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ABSTRACT

Learning truthful, revenue-maximizing auctions is a central challenge in auto-
mated mechanism design and differentiable economics. Existing learning ap-
proaches that guarantee truthfulness typically discretize the outcome space into
a finite menu, which tends to favor deterministic but suboptimal auctions. In
this work, we propose Neural Affine Maximizer (NAM), a discretization-free ap-
proach for learning truthful auctions. NAM guarantees truthfulness by building on
affine maximizer auctions (AMAs) while replacing the conventional finite menu
with a boosting function over the outcome space. NAM then parameterizes the
boosting function with neural networks and derives unbiased gradient estima-
tors to enable first-order optimization. Experiments show that NAM consistently
improves revenue over state-of-the-art baselines. In the 2-bidder 2-item setting,
NAM discovers a randomized, truthful auction with a 2.4% revenue improvement
over known optimal deterministic, truthful auctions. In larger-scale settings up
to 10 buyers or 30 goods, NAM continues to achieve revenue gains over exist-
ing approaches with comparable computation costs. Our codes are available at
https://github.com/YunxuanMaPKU/NAM.

1 INTRODUCTION

Designing a truthful (DSIC, strategy-proof) auction that achieves high expected revenue is a central
problem in mechanism design. While the single-item case admits an analytical optimal solution
(Myerson, [1981), the multi-bidder, multi-item setting remains notoriously challenging (Sandholm
& Likhodedov, 2015;|Likhodedov & Sandholml| 2004), with optimal solutions known only in special
cases (Manelli & Vincent, |2006; [Pavlov, |2011; |Giannakopoulos & Koutsoupias, [2014; [Daskalakis
et al.,2015;[Yaol2017). This gap motivates data-driven approaches for learning truthful mechanisms
that improve revenue over standard mechanisms.

Recently, differentiable economics—a technical paradigm (Diitting et al.| 2024} |Duan et al.,|2023aj;
Wang et al., [2024a; Ma et al., 2025a; Ravindranath et al., 2021} [Zheng et al., [2022)— treats eco-
nomic solution design as an end-to-end learning problem with neural networks and gradient-based
optimization. Within this paradigm, notable progress has been made in auction learning (for few
examples, Diitting et al.| (2024); (Curry et al.| (2023)); |Duan et al.| (2023b); Wang et al.| (2024b); Ma
et al.| (2025b)).

However, existing learning methods for truthful, multi-bidder auctions either rely on discretization
of the outcome space (Wang et al.,[2024bj (Curry et al., 2023 |Duan et al., |2023b) or apply only to re-
strictive settings (e.g., goods with unlimited supply (Ma et al.,2025b)). The discretization step leads
to inefficiency in two main aspects: First, the number of deterministic outcomes grows combinatori-
ally with the number of goods and buyers, leading to representation and computational burdens for
large auctions (Ma et al.,[2025b)). Second, the set of randomized outcomes is far larger than the set
of deterministic outcomes, leading discretization-based approaches prone to learn deterministic but
suboptimal auctions (Duan et al., 2023b).

In this paper, we propose Neural Affine Maximizer (NAM), a discretization-free algorithm for
learning truthful auctions. NAM guarantees its truthfulness by building upon the Affine Maximizer
Auctions (AMAs), a truthful yet still expressive auction class (Roberts}|1979) widely used in auction
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learning (Curry et al., [2023; [Duan et al., 2023b; |Sandholm & Likhodedov, 2015). Unlike existing
approaches that discretize AMA directly, NAM replaces the discrete menu representation with a
continuous boosting function A(x) over the outcome space. Learning an optimal boosting function
is nontrivial, as existing techniques for the discrete case (Curry et al. 2023} [Duan et al., [2023bj
Wang et al., 2024b)) do not directly generalize to the continuous case.

Our experiments show that NAM consistently outperforms existing discretization-based approaches
across auction settings from small to large scale, with up to 10 buyers or 30 goods. Surprisingly,
in the 2-buyer, 2-item setting with independent U ([0, 1]) valuations, where no closed-form optimal
auction is known, NAM discovers a randomized truthful auction with a 2.4% revenue improvement
(0.8995) over the best previously known optimal deterministic truthful auction (0.878 in (Wang
et al.,[2024b)). 1]

2 PRELIMINARY

Auction Model We study a standard multi-buyer, multi-good auction with one seller (the auc-
tioneer), n buyers, and m goods. Buyer ¢ € [n] is characterized by a private valuation vector
t; € T; € R™, where the coordinate ¢;; represents her value for good j. Let 7 := X;¢[,)7; denote
the set of type profiles.

The auctioneer implements a direct mechanism: given a reported type profile t' = {t;};cin) € 7T,
it returns (i) an outcome x € X and (ii) a monetary transfer vector p = (p1,...,pn) € R™. We
take the feasible outcome space to be X' == (A,,)™, where A, := {y € R} : 37, vi < 1} is the
n-simplex; A, represents that each good cannot be allocated more than once among n buyers. x’s
1, j-th element, x;;, represents the probability that good j is allocated to buyer ¢, and p; represents
the monetary transfer from buyer 4 to the auctioneer. We write x; = (241, ..., Tim) € &X; = [0, 1]™
for buyer ¢’s allocation.

Following Diitting et al.[ (2024); |Curry et al.| (2023); |Duan et al.| (2023b), buyer ¢ has an additive,
quasi-linear utility on her allocation x;, monetary transfer p; and her type ¢;, i.e., u;(xz;, p;;t;) =
(x;,t;) — p;.- The auctioneer is revenue-maximizing, i.e., her utility is Zl p;, which equals the
auctioneer’s revenue from the auction. Because types are private information to the auctioneer, she
only knows a prior distribution 7 € A(T) over type profiles and seeks to maximize her expected
revenue under F. Overall, an auction instance is specified by the tuple A = (n,m, F, T ), and the
auctioneer’s goal is to design a truthful (IC or strategyproof) and individually rational (IR) direct
mechanism that maximizes her expected revenue.

Definition 2.1 (Direct Mechanisms). A direct mechanism M¢ = (x¢, p?) consists of an allocation
rule ¢ : T — X and a payment rule p? : 7 — R™. Given a reported type profile t’, a direct
mechanism M ¢ implements the outcome 2%(¢') € X and monetary transfer p®(¢') € R™. For each
buyer i with true type t;, she realizes her allocation x%(¢') and the monetary transfer p%(¢'), thus
yielding utility u; (z¢(¢'), pd(t'); ;).

Definition 2.2 (Truthful and IR Direct Mechanisms). A direct mechanism M ¢ = (29, pd) is truthful
if reporting the true type is a dominant strategy for each buyer 7, regardless of the reported types
t'_, of all other buyers. M? is IR if each buyer i weakly prefers participating in the auction to
nonparticipation (x; = 0,p; = 0, representing no allocation and no payment) in every case. The
properties of truthfulness and IR can be expressed by the following two conditions for all i € [n],
buyer i’s type t; € T;, and buyer —i’s reported types t’_, € T_;:

ui(x?(tivt/—i)apg(tivt/—i);ti) >0, (IR)
wilad (b, €5), 0 (1, 8)5 1) 2w (o (8, 82,), pf (47, 825): ). Ve, € Ti (IC)
From now on, we refer to truthful and IR direct mechanisms simply as truthful mechanisms when

the context is clear. Denote M as the set of all direct mechanisms. The auctioneer’s goal for an
auction problem A can be stated as solving Program (T)).

max Eewr | Y pi(t) s.t. (IC), (IR). (1)

4 pd)=MdeMd
(@®.p?) i€[n]

"Further related works are deferred to Appendix
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Affine Maximizer Auctions (AMA) An Affine Maximizer Auction is represented by MAMA =
{(&*, \*)}e(ar) where M € N, 2% € X, and \¥ € R forall k € [M]. Here, z* denotes a candidate

outcome and \¥ denotes the boosting value w.r.t. z*.

An AMA MAMA can behave like a direct mechanism, i.e., given ¢ € T as input, MAMA can
output an outcome = € X and a monetary transfer p € R™. Rigorously, we define an “equiv-
alence” relation between direct mechanisms and AMA mechanisms. Specifically, fix an AMA
MAMA = (2% XF)}ic(ar). There always exists an equivalent direct mechanism M9 = (z¢, p)
that computes the outcome x%(t) and monetary transfer p?(t) through the following steps given
t € T as input:

ASW(k;t) =) (ti,zf) + A, ASW_i(kst) = (ti,af) + A",
i JF
kE~5*(t) € argmax ASW _;(k; t), k*(t) € argmax ASW (k; t),
k k
zd(t) =2 @), pl(t) =ASW_; (k= (t): t) — ASW_; (k*(); t)

2)

where ASW (k; ) denotes the affine social welfare of outcome z*. Note that the equivalent direct
mechanism M ¢ for a given AMA M“MA may be non-unique because of the arg max operations.
Remark 2.3. It is important to note that a more general form of AMA has an additional
parameter set {w;}icin),w; > 0, where w; represents the weight of buyer i. The affine
social welfare is then redefined as ASW(k;t) = 3, wi - (t, o8y + Xk and pi(t) =
w; ' (ASW_; (k75" (t);t) — ASW_;(k*(£);t)).
In this work, we simply let w; = 1 for two main reasons: a) learning additional w;s seems orthog-
onal to our approach; and b) when buyers are symmetric (as in our experiments), it is natural to
impose symmetric weights as an inductive bias. It will be straightforward to incorporate w;s as
learnable parameters.

A well-known result about AMA is that if A/AMA and M ¢ are equivalent, then M ¢ is truthful.
Proposition 2.4. (Truthfulness of AMA). Let MAMA be an AMA mechanism and M? be a direct
mechanism equivalent to MAMA | then M % is truthful.

For completeness, proof of Proposition (as well as other theoretical statements in this paper) is
presented in Appendix [B]

3 NEURAL AFFINE MAXIMIZER

This section introduces our novel concept of Neural Affine Maximizer (NAM), that defines an AMA
functionally rather than enumeratively as in Section 2]

3.1 DEFINITION

An NAM is represented by a continuous boosting function ANAM : ¥ — R. Similar to an AMA,
an NAM can also be viewed as a direct mechanism. More precisely, fix an NAM A\¥M_ there is
an equivalent direct mechanism M? = (x?, p?) that computes the outcome x?(t) and monetary
transfer p?(t) via the following steps for a given type profile ¢:

t[—i] ==(t1, ooer tio1, Oy i1y s b)), ASW(zst) =Y (ti,2;) + ANM(x),
i€[n]
x(t) € argmax ASW(z; t), x "' (t) € arg max ASW (x; t[—i]),
reEX TEX

P () =ASW (™" (2); 8[—i]) — ASW (2 (¢); ¢[i])
3)
where 0,,, represents an m-dimensional zero vector. Note that the arg max is well defined by conti-
nuity of \N*M(z) (consequently ASW (x; )) and compactness of X.
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3.2 CONNECTION BETWEEN NAM AND AMA

We establish the truthfulness of NAM in Proposition [3.1]

Proposition 3.1. (Truthfulness of NAM) Let XYM be a Neural Affine Maximizer and M be a direct
mechanism that is equivalent to \N*M. Then M® is truthful.

Proposition [3.1] is quite straightforward if one regards NAMs as AMAs with uncountably many
candidate outcomes, together with a proper topological refinement of the corresponding boosting
values. Next, we establish the equivalence between NAMs and AMAs in Theorem@

Theorem 3.2. Fix MM = {(x*, p*)} .0 to be an arbitrary AMA mechanism. Then, there exists
an NAM \MM . x — R such that:

(a) X\V*M s concave on X.
(b) If direct mechanism M? is equivalent to MAMA, then M < is also equivalent to X\NAM.

Theorem [3.2] theoretically guarantees that, compared with AMAs, NAMs never lose expressive
power, even when \¥AM is restricted to be concave. We note that Theorem also holds with-
out condition (a). However, condition (a) is imposed for the computational tractability of NAM,
which we elaborate on in Section

4 LEARNING NEURAL AFFINE MAXIMIZERS

This section introduces how we learn a Neural Affine Maximizer for a given auction model A. At
a high level, we first parameterize an NAM with a neural network that has universal approximation
property with respect to convex functions. Thereafter, the network parameters are trained via first-
order optimization.

4.1 PARAMETERIZATION OF NEURAL AFFINE MAXIMIZERS

We use Input Convex Neural Network (ICNN, (Amos et al,, |2017)) to parameterize the boosting
function in an NAM. The architecture of a K -layer ICNN is visualized in Figure[I]

A K-layer Input Convex Neural Network

R R R R R

—> :Linear Layer
— :Non-negative Linear Layer

—> : Convex, Non-decreasing Activation

Figure 1: The architecture of an ICNN. Best viewed in color (same for the remaining figures).

Definition 4.1. A K-layer ICNN parameterizes a convex function f : R% — R with parameters:
{ch}lgkgj(fl, {W;g}ogkgth {bk}ongKfl, we € R:l_h’, w" € Rdw, b e R, {Uk}ke[K], where
dp, is the hidden dimension, Wy’ € Ri" th, o : R = Ris a convex, continuous and non-decreasing
activation function (e.g., leaky ReLU), and W} € Rdnxd= p e Rdn,

Given input z € R, the computation flow of ICNN to output y = f(x) € R is illustrated in
Algorithm T}

Amos et al.| (2017)) has shown that the function represented by ICNN is always convex, but to our
best knowledge, subsequent works fail to give a universal approximation guarantee on ICNN. We
fill this blank by showing that ICNN is indeed a universal approximator of convex functions.
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Algorithm 1 Computation of ICNN

Require: W >0,k=1,2,..,. K -1, w*>0
1: input: 2 € R

29—z
ht Wg - T+ bo
x! + oy (h'), with activation function applied element-wise.
fork=1,.... K —1do

ML W ak + W x4+ by

P« o1 (hFHY), with activation function applied element-wise.
end for
y = (we, %) + (w",z) + b
return: y

SYRIINHERD

—_

Theorem 4.2. Fix X C R% be a convex, compact subset of d-dimensional Euclidean space. Then,
ICNN is a universal approximator of all functions f(x) : X — R that are convex and continuous
on .

Together with Theorem [3.2] Theorem [4.2] justifies the expressive power of our approach: by using
ICNN as the architecture of NAM, our approach can approximately represent the optimal (unknown)
AMA with arbitrary precision.

As the boosting function in NAM is required to be concave, we apply the negative sign on the ICNN
output. From now on, we denote 6 as the network parameter, \j*(-) as the parameterized NAM

and ASW(@;t,0) == 3,0, (@i, i) + AJAM(z) as the parameterized affine social welfare function.

4.2 TRAINING OF NEURAL AFFINE MAXIMIZERS

We now describe how the parameters of a Neural Affine Maximizer are learned via first-order op-
timization. Consider a #-parameterized NAM )\g'AM. According to Section every outcome
computed by the mechanism—both x?(t) and = ~*(t)—must maximize the affine social welfare:

x ' (t) € argmax ASW(a; t[—i],0), Vi€ [n], x(t) € argmax ASW(a;t, 0) )
ackX acX

To write these n + 1 constraints compactly, we introduce the extended type profile ¢ =
(t[~1],...,t[-n],t) € T+ —which is uniquely determined by ¢ with t,,;; = t and t; = [—1]
for i € [n]—and the extended outcome profile (¢) = (z~1(t), ..., z7"(t), z%(t)) € X"+!, where
Zpi1(t) = () and Z;(t) = £~*(t). Under this notation, Equation (4)) reduces to:

Z;(t) € argmax ASW(a; ;,0), Vi€ [n+1] (5)
acX

Since the payment rule p?(t) in Equation (3] is fully determined by the extended outcomes &(t),
the type profile ¢, and the parameter 6, we can express the auctioneer’s utility as ug (&, 0; t) without
explicit reference to p. The learning task is then captured by the following constrained optimization:

max  Byor[uo(2(t),0;t)] s.t. &;(t) € argmax ASW(a;t;,0), Vi€ [n+1] (6)
B(t),0 acXx

The remainder of this subsection develops a tractable procedure for solving Program (6).

Step 1: Sample Averaging. Because the expectation over F is generally intractable, we draw M
i.i.d. type profiles 7™ = {t!,...,#M} from F and replace the expectation with a sample average,
yielding:

% Z uo(Z*,0;t%) st &F € argmax ASW(a;tF,0), Vie[n+1].

max
zkecxntl ,0
{zFe Yrelan ke [M] acX

(7
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Step 2: Softening the Constraints. The argmax constraints in Program are non-
differentiable, precluding direct gradient-based optimization. We address this by replacing each
hard arg max with a Gibbs distribution that concentrates around the maximizer. Concretely, define
exp(f - ASW(a;t,0))
ZB(t,0)

¢ (alt,0) = 20 = [ (s ASW@tO)da  ®)
ackX
where 3 > 0 is a temperature hyperparameter controlling how sharply ¢” is centered at the maxi-
mizer of ASW, and Z#(t, 0) is the normalizing constant. Substituting this relaxation into Program
removes the argmax constraints and yields an unconstrained objective:
1
B(g) — ~k .4k
max OBJ”(0) = i Z E [uo(2”, 0;t7)] )

i.d. ~
&y~ qf (|t} ,0)
ke[M] ‘

i

i.d. . -
where ~~ denotes that the samples are independently distributed.

Step 3: Covariance Trick. Following conventions in neural network optimization (Amari,|1993)),
we aim at computing an unbiased estimator of V,OBJ A (0), namely the first-order gradient of the
objective. Given this estimator, # can be automatically optimized through first-order algorithms
(e.g., Adam) in libraries like Pytorch.

A difficulty here is that the differentiation operator Vg and the expectation operator E|[-] cannot be

interchanged directly, as £ 4580010 0) explicitly depends on 6. This makes the gradient com-

putation of Equation (9) non-trivial. [Ma et al] (2025b) proposes ‘“covariance trick” to resolve this
difficulty. Inspired by Ma et al.| (2025b), we derive the “covariance trick” for NAM in Proposi-
tion[4.3]

Proposition 4.3. Following identity holds universally,

VoEa, [uo(&, 0;t)] = Ea, [Vuo(Z,0;t)] + B - Cova, |uo(#,0:t),Ve > ASW(&;;t;,0)
1€[n+1]
(10)
where :I:if-'g)qﬁ(-\fi, 0).
Note that the left-hand side of Proposition [4.3]is the exact gradient of Equation (9) but is not di-

rectly computable. Meanwhile, the right-hand side can be unbiasedly estimated, given samples from
q°(:|t;,0) foreachi € [n + 1]. Based on Proposition we construct the loss function below:

LFo; Ty = — Z uo (g, 0; %) + ug(2¥,0; %))
ke [M] (11
+6- 59 (uo(§",0;8") —uo(28,0:¢")) - Y (ASW(gf;tf,0) — ASW(2];87,0))
i€[n+1]

Here sg(+) is the stop-gradient operator, defined by Vg (sg(f(0))-9(0)) = f(0)-Vgg(0), eliminating
the gradient propagation through f(#). This operator is implementable in libraries like PyTorch.

If we can generate yF, z! Nqﬁ (-|tk,0), then VoLP(0;T™) is an unbiased estimator of

VyOBJ?(6). The next step explains how to generate g, z} Nqﬂ (-|¥,6) during the full training
process.

Step 4: Continuous Sampling within Simplex Constraints The last step focuses on how to
sample g ~ ¢°(-|tF, 0) efficiently for each k € [M],i € [n + 1]. The treatment of 2} is similar.

Inspired by[Ma et al.| (2025b)), we construct a discrete-time Langevin dynamics (Roberts & Tweedie),
1996) to approximately generate such samples. Extending their techniques to our setting is non-
trivial, because the outcome space in our setting has simplex constraints (z > 0and s Tij < 1,V9).

Denote %5t and §™" as the last-iteration and current network parameters. Assume that we already
have an approximate sample §.%5! from ¢ (-; £;, §'**!) that stays within the simplex constraints. Fix



Published at ICLR 2026 Workshop on Al for Mechanism Design and Strategic Decision Making.

the iteration time 7', we sequentially construct g7, ..., 7 with initial point g{ = §.?** as follows:

=9 Ve (07 208 el RSN, D), (12)
where 7); > 0 is the step size.

Note that g} does not necessarily stay within the simplex constraints. Therefore, we apply Sko-
rokhod reflection (Skorokhod, [1961) on the boundary to make sure the constraints hold at all times.
Specifically, let = g; ' be the initial point, d = g} — fol be the update direction, and as-
sume that x stays within the simplex. We accept x + d iff x + d stays within the simplex. Let
{{aj,-) > b;};e[n+1) be the n + 1 half-spaces of the simplex. Let x(s) = x + sd, for s € [0, 1], be
the trajectory, and let ¢( be the minimum time at which z(s) hits the boundary, i.e.,

: bj — <aj7 1‘>

T ) -
We then let < x + tod, d < (1 — t9)d, d < d — 2(n;j,d)n;, where n; is the normal vector
of j’th half-space and j is the index to achieve the min value in Equation (I3). These updates
make a “reflection” of the update vector z — x + d w.r.t. the jth half-space. We repeatedly update
(z,d) until = 4 d is accepted. Note that the reflection in a convex polyhedron terminates in finitely
many steps (Burago et al.,|1998); we empirically find that all reflections terminate within n(n + 1)
iterations.

4.3 INFERENCE OF NEURAL AFFINE MAXIMIZERS

Given a trained NAM A\J”M, we can evaluate it as if it was a direct mechanism, i.e., by computing
the outcomes (x, p) for a given type profile ¢ through the steps described in Equation . Most
steps can be computed naturally. The only step that requires additional attention is computing the
arg max points of ASW(x;¢,0). In NAM, ASW(«; ¢, 0) is guaranteed to be concave due to the
architectural convexity of ICNN. Therefore, with convex optimization tools (Boyd & Vandenberghe)
2004), these arg max points can be efficiently computed in polynomial time.

5 EXPERIMENTS

To evaluate the effectiveness of NAM, we conduct experiments in this section. In all these experi-
ments, we have 7; = [0, 1]™. Therefore, an auction A is represented by (n, m, F). All experiments
are executed on a single NVIDIA A100 GPU.

5.1 BASELINES AND SETTINGS

We consider the following state-of-the-art approaches that guarantee the truthfulness of learned auc-
tions as baselines: LotteryAMA (Curry et al.|2023), AMenuNet (Duan et al.| 2023b)), and GemNet
(Wang et al.l 2024b). We implement LotteryAMA in our experiments and report the maximum of
the value obtained in our experiments and the value reported in the original paper (when applica-
ble). For AMenuNet, we incorporate their open-source implementation into our experiments. For
GemNet, we report the value from its original paper when the same setting appears, as GemNet is
not open-sourced. The computational complexity of NAM, LotteryAMA, and AMenuNet is set to
O(n®*m?) to make the comparison fair

We also implement three classical baselines, respectively:

* VCG (\Vickrey,|1961}|Clarkel 19715 |Groves, |1973): Arguably the most classical mechanism
which has strong versatility.

* Jtemwise: Run second-price auction on each good independently with a parameterized
reserve price. The optimal reserve price is solved through grid search. Note that when buy-
ers’ type distributions are i.i.d. (which is satisfied with uniform distribution), this baseline
is identical with Itemwise-Myerson, a widely-used baseline in auctions (Curry et al., [2023;
Diitting et al., 2024; Wang et al.,|2024b).

2See more details in Appendix@]



Published at ICLR 2026 Workshop on Al for Mechanism Design and Strategic Decision Making.

Bidder 1 Gets: |, 1 No Item Item 1

Item2 G item 1&2

0 05 1 s
t
11 tyy

(c) t2 = (0,0) t, = (L,1)

|
1
1
1
1
1
1
1
1
1
1
- t2 ti2
h 0t
1
1
1
1
1
1
1
1
1

Figure 2: NAM and GemNet’s learned allocation for first buyer in Us 2, when to = (1,1) or to =
(0,0). (a): NAM’s result for to = (1, 1); (b): NAM’s result for t5 = (0,0); (c) GemNet’s result for

both 5 (reproduced from [Wang et al.| (2024b)).

* Bundle: Bundle all goods as one good and run second-price auction on this bundling with a
parameterized reserve price. The optimal reserve price is solved through grid search. This
baseline is also widely used in auctions (Curry et al.| 2023} Ma et al | [2025b).

We denote D, ,,, as the setting with n buyers, m goods and type profile distribution D. We incor-
porate the following choices of D:

« D=U: tiji'ri'\%'U ([0, 1]). This is arguably the most standard setting in auctions.
* D = S: Generate t; uniformly from the set X, where X = {e;}ic[m) U {ﬁ}, e; is the

all-0 m-dimensional vector except the 7’ coordinate equals to 1, and 1 is the all-1 vector.
This distribution is inspired by the “spherical distribution” in [Curry et al.| (2023).

« D=5 tiji'rig'Bernoulli(p = 0.2) This distribution is inspired by (2025D).

e D = R: Generate bi,gji'rig‘U([fl, 1]19) and let t;; = o((b;, g;)), where o(z) = (1 +
exp(—z)) ™1 is the sigmoid function. This distribution is inspired by [Duan et al. (2023b),
where (b;, g;) are explained as buyer and good representations.

5.2 EXPERIMENT 1: THE CASE OF Us »

In the first experiment, we consider arguably the simplest nontrivial case Ua 2. We visualize the
learned allocation rule and payment rule w.rt. the first buyer when the second buyer’s type is t5 €
{(0,0),(1,1)} and compare the result with GemNet in Figure 2] Specifically, the auction learned
by GemNet in Uy > is deterministic. The auction found by NAM has a similar structure to GemNet
when t; = (0, 0). Surprisingly, when ¢t = (1, 1), NAM allocates goods to buyer 1 with low but non-
zero probability. As a contrast, GemNet does not allocate goods to buyer 1 at all. Notably, NAM
finds a truthful auction with revenue 0.8995, achieving 2.4% improvement over GemNet (0.878,
which, to our knowledge, reaches the largest revenue among all existing truthful auctions prior to our
work). This comparison suggests that randomization can indeed improve revenue over deterministic
auctions even in the arguably simplest nontrivial setting Uy ». We conjecture that the optimal auction
for Us 5 setting is randomized, though this is still an open problem. We also visualize the learned
auction over a grid of values of ¢, in Appendix[C]

5.3 EXPERIMENT 2: PERFORMANCE ON UNIFORM DISTRIBUTION

Next, we consider general U, ,,, settings up to 5 buyers or 10 goods, which have been widely studied

(Wang et al [2024b} [Duan et al., [2023b}, [Curry et al., 2023)). We note that most prior works con-

sider settings with at most 5 buyers or 10 goods. Table [I|shows the auctioneer’s expected revenue
learned by different approaches on these settings. Notably, NAM gives the optimal revenue on all

3 A Bernoulli random variable with parameter p has prob. p to be 1 and prob. 1 — p to be 0.
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Table 1: Auctioneer’s expected revenue in experiment with n buyers, m goods and i.i.d., U([0, 1])
valuations. Four valid digits are reported. The ROR for LotteryAMA and AMenuNet < 1% for all
listed settings. The maximum value is underlined.

\Method&Settings\ Us 2 ‘ Us s ‘ Us,3 ‘ Us s ‘U3,10 ‘ Us s ‘U5,10

NAM 0.8995 | 2.387 | 1.695 | 2.833 | 5.739 | 3.421 | 6.841
ROR of NAM 0.16 0.27 0.35 0.43 0.47 0.51 0.46
LotteryAMA 0.8773 | 2.320 | 1.630 | 2.712 | 5.415 | 3.150 | 5.689
AMenuNet 0.8618 | 2.277 | 1.632 | 2.801 | 5.682 | 3.392 | 6.521
GemNet 0.8780 | 2.310 | 1.675 | 3.124 - - -
Itemwise 0.833 | 2.083 | 1.593 | 2.663 | 5.311 | 3.358 | 6.713
Bundle 0.839 | 2.186 | 1.508 | 2.508 | 5.009 | 2.826 | 5.454
VCG 0.667 | 1.667 | 1.500 | 2.500 | 5.000 | 3.335 | 6.669
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Figure 3: (a)(b): Revenue and Training Time comparison on Us,, settings with m €
{10, 15,20, 25,30}. The revenues are subtracted by VCG revenues for better visualization. (c)(d):
Revenue and Training Time comparison on U, 5 settings with n € {5,6,7,8,9,10}.

settings except one. This comparison demonstrates the effectiveness of our proposed Neural Affine
Maximizer approach.

To understand why NAM might be effective in these settings, we design an indicator, named “ran-
domized outcome ratio” (ROR), to measure the “randomness” of learned auctions. The ROR is

defined as:
n
ROR = n=m ‘;] Eeor[l — max{m?xxw, 1- EZ[] Tij}] (14)
Jjem €N

Note that ROR lies in [0, 1] and reaches 0 iff the auction always gives deterministic allocation and
reaches 1 iff the auction always gives “the most nondeterministic” allocation that allocates each
good to each buyer with probability 1/(n + 1). The ROR results are also reported in Table|1] Note
that LotteryAMA and AMenuNet always find approximately deterministic AMAs (ROR< 0.01).

Given the visualization results in Section@ we hypothesize that the optimal auctions in U, ,, set-
tings use infinitely-many outcomes. Due to the discretization nature, both LotteryAMA and AMe-
nuNet are insufficiently expressive to represent the AMAs with infinitely-many outcomes. As a
contrast, NAM directly learns the boosting function over full outcome space, including both deter-
ministic and randomized outcomes. This distinction explains why NAM is able to find randomized
auctions, while LotteryAMA and AMenuNet fail.

5.4 EXPERIMENT 3: SCALING PERFORMANCE

We conduct experiments with up to 10 buyers or 30 goods to evaluate the scaling performance
of NAM. Figure 3] visualizes revenue and training time for NAM, LotteryAMA, and AMenuNet.
Notably, as the number of goods increases, all approaches learn auctions that outperform VCG in
revenue; in contrast, as the number of buyers increases, they struggle to learn auctions that com-
pete with Itemwise Myerson or VCG. We conjecture that an intrinsic barrier may hinder AMAs
from learning near-optimal auctions in the latter regime, and leave a formal understanding to future
studies.
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Table 2: Auctioneer’s expected revenue in experiment with n buyers, m goods and diverse distribu-
tions. The ROR for LotteryAMA and AMenuNet < 1% for all listed settings, excepts ROR= 0.02
for AMenuNet in S3 5. * represents the known optimal value. The maximum value is underlined.

\Method&Settings\ S22 ‘ S35 ‘ B o ‘ Bs s ‘ Ro 2 ‘ R3 5 ‘

NAM 1416 2.405 0.6971 2331 | 09122 | 2.672
ROR of NAM 0.32 0.17 0.04 0.07 0.33 0.53

LotteryAMA 0.9652 | 1.614 0.5000 0.995 | 0.8458 | 2.624
AMenuNet 1.265 2.385 0.6692 1.692 | 0.8794 | 2.674
Itemwise 1.320 2.111 | 0.7166" | 2.447" | 0.8366 | 2.538
Bundle 1.047 1.087 0.5900 1.199 | 0.8694 | 2.498

VCG 0.6957 | 0.7796 | 0.0813 | 0.5116 | 0.7699 | 2.498

5.5 EXPERIMENT 4: PERFORMANCE ON OTHER DISTRIBUTIONS

We also consider experiments on diverse distributions to verify the robustness of NAM. In all ex-
periments, the performance of NAM either surpasses or is competitive with LotteryAMA and AMe-
nuNet. Interestingly, in B,, ,,, settings where optimal auctions are provably deterministic (Ma et al.,
2025b), NAM finds near-deterministic, near-optimal auctions (with low ROR), while LotteryAMA
and AMenuNet find deterministic but suboptimal auctions. This suggests that in addition to limited
expressiveness, discretization-based approaches like LotteryAMA and AMenuNet are also prone to
get stuck in local optima.

6 CONCLUSIONS AND DISCUSSIONS

This paper proposes NAM, a discretization-free approach to learn truthful auctions. Compared with
existing approaches, NAM finds truthful auctions with larger revenue in many scenarios. For future
work, one direction is to design permutation-equivariant and convex neural networks to replace
ICNN and potentially accelerate training (Qin et al., 2022} Ma et al., 2025b; Han et al., [2022).
Another is to apply similar techniques to discover solutions in broader applications of differentiable
economics.

NAM possesses some features that differ from existing approaches. First, training time scales lin-
early with the number of samples M, which induces a trade-off: a small M is prone to overfitting,
while a large M makes training costly. We find empirically that M = 2'# strikes a good balance.
Second, NAM incurs substantially larger inference time than baselines, as it requires solving con-
vex programs to compute outcomes and monetary transfers. In our largest settings (Us 39 and Uy 5),
NAM takes at most 40s to process a batch of 214 samples. We consider this inference cost acceptable
1n practice.

10
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A FURTHER RELATED WORKS

Differentiable Economics. Differentiable Economics is a technical paradigm that aims to solve
economic problems with differentiable functions (e.g., neural networks) and gradient-based op-
timization. Within this field, much progress has been made in the context of social choice
(Narasimhan et al.}2016), facility location (Golowich et al., 2018), matching market (Ravindranath
et al., 2021), contract design (Wang et al., 2024a), market equilibrium (Ma et al., [2025a)), and eco-
nomic tax design (Zheng et al.| [2022).

Automated Mechanism Design (AMD) is arguably one of the most widely studied topics in this area.
The integration of differentiable economics into AMD was first studied by [Diitting et al.| (2024),
followed by [Curry et al.| (2020); Peri et al.|(2021); [Rahme et al.| (202 1bja)); |Curry et al.|(2022); Duan
et al. (2022); [Ivanov et al.|(2022)). However, these approaches are not guaranteed to output truthful
auctions. On the truthful-learning side, |[Shen et al| (2019) initiates the learning of truthful single-
buyer auctions, while [Curry et al.| (2023)); Duan et al.|(2023b; |2024)); [Wang et al.| (2024b)); Ma et al.
(2025b)) extend it to truthful multi-buyer auctions. This work also lies in the field of differentiable
economics.

Bi-level Optimization. AMD can be viewed as a bi-level optimization problem (Dempel [2002)
from a deeper perspective, where the outer level (auctioneer) optimizes revenue subject to the ra-
tionality constraints of the inner level (e.g., regret minimization as in [Diitting et al.|(2024) or affine
welfare maximization as in |Curry et al.| (2023)). Bi-level optimization dates back to Bracken &
McGill| (1973)) and has recently attracted attention in machine learning, with applications to hyper-
parameter optimization (Franceschi et al 2018}, Maclaurin et al. |2015) and meta-learning (Finn
et al.,[2017).

While bi-level algorithms generally require the strict convexity of the inner program and second-
order derivatives to tackle the bi-level structure (see, for example, Domke| (2012)); [Maclaurin et al.
(2015));/Ghadimi & Wang|(2018));[Huang et al.|(2025); |Chen et al.| (2025); Yu et al.[(2025))), this work
only requires the (weak) convexity of the inner program (Theorem {.2) and uses the covariance
trick (Proposition to tackle the bi-level structure, eliminating the need to compute second-order
information. We believe this work provides a new insight for bi-level optimization.

Convex Neural Networks. Max-of-Affine (MoA) functions and Log-sum-exp (LSE) functions
are two classical convex function classes, with universal approximation established by |Calafiore
et al.[ (2019). However, these function designs have incomplete network architectures and suffer
from the curse of dimensionality, with a counterexample provided in McMullen|(1970).

Amos et al.| (2017) proposes Input Convex Neural Network (ICNN), a network-based convex func-
tion approximator, yet subsequent works are unable to determine whether it is a universal approx-
imator to our knowledge. Later, Warin| (2023) propose GroupMax Network and show its universal
approximation property. Surprisingly, we find that ICNN generally outperforms GroupMax Net-
work in our task. This work connects to this line of literature by utilizing ICNN as architectural
design, simultaneously proving the universal approximation property of ICNN.

B OMITTED PROOFS

B.1 PROOF OF PROPOSITION[2.4]

Proposition 2.4. (Truthfulness of AMA). Let MM be an AMA mechanism and M? be a direct
mechanism equivalent to MAMA, then M? is truthful.
Proof. Recall that MAMA = {&F A}, 3y and M9 = (x4, p?).

Consider the utility of player ¢ by reporting ¢, when her true valuation is ¢; and other players report
t,il

wi(@ (tst—), pi(tht—i)its) = (af (L t—i), ts) — pil(thst—y)
= 0D ) b ASW (R (8, bi); (1, 80)) — ASW_y (K" (¢, £_y): (1], £))

K3

15)
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If player ¢ reports truthfully, then her utility is
wi(xf (t), p (t); ti)
—ASW (K*(£);t) — ASW _; (k=" (); (¢)) (16)
= max ASW(k;t) — max ASW_;(k;t)

Since (¥, ¢;) > 0 always hold, we have ASW (k;t) > ASW_,(k; t) holds for all k, therefore
ui (24 (1), pl(t); ;) = mkaXASW(k;t) — max ASW_;(k;t) >0 a7)

This means that M ¢ is IR.
Notice that ASW_;(¢;,¢t_;) do not rely on ¢ and ¢; by definition, therefore,

wiwd (st 0), (et )i t) = (e P ) - ASW_ (R (8], t_0)58) — f(t-s)

(18)
=ASW(E*(t;, t_;);t) — f(t_s)
By definition of maximization,
ASW(K*(t;,t—;);t) < max ASW (k;t) = ASW(Ek*(t);¢t) (19)

Note that after removing the term f(¢_;) that is constant for player ¢, RHS of Equation is the
utility of truthful reporting for player 7, while LHS of Equation is the utility of reporting ¢/ for
player i. Therefore, by reporting ¢ = t;, player i achieves her maximum utility. Therefore, M? is
truthful.

O

B.2 PROOF OF PROPOSITION[3.1]

Proposition 3.1. (Truthfulness of NAM) Let \M be a Neural Affine Maximizer and M? be a direct
mechanism that is equivalent to \N*M. Then M@ is truthful.

Proof. Recall that an NAM is a continuous function \MM : X — R and M9 = (x4, p?).

Consider the utility of player ¢ by reporting ¢, when her true valuation is ¢; and other players report
t_il

wi (@ (tst—), i (tt—i)its) = (af (L t—i), ts) — pi(t]st—s)

d gy —i (4 : dgr - (20)
=(@(tt-0), 1)) — ASW (@ (£, b-0); 8[—~i]) + ASW(@(t], _0); t[d])

By reporting truthfully and note that ASW (x; t[—i]) + (x4, t;) = ASW(x;t), player i’s utility
becomes,

ASW (z%(t);t) — ASW (7 (t); t[—i]) = mwaXASW(a:; t) — max ASW (z; t[—i)) 21

As ASW(x;t) > ASW(x;t[—i]) holds universally, we have max, ASW(x;t) >
max, ASW (x; t[—i]) holds universally as well. Therefore, NAM is IR.

Next, by observing that ASW(z~i(ti,t_;);t[—i]) = ASW(z'(t,,t_;);(t,t_;)[—i]) =
maxg, ASW(x, (¢),t_;)[—i]) = max, ASW(x, t[—i]), we know this term do not rely on ¢, and
t;. We then denote this term as f(¢_;).

Then, player ¢’s utility of reporting ¢/ is:
(@ (tist i), ti) + ASW (2 (8], 8); ¢[—i]) — f ()

SASW(@ (5 80);8) — F(t-) < max ASW(: 1) — f(t_i) = ASW(&(t):2) — f(t)

where RHS of Equation is the utility of truthful reporting for player i. Therefore, NAM \NAM
is truthful. O
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B.3 PROOF OF THEOREM[3.2]

Theorem 3.2. Fix MAMA = {(x" pk)}ke[ M to be an arbitrary AMA mechanism. Then, there exists
an NAM XM . X — R such that:

(a) XVM s concave on X.

(b) If direct mechanism M is equivalent to MAMA, then M? is also equivalent to X\NAM.

Proof. Our proof consists of three step: (a) We construct an extended AMA MAMA that is equivalent
with MAMA and its outcome candidates be sufficiently “broad”; (b) Based on M“MA, we construct

the ANAM and verify the concavity and continuity; (c) We show that if M is equivalent with MAMA,
then M is equivalent with ANAM,

Step (a). We first construct an extended AMA whose outcome candidates is sufficiently “broad”.

Specifically, let (y, ...,y") be all vertices of X and C' > 0 as a sufficiently large number. We
consider the extended AMA MAMA — {(=*, p*)}rep+ 1) where &M = yi pM+i = —C for
j € [L]. The C'is chosen such that for all direct mechanism M ¢ that is equivalent with MAMA 74
is also equivalent with MAMA,

We show that such C' always exists. Let k € [M] be arbitrary index. Consider the following inequal-
ity:

Vie[Ll,teT, ASW(kit)>ASW(M +jit) & Vi€ L teT, D (tiaf)+X>> (t,yl)-C

@VJG [L]7t€7-7 O>Z<tmyz>7z<th$;€>i>‘k

(23)

Since RHS is linear on ¢, T is compact and [L] is finite, we know that there is C* > 0 such that
inequality (23)) holds.

Define k*(t) = arg maxyepo ) ASW(k;t). Inequality indicates k*(t) = #*(t) for all ¢t.
Similarly, there is also C; > 0 such that k=%*(t) = ¢~%*(¢) for all . Let C' be the maximum
value of C*, {C7 },¢[n), we know that by choosing such value of C, the computation flow of M AMA
in Equation (2) is identical of the computation flow of MAMA, Therefore, M is equivalent with
MAMA indicates that M is equivalent with A/AMA,

Step (b). We w.l.o.g. assumes that the outcome candidates of MAMA cover all vertices of X'.

We define

A@) = {{o"epn : Y ofab =a; Y of =1,Vk € [M],o* >0}

ke[M)] ke[M] (24)

ANAM () = sup Z af \F
{O‘k}ke[M]eA(w) ke[M)]

Here, x is a convex combination of {&*}c(as) with coefficient {a*}e(ns). As {x¥}epar covers
all vertices of X', we know that such convex combination always exists, therefore A(x) is non-empty
and the supreme is well-defined. Moreover, A(x) is a close set. Therefore the supreme value can
always be achieved at some {a*}yc(ar) € A.

We next show the concavity and continuity of ANAM_ To show this we only need to prove the
concavity and continuity of A(x) (as a set-valued function). The concavity and continuity of ANAM
can then be derived since it is the maximum value of a linear function (3~ a*\¥) on A(z).
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First, let ¢;,7 = 1,2 be two outcomes and y&; + (1 — v)x2,y € (0, 1) be its convex combination.
Let the maximum value of AN*M(ax;) is achieved on {a¥} yc(x). Define 8% = yal + (1 — 7). It’s
clear to see that {8"},c(x) € A(y@1 + (1 — 7)@2), showing that A(x) is a concave set-valued
function.

Next, let {z,, },en be a sequence converging at @ and o, = {af};c(ar be the corresponding
coefficients of x,. Since o, € Ajps and Aj; is compact, we know that there is a converging
subsequent (ay;,) — . = {aF} e, As > ke(M) of o = @; , taking limitation we know that

ke @¥a” = x. This means that o, € A() and therefore A(z) is continuous.

Step (c). The last step is to show that M ¢ is equivalent with A\NM given M ? be equivalent with

MAMA | To see so, we need to verify the two inclusions and one equality in Equation (3), which is
listed below:

t[—Z] ::(tl, ceny ti*lv Om, ti+1, ceny lfn)
ASW(z;t) =) (ti,x:) + AN (@)
i€[n]

x(t) € argmax ASW (x; t) (25)
reX
x~'(t) € arg max ASW (x; t[—i])
reX

P (&) =ASW (2 (£); t[~i]) — ASW (2(8); ¢[~i])

We first show that the first inclusion holds (z¢(t) € argmax,c, ASW(zx;t)). Since a direct
mechanism does not directly have 2 ~%(t), we would like to define that ~%(t) = =* "~ *). Then
the second inclusion is similar to prove and is thus omitted.

Fix t. Assume the contrary that £%(t) is not the maximum point of ASW(-;t). Then, there is x*
such that ASW (z*;¢) > ASW(z%(t); t). By definition of A\N*M, there exists o € A(x*) such that
Yopafah =z and Y, o AF = ANAM (%) We have,

ASW(z™8) = D (ti,27) + AV (z7)

i€[n]

= Z Z o (t;, k) + Z A ANAM (k) (26)
i€[n] ke[M] ke[M]

= Z " ASW (" t)
ke[M]

Therefore, there is k € [M] such that ASW(z*;t) > ASW(z*;t) > ASW(zd(t);t) =
maxy e [M] ASW(:Bk/; t), which leads a contradiction. The last equation is due to the definition
of equivalence between M ? and M*MA in Equation .

Lastly, we verify the equation p¢(t) = ASW (z~%(¢); t[—i]) — ASW(x?(t); t[—i]). Note that

pl(t) =ASW_; (k=" (£);8) — ASW_, (k™ (t); t) 27)

We will prove independently that ASW_;(k=%*(¢);t) = ASW(xz*(t);¢t[—i]) and
ASW_, (k(£):t) = ASW (@ (£); ¢[1]).

To show this, we first show that \*™(£) = \NAM(d(¢))

Since x%(t) = =¥ (), it’s straight-forward that \NM(z?(t)) > \*" (V) by definition of A\NAM and
supreme. If fix some t and \N*M(x?(t)) > A" () we could find some o € A(t) such that,

D oakAE = M), N Catfah = af(t) 28)
k k

17
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Then,
ASW (k™ (£);8) =AF"®) 4 Z i @)
[n]
=A\F®) 4 Z ts, 22(t)) - - - by definition of % ()

1'6[ ]
<ANAM (gl (1)) + Z (t;, zd(t)) - - - by assumption
i€[n] (29)

= Z by Z t;, %) | --- by equation in Equation 28)

k i€[n

k

l? xA\¥ + Z tz,:z:

=ASW(k" (¢ ), )

which leads a contradiction.
Similarly, we also have that \¥ """ (t) = \NAM (g—i(¢)).

Based on above, we have

ASW_y (k™ (2);8) = 3 (ty.ah H) 4 an O

Jrg
JFi ‘ (30)
= {2 () + XM (@ (1)) = ASW (2 (2); ¢[—i])
JAi
d
" ASW_,(k*(t);t) = R LAC)
SRR =) () +
NAZ\:57 d d GD
=37 {t, 24(1) + XM (6)) = ASW (@ (8); ¢]—i))
J#i
which together completes the proof. O

B.4 PROOF OF THEOREM [4.2]

Theorem 4.2. Fix X C R% be a convex, compact subset of d,-dimensional Euclidean space. Then,
ICNN is a universal approximator of all functions f(x) : X — R that are convex and continuous
on .

We begin with a rigorous definition about universal approximation.

Denote H = R¥ to be the set of all functions with domain X and range R. Let 7,G C H be
two subsets of such functions. We say that F is a universal approximator of G if the following two
conditions hold:

() FCg
(2) Forallg € G,e > 0, there is f € F such that [ (f,g) <&

The following theorem is identical with the original statement.

Theorem B.1. Let G = {g € H : giscontinuous and coovexon X} and F = {f
f can be represented by an ICNN}. Then, F is a universal approximator of G.

Proof of Theorem[B.1] Prove (1).

Let f : X — R be a function represented by an ICNN. We will actually prove that f is continuous
and convex.

18
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First, notice that the composition of continuous functions is always continuous. Also note that in
ICNN, all computation flows, including linear transformations and activation functions, are contin-
uous transformations. Therefore, f is also continuous.

Second, recall that a non-negatively weighted sum of convex functions is convex, and that g o h is
convex if g is convex and non-decreasing and h is convex. In Figure|l| every element in h; is a
linear function of z. Then, every element of z, which is a convex, non-decreasing function of some
element in A1, is a convex function of x. Now assume that every element of xj, is a convex function
of . Then, every element of hj1, which is a non-negatively weighted sum of zj, plus a linear
function of z, is a convex function of x; every element of x4 1, which is a convex, non-decreasing
function of some element in A1, is also convex in x. In all, we conclude that zx is convex in
x. Therefore, y, the output of ICNN, which is a non-negative-weighted sum of z g, is convex on x.
This completes the proof of (1).

Prove (2).

It is not hard to verify that if 73 is a universal approximator of F» and F> is a universal approximator
of F3, then JFj is a universal approximator of Fs.

A well-known result is that the set of max-of-affine functions is a universal approximator of G
(Calafiore et al.,[2019). Therefore, we only need to prove that every max-of-affine function can be
exactly represented by some ICNN.

A max-of-affine function is represented by
f(x) =max (w;,z) +b; (32)

i€[n]
with b; € R, w; € R%.
We will prove this by mathematical induction on n, and prove that every max-of-n-affine function
can be exactly represented by ICNN with dj, = 1.
Whenn = 1, f(x) = (w1, x) +by. Letting K = 0, w" = wy, and b = b; directly finishes the proof.

Now let n > 2. By the inductive hypothesis, every max-of-(n — 1)-affine function can be exactly
represented by ICNN. It is clear that Equation (32) can be rewritten as:

f(x) = (wn, z) + b, + max (0, g(x)) (33)

where g(z) = max;e[n—1){w; — wy,x) + (b; — by). We know that g(z) can be represented by a
K-layer ICNN.

Let 0, including {ng}lngK_l, {ng}ongK_l, {bk}nggK—l» w¢ € R+, w' € Rdm, beR,
{ok}rer), where W € R, W] € R?, b, € R, be the K -layer ICNN that represents g().

Next, we construct a K + 1-layer ICNN with parameters 6’ including {W} }1<i<r, {W}" }o<i<k.
{b).Yo<k<r, W' € Ry, w™ € R, b € R, {0} }xe(x+1), where W6 € Ry, W[ € R, b, € R.

We set Wi© = WEW," = W[, b, =b,fork < K—1, 0, = o for ke [K]and Wi =
we, WiZ = w", by = b. It’s clear to see that hxy1(z;0') = y(x;0) = g(x), where hx11(x;0")
represents the hidden element hx 1 in the ICNN parameterized by 6'.

Let ox11(-) = RELU(:), then k41 (z;0") = max(0, hx11(x;0')) = max(0,g(x)). Let wl, =
)

1wl = wy, b = by, we know that y(x;0') = w/, - xx11(x;0") + (wl.,x) + V' = (wp, ) + b, +
max (0, g(z)) = f(x). Therefore, we complete the proof.

O
B.5 PROOF OF PROPOSITION
Proposition 4.3. Following identity holds universally,
VB, [uo(&, 0;t)] = Eg, [Vuo(Z,0;t)] + B - Cova, |uo(#,0:t),Ve > ASW(&;;t;,0)
1€[n+1]
(10)
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where iiigiqﬂ(~\ii, 0).
Proof. Fixtand 8 > 0. For each i € [n + 1], write

exp(ﬂ . ASW(&JZ, ii, 0)) : o >
Z5(5.0) , Zg(t;,0) = /aEX exp(B-ASW(a; t;,0)) da

¢i(%:;0) = q5(T; | £:,0) =

Let & = (&;);e[nt1] € X" and define the product density ¢(&; 0) := [icns1) 9(2i; 6). Then
Egimgs (- Jis.0) 00 (2,05 1)] = / uo(Z,0;t) q(Z;0) H dw;.
BeX L i€[n+1]
By the chain rule of differentiation,
VoEs,[uo(2,0;t)] = /Vguo(a: 0;t) g dez /uo &,0;t) Voq(a;0) [ [ de
i (34)

= Bz, [Vouo(@,0:)] + Ea,[uo(,6:t) Vo loga(:0)|,
where we used the log-gradient identity Vgq = ¢ Vg log gq.
Since q(®;0) = [, ¢i(®i; 0), we have Vg log q(&;0) = 3 ;c(,,11) Vo log ¢;(Z:; 0). Moreover,

log ¢i(a; 0) = B ASW(a; #;,0) — log Z(t;, 0),

o)
Vo loggi(a;0) = BVeASW(a;t;,0) — Vg log Zs(t;,0).
A direct calculation gives

VoZs(t;,0) = / exp(B - ASW(a;t;,0)) - BVeASW(a; t;,0) da
aeX

. Z5(%:,0)
Veolog Zs(t;,0) = VoZs(t:,9) =8 / (a;0) VoASW(a; &;,60) da
Zs(t:,0)

= ﬂ E@iNqi(,;g)[VQASW(mi, ti, 9)] .
Therefore, for each i € [n + 1],
Vi logqi(2i;0) = B(VGASW(@; t;,0) — Ez, [VoASW (&;; L, 9)])-
Plugging this back yields

Ez,|uo(z,0;t) Vglogq(i';H)] = > E:z,;[uo(i’,@;t) Velong‘(i‘i;@)}
1€[n+1]

5y ( uo(&, 0;t) Vo ASW (&3 £, 0)] —E[uo(a},e;t)}]E[VgASW(;Ei;fi,H)])

i€[n+1]
.y Covji<u0(a~c7 0:t), Vo Y ASW(&:i,, 9))7
i€[n+1]
(35)
Combining Equation (35) with Equation (34) proves Proposition[d.3]
0

C A VISUALIZATION OF Us
We visualize the mechanism learned by NAM in U, » in Figures @] to[6] Specifically, we fix buyer

2’s type to be to = (x, %), where z,y € {0.0,0.2,0.4,0.6,0.8,1.0}. We let t; vary over [0, 1]? and
visualize the allocation and monetary transfer to buyer 1, namely x1 1, 21,2, p1, in each figure.
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Figure 4: The visualization of x1 ;.
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Figure 5: The visualization of z1 5.
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Figure 6: The visualization of p; .
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D MORE EXPERIMENTAL DETAILS

We list the hyperparameters used for NAM in Table|3] Recall that n is the number of buyers and m
is the number of goods.

Table 3: Hyperparameters.

Hyperparameter \ Value
samples for training: M 214
samples for evaluation: 214
ICNN network layer: K 3
ICNN network hidden dimension: dj, 10nm
ICNN initial learning rate 3e—4
ICNN final learning rate le—4
ICNN optimizer Adam(B; = 0.9, 82 = 0.999,¢ = le — 8)
step size for continuous sampling de — 2
continuous sampling iteration 7' 32
training iterations 10,000
temperature: [ 512 (< Sbuyers) & 2,048 (> 5Sbuyers)
menu size (for LotteryAMA and AMenuNet) 8(n +m)?

For other hyperparameters (including training iterations, batch size and temperatures for baselines,
as well as AMenuNet’s network architecture), we use the same values reported in the original papers
(Curry et al., 2023} |Duan et al., 2023b).

D.1 COMPLEXITY ANALYSIS

As ICNN has a fully connected architecture, computing each ASW () takes ©(d}) = O(n?m?)
time. Since one inference of NAM requires n + 1 evaluations of ASW (), the total training time
for NAM is ©(n®m?).

For both LotteryAMA and AMenuNet, one inference of k*(t) requires computing the arg max of
ASW (k; t) over all candidate outcomes . In addition, each candidate outcome is of size nm. As a
consequence, the total training time for LotteryAMA and AMenuNet is O ((n+1)-8(n+m)%-nm) =
Q(n3m?).
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