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Abstract

Pruning at Initialisation methods discover sparse,
trainable subnetworks before training, but their
theoretical mechanisms remain elusive. Existing
analyses are often limited to finite-width statistics,
lacking a rigorous characterisation of the global
sparsity patterns that emerge as networks grow
large. In this work, we connect discrete pruning
heuristics to graph limit theory via graphons, es-
tablishing the graphon limit of Pal masks. We
introduce a Factorised Saliency Model that en-
compasses popular pruning criteria and prove that,
under regularity conditions, the discrete masks
generated by these algorithms converge to de-
terministic bipartite graphons. This limit frame-
work establishes a novel topological taxonomy
for sparse networks: while unstructured methods
(e.g., Random, Magnitude) converge to homoge-
neous graphons representing uniform connectiv-
ity, data-driven methods (e.g., SNIP, GraSP) con-
verge asymptotically to heterogeneous graphons
that encode implicit feature selection. Leveraging
this continuous characterisation, we derive two
consequences. First, we prove a universal approx-
imation theorem for sparse networks on active co-
ordinate subspaces. Second, under the Graphon-
NTK lazy-training regime, we connect the limit-
ing graphon to NTK-style generalisation bounds
and introduce a path-density interpretation of how
sparse topology can modulate kernel alignment.
Our results transform the study of sparse neural
networks from combinatorial graph problems into
a rigorous framework of continuous operators,
offering a new mechanism for analysing expres-
sivity and generalisation in sparse networks.
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1. Introduction

Pruning at Initialisation (Pal) has established itself as a
powerful paradigm for efficient deep learning, enabling
the discovery of sparse, trainable subnetworks without the
prohibitive cost of dense pre-training (Lee et al., 2019b;
Wang et al., 2020; Tanaka et al., 2020; Liu et al., 2022;
Pham et al., 2023; Xiang et al., 2025). Inspired by the
Lottery Ticket Hypothesis (LTH) (Frankle & Carbin, 2018;
Frankle et al., 2020; Zhou et al., 2019), Pal methods such
as SNIP (Lee et al., 2019b), GraSP (Wang et al., 2020), and
SynFlow (Tanaka et al., 2020) utilise initialisation data to
identify pruning masks for producing sparse subnetworks
whose performance often matches dense networks. Despite
their empirical success, the theoretical nature of the resulting
sparse architectures remains opaque (Pham et al., 2025).
Prior works have made brilliant strides in analysing global
sparse structure using finite-width combinatorial metrics,
such as effective path and node balancing (Pham et al.,
2023), path kernels (Gebhart et al., 2021; Patil & Dovrolis,
2021), and graph-theoretic connectivity properties (Hoang
et al., 2023). However, translating these discrete, finite-
width heuristics into a rigorous continuum limit remains
an open challenge. A fundamental question is whether
the discrete, algorithmic masks produced by these methods
converge to stable mathematical objects as network width
grows, or whether they remain fundamentally chaotic.

Understanding this asymptotic behaviour is necessary for
developing a rigorous theory of sparse deep learning. While
classical results rely on fixed random structures (e.g., Erdds-
Rényi graphs) (Yang & Wang, 2023), modern Pal methods
induce data-dependent correlations between input features
and network weights. Recently, (Pham et al., 2025) pro-
posed the Graphon Limit Hypothesis (GLH), postulating
that pruning masks converge to continuous graphon opera-
tors, which are limit objects of convergent graph sequences
(Lovész & Szegedy, 2006; Borgs et al., 2008). In particular,
graphon provides a natural framework for describing large-
scale network topology. Then, Pham et al. (2025) leveraged
this graphon existence assumption to analyse optimisation
dynamics via a Graphon-NTK - a sparse network counter-
part of the fundamental Neural Tangent Kernel (NTK) of
dense models (Jacot et al., 2018; Arora et al., 2019b; Lee
et al., 2019a). While this is already a significant conceptual
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leap, this hypothesis remains an assumption rather than a
derived consequence of the algorithms themselves. A rigor-
ous characterisation of which specific graphons arise from
pruning criteria, and how these limit objects govern the net-
work’s expressivity and generalisation capabilities beyond
optimisation, is still missing.

In this paper, we fill this gap by providing the first rigor-
ous derivation of the graphon limits for a broad class of
popular Pal methods. By modelling saliency scores via a
newly proposed Factorised Saliency Model, we prove that
under standard infinite-width conditions, the discrete masks
generated by these Pal algorithms converge in probability
to deterministic bipartite graphons. This result validates
the GLH (Pham et al., 2025) and provides a mathematical
foundation for treating sparse networks as discretisations of
continuous operators.

Our analysis reveals that the limit graphon acts as a distinct
asymptotic signature (in cut metric) for pruning algorithms,
distinguishing methods whose masks appear similar at finite
widths. We show that methods like Random and Magnitude
converge to homogeneous graphons (constant functions).
This implies that in the infinite-width limit, these methods
essentially perform uniform downscaling weight matrices,
which does not induce data-dependent structure beyond uni-
form sparsity. In contrast, gradient-based Pal methods like
SNIP, or GraSP converge asymptotically to heterogeneous
graphons. Specifically, the connectivity probability between
layers is governed by input features ¢(u) and output neu-
ron sensitivity ¢ (v). This mathematically formalises how
data-dependent pruning performs implicit feature selection,
concentrating connectivity density on active” coordinates
while filtering out noise. By lifting the analysis from dis-
crete graphs to continuous graphons, we derive properties
that are difficult to see in the finite regime. To summarise,
our main contributions are:

¢ Rigorous convergence analysis of Pal masks to-
wards graphon limit: We prove that masks generated
by factorised saliency scores converge in the cut-norm
metric to a deterministic limit graphon (Theorem 4.7).
We further show how methods like SNIP and GraSP
admit asymptotically rank-equivalent approximations
that satisfy this model, formally justifying the GLH.

* Universal approximation theorem for sparse net-
works: We address the expressivity of sparse networks
in the high-dimensional limit. We prove that networks
sparsified by graphons retain the universal approxima-
tion capabilities of dense networks, provided the target
function lies within the “active” coordinate subspace
discovered by the saliency scores. By concentrating the
sparsity budget on relevant features, data-driven prun-
ing inherently preserves the necessary dense computa-
tional cores that Random pruning destroys at extreme
sparsities.

¢ Graphon-modulated generalisation interpretation.
Building on the Graphon-NTK framework (Pham et al.,
2025), we show how the limiting graphon enters stan-
dard NTK-style generalisation bounds (Cao & Gu,
2019; Arora et al., 2019a) through the induced kernel
complexity term. We further introduce a path-density
proxy that interprets how sparse topology redistributes
input-output connectivity. This provides a mechanis-
tic explanation, supported by empirical evidence, for
why data-dependent pruning can outperform uniform
Random pruning at extreme sparsity.

2. Related works

Sparse neural networks. The observation that dense
networks contain sparse, trainable subnetworks was popu-
larised by the Lottery Ticket Hypothesis (Frankle & Carbin,
2018; Frankle et al., 2020; Burkholz, 2022a;b). To identify
these subnetworks without expensive pre-training, Pruning
at Initialisation (Pal) approach is getting attention. In par-
ticular, various “’single-shot” criteria have been proposed,
including Magnitude Pruning (Han et al., 2015), which se-
lects weights based on absolute value, while data-driven
methods like SNIP (Lee et al., 2019b), GraSP (Wang et al.,
2020) utilise gradient information to estimate connection
sensitivity. Other Pal methods, such as (Tanaka et al., 2020;
Liu et al., 2024), iteratively prune the network until the tar-
geted sparsity is achieved. Later, (Frankle et al., 2021; Su
et al., 2020) empirically observe that applying layer-wise
connection shuffling or weight reinitialisation on subnet-
works found by those Pal methods retains subnetworks’
performance. This raises questions about what the actual
aspects are in finding lottery tickets. Prior works analyse the
global structure using finite-width combinatorial metrics,
including discrete path/node counting (Pham et al., 2023),
path kernel (Gebhart et al., 2021; Patil & Dovrolis, 2021),
and graph-theoretic properties (Hoang et al., 2023). Our
novelty lies in transitioning to rigorous continuous limits
through the graphon object. By characterising the asymp-
totic graphon limit of these masks, we provide a theoretical
tool to analyse the effectiveness of sparse networks.

Neural tangent kernels and generalisation error bounds.
The behaviour of neural networks as widths n — oo is
typically analysed through the lens of the NTK (Jacot et al.,
2018; Aroraetal., 2019b; Lee et al., 2019a;a). In this regime,
under specific parameterisations, the network evolves as a
linear model over a fixed kernel ©,,. Extensive work has
established generalisation bounds for this regime. Arora
et al. (2019a); Cao & Gu (2019) derived rigorous bounds

scaling as O(1/yTOx'y/m) where m is the number of
training samples. Crucially, these bounds depend on the
Reproducing Kernel Hilbert Space (RKHS) norm of the
target function, implying that generalisation is governed by
the alignment between the fixed kernel and the target task.
While powerful, standard NTK analysis typically assumes
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dense connectivity.

Graphon limit of sparse neural networks. Recently,
Pham et al. (2025) postulated the Graphon Limit Hypothesis
and defined the "Graphon-NTK” to analyse the optimisation
dynamics of pruned networks. In particular, Pham et al.
(2025) assumed that pruning masks converge to graphons
when the network’s widths tend to infinity. The concept of
graphons, limit objects describing the limits of convergent
sequences of graphs, is used to analyse the behaviour of
large graphs (Lovasz & Szegedy, 2006; Borgs et al., 2008).
In the machine learning domain, graphons have primarily
been applied to Graph Neural Networks (GNNs) (Ruiz et al.,
2020; Keriven et al., 2020; Krishnagopal & Ruiz, 2023),
which utilised graphons to define convolution operations
that are stable across graphs of varying sizes, effectively
enabling “transfer learning” for GNNs on large-scale topo-
logical data. Our application differs fundamentally. Rather
than using graphons to model input data or statistical net-
works, we employ them to model the internal architecture of
the neural network itself. While Pham et al. (2025) recently
introduced this perspective to analyse training dynamics, we
deepen this connection by proving that the specific bipartite
structures induced by Pal algorithms correspond to known
classes of graphons.

Approximation theory for neural networks. Classical
universal approximation theorems, which show that suffi-
ciently large dense networks can well approximate any con-
tinuous function on a bounded domain, are well-established
(Cybenko, 1989; Hornik, 1991; Barron, 1994; Eldan &
Shamir, 2016; Nakada & Imaizumi, 2020). In contrast,
the theoretical capability of sparse networks to approximate
functions has been studied primarily through two lenses:
constructive existence and random sparsity. Bolcskei et al.
(2019) established fundamental lower bounds on the con-
nectivity required to approximate specific function classes,
often relating optimal sparse architectures to affine systems
like wavelets and shearlets. While these results prove that
optimal sparse networks exist, they do not guarantee that
standard pruning algorithms can find them. Conversely, the
”Strong Lottery Ticket Hypothesis™ literature led by Malach
et al. (2020); Orseau et al. (2020), focuses on the proba-
bility that a sufficiently wide random network contains a
good sparse subnetwork that, without training, still approx-
imates the target function with high accuracy. Instead of
assuming a generic random mask or a handcrafted affine
system, we derive the approximation specifically for the
sparse networks induced by limit graphons.

3. Preliminaries and settings
3.1. Preliminaries

Graphons provide a continuous representation of large
discrete graphs (Lovasz & Szegedy, 2006; Borgs et al.,
2008). For bipartite networks connecting input coordi-

nates to hidden neurons, we work with measurable kernels
W : [0,1]%> — [0,1] that encode the connectivity pattern
between an infinite set of nodes (Pham et al., 2025).

Bipartite graphons and step kernels. Given a matrix

A € [0,1]%%", we define its associated step kernel W4 :
[0,1]2 — [0,1] by Wa(u,v) := A;; foru € Ii(d) =
(% l] v € J(n) (%, %] This construction pro-
vides the standard embedding of bipartite adjacency matri-
ces into the space of measurable kernels on [0, 1]°.

Cut norm and cut distance. The cut norm measures the
maximum discrepancy in average mass over all measurable
rectangles. For an integrable kernel W : [0,1]* — [0,1],
the cut norm is defined as

IWlo = sup
S,TC[0,1] measurable

W(u,v)dudv|. (1)
SxT

The bipartite cut distance between kernels WV and U is

SAP(W,U) - = inf [W - U0 @)

where UV (u,v) := U(d(u),1p(v)) and the infimum is
over all measure-preserving maps ¢,¢ : [0,1] — [0,1].
Crucially, in the bipartite setting, row and column rela-
belings are applied independently, unlike the symmetric
graphon setting. Hence, we may sort rows/columns by la-
tent features to reveal structure.

3.2. Setting and notations

We study pruning-at-initialisation in a one-hidden-layer net-
work with hidden width n on input x € R?

1 n
fn(z) = 7 29§2) U(h§1>)7 (1) f Za(l)mi,
j=1

and squared loss on a fixed label y € R: £ = % (fn(:z:)fy)z,
with i.i.d. Gaussian initialization 6} ~ (0, 1), L.i.d. out-
put weights 9;2) ~ N(0,1), independent of 9;;). Here,
the first layer weight matrix is /() € R We fo-
cus on Pal sparsification of the first layer: a binary mask
M,, € {0,1}4*" is computed at initialisation and applied
elementwise to 01 as (1)« 9(1) © M,,, After this, train-
ing proceeds only on the active parameters. Our theoretical

results concern the asymptotic structure of the mask M, as
d,n — oo.

Masks as bipartite graphs and step-kernel embedding.
The mask M,, can be viewed as the adjacency matrix of a
bipartite graph between input coordinates and hidden units.
To study limits as d,n — oo, we associate M,, with a step
kernel Wy, : [0,1]> — {0, 1} defined by Wy, (u,v) =

o _
(Mn)ij for u € (Zdl,é:|, NS (JT,%

} . We measure
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convergence of these step kernels using the bipartite cut
distance. From now on, we use W, interchangeably with
Wy, for brevity.

Other notations. We write [k] := {1,...,k} forany k €
N*. A, ;; or (Ay);; denotes the (7, j) entry of size n matrix,
and © denotes Hadamard multiplication.

4. Graphon convergence of Pal methods

Pruning-at-Initialisation methods output binary mask matri-
ces M,, € {0,1}%*™ indicating which connections survive.
However, analysing M,, directly is non-trivial due to (i) the
mask is a high-dimensional combinatorial object, and (ii)
reordering neurons produces different masks with identical
functionality. Graphon theory provides a principled way
to talk about what such masks look like at the large-width
limit. Concretely, we embed M, into a step kernel Wy,
on [0,1]? and measure convergence in the (bi)partite cut
distance, which compares two kernels after optimising over
all measure-preserving transformations. In this section, we
ask whether the mask has a stable large-scale connectivity
pattern up to relabeling, i.e. whether W), converges in cut
distance to a deterministic graphon W.

4.1. The factorised saliency model

Our analysis is driven by a simple structural observation
shared by many Pal criteria where edge saliency often de-
composes into an input feature (forward signal), a neuron
feature (backward/gradient signal), and an edge-level ran-
domness from initialisation. We formalise this via the fac-
torised saliency model:

(Sn)ij = Cnyi  Unj - 1&nsijls 3)

(Mp)ij = 1{(Sn)ij >}, i€[d, jen], 4

where 7,, > 0 is a pruning threshold; ¢,, ; > 0 is input fea-
ture, capturing forward-pass saliency of input coordinate 7;
Yn,; = 01is neuron feature, capturing backward-pass (gradi-
ent) saliency of hidden unit j; &, ;; is edge noise, capturing
initialisation randomness at edge (4, j). This model helps
us state and prove the graphon convergence theorem, which

can apply to various Pal methods.

Pal instantiations. Many popular Pal methods fit this
model either exactly (e.g., Magnitude/Random at i.i.d.
initialisation), or asymptotically ranking-equivalent (e.g.,
SNIP/GraSP in the infinite width regimes) in the one-hidden-
layer network setting. Table 1 summarises the correspond-
ing (p, 1, &) choices. Please refer to Appendix B, C for
detailed derivations.

Magnitude/Random. Magnitude pruning sets (Sy,);; =

(1) _
10;;7 |, thus ¢; =
corresponds to ©;

1; = 1. Random pruning (Bernoulli(p))
= ¢; = 1 with §;; ~ Unif][0, 1].

SNIP (Lee et al., 2019b). With f, () = <= 377_ N

and h(l) = f ZZ 1 ij)zi, SNIP introduces masks m;;

via ng) — mzﬂgj) and evaluates at m = 1. By the chain
rule,

SNIP (2 o (B
(5)
where § denotes the scalar loss derivative w.r.t. the network
output (e.g., § = f,(x) — y for squared loss). Absorb-
ing the global factor |§|/v/nd into 7,, yields the scale-free

factorisation in Table 1.

‘_ﬂ

GraSP (Wang et al., 2020) (magnitude variant). GraSP
assigns a score proportional to () © (Hg) where g =
Vo £L(0W) and H = V2, £(6™M)). To align with our
non-negative thresholding Eqn.4, we use the magnitude vari-

SG“SP ’9 1) (Hg) ”’1 In the one-hidden-layer set-

ting, we have g;; = 8£/89(1) =0-L 9(2) ’(h(l)) L 5Ti-
For squared loss, H = JTJT+ 5V2(1)fn w1th J = VQ(l)fn.
A direct computation yields (J.J g);; =
o 1= lzlz 1 5vn 1(9(”)2 /(h\")2. Under infinite width
setting, the term §(V2 a1 fn)g contributes only lower-order

corrections, hence (Hg);; = ¢ng:; + o(1) entrywise. Thus,
up to a global positive factor (irrelevant for top-p ranking),

GraSP  (n)  (n) () _ 1 11925051 (1)
Sij R Y, ‘fij \—\xz\(l% |lo (h_j )\)IHU |-

ant

cn gij Where

(6)
SynFlow (Tanaka et al., 2020) (one iteration). SynFlow uses
the data-agnostic synaptic saliency S(0) = (OR/06) © 0

with R = 17([],_
work, one iteration yields S;; o |0§»2)\ |92(J1 )|, corresponding
top; =land ¢y, = |0§2)|.

1 109])1. In a single-hidden-layer net-

4.2. Regularity assumptions

We establish convergence as d — oo and n — oo under the
following conditions:

log(d+n)
min{d,n}

Assumption 4.1 (Asymptotic width scaling). —

0.

Assumption 4.2 (Deterministic input features). There exists
a bounded continuous function ¢ : [0,1] — [0, 00) such
that, after a permissible relabeling of input coordinates,
. P
maxj<;<d ’gpn’i — go(l/d)’ —0
Assumption 4.3 (Neuron features empirical CDF conver-
gence). Let Fyy (t) := £ 377, 1{¢),, ; < t}. There exists
a deterministic CDF F;, supported on [0, co) such that
~ P
sup | Fyn (t) — Fy(t)| — 0.
teR

Assumption 4.4 (Conditional independence of edge noise).
Let G,, = a({gon,i}igd, {wn,j}jgn,’rn). Conditional on

'We provide analysis for original version in Appendix C
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Gn, the noises {,, ;5 }i<a, j<n are independent with com-
mon law P, and are independent of G,,. Moreover, the CDF
of |¢| on [0, c0) is continuous.

Assumption 4.5 (Deterministic threshold). There exists
7 € (0, 00) such that 7, £> 7, and 7, is G,,-measurable.

Remark 4.6. Our aim is to show that the masked weight
matrix M,, behaves, at large (d, n), like a bipartite random
graph generated from a deterministic graphon WW(u, v): the
row index ¢ becomes a continuum coordinate u = 4/d,
the column index j becomes v = j/n, and edges are kept
with a probability that depends smoothly on the product
of a row feature and a column feature. Assumptions 4.2
- 4.3 provide exactly these stable continuum coordinates
by requiring that (after relabelling) the input (row) features
{¢n,i} track a deterministic function ¢(u) and the neu-
ron (column) features {1, ;} have a deterministic limiting
distribution (hence order statistics 1, () ~ Qy (v), where
Qy(v) :=inf{y > 0: Fy,(y) > v} isthe generalised quan-
tile). Assumption 4.4 isolates the remaining randomness to
i.i.d. edge noise {&, ;; } conditional on (¢, , ¥y, 75, ), Which
turns the mask into a conditionally independent Bernoulli
matrix and enables cut-norm concentration around its con-
ditional mean. Assumption 4.5 says that the top-p threshold
stabilises to a constant 7, so the limiting edge-probability
kernel is well-defined and does not inherit extra global ran-
domness. Finally, assumption 4.1 is a mild growth condition
ensuring that these concentration bounds hold uniformly, so
the full bipartite cut distance converges.

SNIP is asymptotically equivalent to a factorised model.
In the 1-hidden layer SNIP setting in Eqn.5, the factorisation
Eqn.3 holds after absorbing the global factor into 7,,, with
Pni = EZAR Ynj = \9.§»2)| |U/(h‘§1))|, and &, ;; = 91(;)-
If the input coordinates are i.i.d. and bounded, then after
sorting {|;| }i<a one has max; ||z|;) — Q|x|(i/d)| — Oin
probability, verifying A4.2 with ¢ = Q| x|. Under infinite

width regime, conditional on x the pre-activations hg»l) are
approximately Gaussian with variance ||z||%/d, yielding a
deterministic limit law for v, ; and hence A4.3. Moreover,
although 95;) appears inside 9, ; through h;l) , the influence
of a single entry HS ) on hgl) vanishes asymptotically as d —
00, satisfying A4.4. Finally, taking 7,, as the empirical (1 —
p)-quantile of {(.S,,)i;}s,; yields A4.5 under mild continuity
conditions. We provide full verifications in the Appendix B.

4.3. Graphon convergence of factorised masks

Theorem 4.7 (Bipartite graphon convergence). Let d — oo
and n — oo. Consider the factorised saliency model

(Sn)ij = Pnyi-Unj|&nijl,  (Mn)ij = H{(Sn)ij > T},
where i € [d], j € [n], and let W,, :== Wy, be the associ-
ated bipartite step-kernel on [0, 1]%. Under assumptions 4.1
- 4.5, we define the deterministic limit graphon

Table 1. Factorisation of Pal methods. SNIP (Lee et al., 2019b)
and GraSP (Wang et al., 2020) are different in global scaling.

Method Input ; Neuron v, Noise |£;;]

SNIP | 10511’ (W) 165

GraSP || |9]<-2)| |U/(hg('1))| |0£]1)|

Synflow 1 |9§2) | |0S) |

Magnitude 1 1 |9§ ]1 ) |

Random 1 1 Unif[0, 1]
W(u,v) :=P(p(u) - Qu(v) - ¢ >7), (u,v) € [0,1]%.

Then 601 (W, W) 55 0.

Remark 4.8. The limit graphon )V can be viewed as a topo-
logical signature of a Pal method. Unstructured pruning
rules, such as Random or Magnitude pruning, converge to
constant graphons W(u, v) = p, reflecting uniform connec-
tivity across inputs and neurons. In contrast, data-dependent
Pal methods induce heterogeneous graphons, where the
probability of retaining a connection varies smoothly with
latent input features and neuron sensitivities. From this
perspective, different Pal rules are distinguished not by indi-
vidual edge realisations, but by the large-scale connectivity
patterns they impose in the infinite-width limit.

Remark 4.9. This convergence result extends naturally to
deep architectures. For an L-hidden-layer network with
widths (ng,n1,...,nz), each layer £ € {1,...,L} has
mask M) € {0,1}"¢-1*" generated by factorised scores
in Eqn. (3). The corresponding bipartite step-kernel is

W, or Wr(f) for short. Here gp(e)i is a forward feature

n,
determined by the activation of neuron 7 in layer ¢ — 1,
while ¢§f>j is a backward feature determined by the nor-
malised backpropagated sensitivity of neuron j in layer £.
Under standard infinite-width moment assumptions, these
row and column features have deterministic empirical limits
after sorting, and the edge noise is asymptotically decoupled
from the neuron feature by a leave-one-out argument. There-
fore each layer admits a deterministic limit graphon T ().
Applying Theorem 4.7 to each layer ¢ gives the graphon

convergence for each layer Wy(f) Z W@, Please refer to
Appendix D for details.

4.4. Empirical verification

We empirically illustrate Theorem 4.7 by comparing finite-
width masks, produced by the original SNIP, to the pre-
dicted limit graphon. For visualisation, we generate
masks M, € {0,1}"*™ at fixed density p = 0.2 for
n € {200, 500, 1000, 2000, 4000}. Following Pham et al.
(2025), we sort rows/columns by their latent factors (¢; for
rows and 1); for columns) and average the sorted masks over
100 seeds to obtain an empirical edge-probability matrix.

Besides, we compute the limit theoretical graphon, W(u, v),
as a continuous function on the unit square [0,1]%. To
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Figure 1. Visual convergence to the graphon limit. We compare averaged empirical masks (over 100 seeds) at increasing widths
(n = 200, 500, 1000, 2000, 4000) against the analytically computed Theoretical Graphon. The density is fixed at p = 0.2.

make the limit object computable, we consider i.i.d. stan-
dard normal inputs and weights initialisation. Since in-
puts z ~ AN(0,1), the magnitude |z| follows a stan-
dard Half-Normal (HN) distribution. We define p(u) =
Fin(w) = v2erf '(u). The column factor is defined
as ¢ = |0@)]|o’(h)|, where 82 ~ N(0,1). We deter-
mine the quantile function @ (v) for this product distri-
bution via Monte Carlo simulation (N = 10° samples).
The edge noise |¢;;| is Half-Normal distributed with scale
oy = 1 where 811 ~ A(0,1). Given a global threshold
7 (solved numerically to match density p), the theoreti-
cal edge probability is Wi,y = P (¢(u)y(v)[{] > 1) =
L - el g mve)-

Figure 1 shows that the averaged empirical masks become
progressively smoother and rapidly approach the theoretical
W as nincreases; by n > 2000 the empirical and theoretical
patterns are visually indistinguishable. This supports the
interpretation of Pal masks as finite-sample discretisations
of a deterministic graphon limit.

5. Expressivity

This section studies the approximation power of single-
hidden-layer networks whose sparse connectivity is given
by Pal masks. Classical Universal Approximation Theo-
rems (UAT) rely on dense connectivity (Cybenko, 1989;
Barron, 1994). For sparse networks, proving expressivity is
highly non-trivial because algorithmic pruning is a random,
combinatorial process that can abruptly destroy necessary
computational paths.

Because the ambient input dimension satisfies d — oo,
claiming a sparse model can approximate every continu-
ous function of all d coordinates is both too strong and
misaligned with real-world learning problems. Instead, we
adopt an intrinsic-dimension regime (Nakada & Imaizumi,
2020), where the target function depends only on a fixed
(or slowly growing) subset of k informative input coordi-
nates. We ask: does the pruned network retain universal
approximation capabilities on this active subspace?

Another challenge is that Pal masks are random, method-
dependent combinatorial objects, so it is non-trivial to make
precise connectivity claims directly at the level of the binary
matrix M,,. Our graphon limit theory provides a determinis-
tic continuum proxy to answer this: when the step-kernels
W, converge to a limit graphon W, large-scale connec-

tivity properties of M,, can be stated as simple analytic
conditions on W. In particular, we demonstrate that if the
limit graphon W concentrates sufficient edge probability on
an active subspace, then as n — oo, with high probability
the finite mask M, contains a fully connected k x 7 sub-
network (with n — c0), allowing classical UAT (Cybenko,
1989) to apply on that core.

Masked 1-hidden-layer networks and deterministic
threshold masks. Fix d,n € N. Let M € {0,1}4x"
be a binary mask sampled from a given graphon W of the
factorised saliency model studied in Sect. 4. We consider
the class of masked two-layer neural networks

n

d
{z— Zajcr(bj +ZMij Oij i)}, (7)

j=1 i=1

Fu(M) =

where (a;), (b;) € R",(6;;) € R¥"™. Any conventional
normalisation (e.g. 1/4/n) can be absorbed into a;’s and
does not affect expressivity.

5.1. Graphon coordinates and active rectangle

By the same measure-preserving relabelling used in the
graphon convergence Theorem 4.7, we work in coordinates
u; := t/d and v; := j/n such that ¢, ; =~ ¢(u;) and the
sorted neuron features satisfy v, ;) = Qy(v;). In these
coordinates, the limiting edge-probability kernel takes the
explicit form W(u, v) = P(¢(u) Qy(v) |¢| > 7), matching
the limit object from Sect. 4. Equivalently, one may view
u;,v; as i.i.d. uniform latents upto a random relabelling,
since the cut distance is invariant under index permutations.

Class of target functions depending on % coordinates.
Fix k € N and a compact set K C R¥. For any set [ C [d]
with |I| = k, we write ; € R” for the subvector of z € R?
restricted to coordinates in I. Given f € C(K), we define
the lifted target f : R? — R by f(z) := f(x;), where
2z € R?, and the lifted compact domain K = {z € R .
rr € K, ||z1¢|lo < B} for some fixed B < oo, where
I¢ := [d]\I. Note that approximation on K is equivalent to
approximation of f on K, as f ignores xye.

Theorem 5.1 (UAT for dense 1-hidden-layer neural net-
works on R”, (Cybenko, 1989)). Fix k € N and a compact

K C RF. Suppose o is a universal activation. Then the
class {u — Y.n_ ar,o(0)u +b.) : n € N} is dense in
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C(K). In particular, for every f € C(K) and every € > 0,
there exist an integer N and parameters {(a,, 0, b, ) }<

r=1
such that sup,,¢c g | 1= aro (0, u +b,) — f(u)‘ <e.

Assumption 5.2 (Lower-bounded core connectivity). There
exist measurable sets Uy, V, C (0,1) with Lebesgue mea-
sures 8 := A(U,) > 0 and o := A(V4) > 0, and a constant
Py« > 0 such that

inf >
UeUl*r’l'UEV* W(U7 IU) - p* (8)
In the factorised model in Eqn. (3), a sufficient condition is
that ¢(u) > o > 0on U, and Q(v) > 19 > 0onV,, in
which case one may take p, = P(¢otol&| > 7) > 0.

Assumption 5.3 (Availability of k active inputs). Given a
fixed k, with probability 1 — o(1) as d — oo, there exists
an index set I C [d] such that |I| = k and u; € U,, Vi € I.

Assumption 5.4 (Core width growth). Let k be fixed. As
n — oo, we have (an)pf — oo.

Remark 5.5. Assumption 5.2 is a continuum statement about
the limiting connectivity pattern. It says that there is a
positive-measure block of input latents U, and hidden-unit
latents V, such that edges in that block survive with prob-
ability uniformly bounded below. For Random pruning
(constant graphon W = p), one may take U, x V, = [0, 1]
and p* = p. For data-dependent Pal (e.g. SNIP-type),
U, x V, can be interpreted as the region where the signal
concentrates: U, corresponds to input coordinates with non-
negligible forward saliency ¢, and V to hidden units with
non-negligible backward/gradient feature Q.

5.2. Universal approximation on active coordinates
We show that the class F,, (M) is universal for approximat-
ing target functions depending on k active coordinates. The
following lemma ensures the existence of a dense subnet-
work of size k& x 1 in the graphon-sparsified network.

Lemma 5.6 (Dense core in a graphon-sparsified mask).
Assume assumptions 5.2 -5.4 and let I be as in Assump-
tion 5.3. Fixn € N. Then, with overwhelming probability,
there exists J C [n] with |J| = 1 such that M;; = 1,
Viel,Vjed.

Theorem 5.7 (Universality on active coordinates). Assume
Theorem 5.1 and assumptions 5.2- 5.4. Fix k € N, a com-
pact K C R¥, a target f € C(K). For every ¢ > 0, there
exist B < oo and an index set I as in assumption 5.3. De-
fine f and K as above. Then, with high probability, there
exists I, € F,(M) such that sup . i |Fr(2) — f(z)| < ¢

Remark 5.8. Theorem 5.7 states that universality on any
fixed k-coordinate subspace holds whenever the limit
graphon W contains an active block U, x V, with a uni-
form edge floor W > p* > 0; equivalently, one needs
an(p*)¥ — oo to ensure enough hidden units connect si-
multaneously to k active inputs. This result highlights the
fundamental difference between pruning methodologies at

extreme sparsities. For Random pruning WV = p), this
reduces to np* — oo, which can fail at high sparsity since
edges are spread uniformly. In contrast, data-dependent Pal
can concentrate the same sparsity budget on task-relevant
coordinates, yielding a larger effective floor p* on a non-
vanishing active “sub-graphon” U, x V, (with «,  bounded
below), thereby better preserving dense cores and approxi-
mation power in the high-sparsity regime.

6. Generalisation error bound

Generalisation error bounds for overparameterised networks
depend crucially on architecture and training regime (No-
vak et al., 2018; Arora et al., 2019a). For Pal, the archi-
tecture itself is random or data-dependent through masks
M,,, making it unclear what the right limiting object is. The
graphon limit framework makes this dependence precise:
if Wy, — W, then the associated Graphon-NTK admits
a deterministic limit that depends only on W and the data
distribution (Pham et al., 2025). This lifts generalisation
analysis from a random finite mask to a deterministic opera-
tor defined by W. Here, we derive the generalisation error
bound for overparameterised sparse neural networks in the
Graphon-NTK regime, in parallel with the bounds for dense
models in (Cao & Gu, 2019; Arora et al., 2019a). Then, we
interpret this bound through the input-output path density of
layer graphons, which shows how the connectivity pattern
of pruning masks affects generalisation capacity.

6.1. From graphon limits of Pal to Graphon-NTK

Let D be a data distribution and let S = {(z;,y;)}7 be
i.i.d. samples from D. As discussed in Section 4, masks
generated by Pal methods converge to specific graphons,
which describes the infinite-width limit of the induced spar-
sity structure. Given such limiting graphon W, the authors
of (Pham et al., 2025) defines the associated Graphon-NTK
kernel ©yy, : X x X — R as the deterministic infinite-width
limit of the NTK for graphon-induced sparse networks. On
the dataset .S, we define the Graphon-NTK Gram matrix
(KW)ij = @V\)(in,.rj) € Rmxm,

6.2. Graphon-NTK generalisation bound

We analyse the infinite-width Graphon-NTK (lazy) regime,
in which training dynamics of the masked network on a fixed
sample are governed by the limiting Ky . This viewpoint
parallels the classical NTK linearisation results (Lee et al.,
2019a; Chizat et al., 2019). Under this regime, we can
directly apply the generalisation bound of Cao & Gu (2019)
with Ky in place of the finite-width NTK Gram matrix.

Corollary 6.1 (Infinite-width Graphon-NTK generalisation
bound). Fixé € (0,e~ ') and assume Amin(Kyw) > Ao >
0. As widths — oo, with probability at least 1 — & over
S, the expected classification error of an associated output
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predictor of the neural network f (see Appendix F.3) satisfies

A T 71
BB ()] < oLy ) [l

where y = (y1,...,Yym) ", C > 0 is a universal constant,
and L is the depth factor.

Remark 6.2. The complexity term yTK;\}ly measures the
RKHS norm of the label vector under kernel ©,,,. Smaller
values indicate the target labels are easier to separate in the
induced feature space, directly linking pruning topology to
generalisation capability. We provide proof in Appendix F.

6.3. Path density proxy for the Graphon-NTK in
2-hidden-layer networks (L = 2)

Corollary 6.1 shows that the generalisation error bound
depends on the complexity term y | K ;Vly. The effect of the
pruning topology can be understood through the mass of
surviving input-output paths.

A path-density proxy. To interpret how the pruning topol-
ogy affects the Graphon-NTK complexity term in Corollary
6.1, we consider L = 2 hidden layers with graphon limits
WO, W and WE) of layerwise pruning masks, where
U, U1, Uz, uz € [0, 1] index input coordinates, hidden neu-
rons, and output positions. Assume the activation o is twice
differentiable, and then the absolute value Graphon-NTK
Gram matrix satisfies that

1 1
|Kw<.7},1;/)| S (ch‘/ 2(4)(ul,x,x/)dulD.
(=0 0
1
( |E<°>(uo,x,:c’)Pw(uO)duo> (10)
0

where C;’s are constants, ¥!(u;,z, ') is activation co-
Variance, Pw(’LL()) = f[O 13 W(l)(umul)l/\/@)(ul,uz)

W) (uy, uz)dusdusdu, is the path density from input
to output determined by layer graphons, and %9 (ug, z, ') is
the input data correlation (See Appendix G for more details).

Interpretation. The path density Py (ug) acts as a
coordinate-dependent measure of how much architectural
mass connects input coordinate uq to the output. In a dense
or uniformly random-pruned network, the path density is ap-
proximately constant across u. For example, if W) = p,,
then Py (ug) = p1p2ps up to the corresponding bound-
ary interpretation for scalar output. Thus Random pruning
uniformly rescales the contribution of all input coordinates.

In contrast, data-dependent Pal methods can induce hetero-
geneous graphons. If their graphons allocate larger con-
nectivity mass to coordinates with larger forward saliency
and to hidden units with larger backward sensitivity, then
Py (up) becomes larger on informative input regions. In

this case, the Graphon-NTK can place more weight on input
correlations that are relevant for the target labels. This can
improve both: (i) spectral conditioning: better eigenvalue
spread in Ky, avoiding spectral collapse; and (ii) label
alignment: smaller complexity y " K gvly when paths align
with informative features.

Caveat. Overly peaked (concentrated) graphons risk spec-
tral collapse if connectivity becomes too sparse in critical
regions. Effective designs should maintain a balance be-
tween the core active region and the lower bounded prob-
ability structure: high path density on signal coordinates
with nonzero background connectivity for stability. This is
empirically observed and verified in (Pham et al., 2023).

6.4. Empirical results

We validate these theoretical insights by comparing the
complexity measure | K. ;\}y of data-driven pruning (SNIP
Graphon) versus Random Pruning (Constant Graphon). We
use wide finite-width MLP proxies (n = 4096) trained on
binary CIFAR-10. We vary the label noise (ratio of flipped
labels) and the network densities p € {0.2,0.4,0.7,0.8}.

Figure 2 shows the complexity bound y " K ;vly increases
monotonically with label noise across densities, confirm-
ing that the bound correctly captures task difficulty. The
gap between topologies is most pronounced in the sparse
regime. At p = 0.2 and p = 0.4, the constant-graphon
baseline yields much larger values, consistent with a more
ill-conditioned Ky, whereas the SNIP graphon remains sta-
ble. At higher densities (p > 0.7), the two curves become
close (and can slightly reverse), suggesting that once the
network is sufficiently dense, the bound is less sensitive to
the precise pruning topology.

To provide direct evidence linking our graphon path-density
theory to practical performance, we evaluate SNIP and Ran-
dom pruning on ResNet-20 trained on CIFAR-10 across
varying sparsities, visualised in the rightmost plot in Fig-
ure 2. We trained all these subnetworks for 160 epochs
using the SGD optimiser with a learning rate that started
at 0.1 and decayed during training. The result shows that
Random is competitive with SNIP at medium sparsity, but
degrades much more sharply at extreme sparsity. This is
qualitatively consistent with the sensitivity result above and
also the graphon/path-density picture: homogeneous ran-
dom pruning uniformly dilutes connectivity, which becomes
harmful at high sparsity, while data-dependent pruning can
preserve higher path mass on informative coordinates.

Takeaway. The graphon limit offers a convenient way to
express how the pruning topology enters the generalisation
bound through the complexity term. This offers a way to
understand the behaviour of Pal methods. In particular, un-
der low density (high sparsity), data-dependent Pal tends
to exhibit a lower y " K ;vly, consistent with more concen-
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Figure 2. Sensitivity of Graphon-NTK Complexity vs. Label Noise and Empirical Pruning Performance. The first four panels plot the
theoretical complexity y ' K gvly (y-axis) against the ratio of randomised labels (x-axis) for a specific density p. The rightmost panel
shows the empirical test accuracy against sparsity for SNIP and Random pruning on CIFAR-10 with (Wide)ResNet-20.

trated (heterogeneous) path allocation. This explains why
SNIP/GraSP perform better than Random pruning. In con-
trast, under mild pruning, the constant-graphon (Random
pruning) yields a comparable or even smaller complexity
term, matching its often competitive performance.

7. Conclusion

In this work, we provide the first rigorous derivation of the
infinite-width limits for Pal methods. By introducing the
Factorised Saliency Model, we prove that discrete masks
generated by popular Pal methods converge to limit bipar-
tite graphons. This limit captures the asymptotic sparsity
geometry and yields a principled way to compare different
pruning rules through their induced graphons. In particu-
lar, Random pruning converges to homogeneous graphons,
and data-driven methods induce structured heterogeneity.
Leveraging this graphon limit perspective, we establish two
fundamental guarantees for sparse learning. First, we derive
a Universal Approximation Theorem for sparse networks
restricted to “active” coordinate subspaces, demonstrating
that sparse networks retain the expressivity of dense models
on the manifold of relevant features. Second, through the ex-
tension of the Graphon-NTK, we link topology to generali-
sation via the concept of path density. Our analysis confirms
that heterogeneous graphons improve kernel alignment by
concentrating path density on informative signals, whereas
homogeneous ones dilute path density uniformly. Future
work could leverage these topological insights to design
principled pruning criteria that focus on maximising path
density on important features. Additionally, investigating
the finite-width corrections to this asymptotic theory would
help further bridge the gap to practical implementation.

Limitations and future works. While our graphon-limit
framework provides a rigorous mathematical foundation
for analysing sparse topologies, we acknowledge several
theoretical limitations that present exciting future research.

Firstly, our graphon convergence theorem currently assumes
a joint infinite-width limit where both the hidden width and
input dimension approach infinity. If the input (or output)
dimension is kept fixed, as is standard in classical NTK
analyses, the mask would no longer converge to a standard

continuous graphon. Instead, the natural limit object be-
comes a mixed discrete-continuous kernel. Extending our
framework to this regime is a crucial next step for aligning
the theory closer to standard architectures.

Secondly, to mathematically verify the convergence of the
input saliency profile (Assumption 4.2), our single-layer
analysis utilises bounded i.i.d. inputs. While this is a
strong assumption for structured raw data (e.g., images),
it is intentionally designed to be transferable to hidden lay-
ers. As outlined in our layer-wise blueprint for deep net-
works (Appendix D), hidden activations naturally converge
to deterministic profiles under standard infinite-width lim-
its, thereby organically satisfying this assumption at deeper
layers. Nevertheless, establishing a fully rigorous deep Pal
theorem remains an open challenge. Because pruning de-
cisions at early layers perturb the forward activations and
backward gradients of subsequent layers, future work must
establish tighter, non-asymptotic control over these cross-
layer dependencies.

Thirdly, our results all operate in the strict infinite-width
limit. In practice, algorithmically pruned networks operate
at finite widths where combinatorial variance still impacts
the topology. Therefore, a highly impactful future direction
is the derivation of finite-width convergence rates. Develop-
ing non-asymptotic bounds that quantify how fast empirical
masks approach the graphon, and precisely how approxima-
tion power and NTK conditioning degrade at finite widths
under sparsity, will further bridge the gap between asymp-
totic theory and practical implementation.

Impact Statement

This work establishes a rigorous continuous-limit frame-
work for Pruning-at-Initialisation (Pal), characterising the
asymptotic limits of sparse network topologies via contin-
uous function kernels. We prove that popular Pal methods
converge to deterministic graphons, providing the mathemat-
ical tools guarantee the expressivity and generalisation of
sparse networks. These insights pave the way for designing
principled, highly efficient sparse training algorithms, di-
rectly contributing to the effort to reduce the computational
and environmental costs of modern deep learning.
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Organisation of the Appendix. This appendix provides detailed mathematical proofs and additional supporting experi-
ments for the results in the main text.

» Appendix A provides the proof of Theorem 4.7 (Graphon Convergence) using the Factorised Saliency Model.

* Appendices B and C provide formal verification of the fact that SNIP and GraSP satisfy the regularity assumptions
required for application of Theorem 4.7.

* Appendix D provides details on extension of the Graphon Convergence Theorem to deep neural networks.
» Appendix E provides the proof of Theorem 5.7 (Universal Approximation on Active Subspaces).

* Appendices F and G provide the proofs for the Corollary 6.1 (Generalisation error bound) and the path density
decomposition.

A. Graphon Convergence for Factorised Saliency Model

In this appendix, we prove the graphon convergence in bipartite cut-metric for the factorised saliency model
Snyig = Pn,i Un,j 1&gl My i = H{Sn,ij > Tn}, i€ld], je€n],

in the joint limit d = d(n) — oo and n — co. Let W4 denote the bipartite step kernel associated with a matrix A € R4,

and 5%11’ denote the bipartite cut distance Eqn. (2). We first restate assumptions and main results, then provide detailed
explanations and proofs.

A.1. Assumptions

We will take the joint limit as d — oo and n — co. We state the assumptions at the necessary level of generality needed for
our cut-metric convergence argument. We add remarks to indicate typical sufficient conditions.

Assumption A.1 (Asymptotic width scaling).
1
og(d +n) o
min{d, n}

Assumption A.1 ensures that uniform concentration bounds over cut sets dominate logarithm of the cardinality terms arising
from discretisation and union bounds. It is satisfied, for instance, when d and n grow at any polynomial rate.

Assumption A.2 (Deterministic input features). There exists a bounded continuous function ¢ : [0, 1] — [0, co) such that,
after a relabeling of input coordinates it holds that
) P
11;1%)2 |<p,” — cp(z/d)| — 0.
This assumption identifies a continuum limit for the discrete row features and guarantees that the row part of the edge-
probability grid is well-approximated by ¢(u) uniformly in ¢. Continuity of ¢ controls discretization error when passing

fromi/d to .

Assumption A.3 (Neuron features empirical CDF convergence). Let ﬁwyn(t) = 4 Z?Zl 1{¢, ; < t}. There exists a

deterministic CDF F, supported on [0, 0o) such that

= P
sup |Fyn(t) — Fy(t)| — 0.
teR

Let Qy(v) :=inf{y > 0: Fy(y) > v} be the generalised quantile. After sorting columns by v, ;, the kernel becomes a
deterministic function of the order statistics v, ;. This assumption ensures that the sorted column features converge via
order statistics to the quantile curve v +—> Q,/,(v), which defines the limiting column coordinate.

Assumption A.4 (Conditional independence of edge noise). Let

Gn = 0({en,iti<d {¥n.jti<ns Tn)-

Conditioned on G,,, the noises {gn,ij}i@ j<n are independent with common law P, and are independent of G,,. Moreover,
the CDF of || on [0, c0) is continuous.
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Pruning at Initialisation through the lens of Graphon Limit

In this assumption, independence of &, ;; yields conditional independence of mask entries given (¢, ¥, 7,), enabling
application of the matrix Bernstein concentration for the random mask around its conditional mean. Continuity of the CDF
of |€] ensures that the link function z — P(z|£| > 7) is continuous, which is required to pass to the limit in the mean kernel.

Assumption A.5 (Deterministic threshold). There exists 7 € (0, co) such that

P .
7, — 7 and T, is G,-measurable.

This assumption allows the threshold to control sparsity. Convergence of 7,, ensures that the edge-probability link function
stabilizes asymptotically. Measurability with respect to G,, guarantees that conditioning on G,, indeed implies edges
independent via Assumption A.4.

A.2. Proof of Theorem 4.7

Theorem A.6 (Bipartite graphon convergence, Theorem 4.7). Let d — oo and n — oo. Consider the model

Snyij = Pnyi - Unj - &nijl, M, ;= 1{Shij > Tn}, i€ld], je€n], (1D

and let Wy, := Wy, denote the step kernel associated with M,,. Assume assumptions A.1-A.5. Define the limiting kernel
W :[0,1]% — [0,1] by
W(u,v) :=P(p(u) - Qu(v) - [€§] > 7), (12)

where Q. 1= Fw_l(v) = 1inf{y : Fyy(y) > v} is the generalized quantile function. Then

SEP (W, W) 5 0. (13)
Remark A.7. The limiting kernel WV is monotonic in v due to the use of the quantile function Q. (v).

High-level summary of the proof. We first sketch the main ideas of the proof. Detailed technical steps will be given later.

Let 7, be a sorting permutation of the columns by 1), ;. We write W for the corresponding column-relabeling which
does not change (%ip. Let W be the conditional-mean kernel, whose matrix entries are M ;; = P(on,itn r, ()|€] >
Tn | ©ny Wn, Tn). Then ) )

[Wr = Wllo < W7 = Willo+ [[W7 = Wlo. (14)

(i) Step 1: Concentration bound (proved in A.3.3) Conditioned on (¢,,, ¥y, Tp,), the centered entries M. — Mr

n,ij n 7,]
independent, mean-zero, and bounded, so an application of the matrix Bernstein bound in combination with the estimate

|- 1lo < (dn)=Y2|| - ||op yields | W — W;[HDE)OunderAssumption4.l.

(ii) Step2: Mean-kernel limit (proved in A.3.4) Assumptions 4.2-4.5 imply that W7 (u,v) — W(u,v). Using the

boundedness of (0 < W7 < 1), it follows that |7 — W|[; <> 0, hence || W7 — W||g = 0. Combining the two terms and
using the invariance under relabelling of the cut metric gives the claim.

A.3. Technical Details for the Proof of Theorem 4.7
A.3.1. EQUIVALENCE OF CUT NORMS

Lemma A.8 (Step kernel cut norm equals matrix cut norm). For A € R¥*"™, define the matrix cut norm

1
Allg mat := — Al 15
AN, mat dn SC[d TC ZZ I (1%
€S jeT
Then HWAHD =
Proof. Any choice of subsets S C [d] and T' C [n] corresponds to measurable sets S* = (J;c 5 /i and T* = (J, o J;. That

yields [|[Wallo > | Allo,mat-

13
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Conversely, let S, T C [0, 1] be measurable sets. Let s; := d (SN 1;) € [0,1] and t; :=nu(T N J;) € [0,1], where p is
the Lebesgue measure. Since W4 is constant on each set I; X J;

d n
WAzﬁ_ZZ sit; (16)

SxT

For fixed t = (t;), the expression is linear in each s; € [0,1], so it is maximized at an extreme point s; € {0,1}. The
maximum over [0, 1]%*™ of a multilinear form is achieved at a vertex. Similarly for ¢ ;- Hence the supremum over measurable
S, T equals the maximum over Sy C [d], Ty C [n],i.e. |[Wallo < [[Alloma. O

O

By Lemma A.8, we can work directly with matrix cut norms.

A.3.2. COLUMN SORTING AND INVARIANCE

Let 7, be a permutation such that ¢, (1) < ¥z, 2) <+ < Yy 1, (n)- We define the column-permuted mask matrix
and its step kernel as

M o= My )y W= Wagr (17)

Lemma A.9 (Invariance under row and column permutation). We have
08" (W, W) = 637 (W™, W) < [T = W[ (18)

Proof. A row and column permutations correspond to a measure-preserving relabelling of the u- and v-axes that maps
each interval I; to I, ;) and J; to J; (;), respectively. Since the bipartite cut distance permits independent relabelings
of rows and columns, it is invariant under this transformation. The final inequality follows by taking the trivial identity
transformation in the infimum defining (%ip. O

Lemma A.9 reduces the problem to showing ||[W — W)||g — 0. To control this distance, we introduce an intermediate
proxy, which is the conditional=mean kernel, denoted by W, . From the assumption A.4, conditioned on G,,, the entries

My ;; are conditionally independent Bernoulli random variables with conditional means

MY = EIM] 5 | Gnl = P(oni - Ynrn() - 1] > 7n) - (19)

Let W[ := WM,r be the step kernel induced by M. By the triangle inequality, we decompose the error into a stochastic
concentration term and a deterministic approximation term:

W7 —Wlo < W = Willo+ W] —Wlo (20)

We analyse these two terms separately in Appendices A.3.3, A.3.4, respectively.

A.3.3. CONCENTRATION AROUND CONDITIONAL MEAN

The term ||W," — W || captures the deviation of the binary edges from their conditional probabilities due to the noise &.
We define the difference matrix -
X, =M~ — M* ¢ R™*", (21)

Conditioned on G,,, we have

o The entries { X, ;; }i<a,j<n are independent, since they depend on i.i.d. {¢,, ;;}, and 7, is a deterministic function of

w‘lh
* E[X,:; | Gn] =0,
A |Xn,ij| S 1.

14
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Our goal is to show that || W7 — W7||g = || Xn||0mat — 0.

Lemma A.10 (Cut norm controlled by operator norm). For any matrix B € R4*",

1
Bllomat < —||B|op- 22
[ Bllo,mat \/%II lop (22)
Proof. By definition,
1
B = — B;il. 23
1Blomen = 3o oo |2 2 B )
€S jeT

For any S, T, let s € {0,1}% and t € {0, 1}" be their indicator vectors. Then

ZZBM = STBt. (24)

i€S jeT

By the Cauchy-Schwarz inequality and the definition of operator norm,

|57 Bt| < [1Bllop|sll2|2- (25)

Since ||s]2 = +/|S] < Vd and ||t|2 = \/|T| < v/n,
|57 Bt < || BlopVdn. (26)
Dividing by dn and maximising over S, T yields the result. [ O

By Lemma A.10 and Lemma A.8, it suffices to prove || X, ||op = o(Vdn).

Lemma A.11 (Matrix Bernstein implies cut-norm concentration). Under the assumption A.1, we have
™ s P
Wy = Wil — 0. (27)

Proof. By Lemma A.8, we have |[W — WT||g = || X,||0.mat- By Lemma A.10, we have || X,, ||0mat < \/% 1 X% | op-
We apply the rectangular matrix Bernstein inequality (Tropp et al., 2015) to the sum of independent mean-zero random

matrices representing the entries of X, € R4*"_ conditioned on P, forallt > 0,

t2
]P)(”XHO}) Z t | gn) =P ZJAZJ 2 t gn S (d + n) eXp(—2(V+Lt/3)) . (28)

op
where A;; is a zero matrix except the entry (4, j) where it’s value is X ;. Therefore, each matrix A;; is zero mean and |A4,;| <
1. The bounding term is L = || A;;|lop = 1. In addition, V' = max{|| Zij ]E[AiinTj\gn]Hop N Zij E[AiTinj\gn]Hop} is
the norm of the matrix variance of the sum. Here, each entry of X,, is a centered Bernoulli, so E[X7|G,,] < 1/4. Thus,
V < 1 max(d,n), and we obtain the unconditional bound

2
P X llop 2 1) < (d+n) exp<—2 T +t/3>> ' 9
1 ’

We now chooset := C' (\/& + \/ﬁ> \/log(d + n) with C > 0 sufficiently large. Note that ¢? is of order (d + n) log(d + n),
which dominates max(d, n) for large n. More precisely, for large n,
t2

2 (3 max(d,n) +t/3)

> clog(d + n) (30)

for some constant ¢ > 0 that can be made arbitrarily large by increasing C. Choosing C so that ¢ > 2, we obtain
B(| Xnllop > £) — 0.
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Therefore, by Lemma A.10,

1 t log(d + n) \/log(d +n)
Xn mat < —— Xn op L —F— = C \/ + 31
which converges to 0 by Assumption A.1. By Lemma A.8, we have [|[W," — W[ ||g = || Xy||0.mat 5o O

A.3.4. MEAN KERNEL CONVERGENCE

The term |W" — W)||g measures the discretisation error between the finite grid of probabilities and the continuous limit
graphon. In this step, we will bound the cut norm by the stronger L' norm: [|[WT — W||g < [[WT — W]|;.

Define the functions
g(r,2) =P(z[¢{| > 1), 2>0,7>0, (32)

with g(7,0) = 0. Then
M;Lr,ij = g(Tna Pn,i wn,ﬂ'n(j)) s W(ua ’U) = g(T, 410(“) Q¢' (U)) . (33)

Here, we call this functions g() a link function that capture the fact that edge probability depends on the product of forward
and backward factors.

Lemma A.12 (Order statistics from empirical CDF convergence). Assume Assumption A.3. Let v € (0, 1) be a continuity
point of Qy and jy, := [nv]. Then

P
Un,(jn) = Qu(0)- 34

Proof. Let g := Qy(v) and fix n > 0. Continuity of Q. at v implies Fy (¢ — 1) < v < Fy(q + 7). Set
A, = min{v — Fy(q —n), Fy(g+n) —v} > 0. 35)

On the event {sup, |ﬁw,n(t) —Fy(t)] < Ay}, we have Fynlg—n) <v< ﬁw,n(q +m). By the generalized inverse identity

Fuj;(”) = Vn, [nv]» it holds that ¢ — n < 4y, (5. < ¢ + 1. Therefore

P a1 > 1) < B (500 Pt~ Fofo)] > &) 0, G0

which shows ¥y, ;. L q. O

Lemma A.13 (L' convergence of the mean kernel). It holds that
[Wr =Wl =0, and [[WF—W|g 0. (37)

Proof. Let Dy, (u,v) := W[ (u,v) — W(u,v)| € [0,1]. Fix (u, v) such that v is a continuity point of Q. Let i, := [du]
and j,, := [nv]. By Assumption A.2 and continuity of ¢, we have ¢,, ;. LN @(u). By Lemma A.12, v, (. LN Qy(v). By

Assumption A.5, 7, L 7. Since g is continuous and the limit is deterministic, the continuous mapping theorem yields
— T P
Wn (uv 1)) = g(Tnv Spn,ind]n,(jn)) - 9(7—7 @(U)Qw (U)) = W(U, U), (38)

so that Dy, (u, v) L, 0 for all w and all continuity points v of Q. As @y has at most countably many discontinuities, this
holds for Lebesgue-a.e. (u,v). Because 0 < D, (u,v) < 1, for any ¢ > 0, E[D,,(u,v)] < € + P(D,(u,v) > ¢€), this

boundedness implies E[D,, (u, v)] — 0 for Lebesgue-a.e. (u, v) when D, (u, v) 5o. By dominated convergence theorem,

E|WT —W|, = / E[D,,(u,v)] dudv — 0. (39)
[0,1]2
The Markov inequality yields || W7 — W||; Zo. Finally, || - ||o < || - |l1 gives the cut-norm claim. O
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A.3.5. CONCLUSION

Combining the above results and the triangle inequality, we have

W =Wl < [Wr = Wi lla+ [Wr —=Wlg =0 (40)
By Lemma A.9, it holds that
P (W, W) = 6BP(WE W) < [WE = Wig = 0, (41)

which completes the proof of Theorem 4.7.

17
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B. Realisation of SNIP in the Factorised Saliency Model

In this appendix, we show that SNIP fits into the Factorised Saliency Model S;; o< ¢;1;|&;;| for a single hidden layer
network.

B.1. Model and SNIP score at initialisation
Bounded input setting. Let the input be a single random sample

2= (r1,...,7q) €RY, ;"K' X, |X|<Bas. (42)
for some bound B > 0. Let F| x| denote the CDF of | X| on [0, B]. We assume F| x| is continuous on [0, B].

o MK A0, 1).

))1<1<d 1<;j<n be independent families with 9(2 b /\/(O7 1), i

Initialisation. Let (6\”)7_, and (.}

One hidden layer network. Consider the random network

1 n
falw) = = 3207 05, B = fzg(l) ; @)
j=1

and squared loss on a fixed label y € R,

1 2
= S(h@ -y o= fa@) - #4)
SNIP pruning score. We introduce a binary mask m ) e {0, 1} on first-layer weights via 9( ) s gjl)gz(; ) and evaluate
SNIP at m = 1. By the chain rule
oL ¢ Ofulx) _ o 1 o) oy 1o
o@D J- PR 0 ﬁaj o'(h;’) - ﬁeij X (45)
(%] (%]
Hence, the SNIP pruning score magnitude factorises as
oL | _ 19| 2) My (gD
S5 = || = =l (7110057 1657 (46)
ij 1) J J
6mi ; ~ T ——— o~
’ Pn.i Yn,j [€n,ijl

Since top-p ranking is invariant to multiplying all scores by the same positive constant, we may equivalently work with the

scale-free scores
sem) . —
“ |5 |
All masks below are defined using 57: j

2 1 1
s<”> = i U [Enig| = 123l 1057 |0 (RSY)] [65). (47)

B.2. Verification of Assumptions A1-AS for the model

We verify the regularity assumptions in Section 4.2 for the SNIP factorisation S-e-(”) = QOn,i¥n.;

5n,ij| with
2 1 (1
Pr,i = |$l|’ ¢n,j = |9j( )| ‘Ul(hg ))‘7 grb ij = ”)- (48)
(A.4.1) Growth rate. Assumption Al is a regime condition on (d, n) which we assume in advance.

(A.4.2) Deterministic input features via measure-preserving relabelling. Since (|z;|)%_, are i.i.d. supported on [0, B],
we may relabel rows by sorting {|x;|}, increasingly. Let |x|(1 < -+ < |x|(q) be the order statistics and define

©n,i := |x|(;). We define the deterministic limit profile ¢ (u) := K X‘( u), u € [0, 1], which is bounded by B and continuous
on [0, 1] under continuity of F|x|. Then standard uniform quantile consistency yields
. P
- 4
nax [eni —@(i/d)| = 0 49)

This is exactly Assumption 4.2.
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oD

i=1"1j L

(A.4.3) Neuron features empirical CDF convergence Fix x and consider (h( )) ', with h(l) = f ¢

Because the columns (9( )) _, are 1.i.d. and independent of x, we have:

. . 1 . . . 1 .
* Conditional on z, the random variables (h; ))?:1 are i.i.d. across j as d — co. Moreover, since (ng))i are Gaussian,

1 Ix[13
hg- Vo~ N(0, s3(z)), s3(z) == ) 2, (50)
(0(2)) _, are 1.i.d. and independent of (h ))7»’:1. Therefore ¢, ; := |9§2)| ‘U/(hgl)” are i.i.d. across j conditional on
x.
To match Assumption 4.3 as stated (a non-random CDF F,), we identify a deterministic limit law by showing s(z) — /2
with % := E[X?]. Since | X| < B a.s., Hoeffding’s inequality implies for all ¢ > 0,
d
1 5 o 2dt?

P(d;xi—u >t> SQeXp(—B4 , (&1))
hence s2(z) = ||z||3/d — v? in probability. Combining with Eqn. (50), the conditional law of h§-1) | 2 converges to
N (0,?), and thus v, ; converges in distribution to the deterministic limit

¢ L1090’ (wG), 0@ ~N(0,1), G~N(O1). (52)

Let Iy denote the CDF of 1 on [0,00) and quantile @;. Then the empirical CDF of {t, ;}7_;, Fyn(t) ==
i 2?21 1{1), ; < t}, satisfies F}, ,(t) LN F(t), at continuity points ¢ of F,, Lebesgue-a.e. v € (0, 1).

(A4.4) Edge noise and asymptotic decoupling. Let
1
Enij =00 ~ N(0,1),

so that |£| has a continuous distribution on [0, 00). The only minor subtlety is that
&) (1) m_ 1 Zd (1)
2 1) 1 1
Yn,j = ‘9 o (h] s hj = ﬁ 2 eq«j Lr,

is not exactly independent of 91(;) at finite d, since 01(]1 ) appears inside hlg-l). We remove this dependence by a leave-one-out
replacement.
For each pair (¢, j), define
W=, _ (D) S - @),
Rt = b \fe” P = Za

r;éz

and i (2) (1),—1
o= 102 o' ().

Conditional on z, the variable w . is independent of 9( . Hence the proxy score

n),—i __ 1
S?,(]) |‘T1|¢7L]‘0( )|
has the desired factorised form with independent edge noise.

It remains to check that the leave-one-out replacement is asymptotically negligible. If ¢’ is bounded and Lipschitz, then

HI9|

—q 2) 71
W’n,j - wnﬂ < |9j | Lip(o ) Nz
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Since the Gaussian weights have finite moments and |z;| < B,

d n
E |33 i — i 2| <

i=1 j=1

/o

Therefore, by Markov’s inequality,

n

d
S g — ] S0,
=1

j=1

Thus the true SNIP scores are asymptotically equivalent to the leave-one-out scores in the sense needed for thresholded
masks. Indeed, multiplying the above difference by the bounded row factor |z;| and the finite-moment edge factor \95;)|
gives an average o(1) perturbation of the score array. By the standard threshold-stability argument at continuity points of the
limiting score distribution, the masks generated by Si(;l) and Sf?)’_i differ on a vanishing fraction of edges. Consequently,
the graphon limit may be proved for the decoupled leave-one-out proxy and then transferred back to the original SNIP mask.

(A4.5) Threshold stability. The main theorem assumes the pruning thresholds 7,, converge to a deterministic limit
7 € (0, 00). In practical Pal methods such as SNIP, sparsity is enforced by top-p selection, so the threshold is the empirical
(1 — p)-quantile 7, of the scores. Let Fg denote the empirical CDF of the score array {.S;; }i<d, j<n. and let Fis be the
deterministic limiting CDF. As (d,n) — oo, Fs concentrates uniformly around Fy, i.e., Sup;cg |Fs(t) — Fs(t)] 5 0,
which in our factorised setting follows from the conditional i.i.d. structure of {S;;} given the row and column features (A.4)
together with a standard application of the Law of Large Number.

Define the theoretical threshold 7 := Fg’ 1(1 — p) and assume FJ is continuous at 7. Then 7,, — 7 in probability, and
replacing 7,, by the constant 7 changes only a vanishing fraction of mask entries:

i<d j<n

Consequently, any graphon limit established for the deterministic-threshold mask 1{S;; > 7} transfers directly to the
practical top-p mask 1{S;; > 7 }.

B.3. Empirical Verification

We empirically illustrate Theorem 4.7 by comparing finite-width SNIP masks to the predicted limit graphon. For visualisation,
we generate square masks M,, € {0,1}"*" at two fixed densities p = {0.1,0.2} for n € {200, 500, 1000, 2000, 4000}.
Following Pham et al. (2025), we sort rows/columns by their latent factors (y; for rows and v; for columns) and average the
sorted masks over 100 random seeds to obtain an empirical edge-probability matrix.

Besides, we compute the limit theoretical graphon, WW(u, v), as a continuous function on the unit square [0, 1]2. To make the
limit object computable, we consider i.i.d. standard normal inputs and weights initialisation. Since inputs z ~ A(0, 1), the
magnitude |z| follows a standard Half-Normal (HN) distribution. We define ¢ (u) = Fypq (u) = v/2erf ! (u). The column
factor is defined as ¢ = |#®)||o’ (h)|, where §(>) ~ N'(0, 1), and different activation functions o (ReLU, Tanh, Sigmoid).
We determine the quantile function Q. (v) for this product distribution via Monte Carlo simulation (N = 10° samples). The
edge noise |¢;; is Half-Normal distributed with scale o5y = 1 where 6(1) ~ A/(0,1). Given a global threshold 7 (solved
numerically to match density p), the theoretical edge probability is W, ) = P (p(u)y(v)|€| > 7) = 1— erf(m).

Figure 3 and 4 shows that the averaged empirical masks become progressively smoother and rapidly approach the theoretical
W as n increases; by n > 2000 the empirical and theoretical patterns are visually indistinguishable. This supports the
interpretation of Pal masks as finite-sample discretisations of a deterministic graphon limit.
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Empirical vs Theoretical Graphons with 10.0% density

Graphon n=200

Graphon n=500 Graphon n=1000 Graphon n=2000 Graphon n=4000 Theoretical Graphon

RelU

Tanh

Ll

Ll
Ll
Ll
1l

Sigmoid

Figure 3. Visual Convergence to the Graphon Limit. We compare empirical masks with different activation functions at increasing
widths (n = 200, 500, 1000, 2000, 4000) against the analytically computed Theoretical Graphon. The density is fixed at p = 0.1.

Empirical vs Theoretical Graphons with 20.0% density

Graphon n=200 Graphon n=500 Graphon n=1000 Graphon n=2000 Graphon n=4000 Theoretical Graphon

RelU

Tanh

Sigmoid

L b
L b
L b
L

Figure 4. Visual Convergence to the Graphon Limit. We compare empirical masks with different activation functions at increasing
widths (n = 200, 500, 1000, 2000, 4000) against the analytically computed Theoretical Graphon. The density is fixed at p = 0.2.

C. Realisation of GraSP in the Factorised Saliency Model

In this appendix, we show that GraSP can be realised into the Factorised Saliency Model by an explicit decomposition of the
Hessian—gradient product in the same setting as in Appendix B. We treat both (i) the original signed GraSP pruning score
and (ii) its magnitude variant, and show that, up to an (, j)-independent scalar, they are asymptotically rank-equivalent
to the corresponding signed or magnitude SNIP scores. The discrepancy is either identically zero for piecewise-linear
activations, or vanishes uniformly as n — oo.

Recall that GraSP assigns each parameter a signed score based on a Hessian—gradient product. Let § € R9" be the vector of
first-layer weights {Gz(J1 )}19'5(1, 1<j<n. and define the gradient and Hessian of the loss w.r.t. § as

5(0) :== VoL(0) € R, H(0) := VZL(0) € Rinxn, (54)
GraSP uses the elementwise product H s to score coordinates. In matrix indexing, define the signed GraSP score as

z0 =9 (Hs)y, 1<i<d 1<j<n (55)

Two pruning conventions. We consider:
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1. (Signed GraSP). Define the signed retention saliency
S =z = 9 (Hs),. (56)

Then the signed GraSP mask is
M;‘f“ = 1{5’bgn > ToENY, (57)

Note that 7;8" may be negative. This variant retains weights based on the signed influence captured by H s.
2. (Magnitude GraSP). Define the magnitude saliency
smee = 7). (58)
Then the magnitude GraSP mask is
Mmag = l{Smag > 7,08 T8 > 0. (59)

This variant retains weights with large influence regardless of sign and fits the nonnegative Factorised Saliency Model
most directly.

Remark C.1. If masks are produced by top-p selection, then Eqn. (57) and Eqn. (59) correspond to taking 7™ to be the
empirical (1 — p)-quantile of {.5;; }. All results below apply to either form, via the same threshold-replacement argument as
in Appendix B.4.

C.1. Hessian factorisation and the global scalar c,,

Let us write the Jacobian of the scalar output w.r.t. f as .J := Vy f,,(x) € R9". By the chainrule, g = VoL = 6 Vo f, = § J.
For squared loss, we have H = V4L = J.J T+6 V2 f,.. Therefore the Hessian—gradient product decomposes as

Hg=(JJ")(SJ) + 6(V5fn)(6]) = @@ g + *(Vifa)J. (60)
=:icpn =R

The key point is that ¢, = ||.J||3 is a single scalar, which is independent of (i, j).

Explicit formula for ¢,,. In our model,

Afn e

1y, 1
i = — =, (61)
T oe) f g )

so that

Cn:i:i']’ _(||zH )_(%iem 2o/ (1) ) 62)
j=1

i=1 j=1

Explicit formula for the remainder R. A direct differentiation shows that the only nonzero second derivatives couple
weights within the same neuron:

> fn 1 @ 1), 1
—— = =1{j=5}  —=0:"0"(h;) = zxy. (63)
(1) 591 i J
o0}, 96, vn d
Using Ji1j = — 9(2) ’(h;l))fmz yields
52 . 82fn _ 52 (0]('2)) //(h(l)) /(h(l)) (HJUH%) i (64)
Combining Eqn. (55) and Eqn. (60) gives the entrywise score decomposition
Z = —c, (0g:i5) —0)Ri;. (65)

—
SNIP signed score =:E;;

Recall from Appendix B that the SNIP score magnitude is |97: 9w| = ‘5‘ | il \9(2)| |0’ (h (1) )| |9(1)|.
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C.2. Lower-order remainder bounds
We consider two regimes.

Case 1: Piecewise-linear activations. If o is piecewise linear (e.g. ReLU or leaky-ReLU), then o’/ (¢) = 0 for all ¢ # 0.

Since each hgl) has a continuous distribution at random initialization, ]P’(hgn = 0) = 0, hence o” (h§1)) = 0 for every j. By
Eqn. (64),
R=0 as. = Hg=cng. (66)

Thus ZZ-(;L) = —cn(ﬁg) i) exactly, i.e. GraSP is an entrywise independent rescaling of SNIP.

Case 2: Smooth activations. Assume o is twice differentiable with bounded second derivative ||o”|» :=
sup,cg |0”(t)| < 0o, and assume the nondegeneracy condition

m=E[(0@)wG)?| >0, 6@ .G N((0,1), v?=E[X?. (67)

Here /2 is the same deterministic variance limit used in the SNIP verification; see Appendix B.2.

Define ¢,, := %2221(9?))20’(1151))2, so ¢, = (||z]|3/d)é, by Eqn. (62). Then ¢, — ju; in probability by the same
argument used for the SNIP column features in Appendix B.2. In particular, for any n € (0, u1),

P(¢n > py —1n) = 1. (68)

Next, we compare the remainder to the leading term. Using Eqn. (64) and g;; = 0J;; =0 - ﬁﬁ;ma’ (hﬁ»l))ﬁxi, we obtain

2 1
Ryl 18] 162110 (RS

=0 . (69)

|Cngij| \/ﬁ Cn

Thus, on the event {¢,, > u1/2} and using \a”(h§1))| < lo" | sos

R;; 26" |o |8

max | By < lo"llee . 101 max|6‘(2)|. (70)
i<d, j<n |cngijl G} no j<n ' J

Finally, max;<y, |0§2)| = O(y/logn) by Gaussian maxima, and 6 = f, () — y = O(1) at initialization under the 1/+/n
output scaling and bounded-input regime, as f,, (x) is sub-Gaussian conditioned on x. Therefore the right-hand side of Eqn.
(70) is O(y/logn/n) — 0. Combining with Eqn. (68), we conclude the uniform vanishing:

|Rij|

m —0 asn — oo. 71
i<d,j<n |cngijl

Consequence: Asymptotic rank-equivalence to SNIP. By Eqn. (65) and Eqn. (71),

Zi(;’) = —cn(ﬂg)gij) (14 0(1)) uniformly over the entries.

Therefore the signed score S; fn = —Zi(; ) is uniformly rank-equivalent to the signed SNIP score 9,(]1 )sij, while the magnitude

mag _

saliency ;" = |Zl(j”)| is uniformly rank-equivalent to the magnitude SNIP score |92(]1 )57;]‘|.

C.3. Realising GraSP in the factorised saliency model and assumption verification

The leading order GraSP score depends on (4, j) only through the factor 91(; )gij up to the global scalar c,,. In particular, the
leading term factorises exactly as in the SNIP appendix:

1 6 2 1 1
0. gi; = = (02 o' (n§)) 6L (72)
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GraSP Variants Convergence vs Theory (Density=20.0%)

Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Tanh
(magnitude)

Tanh
(signed)

Value

Sigmoid
(magnitude)

Sigmoid
(signed)

Figure 5. Graphon Convergence of GraSP Variants. Empirical pruning masks for GraSP at increasing widths (n € {200, . ..,4000})
with density p = 20%. We compare Magnitude GraSP (rows 1, 3) and Signed GraSP (rows 2, 4) for Tanh and Sigmoid activations.

Thus, the signed GraSP fits a signed factorised model

S = On,i¥n.i&n,ij» ME = 1{S}5]. > 78}, (73)

n,ij n,ijy n,ijy n
with ¢y, ; = 4, Py j = 9;-2)0/(h§~1)), En,ij = 92(;)~
Meanwhile, with magnitude GraSP, we take absolute values yields
1 2 1 1
6575351 oc L (167 ]10" (nS)1) 1657 (74)
which is exactly of the non-negative factorised saliency model form:

mag __ X .
Sn,ij = ¢n,ithn,;j

nggly  MuGd = US55 > i} e > 0. (75)
Therefore, the verification of Assumptions 4.1-4.5 for GraSP follows the same template as SNIP (Appendix B.2): row-profile
quantile consistency for ,, ;, empirical CDF convergence for v, ;, asymptotic decoupling of &, ;; from 1,, ; under bounded
inputs, and threshold stability/threshold replacement for top-p pruning (Appendix B.2-B.4). The only additional ingredient
for GraSP is the remainder control Eqn. (71), ensuring that the Hessian correction does not alter the limiting ranking and
mask.

C.4. Empirical verification and theoretical graphon details

We empirically validate the convergence of GraSP to its theoretical limit using the setup described in Appendix B. We vary
network width n € {200, ...,4000} and fix density p = 0.2. We exclude ReLU activations here, as the second derivative
vanishes (¢” = 0) almost everywhere, rendering the Hessian term zero in standard implementations; instead, we focus on
Tanh and Sigmoid to verify the non-trivial asymptotic equivalence in the smooth regime. Figure 5 presents the results. To

visualise the latent structure, rows and columns are sorted by the theoretical latent factors | (u)| and 1 (v) respectively.
Convergence to the limit. For both activations, the empirical masks smooth out as n increases, becoming visually
indistinguishable from the theoretical prediction at n = 4000. This confirms that despite the complex Hessian interactions,

the GraSP mask converges to a deterministic graphon.
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Theoretical Graphon Details: While our derivation in Appendix C.2 proves that Signed and Magnitude GraSP each is
rank-equivalent to its corresponding SNIP variant; the two induce different link functions, Figure 5 reveals a distinct visual
difference: the Signed variant (rows 2 and 4) exhibits a much wider transition boundary than the Magnitude variant. This
difference is explained by the specific link functions induced by their respective selection rules. Let ¢(u)t(v) be the latent
signal strength and £ ~ N(0, 1) be the edge noise.

* Magnitude GraSP. This variant retains edges where | (u)y(v) - | > 7™, The limiting edge probability is:

™y, ) — P <|g| > M) ol —erf (W) . (76)

The error function decays exponentially fast. Furthermore, to target a sparsity of p = 0.2, the threshold 7™ must be
relatively large (far into the tails), resulting in a fast transition from W ~ 1 to W =~ 0 as p(u)y(v) decreases.

* Signed GraSP. This variant retains edges where ¢(u)t(v) - £ > 7°¢". The limiting edge probability is:
W (0, 0) = P (g T ) 1-® (ngn ) (77)
#(u,v) = > =1- )
p(u)y(v) p(u)y(v)

where @ is the Standard Normal CDF. To achieve the same density (i.e., p = 0.2) using only the positive tail, the signed
threshold 78" must be significantly lower (closer to the mean) than 7M. Operating closer to the probability mass
center means that small changes in the signal ¢ (u)1)(v) result in more gradual changes in edge probability.

The rightmost column of Figure 5 plots these exact functions. The agreement between the n = 4000 empirical masks
and their respective theoretical counterparts confirms that the wider spread in Signed GraSP is not an artifact of slow
convergence, but the mathematically correct limiting behavior of a one-sided selection rule.
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D. Extension of Graphon Convergence Theorem to Deep Neural Network

Consider am L-hidden layer network at initialisation with widths ng = d, nq, ..., ny and forward recursion
1 Neg—1
@ ._ } : (€ (e=1) 0 ._ () _
h] = m L 0” Zi s Z] = O'(h] ), Z—l,...,L, (78)

¢ . . . . - .
where {ng)} are i.i.d. across entries and independent across layers, and ¢ is an activation function.

In the deep factorised saliency model at layer /,

YA YA V4 Y4 YA
SO =0l ), M)

n,ij n,ij

=1{8) >0}, ieneil, j el (79)
Now, for SNIP saliency score, we show that for a hidden layer ¢, Assumptions A4.1 - A4.5 are satisfied asymptotically.

Deterministic input feature limit. Fix a hidden layer ¢ > 2. For the layer-¢ mask, the input feature is the magnitude of
the previous-layer activation,

¢ e )

=12V ie el (80)
We verify that the empirical distribution of {gpﬁf )Z}ZZT has a deterministic limit. Conditional on z(*~2), the pre-activations
in layer ¢ — 1 satisfy

ne—2

-1 1 1) _(e— ,
i Em;ag 2D i€ gl (81)

Since the columns {H(f -1 }ito " are ii.d., the random variables {hgel) }ito " are ii.d. conditional on z

initialisation case,

(=2) In the Gaussian

ng_2

. 1
B AN (0,607P), g = S () (82)

Ne—2 r=1

Under the standard infinite-width moment assumptions, the empirical second moment satisfies

_9) P -
e (83)
where ¢(*~2) is deterministic. Hence, the conditional law of hl@_l) converges to the deterministic Gaussian law
N(0,q¢=2)) .
Therefore the row feature gogﬁ )Z = |zi(£_1)| has the deterministic limiting law () = |o(h(!=V)|. Let F, () denote the CDF
of ¢(©). The empirical CDF
a LN~ 1700
Foo () i= — ; ey <t} (84)
then satisfies N N
Su]g ng(e)’n (t) — F¢(e) (t)‘ — 0. (85)
te

Consequently, after sorting the row features increasingly, the empirical quantiles converge to the deterministic quantile curve
Quo (u) :=inf{s > 0: F,u(s) > u}. (86)
In particular, at continuity points of ),

¢ P
<p5l)( Me_su]) Q0 (u), u € (0,1). (87)

This verifies the row-feature analogue of Assumption 4.2 for layer /.
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Neuron-feature empirical CDF convergence. For hidden layers, the neuron feature should be defined through the
normalised backpropagated sensitivity rather than through the raw outgoing weight norm. We have ’(/JJ(- = |o’ ( ) Z)|

pll) — 9§L+1) nHl 9(e+1 O_,(hl(erl))bl(erl).

. . 0 _
where b, for the last hidden layer, and recursively, b ; W pa

Under the standard infinite-width moment assumptions, the forward variables satisfy hg ) N (0, g¢—1) with deterministic

variance recursion ¢, = E[o(h(¥))?]. The backward factors also have a deterministic limiting law. Starting from bgL) ~
N (0, 1), define recursively

D)~ N(0,5041), seq1 = E[(C"(h(ﬁl))bwl))z} ’

with b() independent of h(®) in the infinite-width limit. Hence, ©)() has a deterministic limiting distribution. Let Fy be
. . ~ n . ~ P
its CDF. Then the empirical CDF F,«) (1) = n% > it 1{w7(f§ < t} satisfies sup,cp ‘me’n(t) — Fyw ()] — 0.

This verifies the layerwise analogue of Assumption 4.3.

Edge noise asymptotic decoupling. The subtle point is that the neuron feature
@ _ (1O 0
wj =|o (hj )bj ‘ (88)

is not exactly independent of the edge noise 9( ). This dependence enters directly through hy)

), since perturbing h;

, and indirectly through the
downstream factor bg changes later-layer activations and hence the backpropagated sensitivities.

For each edge (i, j), define the leave-one-out pre-activation

i 1 _
P = pl — 012, (89)

-1
Let bg-g)’_i be the corresponding downstream factor computed in the leave-one-out network, and define

i = o (BT, (90)

f)

Conditional on all weights and activations except 05 ; 6)

, the leave-one-out feature ¢§Z)’_i is independent of ng .

Moreover, by Lipschitzness of o’,

¢ e,—z V4 ¢ 0—1 14 0),—i
[ — |<ﬁ\b”||o“||§ 4 1o oo [0 — 84077, 1)

The first term is O(ng 1 ?) after averaging over (i, j), using the uniform moment bounds on b;z), 9(2) and z(e Y. The
second term is controlled by the standard forward—backward stability recursion: the perturbation created by removing one
edge has normalised size O((ny_1n,)~"/?) at layer ¢, remains of this order as it propagates forward through the fixed-depth
network, and therefore induces an averaged backward-factor perturbation

Neg—1 Ny
5550 - 40— ot o
(e L s
Consequently,
Ng_1 ny
4 £),—i
Sl — gl =0, (93)
A

Thus the original layer-¢ scores and their leave-one-out decoupled versions differ by a vanishing average perturbation. At
continuity points of the limiting score distribution, the corresponding thresholded masks differ on a vanishing fraction of
entries, so their step-kernels differ by o(1) in L!, and hence also in cut norm.
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Threshold stability. For top-p pruning, let T,(f) be the empirical (1 — p)-quantile of the layer-¢ scores. The layerwise
empirical score distribution converges to a deterministic limit distribution. Assuming this limit distribution is continuous at

(€) (¢

its (1 — p)-quantile, we obtain 7, * — 7). Replacing 7, ) by 7(¥) changes only a vanishing fraction of mask entries.

Corollary D.1 (Layerwise graphon convergence in deep neural networks). Fix a depth L. € N. For each layer { = 1,..., L,
let M,(f) € {0, 1}™¢=1%" pe the Pal mask at layer { generated by a factorised saliency model
¢ 0) |4 ¢ ¢
SEL 2_} 90” [ ,lpfz,)] |££L )ij|’ M'r(L 2] - 1{S’7(’L,)L] > T7(LZ)}' (94)
Let W,(f) := W, ) be the associated bipartite step-kernel. Assume that for each fixed {, the layerwise analogues of
Assumptions A4.1 - A4.5 hold, with deterministic limiting graphon W) € L>([0,1]?). Then, as ming ny — oo,
max SAP(WO, WO s 0. (95)

Le[L]

Proof sketch. Fix ¢ € [L]. By the layerwise Assumptions A4.1 - A4.5, Theorem 4.7 applies to the bipartite mask matrix

My, ) and yields 6b1p( ne) W(é)) — 0 in probability. Moreover, in the deep setting the input-feature sequence at layer

() (€-1) (£— )}ne 1

¢ can be taken as ¢, ; = z; , and as shown above the post-activations {z; are (asymptotically) i.i.d. with a

deterministic limit law. Hence, {Lﬂn 2} satisfies the required input-feature assumption. Finally, since L is fixed, a union
bound gives for any £ > 0,

bip (e) (15) blp WO W@
P(Iglaxzs (W, W ) ZIP’((S W, W )>g) -0, (96)

O

D.1. Empirical Verification for 2-Hidden Layer Neural Networks

We extend our empirical analysis beyond the single-hidden-layer setting to verify the Graphon Limit Hypothesis in deep
architectures. We examine the convergence behavior of a 2-hidden-layer fully connected network (d — n — n — 1) under
varying sparsity levels p € {0.1,0.2} and activation functions o € {ReLU, Tanh, Sigmoid}.

Experimental Setup. Inputs are drawn from a standard normal distribution x ~ N (0, I;). We generate SNIP masks for
networks of increasing width n € {200, 500, 1000, 2000, 4000}. To visualise the underlying graphon structure, the discrete
adjacency matrices are sorted according to their latent factors:

+ Layer 1 W): Rows are sorted by the input magnitude |;|.

+ Layer 2 (W®)): Rows are sorted by the magnitude of the incoming activations \J( )| where h1) are the pre-
activations of the first layer.

The results are averaged over 20 random seeds to smooth out finite-sample noise.

Theoretical Limit Construction. While the limit for layer 1 follows the Half-Normal profile derived in Section 4, the
limit for layer 2 is derived recursively. As n — oo, the pre-activations h(!) converge to a Gaussian process with distribution
N (0, 1) (up to variance scaling). Consequently, the theoretical row factors for layer 2 are modelled by the quantile function
of |0(Z)| where Z ~ N(0,1).

Results and Discussion. Figures 6 - 11 illustrate the convergence of empirical masks to the theoretical limits. Across all
activations and densities, the empirical masks converge in the cut-metric topology to the predicted deterministic graphons.
At n = 4000, the empirical masks are visually indistinguishable from the theoretical limit.

The choice of activation function significantly affects the topology of the graphon. For ReLU activations, since weights are
initialised follow Normal distribution, the pre-activation i is symmetric around 0, leading to roughly half of the columns in
layer 1 graphon being pruned. Then, in the second layer, both the inputs and the gradients are subject to the ReLU cutoff.
This explains why it looks like three-quarters of the graphon are pruned in layer 2. In contrast, for activations like Tanh and
Sigmoid, the high-density region in layer 2 appears more diffuse.
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Input -> Hidden1
(Sorted by |x|)

Hidden1 -> Hidden2
(Sorted by |Act])

Figure 6.

Input -> Hiddenl
(Sorted by |x])

Hidden1 -> Hidden2
(Sorted by |Act])

Figure 7.

-
=
g

b}

2

T
A

5
2

<

(Sorted by |x])

Hidden1 -> Hidden2
(Sorted by [Act])

2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=sigmoid, Density=0.1
Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon convergence in 2-hidden layer networks with sigmoid activation function on two densities p = 0.1.

2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=sigmoid, Density=0.2
Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

NRE

Graphon convergence in 2-hidden layer networks with sigmoid activation function on two densities p = 0.2.

2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=tanh, Density=0.1
Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon (n=200) Graphon (n=500)

Figure 8. Graphon convergence in 2-hidden layer networks with tanh activation function on two densities p = 0.1.
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2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=tanh, Density=0.2
Graphon (n=1000) Graphon (n=2000) Graphon (n=4000)

Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Figure 9. Graphon convergence in 2-hidden layer networks with tanh activation function on two densities p = 0.2.
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2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=relu, Density=0.1
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4444,

Figure 10. Graphon convergence in 2-hidden layer networks with ReLU activation function on two densities p = 0.1.
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2 Hidden Layers Graphon Convergence: Theory vs Empirical
Activation=relu, Density=0.2
Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Graphon (n=200) Graphon (n=500) Graphon (n=1000) Graphon (n=2000) Graphon (n=4000) Theoretical Graphon

Figure 11. Graphon convergence in 2-hidden layer networks with ReLU activation function on two densities p = 0.2.
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E. Proofs of Results in Section 5

In this appendix, we prove Lemma 5.6 and Theorem 5.7. Throughout, the mask is defined by M;; = 1{¢; ¥; |&;;| > 7},
and conditioned on (¢, ?) the noises (&;;)i<d,j<n» are independent with common law Pe. Recall the survival link g(7, z) :=
P(z|£| > T) so that

P(Mij =1|¢,9) = g(7, pit);). O7)
We work in the sorted coordinates u; = ¢/d and v; = j/n where max;<q |; —(u;)| = 0 and max;<y, [1); —Qy(v;)| — 0,
and the limiting edge-probability kernel is

W(u,v) = g(7, (1) Qy (v))- (98)

E.1. A counting argument for the active column set

Let V,, C (0,1) be as in Assumption 5.2 with A(V,) = o > 0. Define the set of active columns
Jp={jen:v;=4/neV.} (99)

Since v; = j/n is deterministic, we have |J,|/n — « provided V, is Riemann measurable. that is OV, has Lebesgue
measure 0, or V, is a finite union of intervals. In particular, for all sufficiently large n, it holds that

Tl > S (100)

E.2. Proof of Lemma 5.6

Proof of Lemma 5.6. Fix i € N and let k := |I|. Let J,, be the deterministic active column set defined in Eqn. (99). First,
we show a uniform edge-probability lower bound on the active rectangle. By Assumption 5.2, there exists p, > 0 such that
W(u,v) > p, forae. (u,v) € U, x V,. Since g(r, -) is nondecreasing and continuous on bounded intervals, and since
i = @(u;) and ¥; — Qq(v;) uniformly, we can choose n large enough so that on an event E,, with P(E,,) — 1,

min min g(r, gith;) > 2. (101)

i€l jEJ, 2

Secondly, we define good columns and compute their success probabilities. For each j € J,, define the indicator that
column j is fully connected to the k active inputs:

Gj = 1{My; =1 foralli € T}. (102)

Let G := o(p, ) be the sigma-field generated by the row or column features. Conditional on G, the edge noises are
independent across (i, j), hence the events {M;; = 1};cr are independent for each fixed j. Therefore,

PG =119 =[] P(My=11G) =]]._, 9(r.eivy)- (103)

%

On the event E),, from Eqn. (101), we obtain the lower bound

DPx k .
PG, =1|G) > (5) forall j € J,. (104)

Moreover, conditional on G, the random variables (G;);c, are independent: indeed, G; depends only on the noises
{&; : i € I}, which are disjoint across distinct columns j.

Next, we use Chernoff bound for the number of good columns. Particularly, we define the number of good columns

Naooa =) Gy (105)

Conditionws on G and on E,,, the (G,) e, are independent Bernoulli variables with success probabilities bounded below
as in Eqn. (104). Hence the conditional mean satisfies

k
i = ElNgooa | 9] =Y B(G;=1]0) = [l(%) . (106)

7 e J’ll
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Using the deterministic bound Eqn. (100), we obtain on E,,:

o > %n(%)k (107)
We now apply a standard multiplicative Chernoff bound for sums of independent Bernoulli variables: for any § € (0, 1),
52
P(Nyooa < (1= 0)pin |G) < exp(—=Fiin)- (108)
Take 6 = 1/2. Thenon E,,
P(Nyood < 3ptn | G) < exp(—pn/8). (109)

Then, we ensure at least 72 good columns exist. By Assumption 5.4, (an)p? — oo, the lower bound Eqn. (107) implies
iy, — 00, and therefore exp(—p, /8) — 0. In particular, for all large n we have u,, /2 > 7 and

P(Nyooa <7 |G) < P(Nyooa < bptn | G) < exp(—pn/3). (110)

Taking expectations and using P(E,,) — 1 yields

P(Ngooa = 71) — 1. (111)
On this event, choose any J C J,, of size 7 consisting of good columns; then by definition of G; we have M;; = 1 for all
i € I and j € J, which proves the lemma. O
E.3. Proof of Theorem 5.7

Proof of Theorem 5.7. Fix ¢ > 0. By the classical universal approximation theorem on R¥ (Cybenko, 1989), recalled as
Theorem 5.1 in our paper, there exists an integer 7. < oo and parameters {(a.., 6, b;.) },-=, such that

sup‘f(u)—i:ara(Q;ru—I—br) <e. (112)
r=1

ueK

Let I be the active input set from Assumption 5.3 and define f(z) = f(z;) and K = {z € R?: 27 € K, |Jz1¢||oo < B}
as in the theorem. By Lemma 5.6, with probability 1 — o(1) there exists a set J = {j1,...,js.} C [n] such that M;; =1
forall ¢ € I and all » < .. On this event, we construct F,, € F,,(M) by choosing parameters (a, b, #) in Eqn. (7) as
follows:

* Foreachr < n, seta;, := a, and b;, := b,.
* For each r < 7. and each i € I, set (0, )icy := 0, sothat Y, ;0 x; = =025

* Set all remaining parameters a;, b;,0;; (for j ¢ J ori ¢ I) equal to 0.

Because M;; = 1forall i € I, these weights are not masked out, and thus for all x € R4, we have

Zar (b + Zé’mxl) = iar O’(br + GTTQSI). (113)
r=1

i€l

Hence, for any = € K we have z; € K and therefore by Eqn. (112),

Ful@) = F@)| = | aro @ e +b,) = flan)| < bup|za, (07 u+by) = f(u)| <= (114)
—1 ueK
Taking the supremum over x € K gives sup, . g | Frn(x) — f (z)| < € on the same high-probability event. This proves
]P’(Ei F, € Fo(M) st sup |Fp(z) — f(z)] < a) Sl (115)
zeK
O
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F. Proof of Corollary 6.1

In this appendix, we prove Corollary 6.1. The argument works as follows: in the infinite-width Graphon-NTK regime,
training the graphon-masked network induces the same output predictor as kernel (S)GD with the Graphon-NTK Gram
matrix Ky on the fixed sample .S; we can then invoke Cao & Gu (2019, Cor. 3.10) with Ky in place of the finite-width
NTK Gram matrix.

F.1. Preliminaries: predictions, Jacobian, and the empirical NTK Gram matrix

Let S = {(x;,y;)}/*, beiid. samples from D. Let fp : X — R denote the masked network predictor. Define the prediction
vector on the sample by

£0) = (fola1),-.., fo(zm)) | €R™ (116)
Let the empirical risk be
1 m
Ls(0) := o ;“ﬁ(%%%% (117)

where £ is a differentiable surrogate loss like logistic or cross-entropy. Let J(#) € R™*P denote the Jacobian of f () with
respect to parameters 6 € R?: J(0);. = Vg fo(x;) . Define the empirical NTK Gram matrix as

K(0):=J(0)J(0)" € R™*™, (118)
Training dynamics. Under gradient flow 6(t) = —VLg(6(t)), the chain rule gives the exact prediction dynamics
F(#) = =K (0(t)) VL5 (£(1)), (119)

where VLg(f) € R™ denotes the gradient of £g w.r.t. the prediction vector. For full-batch gradient descent 6, =
0; — nVeLs(0:), one obtains the standard first-order approximation in prediction space

Jer1 = fr = K(0:) ViLs(ft), (120)

up to a second-order term controlled by smoothness of f(6) and the stepsize 7.

F.2. Graphon-NTK and lazy training regime

Let M,, be the Pal mask at width n, and suppose the associated step kernel converges to a limiting graphon Wy, — W
(Section 4). Let ©yy denote the Graphon-NTK kernel defined in Pham et al. (2025), and define the deterministic Graphon-
NTK Gram matrix on S by

(Kw)ij == Ow(zi, ;). (121)
We work under the following standard NTK lazy training assumption specialised to the graphon-masked setting.

Assumption F.1 (Infinite-width Graphon-NTK lazy training regime). Fix a training horizon 7" € N for GD, or T > 0 for
gradient flow and a stepsize schedule. As width n — oo, we assume:

1. Deterministic kernel limit at initialization: K, (6,,0) 3 K,y on the fixed sample S.

2. Kernel stability along training (lazy training): sup,<r || K, (0n.¢) — Kn(605,0)|lop Eo.

3. Kernelised output predictor: The network output predictor used in Cao & Gu (2019, Cor. 3.10) converges in law to
the corresponding output predictor obtained by running kernel gradient descent using Gram matrix Ky on .S with the
same stepsize schedule.

Assumption F.1 places our analysis in the Graphon-NTK lazy training regime, in which the masked-network training
dynamics on a fixed sample are governed by the limiting kernel Ky . The assumption is supported by the same mechanism
as in classical NTK analyses: under NTK scaling, each individual parameter moves by a vanishing amount as widths grow,
which in turn keeps the network Jacobian, and hence the empirical NTK, nearly constant throughout training (Lee et al.,
2019a; Arora et al., 2019b; Chizat et al., 2019).
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To see the intuition, let f(#) € R™ be the vector of predictions on the training set and let J(6) € R™*P be the Jacobian
with entries J; . = Vg fo(x;) 7. The empirical NTK Gram matrix is K () = J(0).J(0)T. Gradient flow satisfies the exact
identity )

F(t) = =K (6(0) ViLs (1)), (122)
so kernel-like dynamics follow once K (0(t)) remains close to K (6(0)).

In sparse networks, weights are still independent at initialisation but have variances modulated by the layer graphons. Under
bounded graphons and standard Lindeberg/LLN conditions, as used to establish the deterministic Graphon-NTK limit (Pham
et al., 2025), forward activations remain O(1) and backpropagated sensitivities obey the usual NTK scaling. Consequently,
the gradient of the loss with respect to any single weight is of order O((ng_lng)_l/ 2) in layer ¢, so each parameter update
is o(1) as width grows. Aggregating across finitely many training steps, this implies that weights remain close to their
initial values in a row-wise sense, pre-activations shift by o(1), and therefore ¢’ remain stable. Since the Jacobian J(0) is
composed of products of these stable forward/backward factors, it follows that

sup || J(0(t)) — J(0(0))||_ . — 0 and sup ||[K(6(t)) — K(0(0))[|_ — 0, (123)

t<T °p t<T opP

for any fixed horizon 7', yielding lazy training. A complete proof in the graphon-modulated setting would follow the
standard NTK blueprint, with two additional technical steps: (i) concentration/CLT bounds for non-i.i.d. sums induced by
the graphon variance profile, and (ii) uniform control over neurons and layers of forward and backward moments to ensure
no small subset of nodes dominates the dynamics. Both are compatible with the bounded-graphon assumptions used to
define the Graphon-NTK limit (Pham et al., 2025).

F.3. Proof of Corollary 6.1

We first recall from Section 3 of (Cao & Gu, 2019) the definition of the associated output predictor f in Corollary 6.1. For a
neural network with input z € R and output fy(x) The associated output predictor f is defined as

f(x):=1{y- fo(z) < 0}. (124)

Proof of Corollary 6.1. Fix § € (0,e™!) and assume Apin(Kyy) > Ao > 0. By Assumption F.1, in the infinite-width
Graphon-NTK (lazy) regime, the output predictor f produced by training the graphon-masked network coincides with the

output predictor produced by kernel gradient descent using Gram matrix Ky on the same sample .S, with the same output
convention as in Cao & Gu (2019, Cor. 3.10).

Therefore, we apply Cao & Gu (2019, Cor. 3.10) with the Gram matrix ©(%) in their bound replaced by Ky . This yields
that, with probability at least 1 — § over .S,

-1
E[ﬁgl(f)] < CL~\/W + C w,

where y = (y1,...,Ym) ' » C > 0 is the constant from Cao & Gu (2019), and L is the depth factor appearing there. This is
exactly the bound in Eqn. (9). O
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G. Path-density proxy for the Graphon-NTK

From Section 4, masks generated by Pal method converge to a specific graphon, which describes the infinite-width limit of
the induced sparsity. Given such converged graphon W, (Pham et al., 2025) defines the associated Graphon-NTK kernel
Oy : X x X — R as the deterministic infinite-width limit of the neural tangent kernel for the graphon-modulated network.
On the sample S, and L-hidden-layer network, we define the Graphon-NTK Gram matrix (Kyy);; 1= Ow(x;, z;) € R™*™:

L 1
Ky(z,z') = Z/ 2D (up_ys 2, 27) due—
(=170

1
|0 (WI,z/)( /
0 [O’I]L—£+1

G.1. Setup and notation

L+1
W (w1, ug) B®) (g 2, 27) duz+1:L+1) duy, (125)
k=£+1

We consider a 2-hidden layer graphon network, with graphons W W W) . [0,1]> — [0,1]. Let’s ug index the
input coordinate, uy,us index the two hidden layers, and u3 index the output side. For inputs x, 2, the Graphon-NTK
decomposes as Kyy = K f,t) + K 1(,\2,) where

1
Ki(/\l,)(x,x’) = Bo(x,x’)/ SO (uy; 2, 2") Py (ug; z, 2') dug, (126)
0
1
K3 (o) = Bula') | £®uai.a') Pafugir ') du, (127)
0
with AN ' (0) . / AN ! (1) . /
BO(va ) E by (Uo,.l?,l‘ )du()a B1(1'7CC) T b (Ul,ﬁﬁ,x )dU1, (128)
0 0
and the downstream passages
1
Py(ug;x,x) ::/ WS (ug, us) 24 (ug; z, ') dus, (129)
0
1
Py(uy;x,2) ::/ W (ug,up) S (ug; 2, ') Py(ug; x, ') dus. (130)
0

The pre-activation Gaussian cross-covariance at layer 1 is
1
SO (uy;x,2') = / WD (ug, uy) 2O (ug; z, 2') dug. (131)
0
Assumption G.1 (Activation regularity ). o is a.e. twice differentiable with ||0”||cc < Cy 1 and [|0” ||oc < Cy 2.

The key steps of the proof are: (i) decompose Ky = K. )(,\1/) + K ‘(,\2)) by layer contributions; (ii) bound activation covariances
and derivative activation covariances by pre-activation covariances; (iii) recursively substitute graphon-weighted integrals
and apply Fubini to isolate the path density term.

G.2. Two Gaussian comparison lemmas
Lemma G.2 (Gaussian covariance contraction). Let (Z, Z') be centered jointly Gaussian. Then
| Cov(o(Z),0(Z"))| < CZ,|Cov(Z,Z)|. (132)

Equivalently, if F(s) := Elo(Zs)o(Z.)] where (Zs, Z') is centered Gaussian with fixed marginal variances and cross-
covariance s, then
[F(s) = F(0)] < Cgls. (133)

Proof. Fix the marginals and interpolate the cross-covariance: let (Z;, Z}) be centered Gaussian with Cov(Z;, Z}) =
t Cov(Z,Z') for t € [0,1], and set f(¢) := E[o(Z;)o(Z})]. Then f(1) — f(0) = Cov(c(Z),c(Z")) since t = 0 yields
independence. A standard Gaussian differentiation identity gives f’(t) = Cov(Z, Z') E|o’(Z;)o’(Z})]. Using |o'| < C, 1
yields | f'(t)| < C2 | Cov(Z, Z')|, and integrating over ¢ € [0, 1] gives the claim. O
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Lemma G.3 (Lipschitz dependence of 3 on cross-covariance). Let (Zs, Z,) be centered Gaussian with fixed marginal
variances and cross-covariance s. Define F'(s) := E|o’(Z;)o'(Z1)]. Then F is Lipschitz and

|F(81)—F(82>| §03y2|81 —82|. (134)

In particular, we have . .
|F(s) = F(0)] < C2,]sl. (135)

Proof. We apply Lemma G.2 with the activation replaced by ¢’. Indeed, (¢)’ exists a.e. and is bounded by ||0”||cc < Cy,2,
hence
| Cov(c'(Z),0'(Z"))| < C2,| Cov(Z,2")]. (136)

For the Gaussian family indexed by s, the centered covariance of o’(Z,) and ¢’ (Z") equals F(s) — F'(0), which gives the
desired inequality. [

G.3. Path-density bounds for K 1(,\1,) and K. 1(,3)

Bounding K 1(/\1,) by path density. Since the activation derivative is bounded ||o”||oc < C, 1, then the expected corelation
between activation derivative ¥() (¢(2), (%)) < C2 , From Eqn. (129) and Eqn. (130), we have
0 <[P (ug;z,2")| < C’il / W (uy,u9) W (ug, uz) dugdus. (137)
[0,1]?

Next, let us fix uy, 2, . The quantity 2 (uy; x,2/) is of the form F(s) with s = 21 (uy; 2, 2’). By Lemma G.3, we
have

|Cov (o’ () (ur, x)), 0" (2D (ur,2"))) | < C25 |2V (ugs 2, 2')], (138)

E[o’ (2 (uy, 2))0" (2 (ur, 2"))] = E[o (20 (u, 2))] E[o’ (2D (uy, 2"))] | < C2 5 |SD (uy; 2,27)), (139)

15D (ugs 2, 2) — E[o” (2D (ur, 2))] E[o” (2D (ur,2'))]| € C24|ZD (u; 2, 2")], (140)

SO (uysz, )| < C2, [ED (uy; 2, 27)| + [E[o’ (21 (ur, 2))] E[o” (2 (u,27))] |, (141)

Then wehae 15O (s z,2')| < C2, |80 (ug; 2,2')| + e, (142)

where c; is bounded by Cg’l. Plugging Eqn. (142) and Eqn. (137) into Eqn. (126) gives
1 ~
K ()| < [Bofar o) [ (€215 (usira')] + ) Palusin, o' (143)
0
1
< |By(z,2")| Cy (/ 15D (uy; )| W (uy,u2) WS (ug, uz) dugdus dul), (144)
0 [0,1]2

where C1 is a constant depend on the C, 1, C,, 2, ¢1. Now, we substitute Eqn. (131) and use Fubini theorem:

1
/ |Z(1)(U1;$,$/)| w® (u1,us2) W(S)(UQ,ug> dusdus duy (145)
0 [0,1]?
1 1
< / (/ W(l)(uO,U1) |Z(O)(U0§x’x/)‘ duo) o w® (u1, ug) W(B)(Uz,u?;) dusdug du (146)
0 0 0,1
1 1
:/ 12O (ug; 2, 2')| (/ WO (ug, ur) W (uy, ug) W (ug, ug) dugdus d“1> dug (147)
0 0 [0,1]
1
= / 12O (ug; 2, 2')| WD (ug, u YWV (uy, ug) W (ug, us) dusdugdu, dug. (148)
0 [0,1]?
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Combining Eqn. (144) and Eqn. (148) yields

1
K0 S 1BoCo )| ([ 15 osn, )]
0

W(l) (Uo, Ul)W(Q) (ul, ’LLQ) W(S) (UQ, 7.L3) dU3dU2dU1 dUO‘)
(0,13

Bounding K. )(,\2/) by path density. Similarly, using the bounded second derivative of activation function, we have
1
0< |Patusi, )] < G2y [ Wz, ua) s,
0

Next, we fix us, 2, #’. The quantity 22 (uy; x, 27) is of the form F(s) with s = X2 (uy; 2, 2’). By Lemma G.3,

’2(2)(uQ;x,m’)’ <Cz, ‘5(2)(u2;x,x')| + ca.
Plugging Eqn. (150) and Eqn. (151) into Eqn. (127) gives
1
|K1(,3)(x,x')\ < \Bl(:t,:lc’)|/ (Cg}2|2(2)(uQ;x,m')\ + 02) Py(ug;x,x") dus
0
1 I
< |Bi(z,x')| C’é(/ |E(2)(u2;x,x')| / W(d)(UQ7U3)dU3 du2>,
0 0

where CY is a constant depend on the Cy 1, Cos.2, 2. The pre-activation Gaussian cross-covariance at layer 2 is

~ 1

SO (ug;z,2") = / W (uy,uz) SO (uy; 2, ") duy .

0

With fixed u, z, 2/, the quantity 2V (uy; z, ') is of the form F(s) with s = S (uy; 2, 2'). By Lemma G.2,
]2(1)(161;35,3:')] <C2, }i(l)(ul;m,x’ﬂ +c.

where ¢} = |E[z") (u1; )] E[z") (u1;2”)]|. Combining Eqn. (155), Eqn. (154), and Eqn. (131) gives

’55@) (ugiz,a')| < W (ug, u) WD (ug, uy) ‘Z(O) (uo; z,2")
[0,1]?

, duidug.
Plugging Eqn. (156) into Eqn. (153) gives

1
K )| S B )] ([ 12 i)
0

/ wh (ug, ul)W(Q)(ul, uz) we) (uz2,ug) dugdusduy duo.)
[0,1]3

Combine the bounds for K 1(,\1)) and K %), and absorb all scaling terms we have
Ko (z,a')| < K3 (@, 2)| + |KY (2,2
1 1
S (Cl‘ / E(l)(ulaxyx/)dul‘ + Co‘ / =© (U07$79€/)dUOD X
0 0

1
(/ |E(0)(u0;x,x')\ W(l)(uo,ul)W(Q) (u1,us) W(?’)(ug,u?,) dusdusdu du0.>
0 [0,1]3

where Cj, C are constant depending on C, 1, C,; 2 and variance of activations and derivative activations 20,
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