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Abstract

Bilevel optimization has gained significant pop-
ularity in recent years due to its ability to
formulate various machine learning problems.
For instance, in meta-learning, the upper-level
(UL) problem offers a good initialization for the
lower-level (LL) model to facilitate adaptation.
However, the decision variables can impact
data features and outcomes, leading to the
phenomenon known as performativity. In this
work, we investigate the inclusion of decision-
dependent distributions in bilevel optimization.
Specifically, we consider the scenarios where
the UL data distribution depends on the LL
optimization variable, and the LL data distribu-
tion also depends on the UL decision variable.
We first establish sufficient conditions for the
existence of performatively stable (PS) solutions
in this class of bilevel problems. Also, we
propose efficient stochastic algorithms to find
the PS point with theoretical convergence rate
analysis and discuss the theoretical optimality of
the obtained solution. Our theoretical analysis
is corroborated through a series of numerical ex-
periments, wherein we evaluate the performance
of the bilevel performative prediction algorithms
alongside non-performative counterparts in the
context of meta strategic learning problems.

1. Introduction

In this work, we consider the following class of bilevel
performative prediction (PP) problems, where the data
distribution at each level is dependent on the decision
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variable from the other level:

P: min E
x Z~Dy(y*(2))

[, y*(2); 2) (1a)

st. y*(x)=argmin E {l(z,y;Z) (Ib)
y

Z~Dy(x

where x,y respectively denote the decision/optimization
variables at the upper-level (UL) and lower-level (LL) of
this problem, loss functions f(z,y*(x); Z) and ¢(x,y; Z)
are smooth, y*(x) represents the optimal solution of the LL
problem given x, D, (x) stands for the LL data distribution
depended on the UL variable x, and similarly D, (y*(x))
for the UL data distribution that is dependent on the LL loss
function through the optimal LL decision variable y*(x).

Motivation of This Work. One of the most prominent ma-
chine learning models that can be formulated using bilevel
optimization is model-agnostic meta-learning (MAML)
(Finn et al., 2017; Rajeswaran et al., 2019). MAML
has been successful in addressing the challenge of
data distribution shifts between seen and unseen tasks,
particularly in few-shot learning scenarios. In MAML, the
meta-learner at the UL explores invariant features such as
good initializations that can be utilized to handle unseen
tasks, while the individual learners at the LL focus on
fitting personalized data. However, in many real-world
problems that fall under the umbrella of PP, such as election
forecasts, financial markets, online advertising, and traffic
predictions, the decision variables can heavily influence the
data distribution (Perdomo et al., 2020). Hence, it becomes
crucial to incorporate decision-dependent distributions into
the framework of meta-learning, as both levels of the
optimization problem are tightly intertwined through their
mutual interaction. This motivates the inclusion of cross-
level dependence between decision variables and data
distributions in bilevel optimization.

Major Challenges in Bilevel PP. In contrast to single-
level PP problems, solving bilevel optimization problems
involves generating two sequences, each used for mini-
mizing the loss function at its respective level. Due to
the interdependence between decision variables and data
distributions across levels, it is unclear whether changes in
the data-generating distribution occur in a competitive or
collaborative manner during the play of this performative
Stackelberg game.  Consequently, demonstrating the
convergence rate of the bilevel stochastic algorithm is
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highly challenging. It necessitates the construction of a
Lyapunov function that accounts for the data distribution’s
dependence and satisfies a descent or contraction property.
In addition, the theoretical analysis requires decoupling the
stochastic error terms between the two levels.

Main Contributions of This Work. In this work, we
provide the formal definitions of performatively optimal
(PO) and performatively stable (PS) points in bilevel
optimization and establish the conditions for the existence
of the bilevel performatively stable (BPS) points using
the bilevel repeated risk minimization (Bi-RRM) method.
Building upon the existence of the BPS points, we propose
an efficient bilevel stochastic gradient descent (Bi-SGD)
method and derive sufficient conditions for Bi-SGD to
obtain the BPS point. Our theoretical analysis reveals
that Bi-SGD achieves comparable iteration and sample
complexities to traditional (bilevel) stochastic gradient
descent (SGD) for finding optimal solutions in non-
performative strongly convex (bilevel) problems. To
validate our theoretical results and demonstrate the stability
of Bi-SGD under data distribution shifts, we conduct
experiments on both synthetic and real data sets. The
results underscore the efficacy of Bi-RRM and Bi-SGD.
The main contributions of this work are highlighted as
follows.

» Bilevel performative prediction. To the best of our
knowledge, our proposed bilevel PP model is the first
to incorporate decision-dependent data distributions
into the learning process. This unique approach
distinguishes our work from existing models in the field.

» Theoretical analysis. Our theoretical results provide
novel insights into the existence of BPS points in
the bilevel PP model. We demonstrate, for the first
time, that when the sensitivity parameters of the data
distribution at both levels fall below a certain threshold,
a unique BPS point exists. Additionally, we prove that
the bilevel SGD algorithm is capable of achieving the
PS point at a rate of O(1/7"), which is on par with
the standard non-performative learning setting. Here, T'
represents the total number of iterations.

» Applications to meta strategic learning. We present
the results of applying the bilevel PP model to meta
strategic learning and showcase the importance of
incorporating the decision-dependent distribution in the
algorithm design in terms of improving testing accuracy.

2. Background and Related Work

Performative Prediction (PP). There is a significant body
of research focusing on various aspects of PP, including
model and algorithm design, convergence analysis, and
quantification of generalization performance. The concept
of PP was first introduced in (Perdomo et al., 2020), which

addresses the strategic feedback effect in single-level risk
minimization problems. The work also proposes measures
to capture performative optimality and stability in this
setting, where the data distribution is induced by the
predictive model. It is shown that under certain conditions
on the loss function (such as smoothness and strong
convexity), the PS point can be achieved by utilizing
repeated risk minimization (RRM) or gradient descent
(GD) on the performative risk when the changes in the data
distribution are not significant or controllable in terms of
the Wasserstein-1 distance.

Based on this work, more efficient SGD methods have
been proposed in (Mendler-Diinner et al., 2020) to find
the PS points by considering the trade-off between the
frequency of model deployment and the stochastic update
of the model. In (Drusvyatskiy & Xiao, 2022), several
families of classical stochastic optimization algorithms,
such as clipped gradient and proximal point, have been
studied for PP with rigorous convergence rate analysis.
These works highlight the main challenge in proving
algorithm convergence, which lies in quantifying the bias
introduced by distribution shifts after model deployment.
Also, it is worth noting that the convergence results
in these seminal works rely on the strong convexity
assumption of the loss functions. Recent works have
attempted to relax this assumption to the convex case
(Miller et al., 2021) or the weakly convex case (Zhao,
2022), but they require additional assumptions, such as the
mixture dominance condition or other notions of Lipschitz
distributions (Mofakhami et al., 2022), to ensure the well-
behaved nature of the distribution map.

Given the dynamic nature of online data sequences, PP
naturally extends to model richer classes of online learning
problems, enabling the advancement of existing algorithms
to adapt to changing environments and facilitating the
design of new algorithms to address distribution shifts.
For instance, online projected gradient descent has
been applied to optimize the charging of a fleet of
electric vehicles, where the time-varying costs depend
on random variables with decision-dependent distributions
(Wood et al., 2021). The proximal stochastic gradient
method has been employed to tackle online tracking
problems, where the dynamics are jointly dependent on
both time and decision variables, and its non-asymptotic
convergence behavior under the time drift is analyzed in
(Cutler et al., 2021). Furthermore, performative feedback
has been utilized in algorithm design to construct confi-
dence bounds on the risk of unexplored models and guide
exploration (Jagadeesan et al., 2022). If the exact gradient
of the temporal drift function over time is accessible, the
underlying changes in dynamics can be approximated in an
online fashion. Based on this observation, the predictor-
corrector method is proposed for time-varying stochastic
optimization (Maity et al., 2022).
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Table 1. Comparison of the existing representative works that are related to PP and bilevel optimization, where Opt.: optimization, Cond.:
the existence condition of the PS points, Gap: the maximum distance between the PS and PO points, Deploy: the single-loop/double-loop

structure of deploying the algorithm/method.

Algorithms Opt. Framework Cond. Gap Deploy Rate

RRM and GD (Perdomo et al., 2020)  single-level O(e) O(e) single  O(log(1/T))
SGD (Mendler-Diinner et al., 2020)  single-level O(e) O(e) single  O(1/T)
Multi-PfD (Li et al., 2022b) single-level+-consensus ~ O(gavg) n/a single  O(1/T)
BSA (Ghadimi & Wang, 2018) bilevel n/a n/a double  O(1/T)
STSA (Shen & Chen, 2022) bilevel n/a n/a single  O(1/T)
Bi-RRM (This work) bilevel O(exey +&y) O(ex(14€y)) double  O(log(1/T))
Bi-SGD (This work) bilevel O(eztezey +ey) Ofex(l4ey)) single  O(1/T)

In addition to the applications of PP in online learning,
there is another line of research that focuses on PP for
performative reinforcement learning, where the policy
affects both the underlying reward and the transition kernel
of the Markov chain (Mandal et al., 2022). Subsequently,
the convergence analysis of state-dependent PP algorithms
has been investigated under the Markov transition model
(Li & Wai, 2022; Roy et al., 2022; Brown et al., 2022) as
well as general stateful performative dynamics (Izzo et al.,
2022).  When prior knowledge about the decision-
dependent distribution is available, more informative PP
algorithms can be designed using performative gradi-
ent descent, which can improve the performance of
classic gradient-based methods under distribution shifts
(Izzo et al., 2021). Apart from the optimization perspective,
recent research has also focused on identifying the
causal effect of predictions (Mendler-Diinner et al., 2022),
exploring the performative power by measuring the
relationship between the decision maker and the population
(Hardt et al., 2022), and analyzing outcome performativity
with an emphasis on the performative effects of decisions
on the conditional distribution rather than the traditional
overall distribution (Kim & Perdomo, 2022).

Two (multiple) Players Game. The decision-making
process and strategic response in PP can be also viewed as
a two-player game, where the data reacts based on the de-
cision variables to maximize a utility function. PP assumes
that this interaction occurs simultaneously. In (Zrnic et al.,
2021), the order of play in strategic classification between
the decision maker and strategic agents is further examined,
revealing that the update frequency determines the roles
of the leader and follower. Furthermore, algorithm design
for PP in zero-sum games has been developed, along with
corresponding convergence analysis (Wood & DallAnese,
2022; Maheshwari et al., 2022). In a multi-agent set-
ting, decision makers can work in either a competitive
or collaborative manner. In (Narangetal., 2022), a
competitive multi-player performative prediction setting is
introduced, where each local player aims to minimize their
performative risk under the joint action space, considering
that the local data distribution is influenced by the decisions

of all players. It is shown that using SGD at each
player can effectively find the Nash equilibrium of this
problem. In (Lietal., 2022b), a consensus-based multi-
agent performative prediction (Multi-PfD) is considered,
where all agents connected through a communication
network seek a global PS solution by interacting with local
strategic data. Additionally, it is demonstrated that the
existence condition regarding the e-sensitivity parameter
can be relaxed from ¢ (in the single-agent setting) to €4y,
where e,,, represents the average sensitivity parameter
across the entire network.

Bilevel Optimization and Meta-Learning. Model
transferability is a topic of significant interest in decision-
dependent learning systems (Liu et al., 2021b). MAML
has emerged as a powerful tool for enhancing the gener-
alization performance of trained models when faced with
new tasks in both supervised learning and reinforcement
learning settings (Liu et al., 2019; Rajeswaran et al., 2019).
The convergence rate of MAML and regret analysis
have been characterized in previous studies (Balcan et al.,
2019; Fallah et al., 2020), along with investigations into
generalization errors (Chua et al., 2021; Chen et al., 2022).
As mentioned earlier, MAML can be seen as a special
case of bilevel optimization (Franceschi et al., 2018) or
a Stackelberg game (Fiezetal.,, 2020). Also, bilevel
optimization can be applied to various other machine learn-
ing problems, including multi-task AUC maximization
(Hu et al., 2022), meta causal discovery (Lu & Gao, 2023),
data hyper-cleaning (Franceschi et al., 2018), etc.

Consequently, solving the bilevel optimization problem
becomes crucial. One of the earliest approaches for
deterministic convex bilevel problems is the bilevel
gradient sequential averaging method (Sabach & Shtern,
2017), while for stochastic bilevel problems, the bilevel
stochastic approximation (BSA) method is commonly
adopted (Ghadimi & Wang, 2018). BSA solves the LL
problem by iteratively updating its variables in an inner
loop and then switches to optimize the UL variables.
The theoretical convergence rates of BSA have been
provided in (Ghadimi & Wang, 2018) for strongly convex,
convex, and nonconvex UL loss functions when the LL
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loss function is strongly convex. Building upon this,
subsequent research has focused on improving the iteration
or sample complexity of BSA. Examples include the
development of single-time scale or multi-sequence single-
timescale (STSA) bilevel algorithms (Chen et al., 2021;
Shen & Chen, 2022).

When the LL objective function is strongly convex, it
is possible to derive a closed form of the UL gradient.
However, computing this hyper-gradient requires the
inversion of the LL Hessian matrix. To enhance com-
putation efficiency, multiple efficient bilevel algorithms
and techniques have been proposed, including approximate
implicit differentiation (Ji et al., 2021), adaptive stochastic
algorithms (Huang & Huang, 2021), and an adaptation of
the well-known SAGA algorithm (Dagréou et al., 2022;
Li et al., 2022a). Besides, generalized bilevel optimization
solvers have been developed by relaxing the strong
convexity assumption of the LL loss function (Ye et al.,
2022; Liu et al., 2022). A comprehensive survey paper
(Liu et al., 2021a) provides an overview of these research
areas, and Table 1 presents a summary of the representative
works related to both PP and bilevel optimization.

3. Bilevel Performative Optimality

In this work, we consider the scenario where the data
distribution over the features and outcomes at each level
of the problem depends on the decision variables at the
other level. Consequently, the performance evaluation of
this type of two-player performative model is based on
the expected loss over the distributions induced at both
levels. To be more precise, in contrast to existing single-
level PP models (Perdomo et al., 2020), our study focuses
on a bilevel model that aims to find the following optimal
points through a performative Stackelberg game.
Definition 1. (Bilevel performative optimality and risk).
A point xo is bilevel performatively optimal (BPO) if it
satisfies

To = arg mzin F(x) 2)
where F(z) = ZNDg*(zg{(m,y*(w);Z)] is defined as
the UL performative risk, y*(x) is defined in (1b), and
Ez~p,(«)l(7,y; Z) is defined as the LL performative risk.
PS is another well-established notion of PP, which refers
to a point that attains the global optimal solution of the
optimization problem considering the data distributions
induced by that point itself. A formal definition of the
bilevel PS point can be expressed as follows.
Definition 2. (Bilevel performative stability and decoupled
risk). A point xg is bilevel performatively stable (BPS) if it
satisfies

[f(l',y*(l',xs),Z)] (33)

[U(z,y; Z)).

zg £ arg min E

z Z~D(y*(z,2s))

s.t. y*(r,rs) = argmin E 3b
Y (z, 2s) gl ZnDiss) (3b)

Also, let DR(z,x") £ Ez~D(y* (z,2') [f(z,y*(z,2"); Z)]
be the decoupled bilevel performative risk.

It is clear that xg = argmin, DR(z,zs) and zo =
arg min, DR(z, ). The concept of performative stability
revolves around the idea of a fixed point in risk
minimization, wherein the learned model minimizes the
risk on the data distribution that arises from its own
deployment (Perdomo et al., 2020). This property validates
the optimality of the closed-loop training strategy and
serves as motivation for incorporating PP in the meta-
learning setting. In this case, the objective of both levels
of learning is to identify the permutation invariant space
after the model has been deployed.

It is evident that the decision-dependent distribution plays a
crucial role in bridging the gap between model deployment
and model parameter optimization. Similar to the concept
of Lipschitz continuity used in the field of optimization
to quantify function changes, the literature (Perdomo et al.,
2020) has introduced the notion of e-sensitivity. This
measure is employed to assess the variations in decision-
dependent distributions caused by changes in the decision
variables.

Definition 3. (c-sensitive) A distribution map D(-) is e-
sensitive if all x,1':

Wi (D(x),D(x)) < ellw — 2|l )

where Wi denotes the Wasserstein-1 distance (aka the
earth mover’s distance) between two distributions.

Given the definitions of BPO, BPS, and e-sensitivity, it
is still not clear whether the BPO or BPS exists or not.
Note that the decision variables compete to minimize their
objective functions through the UL and LL optimization
processes, along with the decision-dependent distributions.
This coupling can lead to oscillations in the iterates
generated by the optimization algorithms, making the
convergence analysis challenging, as mentioned earlier.
To address this, we first introduce Bi-RRM, which
demonstrates the existence of the BPS point and provides
insights into the iteration complexity of finding this point.

4. Existence of BPS Point

In this section, we will propose the Bi-RRM method for
solving this bilevel PP problem (1).

4.1. Bilevel Repeated Risk Minimization (Bi-RRM)

The main idea of RRM involves a retraining procedure
outlined as follows. It begins by solving the bilevel
optimization problem using the data distribution induced
by the decision variable x,. Next, it updates the state
to x,41 using the obtained solution, and this process
is repeated iteratively, with r denoting the index of
the iterations. Mathematically, Bi-RRM performs the
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following recursive update:
Tp41 = R(xr)
2argmin _E f (o (p.2r): 2)), - (Sa)

P Z~Da(y* (p,2r)
sty (p,x.) =argmin E  [l(p,y;Z)] (5b)

Y  Z~Dy(x,)

where R(-) represents the one-step update of the RRM
algorithm. The Bi-RRM assumes the existence of an oracle
algorithm that can obtain the global optimal solution of the
bilevel optimization problem with respect to the variable .
This optimization problem takes into account both the UL
and LL data distributions induced by the decision variable
T at iteration r.

4.2. Theoretical Assumptions

Before showing the theoretical convergence result of Bi-
RRM, we make the following blanket assumption for
problem (1).

Without loss of generality, we assume that decision-
dependent distributions at both UL and LL are e-sensitive
but with different constants.

Assumption 1. Assume that the  distribution
maps are g,- and gy-sensitive at each level,
namely, Wi (Dy(2),D.(z')) < egllx — '||2 and

Wi (Dy(y), Dy(y')) < gylly — o/l

Next, we assume the strong convexity and smoothness of
the loss functions as follows.

Assumption 2. (Strong convexity) Assume that loss
functions F(x) and {(z,y) are respectively - and ~,-
strongly convex, namely,

F(x) 2 F(2') + Vo F(2')"(z — 2') + %”llx —a|)%,

Ua,y) > 0,y )+9, ey ) (g =y + 2y — o1

Assumption 3. (Smoothness of the UL loss function and
distribution) Assume that the loss function f(x,y; Z) w.rt.
x,y is smooth and the gradients of f(x,y; Z) w.rt. Z are
Jointly L%-Lipschitz continuous Vx,y, namely,
IVaf(z,y: Z) = Vo f(v,y: 2| < Lj1Z = Z'||, (6a)

IVyf(zy: Z2) = Vy fz,y: Z')| < Ljl|lZ = Z'||. (6b)

(Smoothness of the LL loss function and distribution)
Similarly, we assume that loss function {(x,y; Z) is smooth
and the gradient of {(x,y; Z) is Lj-Lipschitz continuous
Vx,y, namely,

IV, 53 2) — Vbl s 2| < Li|Z - 2. )

(Second-order smoothness of the LL loss function and
distribution) Assume that loss function {(x,y) is con-
tinuously twice differentiable and its the Jacobian and
Hessian matrices are respectively L, - and Lj, , -Lipschitz
continuous Vx,y, namely,

IV2,0(z,y; Z) V2, 0z, Z')|| < Li, | Z — Z'|, (8a)

Assumption 4. (Boundedness of the gradient and Ja-
cobian) We assume that ||V, f(z,y)| < C} and

Hv%yé(zvy)” < Cogy Vo, u.

The assumptions of the Lipschitz continuity on data
distributions are commonly used in the existing the-
oretical works of quantifying the convergence of the
single-level PP algorithms (Mendler-Diinner et al., 2020;
Drusvyatskiy & Xiao, 2022).

Remark 1. Under the strong convexity assumption
of the LL objective function, we have the closed
form of computing the UL gradient through the
chain rule, which is V, F(z) = V,f(z,y*(z)) —
V2, U,y (2)) [V2, 0@,y (2))] ' V(e y (@)
(Ghadimi & Wang, 2018; Shen & Chen, 2022). It can
be seen that the UL gradient involves the second-order
derivatives of the LL loss function. Therefore, we assume
the second-order continuity and boundedness of the loss
function, which will be used for measuring the distribution
changes with respect to the UL and LL variables. In
the following, we will present the theoretical results and
relegate the detailed proofs in the appendix.

4.3. Convergence of Bi-RRM

Theorem 1. Suppose that A.1-A.4 hold and iterates
{x,,Vr > 1} are generated by the Bi-RRM method. Then,

[R(z)—R(z")|| < (Oxy5x5y+cy5y)||x_x/”aV$a17/ 9

where
Cox Cozy L=
C,y & Slow (L; 4y f), (10a)
Yz Vy Yy
1 L7, Cox,
C, 2 (C}l{ (ngy + @97“)
Y Yy Yy
_CYLY . Cupy,.. CHLY
+L§( gLty 2oy (g g L Zyy))). (10b)
Yy Yy Ty
If €, and €, satisfy
Cryezey +Cyey < 1, (11)

then the sequence generated by Bi-RRM converges to a
unique BPS point xg at a linear rate, namely,

zr — zsl2 < (Cayeaey + Cyey)"[lz1 — zs]|-

This result claims that under A.1-A.4 when (11) is satisfied,
there exists a global optimal BPS solution of problem (1).

Remark 2. If we set ¢, = ¢, £ ¢, it becomes
evident that the condition (11) ensuring the linear
convergence rate of Bi-RRM to the BPS solution is ¢ <

(2C4,) (4 [C2 4+ 4C,, — C,).
Remark 3. Another important observation is that €, and ¢,

are coupled in a bilinear manner in the existence condition
(11) of the BPS point. This means that if both values
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are large, the coupling term will be amplified, making
it impossible for Cpye,e, + Cye, to be less than 1.
Additionally, it is worth noting that the asymmetry between
Cyy and Cy is dependent on Ciyy, Ly, , L7,,. This
observation aligns with intuition, as the Jacobian matrix

reflects the coupling relationship between x and y.

S. Bilevel Performative Prediction Algorithms
However, the Bi-RRM method is computationally ineffi-
cient as it requires solving a bilevel optimization problem
completely at each iteration, including assessing the full
gradient. In order to address this issue, we propose a simple
gradient-based stochastic bilevel algorithm to find the BPS
point.

5.1. Bilevel Stochastic Gradient Descent (Bi-SGD)

To simplify our notation, we define £(z,y) =
EZND(I) V(‘Tv?ﬁ Z)] and f(x,y*(x)) =
Ez @) lf (@, y" (x); Z)]. Furthermore, we use
Uy, yr; Zy) to denote £(z,,y,; Z), where Z ~ Dy(z,),
and f(z,,yr; Z;) to denote f(x,,y.;Z), where
Z ~ D.(y,). Then, the proposed bilevel SGD algorithm
for minimizing both the UL and LL performative risks can
be written concisely as follows.

Yr+1 = Yr — Brvyg(xrv Yr; Zy)7 (12a)
Tp41 = Ty — arﬁa:f(xrayr; Za:)a (12b)
where «,., [, respectively denote the step sizes

of the UL and LL learning processes, and
Vol(@r,Yr; Zy), Vo f(Tr, yr; Zy) respectively represent
the gradient estimates of V,¢(z,,y,) and Vo f (@, yr)
with only utilizing a minibatch of i.i.d. data samples. Here,
V. f(z,y) denotes the surrogate of V, F'(x), which simply
replaces y*(x) in V,F(z) by y.

Remark 4. If the full gradients of both the UL and LL loss

functions can be obtained at each iteration, the Bi-SGD
algorithm reduces to bilevel gradient descent (Bi-GD).

5.2. Theoretical Assumptions

To quantify the descent achieved by Bi-SGD after each
round of updates, we need the following assumptions.
Assumption 5. Assume that the gradient of loss function
f(z,y) wrt. x is Lipschitz continuous with constant L
for x and DJE for y. Similarly, we assume that the gradient
of f(x,y) w.rt. y is Lipschitz continuous with constant Llj’c
for y and E:i for x, and loss function £(x,y) is Ly-smooth.

Also, we assume that the Jacobian and Hessian matrices
of loss function £(x,y) are Lipschitz continuous with

T T Y Yy
Jionstants Ly,, and Lg, , for x and constants Ly, and Ly,
ory.

Let . = o{y1,21,.- -, Yr, T, } denote the filtration of the
random variables up to iteration r, where o{-} is the o-

algebra generated by the random variables.

Assumption 6. (Quality of both the LL and UL gradient
estimates) Assume that the LL gradient estimate is
unbiased and with bounded variance, namely,

E[%Z,K(xr,yr;Z)U:r] =V l(xr,yr),
E[\\Vyf(wr,yr; Z) — Vyf(xr,yr)HQ\fr] < U?

(13a)
(13b)

Assume that the UL gradient estimate is biased and with
bounded variance, namely,

EVof @y 2)|F] £ Vaf (g + b (14)
E[”valf(xrayr; Z) - vacf(ajrayr) - br||2|]:r] < Uj%v
where b, denotes the bias term and ||b|| < 6, Vr.

Remark 5. The bias term b, primarily arises from
the estimation of the inverse Hessian matrix during
the stochastic approximation of the UL gradient. In
(Ghadimi & Wang, 2018), it has been demonstrated that
by utilizing the Hessian inverse approximation sampling
method, V,f(z,,yr; Z;) can be accurately obtained.
Additionally, it has been shown that the size of the resulting
bias term exponentially decreases as the number of samples
increases.

All the aforementioned assumptions regarding Lipschitz
continuity and the quality of gradient estimates are
standard in the convergence analysis for stochastic bilevel
algorithms (Ghadimi & Wang, 2018; Dagréou et al., 2022;
Chen et al., 2021; Shen & Chen, 2022). In the following
section, we will present the theoretical results and provide
detailed proofs in the appendix.

5.3. Convergence Rates of Bi-SGD and Bi-GD

Based on these mild assumptions, we can show the main
theorem regarding the convergence rate of Bi-SGD as
follows.

Theorem 2. (Convergence Rate of Bi-SGD) Suppose that
A.1-A.6 hold and iterates {x,,y,,Vr > 1} are generated
by Bi-SGD. When the step sizes are chosen as o, =
©(1/r), B = O(1/r) and e, and ¢, satisfy

Lsz,sy
Coey + Coyeoey + Cyey < —— 2 —— 15
€ yEaly yEy = AL 4 ) (15)
where
Coay L5\ Cyn
C, 2 <L;+£yf) ey (16)
Yy Yz Vy

then, it holds for any r that
N 1
Ble, — sl + Bl ~ v )P =0 (7) a7

ExsEy - 7- . .
where L7""Y is linear in terms of €, and €, (the detailed

. E€x,Ey . . .
expression of L ;""" is shown in Lemma 3 in the appendix.)
Moreover, we have

lim ||z, —zs|®> =0, lim ||y, —y*(zs)||*> = 0 (18)
r—00 r—0o0

almost surely.
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Remark 6. By comparing the conditions (11) and (15), it is
evident that Bi-SGD imposes more stringent requirements,
necessitating smaller values of ¢, and ¢, in order to find
the BPS point.

Corollary 1. (Convergence Rate of Bi-GD) Suppose that
A.1-A.5 hold and iterates {x,,y,,Vr > 1} are generated
by Bi-GD. When the step sizes are chosen as o, = O(1),
Br = O(1) and €, and €, satisfy (15), it holds for any r
that

L;”Ey%ar

' Yy Br
Vo < (1- ’ o
11 < ( m1n<2(L?75y +’Yr) 2 )) ( )

I2.

where V, £ ||z, — s + ||y — y*(2s)

Remark 7. Corollary 1 claims that Bi-GD can achieve a
linear convergence rate in converging to the BPS solution
of problem (1), which is the same as Bi-RRM.

6. Relation between BPS and BPO Points

The aforementioned results demonstrate that Bi-SGD or
Bi-GD (or Bi-RRM) can achieve the BPS point at a
linear or sublinear rate. However, directly minimizing the
performative risk to find the BPO points is a challenging
task, even in the single-level case (Perdomo et al., 2020).
Instead, we can estimate the distance between xo and
rg by assuming that the loss function satisfies Lipschitz
continuity with respect to the data distribution, namely,
\f(z,y"(2); Z) — fz,y™(x); Z')| < L.|Z — Z'|, where
L, is a constant.

Theorem 3. Suppose that A.1-A.4 hold and function
f(z,y*(x); Z) is L,-Lipschitz in Z. Then, for every BPS
point and BPO point, the following relation holds.

2e, L,

|zo — sl < (Oéa:y =+ Lgfy) . (20)
=Ty

Remark 8. Theorem 3 shows that the distance between z¢

and xg can be bounded by the values of ¢, and €,. This

bound indicates that when ¢, and ¢, are small, xg is very

close to . Furthermore, it suggests that xg can serve as

an approximation of xg, with £, playing a more dominant

role in the error bound compared to €,,.

7. Numerical Experiments

In this section, we conduct experiments to evaluate the
performance of Bi-RRM and Bi-SGD on the bilevel
strategic classification problem and the meta strategic
learning problem using both the synthetic and real data
sets. In all the experiments, we adopt a linear utility
function to model the reactions of the decision variables to
the data, following the approach in (Perdomo et al., 2020).
Specifically, for Bi-RRM, the feature vectors are shifted by
€zy*(x,) for Bi-RRM at UL (g,y, for Bi-SGD) and ¢z,
at LL. Additionally, we compare the convergence behavior
of these algorithms under different choices of €, and ¢,.

7.1. Toy Example

Firstly, we consider a simple strategic bilevel problem as
follows,

A
min E bi —alz|| + =z — y*(2))?
zER? {(ambi)}NDm(y*(’Jf))H | 2 | v @l

* . T >\U 2
sty (3:)—argérelﬁg{(%g)}ﬂ%y@)ci yl+=5 ly==l7,
where both UL and LL objective functions are regression
mismatch loss plus a quadratic regularization term. Here,
b; and d; are generated respectively through the linear
regression models, ie., b, = aiTfo + ng and d; =
cI'y" + ny, Vi, where T, y" and noise terms n,,n, are
i.i.d. Gaussian random variables with zero mean and unit
variance. The features a; and ¢; are i.i.d. Gaussian random
variables with zero mean and variance 1 and 2 respectively.
The regularization terms penalize the dissimilarity between
the UL and LL variables, which appears commonly in the
federated learning (T Dinh et al., 2020) and meta-learning
(Rajeswaran et al., 2019) settings.

In our numerical experiments, we set the problem
dimension as 5 and the total number of data samples as
50. The parameter ¢ represents both ¢, and €. We choose
Az = Ay = 1 x 1073, the minibatch size as 5, and use
the same step size 1//r for both «, and S, in Bi-SGD.
In this example, we measure the optimality of the solutions
based on the size of the UL gradient. Note that this problem
is strongly convex and unconstrained, so a zero stationary
gap indicates the global optimality of the iterate generated
by either Bi-RRM or Bi-SGD. For Bi-RRM, we can employ
the existing bilevel optimization solver as an oracle at each
step given D, (y*(x,)) and Dy (z,).

Results on the Synthetic Data Set. The results are
shown in Figure 1 based on 10 independent runs. From
Figure 1(a), it can be observed that as the value of ¢
increases from 1 x 1073 to 0.1, the convergence rate of
the Bi-RRM algorithm slows down, which aligns with
our theoretical analysis. According to our theory, once ¢
surpasses a certain threshold, Bi-RRM fails to converge.
The numerical results confirm this, as it is evident that
when € = 1 or € = 10, Bi-RRM fails to find any stationary
solution and may exhibit oscillatory behavior.

Another noteworthy characteristic of the bilevel problem
is the asymmetry between the leader and the follower.
As observed in Figure 1(b), the convergence rate of the
Bi-RRM algorithm is more sensitive to the UL problem
compared to the LL problem in terms of e,-sensitivity
and e,-sensitivity. A notable comparison is the case of
g, = 100,e, = 0.1 versus e, = 0.1,¢, = 100. It is
evident that the Bi-RRM algorithm converges to the global
optimal solution of the problem when ¢, = 0.1, &, = 100,
but fails to do so when ¢, = 100,&, = 0.1. This implies
that the contribution of the LL optimization process (or the



Bilevel Optimization with Coupled Decision-Dependent Distributions

o

stationary gap
stationary gap

1010

®mmmoo
I

OO~

10710

oo
S=
=

— e, =100,e, =1
‘1 =

™ mmmo

OOOH

=0.1

&y

stationary gap

O % w0 w0 s @ 70 s 90 100 5 100 150
number of iterations
(a) Bi-RRM (¢, = ,)

number of iterations
(b) Bi-RRM (¢, # &)

05 1 15 2 25 3 35 4 45 5
x107

200 250 300 350 400

number of iterations
(c) Bi-SGD (e, = €y)

Figure 1. Performance of Bi-RRM and Bi-SGD on the least-squares over different levels of the e-sensitivity parameters.

follower) to the convergence of the entire sequence is not
as sensitive as the UL optimization process (or the leader),
which is again consistent with our theoretical result shown
in Theorem 1.

7.2. Meta Strategic Classification
We also test the Bi-RRM and Bi-SGD on the problem of
meta strategic classification, which can be simply written

as follows.

. “(2): Z0) + 22 )2
seRe m ;ziw}[%y:(z»ﬂ(yi 2+ 5 el
s.t.yf(z) = arg yriréiﬂlgd Z1~I%i(w€i(x7 Yi; Zi), 0 € [m]
where (i(z,yi; Zi) = (yi,V fi(x; Zi)) + Ay /2llyi — x|,
Az, Ay > 0, and m denotes the total number of tasks.
It is obvious that when D;(y}(z)) = D;(z) = D;,Vi,
this problem reduces to the classic formulation of MAML
(Fallah et al., 2020; Finn et al., 2017). Here, the logistic

regression loss is chosen as the objective function f;(; ).

Results on the Spambase Data Set. In the numerical
experiments, we employ the UCI machine learning
repository spambase data set (Hopkins et al., 1999) for
binary classification. This data set consists of 57 attributes
with both continuous and discrete values, comprising a
total of 4601 instances. Each instance is associated with
a class label, denoted by 1 or 0, indicating whether
it is categorized as spam or not. To demonstrate the
effectiveness of meta-learning on this data set, we partition
it into multiple subsets and treat each subset as an
individual task. For each task, we create different data
distributions as follows: initially, we randomly shuffle the
entire data set and select 5 data samples for each task,
resulting in a total of 5 tasks. Subsequently, we remove
certain features from each task to create the training data
set. More specifically, we set the ith and the ¢ + 3th
columns of the data set to 0 for these 5 tasks, where %
ranges from 1 to 5. Finally, we utilize 800 data samples
that are not included in the training data set, with 5 samples
used for meta-training and the remaining samples used
for meta-testing. Overall, each task only has a subset of

the spambase data set features, and the learned model is
evaluated on the meta-testing data set that partially overlaps
with the training data. This setup ensures that the features
in the latent space are transferable, enabling us to assess the
generalization performance of the learned model.

We conduct the numerical experiments to compare the
performance of both Bi-SGD and traditional SGD (without
PP training). We set the values of Az, Ay to 1 X 1073 and
1 respectively, and the step size is chosen as 0.5/+/10 + r
for both Bi-SGD and SGD. The results, averaged over 10
independent trials, are presented in Figure 2. Figure 2(a)
illustrates that when ¢ is large, Bi-SGD may not converge
to a stationary point, as observed in the case when ¢ =
1. We further analyze the meta-training and meta-testing
performance of both algorithms under different levels of
sensitivity parameters. Figure 2(b) demonstrates that Bi-
SGD, trained on the strategic data generating process, can
perform well in the few-shot learning setting, yielding high
meta-training accuracy.

It is important to note that SGD is only trained on non-
strategic features. In this case, the use of SGD may
lead to reduced training accuracy and increased sensitivity
to the e-sensitivity parameters. The meta-testing results
provide clearer insights into these characteristics. Firstly,
when e is small, the testing accuracy achieved by Bi-
SGD is close to the maximum one, aligning with our
theoretical analysis presented in Theorem 3. Secondly, the
convergence rate and behavior of both Bi-SGD and SGD
strongly depend on the levels of e-sensitivity, emphasizing
the significance of quantifying the maximum budget for the
sensitivity parameters. Lastly, the meta-learning approach
yields significantly higher testing accuracy compared to the
single-level learning strategy.

Results on the Amazon Review Data Set. We
also perform the numerical experiments using the UCI
sentiment labeled sentences data set (Kotzias et al., 2015),
specifically the Amazon reviews subset, which is a
prominent area of research in natural language processing.
To vectorize the sentences, we utilize the CountVectorizer
from the scikit-learn library, generating word count vectors
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Figure 2. Performance comparison of Bi-SGD and SGD for meta strategic learning over different levels of the e-sensitivity parameters
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Figure 3. Performance comparison of Bi-SGD, Bi-SGD without PP training, Lazy-SGD (aka Lazy deploy), and SGD without PP training
for meta strategic learning over different levels of the e-sensitivity parameters on the Amazon review data set, where £ £ ¢, = ¢,,.

for each sentence. Each data sample is represented by
a vector of size 1546. For our experiments, we select
10 data samples for each of the 5 tasks, resulting in a
total of 50 data samples. As the vectors are sparse, we
partition each of them as 5 parts and set the entries of the
ith part as zero for the ith task, creating heterogeneously
distributed and partially observed data vectors for these
tasks. Additionally, we use another set of 10 and 250
data samples as the meta-training and meta-testing data
sets, respectively. We compare the performance of our
proposed Bi-SGD algorithm with Lazy-SGD (aka Lazy
deploy) (Mendler-Diinner et al., 2020), traditional SGD
and bilevel SGD without PP training. The step sizes for
the tested algorithms are chosen as 10/4/10 + 7.

The results, depicted in Figure 3, reveal that Bi-SGD
achieves higher meta-training and meta-testing accuracies
compared to the other two benchmark algorithms. This
can be attributed to the bilevel structure, which excels
at learning the invariant latent feature space. As a
result, it leads to improved generalization during the meta-
testing phase. Furthermore, we observe that increasing
the value of ¢ corresponds to a decrease in accuracy,
indicating that a larger deviation can result in a slower

convergence rate, aligning with our theoretical findings.
Additional numerical results can be found in Section E of
the appendix.

8. Concluding Remarks

In this work, our focus is on stochastic bilevel optimization
with applications to meta strategic learning. We begin by
verifying the existence of the BPS point based on the &-
sensitivity parameters when strategic learners participate
in the bilevel PP process. We then revisit the commonly
used bilevel SGD method to solve this class of bilevel
optimization problems in an iterative way. Moreover, we
establish the convergence rate of Bi-SGD, which matches
the standard rate of SGD for solving non-performative
prediction problems. This convergence rate is achieved
under the satisfaction of the newly provided existence
conditions for the BPS point. Besides, we quantify an
upper bound on the mismatch between the BPS and BPO
points, demonstrating that a smaller e-sensitivity parameter
leads to closer proximity between these two points. The
numerical experiments support and validate our theoretical
results, providing empirical evidence for the effectiveness
of our proposed approaches.
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A. Preliminaries

Before showing the detailed derivations of the lemmas and theorems, we give the following inequalities and equalities
which are often used in the proofs.

A.1. Inequalities

1. (Corollary 3.1 (Drusvyatskiy & Xiao, 2022)) Suppose that f(y; Z) is C' smooth and the map Z — V f(y; Z) is
L-Lipschitz continuous. Also, assume that there exists a ¢ > 0 satisfying Wi (D(z), D(z')) < ¢||x — 2/||. Then,

sup
Yy

N — . < _ / .
2B VW 2) ZNEW)W(%Z)H <eL|z—2| (23)

2. (Lemma 3.11 (Bubeck et al., 2015)). Let f : R? — R be L-smooth and ~-strongly convex, then for all z,y € R4

(Vf(x) =Vfy),z—y) = #le —yl*+ H%Ilvf(w) = Vil (24)
3. Young’s inequality with parameter 6 > 0 is
1 2 0 10
(0,5 < spllel® + Sl Va.y. 25)
From the optimality condition of the LL problem, we have
Vi @,y (2) + Vay™ (2) Vi, Uz, y" (2)) = 0, (26)

which gives the gradient of the UL objective function as

V.F(z) = Vi(z,y (2) 2 Vf(z,y"(z))
= Vo f(r.y"(2) = V2, 0z, v (@) [V2,0(x.y"(2)] " Vyf(zy" (@) @D

by applying the chain rule. By following this notation, the expression of V f(x, %) is defined as follows (Ghadimi & Wang,
2018; Shen & Chen, 2022)

= -1
Vi@,y) =Vaf(z,y) = Vil y) [Vi,lz,y)] Vyf(z,y). (28)

Based on the definitions of y* (i, ) shown in (5b) and y*(z) shown in (1b), we have
Y (z,2) =y (x). (29)

A.2. Lipschitz Constants

In this section, we present the Lipschitz constants used to quantify the changes in gradients. First, the detailed definitions
of the Lipschitz continuous constants in Assumption 5 are further given as follows.

(Smoothness of the UL loss function) Assume that the gradient of loss function f(z,y; Z) w.r.t. x is Lipschitz continuous
YV, ', y,y’, namely,

E -7 — ! D < LE o
ZND(‘)Va;f(lnyy )= V. f(@,y; )H < Lz =2, (30a)
25 Vel @y 2) = Vaf(2, v Z)H <Lilly-v|- (30b)
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Also, we assume that the gradient of f(x,y; Z) w.r.t. y is Lipschitz continuous Vz, 2', y, y’, namely,

2 B Vol @y Z) = Vy f(a,y's Z)H < Lylly - /Il (31a)

ZNI%(_)Vyf(x,y; Z) = Vyf(z,y'; Z)H < L?HI — 2. (31b)

(Smoothness of the LL loss function) Similarly, we also assume that loss function ¢(z, y; Z) is Lﬁ-smooth, YV, y,y’ namely,

ZNI%(-)V‘”E(%’ y Z) = Yyt Z)H < Lilly =¥l (32)

Assume that the Jacobian and Hessian matrices of loss function ¢(x, y) are Lipschitz continuous Vz, ', y, y’, namely,

LB Vil 2)= Vel g 2)| < Lipy lle =21l (33a)
2B Vil 2)= Ve lzys 2)| < Ly, lly 'l (33b)
2B Vi@ y 2) =V, by 2)| < Ly, o — Il (33¢)
ZNIYE;(.)ViyE(x’ y; Z2) =V U,y Z)|| < Ly, ly =o'l - (33d)

Next, we will introduce the technical lemmas that quantify the changes in gradients with respect to shifts in the data
distribution. These lemmas are used in the convergence proofs of both Bi-RRM and Bi-SGD. The following table provides
a summary of the gradient Lipschitz continuity with respect to the decision-dependent distributions.

Table 2. Notations for Constants

Constant (abbrv.) | Definition Details
Ly IVf(@,y) = Vi y* (@)l < Ly —y* (@) Lemma I
Ly ly* (@)~ 5" @) < Ly la ~ /| Lemma 2
L™ Lr) | IV fy (@) = VI, g @) < L e — | Lemma 3
1770 | ,0E J@vef, B,y @ve D] < L e o] | Lemmat
Ly @y |, B Viey@d- B Vi@yd):2)| <Ly "e—a| | Lemmad

Lemma 1. The gradient of the UL objective function is Lipschitz continuous with constant Lj;”, namely,

E Vf(x,y;Z2)- E  Vf(x,y* (@) 2)| <Lylly -y (= 34
Z~Da(y) i@ 4 2) Z~Da(y* (2)) @y (@) )H Flly =y @) (34)

where constant

A

Ly & Lie, + L% + —L2

CULY,  CYCuyLl. ¢
Py S 2 (e, 4 1) (35)
Y Y Y
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Proof. From (27) and (28), we can have

IV f(,y) = Vf(,y" ()|
< |[Vet(a.y) = Vi, la.w) [V, la0)] 7 Oy (.0)

— (Vo f(w,y"(2) = V2, (@, 5" (@) [V2, 0z, y" (1)) Vyf (5" (@)))]| (36)
< E V., Y ) — E V. y*(2): Z
<|,B Telen2 -, B Vs
—1
2 . .
ngy(x A @, y; Z) [Zwlgjy(x)vyyﬁ(x,y, Z)} ZNIgz(y)Vyf(m?y, Z)
-1
- E Vit 7 E  V2/¢ 7 E *(x); Z 37
LB Ve @) |, B Ve @2 B Sfey @) a7
< E V.f(x,y;2)— E Vaflx,y; Z)|| + E Vaeflx,y; Z) — E Vaof(x,y*(x); Z
+ [[Ax] + [ Azl + [|As]| (38)
(23) _
< (Lyea + L)y —y* (@) + |AL] + 1Az + |As]| (39)
where
N 2 Loy 2 . 2 -1
8 () B Va2 -, B Ve @ 2)) [T, e T, (40w
—1 —1
2 2 . . 2 R
Ao & Vi e (x))(LN%WVW((M/,Z)} [ZNIDEy(x)Vny(x,y (x)7z)] )Vyf(m’y)’ (400
A AL 2 * 2 * -1 E E * -7 X 4
22 oy ) [V @) (L B Vlen2)-, B Ve @i2). @
Note that
2 -1 C}!szy *
ALl < E( Vi, y; Z) -, ;)E Vi, y* (@) 2) ) [Vl y)] Vyf(ay) Svillyfy(fc)ll,
~ Y

and similarly we can also obtain

—1 -1
el < viyax,y*(w))([zg(wv o2 |, B ity @:2)] )Vyf(x,y)
< 7@”0 Lty 41
< 2 y—y (@) 41

where we use the fact HH2_1 — H1_1|| = ||H1_1(H1 - HQ)H2_1|| < ||H1_1||||H2_1||||H1 — Hy||, and

< 2 * 2 * -1 .
fal < |2ty @) [t @)) (B Vuflen2) -, B Vfani2)|
2 * 2 * -1 *
E AR E A
vty @) e @) (, B Va2~ B S @:2)|
(23)035 z *
< 22 (Liea + LY) Jy — v (@) @2

Y

15
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Therefore, we have

IV (@, y) = Vi(@,y* (@)

_ CyLyx Cyclzv Cm
<Lje,+ I+ St GOy | oy (1o 1)y o), 43)
éL;m
0

Lemma 2. Function y* (i, x) is Lipschitz continuous (w.r.t. x) with constant L} EyVy L namely,

o " Lie
ly* (e, 2) =y (o, 2")|| < =2z —2'[|, Ve (44)

Y

Also, function y*(x) is Lipschitz continuous (w.r.t. x) with constant Ly, namely,
ly*(z) —y*(@")|* < Ly |z — 2’| 45)

where constant
C txy T Lf Ey

Ly £ (46)
Yy
Proof. First, define the following auxiliary variables:
* = E ¢ 47
y (e, ) argmin, B ¢ (0,43 Z), (472)
(e, @) = E o,y Z). 47b
Y (p,2) = argmymzwy(x,)(np Y Z) (47b)

As {(x,y; Z) is strongly convex, we can have

<ZNIDE Vi () 2) — | E (T)W(%y*(%af’);Z)7y*(<p7x) = y*(%w’)> > yylly* (0, 2) —y* (0, 2) |2 (48)

From the optimality conditions of (47a) and (47b), we have 4 gET( /)Vyﬁ(%y*((p’x/); Z) = 0 and
E V¢ ,x); Z) = 0. Therefore, we canreplace = E = V{(p, y* . ,x);Z4) b E V¢ ,x') Z
2B oy VP (2, 2): 2) place B Vley'lpx)siZ)by  E VU (pa)iZ)

in (48) As a result, we obtain

Ylly* (@, 2) — y* (. 2)|?

< E W/ N:Z)— E o, y* N:Z),y* —y* ! 49
<z~p oy Vv () 2) = B VHe Y (e,a); )y (e m) —y (%x)> (49)
2 Lieyllz = 2'|[ly* (e, ) — y* (0, 2)], (50)
which is equivalent to Lie
ly* (o, 2) —y* (o, 2")|| < =z — 2| (51)
Yy
Recall
*(z) = ]E Ux,y; Z 52
so we know that
(') = E {(a,y;2). 53
y' (') =argmin, B (('y; ) (53)

16
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From (26), we have

* * * - CI
199" @) < 193,86,y @) | [V @)] 7| < =22 (54)
Y
which gives Cra
ly* () —y* (2, 2)|| £ —F [z — '], (55)
Yy

as both y*(z) and y*(z’, ) are obtained based on data sample Z ~ D, (z).
Combining (55) and (51) yields

Iy (z) —y" (@)l < ly*(2) = y* (@', 2) || + [ly* (2", 2) — y™ (@) (56)
(a) T, Lz 1,
< <C€.,J + E{_:J) Hﬂf _ 'I/” (57)
Ty Ty
Cowy + L
< R g ). (58)
*
ALY
where in (a) we substitute ¢ into (51) with z'. O

Lemma 3. The gradient of the UL objective function is Lipschitz continuous (w.r.t. Xx) with constant Lif’sy
(abbreviated as L), namely,

IVoF(x) = Vo F(')|| = IVf(z,y*(x)) = VI, 4" (@) < Ly [lz — 2| (59
where constant

) (Lzaysy + Ly + L L3 ) CY
L™ 2 Loy (Lieq + L3) + LY + ~— O

Yy
CroyC¥ (L% e, + L% + LiVLY Cwy (LY Lie, + LY + LY LY
i yf(éyy?IQKyy v lyy)+ y(y ! f Y f) (60)
’Yy ’Yy
Proof. According to the definition of V f(z,y*(z)), we can have
IVF(x) - VE()]
* * * -1 *
< ‘ V(@ y (@) = V2, by (2)) [V2, 0,y @)] 'V, fey @)
* * VNS bt e
~ (Vaa (@) = VA @) [V, )] V@) G

IVa @y (@) - Vo f @y ()]
n va%yax, v (@) [V2, e,y ()] 0y f ey (@) — V2,00 5 (o)) [V2y 0y ()] Vyf(x’,y*(x’)))H

where (a) is true due to the triangle inequality.

Next, let us define the following quantities:

A 2 * . _ 2 A YA 2 * -1 *
M2 (L B Ve @i2)-, B G @0 [Fley @) Vil @), o

E
Z~Dy(x) Z~Dy(a) VY

1 —1
Aﬁ%&(wﬂy*(w’))({ Viyé(x,y*(x);Z)] —[ E V. f(x’,y*(x’);Z)} )vyf(x,y*(x)), (62b)

As 2 Viyf(x',y*(x')) [Viyé(az’,y*(m’))] ! ( E V,f(z,y"(x);2) Vo, f(@ y*(2'); Z)) . (62¢)

— E
Z~D(y*(x)) Z~D(y*(z'))

17
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Then, we can have

IVE(x) = VF(2')]|

< IVef(z,y™(2) = Vo f (@, y" (@)1 + 1Al + [[A2]] + [|As]] (63)
= LZ’IH Ey +Lgm +ng Lzy Cy
< (B Weat 19) + Iy + ol i)
Yy
CuryCY (Liyyey + Ly + L' LYy, ) Cray (L' Ljze + LY+ L LY) /
5 + |l — 2], (64)
Ty Ty
where we use the following facts: first we have
IVaf(@,y"(2)) = Vo f (&', y" (@)l
< E vzf :c,y* r))— E vxf x/,y* I/ H (65)
Z~Dy(y* (z)) ( @) Z~Dqx(y*(z’)) ( @)
< Vof(x,y*(x)) — E Vof(z,y* (z
< pnB Vel @)~ B s @)
E Vaof(z,y*(z)) — E Vo f(@, y* (2’ H (66)
o B Vel@y' @) = B Vg @)
23 TX * * xT
< (Ljea + LF) ly* (@) =y ()| + L[|z — /] (67)
45) _
< (L (Liea + I5) + 1) o = o), (68)
and similarly we can have
2 * 2 / * /
l AR L 3 Z
B Ve @ 2) - B V@ 2)|
(2<3) Lz Lm _ / Ly * ¥ / 69
45)
< (Liwyey + Ly + L L) 2 =2/l (10)
and
2 * 2 / * / (23),(45) z x £ Y /
ZNIgy(x)Vyyf(%y (x); Z) — ZND@Ey(x/)Vyyﬁ(x i) Z)|) < (Leyysy +LE, + Lny}zyy) lz—2'|, (71
and

Vyf(z,y*(x); Z)

E
Z~D(y*(z) ¥

P (23),(45)
Vo Sy @) Z (

- E Ly Lie, + LY+ Ly LY) o — o'l (72)
Z~D(y*(z')) y 7f f y Hf | [

Lemma 4. The gradient of the UL objective function is Lipschitz continuous (w.rt.  x) with constant
L% (Lz),Y,x, 2, namely,

E Vi, y*(p,x); Z) — E Yo,y ,w/;ZH<LE’”’Ey R 73
Z~Dy (y* (p,2)) ey (p.2); 2) Z~Dy (y* (p,2")) Hey(p,a’)i 2)) < L7 I

where constant

Clpy L% _ CYILY CYILY L? cY Crpo L
[ & (L; T ) e+ I 4 Lty Gty (g Zroow ) ) Legy | Of (L;zy . fy-”) &y
Yy il Yy Yy Yy Yy
(74)
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Also, the gradient of the UL objective function is Lipschitz continuous (w.r.t. x) with constant L, £ty (L), Yz, o,

namely,
E \v/ * -7) — E \v/ * ,'Z <Llaw,ey o
poE VI @ 2) = B i@y D) < I - o)
where constant Con LA\ C
L=y & [omrev +( 2 4+ K:" ! ) Ef;yg“”. (75)
y y

Proof. Based on the closed form of V f(z,y*(¢, z)), we have

E Vi@ y pa):Z) - Vf<x,y*<w,x'>;Z>H

ZnDa(y* (02)) ZaD(y* (p,2'))
< E Vaof(z,y* (p,x); Z) — E Vof(x,y* (o, 2'); Z
|| Z~Da(y* (p.2)) fey" (e, ) 2) Z~Dq(y*(p,2')) fleyle.x) 2)
1 .
+ V2 U,y (0, 1) [Vo l(z,y* (0,2)] Vyf(z,y" (e, 2))
* * 71 *
- (Viyax,y () [Tyt () Tt () | 76)
( Liea) 1y (o, 2) — y* (@, 2") | + [|Ar ]| + [| Azl + [ As]]
@ CYULY,,  CuoyCULY, — Crwy (Liee + L
( Lie, + L2 4 — w4 ( ) ly* (¢, 2) — (0,2
Yy 'Vy Yy
+i (L , Gl Zyy)g [ 77
Yy l:cy Yy Yy

where in (a) we use the following facts

A1A< B V2 @,y (p2); Z) — B V3 U,y (p, );Z)>[Vf,yf($,y*(%x))]1Vyf($,y*(so,$))7 (78a)

Z~Dy(x) " ZaDy () Y

-1 -1
Ao & V2, b,y (0.0") ([NIDE Tlar k2| |, E VA 2)] )vyﬂw,y*(w»,

(78b)
Ag 2 V2 0z, y* (o, ) [V2 0z, y* (o, 2 _1< E V,f(z,y (p,2);Z2)— E Vo, flx,y* ,x’;Z)
3 2 Vo U,y (o, 2) [V, . y* (o, 2"))] s,y @V (02 D) BN f (gt (e a); Z)
(78¢)
with
@) CYL;, € ILY i}
1AL S L2 g — o ||+ Ly (g, ) — gt (0, 2)] (79a)
Yy Yy
@3) CppyCYLE, € ClyyCYLY . §
1Ag]| < L2 g o || 4 LYy (i, 2) — (0,27 (79b)
Yy Yy
IIy (o, ) —y* (@, 2")]. (79¢)

1As] <
Yy

Plugging (51) into (77) gives (73) and (74) immediately.
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Similarly, we also have

E Vi(z,y*(z); Z) — E V£ (z, *x,x’;ZH
Z~Dy(y*(x)) f( Y ( ) ) Z~Dy (y* (27)) f( Yy ( ) )

= E  Vuf(z,y*(x);2) - E  Vof(z,y*(z,2'); Z

12~ Da(y* () J(z,y"(2): 2) Z~Dy(y* (') J g )i %)

+ V2, 0,y (2)) [V2, 0,y (1)) Yy f (2, y7 (@)

- E Vi " Z E V2 ") Z
<M()V¢y< (@2 |, B Chlla @) 2)

—1

E
Z~D, (" (a1))
< Ly (2) — y" (@, ") + Lieally* (2) — v (@) + | AL+ [[A5]] + | Ag

. CYLY.  CuyCY Lg ch LY
<<§+ ¥ S I Nyt () — (et

cY CroyL? CiayL?
+7’"(sz+””§”) ey||xz’||+< e f)emuy*(x)y*(x’)n

Y Y Yy

Aaé( B Ve @) B Vi <m’>;z>)[vzyaw,y*<x>>]1vyf<x,y*<x>>,

Z~Dy(z) Z~Dy(2’)
8=, B Vally (@2 2)
-1

. ([ngy(m)v;ya “(a); z>} - {ng(m,yiﬂ(% v (o, o): Zﬂ ) Vo f @y (@),

-1
/A 2 * AW 2 /Y.
AL = ZNlI)%(x/)nyE(x,y (x,2"); Z) LNz;E;W)vyya *(x,2"); Z)}

X

E v .’L‘,*I*;Z_ E v x,*l‘,l‘/;z)
(yonB Jo @y @ 2), B S, f(e a5 2)

with

@ C{Lj Cili
L )4 Ly o) = )

y Yy
(2 )szyCyLé €
, yy~Y
Ay < s

1AL <

ngyCyL’g
o — || + — Ly () — (2, 2)]
Yy Yy
(2 )ngyL €z CegLy
T |y () — gt ()| + 7—f||y*<x> —y*(z,2)].
Yy Yy

Plugging (51) and (45) into (81) gives

1A <

Ve @) -, B Vi )i

E
Z~Dy (y* (x)) Z~Dy(y* (a))
Yyry Y z
< D} Cr Ly n CZI?JC Léyy T CeayLy \ Liey |z —
Yy 'Yy Yy

Cy C €z Lj C x Lz{‘:m C L3
+ _f (LZEy + Ly Zyy) €y||$—l’/|| + ( jvffm 4 Loy f ) tzy T zEwa
Yy Yy Yy Yy

€g,€ sz L3 Cw Ex
< <LZI, vy (L?—i— Pyy f) Z’yy )Ix_x/H’

Yy Yy

which completes the proof.
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(82b)

(82¢)

(83a)
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B. Repeated Risk Minimization (Proof of Theorem 1)

Proof. First, let

= E (e, x); Z)], st y*(p, ) = argmin @ E Up,y; Z)], 86a
9() ZNDI(y*(SO@))[f(‘P Y (p,x); Z)] y (o, @) g v ZNDy(w)[ (¢, y; Z)] (86a)
(o = E 0,y (p,2'); 2)], st.y*(p,2') =argmin E Up,y; 7). 86b
q'(¢) ZNDx(y*(%I/))[f( Y ( ); Z)] v ( ) g Y ZNDy(E/)[ (py; Z)] (86b)

Note that g(¢) is 7y.-strongly convex and

z,11 = R(z,) £ argmin E (o ) Z)], sty (g, xy) =argmin. E O [U(p,y; Z)]. 87
n = Ra,) Sagmin B ey o) Z)] sty er) =argming B 1, y5 2)] 8D

Based on the strong convexity of function g(y), we have

9(R(x)) — g(R(z")) = (R(z) — R(z), Vg(R(a"))) + %‘TIIR(w) — R(z")|]%, (88a)
9(R(@@) = g(R(@)) = | R() — R, (88b)
which together give
—||R(z) — R(2")||” > (R(z) — R(z'), Vg(R(x))). (89)
Note that
IVg(R(z")) = Vg'(R(z"))]]
< E Vaf(R(Z),y* (R(z'),x); Z) — E Va Rx’,*Rx’,a:’;ZH
D () ) fR("),y"(R(z'), x); Z) D (o ) fR("),y"(R(z'), 2"); Z)
—1
2 / * / . 2 / * / .
ZNDy(R(z’),x)meg(R(x )}y (R@). =) Z)[ZNDy(IIE%(x'),x)VyyZ(R(x by (Bl@), ) Z)}
E V,f(R(E),y*(R(2'),x); Z
oo By Vo (B, (Bla). 2): 2)
-1
_ 2 ! * ! n. 7 2 / * / n. 7
ZNDy(R(fc’)ﬁ’)VIyE(R(x )y (B(@), o) )|:Z~Dy(R(m’)yx’)vyy€<R<x )y (B@), 2; ):|
X E V,f(R(Z),y* (R(z),z"); Z 90
oot B Vol (R (R().2'):2) ©90)
@3 Ex,E ’
L — o). 1)
Using the dual formulation of the optimal transport distance and €,.-sensitivity of D, yields
(R(z) = R(2), Vg(R(2"))) = (R(z) = R(2'), Vg (R(z"))) = =L7""" ||z — 2'|[[| R(z) — R(a")]]. 92)

Note that (R(x) — R(z'), Vg'(R(2’))) > 0 due to the optimality condition of the UL problem. Combining (89) and (92)
yields

€x,Ey
74
|R(z) - Ra')| < =2 Iz — /| 2 (Cayeacy + Cyey) Iz — /| 93)
where
LZ ClpyL®
¢,y 2 (L; y Sy ) , (94a)
Yz Vy Ty
1 Lz, Crs _ouLy. Cu oYLy
c, 2 o} (szy+€yy ”)+L§ oy Lty 2o gy g St : (94b)
Yz Vy Yy Yy Yy Yy

By using the definition of the PS solution (3) (i.e., R(zg) = zg) and Bi-RRM (5) (i.e., x,+1 = R(z,)), we can conclude
that

|2, — xsll2 < (Cayeaty + Cyey) l|r—1 — 25| < (Caycrey + Cyey)" |20 — 25]l2- 95)

O
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C. Convergence Rate of Bi-SGD (Proof of Theorem 2)

In this section, we will provide detailed proofs of the convergence rate of PP based Bi-SGD.

First, we can have the following descent lemma that quantifies the decrease of the objective value after performing one step

update of solving the LL problem.
C.1. Descent Lemma of the LL Problem

Lemma 5. (Convergence of the LL Variables) Suppose that Assumption I-Assumption 6 hold. If the iterates

{r,yr,Vr} are generated by Bi-SGD and the step size (3, satisfies

Yy

o= g

then, we have
Ellyr+1 — y*(2)|I? < (1 = Bry)Elyr — v* (zr)|I” + 26207,

and

Ellyr+1 — y* (@r11)|

Crs Lo
< (L+Yiar + Ly (0} + 1)oya) Ellyer1 — y* (2)|* + (—y L +Y2a?> Ellyr — y*(z,)|?
Yy
o 2
+(Fa2+ -+ ) E  Vf(@y*(zrz*);Z) - E Vi@ y(z*);Z
( S r + 7)) | 2D e feny (@) 2) = B VIEY (@) 2)

—L 3
arF (2(;;7?’—&’; ) —|—on$) E|x, — x*HQ +4 (L;y)Q Oéfcrj% + L;ya,%O'ch 44 (L;y)Q 0352 42 Lsyaraz

where constants Y1, Yo, X, F, U} are as follows

szyLE 2Cezy ( Ezﬁy) (LF + /Yg:) n QCZQIy(LF + ’yg:)

Yy YELFYs V5

lI>

1 + Lzya

Yo 26 (L) (L5)? + 3(LF)* Ly o,
X 26(L)” (L) + 3L (L) o,
Fé6(L ) —|—3L5yaf, and Uf:af—i—ér.

Proof. The distance between y,,1 and y*(x,.) can be quantified as follows.

Ellyrs1 — y* (2,)|?

= EHyr-&-l —yr+yr —y (2r)

(12a ~

< EHyT - (IT)||2 - 25r<y7’ - y*(xr)a ZND]E(x )vyg(xmya"; Z)> + E”yr+1 - yr||2
y(Tr

I

(a)
< (1 - QBT'Vy)E”yT - y*(xr)HQ + EHyTJrl - yr||2

(12a) A 2
< (1= 26,7)Bllge — y*(@)|I* + B2E | e(ar, 103 Z, )

®)
<(1 =287y + 282 (LY)*)Elyy — y* () ||* + 28707

©
<(1 = B)Elyr — y* (2,)|* + 28207

(96)

o7

(99a)

(99b)
(99¢)
(99d)

(100)

(101)
(102)
(103)

(104)

(105)

where (a) is true because V,¢(x,, y*(z,)) = 0, unbiasedness of the LL gradient estimator, and the strong convexity, i.e.,

(Yr —y" (), Vyg(mrvyr) - vyg(wray*(xr)» > 'YyHyr - y*(mr)|\27
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and in (b) we use the bounded variance of the LL gradient estimate (i.e., Assumption 6), optimality condition of the LL
problem (i.e., IE( )Vyé(xr, y*(x,); Z) = 0), and Lipschitz continuity, i.e.,
Z~Dy(xy

2
< (LD>?lyr — v ()%, (107)

g oy Vol Y3 ) = Vyllwr, y (2r); 2)

and (c) holds when 3, < ~,/(2(L})?).

Then, we can decompose ||y, +1 — y*(x,11)||? into the following three parts.
Ellyrs1 =y (zre)]?
= g1 =y (@) + 47" (22) = " (@r40)1” (108)
= Ellyr+1 =y (@) 1* + Elly* (@) =y (eI +2Eyrr1 =y (@), y" (@) =y (@r41)) - (109)
éTl éTZ

Next, we will respectively give the upper bounds of terms 73 and 75. Firstly, we have that

Ty = Ely*(z,) = y* (242 (110)
(a) 2
< (L") Ellzppr — =] (111)
a2 o -
< (L) BV f (2, yrs Za)|? (112)
®) _
<2 (L) 2|V f (zr,y) |2 + 4 (L52)* 202 + 4 (L) a26? (113)

where in (a) we apply the Lipschitz continuity of y*(z), and (b) follows due to the bounded variance of the UL gradient
estimate from Assumption 6.

Let z* denote xs. Based on the closed form and Lipschitz continuity of V (., y,.), we can obtain

INf (@ ye)ll = IV f (@0, y0) = Vf (@, 57 (20) + V(@05 (22) = V(" 5" (@) | (114)
= ZNEL(MW (@93 2) = zwvww(m,.))vf(x“ v'ler); 2) H
oo, e VI @y @i D = B VI @y @ 2)
+ ZNDE](%*(I*))V/"(:UT,y*(ggr,gg*);z) - ZNDIE*(x*))v‘f(x*’y*(x*); 2) 115)

< L5 llyr =y (o)l + L™ e — 2|

Vf(@r, y* (zr,2%); Z) — E  Vf("y(2");2) (116)

+ E v
Z~Dy (y* (%)) ZnDy(y* (2*))

where we use (34) and (73) in the last inequality.
Consequently, we can obtain

16 £ 2 - * *
Ty < 2(Ly)" o2 (3(L5 Elly. -y (2, + 3LEZE||z, — 2*|?)

2
2
+2(Lv) 23 E V(e y* (x, z*)) — E Vi y ("
( Yy ) Z~Dy(y*(z*)) f( 4 ( )) Z~Dy(y* (z*)) f( Y ( ))
4 (L) a2o% + 4 (L) o262, (117)

Secondly, we will establish an upper bound for 75 as follows. Let 7, = Yz, +(1—19)x, 11,9 € [0, 1]. By the mean-value
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theorem, we can obtain

| |
=

W (@r) = yre1, ¥y (@rg1) — y*(27))
<y ( ) yT+17Vy*(/I\T+1)T(xr+1 - xr))
Yy (x

< ) yr+17arvy*(ETJrl)T%f(xrvyr?Za:>>
To1 + T

E
E

where

To1 = E<y* (xr) — Yr+1, Oérvy* (/I\T-‘rl)va(xT'a Yr; Zz)>a
Ty = E <y*(xr) — Y1, VY (Zpg)” (ﬁf(a?r, Yri Zz) — V[ (@0, yr; Zz))> :

Next, we will provide the upper bounds of 737 and T5s.

Clz * =
T21 < L, EBlly* () = yra IV f (e, y0)
y
(16) Ceﬂ? * * x> *
< —a,Elly*(z,) —yr+1||<L§m||yr—y (@) + Ly oy — 27|
y
E  Vf(@,y (z,a); Z) - E  Vf*y w*;ZH>
Z~Dg(y*(z*)) ( ( )i Z) Z~De(y*(z*)) ( (@7 2)

Cy . Cy .es
< TWL?%EHZU*(%) = Yr1lllyr — y" (o)l + TWL/ZE “ o Elly*(2r) — yrga llllzy — 2]

y Y
+ o, Ely* () — y, E Vi(xr,y (x,,2%); Z) — E V(" y*(z*); Z
By @)~ |, B Vi@ a2 = E VS 6 2)
@) Cpay L o CrayLira
< 71}3 r —y* Ty 2 E r— Y (Tr 2
<79, lyr1 —y" (@)l 2, lyr —y" ()l
CZ ( /Eusy) (LF‘F%C)OZT Lryza
Ty Elly,r1 — y* (x| + FxTExr—x*z
T a1 =" @I + B, o)
+ Ellyrt1 —y*(z,)|1?
Ty
o 2
+ E  Vf(ry (z,2");Z) - E Vf@*y (a*);Z

where in (a) we apply Young’s inequality.
Regarding term 755, it can be upper bounded by
Toy = E(y"(e,) = yr1 00 (VY @rin) = Vy* (@) (V@i Z0) = Vi(arw,)) )
FE(y @) = s, @ Vy (@) (VS @ri Z0) = Vi(ary,) )
€ LBl (2) — o[ [Frs = ol [ s Z2) — 9 o)

E@f(xr,yr; Zz) =V f(xr,yr)

+ Ly @ Elly* (2,) = yrsal|

b) ~ —
< Ly @By (o) = gosalllzrin = 2oll |9 £ (@i Z2) = T, )

Ly, . Ly’ a,.02
+ BB ) — g+ D00

where (a) holds because of (45) and conditional independence of data sampling of Z,, in (b) we use (14).
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Using the update rule of sequence x, (12b) in (128) further gives

T22 = LEU@QEHy (xT) y?“+1|| va Ly, Z/r, ‘vf(xrvyr; Zﬂc) - vf(xra yr)

Lay T * Leyarég
+ PRy (1,) — g2+ 220 (12
(a)
< LEU()[ZEHZ./ (757) y7+1|| ||Vf Ty Yy || va Ly Yrs l) vf($77y7) ’
2
LgyOézE”y (Ir) yr+1|| va Try Yrs ’I') Vf(IT'?yT)
st LE”QT@%
+ IOy ) — g+ D0 (130
(b) Ley 2(gs + 6, LEy 207 +6.)%  Ly'a, *
2 < (2f ) I (2f ) + y2 )EHy () = Yri1]?
Lya?(of +0,) = 3Ly" a0}
& DO 0 19, )2 4 Lo} + 2L (13D
(116) 3L/2L5y 2 1)
< 2(0’f + T)EH:ET _ 37*”2
(LY )Ly o2(op + 6,) .
+ L= Ellyr — y* (2,)]?
3Lzy042(0'f + 67‘) \vi \V4 :
+ " Vf(wry (z,2%); Z) - E  Vf("y (a%); Z
2 Z~Dm(y*(z*))f( v s Z) ZNDm(y*(z*))f( v 2)
Ly o?(os + 6, Ly'a?(op+6,)2 Lo %
i (Dloctor o) | Dlan(or 2007 | I Y gy g2
2 2 2
Ly’ a,.02

2

where (a) is true due to the fact that ||V f (., yr; Zo)|| < IV f @, o) | + IV F (20, Yri Zo) — V f (2, yr) ||, and in (b) we
use Young’s inequality and Assumption 6 (i.e., E||V f(zy, yr; Zo) — V f (@, yp)|| < o+ 0r).

Combining (125) and (132) yields

7 < CoyLy  C LZ(Lr +72) N Cloy(Lr +72) N
2 = T
27y VoLFya ot

Lya2(or+6,)  Ly'a?(op+6,)*  Lya, *
y Lotorloy £00) | Ifosloy #0)7  Lu'on N gy, e )2

2 2 2
T z Ey
N (szgizc Qp + (LE )’Ly 5 2(Uf + 6’“)) Ely, — y*(IEr)HQ
(- g ) oy
N <3Ley zggf +0r) | 4(L:; %)) oo Ve @ k2 = B Iy @ )i2) 2
+ Lyato} + w- (439
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To simplify the notation, let O’} Lo + + 0,. Substituting (117) and (133) back into (109) gives

Ellyri1 — v (1)1
x 2 2 2
. (1 . (ngyL; . 202, L3 (Lr + ) . 202, (Lp + %)) .

Yy Vo Lrya Yy

+Lipazos + Lirajof + Ly ar> Ellyr+1 -y (@)

ey)\2 (TE2N2,2 Clay Ly vy co\27Ey 2 1 * 2
+ | 6(Ly")" (LF) a7 + ~ +3(L) Ly agoy | Ellyr —y™ (2|
N2 tew ey 2 9 ar Ly, 1£5,Ey 2 v 2 * (12
+(6(L;) (£57) aT+72(LF+%)+3(LZ ) Lypalo) ) Blz. — o7
2 (o7 2
+ (6 (L) a2 + 3LEv a0 +T) E Vf(x,y (x,2*);2)— E Vf(z*y* (%) Z
( (Z3") vl 2Ly 4 v,) Z~'Dw<y*<w*>)f( v ) )Z~Dx<y*<m*>>f( v (@) 2)
3
+4 (Lzy)2 afajzc + Lzyafaj% +4 (Lzy)2 Q262 + iLzya,(Sf, (134)
which gives (98) directly. O
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C.2. Descent Lemma of the UL Problem

Lemma 6. Suppose that Assumption 1-Assumption 6 hold. If the iterates {x,,y,,Vr} are generated by Bi-SGD and
the €, and g, satisfy

LEI,Ey
Crey + Cryegey +Cpey < ——2 135
Yy Y y=y 4(L;:;,ey +'Yx) ( )
where Con L%
o (-2t 2
Yy Y Vy
then, we have
E|zr41 — 2*|?
Lrve  1( Lrve )’
<|1-Z=E D ZE o) ) Ellay, — o)
4(LF)(Lr + o)
f BT €x\2 2 * 2
+ +2(L57 ) ) | Elly, — T,
( Trn (L5) lyr —y* ()|l
2

Vi@, y* (v, 2*); Z) = Vf(a*,y*(z"); Z)

_ (L _ Qaz) E
Lp+: Z~Da(y* (z*))

(LF + ’Yw)

4
+ 40207 + 40267 + S 62 (137)
F'lx

Proof. Let x* denote the zg of this problem. First, we can obtain

Ellzrs1 —a*|?

=E|z,p1 — xp + 2 — 2| (138)
=E|z, — 2" + 2 (xq1 — 2, 2p — %) + El|zpyq — 2|2 (139)
12b . = X
gz, — 22 - 20, < E  Vf(z,y;Z), 2, —x > +E|lzrp1 — 2,|)? (140)
ZNDl(yT)
=K a:rz*22ar< E V Ty, Yp; L) — E V£, *xT;Z,sz*>
[ | I o) (@, yr; Z) D) (@, y*(2); Z)
— 20, E Vi(zry* (x); Z), xr — ) + E|lzpr1 — 2]|% 141
(oo B T (00 20,0, =" ) 4 Bl = o] (141

Using the fact that E Vf(z*,y*(z*); Z) = 0, we can have
ZnDa(y*(2%))

vf(mray*(xr)§z)_ Vf(xr,y*(xr,x*);Z),xr—x*>

E —
Z~Dqy(y* (z*))

Vf(xey* (x,,2*); Z)

< E
Z~Dy (y* (zr))
Vi y*(z*); Z),x, — x*>

+ < E ~, . E
2Dy (@) ZaD,(y ()

(a) _
* (12 * *
— T, —x |7+ E Vi(xry (x,,x"); Z) — E
H <Z~Dm(y*(w*)) feny( i Z) Z~Dqy(y*(z*))

I1€4,Ey
LZ

Vf<x*,y*<x*>;Z>,xr—x*>

® I€5,€ LF’Y

> — LRz, — 2*|)? + ———— ||z — 2*||?

> - LBl oI + oy -

2

, (142)

1
LF+7z

Ve, y (z,,x"); Z) — E
Z~Da(y* (z*)) fery( )i Z) Z~Da(y* ()

VI y*(2*); 2)
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where (a) holds by applying Young’s inequality and (73), in (b) we use the Lg-smooth and ~,-strongly convexity of
f(z,y*(x)) by applying Lemma 3.11 in (Bubeck et al., 2015).

By substituting (142) into (141), we obtain

Ellz;41 — 2|

20, Lpyy I€4,€ 2
<[|1-—-=—"E2 490,07 | Ellz, — 2
(1= 2E0 0, 1 ) By - 07|
— 2, E V Ty, Yp; L) — E V(v (x); 2), z, —z*
(B, Fleru2)= | B iy (@):2) )
2
@ — _
+E|zpy1 — zp||? — —— E Vf(xr, vy (e, 2%); Z) = V(" y*(z*); Z (143)
o =l = = | B Sh Gy e 2) - V16 0 2)
(a) 3a.Lpy, reo e ) ) 4(L§’)2(LF + Ve )y )
< (1= 292V o6 L5 ) Ble, — 2|2 + E|y, — v* (z,
(1 oot + 20,155 ) Bl - o' Y By~ o)
2
[e7% = = 4(LF +p)/z) 2
+EB|zpgr — 20 |* — ——— E V(e y* (x,,x%); Z) — V[(z*, *:c*;ZH + —a,d;
b =l = i ol oy Y ¥ o 20 2) = V7705 2) Lrvs
(144)
®) 3o Lpy, I€5,€ ) 2 4(L§I)2(LF +’Yw)ar 9
<|(1—-————=+4+2a.L;7"" | E|lx, — 2™||* + Ellyr — y*(x,
(1 rpors o+ 20,157 ) B, — ') T By, — g )
2
— o — —
+ 202KV f (27, yr) || — ——— Vi, y (x.,z")) — Vf(x*, y*(«*
9l = 5 | B ey (o)) - A @)
ALy + s
T 4a20% 4+ 4a202 4 A1) g (145)
LF’YI
() 3o Lpy, Iew e Ieg,E 2) 2
< - 4+ 20, LY +2(L" Y E|z, — z*
(1 oot 20,57 215 a)? ) Bl — |
4(LF)*(Lp + 72
f z/r )22 * 2
( = +2(L%) ;| Ellyr —y* (@)l
o 2
—(——— —2a2 E Vi, v (xe,z*); 2) = Vi, vy (z*); Z
(£ -2} |, B VS ()i 2) - V1 ) 2)
ALy + s
+ 40207 + 4a28? + Mr +9) , 52 (146)
LF'Yx
where in (a) we use
E Vf(xey2Z)— E Vi, vy (x); 2), xp — z*
(B, Venmd) =, B Vi) 2o o)
+ E % Ty Y3 Z) — E v e Y Z), Ty — T
(LB, a2 = B Cfnmid)a o)
Lrva o 2LF)(LF +7a) )
< ——E|z, —2*||" + E|y, — y* (x,
Bl | Bl — v ()]
Ly, 9 2(Lr+72) o
b g, g2 4 DT Te) 52 (147)
8(Lp +7z) | | Lpv,
LF’Y:E 2 Q(L?)Q(LF—F’}%) 2 2(LF+’790) 2
< _ZEYV mig.— ot |? + Elly, — y*(z,)||2 + 2=2F V)52 (148)
Trt) | | = lyr — o™ (@) L,

(b) is true due to (12b) and the fact that E[V f (2, yr, Zo)|| < E|Vf(@r,yr Zo) — V(@ ye)|| + [V (@ry)l| <
of + 6, + [V f(xr,yr)||, and (c) holds by applying (116).
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When I
Fz 1€ 4 ,Eq
——— > 4L, 149
we have )
Ly, 1€, I€4,€ 2 oy Lpvy, 1 ( Lry, )
—op——— + 20, LY + 2(L, " V) < — + — o, | . 150
Lr+ % Z (L2 ) 2(Lr+7:) 8 \Lr+7 (150

Note that the expression of L/ZE’”’Ey is given in (74). So, the condition

4(LF + wa)L/sm,sy

<1 151
L, Z - ( )
is equivalent to
4(L z C T L% xycx
12(F+7)<L?’8y+(;+ g"’f)C“’s) (152)
Ly, Yy Yy
4(L 2) (LG CrayL3\ Cpryes
:(F+7)<z +(L§+eyf> Me) (153)
Lr Y ’ Yy Yz Vy
ALp 4+,
ey (FLiF’y) (Crex + Cryerey + Cyey) (154)
where o I
c, 2 (L? + hyf) %. (155)
Yy Yz Vy
Combining (150) and (154) gives the desired result.
O
C.3. Convergence of the Whole Sequence
Proof. Combining (97), (98) and (137), we can get
Ellz,1 = 2** + Ellyrs1 — y* (210> = | Ellz, — «*||* + Elly, — y*(2)|?
£P,
arLpvy, 1 ( Lpvye )2 2 *((2
<[ - + - or | +Xo; | Ellz, —
( Lr+7v 8 \Lr+7 | |
+ ( (1 +Yio, + Lzy (U}' + 1)096&) (1= Bryy) — 1
Cors L5 iy AL (Lp + va )y
b (Gmbror g e A 4otz 202 ) VBl -y (@)
o 2
(s~ Pad) |, B Trny e - 1y
2 2 3 4 L + x
FA(L) 020} + Lipadod +4 (L) 0267 + S Lipand? + 4o} + 40207 + maTag
+2(1+ Yoy + Ly (0} + 1)oar) (1 — B,yy) B0} (156)

where P, is the Lyapunov function.

In order to the contraction property of P,, we need the terms in front of E|x, — z*|?

2
to be negative. To be more specific, we have the following

 Ellye — y*(z0)]?

)

Vf(a:r,y*(zr,x*); Z) - ﬁf(x*,y*(z*),Z)

E
2Dy (y* (7))
requirements.
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2
1) to make the term — QLTFL f;“ + 2 ( LLFFJ:’; ar) + X a? be negative, we can choose a small enough step size, i.e.,

LF"Y{E 1 LF’VJ: )2
_ Z o +Xa, <0
2Ly + ) <1 (LLFT;) +X) (Lr + ) (LLF%) e
so that this term is less than —ﬁ
2) tomaketheterm(1+Y1aT+LEy(J}Jrl)a"’ca%)(lfﬂrfyy)f1+(C[”’77fa+Ycu +W+2(L§f)2af)
be less than — 2z %’ , We can require
Crpy L5y 4(L5)2(Lp + Yo )tr
YTLEy/ 1/2 Yy=r Y2 f 2L6122
10 + Ly (0 + 1)oay + (Vy + Yooi + Trv +2(L5) e
1
< (2 +Yia, + Ly (af + 1)afa ) Bry (158)
1 -1
= B > (2 +Yia, + Ly (o) + 1)0}042)
1 szyL? 4(L;T)2(LF +7I) e / / £2\2 2
X ((Yl =t T ar + (Lyy(af +1)o + Yo +2(L5) )ozr (159)
1 CEm LY 4(LF 2 LF + Va
2 (1 + valf ( fI)/F(’y v ) +y! (Ly (0 +1)a + Ya +2(Ljf)2) a, = O(a,). (160)
y y x

where the last equality is true because from Lemma 3.2 in (Ghadimi & Wang, 2018) we know that only Q(log(c;, 1))
number of data samples can make 62 < O(«,), so it holds that o’ < o+ O(1) when we choose o, ~ O(1/7).

o 2 o :
3) to make the term i) (2 + F)a; be positive, we can require

1
—— — (24+ F >0
Mty GtHaz
1
—a, < . 161
S )2+ ) (ob

Therefore, we can get

. L maT T
B[P, 1] < (1 — min (2(LT+ L 527@’)) Pr+ 0 (a202) + 0 (8207) + O (((ar +a2)52)  (162)

If we choose a,. ~ 3., then
E[Pr11] < (1= Q) Pr + O (a2) + O (e + 2)87) . (163)

Considering that only a number of data samples on the order of (log(c;-1)) can result in 62 < «., as stated in Lemma
3.2 of (Ghadimi & Wang, 2018), we can conclude that

E[Pry1] < (1-Q(a,)) Py + O (aF) . (164)
If we choose ;. ~ (3, ~ O(1/r), applying the Robbins-Siegmund theorem (Robbins & Siegmund, 1971) gives

lim lxr — zg|| — 0, 1im lyr —y*(xg)|| = 0  almost surely, (165)

since -, @, = 0o. Also, note that in this choice of the step size I, _; (1 — a,v) = O(1/r), so we can have

E[P] =0 (1> ; (166)

r
which completes the proof. O
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C.4. Proof of Corollary 1

Proof. If the full gradient estimate is used, we can immediately from (162) have that

. Lpyzay 5r7y
< —_
Pry1 < <1 min (2(LF ) 2 Pr, (167)

giving a linear convergence of Bi-GD to the BPS solution. O

D. Revisiting BPO and BPS (Proof of Theorem 3)

Proof. Based on the definitions of the BPO solution (2) and BPS solution (3), we know

DR(zg, zg) = E rs, Yy (vs); Z), st.y*(zg) =argmin E  [l(xs,y; Z)], 168
(xs, s) ZND(y*(mS))f( s,9"(2s); Z), st y*(zs) = argmi ZND(IS)[( $: Y Z)] (168)
and
DR(z0,z0) & E 20,y (x0); Z), st.y*(xo) =argmin  E [l(xo,y; Z)]. 169
(zo,z0) ZND(y*(wo))f( 0,4"(20); Z), s.t.y"(z0) = argmi ZND(IC[))( 0,Y; Z)] (169)
and
DR(CCo,.CL'o) < DR(l‘s,l‘s) < DR(:L‘s,l‘o). (170)

Then, we define an auxiliary variable as follows

y'(wo,ws) =argmin B (w0, y; 2). (171)

From the strong convexity of ¢(x,y), we know that

<z gl( )Vf(wow*(ffo)) - Vil(zo,y" (x0,23)),y" (x0) — y*(ffo,!ﬁs)> > %Hy*(xo) —y* (20, z8)|*.
~D(zg

Similar as the derivations in (49) and (50), according the optimality conditions that both . IE( )Vﬁ(aco7 y*(xzo,28); Z)
~D(zs

and E  V{l(xo,y*(ro); Z) are zero, we can obtain
Z~D(z0)

Yy, * *
3"”9 (zo) = y* (o, xs)|?

<{ E Vizo,y" — E  Vezo,y (20)),y (z0) — v (zo, 172
<(, B, Vo) -, B VHro o)y (wo) - v'(z0.s5)) (172)
< ieylles — zollly* (o) — ¥* (w0, zs)1l, (173)

which directly gives

LZ
L5V |z — o). (174)
Yy

ly*(zo) —y* (zo,xs)|| <

Due to the strong convexity of the UL function, we have

ZND(y*(xS))f( 0,9"(z0); Z) ZND(y*(zs))f( s,y (xs); Z)

* Yz 2
+ E Vi(xs,y*(25): 2), x0 — x5 ) + —=||lzo — 2g|*. (175
<Z~D(y*(fvs)) fas,y"(@s); 2), 0 S> 5 lwo —as®. (175)

Moverover, by using the optimality condition of the UL variable xg, we can get

* * Yz 2
E o,y (x0); Z) — fles,y" (xs); Z)| > —||lro — zs]|”. 176
TP (2e)) [f(zo,y"(20); Z) = f(zs,y"(25); Z)] 2 - llzo — as]| (176)
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Also, note that

E x7*m;Z_ E x,*(E;Z
pn [T @R 2) = B oy (w0 2)

<e.L. ||y (zs) — ¥ (zo, 2s) + y* (w0, 28) — y*(2o) (177)
(59),(174) Cya Lie
< el ( Y |lws — zo|| + Y |las —$o||) - (178)
y Yy
By the definition of the PO solution xo shown in (2), we have
E 20,y (20); Z) < E 10,y (1s); Z), 179
2n( oy FOY @D S ) LB Fo v (Es) Z) a7
which gives
“(20); Z) — “(xs); Z
TP (5) [f(zo,y"(x0); Z) — fzo,y" (zs); Z)]
< E z0,y" (x0); Z) — E 20,y (x0); Z). 180
,ZND(y*(xS))f( 0,Y¥"(x0); Z2) ZND(y*(xO))f( 0,¥"(z0); Z) (180)
Substituting (176) and (178) into (180) yields
Ve 2 Ea:Lz z
5 llzo = zs|” < —— (Cuay + Ligy) lzs — ol (181)
2 Yy
ie.,
2e.L, .
HQSO — Isn < (ngy +L125y)- (182)
zVy
O]

E. Additional Numerical Experiments

We also evaluate the performance of Bi-SGD for the meta performative prediction learning problem by varying the values
of €, and €, on the spambase data set. As shown in Figure 4, it can be observed that when either the sensitivity parameter
€y OF £, 18 large, Bi-SGD yields lower meta-training and meta-testing accuracies, which aligns with our intuition. Another
interesting finding is that the meta-test accuracy with ¢, = 0,e, = 0.1 is significantly higher than the case with ¢, =

0.1,e, = 0, indicating that the meta-testing accuracy is more affected by €, compared to ¢, in this example.

1 0.75

e s
0.95 07
? 09t 7 06
bt <
—
8 085 =
S o os
2 g
g= +2 085 Er = g,Ey = (1) )
© o7 ) er = 0,8, =0.
= £ =0¢e=001 + e =02, =001
07 —61710.1781/:0 0.5 — e, =01
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0.65 : : : : : : 0.45 : ‘ ‘
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Figure 4. Comparison of Bi-SGD for meta strategic learning over different combinations of the sensitivity parameters at each level.
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