients, addressing data heterogeneity and performance
bias mitigation with specialized techniques such as model sharing (Donahue & Kleinberg;,
2021) and fairness metrics like accuracy variance (Shi et al.; 2021). In contrast, traditional
fairness in resource allocation focuses on efficiently distributing homogeneous resources based
on predefined criteria (Lan et al. [2010). The challenge lies in modeling FL aggregation
as entropy and incorporating that using the aggregation method to make the performance
distribution more uniform.

To address this challenge, FedEBA+ formulates the FL aggregation as a problem of maxi-
mizing entropy with the proposed FL constraints to achieve fair aggregation (Section .
To the best of our knowledge, we are the first to analyze FL aggregation for fairness using
entropy. Compared to existing methods such as uniform aggregation in FedAvg (McMahan
et al., 2017) and reweight aggregation in -FFL (Li et al.l |2019a)), FedEBA+ provides a
more uniform performance among clients, as shown in Figure [l Furthermore, we propose
a new objective function that incorporates maximum entropy as a Lagrange constraint in
the standard FL objective, resulting in a bi-variable objective (Section . This enables
optimization of the objective over both aggregation probability for a fair aggregation strategy
and model parameters for a novel FL model alignment update process, improving both global

model accuracy (Section 4.2.1)) and enhancing fairness (Section [4.2.2)).
Our major contributions can be summarized as below:

e We propose FedEBA+, a novel FL algorithm for advocating fairness while improving
the global model performance, compromising a fair aggregation method EBA and an
innovative model update strategy.

e We provide the convergence analysis for FedEBA+, which is provable to converge to the
1
vVnKT

of FedEBA-+ via variance using the generalized linear regression model.

e Empirical results on Fashion-MNIST, CIFAR-10, CIFAR-100, and Tiny-ImageNet
demonstrate that FedEBA+ outperforms existing fairness FL algorithms, excelling in
both fairness and global model performance. In addition, we conduct extensive ablation
experiments to assess the impact of hyperparameters on FedEBA+.

nearby of the optimal solution in rate O ( + %) In addition, we show the fairness

2 RELATED WORK

In the realm of fairness-aware Federated Learning, various approaches have been explored,
addressing concepts such as performance fairness (Li et al.l [2019a), group fairness (Du et al.,
2021)), selection fairness (Zhou et al.| [2021), and contribution fairness (Cong et al.| 2020),
among others (Shi et al., |2021)); however, this paper uniquely focuses on performance fairness,
alming to serve client interests and enhance model performance. A more comprehensive
discussion of the related work can be found in Appendix

2
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3 PRELIMINARIES AND METRICS

Notations: Let m be the number of clients and |S;| = n be the number of selected clients
for round t. We denote K as the number of local steps and 7T as the total number of
communication rounds. We use Fj(z) and f(z) to represent the local and global loss of
client ¢ with model z, respectively. Specifically, xj , and 9ix = VEi (2} i, &l ) represents
the parameter and local gradient of the k-th local step in the i-th worker after the #-th
communication, respectively. The global model update is denoted as A; = 1/n(2i41 — x4),
while the local model update is represented as Al = Ty, — Ty 0. Here, n and np correspond
to the global and local learning rates, respectlvely

Problem formulation. In this work, we consider the following optimization model:
mln flz Z piFi(x), (1)

where z € R¢ represents the parameters of a statistical model we aim to find, m is the total
number of clients, and p; denotes the aggregation weight of i-th client such that p; > 0 and
>, pi = 1. Suppose the i-th client holds the training data distribution D;, then the local

loss function is calculated by F;(z) £ E¢,~p, [F; (7, &)].

Metrics. This article aims to 1) promote fairness in federated learning while 2) enhance
the global model’s performance. Regarding the fairness metric, we adhere to the definition
proposed by (Li et al.l [2019a)), which employs the variance of clients’ performance as the
fairness metric:

Definition 3.1 (Fairness via variance). A model x1 is more fair than o if the test perfor-
mance distribution of x1 across the network with m clients is more uniform than that of x4,
i.e. var {F; (21)};epn) < var {5 (22)};c(,,, where F(-) denotes the test loss of client i € [m]

i€[m

and var {F; (z)} = 5" [Fi(z) — LY, Fi(av)]2 denotes the variance.

m]’

Ensuring the global model’s performance is the fundamental goal of FL. However, fairness-
targeted algorithms may compromise high-performing clients to mitigate variance
. In addition to global accuracy, we evaluate fairness algorithms by analyzing the
accuracy of the best 5% and worst 5% clients to assess potential compromises.

4 FEDEBA-+: AGGREGATION AND ALIGNMENT UPDATE METHOD

In this section, we introduce a fair aggregation strategy using maximum entropy to ensure
FL’s fairness constraints and derive a unique aggregation expression (Sec [4.1)). We define a
novel FL optimization objective in Eq. by treating maximum entropy as the Lagrangian
constraint. This dual-objective framework enhances the global model’s performance through
model alignment when using f(z) as the ideal global objective (Sec and promotes
fairness through gradient alignment when f(z) is considered as the fair objective (Sec .
The complete algorithm, encompassing entropy-based aggregation, model alignment, and
gradient alignment is presented in Algorithm

4.1 FAIR AGGREGATION: EBA

Inspired by the Shannon entropy approach to fairness 95 ), an optimization
problem with unique constraints on the fair aggregation for is lated as:

maXIHI Zpilog (pi) s.t. Zp271p1>0 sz i(z) = f(=), (2)

where H(p) denotes the aggregation probability’s entropy, employed to ensure fair aggregation,
and f(z) represents the ideal loss. The ideal loss f(z) serves as the target or objective for
the aggregated losses. Its specific expression depends on the goal of the FL system. It acts
as a robust constraint for ensuring that the aggregated clients’ losses are as close to the
desired target loss as possible. For example, when the ideal loss acts as ideal fair loss, the
gradient of ideal loss should be a reweight aggregation of clients’ unbiased local update as
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Algorithm 1 FedEBA+

Require: initial weights zo, global learning rate 7, local learning rate 7;, number of rounds T'.
Ensure: trained weights zr

1: for round t=1,...,7T do
2 Server selects a set of clients |S¢| and send them model .
3: if # Do fairness alignment: then > Consider communication ability
4 ‘ Server collects selected clients’ loss L = [F1(x¢), ..., Flg,|(zt)]. > Upload scaler with
negligible communication overheads
5: ‘ ‘ if achos(HLI”‘%) > 0 then > Assess the need for fairness alignment by computing the
arccosine between the loss vector L = [F1(x¢), ..., Fis,|(,)] and r = [1,--- 1]
6 Sever collects V Fj(x;), calculates gradient §>* by @ and sends §>* to selected clients
7 for each worker i € Si,in parallel do
8 for k=0,---,K —1do
9: ‘ hig + (1—a)gip + g’
10: ‘ A} = xi,K - xi,o = —Nr 25;01 hi,k )
11: Aggregation: Ay = Ziest piA}, where p; follows by substituting = x} x
12: else
13: for each worker i € Si,in parallel do
14: for k=0,---,K—1do
15: Ty k1 = Ti g — NLGL k-
16: Let Ai = xi,K - iti,o = —NL EkK:_ol gi,k and Ai = 1311;,1 - xi,o
17: Server aggregates model update by @
18: Server update: xty+1 = x¢ + Nl

shown in Section |4.2.2 Introducing f(x) as a constraint reduces bias in model updating
and aggregation, benefiting global accuracy and fairness. The toy case in Appendix [1270]
comparing the fairness behavior between FedAvg, g-FedAvg, and FedEBA+, illustrates
that higher entropy with constraints equates to greater fairness. Notably, the constrained
entropy model can be applied to other tasks by replacing the ideal loss constraint with
task-specific constraints. Furthermore, by integrating the maximum entropy model into
the original FL objective function as a Lagrangian constraint, we develop a new FL
objective function (), detailed in Section [4.2]

Proposition 4.1 (EBA: entropy-based aggregation method). Solving problem , we
propose an aggregation strateqy for prompting fairness performance in FL:
exp(Fi(z)/7)]

DTSN explFi(@)/7]) ®

where T > 0 is the temperature.

Proof for Proposition is in Appendix [9.1} and the uniqueness of the solution (3) to
optimization problem (2) is in Appendix

Remark 4.2 (The effectiveness of 7 on fairness). 7 controls the fairness level as it decides
the spreading of weights assigned to each client. A higher T results in uniform weights
for aggregation, while a lower T yields concentrated weights. This aggregation algorithm
degenerates to FedAvg(McMahan et all, |2017) or AFL (Mohri et all, |2019) when T is
extremely large or small.

Remark 4.3 (The annealing manner for 7). The linear annealing schedule is defined below:
T =7"/(1+K(T - 1)), (4)

where T s the total communication rounds and hyperparameter k controls the decay rate.
There are also concave schedule 78 = 7°/(1 4 B(k —1))2 and convex schedule 7F = 70 /(1 +
k(k —1))3. We show the performance of annealing manners for T in Figure@ of Section @

Proposition [£.1] shows that assigning higher aggregation weights to underperforming clients
directs the aggregated global model’s focus toward these users, enhancing their performance
and reducing the gap with top performers, ultimately promoting fairness.
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When taking into account the prior distribution of aggregation probability, which is typically
expressed as the relative data ratio ¢; = ni/3, g, n:, the expression of EBA becomes p; =
ai exp[Fi(2)/T)I/SN | g; exp[F;(x)/7]. The derivation is given in Appendix

4.2 ALIGNMENT UPDATE

Proposition presents a fair aggregation strategy utilizing the maximum entropy model in
FL. Building upon this, we enhance FL optimization by incorporating as a Lagrangian
constraint in the original FL objective , resulting in a bi-variable optimization objective.
This objective improves fairness by exploiting the model update process in addition to
satisfying aggregation fairness. The new objective function is defined as follows:

)

N
L (x,pi; Ao, M) := szFz(l') + 8
i=1

> pilogpi + Ao (Zpi - 1) + A1 (f(x) - ZPiFi(ﬂf))

i=1 =1

where 8 > 0 is the penalty coefficient of the entropy constraint for the new objective.

The new optimization function is bi-variate, and its optimal solution w.r.t p; remains
the same (equation ) By optimizing the function with respect to the variable x, we
introduce the following model update formula:

OL (z,pi, Mo, M)

202 (1) Y VR +aV (@), (©)

i=1
where a = A1 > 0is a constant. The above new update formulation combines the traditional
FL update with the ideal gradient V f(z) to align model updates. Vf(z) represents the
ideal global gradient V f”(.’lﬁt) for improved global model performance (Section and
represents the ideal fair gradient V f'b(;vt) for fairness (Section . The global model is
updated by A; = 7%73\0)\1) =—(1—-a)>", pVEi(z) - oV f(z).
4.2.1 MODEL ALIGNMENT FOR IMPROVING GLOBAL ACCURACY

Based on equation @, we propose a new approach to update the server-side model to improve

the global model performance. The ideal global gradient V fa(xt) aligns the aggregated
model with better representing the model update under global data. Although directly

obtaining it is unfeasible, we estimate it by averaging local one-step gradients. Utilizing local

SGD with z;41 = x; — nag(f) and x41 = x; — A, we have

Av=(1-a)) pildi+alf, (M)
1€St

where p; follows the aggregation probability by substituting = = x% K- Here,A? denotes
the aggregation of one-step local updates, defined as follows:

A Q@ 1 A @, 1 2 2
Aj :@ZAf' ZWZ(%J—%@O)- (8)
1€St 1€S.

We can estimate the ideal global model update using because: 1) A single local update
corresponds to an unshifted update on local data, whereas multiple local updates introduce
model bias in heterogeneous FL (Karimireddy et al., 2020b)). 2) The expectation of sampled
clients’ data over rounds represents the global data due to unbiased random sampling
2022)). The model alignment update is presented in Algorithm (Steps 11-15). Utilizing
Af as the ideal global gradient, the global model update derived from is expressed as
, as depicted in Algorithm

4.2.2 GRADIENT ALIGNMENT FOR FAIRNESS

To enhance fairness, we define f (z¢) as the ideal fair gradient to align the local model updates.
We use an arccos-based fairness assessment to determine if gradient alignment should be
performed to reduce the communication burden. If the arccos value of clients’ performance
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Figure 2: Gradient Alignment improves
fairness. Gradient alignment ensures that
each local step’s gradient stays on track and
does not deviate too far from the fair direction.
It achieves this by constraining the aligned
gradient, denoted by hj, ;, to fall within the
tolerable fair area. The gradient gi represents
the gradient of model for each client in round
t, while §* denotes the ideal fair gradient for
model ;. The gradient gj, , is the gradient of
client 4 at round ¢t and local epoch k.

7Tolerable fair area

—> Initial local gradient g:

......... » Updated local gradient g,’lk
—> Fair gradient §'

Aligned gradient:
by —(-a)g, +og'

R

L = [F(2),..., F|s,|(z,)] and guidance vector r = [1]™ exceeds the threshold fair angle 0,
it is considered unfair; otherwise it is within the tolerable fair area, as shown in Figure
To align gradients, the server receives g! = VF;(z;) and F;(x;) from clients, employing
to assess client importance. Subsequently, the ideal fair gradient V f°(x;) is estimated by

V() = g = Z’LESt pigy (9)

where p; = explFi(z)/T/5, o explFi(z:)/7]. g%t represents the fair gradient of the selected
clients, obtained using the global model’s performance on these clients without local shift
(i.e., one local update). Therefore, the aligned gradient of model Ty ), can be expressed as:

hig < (1—a)gix+ag™ . (10)
Utilizing hi‘ ;. for the local update, the global model update, derived from @, transforms
into Ay = —(1 — @) X, PinL ZAK;OI g;k —aKnL ) s, pigt, as depicted in Algorithm

5 ANALYSIS OF CONVERGENCE AND FAIRNESS

In this section, we analyze the convergence and fairness of FedEBA-+.

5.1 CONVERGENCE ANALYSIS OF FEDEBA +

In this subsection, we provide the convergence rate of FedEBA+ with two-side learning rates.
To ease the theoretical analysis of our work, we use the following widely used assumptions:
Assumption 1 (L-Smooth). There exists a constant L > 0, such that |VF;(x) — VF;(y)| <
Lz —y|,Vo,y € R, and i =1,2,...,m.

Assumption 2 (Unbiased Local Gradient Estimator and Local Variance). Let & be a
random local data sample in the round t at client i: B [VF;(zy,&})] = VF;(2),Vi € [m].

There exists a constant bound o, > 0, satisfying E HVFi(gchgi) - VFi(xt)H2 <o2.

Assumption 3 (Bound Gradient Dissimilarity). For any set of weights {w; > 0}, with

S wi = 1, there exist constants 0% > 0 and A > 0 such that Y7 w; [|VF(z)||” <
2

(A% + 1) 132, wiVE(2)]” + 0.

The above assumptions are commonly used in both non-convex optimization and FL

literature, see e.g. (Karimireddy et al.l 2020b} [Yang et al., [2021; Wang et al, [2020). For
Assumption [3] if all local loss functions are identical, then we have A = 0 and o¢ = 0.

Theorem 5.1. Under Assumption and the aggregation strategy (3), and let constant
local and global learning rate n, and n be chosen such that n, < min (1/(8LK),C), where
C' is obtained from the condition that 5 — IOLQ% S K (A2 4+ 1) (3, A%+ 1) > C >0,

pllw
andn < 1/(nrL). In particular, let n, = O (ﬁ) and n=0 (\/ Km), the convergence
rate of FedEBA+ 1is:

+ QXi,”pO'QG .

(11)

. 2f° — f*)+mor  5(0r +4KoZ)  20(A% + 1)x%, 08
2 < L L G P
min IV f ()] _(9( BT + SKT + T
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where Xpr = > (w —pi)2 /pi represents the chi-square divergence between vectors
w = [;L,,%] and p = [p1,...,pm]. Observe that when all clients have uniform loss

distribution, we have p = w such that x% = 0.

From Theorem we note FedEBA+ will converge to a nearby of the optimality in a rate
of O (% + =+ “the same order as that of the SOTA FedAvg (Yang et al., 2021} [Li et al.
2022). The proof of Theorem [5.1]in two cases of & = 0 and « # 0 is given in Appen ix

Remark 5.2 (Effect of qupaé). The non-vanishing term Xw”pUG m equation means

the aggregation error from unbiased aggregation distribution. That is, an error term always
exists in the convergence rate as long as the aggregation algorithm is biased. This conclusion
is consistent with previous works of FL (Wang et al, |2020; |Cho et al., |2022).

5.2 FAIRNESS ANALYSIS
In this section, we analyze fairness via variance and Pareto-optimality for FedEBA .

Variance analysis. In this section, we analyze the variance of clients of FedEBA+ using
the generalized linear regression model (Wainwright et all [2008)), following the setting
in |Li et al. m , which is formulated by f(x;€) =T(€)Tx — A(€), where T(€) is the
generalized regression coefficient, and A(€) is the noise term follows gaussian distribution.
Details are shown in Appendix [12.2} Notably, thls regression model is a more general version
of yp; = §,m-x;.c + 2j,i, which was employed in ) for fairness analysis.

Theorem 5.3 (Fairness via variance). According to Algomthm the variance of test losses
of FedEBA+ can be derived as:

€s 52 ~
VEPAT = var (F/*" (xppa+)) = o var (|[W —wil2) . (12)

where W = Z;" 1 DiW;, W; represents the true parameter on client i, , and b is a constant that
approximates b; in = "'T"' = mb;1y, where E; = [T(&;1),...,T(&n)]. The data heterogeneity
lies in w;, details shown i Appendix . By using the aggregation probability (3)), we
demonstrate that under the same non-iid degree, var{F;(xgpa+)}iem < var{F;(T avg)}icm,

.e., FedEBA+ achieves a smaller variance than FedAvg with uniform aggregation. The proof
details are shown in Appendiz[12.3

Extending the convergence analysis to a broader scenario with smooth and strongly convex
loss functions, we demonstrate that Vargppar < Varaya. Refer to the settings, assumptions,

and proof details in Appendix [[2:3]

Pareto-optimality analysis. In addition to variance, Pareto-optimality can serve as
another metric to assess fairness, as suggested by several studies (Wei & Niethammer
[2022; Hu et al., [2022). This metric achieves equilibrium by reaching each client’s optimal
performance without hindering others (Guardieiro et all [2023). We prove that FedEBA+
achieves Pareto optimality through the entropy-based aggregation strategy.

Definition 5.4 (Pareto optimality). Suppose we have a group of m clients in FL, and each
client i has a performance score f;. Pareto optimality happens when we can’t improve one
client’s performance without making someone else’s worse: Vi € [1,m],35 € [1,m],j #
i such that f; < f] and f; > fi, where f and f] represent the improved performance
measures of participants i and j, respectively.

In the following proposition, we show that FedEBA+ satisfies Pareto optimality.

Proposition 5.5 (Pareto optimality.). The proposed mazimum entropy model H(p) (2)
is proven to be momnotonically increasing under the given constraints, ensuring that the
aggregation strategy p(p) = argmaxpyep h(p(f)) is Pareto optimal. Here, p(f) is the

aggregation weights p = [p1,Dp2,...,Pm| of the loss function f = [f1, fo,..., fm], and h(-)
represents the entropy function. The proof can be found in Appendiz[13

6 NUMERICAL RESULTS

In this section, we demonstrate FedEBA+’s superior performance over other baselines.

7
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Table 1: Performance of algorithms on FashionMNIST and CIFAR-10. We report the
accuracy of global model, variance fairness, worst 5%, and best 5% accuracy. The data is divided
into 100 clients, with 10 clients sampled in each round. All experiments are running over 2000
rounds for a single local epoch (K = 10) with local batch size = 50, and learning rate n = 0.1. The
reported results are averaged over 5 runs with different random seeds. We highlight the best and
the second-best results by using bold font and blue text.

. FashionMNIST (MLP) CIFAR-10 (CNN)

Algorithm
Global Acc. + Var. | Worst 5% 1 Best 5% 1 Global Acc. +  Var. | Worst 5% 1 Best 5% 1

FedAvg 86.49 £ 0.09 62.44+4.55 71.27+1.14 95.84+ 0.35 67.79-20.35 103.83:£10.46  45.00-:2.83 85.13+0.82
FedSGD 83.79 81.72 61.19 96.60 67.48 95.79 48.70 84.20
q-FFL|4=0.001 87.05+ 0.25 66.67-+ 1.39 72.11+ 0.03 95.09-+ 0.71 68.53+ 0.18 97.424 0.79 48.40-+ 0.60 84.70+ 1.31
q-FFL|,—15.0 75.77+0.42 46.58+0.75 61.63-:0.46 89.60-+-0.42 36.89--0.14 79.65+5.17 19.30-£0.70 51.30+0.09
FedMGDA+|.—0.0 86.01+0.31 58.87+3.23 71.49+0.16 95.45+-0.43 67.16-0.33 97.33+1.68 46.00-0.79 83.30+0.10
FedMGDA+|.—0.03 84.64+0.25 57.89-+6.21 73.49+1.17 93.22+0.20 65.19--0.87 89.78+5.87 48.84+1.12 81.94+0.67
AFL|x=0.7 85.14+0.18 57.39+6.13 70.09-+0.69 95.94+0.09 66.21+1.21 79.75+1.25 47.54+0.61 82.08+0.77
AFL|x=0.5 84.14+0.18 90.76+3.33 60.11+0.58 96.00+0.09 65.11+2.44 86.19+9.46 44.73+3.90 82.10+0.62
PropFair|y—o.2,thres=0.2  85.51+0.28 75.27+5.38 63.60+-0.53 97.60+0.19 65.79+0.53 79.67+5.71 49.88+0.93 82.40+0.40
PropFair|y—5.0 thres=0.2  84.59+1.01 85.31+8.62 61.40-+-0.55 96.40-+0.29 66.91+1.43 78.90+6.48 50.16--0.56 85.40+0.34
TERM|1-0.1 84.31+0.38 73.46+2.06 68.23:0.10 94.16:0.16 65.41--0.37 91.99:4+2.69 49.08-:0.66 81.98+0.19
TERM|r-0.5 82.19+1.41 87.8242.62 62.11+0.71 93.25:0.39 61.04--1.96 96.78+7.67 42.45+1.73 80.06+0.62
FedFV|,—o Lrpy=1 86.51-+0.28 49.73::2.26 71.33£1.16 95.89-:0.23 68.94--0.27 90.844+2.67 50.53-:4.33 86.00-+1.23
FedFV|,—o 17p,=10 86.98-+-0.45 56.63+1.85 66.40--0.57 98.80+0.12 71.10-20.44 86.50+7.36 49.80-+0.72 88.4240.25
FedEBA+|a=0,7=0.1 86.70-0.11 50.27-+5.60 71.13-£0.69 95.47+0.27 69.38--0.52 89.49+10.95 50.40+1.72 86.07+0.90
FedEBA+|q=0.5,7=0.1 87.21+0.06 40.0241.58  73.07+1.03 95.81+0.14 72.39+0.47 70.60+3.19 55.27+1.18 86.27+1.16
FedEBA+|q—0.9,7=0.1 87.50+0.19 43.41+4.34 72.07+1.47 95.91+0.19 72.75:£0.25 68.71+4.39 55.804+1.28  86.93+0.52

Evaluation and datasets. We conduct two metrics (1) fairness, including variance of
accuracy, worst 5% accuracy and best 5% accuracy, and (2) gloabl accuracy, the test accuracy
of the global model. We split MNIST, FashionMNIST, CIFAR-10, CIFAR-100, and Tiny-
ImageNet into non-iid datasets following the setting of (Wang et all, 2021)) and Latent
Dirichlet Allocation (LDA), details shown in Appendix

Baseline algorithms. We compare FedEBA+ with classical method FedAvg
et all [2017) and FedSGD (McMahan et al., 2016), and fairness FL algorithms,including
AFL (Mohri et all [2019),q-FFL (Li et al) [2019a)),FedMGDA+(Hu et all, [2022),Prop-
Fair (Zhang et al., [2022), TERM (Li et al., 2020a) and FedFV (Wang et al., 2021)). All
algorithms are evaluated under the same settings, such as batch size and learning rate.
Hyperparameters for baselines are listed in Table [3in Appendix[T4 We report results for the
baselines using their best parameters, while complete results with various hyperparameter
choices can be found in Table [f] in Appendix More details about hyperparameters and
experiment settings are available in Appendix [14]

Table [1| and Table [2| illustrate FedEBA + outperforms other baselines in terms of
both fairness and global accuracy. In detail,

e Variance of FedBEA+ is much smaller than others: FedEBA+ consistently
achieves lower variance than others, indicating greater fairness. The fairness improvement
is 3x on FashionMNIST and 1.5x on CIFAR-10 compared to the best-performing baseline.

e FedEBA+ addresses the accuracy-variance trade-off issue faced by other
algorithms: FedEBA+ notably improves global accuracy, with a 4% improvement on
CIFAR-10 and 3% on CIFAR-100 and Tiny-Imagenet. Other baselines either have lower
global accuracy or show limited improvement compared to FedAvg. Additionally, the
performance improvement of best 5% demonstrates that FedEBA+ reduces variance
without compromising the performance of good-performing clients. To showcase the
advantage of FedEBA+ when considering fairness and accuracy simultaneously, we use
the coeflicient of variation (Cy = Z%(f) to measure the relative fairness
level, the performance of algorithms on Cy 1s shown n Table [I3]in Appendix

e Ablation study of FedEBA+-: In Table 1} FedEBA+|,—¢ differs solely in aggregation
from FedAvg, highlighting the proposed aggregation approach’s advantages. In contrast,
FedEBA+|,~0 incorporates the aligned update in addition to aggregation, showing its
effectiveness through improved performance compared to FedEBA+|,—¢. Complete results
of ablation study for FedEBA+ on four datasets are provided in Table [L1] Appendix

Figure [3| showcases the effectiveness of FedEBA+ in terms of accuracy, variance,
and convergence performance on MNIST and CIFAR-10. 1)Figure illustrates
FedEBA+’s dual improvement in global model performance and fairness. The algorithm’s
positioning near the lower right corner of the figure signifies superior performance in both
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Table 2: Performance of algorithms on CIFAR-100 and Tiny-ImageNet. We exclude
incompatible algorithms (FedMGDA+, PropFair, and TERM) under our experimental settings on
these two datasets. Instead, we include SCAFFOLD (Karimireddy et al. [2020b]) and FedProx (L4
et al.[, 2020b) to compare their performance.

. CIFAR-100 (ResNet-18) Tiny-ImageNet (MobileNet-v2)
Algorithm
Global Acc. 1 Var. | Worst 5% 1 Best 5% 1 Global Acc.t Var. | Worst 5% 1 Best 5% 1
FedAvg 30.94-+0.04 17.24+40.08 0.20+0.00 65.90+1.48 61.99-+0.17 19.62+1.12 53.60-+0.06 71.18+0.1
q-FFL|4—0.01 24.97+0.46 14.54+40.21 0.00-+0.00 45.04+0.53 62.42-+0.46 15.44+1.89 54.13+0.11 70.01+0.09
AFL|x=0.01 20.84-£0.43 11.3240.20 4.0340.14 50.83-£0.30 62.09-£0.53 16.47-+0.88 54.65-+0.64 68.83+1.30
FedProx|,—o.1 31.50-£0.04 17.504+0.09 0.41-£0.00 64.50-£0.11 62.05-£0.04 16.21+1.13 54.41-+0.47 69.92--0.26
SCAFFOLD|,=1.0 31.81-£0.02 17.5240.20 1.59-+0.01 68.36-£0.23 63.62-£0.02 15.52+1.49 54.76-£0.71 70.47+0.12
FedFV|a=o Lrfy=1 31.23+£0.04 17.5040.02 0.20+0.00 66.05-0.11 62.13-0.08 15.69-+0.58 53.92-0.30 69.60+0.31
FedEBA+|a=0.1,7=0.5 33.39-£0.22 16.9240.04 0.95-£0.15 68.51+0.21 64.05+0.09 14.91-+1.85 54.32-£0.09 71.27+0.04
FedEBA+|a=0.9,r=0.1 31.98-£0.30 13.754+0.16 1.1240.05 67.94-£0.54 63.75-£0.09 13.89+0.72 55.6410.18 70.93+0.22
I
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Figure 3: Performance of algorithms on (a) left: variance and accuracy on MNIST, (a) right: variance
and accuracy on CIFAR-10, (b) left: convergence on MNIST, (b) right: convergence on CIFAR-10.
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Figure 4: Ablation study for hyperparameters

global accuracy and fairness. 2) Figure illustrates the superior convergence performance
of FedEBA+ compared to other fairness algorithms.

Figure [4) demonstrates the monotonic stability of our algorithm to hyperparame-
ters a, while highlighting how parameter 7 controls the balance between fairness
and accuracy. 1) Flgure- shows fairness consistently improves as « increases, while
accuracy steadily decreases. 2) Figure [4( - shows the relationship between decreasmg T and
improved fairness, while indicating that 7 > 1 generally leads to superior global accuracy.

Additional ablation studies. 1) Ablation study for communication cost (ablation for
) in Appendix (Table [5[ and Figures demonstrates that FedEBA+ outperforms
baselines at 8 = 90°, with the same communication cost as vanilla FedAvg, and exhibiting
potential for further performance enhancement with 6 < 90°. 2) Ablation studies for Dirichlet
parameter and annealing strategies are provided in Table [9] Figure [§]in Appendix

Additional results in Appendix consistently demonstrate the superiority of
FedEBA -+, including: 1) Performance table with full hyperparameter choices for algorithms
(Table [ for baselines and Table [I2] for Fed EBA )g Performance comparison of FedEBA +
and baselines under local noisy label scenario (Table|10]). 3) Performance of fairness algorithms
integrated with advanced optimization methods like momentum (Table E[) and VARP
(Table . 4) Performance results under cosine similarity and entropy metrics(Table .

7 CONCLUSIONS AND FUTURE WORKS

This paper introduces FedEBA+, a fair FL algorithm that enhances fairness and global
model performance through innovative entropy-based aggregation and update alignment
approaches. Theoretical analysis and experiments validate its superiority over SOTA baselines.
Though experiments demonstrate that FedEBA+ outperforms baselines with the same
communication costs as FedAvg, further performance improvements can be obtained by
decreasing 6. Therefore, integrating communication compression into FedEBA+ represents a
valuable direction.
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8 AN EXPANDED VERSION OF THE RELATED WORK

Fairness-Aware Federated Learning. Various fairness concepts have been proposed
in FL, including performance fairness (Li et al., 2019a} 2021; [Wang et al., 2021} Zhao|
& Joshi, 2022; [Kanaparthy et al., |2022; [Huang et al., [2022), group fairness (Du et al.,
2021; Ray Chaudhury et al., [2022), selection fairness (Zhou et all |2021)), and contribution
fairness (Cong et al., 2020)), among others (Shi et al., [2021;|Wu et al., 2022} |Chen et al 2023).
These concepts address specific aspects and stakeholder interests, making direct comparisons
inappropriate. This paper specifically focuses on performance fairness, the most commonly
used metric in FL, which serves client interests while improving model performance. We list
and compare the commonly used fairness metrics of FL in Section

To enhance performance fairness for FL, some works propose objective function-based
approaches. In 2019al), g-FFL uses a-fair allocation for balancing fairness and
efficiency, but specific « choices may introduce bias. In contrast, FedEBA+ employs
maximum entropy aggregation to accommodate diverse preferences. Additionally, FedEBA+
introduces a novel fair FL objective with dual-variable optimization, enhancing global model
performance and variance. Besides, |Deng et al.| (2020) achieves fairness by defining a min-max
optimization problem in FL. In the gradient-based approach, FedFV (Wang et all [2021)
mitigates gradient conflicts among FL clients to promote fairness. Efforts have been made
to connect fairness and personalized FL to enhance robustness (Li et al., [2021} [Lin et al.,
2022)). Recently, reweighting methods encourage a uniform performance by up-reweighting
the importance of underperforming clients (Zhao & Joshil [2022). However, these methods
enhance fairness at the expense of the performance of the global model (Kanaparthy et al.
[2022; Huang et al., 2022). In contrast, we propose FedEBA+ as a solution that significantly
promotes fairness while improving the global model performance. Notably, FedEBA—+ is
orthogonal to existing optimization methods like momentum (Karimireddy et al.l [2020al) and
VARP (Jhunjhunwala et al 2022), allowing seamless integration.

Aggregation in Federated Optimization. FL employs aggregation algorithms to com-
bine decentralized data for training a global model (Kairouz et al.,|2019). Approaches include
federated averaging (FedAvg) McMahan et al. (2017)), robust federated weighted averaging
[Pillutla et al(2019); [Laguel et al.| (2021)); [Pillutla et al. (2023, importance aggregation
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(2022), and federated dropout [Zheng et al| (2022)). However, these algorithms can be
sensitive to the number and quality of participating clients, causing fairness issues
[2019b; Balakrishnan et al., [2021} |Shi et al., [2021). To the best of our knowledge, we are
the first to analyze the aggregation from the view of entropy. Unlike heuristics that assign
weights proportional to client loss (Zhao & Joshi| [2022} |[Kanaparthy et al., [2022), our method
has physical meanings, i.e., the aggregation probability ensures that known constraints are
as certain as possible while retaining maximum uncertainty for unknowns. By selecting the
maximum entropy solution with constraints, we actually choose the solution that fits our

information with the least deviation (Jaynes, 1957), thus achieving fairness.

9 ENTROPY ANALYSIS
9.1 DERIVATION OF PROPOSITION

In this section, we present the derivation of the maximum entropy distribution for the
aggregation strategy of FedEBA+.

One may wonder why we propose an exponential formula treatment of loss function p; o
eFi(®)/7 instead of formulating the aggregation probability as something else, say, p; Fi(x).
In one word, because our aggregation strategy is the maximum entropy distribution.

Being a maximum entropy means minimizing the amount of prior information built to the
distribution and guarantee that the selected probability distribution is devoid of subjective
influences, thereby eradicating any inherent bias (Bian et al., 2021} |[Sampat & Zavala, 2019)).
Meanwhile, many physical systems tend to move towards maximal entropy configurations

over time (Jaynes, 1957).

In the following we will give a derivation to show that p; o< e (*)/7 is indeed the maximum
entropy distribution for FL. The derivation bellow is closely following for
statistical mechanics. Suppose the loss function of the user corresponding to the aggregation
probability p; is Fj(z). We would like to maximize the entropy H(p) = — >/, p;logp;,

subject to FL constrains that > .~ p; = 1,p; > 0, >, p;F;(z) = f(x), which means we
constrain the average performance to be a constant, such as ideal global model performance
or the ideal most fair average performance, independent of p;.

Proof.

)

N N N
L (p, Ao, A1) := — [ZPZ log p; + Ao <ZPZ - 1) + M (M ZPzE(@)
i—1

i=1 =1

where p = f(x).

By setting
AL (p, Mo, A
OLG20:2) _ g p, 114 2 ~ MFi(w)] = 0, (13)
Op;
we get:
pi =exp[— (Ao +1— A Fi(x))] . (14)
According to ), p; = 1, we have:
N
A +1= logZexp (MF;(x)) =:log Z, (15)
i=1

which is the log-partition function.

Thus,

yy_ SPNA@)] 1)
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Note that the maximum value of the entropy is

m'1x = Z Di IOg Di

N (17)
=X+1-X\ > piFi(z)
i=1
=X+1-— p.
So one can get,
OHyax 1
M=——F—"== 18
1 aﬂ T ) ( )
which defines the inverse temperature. So we reach the exponential form of p; as:
exp T
o _enlB@)/n)] )

SN | explFi(x)/7]

When taking into account the prior distribution of aggregation probability (Li et al.l 2020b;
Balakrishnan et al., [2021), which is typically expressed as ¢; = 7i/3, s, n:, the original
entropy formula can be extended to include the prior distribution as follows:

=D p log(]%) : (20)

Thus, the solution of the original problem under this prior distribution becomes:

 geplR@n)
P N explFy (@) ] @)

Proof.
N
L (p, Ao, A1) sz log — + Ao <sz - 1) + A (M - Zpﬂ(m)) : (22)
i=1

Following similar derivation steps, let

OL (p, Ao, A
220:21) — log(q:) + log(p) + 1+ do — MFi(e) =0, (23)
we get:
pi =exp[— (Ao + 1 —1log(q;) — M Fi(x))] . (24)
According to ), p; = 1, we have:
D opi=> expl-(o+1-log(g:) — MFi(z))] = 1. (25)
Therefore, we get:
N
Ao+ 1=1log» giexp (M F;(z)) =:log(Z). (26)
i=1

Then substituting Ao + 1 = log(Z) back to p; = exp [— (Ao + 1 — log(g;) — M1 Fi(z))], we get
— @i exp[\i Fy(x)]
pi = LRl

By setting A\; =: =, we obtain
gi exp|Fi(x)/7)]

; = 7
P SN explFy ()] 27
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10 CONVERGENCE ANALYSIS OF FEDEBA+
In this section, we give the proof of Theorem [5.1]

Before going to the details of our convergence analysis, we first state the key lemmas used in
our proof, which helps us to obtain the advanced convergence result.

Lemma 10.1. To make this paper self-contained, we restate the Lemma 8 in (Wang et al.l
2020):

For any model parameter x, the difference between the gradients of f(x) and f(a:) can be
bounded as follows:

IV£(2) - Vi(@)I? < 3y [A219F(@))2 + 2] (28)

where xi}”p denotes the chi-square distance between w and p, i.e., XzUHp
S (wi — pi)? /pi f(x) is the global objective with f(z) = Y3, w;fi(x) where w is
usually average of all clients, i.e., w = [~,--- | L]. f(z) = St pifi(z) is the surrogate

m’ ’m

objective with the reweight aggregation probability p.

Proof.

> s - p) (Vh(a) - Vi) (29)

Applying Cauchy-Schwarz inequality, it follows that

IV £(z) - V@) < [Z “"p”)] [_Zp,;

~ 2
Vi) - Vi) ]

i=1 (30)
< [NV @) + 03] |
where the last inequality uses Assumption [3] Note that
IVf(@)|]* < 2|V f(x) = V@) + 2V /(@) (31)
<2 |:X12_U||pA2 + 1} IV f ()| + 2X2 2T -
As a result, we obtain
\Y 22 v
min [V ()] ZII f ()]
= ) 9
<2 [Xi,n,,fp + 1} T > va (@) +2xX2 108
t=0
<2 [Xfu”pAQ + 1} Cont + 2 50 (32)
where €qpy = % t 0 HV f mt)H denotes the optimization error.
O
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10.1 ANALYSIS WITH o = 0.

Lemma 10.2 (Local updates bound.). For any step-size satisfying ng, < SLK, we can have
the following results:

Ell2f s — x:|® < 5K (niof + 4Kniog) + 20K2(A% + 1)nZ |V f(x0)]|*. (33)

Proof.
Bz} ), — o4

= EtH»’Ci,kq — Tt — nLgi,k_1||2
=Bz} 1 — 20 = ne(ghnoy — VE(x) 1) + VE (2 p_y) = VFi(z:) + VE(2,)) |2

<(1+ m)Ethi,kq —z¢|* + Eellne(gf o1 — VE(zi)]?
+ AKE[|InL (VF;(x g 1) — VE;(24))[?] + 4K 07 E||[VF; () |2
1
<1+ o K — Etllxt ko1 — o>+ niof + 4K77LL2Et||='Et o1 — el

+4KnLo + 4K77L(A2 + D[V f (@)

1 . -
<1+ ﬁ)EHx%,k—l —a|[* + 0] + AKnF o + 4K (A? +1)[ln V f ()|1?. (34)

Unrolling the recursion, we obtain:

k—1
Eillaf i — 2ll? < Z (14 )" [ndo? + ARt o + AK(A? + D]V f ()|
1 ~
<-4 " - 1] [nioi FARE0 + AK(A? £ 1)V F(a)]
< BK(Eof + 4Knj o) + 20K (A% + 1)ng |V f ()| (35)

O

Thus, we can have the following convergence rate of FedEBA+:

Theorem 10.3. Under Assumption[IH3, and let constant local and global learning rate ny,
and 1 be chosen such that n, < min (1/(8LK),C), where C is obtained from the condition
that 5 —10L* L 3™ K2n? (A% +1)(x w”pA2 +1)>c¢>0,andn < 1/(n.L), the expected
gradient norm of FedEBA+ with a = 0, i.e., only using aggregation strategy[3 is bounded as
follows:

1} (Lo - fo— f«

2 2
CT]nLKT + q)) + 2X'prJG y (36)

. 2 < 2 2
ZQ[Z%]EHVJC(%)H <2 [XWHPA +

where

2 2
o — 1[577LKL
c 2

L
(03 +4Ko%) + P20} + 2012 K2 (A2 + Vndx p08].  (37)

where ¢ 15 a constant, Xi”p = > (w —pi)Q /pi represents the chi-square divergence

between vectors p = [p1,...,pm] and w = [w1,...,wy]. For common FL algorithms with
uniform aggregation or with data ratio as aggregation probability, w; = % or w; = X

N

Proof. Based on Lemma [T0.T} we first focus on analyzing the optimization error €qp;:

18
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B (fwei)] € )+ (VFwo). Eifren - 20]) + ZEillws - o))

= fle) + (V@) BdnA + m KV () — e KV (o)) + B0

2
= o) — K [V Fo||” 0 (V) Bl + e KV ) + 2’ Bl A2,
Ay
B (39)

where (al) follows from the Lipschitz continuity condition. Here, the expectation is over the
local data SGD and the filtration of x;. However, in the next analysis, the expectation is
over all randomness, including client sampling. This is achieved by taking expectation on
both sides of the above equation over client sampling.

To begin with, we consider A;:

= <Vf(xt)7Et A + ULKVf(xt)]>
m K-1

<Vf xt), Z Z nLgl g + WLKVJZ(%)]>
i=1
Z

k=0
(a2) <Vf 2,

<\/ 77LKVf ),

K-—1
i nLVFi(xf ) + ULKVJE(%)]>
k=0

m

K-1
B> wi > (VFi(xiy) — VF (xt))]>
i=1 k=0

2

m K—-1
(@ Flan)l? + 5 =B || > wi > (VFi(al,) — VEi(x0))
1=1 k=0
- fEthwz Z V()
=1
K K—1 m 9
”L IVF @I+ > Y wik | VE(at ) - VE ()|
k=0 i=1
— —Etnzwz Z VFi(x ”2
=1
(@3) K L2 3 =
”L IVF@ol? + % ZZEth z|’ - EtIIszZVF WP
=1 k=0 =1

K : L2
<("L2 +10K° L <A2+1>) ||Vf<xt>u2+%Kzoiﬂwiﬁmé

SEE Y w, ZVF ol (39)
i=1

where (a2) follows from Assumption (a3) is due to (z,y) = 1 [||z]|? + |ly[|* — ||z — y[|*] and
(ad) uses Jensen’s Inequality: |37 w;zi||> < 37, w; ||zi])%, (a5) comes from Assumption 1
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Then we consider As:

Ay = Eqf|A¢]?

nLszthk

=1
ZwZthk ZwleF :rtk ZwZZVF xtk
=1 i=1 =1

m
Ellgi (2} 1) — V()1 + i Bell > w Z VE (2} )]

2
—F,

2

=ni K + 7By

m

<) w

MN

i=1 k=0 i=1 k=0
(ab) m K—-1
< WLKULJF??L]EtHsz Z VE; ()7 (40)
=1 k=0

where (a6) follows from Assumption

Now we substitute the expressions for A; and A and take the expectation over the client
aggregation distribution on both sides to make f(z) to f(x). It should be noted that the
derivation of A; and As above is based on considering the expectation over the sampling
distribution:

- 2 - - L
f(@eg1) < fze) = KE ||V f(z)|| + nE, <Vf(:zrt), A+ ULKVf(xt)> + §n2Et||At||2
(aT) 1 B 9
< f(w) = mK (2 — 20L2 K0 (A2 4 1) (A% + 1)) B, V7|
5,,77]3 L2K2 7]2772 KL
+ Lf(ai +4Ko}) + —E—07 + 20L2 K> (A% + 1) Xiy pO e
mr  Ln*n U ’
L
(- e | L35 wnih
=1 k=
(a8) N 2 5 L2K2
< f(w) = e KE||[V ()| + %( o2 4 4Ko2)

m K-—1

2, 2 2,2
KL , 2737 42 3.2 2 mr  Ln"ng 1
(a9) _ 5 3L2K2
< Fxg) — e KE |V F ()| + m]#(a% +4Ko2)
2 2KL
+ T2 0% 4 20 LK (A + 1 X 0% (41)

where (a7) is due to Lemma 1] (a ) holds because there exists a constant ¢ > 0 (for some
n) satisfying 3 — 10L2L 377 K2 2(A2 +1)(x2,,A%2 + 1) > ¢ > 0, and the (a9) follows

Xw|p
from (% — Ln "L) >0if gy < 37
Rearranging and summing from ¢t =0,...,7 — 1, we have:
T-1 3
> emeKE|V f(@)|® < f(xo) — f(xr) + T K)®. (42)
t=1
Which implies:
lZEHVf (z)]? < Jo=h g (43)
T e KT ’
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where
1.5n2 KL? L
o= E[%T(J% +4Ko%) + ”"QL 0% + 20L2 K2 (A% + 1)l o8] (44)
Then, given the result of €,,;, we can derive the convergence rate of ||V f(z;)|| by substitute
€opt back to :
win V7 (@0)° <2 [xpA” +1] o + 2x010% (45)
<2[X2 A2+1} (Lo gy ra2 o2 (46)
< 2 [Xuwlp pr— s wlp

Corollary 10.4. Suppose ni, and n are n, = O (\/%KL) and n = O (\/Km) such that

the conditions mentioned above are satisfied. Then for sufficiently large T, the iterates of
FedEBA+ with o = 0 satisfy:

- o (O ) ma%) (5(o%+4Kaé>>
min [V ()| §O<mKT>+o<2 L) 4o (MLt

20(A2 + 1))(?”“ o2
< 7 P + 2X2p0 - (47)

10.2 ANALYSIS WITH «a # 0
To derivate the convergence rate of FedEBA+ with a # 0, we need the following assumption:

Assumption 4 (Distance bound between practical aggregated gradient and ideal fair
gradient). In each round, we assume the aggregated gradient NV f(x;) = g, piFi(2:) and

the fair gradient N f(x;) is bounded: E|V ] (x¢) — V f(2,)||? < p?, Vi, t.

To simplify the notation, we define hj , = (1 — a)VF;(x} ;) + aV f(z).

Lemma 10.5. For any step-size satisfying ng < ﬁ, we can have the following results:

Elal ) — z)|* <5K(1—a)’(nio] + 6Kniog) + +30Kn7a’p?
+ 30K 07 (1+ A%(1 — a)?) ||V f(z0)|* (48)

Proof.
Eill@f s — o4
= EtHl'i,k—l — Ty — ﬂLhi,k—1||2
=Eillotpoy — 2 = ne((1 = @)gf poy + aV f(2r) = (1 — @) VFi(xy ;)
+ (1= a)VE (2] 1) — (1 = )VFi(2) + (1 — ) VFi(z;) + Vf(x) = V()|
+AKE([|nn (VFi(2) g_1) — VEFi(20))[|*] + 4K07 By [V Fi () |2

< (14 s Ballad oy — 2l + (1= @) o + 6Knd L*Bellef sy —

K _
+ 6K 0 BV f(2e) — Vf(ze)||? + 6Kni (1 — o) (0 + A2V f(2:)]|?) + 6KnZ |V f () |12
1 7
< (4 Bty — 2l + (1= a)*niof
+6Kn;a’p® + 6Kni (1 — a)?(og + A2V () [|?) + 6Kng |V f ()12, (49)
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Unrolling the recursion, we obtain:

il — el

k—1 1
< ;,Zo(l + ﬁ)p (1 —a)*niof + 6K(1 —a)’niog + 6Ka’nip?
FOKE(A%(1 — a)? + )|V (@) )

K-1
H6K (1 — )i o% + 6Kantp? + 6KnE (A(1 - o) + DIV (@)

< (K —1) [(1 TR NN o 1} [(1—a)*nio7

<B5EN2(1—a)%(0? + 6K02) + 30K2n2a”p? + 30K 202 (A2(1 — )2 + 1)||[Vf(z)||. (50)

Similarly, to get the convergence rate of objective f(z;), we first focus on f(xt):

~ (al) _ -
Elfwen)] 'S Fe) + (V@) Bz -]} + SEillwin —
= flw) + <Vf(:z:t),Et[77At + LKV f(a) — TIULKVJE(SCt)D + éﬁQ]Et[HAtHQ]

= J(wo) =K V(@)

S (Vi) BA KV @)] )+ R Bl AP, (5)
A

Ay

where (al) follows from the Lipschitz continuity condition. Here, the expectation is over the
local data SGD and the filtration of x;. However, in the next analysis, the expectation is
over all randomness, including client sampling. This is achieved by taking expectation on
both sides of the above equation over client sampling.
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To begin with, we consider Aj:

= <Vf(a;t), E A + nLKVf(wt)]>

= <Vf(wt B S ws Z_: nohix + ULKVf(JJt)]>

i=1 k=0

=1 k=0

= \/nLKVf (z¢)
VL Et (Z w; Z (1-a)[VE; (xt & Vf (z¢)] Z Z a[Vf(z) — Vf(%s)]))
i=1 k=0

k=0 =1

(@2 <Vf(xt ), E¢[— sz Z nol(1 — ) VEi(zi k) + of (z)] + WLKVf(zt)]>

K-—1
(03) nLKl‘Vf( 2 _ ]EtH sz Z 1 —a)VF; (CCt k) + avf(mt)]u
k=0
m K—1 ~ :
+ LR\ wi Y ( (1 — Q) [VEi(zh ) — V()] + a[Vf(xe) — Vf(a:t)])
i=1 k=0
@ ) . 2 K—1 m . 2
< K il + U N S wik VR - VR @)
k=0 i=1
a2 K—1 m . ~ K-l
TS S B — V| — PEE S w3 (1 - @)V (a ) + @V F )]
=0 i1 =1 k=0
m K-—1
(S ,r]LKva(x )”2 + 77L(1 5 a)2L2 Z E.; mi,k — Tt ’
i=1 k=0
o Il Kl
n 7]2Lm Z E|VF(z:) — Vf(ﬂ?t _ 77L EtH Zwl Z [(1—a)VF; (l't k) +04Vf(fpt)]||
i=1 k=0 k=0
2 m K-—1
< nL IV Fwo)? + e =) Z 3" (5Knn(l - a)* (o} + 6Ko?) + 30K} [ p?
i=1 k=0
2 9 K-1
+<1+A2<1—a>2>||vf<xt|\2]) FEER EHZW 21 = a)VE(wis) + eVl
k=0

(52)

where (a2) follows from Assumption (a3) is due to (z,y) = 1 [||z]|® + |ly[|* — ||z — y[|*] and
(ad) uses Jensen’s Inequality: ||>_1", wizi||2 <3 w; 2], (a5) comes from Assumption
Then we consider As:

Ay = Eqf| A

m -1
= L sz Z h &
=1 =0
m K—-1 2
=ni K sz [(1 —a)VE; (‘Tt &)+ af(xt)]
=1 k=0
<mE| Y ws Z (1= a)VF(x};€) + af(z)]
i=1 k=0
— (1= a)VE(zy,) + (1 — ) VF(af )|
(ab) K-1 ‘ _
< nK(1-a)’of +niE| sz D (A= a)VE(z),) +aVFi@)])®  (53)
i=1 k=0
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where (a6) follows from Assumption

Now we substitute the expressions for A; and A, and take the expectation over the client
sampling distribution on both sides. It should be noted that the derivation of A; and A,
above is based on considering the expectation over the sampling distribution:

Flen) < o) — o KB V7| 4w (i, A+ mKVF ) + Rl A

(a<7) flzy) = K (1 — 3002 L*K?n? ((1 — a)?A% + 1)) E HVf(mt)

2

5(1 — ) 7777LL2K2

2/ 2 2 2 2 7771%042 2
[5(1 — @)*(07 +6K0g) + 30Ka’p?] + TKP

+ 2
. Lu*nj il S
L i d
S (1 - ) Ko} — (B~ TIEZYEY S w37 (01— )V Ei(ad ) + oV ()] 2
i=1 :O
(54)
where § — 15a2L?*K?n} (1 — a)?42 + 1) > ¢ > 0 and 2% — m’L > 0.
Rearrangmg and summing from ¢t =0,...,7 — 1, we have:
T-1 3
> e KE|V f(@)|” < f(xo) = f(wr) + T K)®. (55)
t=1
Which implies:
T—
2 fO - f* 4
)
gj EIVi@)l” < o p + 2 (56)
where
- 1 5niKL*(1—a)t L(1 — o)? 2
b= 2( ) (62 1 6Ko%) + 15KA2(1 - a)2a?p? + ML (2 )2 s
(57)

Then, given the result of €,,;, we can derive the convergence rate of ||V f(z;)|| by substitute

€opt back to :

i IV (@)|* <2 [xi,u,,AQ + 1} €opt + 2X o pTC: (58)
2 42 fo—fe |z 5 o

O
\/T}KL) andn =0 (\/ﬁ) such that

the conditions mentioned above are satisfied. Then for sufficiently large T, the iterates of
FedEBA+ with o # 0 satisfy:

min [V £ (2)]> < O (M) e (““W’) Lo (5“ —a)’(of + GKU?;))

Corollary 10.6. Suppose n; and n are np = (9(

te[T] mKT 2V 2KT
15(1 _a)2 2[)2) ( 0[2 2 ) 5 9
+0|—F——|+0 + 2 o 60
( T NTK Xw||plG (60)

11 UNIQUENESS OF OUR AGGREGATION STRATEGY
In this section, we prove the proposed entropy-based aggregation strategy is unique.

Recall our optimization objective of constrained maximum entropy:

H(p(x)) = =) _(p(z) log(p(x))), (61)
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subject to certain contains, which is >, p;, =1,p; > 0,> ", pifi = f.
Based on equation [3] and writing the entropy in matrix form, we have:
H: ( ) _ pz(% - Ingefi/T) = —ap; for 4 :.7 (62)
" 0 otherwise
where a is some positive constant.
For every non-zero vector v we have that:
vl H(p)v = Z —apivjz < 0. (63)
JEN
The Hessian is thus negative definite.

Furthermore, since the constraints are linear, both convex and concave, the constrained
maximum entropy function is strictly concave and thus has a unique global maximum.

12 FAIRNESS ANALYSIS VIA VARIANCE

To demonstrate the ability of FedEBA+ to enhance fairness in federated learning, we first
employ a two-user toy example to demonstrate how FedEBA+ can achieve a more balanced
performance between users in comparison to FedAvg and g-FedAvg, thus ensuring fairness.
Additionally, we use a general class of regression models to show how FedEBA+ reduces
the variance among users and thus improves fairness.Similarly, to simplify the analysis, we
consider the degenerate scenario of FedEBA+ where the parameter o = 0.

12.1 Toy CASE FOR ILLUSTRATING FAIRNESS

In this section, we examine the performance fairness of our algorithm. In particular, we
consider two clients participating in training, each with a regression model: f;(z;) = 2(x—2)?,
fi(z¢) = 5(z + 4)?. Corresponding,

Vfi(z) = 4(x —2), (64)
Via(z:) = (z+4). (65)
When the global model parameter x; = 0 is sent to each client, each client will update the

model by running gradient decent, here w.l.o.g, we consider one single-step gradient decent,
and stepsize A = i:

o =2 — AV fi(z) = 2. (66)
ot =2, = AV fa(2y) = —1. (67)
Thus, for uniform aggregation:
1 1
xfljr_z%form = 5(3"?_1 + .’I,‘g+1) = 5 : (68)
While for FedEBA+:
2t (ptL
il = ehte’) zit Pt it~ —0.1. (69)
EBAT ™ fi™h) 4 efa(att) @) L efa(@tt) 2

Therefore,
2 2
1 1
Var’“«”iform = 5 Z (fl(mfljiform) - 5 Z(f’b(‘rzrﬁform)) =2x (281)2 N (70)

i=1 =1

2 2
VarEBA+ = %Z (fz(x35‘+B1A+) — % Z(fl(xg§A+)> = 2% (06>2 . (71)

=1 i=1
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Thus, we prove that FedEBA+ achieves a much smaller variance than uniform aggregation.

Furthermore, for g-FedAvg, we consider ¢ = 2 that is also used in the proof of (Li et al.|
2019a)):

V! = L(zt — 2t = —2. (72)
Valh = L(z" —abt™) = 1. (73)
Thus, we have:
Al = fl(x,)Vah =8 (—2) = —16. (74)
= aff (@) | Val|® + L (@) =1 x 1 x 2° + 8 =12. (75)
AL = fi(x)Vah =8 (1) = 8. (76)
b= qfs @) IVab|® + Lfg () =1 x 1x 17 +8=9. (77)

Finally, we can update the global parameter as:

) AL
xf:];edavg =gt — S ~—-04. (78)

Then we can easily get:

2 m
1 1
Var‘]fedavg = 5 Z (fi(‘rf]}i;davg) - 5 Z(fi(xf{}teldavg)> =2x (252)2
i=1 i=1

In conclusion, we prove that

VarEBA+ < Varqfedavg < Varuniform . (79)

12.2 ANALYSIS FAIRNESS BY GENERALIZED LINEAR REGRESSION MODEL

Our setting. In this section, we consider a generalized linear regression setting, which
follows from that in (Lin et al., [2022).

Suppose that the true parameter on client i is w;, and there are n samples on each
client. The observations are generated by §; x(wi,& %) = T(&ix) w; — A(&i k), where
the A(&x) are i.i.d and distributed as N (0,0%). Then the loss on client i is F; (x;) =

5= ey (T(Eik) T — A(&ik) — Qi,k)2~

We compare the performance of fairness of different aggregation methods. Recall Defina-
tion We measure performance fairness in terms of the variance of the test accuracy/losses.

Solutions of different methods First, we derive the solutions of different meth-
ods. Let B = (T(&1),T(&i2).-- . T(&m)' + Ay = (A(&1), Al&2), .. A(&n)) Tand
vi = (¥i1,Yi2,---,Yin) - Then the loss on client i can be rewritten as Fj(x;) =

1

- 2 _ . .
5 ||2iXi — Aj — yill5, where rank (E;) = d. The least-square estimator of w; is

~1
(57'=) = (vi+A). (80)
FedAvg: For FedAvg, the solution is defined as w8 = argming,epe = > ;| Fi(w). One can
~1 —1
check that w8 = (ZZL E:Ez) S E (it Ai) = (ZZL EZTEz) S B Eiwi o+

-1
A, where A = (Z:’;l E;'—EZ) S B A; and W, = argming ga f;(z;) is the solution on
client 7.

FedEBA+: For our method FedEBA+, the solution of the global model is wFBA T

argming, cpa iy piFi(w) = (Z?Ll piE;rEi) S piE] Eiw; + A, where p; o< efi (wy),

~ m —_T — -1 m —_—T
and A = (Zi:l pis; '='i) i Dl Ay
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Following the setting of (Lin et al|2022), to make the calculations clean, we assume =,
nb;I4. Then the solutions of different methods can be simplified as

. Avg _ ey ( A
[ FedAvg wive = W

o FedEBA |: whvs — Zisgbpilfit Ay,

Do bips
Test Loss We compute the test losses of different methods. In this part, we assume b; = b
to make calculations clean. This is reasonable since we often normalize the data.

Recall that the dataset on client i is (E;,y;), where E; is fixed and y; follows Gaussian
distribution N (Eiwi,agI n) Then the data heterogeneity across clients only lies in the
heterogeneity of w;. Besides, since distribution of A also follows gaussian distribution
N (0,0%1,,), thus w; + A; follows from NV (2;w;,0%I,,), where 02 = 07 + 03. Then, we can

N
obtain the distribution of the solutions of different methods. Let W = M We have
e FedAvg: whve NN( 7anId>
e FedEBA : wEBAT L N/ (v”v,Z 1D and> where W = 31, piw;.
Since E; is fixed, we assume the test data is (E;,y}) where y, = E;w; + z, with z| ~
N (On, o | n) independent of z;. Then the test loss on client k is defined as:
te 1 —_ 12
Fi® (i) = o BB + Ai — yilly

R — 2
= %E [Eixi + Ai — (Biw; +2z;) 5

~2

o 1 —_ 2
=5+ —]E 12 (xi — wi)ll5
=2
(o2 2
= ? + E”Xz w1||2
~2 b b
= D var ) + B~ il 1)

where ¢ is a Gaussian variance, which comes from the fact that both A; and z] follow
Gaussian distribution with mean 0.

Therefore, for different methods, we can compute that

o2 &% b

e v, W 2
fif W) = 5 4 gty W il 2
~9 N ~2
g g d b ~
fite (WEBAJr) = ? + p?% + 5 ||W - Wl”g : (83)

k=1

Define var as the variance operator. Then we give the formal version of Theorem [5.3]

The variance of test losses on different clients of different aggregation methods are as follows:
b2

VAE — yar (fzte (WAUQ)) = T var (HW — WZH%) . (84)
b2

VEBAT — var (ffe (WEBA+)) =gV (||V~V—W1H§) . (85)

Based on a simple fact: assign larger weights to smaller values and smaller weights to larger
values, and give a detailed mathematical proof to show that the variance of such a distribution
is smaller than the variance of a uniform distribution. Which means VEBAt < yAvg,

27



Under review as a conference paper at ICLR 2024

Formally, let |W — w;||> = A;. From equation (83)), we know that f/¢(wEBA+) o« A;, and
p; < f;. Thus, we know p; o< A;.

Then, we consider the expression of VEBA+ — %vari(Ai). Assume A; = [A; > Ay > -+ >
A], then the corresponding aggregation probability distribution is [p; > pa > -+ > pm].

We show the analysis of variance with set size 2, while the analysis can be easily extended to
the number K. For FedEBA+, we have

var;(A;) = Zpi (Ai - pr‘h) (86)
= p1(A1 — (p1A1 + p2A2))® + pa(Az2 — (p1 A1 + p2As))? (87)

=p1(1 —p1)?A7 — 2(1 — p1)p1p2A1 Ao + p1p3 A3
+ p2(1 = p2)? A3 — 2(1 — pa)p1p2 A1 Az + pipaAf (88)
= (p1p3 + Pip2) AT — 2p1p2(2 — p1 — p2) A1 Az + (p1p3 + Pip2) A3 (89)
al

@ p1p2(AT + A3) — 2p1paAr Ay (90)
= p1p2(A4; — A3)?, (91)

where (al) follows from the fact ), p; = 1.

According to our previous analysis, p; > ps while A; > As.According to Cauchy-Schwarz

inequality, one can easily prove that pips < %, where i comes from uniform aggregation.

Therefore, we prove that VEBAT < yave,

12.3 FAIRNESS ANALYSIS BY SMOOTH AND STRONGLY CONVEX LOSS FUNCTIONS.

In this section, we define the test loss on client i as L(z;), to distinguish it from the training
loss F;(x;).

To extend the analysis to a more general case, we first introduce the following assumptions:

Assumption 5 (Smooth and strongly convex loss functions). The loss function L;(x) for
each client is L-smooth,

IVLi(z)|2 < L, (92)

and j-strongly convex:

1
L(y) = L(z)+ < VL(z),y =« > +5plly — 2| (93)

The variance of FedAvg with IV clients loss can be formulated as:

A 1 L ¢
Vi = 5 2 L@ — (5 2 L)), (94)

For FedEBA -+, the variance can be formulated with a similar form, only different in client’s
loss L;(Z), abbreviated as L;. Then, the variance of FedEBA+ with N clients can be
formulated as:

1L 1.
VI = 5 L (5 D L) (95)
=1 =1

=
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When client number is N + 1, abbreviate FedAvg’s loss L;(x) as L;, we conclude

B AR, AR, 2
[ L2 — L,
Vi N+IZ g <N+1Z Z)

1=1 1=1
N 1 N 1 .
:MN(L?—FL%—&-“H—L?VH)—[MN(L1+L2+~-~+LN+1)}
N 1 N (Li+Ly+-+Ly Lyii\]?
= >+ L2+...+1IL2 .2 _ 1 +
N+1N[< 1L+ L) + v N +1 N TN
2
(N VI N+xN iZN:L
T \N+1 N N N
N
+ 1 1.2 o L?V+1 _( N )QZizlLiLN+1
N+1 N (N4+1)2 N +1 N N
N L,1YN 12 N 1,
= =L 1% L
S R A Ll e R
1 N N L L
o L?\H—l o 2( )2 Zz:l N+1
(N+1)2 N+1 N N
_ N +L%+---+L?V++NL?V+1 2Lyt +v) Ly
N+1 v (N +1)2 (N 4+1)? (N +1)?
N SN (L — Ly)?
= 1% =1 96
Nriv Tt (N +1)2 (96)

We start proving Vi "9 > VEBA* WN by considering a special case with two clients: There
are two clients, Client 1 and Client 2, each with local model x1, zo and training loss F (z1)
and Fy(x2).

In this analysis, we assume Client 2 to be the outlier, which means the client’s optimal
parameter and model parameter distribution is far away from Client 1. In particular,
o >> Lt

smooth*

The global model starts with x = 0, and after enough local training updates, the model z1, x>
will converge to their personal optimum z7,z5. W.l.o.g, we let Client 1 with F;(z}) = 0,
Client 2 with Fy(23) = a > 0. Let z} < 3 (relative position, which does not affect the
analysis).

Fi(x)

Based on the proposed aggregation p; o< exp
T of FedEBA-+ to be:

, we can derive the aggregated global model

_ . . X7 +etad
T =p1%; + P2y = ﬁ (97)
While for FedAvg, the aggregated global model T is:
z=1 ; 2 (98)

For FedEBA+, the test loss of Client 1 and Client 2 are Ly = Ly(%), Ly = Lo(Z) respectively.
The corresponding variance is V2 P4+ = (L1 — Ly)2.

For FedAvg, the test loss of Client 1 and Client 2 is Ly = Ly(%), L2 = La(T) respectively.
The corresponding variance is V5'V¢ = 1(L; — Ly)?.

Since Client 2 is a outlier with Fy(z5) > 0 and z} < x5, we can easily conclude Fs(z) is
monotonically decreasing on (x7,x3), Fi(x) is monotonically increasing on (x7,x3). Besides,
w.l.o.g, since VF1(z) < Lanooth << p2, we can let p = —2—.

e
Ty —Ty
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Thus, we promise —2— > VFj(z5). According to the property of calculus, we can easily

T3 -]
check that Fy(xz) — Fy(z) > 0 is monotonically decreasing on (z7,x3).
Since
Ty — ]
2 )

. . T5—x] _
x2_w:762a+11 <xy—T =
thus we have (Fy(%) — F1(2))? < (Fy(Z) — F1(T))? .

EBA+ AV G
VEBAT < pAVE,

(99)

So far, we have prove
To extend the analysis to arbitrary N, we utilize the mathematical induction:
Assume VA?BA"’ < VA‘?VG, we need to derive VlgflA‘" < V]érf;.

Consider a similar scenario as we analyze with two clients. We assume Client N-+1 to be
an outlier, which means the client’s optimal value and parameter distribution are far away
from other clients. In particular, puy 5 potners . W.lo.g, let the optimal value F(x7 ) for

Client N+1 be a, others to be zero.

Again, the global model starts with x = 0, and after enough local training updates, the
models will converge to their personal optimum z7,3,...,2%,, and x5, > 7},

others*
By , we have:

Av AVG szl ? N+1
VN 91 1VN (N 1>2 , (100)

where L; is the test loss of client 7 after average and

N SN (Li — Lyya)?
VEBA+ — VEBA+ i=1 ® ) 101
Nt N+1 N v (N +1)2 (101)

: EBA+ AVG .o 2N (Li—Lygy)?
Since we know Vy < Vg'"™, thus as long as we promise W <

SN (Li—Lyn11)?

(NFD)2 , we can finish the proof.

Consider an arbitrary client i € [1, N], since we already know Fyi1(x3,,) = a > Fi(z}) =0,
the expression for 7 is

N+1 N
1 e
A e o 102
T ;Pﬂ?z N+eai:1m’+N+ea$N+1’ (102)
While for FedAvg,
N4y
= . 103

i=1

Following the exact analysis on Client ¢ and Client N + 1, we can conclude that Fniq(z) —
Fi(z) > 0 is monotonically decreasing on (x},z73 ).

Since
* N * * N *
Nay i — > ie1 T <t _m Nay ., — D i1 T
et + N = TN+ e +1 ’
thus we have (Fyy1(%) — F;())? < (Fy+1(%) — Fi(7))? Vi€ [1,...,N].
Z?le(ii*szJA)rz < f’zl(fiffNJrl)Q
Nz = T e

EBA+ AVG
So far, we have prove Vi /"™ < V[

Thy1 — &= (104)

Therefore, we promise

According to the mathematical induction, we prove V]\I;JB A+ < VjéVG for arbitrary client
number N under smooth and strongly convex setting.
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13 PARETO-OPTIMALITY ANALYSIS

In this section, we demonstrate the Proposition [5.5] In particular, we consider the degenerate
setting of FedEBA+ where the parameter o = 0. We first provide the following lemma that
illustrates the correlation between Pareto optimality and monotonicity.

Lemma 13.1 (Property 1 in (Sampat & Zavalaj [2019).). The allocation strategy o(p) =

argmax h(p(f)) is Pareto optimal if h is a strictly monotonically increasing function.
peEP

In order for this paper to be self-contained, we restate the proof of Property 1 in (Sampat &
Zavala), [2019) here:

Proof Sketch: We prove the result by contradiction. Consider that p* = (P) is not Pareto
optimal; thus, there exists an alternative p € P such that

> pilogp; > i logp}
i f; = =t ol Hf, = £ifi S0 105
zz:p f Z ;pz f ~ (105)
where Z > 0 is a constant. Since h(p) is a strictly monotonically increasing function, we
have h(p) > h (p*). This is a contradiction because h* maximizes h(-).

According to the above lemma, to show our algorithm achieves Pareto-optimal, we only need
to show it is monotonically increasing.

Recall the objective of maximum entropy:

== plx)log(p (106)

subject to certain constraints on the probabilities p(x)

To show that the proposed aggregation strategy is monotonically increasing, we need to
prove that if the constraints on the probabilities p(x) are relaxed, then the maximum entropy
of the aggregation probability increases.

One way to do this is to use the properties of the logarithm function. The logarithm function
is strictly monotonically increasing. This means that for any positive real numbers a and b,
if a < b, then log(a) < log(b).

Now, suppose that we have two sets of constraints on the probabilities p(z), and that the
second set of constraints is a relaxation of the first set. This means that the second set of
constraints allows for a larger set of probability distributions than the first set of constraints.

If we maximize the entropy subject to the first set of constraints, we get some probability
distribution p(x). If we then maximize the entropy subject to the second set of constraints,
we get some probability distribution ¢(x) such that p(x) < g(z) for all x.

Using the properties of the logarithm function and the definition of the entropy, we have:
H(p(x)) = = Y (p(z) log(p(x)))
<= (p(x)log(q(x)))
== > ((p()/q(x))a(x) log(q(x)))

= H(q(z)) - Z((@Q( )log(p(x)/q(x)))

q(z)
< H(g(x)). (107)

This means that the entropy H(g(x)) is greater or equal to H(p(x)) when the second set of
constraints is a relaxation of the first set of constraints. As the entropy increases when the
constraints are relaxed, the maximum entropy-based aggregation strategy is monotonically
increasing.

Up to this point, we proved that our proposed aggregation strategy is monotonically increasing.
Combined with the Lemma [13.1} we can prove that equation is Pareto optimal.
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14 EXPERIMENT DETAILS

14.1 EXPERIMENTAL ENVIRONMENT

For all experiments, we use NVIDIA GeForce RTX 3090 GPUs. Each simulation trail with
2000 communication rounds and three random seeds.

Federated datasets. We tested the performance of FedEBA+ on five public datasets:
MNIST, Fashion MNIST, CIFAR-10, CIFAR-100, and Tiny-ImageNet. We use two methods
to split the real datasets into non-iid datasets: (1) following the setting of (Wang et al.,
2021)), where 100 clients participate in the federated system, and according to the labels, we
divide all the data of MNIST, FashionMNIST, CIFAR-10, CIFAR-100 and Tiny-ImageNet
into 200 shards separately, and each user randomly picks up 2 shards for local training. (2)
we leverage Latent Dirichlet Allocation (LDA) to control the distribution drift with the
Dirichlet parameter o = 0.1. As for the model, we use an MLP model with 2 hidden layers
on MNIST and Fashion-MNIST, and a CNN model with 2 convolution layers on CIFAR-10,
ResNet-18 on CIFAR-100, and MobileNet-v2 on TinylmageNet.

Baselines We compared several advanced FL fairness algorithms with FedEBA -+, including
FedAvg (McMahan et al.l [2017)), -FFL (Li et al., |2019al), FedFV (Wang et al., 2021),
FedMGDA-+ (Hu et al.l |2022)),PropFair (Zhang et al., 2022), TERM (Li et al., 2020a), and
AFL (Mohri et al., 2019)). We compare these algorithms on all four datasets.

Hyper-parameters As shown in Table 3, we tuned some hyper-parameters of baselines
to ensure the performance in line with the previous studies and listed parameters used
in FedEBA+. All experiments are running over 2000 rounds for a single local epoch
(K = 10) with local batch size BMNIST = 200, BFashion—MNIST € {50, full}, BCIFAR—lO S
{50, full} and Borrar—100 = 64. The learning rate remains the same for different methods,
that is 7 = 0.1 on MNIST, Fasion-MNIST, CIFAR-10, n = 0.05 on Tiny-ImageNet and
7 = 0.01 on CIFAR-~100 with decay rate d = 0.999.

Table 3: Hyperparameters of all experimental algorithms.

Algorithm Hyper Parameters

q— FFL q € {0.001,0.01,0.1,0.5,10, 15}
PropFair M € {0.2,5.0},e = 0.2

AFL A €{0.01,0.1,0.5,0.7}

TERM T €{0.1,0.5,0.8}
FedMGDA+ €€ {0,0.03,0.08}

FedFV a €40.1,0.2,0.5},7 € {0,1,10}

FedEBA+ 7€ {0.5,0.1}, € {0.0,0.5,0.9}

15 ADDITIONAL EXPERIMENT RESULTS

Fairness of FedEBA+ In this section, we provide additional experimental results to
illustrate that FedEBA—+ is superior over other baselines.

Figure [5] illustrates that, on the MNIST dataset, FedEBA+ demonstrates faster convergence,
increased stability, and superior results in comparison to baselines. As for the CIFAR-10
dataset, its complexity causes some instability for all methods, however, FedEBA+ still
concludes the training with the most favorable fairness results.

Table [6] shows FedEBA-+ outperforms other baselines on CIFAR-10 using MLP
model. The results in Table |§| demonstrate that 1) FedEBA-+ consistently achieves a smaller
variance of accuracy compared to other baselines, thus is fairer. 2) FedEBA+ significantly
improves the performance of the worst 5% clients and 3) FedEBA+ performances steady in
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Table 4: Performance of algorithms on FashionMNIST and CIFAR-10. We report the
accuracy of global model, variance fairness, worst 5%, and best 5% accuracy. The data is divided
into 100 clients, with 10 clients sampled in each round. All experiments are running over 2000
rounds for a single local epoch (K = 10) with local batch size = 50, and learning rate n = 0.1. The
reported results are averaged over 5 runs with different random seeds. We highlight the best and
the second-best results by using bold font and blue text.

) FashionMNIST (MLP) CIFAR-10 (CNN)
Algorithm
Global Acc. Var. Worst 5% Best 5% Global Acc. Var. Worst 5% Best 5%
FedAvg 86.49 + 0.09 62.44+4.55 71.27+1.14 95.84+ 0.35 67.79+0.35 103.83+10.46 45.00+2.83 85.13-+0.82
q— FFL‘.,:U 001 87.05+ 0.25 66.67+ 1.39 72.11+ 0.03 95.09+ 0.71 68.53+ 0.18 97.42+ 0.79 48.40+ 0.60 84.70+ 1.31
q— FFL|4—0.01 86.62+ 0.03 58.11+ 3.21 71.36+ 1.98 95.29-+0.27 68.85+ 0.03 95.17+ 1.85 48.20-+0.80 84.10-£0.10
q— FFL|j—0.5 86.57+ 0.19 54.91+ 2.82 70.88£ 0.98 95.06-£0.17 68.76-+L 0.22 97.81+ 2.18 48.33+0.84 84.51-£1.33
q— FFL|4=10.0 77.29+ 0.20 47.20+ 0.82 61.99+ 0.48 92.25+0.57 40.78+ 0.06 85.93+ 1.48 22.70+0.10 56.40-+0.21
q— FFL|;—15.0 75.77+0.42 46.58+0.75 61.63+0.46 89.60+0.42 36.89-+0.14 79.65+5.17 19.30+0.70 51.30+0.09
FedMGDA+ |c—o.0 86.01+0.31 58.87+: 71.49+0.16 95.45+0.43 67.16+0.33 97.33+1.68 46.00+0.79 83.30-£0.10
FedMGDA + |c—o0.03 84.64-+0.25 57.89-£6.21 73.49+£1.17 93.2240.20 65.19-£0.87 89.78-L5.87 48.84+1.12 81.9440.67
FedMGDA + |.—o.08 84.90-+0.34 61.5525.87 73.64+0.85 92.78+0.12 65.06+0.69 93.70+14.10 48.23+0.82 82.01-+0.09
AFL|x=0.7 85.14+0.18 57.39+6.13 70.09+0.69 95.94+0.09 66.21+1.21 79.75+1.25 47.54+0.61 82.08-+0.77
AFL|x=0.5 84.14+0.18 90.76+3.33 60.11+0.58 96.00+0.09 65.11+2.44 86.19+9.46 44.73+3.90 82.10-+0.62
AFL|x=0.1 84.91-+0.71 69.39-£6.50 69.24-+0.35 95.39+0.72 65.63+0.54 88.74+3.39 47.29+0.30 82.33£0.41
PropFair|y—o.2,thres=0.2 85.51:£0.28 75.27+5.38 63.60-£0.53 97.60-£0.19 65.79+0.53 79.67+5.71 49.88-+0.93 82.40-£0.40
PropFair|x=5.0,thres=0.2 84.59+1.01 85.314£8.62 61.40+0.55 96.40+0.29 66.91+1.43 78.90+6.48 50.16+-0.56 85.40-+0.34
TERM |r—o.1 84.31+0.38 73.46+2.06 68.23+0.10 94.16+0.16 65.41+0.37 91.99+2.69 49.08+0.66 81.98+0.19
TERM |r—o.5 82.19+1.41 87.82+2.62 62.11+0.71 93.25+0.39 61.04+1.96 96.78+7.67 42.45+1.73 80.06-+0.62
TERM|7—0.5 81.33+£1.21 95.65+9.56 56.41-:0.56 92.88-£0.70 59.21+1.45 82.63+3.64 41.33+0.68 77.39-£1.04
FedFV|a=o0.1 Tpp=1 86.51+0.28 49.73+2.26 71.33+1.16 95.89-+0.23 68.94+0.27 90.84+2.67 50.53+4.33 86.00-+1.23
FedFV|a—o 2,75, =0 86.42+0.38 52.41+5.94 71.22+1.35 95.47+0.43 68.89+0.15 82.99+3.10 50.08+0.40 86.24+1.17
Fe(lFV\(,,n,.;,Tf",m 86.88+0.26 47.63+1.79 71.49+0.39 95.62+0.29 69.42+0.60 78.10+3.62 52.80-+0.34 85.76+0.80
FedFV|a=o L, =10 86.98+0.45 56.63+1.85 66.40+0.57 98.80+0.12 71.10+0.44 86.50+7.36 49.80+0.72 88.42+0.25
FedEBA + |a=0,7=0.1 86.70+0.11 50.27+5.60 71.13+0.69 95.47+0.27 69.38+0.52 89.49+10.95 50.40+1.72 86.07+0.90
FedEBA+ |a=0.5,-=0.1 87.21+0.06 40.02+1.58 73.07+1.03 95.81+0.14 72.39+0.47 70.60+3.19 55.27+1.18 86.27+1.16
FedEBA 4+ |a=0.0,r—0.1 87.50-+0.19 43.41+4.34 72.07+£1.47 95.91-+0.19 72.75+0.25 68.71+4.39 55.80-£1.28 86.93-£0.52
—=— AFL
40 —— FedMGDA+
\ —v— qFedAvg
—+— FedFV
«— FedAvg
— —— TERM
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Figure 5: Performance of all the methods in terms of Fairness (Var.).

terms of best 5% clients. A significant improvement in worst 5% is achieved with relatively
no compromise in best 5 %, thus is fairer.

Fairness in Different Non-i.i.d. Cases We adopt two kinds of data splitation strategies
to change the degree of non-i.i.d., which are data devided by labels mentioned in the main
text, and the data partitioning in deference to the Latent Dirichlet Allocation (LDA) with
the Dirichlet parameter . Based on FedAvg, we have experimented with various data
segmentation strategies for FedEBA+ to verify the performance of FedEBA+ for scenarios
with different kinds of data held by clients.

Global Accuracy of FedEBA+ We run all methods on the CNN model, regarding
the CIFAR-10 figure. Under different hyper-parameters, FedEBA-+ can reach a stable

33



Under review as a conference paper at ICLR 2024

Table 5: Ablation study for 6 of FedEBA+. This table shows our schedule of using the fair
angle 6 to control the gradient alignment times is effective, as it largely reduces the communication
rounds with larger angles. In addition, compared with the results of baseline in Table [I} the results
illustrate that our algorithm remains effective when we increase the fair angle. The additional
cost is computed by Additional communication/total communications, the communication cost of
communicating the MLP model is 7.8MB /round, the CNN model is 30.4MB /round.

. FashionMNIST (MLP) CIFAR-10 (CNN)
Algorithm
Global Acc. Var. Additional cost  Global Acc. Var. Additional cost

FedAvg 86.49 +0.09 62.44 +4.55 - 67.79+£0.35 103.83 £ 10.46 -
q-FFL 87.05+0.25 66.67 +1.39 - 68.53 £ 0.18 97.42+0.79 -
FedMGDA+ 84.64+0.25 57.89+6.21 - 67.16 + 0.33 97.33 + 1.68 -
AFL 85.14+0.18 57.39+6.13 - 66.21 +1.21 79.75 £ 1.25 -
PropFair 85.51 +0.28  75.27 +5.38 - 65.79 £+ 0.53 79.67 £ 5.71 -
TERM 84.31 £0.38  73.46 4+ 2.06 - 65.41 + 0.37 91.99 + 2.69 -
FedFV 86.98 +0.45 56.63 +1.85 - 71.10 £ 0.44 86.50 + 7.36 -
FedEBA+

6 =0° 87.50 +0.19 43.41 +4.34 50.0% 72.75+0.25 68.71 + 4.39 50.0%

0 = 15° 87.144+0.12 43.95+5.12 48.6% 71.92 +0.33 75.95 +4.72 26.2%

0 = 30° 86.96 + 0.06 46.82 +1.21 37.7% 70.91 4+ 0.46 70.97 +4.88 12.7%

0 = 45° 86.94 +0.26  46.63 - 4.38 4.2% 70.24 +0.08 79.51 +2.88 0.2%

6 = 90° 86.78 £ 0.47 48.91 4+ 3.62 0% 70.14 £0.27 79.43 £ 1.45 0%

Table 6: Performance of algorithms on CIFAR-10 using MLP. We report the global model’s accuracy,
fairness of accuracy, worst 5% and best 5% accuracy. All experiments are running over 2000 rounds
for a single local epoch (K = 10) with local batch size = 50, and learning rate n = 0.1. The
reported results are averaged over 5 runs with different random seeds. We highlight the best and
the second-best results by using bold font and blue text.

Method Global Acc.  Std. Worst 5% Best 5%
FedAvg 46.8540.65 12.57+1.50 19.84+6.55 69.284+1.17
q— FFL‘q:()'l 47.024+0.89 13.16+£1.84 18.72+6.94 70.16£2.06
q— FFL‘q:()'Q 46.9140.90 13.09+1.84 18.88£7.00 70.16£2.10
q— FFL‘q:LO 46.7940.73 11.72+1.00 22.80+3.39 68.004+1.60
q— FFL‘q:Q'O 46.36+0.38 10.85+0.76  24.64+2.17 66.8042.02
q— FFL‘q:ag 45.2540.42 9.59+0.36 26.56+1.03 63.60+1.13
DittO\A:o.o 52.784+1.23 10.174+0.24  31.80+2.27 71.47£1.20
Ditto|x=0.5 53.77+1.02 8.89+0.32 36.27+2.81 71.27£0.52
AFL|x=0.01 52.694+0.19 10.57+0.37  34.00+1.30 71.334+0.57
AFL|x=0.1 52.68+0.46 10.64+0.14 33.27£1.75 71.53+0.52
TER]V[‘T:LO 45.1442.25 9.1240.35 27.07+£3.49 62.734+1.37

FedMGDA + |c=0.01 45.65+0.21 10.944+0.87 25.12+2.34 67.44+1.20
FedMGDA+ |c—o.05 45.584+0.21 10.984+0.81  25.12+1.87 67.76+2.27
FedMGDA + |c=01 45.524+0.17 11.32+0.86  24.324+2.24 68.48+2.68
FedMGDA + |c=05 45.3440.21 11.63£0.69  24.00+1.93 68.64+3.11
FedMGDA + |e=1.0 45.3440.22 11.64+0.66  24.00+1.93 68.64+3.11

FedFV]a=01,r;,=1 54.28+0.37 9.25+0.42 35.25+1.01 71.13£1.37

FedEBA|a=0.9,7=0.1 53.94+0.13 9.25+0.95 35.87£1.80 69.93+1.00
FedEBA + |a=0.5,7=0.1 53.14+0.05 8.48+0.32 36.03£2.08 69.2010.75
FedEBA + |a=0.9,r=0.1 54.43+0.24 8.1040.17 40.071+0.57 69.80+0.16

high performance of worst 5% while guaranteeing best 5%, as shown in Figure @ As for
FashionMNIST using MLP model, the worst 5% and best 5% performance of FedEBA+ are
similar to that of CIFAR-10. We can see that FedEBA+ has a more significant lead in worst
5% with almost no loss in best 5%, as shown in Figure

Incorporating noisy label scenario The local noisy label follows the symmetric flipping
approach introduced in [Jiang et al] (2022); [Fang & Ye| (2022), with a noise ratio of € set to
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Table 7: Performance of algorithms+momentum on Fashion-MNIST to show that FedEBA+ is
orthogonal to advance optimization methods like momentum (Karimireddy et al., 2020a), allowing
seamless integration. All experiments are running over 2000 rounds on the MLP model for a single
local epoch (K = 10) with local batch size = 50, global momentum = 0.9 and learning rate n = 0.1.
The reported results are averaged over 5 runs with different random seeds. We highlight the best
and the second-best results by using bold font and blue text.

Method Global Acc. Var. Worst 5% Best 5%
FedAvg 86.68+ 0.37 66.15+ 3.23 7218+ 0.22 96.04++ 0.35
AFL|x=0.05 79.68-+ 0.91 55.00+ 3.34 66.67+ 0.12 94.00+ 0.08
AFL|x=07 85.41+ 0.30 63.42++ 1.55 73.83+ 0.37 96.46+ 0.12
q— FFL|q:0_01 86.82+ 0.20 64.11+ 2.17 71.084+ 0.16 96.29+ 0.08
q— FFL|q=15 79.59+ 0.48 62.26+ 2.88 66.33+ 1.14 90.07+ 0.98
FedMGDA + |c=0.0 82.69+ 0.52 65.26+ 3.81 69.63+ 1.20 92.67+ 0.54
PropFair|y=s thres=0.2  85.67+ 0.19 73.44+ 2.44 64.59+ 0.42 97.47+ 0.11
FedProaL‘|u:g‘1 86.76+ 0.26 60.69+ 3.07 72.67+ 0.29 95.96+ 0.14
TERM |7—¢ 1 84.58+ 0.28 7644+ 250  69.52+ 0.36  94.04+ 0.50
FedFV‘u:O,l,-rzlo 87.46+ 0.18 58.35+ 1.89 67.71+ 0.56 97.79-+ 0.18
FedEBA + |a_oo.r—01 S8T.67+ 0.28 46.67+ 1.09 71.90+ 0.70  96.26+ 0.03

Table 8: Performance of algorithms+VARP on Fashion-MNIST to show that FedEBA+ is orthog-
onal to advance optimization methods like VARP (Jhunjhunwala et all |2022), allowing seamless
integration. All experiments are running over 2000 rounds on the MLP model for a single local
epoch (K = 10) with local batch size = 50, global learning rate = 1.0 and client learning rate = 0.1.
The reported results are averaged over 5 runs with different random seeds. We highlight the best
and the second-best results by using bold font and blue text.

Method Global Acc. Var. Worst 5% Best 5%
FedAvg(FedVARP) 87.12+ 0.08 59.96-+ 2.48 72.45+ 0.26  96.09++ 0.27
q— FFL|q:0401 86.73+ 0.31 62.89+ 2.67 73.55+ 0.11  95.54+ 0.14
q-— FFL|q=15 78.98+ 0.63 58.28+ 1.95 67.12+ 0.97 88.42+ 0.67
FedFV|a=0.1,7=10 87.28- 0.10 57.90+ 1.77 67.41+ 0.30 97.66-t 0.06

FedEBA + |a—007—01 87.45+ 0.18 49.91+ 2.38 7144+ 0.64 95.94+ 0.09

Table 9: Ablation study for Dirichlet parameter a. Performance comparison between
FedAvg and FedEBA+ on CIFAR-100 using ResNet18 (devided by Dirichlet Distribution with
a € {0.1,0.5,1.0}). We report the global model’s accuracy, fairness of accuracy, worst 5% and best
5% accuracy. All experiments are running over 2000 rounds for a single local epoch (K = 10) with
local batch size = 64, and learning rate n = 0.01. The reported results are averaged over 5 runs
with different random seeds.

. Global Acc. Var. Worst 5% Best 5%
Algorithm
a=0.1 a=05 a=10 a=0.1 a=05 a=10 a=0.1 a=05 a=10 a=0.1 a=05 a=10
FedAvg 30.9440.04  54.69+0.25 64.91£0.02 17.24£0.08 7.92+0.03 5.1840.06 0.20£0.00 38.79£0.24 54.364+0.11 65.90+1.48 70.10+0.25 75.43£0.39

FedEBA-+  33.39+0.22 58.55+0.41 65.9840.04 16.92+0.04 7.71+0.08 4.444+0.10 0.95+0.15 41.63+0.16 58.20+0.17 68.514+0.21 74.03+0.07 74.96+0.16

35



Under review as a conference paper at ICLR 2024

—=—AFL ——TedMGDA+ ——qFedAvg —+TedFV TERM ——TFedAvg ——TFedEBA+ a=0.9, T=0.1 ——TFedEBA+ a=0.9, T=0.5 ——TedEBA+ a=0.5, T=0.1

90 60
50 1
80
S S
< << 109
+ 70 +
12] 12]
S S0
2 0 5
>< =207
< B=
504
109
40 0
T T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000
Communication Rounds Communication Rounds

Figure 6: The maximum and minimum 5% performance of all baselines and FedEBA -+
on CIFAR-10.
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Figure 7: The maximum and minimum 5% performance of all baselines and FedEBA -+
on FashionMNSIT.

Table 10: Performance of algorithms on local noisy label scenario. We test the effectiveness
of FedEBA+ when incorporating the local noisy labels on both FashionMNIST and CIFAR-10
datasets, with noise ratio € = 0.5.

] FashionMNIST (MLP) CIFAR-10 (CNN)

Algorithm

Global Acc. 1 Var. | Worst 5% T Best 5% 1t Global Acc.t Var. | Worst 5%+ Best 5% 1
FedAvg 66.10+1.61 14.73-+£0.64 34.51+1.61 91.75+1.02 38.03-+0.69 14.53+0.28 13.21+0.39 72.10+0.30
q—FFL 65.79-20.05 16.52-+0.24 35.42+1.00  90.84+0.74 38.84-+0.11 14.40-+0.20 15.01+0.28 71.05+0.53
FedEBA+ 68.22-+1.45 13.94-+0.27 36.16+1.71 91.49+1.60 42.23+0.35 9.25+0.24 24.49+0.46 65.63+0.83
FedAvg +LSR 72.63+0.10 21.12+1.00  24.62+0.46  95.21+0.21 46.64-+0.94 16.08+1.03 20.47+1.33 75.02£0.18
q— FFL+LSR 67.69--0.03 22.26£0.16 24.95+0.17 95.50-:0.09 38.03-+0.30 14.02::0.21 15.8440.72 69.99-£0.21
FedEBA+ + LSR 73.03+0.10 20.88-£0.88 1.12+0.05 13.89+0.72 50.96+0.49 15.83-£0.34 18.02+0.02 74.50+0.10

0.5. All the other settings like the learning rate keep the same. Specifically, we employ the
MLP model for Fashion-MNIST and the CNN model for CIFAR-10.

The results of Table reveal that (1) FedEBA+ maintains its superiority in accuracy
and fairness even when there are local noisy labels; (2) FedEBA+ can be integrated with
established approaches for addressing local noisy labels, consistently outperforming other
algorithms combined with existing methods in terms of both fairness and accuracy.

Ablation study. For the annealing schedule of 7 in Section Figure [8] shows that
the annealing schedule has advantages in reducing the variance compared with constant 7.
Besides, the global accuracy is robust to the annealing strategy, and the annealing strategy
is robust to the initial temperature Tj.

We provide the ablation studies for 6, the tolerable fair angle.
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Figure 9: Performance of FedEBA+ under different 6 in terms of global accuracy.
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Figure 10: Performance of FedEBA+ under different § in terms of Max 5% test accuracy.

The results in Figure [9][I0][IT] show our algorithm is relatively robust to the tolerable fair
angle 6, though the choice of § = 45 may slow the performance slightly on global accuracy
and min 5% accuracy over CIFAR-10.

16 DISCUSSION OF FAIRNESS METRICS

In this section, we summarize the commonly used definitions of fairness metrics and comment
on their advantages and disadvantages.

Fuclidean Distance and person correlation coefficient are usually used for contribution
fairness, and risk difference and Jain’s fairness Index are usually used for group fairness,
which is a different target from performance fairness in this paper. In particular, cosine
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Table 11: Ablation study for FedEBA-+ on four datasets. We test the effectiveness of
FedEBA+ when decomposing each proposed step, i.e., entropy-based aggregation and alignment
update, on different datasets. FedEBA differs from FedAvg only in the aggregation method, and
FedEBA+ incorporates the alignment into FedEBA. FedAvg serves as the backbone, FedAvg+® is
employed to demonstrate the individual effectiveness of our proposed aggregation step, Fed Avg-+®is
utilized to showcase the individual effectiveness of our proposed alignment step, and FedAvg + @ +

@ is used to show the effectiveness of our proposed algorithm, FedEBA-+.

CIFAR-10 (CNN)

FashionMNIST (MLP)

Algorithm

Global Acc. 1 Var. | Worst 5% ©  Best 5% 1 Global Acc.t Var. | Worst 5% 1+ Best 5% 1
FedAvg 67.7910.35 103.83+£10.46  45.00£2.83  85.131+0.82 86.4910.09 62.44+4.55  71.27£1.14  95.84+40.35
FedAvg+® 69.384+0.52 89.49+10.95 50.40+1.72  86.07+0.90 86.704+0.11 50.2745.60  71.13+0.69  95.47+0.27
FedAvg+@ 72.04£0.51 75.73+4.27 53.45+1.25  87.33+0.23 87.424+ 0.09  60.08+7.30  69.12+1.23 97.84+0.19
FedAvg+0+@ 72.75£0.25 68.714+4.39 55.80+1.28  86.93+0.52 87.5040.19 43.41+4.34  72.07£1.47  95.91£0.19
Algorithm CIFAR-100 (Resnet-18) Tiny-ImageNet (MobileNet-2)

Global Acc. 1 Var. | Worst 5% 1+ Best 5% 1+ Global Acc.t Var. | Worst 5% 1T Best 5% 1
FedAvg 30.9440.04 17.24-+0.08 0.20+0.00 65.90+1.48 61.994+0.17 19.62+1.12  53.60+£0.06 ~ 71.184+0.13
FedAvg+® 32.384+0.13 17.0940.06 0.7540.22 66.40+0.47 63.3440.25 15.29+1.36  54.174+0.04  70.98%+0.10
FedAvg+®+@ 33.3940.22 16.92+0.04 0.9540.15 68.514+0.21 64.0540.09 14.91£1.85  54.32+0.09  71.27+0.04

similarity and entropy have similar roles to variance, used to measure the performance
distribution among clients, the more uniform of the distribution, the smaller the variance,
more similar to vector 1, the larger entropy of the normalized performance. Thus, we only
need one of them for performance fairness, thus we use variance that is most widely used in
related works as metric.

The detailed discussion of each metric is shown below:
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Table 12: Performance of FedEBA + with different 7 and a choices. The performance of
different hyper-parameter choices of FedEBA+ shows better performance than baselines.

FashionMNIST (MLP)

CIFAR-10 (CNN)

Algorithm
Global Acc. Var. Global Acc. Var.

FedAvg 86.49 + 0.09 62.44 + 4.55 67.79 + 0.35 103.83 + 10.46
a-FFL|4—0.001 87.05 £ 0.25 66.67 & 1.39  68.53 £ 0.18 97.42 + 0.79
q-FFL|4—0.5 86.57 + 0.19 54.91 + 2.82 68.76 + 0.22 97.81 + 2.18
a-FFL|4=10.0 77.29 + 0.20  47.20 £ 0.82  40.78 4+ 0.06 85.93 + 1.48
PropFair|apr—o.2,thres=0.2  85.51 + 0.28  75.27 + 5.38  65.79 + 0.53 79.67 + 5.71
PropFair|p—5.0,thres=0.2  84.59 + 1.01  85.31 + 8.62  66.91 + 1.43 78.90 + 6.48
FedFV|a=0.1,7 fv=10 86.98 + 0.45 56.63 + 1.85 71.10 + 0.44 86.50 + 7.36
FedFV|a=0.2,r fv=0 86.42 + 0.38 5241 + 594 68.89 + 0.15 82.99 + 3.10
FedEBA+|a—0.1,7=0.1 86.98+0.10 53.26+1.00 71.82+0.54 83.1843.44
FedEBA+|a=0.3,7=0.1 87.01+0.06 51.878+1.56 71.79-+0.35 77.74+6.54
FedEBA+|a=0.7,7=0.1 87.23+0.07 40.456-+1.45 72.360.15 77.61+£6.31
FedEBA+|a=0.9,7=0.05 87.42+0.10 50.46+2.37 72.19-+0.16 71.79-+6.37
FedEBA+|0—0.9,r=0.5 87.26-+0.06 52.65+4.03 71.89-0.39 75.29+9.01
FedEBA+|n—0.9,r=1.0 87.14+0.07 52.71+1.45 72.30+0.26 73.79+9.11
FedEBA+|n—0.9,r=5.0 87.10+0.14 55.52+2.15 72.43+0.11 82.08+8.31

Table 13: Comparison of Algorithms with metric coefficient of variation

(Cv) The Cv improvement

shows the improvement of algorithms over FedAvg. The result is calculated by global accuracy and

variance of Table

. FashionMNIST CIFAR-10
Algorithm
C, = % C,, improvement C, = Zt—c‘i C', improvement

FedAvg 0.09136199 0% 0.150312741 0%
q-FFL 0.112432356 -23% 0.144026806 4.2%
FedMGDA+  0.089893051 1.3% 0.146896915 2.4%
AFL 0.088978374 2.6% 0.134878199 10.1%
PropFair 0.101459812 -11.3% 0.135671155 10.9%
TERM 0.101659126 -10.1% 0.146631123 2.7%
FedFV 0.086517483 4.8% 0.130809249 13.3%
FedEBA+ 0.072539115 21.8% 0.1139402 27.8%

e Variance, applied in accuracy parity and performance fairness scenarios, is valued
for its simplicity and straightforward implementation, focusing on a common per-
formance metric. However, it has a limitation as it only measures relative fairness,

making it sensitive to outliers (Zafar et all [2017} [Li et al [2019a} 2021} [Hu et al.|

[2022; [Shi et al.| [2021]).

e Cosine similarity, sharing applications with variance, is known for its similarity to

variance and the ease with which it captures linear relationships (Li et al.| [2019a)).

Nevertheless, it falls short when it comes to capturing ma

enitude differences and is

sensitive to zero vectors (Selbst et al| [2019; [Hardt et al|

2010).

e Also utilized in scenarios akin to variance, entropy offers simplicity but has de-
pendencies on normalization and sensitivity to the number of clients involved in
the computation, making it less robust in certain situations (Li et al. [2019a} [Selbst]

let al 2019} [Hardt et all [2016).

39




Under review as a conference paper at ICLR 2024

Table 14: Performance of Algorithms with Various Metrics. We provide the results under
cosine similarity and entropy metrics, as used in , the geometric angle corresponds to
cosine similarity metric, and KL divergence between the normalized accuracy vector a and uniform
distribution u that can be directly translated to the entropy of a. We test the algorithms on the
FashionMNIST dataset, with fine-tuned hyperparameters.

Algorithm  Global Acc. Var. Angle (o) KL (al|u)

FedAvg 86.49 + 0.09 62.444+4.55 8.70£1.71 0.014540.002
o-FFL 87.05+£ 0.25 66.67£ 1.39 7.97£0.06 0.0127£0.001
FedMGDA+  84.6440.25 57.89+6.21 8.21+£1.71 0.013240.0004
AFL 85.14+0.18 57.39£6.13  7.2840.45 0.01244-0.0002
PropFair 85.51+0.28 75.274+5.38  8.61+2.29  0.013940.002
TERM 84.31+0.38 73.46+£2.06 9.04+0.45 0.0137%0.004
FedFV 86.98+0.45 56.63£1.85 8.01£1.14 0.011140.0002
FedEBA+ 87.50+£0.19  43.41£4.34 6.46%£0.65 0.006310.0009

Applied in contribution fairness, Euclidean distance provides a straightforward in-
terpretation and is sensitive to magnitude differences. However, it lacks consideration
for the direction of the differences, limiting its overall effectiveness.

In contribution fairness scenarios, the Pearson correlation coefficient is appre-
ciated for its scale invariance and ability to capture linear relationships (Jia et al.
. Yet, it may be sensitive to outliers and may not accurately capture magnitude
differences, assuming a linear relationship between the data variables (Wang et al.|

019).

Commonly used in group fairness contexts, risk difference is sensitive to group dis-
parities and offers interpretability (Du et all [2021)). However, it lacks normalization,
which can impact its effectiveness in certain scenarios (Dwork et al.| [2012]).

Jain’s Fairness Index finds application in various fairness aspects, including group
fairness, selection fairness, performance fairness, and contribution fairness. It boasts
normalization across groups and flexibility in handling various metrics. Nevertheless,
it is sensitive to metric choice and introduces complexity in interpretability
(1984 [Liu et al.| [2022)).
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