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Abstract

k-nearest neighbor classification is a popular non-
parametric method because of desirable proper-
ties like automatic adaption to distributional scale
changes. Unfortunately, it has thus far proved dif-
ficult to design active learning strategies for the
training of local voting-based classifiers that natu-
rally retain these desirable properties, and hence
active learning strategies for k-nearest neighbor
classification have been conspicuously missing
from the literature. In this work, we introduce
a simple and intuitive active learning algorithm
for the training of k-nearest neighbor classifiers,
the first in the literature which retains the con-
cept of the k-nearest neighbor vote at prediction
time. We provide consistency guarantees for a
modified k-nearest neighbors classifier trained
on samples acquired via our scheme, and show
that when the conditional probability function
P(Y = y|X = xz) is sufficiently smooth and
the Tsybakov noise condition holds, our actively
trained classifiers converge to the Bayes optimal
classifier at a faster asymptotic rate than passively
trained k-nearest neighbor classifiers.

1. Introduction

In active learning, the learner has access to unlabeled train-
ing data from the target distribution, and can ask an anno-
tator to selectively label a subset of this data. The learner’s
goal is to develop an accurate classifier while querying as
few labels as possible. A significant body of work has
demonstrated the power of active learning to lower label
complexities versus passive approaches, wherein every point
from the underlying distribution is labeled (Balcan et al.,
2006; Hanneke, 2007; Beygelzimer et al., 2008; Zhang &
Chaudhuri, 2014). In cases where human annotation is a
driving cost in supervised training, such guarantees are par-
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ticularly relevant. This work considers active learning when
the underlying classifier is the k-nearest neighbor (k-NN)
classifier.

The previous work on active learning for nearest neighbors
algorithms is surprisingly sparse. (Dasgupta, 2012) gives
asymptotic consistency guarantees for k-NN under a wide
class of active strategies, but does not provide any finite
sample guarantees. (Kontorovich et al., 2018) uses a com-
pression approach to give guarantees for a 1-nearest neigh-
bor classifier trained on a subset of an actively acquired
training sample; while their algorithm does not use many
label queries, it does not come with consistency guarantees
ensuring convergence to the Bayes-risk in the large sample
limit, and also relies on a somewhat computationally inten-
sive algorithm to determine which labels are to be queried.
(Njike & Siebert, 2021) gives an algorithm that, similar to
(Kontorovich et al., 2018), outputs the prediction of a 1-NN
classifier trained on sample points which have been actively
determined to be informative. That said, the schemes of
both (Kontorovich et al., 2018) and (Njike & Siebert, 2021)
do not retain the natural adaptivity to scale changes in the
distribution and local de-noising properties of the k-NN
vote — which, for one, allow for local estimation of condi-
tional probabilities — instead resorting to various complex
algorithmic subroutines to ensure good performance. Our
main contribution is thus the exposition of the only active
learning scheme that retains the concept of the k-NN vote
at prediction time, resulting in a much more direct approach
that admits significant convergent rate speed-ups.

Active learning usually relies on some inductive bias or dis-
tributional assumption that can exploited to reduce the need
for labeled data. The canonical example is that of learning a
linear classifier in the realizable case, wherein the a priori
knowledge allows the learner to avoid querying examples
when one of the possible labelings would be inconsistent
with any possible linear classifier and the labels queried so
far. The main challenge in actively learning non-parametric
classifiers such as nearest neighbors is that this inductive
bias is harder to characterize. To facilitate our investigation,
we operate under one of the most common distributional
assumptions in the non-parametric active learning literature
—a smoothness condition on the conditional probability func-
tion P(Y = y|X = z) (Castro & Nowak, 2008; Minsker,
2012). Specifically, we assume that the conditional proba-
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bility function has a property that is a necessary condition
for Holder continuity under mild regularity assumptions.

A natural algorithm in this regime is to look at the regions of
space where multiple labels can be found, and then sample
those regions more closely to get better nearest neighbor
estimates. Based on this principle, we propose an intuitive
and computationally efficient approach to determine which
labels are to be actively queried.

We show that our active learning algorithm comes with nat-
ural consistency guarantees — in the sense that the expected
risk of the learned classifier converges to the Bayes-risk as
the number of label queries grows to infinity. Additionally,
under the Holder continuity of the conditional probability
function n(z) := P(Y = 1|X = x), we provide finite
sample guarantees for a modified k-NN classifier trained
on samples acquired via our scheme. We discuss general
conditions under which these guarantees are tighter than the
corresponding passive guarantees, a discussion which quite
notably for the non-parametric active learning literature does
not rely on low-noise assumptions.

We continue by showing that under the Tsybakov noise
condition Prx(|n(X) — 3| < t) < Ct® (Audib-
ert & Tsybakov, 2005), our actively trained classifiers
converge at a significantly faster asymptotic rate than
passively trained k-NN classifiers.  Roughly speak-
ing, assuming 7 is a-Holder continuous on a d dimen-
sional instance space, previous work has shown the
fraction of examples on which the learnt classifier dis-
agrees with the Bayes optimal is O ((k~1/2 + (k/n)*/4)?)
for passively trained k-NN after n samples; this im-
proves to O ((k7Y2 + (fn - k/n)*/NP) for fr, €
O (k7Y% + (k/n 4+ n=1/2)2/4)8) for our actively trained
classifier. Our results are a consequence of a new style of
guarantee — controlling the disagreement with the Bayes
optimal classifier — that is novel in the non-parametric active
learning literature, and different from the standard work on
rates of convergence of expected risk (Castro & Nowak,
2008; Locatelli et al., 2017). We finish with some discussion
of the optimality of the scheme.

2. Related Work

The study of learning in settings where the learner possesses
some power over which samples it uses in training has long
been of interest to the learning theory community. Though
alternative label query models have been explored (Angluin,
1987; Awasthi & Kanade, 2012), most attention has been
given to the standard active learning model, wherein the
learner is assumed to have functionally unlimited access
to unlabeled samples from the target distribution, but must
choose which of these examples are to be labeled in the
course of training a classifier. Much of this work was orig-

inally done in the parametric setting, whereby the learner
was tasked with choosing an approximately optimal classi-
fier from a hypothesis class (Balcan et al., 2006; Dasgupta
et al., 2007; Beygelzimer et al., 2008). Because it has long
been known that there are settings in which active strate-
gies cannot beat passive ones in terms of label complexity
(Kédridinen, 2006), investigation of specific conditions un-
der which active strategies can beat passive ones has been
the norm (Balcan & Urner, 2015). The most general de-
scription of settings in which parametric active strategies
improve over passive strategies is due to (Hanneke & Yang,
2014).

The study of active learning for the training of non-
parametric classifiers has lead to a well-developed theory
under smoothness of the conditional probability function
and low-noise conditions, which are the common surrogates
for inductive bias in the non-parametric setting. Perhaps
the most notable work in this litany is (Castro & Nowak,
2008). Their work establishes minimax lower bounds on
the expected excess risk (over the Bayes-risk) of an actively
trained non-parametric classifier, and provides an active
scheme for the training of local polynomial classifiers that
achieves this lower bound up to log factors. The approxi-
mate optimality of their algorithm however assumed access
to underlying noise parameters, such as Holder and Tsbakov
parameters. (Locatelli et al., 2017) resolved this issue with
an adaptive algorithm that achieves the same guarantees as
(Castro & Nowak, 2008) without a priori access to noise
parameters. (Minsker, 2012) gives a non-parametric active
learning scheme for the training of classifiers based around
estimates of the conditional probability function that are
locally constant on hypercubes partitioning the instance
space. This work is not directly comparable given that k-
NN estimates of the conditional probability function are
locally constant on a more complex geometric structure that
is data-dependent.

For the study of active NN algorithms in particular, the
authors are not aware of significant contributions other than
the aforementioned (Kontorovich et al., 2018), (Dasgupta,
2012) and (Njike & Siebert, 2021). (Balsubramani et al.,
2019) gives guarantees for a nearest neighbor algorithm that
adaptively sets k across instance space depending on the
local agreement of nearest neighbor votes, but this algorithm
is passive with respect to data collection.

3. Preliminaries
3.1. Setting

We study a binary classification setting where instances
come from a metric space (X, p), and the label space is
Y = {0,1}. We assume that we have access to labeled data
from some data generating measure P on X x ). P is the
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Figure 1. An illustration of the ideal outcome of the two-round active algorithm. In the “passive” setting, points are simply taken from the
data-generating distribution. As is often the case in active learning, the goal is to eliminate parts of space where classification is likely
easy. In the right-most figure, lower opacity designates first-round samples.

product of some Borel-regular measure ,' the marginal of
IP over the instance space X, and  : X — [0, 1], which
denotes the conditional probability function P(Y = 1|X =
x). We assume that p has full support on X'.

We assume that after n i.i.d. samples from P, which are
labeled by definition, we enter a second phase of the sam-
pling with an additional label budget of m. In this phase, we
may specify any R C X with u(R) > 0, and subsequently
rejection sample from R, i.e. sample from the product of
1 conditioned on R and 7. The main sampling algorithm,
formalized in Algorithm 1, makes use of this power to pro-
vide a specialized training set for a modified NN classifier,
introduced in Section 2.3. Figure 1 gives an idea of the ideal
outcome of the strategy.

3.2. k-Nearest Neighbors and Bayes Optimal Classifier

We use this section to briefly review the standard k-nearest
neighbors algorithm. Given a set of points in a training set
S = {(X;,Y;) € X x Y : i € [n]}, the standard k-NN
classifier can be stated as

. k
L i Yo () = 5
gn,k(l') = .
0, otherwise

where Y(;) () is the label of this it" nearest training instance
from x under p. In this way, k-NN provide a sort of local
“vote” over what the prediction should be, with prediction at
x going to the winning class.

We assume that nearest neighbor tie breaking is done by
drawing independent uniform random variables from [0, 1],
with preference going to lower values of this uniform draw.
The event that two sample points are equidistant from a
new point x is a measure 0 event (over the draw of x) for
many distributions, but we will make statements concerning
all x € X simultaneously, for which tie-breaking will be

'Thus, & can measure all members of the o-algebra generated
by open sets under p.

more impactful; see Appendix A for a primer on how this
tie-breaking rule enters the analysis.

The Bayes optimal classifier is simply the best guess for
classification given full knowledge of 7, that is

, ifn(x) >
otherwise

1
2

There is well-established literature on the asymptotic re-
lationship of k-NN and g*. Perhaps the most intuitively
useful is that when k,, — oo, % — 0, and the classifier is
in Euclidean space,

P{gn.k, (X) # Y} = P{g"(X) # Y}

almost surely over the sampling (Devroye et al., 1994).
Weaker versions exist on general metric spaces (Cover,
1968; Stone, 1977).

3.3. A Modified k-Nearest Neighbors Classifier

We introduce and study a modified k-NN classifier to facili-
tate the investigation of our particular setting. The modifica-
tion helps analytically by making it likely that the nearest
neighbors of a new point x form an unbiased estimate of
conditional probability in a neighborhood z in the second
sampling round, as well as alleviating complications arising
from dependencies carried between sampling rounds. For a
given sample of size n + m, and aregions R C RT C X
with (R™) > 0, we consider the modified k-NN classifier

1L S8 V(e RY) > 1], ifzeR
k
L i Yo (@) > 3,

Here, we assume that R+ has been used as the acceptance
region in the second round of sampling, and its smaller
cousin R is the set of points that use rejection samples for
prediction. We use Y{;)(z; RT) to denote the i" nearest
neighbor to x out of all of samples rejection sampled from

Inom k(T) 1= {

otherwise



Active Learning for k-Nearest Neighbors

R™, and use Y(;)(z) to denote the i’ nearest neighbor to
x out of samples drawn from P. Roughly speaking, the
idea will be to treat prediction in R as a prediction problem
on a new probability space with properties inherited from
the original, larger space. We will see that if the region
R is well-chosen, and small enough under y, this targeting
procedure has the potential to be effective at improving label
complexities.

3.4. Finite Sample Guarantees for £-NN in the Passive
Setting

The main analytic tools used in this work are based around
those introduced in (Chaudhuri & Dasgupta, 2014). We
use this section to introduce some of the main analytic
concepts of their work, as they are the basis for an intuitive
understanding of our two-round sampling algorithm. In
the passive setting, their results align with optimal rates of
convergence for nonparametric classifiers under standard
regularity conditions.

The core idea of their work is that the k-NN classifier may
disagree with the Bayes optimal classifier in a region of
space where the distribution is complex enough that n sam-
ples are not sufficient. The measure of this region, which is
referred to as the “effective decision boundary”, is a function
of n and k, and is a controlling factor in the convergence of
k-NN to the Bayes optimal classifier.

The most vital definition of (Chaudhuri & Dasgupta, 2014),
is the smallest 7 such that the closed ball B(x,r) := {z €
X : p(z,2 ) < r} has mass at least p.

Definition 1. For p € (0, 1] the “probability radius” of a
point x is the real number

r(x;p) = inf{r|p (B(z,r)) > p}.

The power of the probability radius is that it is adaptive to
scale changes in p, and so can uniformly be applied through-
out instance space to anchor the definition of a region in
which one can be confident that £-NN will predict correctly
after seeing a certain number of samples. The “effective
decision boundary” can then be stated as in terms of this
quantity.

Definition 2. For any p € (0,1] and A € (0, 5], the “effec-
tive interior” is the set

+/— _ p+ -
XP,A - XP,A U XP,A’
where

A

\%

)

DN | =

Xia = {2 0w) > 5 A (Bl -

N {x | n(z) < % A % —n(B(z,r)) > A}.

The “effective decision boundary” is the set

By =X\ XTLT.

Here, 1(S) := ﬁ [ ndp, the probability of getting a 1
label conditional on an instance being in S with p(S) >
0. The main result is that the measure of the “effective
decision boundary” controls the disagreement rate of the
k-NN classifier and the Bayes optimal classifier with high
probability.

Theorem 1 (of Chaudhuri and Dasgupta, 2014). Fix d €
(0,1), and integers k < n. With probability > 1 — § over
the draw of n i.i.d. training samples from P,

Prxu(9°(X) # gn(X)) < 1(0p,a) + 9,

when for a constant cs we have

_C . k
p=cs ntm
A = min (;, llf'log(2/5)>.

This work will largely focus on the role of the parameter p
in determining guarantees, which intuitively corresponds to
investigating the “locality” of the voting procedure deciding
the prediction of the classifier. As such, we will fix A to
its value in the above theorem statement throughout. The
constant cs will also continue to pop up in our analysis, and
so we make it explicit: ¢5 := (1 — +/(4/k) - log(2/5)) 1.
We describe this as a constant, as for the regimes we will be
interested in, it will be O(1); we reserve further discussion
of this for later.

4. Active Algorithm

A classic algorithmic idea in both parametric and non-
parametric active learning is to iteratively eliminate parts
of the instance space where the learner can be sufficiently
confident that no more samples are needed. Our algorithm
operates under this idea as well. However, whereas the
learner can directly exploit inductive bias to execute such a
strategy in the in parametric setting, our algorithm implicitly
relies on the smoothness of the distribution. We use the first
round of sampling, in part, to detect a subset of instance
space in which the k-NN agree strongly enough that the
learner can be confident its predictions in this region are
already correct. The learner then spends most of its labeling
budget in the complement of this region in the second round
of sampling.

More precisely, we first propose an algorithm that, based on
the first round of samples, detects regions of space where
the average labels of the k-nearest neighbors is close to
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1/2; these are the regions of space where the classifier is
not highly confident of the predicted label. We then show
that under a natural smoothness assumption on 7, which
we describe below, that these are indeed the hard regions —
in other words, the nearest neighbor classifier is expected
to be accurate in the complement of these regions. The
region from which rejection sample in the second round is a
slightly augmented version of these hard regions, expanded
so as to contain the nearest neighbors of points in the hard
regions as well.

4.1. Definition of Smoothness

As discussed earlier, such a strategy inherently requires a
smoothness condition for 7, as if the data distribution can
exhibit arbitrary behavior, agreement of the £-NN votes does
not imply anything about the nature of 7 at finer resolutions.
The notion of smoothness for n under which we operate
was introduced in (Chaudhuri & Dasgupta, 2014), and is
designed to be evocative of traditional notions of Holder
continuity in more general metric spaces.

Definition 3. For o > 0,L > 0, we say the conditional
probability function 1 is “(«, L)-smooth” in (X, p, p) if for
alx,x € X,

n(@) = n(@)| < Lu (B, pz.2)

where B°(x, p(x, x")) denotes the open ball centered at x
with radius p(z,x ).

When X = R? and y has a density with respect to the
Lebesgue measure that is non-trivially bounded below, this
is a necessary condition for the Holder continuity of 7
(Chaudhuri & Dasgupta, 2014).

4.2. What Regions are Hard?

When smoothness of 7 holds, it is possible to construct
empirical estimates of the regions of space in which k-NN
needs extra samples to classify accurately. We use the fol-
lowing region as the basis for the area of instance space in
which the learner uses the majority of its label budget in the
second round of sampling.

Definition 4. Given a confidence parameter § € (0,1), and
a first-round sample S,,, the “estimated hard region” after
n samples for the k-NN classifier is the set

EZ% 3

%hk = {$€X|

< SAUC}

where

dl +log(1/6
e 1= oy 2B TIoE1T5)

Here, ¢y is a universal constant, and d denotes the VC-
dimension of the set of all sets of the form

B'(z',r',2) = {(m,z) e X x[0,1] | p(z,2') <r

Vop(z,2')=rz< z’}.

The set of B’(z’,r', 2’) is a natural object of analysis for
nearest neighbor tie-breaking. Some standard settings where
d is on the order of the VC-dimension of the set of closed
balls are discussed in the Appendix.

4.3. Utility of the Estimated Hard Region

The “estimated hard region” has some extremely useful
properties. As mentioned in Section 2.4, the complement
of the effective decision boundary for passive nearest neigh-
bors can be thought of as the region of space where the
learner can be confident that k-NN will predict correctly
after n samples. It is a fundamental lemma of ours that the
“estimated hard region” approximates the effective boundary
from the outside when 7 is sufficiently smooth.

Lemma 1. Forallk <n € N, and all § € (0,
sufficiently (o, L)-smooth in the sense that

1 1 «@
on (4 o TEEO) <

for some absolutely constant co, then with probability >
1 — 62 /8 over the draw of n i.i.d. samples from P,

ac(sS,A g %,k

1), if n is

In other words, it’s very likely that after the first round of
sampling, the complement of the estimated hard region will
be a subset of instance space in which the k-NN does not
need more samples to classify well.

4.4. Specification of the Rejection Region

The the actual region used for rejection sampling is a mod-
ification of the estimated hard region, a larger version of
this set which facilitates the analysis. The idea is that by
augmenting the hard region, we can be confident that the
nearest neighbors of any point in the estimated hard region
are contained in this augmented region. This ensures that the
expectation of the nearest neighbors vote is the conditional
probability of 1 in nearest neighbors balls, an important
property in our analysis.

Definition 5. Given a sample S of size n and a parameter
¢ >0, the “augmented estimated hard region” is the set

rL k U B(kCJrl
weﬁfn,k
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where
ke = {05(1 +Qk+0O (x/n (log(4/6) + d)>-‘ ,
and BE’EC +1) (x) denotes the largest open ball of centered at

x with radius distance from x to l_cc + 1-NN of x under p.

Thus, the augmented hard region contains all the points in
the hard region and points close by to these points. We
reserve a more precise discussion of the constants for the
Appendix. We note that as a union of open sets, this is a
measurable region for Borel regular .

The parameter ( guards against the discontinuity of
the distribution. It is intuitive and provably true that
(B (z,r(x;p))) > p always. However, to ensure some of
our estimation is accurate, we need a two-sided condition on
the measure of B (z, r(x; p)), which might quite a bit larger
than p if p is not well-behaved. The following provides a
reasonable way of quantifying such a condition.

Definition 6. We say the measure 1 is “(-regular” if there
is a ¢ > 0 such that forall x € X and p € (0,1),

p (B (z,r(x;p))) < (1 +Q)p.

That is, the the measure of an r(x; p) is never much greater
than p. Note when X = R? and u possesses a density
with respect to the Lebesgue measure that is non-trivially
bounded below, this condition is satisfied with { = 0. We
give our guarantees for the algorithm in terms of this param-
eter.

4.5. Algorithm

Algorithm 1 introduces the active learning scheme, which
uses the first round of ¢.7.d. samples from P to both estimate
the hard region of space, and to do classification in its com-
plement. We denote the product of measure P with itself
n times in the Algorithm via P® ", Ber(-) is used to de-
note a Bernoulli random variable with given parameter. All
sample statements in the algorithm implicitly mean sample
independently of the previous randomness in all cases.

We point out that although the learner can be confident that
classification will succeed in the complement of the aug-
mented hard region, the learner labels some points from
this region in the second round to ensure consistency of the
method. This is encoded in the algorithm via parameter 7,
which controls how many samples from the target distribu-
tion we take in the second round. We will see that m > 0 is
roughly sufficient for the consistency of the method if n is
fixed and m — oco. Without loss of generality, we implicitly
assume that 77m is an integer in our analysis.

Commencement of the second round of sampling is speci-
fied in terms of the distributional condition u (2.7, ) > 0.

Algorithm 1 Two-Round Active Algorithm
Imput: n,m e N, 7 € (0,1, >0,§=0,:=0
S+ {(X1,1),..., (X, Yp)} ~ PO
if u(%%rkjg) > ( then

S+ {(Xn-i-la Yn+1)7 EE) (Xn+L7rmJ ) Yn+[7rmj)} ~
P Lrm)

while i < (1 — w)m do

(X, Y5) < 0

Sample X ~ p

if X € 7,  then

Sample Y; ~ Ber(n(X))

end if

S+ SU{(X,Y5)}

i |S|—(n+ [7m])
end while

else
S+ SuU {(Xn+la Yn+1)7 ey (X71,+7r1,7Yn+m)} ~
P& ™

end if

Note that ;L(%%fk) can be estimated to arbitrary accuracy
using only unlabeled samples (which do not count towards
label complexity). It is thus not uncommon to see such con-
ditions in the active learning literature (Balcan et al., 2006;
Minsker, 2012). More importantly, the measure need only
be verified to be greater than O to proceed into the second
round of sampling, which is strictly easier than estimating.

5. Guarantees
5.1. Bounding the Measure of the Acceptance Region

Looking at Algorithm 1, it is easy to see that the scheme
will not yield any benefits if the labels disagree significantly
everywhere in instance space; in this case, all unlabeled
samples will be vacuously labeled in the second round of
sampling. In other words, any kind of guarantee of speed
up will have to involve a quantity which measures the frac-
tion of the data distribution which is “easy” — and where
7 is bounded away from 1/2. We begin with defining this
region, and subsequently state our core result in terms of its
measure.

Definition 7. Fix k < nand § € (0,1). We say the “easy
region” of instance space &, , is the set defined via

& = (@ | vr < r(@puc), n(Blz,r) — 1/2 > 5Auc)
&7y = {x | ¥r <r(@spuc), 1/2 - n(Bla,r) > 5Auc)
En k= é"rj:k U é”n_k

_ k log(1
where pyc = ?C + co4/ MOgT(/(S), for some constant cs.
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Given the condition bounding 1 away from 1/2, we will
eventually be able to simplify the measure of this set under
the Tsybakov noise condition, and further elucidate condi-
tions where speed up occurs.

5.2. Finite Sample Guarantee

The core result is a finite sample guarantee for the modified
k-NN classifier gy, m i trained on samples acquired in the
method of Algorithm 1. The style of the result is meant to
match Theorem 1 of (Chaudhuri & Dasgupta, 2014) above,
facilitating comparison between the passive and active guar-
antees.

We note that in what follows, g, . 1 (-) denotes the modi-
fied k-NN classifier using R = %%lk and RT = ‘%%jkc
In what follows, ¢ is the same constant as introduced in
Lemma 1.

Theorem 2. Fix § € 7(0, 1), ¢ >0 m € (0,1), and
k,n,m €N, such that ke < n and m(1 — m)cs > nes, /s
Assume that 1 is (-regular, and ) is (a, L)-smooth such that

3L(puc)” < Auc.

Then after a draw of n + m samples via Algorithm 1 run
with parameters T and (, with probability > 1 — § over the
sampling,

Prx.u (g*(X) # gn,m,k(X)> < N(ap’,A) + 0,

where

k

/o __
P = T am

X\,

Recall that the main controlling factor in the passive setting,
adjusted for the power of m extra samples from P, is c; n—i—Lm
It follows from the definition of the effective boundary that
if p < p, it holds that 9,y A C 9, . Thus, fixing the error
tolerance 9, a sufficient condition for tighter guarantees than
in the passive setting (in addition to the assumptions of
Theorem 1) is that

k ok
65 \/§ - S Cs .
MV wEm T ntm

This condition is a bit opaque, but in Section 4.3, we will see
that it admits clean simplification under margin conditions
on P. For now, we note for k € Q(dlog(n)), it holds
that cs ~ c; ot and so if in addition n =~ m and 7 is
small (which 1s advantageous for tightening the finite sample
bounds of Theorem 2), an approximate sufficient condition
for speed up is pu(&,5) > 3.

5.3. Consistency

A major upside of our method is that consistency is almost
immediate. There are two intuitive reasons for this. Firstly,
we do not permanently cut off any region of space from
sampling as m increases and n stays fixed, which is roughly
the condition presented by (Dasgupta, 2012) for making the
standard k-NN classifier consistent under any active sam-
pling strategy. The second stems from the form of our finite
sample guarantees; by controlling the disagreement with the
Bayes optimal classifier directly, we naturally converge to
the Bayes-risk. To see this second fact, denote the risk of a
classifier g trained with n + m samples via

and the risk of the Bayes optimal classifier be
R =P (g"(X) £Y).

Then, as noted in (Chaudhuri & Dasgupta, 2014), for every
classifier g it holds that

Rn+m(9) -R" < Prx.. (Q(X) # g*)-

Thus, Theorem 2 provides a bound on the excess risk that
holds with high probability that under standard regularity
conditions shrinks as the sample size increases. This is the
main intuition as for why the following guarantee holds.

Theorem 3. Fix ( > 0, n € N, and m € (0,1), such
that ke < n when k = k,. Suppose (X,p,p) satisfies
the Lebesgue differentiation theorem, and the following
conditions govern the growth of kym as m — oco:

kn+m — 00
kntm/(n+m) — 0.

Then for any first round sample S, such that the boundary of
the acceptance region 0.9, i, has (07, 1) = 0, it holds
that

lim PrSrn (Rn+m(gn7m7k7) - R* > 6) = 0’
m—r o0
that is, we convergence to the Bayes-risk in probability over
the draw of the second m samples.

Here, the boundary &7?;:% is the boundary of the set j‘?j:“k
in the real-analytic sense, i.e. the set difference between the
closure and interior of the set as given by open neighbor-
hoods under p. Note that this consistency guarantee requires
no assumptions on the smoothness of 7, something that is
notable for non-parametric active learning algorithms.

5.4. Speedup under Margin

Theorem 2 has the utility of presenting very general condi-
tions under which our active scheme has tighter guarantees
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than the passively trained k-NN classifier. However, with
the generality comes a bit of opaqueness. Much of the com-
plexity of the conditions under which our active scheme
has tighter guarantees can be cleared up via investigation of
Theorem 2 under the canonical Tsybakov noise conditions
due to (Audibert & Tsybakov, 2005), which describe distri-
butions with relatively low mass in regions where 7 is near
%. We use the formulation of the noise condition given by
(Chaudhuri & Dasgupta, 2014).

Definition 8. We say P satisfies the “[3-margin condition’
if there is some C' > 0 for which

w({o oo -3 <eb) <cre

The following corollary to Theorem 2 shows that under
smoothness and the S-margin condition, our actively trained
classifier admits tighter high probability bounds on the dis-
agreement with the Bayes optimal classifier than the pas-
sive high probability guarantees of (Chaudhuri & Dasgupta,
2014).

Corollary 1. Suppose the assumptions of Theorem 2 hold
are satisfied by o, L, 6, 7, ¢, n, m = ©(n). If in addition P
satisfies the 3-margin condition, with probability > 1 — §
over the draw of n + m training samples from Algorithm I,

i

P (8700 % g (X) ) <
o (5 4 (% v auw)) ) s

where

WX\ Eur) < O(( dlog(m) /& + (k/n+ /dfn)" )B)

The corresponding guarantee for the (Chaudhuri & Das-
gupta, 2014) analysis of passively trained nearest neighbors
states that when B-margin condition holds, with probability
> 1 — § over the draw of n + m samples from P,

Prs (430 # s (1)) <
o (/4 (£)) ) s

The O notation here suppresses log(1/8) terms, as well as
the “constant” cs; see the Appendix for the precise bound.
This showcases that for fixed 9, if k;, 1., € w(dlog(n)), we
have that (X \ &, %) J 0, making the active rate tighter
than the passive one, and increasingly so as n + m grows.

We note that c¢s is O(1) for virtually all regimes where we
could expect our active algorithm to improve over passive.
For example, if § is fixed, then in order to have the estimated
hard region guide any targeting over passive sampling, we
need Ky, 1. > log(1/6) + log(n). For such settings of k, ¢;
is bounded above by a constant for sufficiently large n. In
this case, the O notation is only needed for the bound on

(X N\ G k).

5.5. Discussion of Optimality of the Scheme

The extent to which our scheme is optimal is not fully clear.
As noted in our discussion of consistency, the disagreement
of a classifier with the Bayes optimal is bounded below
by the excess risk of the classifier, but bounds stemming
from this observation are not tight, ruling out trivial compar-
isons to minimax lower bounds over active learners in the
literature.

(Chaudhuri & Dasgupta, 2014) produces a passive lower
bound for passive k-NN which states in part that when 7 is
(cr, L)-smooth, k-NN disagrees with the Bayes optimal on
r € X with

‘r](m) — 1/2‘ < % —L (kﬁ_kn\/EH) ,

which for small enough & reduces to

In(z) —1/2| <O (%) .

The purpose of the k-NN vote is a local estimate of 7, with
the prediction improving as the vote becomes more and
more local. Roughly speaking, when 7 is smooth but not
locally bounded away from 1/2 by a margin of Q(ﬁ) the

vote over k neighbors will fall on the wrong side of 1/2
(relative to the optimal prediction) with constant probability
(Chaudhuri & Dasgupta, 2014). This strongly suggests that
the term 1/ vk in the bound of Corollary 1 is necessary
for a voting-based classifier, whether passively or actively
trained.

The second term in the guarantee of Corollary 1 corresponds
to the locality of the vote; it shrinks as as the number of
labels in the first round n increases, and the second round
of labeling can be more and more targeted to a specific re-
gion of instance space. The factor of y/dlog(n)/k in upper
bound on p(X \ &, ) is a relic of the use of uniform con-
vergence over conditional probabilities. It is known that this
factor cannot be reduced to /d/k, so this term is in some
sense necessary for our algorithmic approach of estimating
the effective boundary from the outside (Balsubramani et al.,
2019). Whether different strategies can show further gains
is an interesting future direction.
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6. Conclusion

In this work, we have introduced a straightforwards and
intuitive algorithm for active learning for £-NN, showed
that it admits simply consistency guarantees, and exhib-
ited conditions under which our guarantees are tighter than
corresponding passive guarantees.

Our algorithm primarily works by improving the locality of
the k-NN vote in regions where classification with k-NN
can benefit from higher resolution sampling. An interesting
extension to this idea might be to investigate adaptively mod-
ifying k throughout the instance space as the learner gains
information on which regions of space admit strong classifi-
cation guarantees, perhaps mirroring the passive strategy of
(Balsubramani et al., 2019).
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Active Learning for k-Nearest Neighbors

A. Nearest Neighbor Tie-Breaking

We use the tie-breaking rule of (Chaudhuri & Dasgupta, 2014) to handle the case that two neighbors of x are the same
distance from z under p. The idea is simply to augment the instance space to X’ := X" x [0, 1], and assume training
instances are drawn from the product measure i’ := p x A, where X is the Lebesgue measure on [0, 1]. Preference then
goes to lower values drawn from the uniform measure in tie-breaking. With probability 1 over the randomness in the tie
breaking mechanism, ambiguity among nearest neighbors can be resolved in this way.

Given a training sample S = S,, U S, and a new point z € X, let X(;)(z) denote the i" nearest neighbor to  under p out
of samples drawn from [P (where ties are broken according to the above), and let Y{;)(x) denote the label corresponding to
Xy (z). Let X{i) (z) := (X()(2), Z(;)(x)) be the i*" nearest neighbor augmented with it’s tie breaking draw, i.e. the i'"
nearest neighbor in the augmented instance space. Our analysis ideas center around balls in the original instance space, but
to incorporate this tie breaking mechanism, we often consider balls in the augmented instances space. For 2’ € X, 1’ > 0,
and 2’ € [0,1], we define

B'(z',r'",2") = {(x,2) € X' : p(a,x) <" Vp(a',z) =71, 2 <2}.

For a ball B’ = B’(z/, 1/, 2’) let the conditional probability of a 1 given that an instance falls in the ball be

1
n(B') == —— / ndy',
W (B') Jp:
whenever i/ (B’) > 0, where we slightly abusively let (z, z) := n(x).

B. Complexity of Augmented Balls

Our results rely on the VC-dimension of the set of augmented balls in X' x [0, 1], i.e. the VC-dimension of the set
B :={B'(z',r",2):2x' e X, >0, 2/ €0,1]},

being finite. As such, we find it important to show that this set can indeed have finite VC-dimension. It is intuitive that the
VC-dimension of this set is closely related to the VC-dimension of the set of balls in X'. While we did not seriously pursue a
general result to this end, we illustrate a simple and important example under a specific setting of p where the VC-dimension
of the set of augmented balls grows linearly with that of balls in the original space X’

Observation 1. Suppose X = R%, and p(x,2") = ||z — 2’| 0c. Then VC(B') < 2d.

Proof. We give an argument based on (Despres, 2017). Let P’ = {(z;,2;) € R? x [0,1]}£, be a set of points that
is shattered by augmented balls in B’. For a given (z;,z;) € P’ let x; = (x;(1),...x;(d)) denote the values of x;
in each of the dimensions. Note that for a given (z;,z;) € P’, it holds that there is a dimension ! < d for which
either x;(1) > max;; x;(l) or z;(1) < min,;»; 2;(1), or WLOG if ;(l) = max;,; 2;(l), then z; > z; for each j # i
with z;(I) = max;x; x;(1). The reasoning is as follows: in [, it holds that for some set of intervals of equal length
(ll,ul), ey (ld,ud),

B'(2',v', ) = {(a:,z) eRY % [0,1]: 2(1) € (2’ (1) — 2’ (1) 4 7),...,2(d) € (2/(d) — 7,2’ (d) + 1)
szax|x(i) 2@ =r"Nnz< z’}

so if (z;, 2;) does not have this property, then there is no ball B’ that has (x;, z;) € B’ forall j # ¢ and (z;, ;) ¢ B’. This
is because any ball that contains maximal and minimal points in all dimensions and directions must be large in enough in
each dimension to accommodate the maximal and minimal points. But notice that there can only be 2d maximal/minimal
points in any set of points in augmented space, one for each dimension and direction, so |P’'| < 2d. O

We note that this analysis essentially gives an [; result in R? as well. Different geometries will likely require more complex
arguments.

We finish this section with the observation that augmented balls have larger VC-dimension than their counterparts in the
original instance space. This allows us to use d = VC(B’) throughout in bounds regarding only the uniform convergence of
balls in the original instance space X.

10
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Observation 2. Suppose d is the VC-dimension of B' in X x [0, 1]. Then the VC-dimension of the set of closed balls in X,
which we denote by B, has VC(B) < d.

Proof. Suppose a set of points P of size K in X can be shattered by a set of closed balls By, ..., Box. Then any augmented
balls with By, ..., Box as their projection into X and have z parameters > 0 shatter the original points P each augmented
with z; = 0 in augmented space. O

C. Additional Notation for Proofs

We use this section to tie together some notation from the body with some further notation that will be necessary for our
proofs.

C.1. Nearest Neighbors

Given a training sample S = S,, U S;,,, we implicitly assume it has been augmented with tie-breaking draws, such that
nearest neighbors are well-defined. As introduced above, given a point z € X', we use X(;)(z) to specifically denote the
i*" nearest neighbor to 2 under the metric p of samples drawn from P, and let Y(s)(z) denote the label corresponding to
Xy (). §imilarly, let X (; %%L’L x.c) denote the i'" nearest neighbor to  drawn as a rejection sample from %%j’ oo and
Yoy (5 5, ) it's corresponding label.

C.2. Balls: Open, Closed, etc.

We denote closed balls in the original instance space X via B(z',r') := {x € X : p(2’,x) < 7’} and open balls via
Be(a',r"):={x e X : p(a/;x) <r'}. Let

Byt1)(2) = B (2, p (2, X(311)(2)) )

be shorthand for the closed ball of k 4 1 nearest neighbors to x drawn from P (where again, tie-breaking has already taken
place in the augmented dimension). We use a similar notation for nearest neighbor balls of rejection samples:

By (w3 ‘%%:,rk,() =B (%P ($7X(k+1)($§%fk,g))) :
Both definitions may be modified to denote open balls via the include of the “o0” in the superscript, e.g.

Blyy1y(@) == B (2, p (¢, X(r41)(2)))

The associated augmented ball is a sort of “semi-open” ball that we denote via

ngﬂ)(ff) =B (%P (CU»X(kH)(x)) 7Zk+1($)) )
For a given p € (0, 1] and some = € X, denote the closed ball around x with radius r(x; p) via

By(z) := B (x,r(z;p)) .

C.3. Constants and Parameter Settings

We use d to denote the VC-dimension of balls in the augmented space X’ x [0, 1]. For given k,n € N, some particular
parameter settings will also have special significance, and are fixed throughout:

1
1— /(4/k) (2/9)

A = min (; lni/a))

Ayc = co\/dbg(n) J]; log(1/6)

Cs . =

11
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where ¢y is a universal constant discussed in Lemma 7. Given an additional setting of ¢ > 0, the k-enlargement EC € Nis
given by, for some absolute constant ¢; (discussed in Lemma 2),

ke = [ctg(l + Ok + e11/n (log(4/0) + d)] .

Then we can also define:

k d+ log(1/6
puc = — +c2 7g( /%)
n n
_ k d +log(1/6
Puc == — + ¢ 7g(/)7
n n

where cs a universal constant discussed in Lemma 3.

C.4. Empirical Measures

For a given measurable set S C X, we use /i(S) to denote the standard empirical of measure of mass of the set under y, i.e.

(S) == 23" 1[X; € S]. Similarly, for a given set S’ C X’ which contains at least one sample instance, we let 7)(S’)

T n

be the standard empirical estimate of the conditional probability of a 1 in the set S’, i.e.

~ AN 1 . g !/ !
7)(5) T |{X1/ c S/}l ;K]‘[XL € S]a

where the samples X are in the augmented space. In general, estimates of conditional probabilities take place in the
augmented space, where there is no ambiguity about nearest neighbors.

D. Theorem Proofs
D.1. Estimation of Probability Balls, Radii

We begin with some basic results regarding the approximation of r(z; p) uniformly across instance space. These results are
the foundation for some results on set containment discussed later.

The first result to this end states that if l}c is sufficiently large, with high probability, IQ—NN balls approximate r(x; csk/n)
balls from the outside uniformly across the instance space.

Lemma 2. Fix k,n € N, and 6 € (0,1). Assume d < oo, and p is (-regular, and EC < n. Then with probability
> 1 —02/16 over the draw of n i.i.d. samples from P, it holds that for all x € X,

Bcgk/n(z) c B?}}<+1) (I)

Proof. For a given set S C X, let H(S) := Y | 1{X, € S} be the random variable counting the number of first
round training samples with instances falling inside S. Let B denote the set of all closed balls in the space X, and let
B(csk/n) := {Besk/n(z) | © € X'}. Note the relationship between events

{Hﬂc € X s.t. Begpyn () Bé’k<+1)(m)} - {BGBi(Igfk/n) H(B®) <n— kg} .

We upper bound the measure of this latter event. Recall that the VC dimension of a collection of sets is the same as that of
the collection of complements of the sets in the original collection. It holds by the definition of k¢ and uniform convergence

over the empirical probabilities of elements of B (as in (Shalev-Shwartz & Ben-David, 2014)) that there is some constant c;

12
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for which

Prs, pn inf H(B%) <n—k < Prs, ~pn sup —nji(B°%) >k n+1)
St (BGB(cak/n) (B C) St (BEB(csk/n) B ¢

< Prs,, ~pn ( sup  nu(B°¢) —ni(B°)
BeB(csk/n)

> (l?:cn+1)+n(1(1+<)p)>

oy nopen < ket
< prs, e sup (B9~ 2(5)| = 5 140
BeB n
< exp(d) - exp (—n (ke +1)/n — csk/n(1 + C))2 /cf)
< 6?/16.
Again, we have made use of the uniform convergence of empirical measures of balls in space. O

Next, we show a sort of inverse of the above: we show that for a given k, if we pick the probability radius to be large enough,
then with high probability, it holds that all k-NN balls are contained in balls with this probability radius uniformly across
instance space X'. The analysis is independent of the choice of %, so an analogous statement holds for £..

Lemma 3. Fix k,n € N such that k < n, and § € (0,1). Assume d < oc. Then with probability > 1 — 62 /16 over the
draw of n i.i.d. samples from P, it holds that for all x € X.

B(kJrl)(x) C By ((L‘)

Proof. The proof follows that of Lemma 2. As before, let H(B) be the random variable counting the number of training
samples with instances falling inside the ball B. In this case, we want to make sure this number is not too small. We again
translate events via

{EI:U € X s.t. Biy1)(z) € Bpuc(x)} C { inf H(B)<k+ 1} ,
BeB(puc)

and upper bound the measure of the latter event via

Prsnwpn( inf H(B)<k+ 1) = Prs,,LNJP’"( sup —H(B) > —’f)
BeB(puc) BeB(puc)

< Prs, ~pn ( sup |u(B) — (B)| = puc — k‘/”)
BeB

< exp(d) - exp (—n(k/n — puc)®/c3)

< 6%/16.
O

Lemma 4. Fixn € N such that kc < n, and § € (0,1). Assume d < oo. Then with probability > 1 — 62 /16 over the draw
of n i.i.d. samples from P,

Bz +1)(®) C By (),
forallz € X.

Proof. The proof is identical to that of Lemma 3, just using Eg and pyc. O
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D.2. Estimation of the Effective Boundary

In this section, we show how to leverage the smoothness of 7 to show that the estimator %%1 % 1s a useful approximation of
the effective boundary ., /n, A, the part of space in which we cannot expect k-NN to classify correctly after n samples
from P.

The first result to this end states that the conditional probability of a 1 inside an augmented ball is similar to the conditional
probability of a 1 inside a ball in the original space X when radius of both of the balls is sufficiently small and smoothness
on 7 is in effect.

Lemma 5. Fixz € X, z € (0,1], p € (0,1) and 0 < r,7 < r(x;p) (orr = 0or 7 = 0 if u(B(x,0)) > 0). Then if
(X, p, u) is (o, L)-smooth, it holds that

n(B'(z,r,2)) —n(B(x,7)) | < 2Lp".

Proof. When supp(u) = X, we have p(B, r) > 0 for each r > 0. The result then follows from a loose analysis:

In(B'(z,r,2)) = n(B(x,r))| < In(B'(z,r,2)) = n(x)| + n(zx) — n(B(z,r"))|
S Lpa +Lpa
= 2Lp“,

where the the second inequality is implied by the definition of smoothness, as noted (in the case of non-augmented balls
with > 0) by (Chaudhuri & Dasgupta, 2014). We repeat the idea here for completeness, noting that

(8o, .20) =001 = | (g Lo 1) =)

]‘ ! / _ T !

- | /B ) )
1 N (e /

= ,u’(B’(:z:,r,z)) /B’(m,r,z) (n(x) 77( ))d,u,
1 N on(x /

< T /B o ) )l dn
1

D Lp(B°(z,r))*dy
N/(B/(xvrv Z)) /B/(gc,r,z) ( ( ))

= Lpu(B°(z,7))"
< Lp“.

The final line comes from (Chaudhuri & Dasgupta, 2014) Lemma 4. Note that such statements can be made for open balls
as well with the same proof technique. O

Lemma 6. Fixp € (0,1) and A € (0,1/2]. Then if u has full support, and (X, p, p) is (e, L)-smooth, it holds that
Xy ={r e X :Vr <r(z;p), n(Bx,r) —1/2> A},

and

XA ={r€eX:Vr<r(z;p), 1/2—n(B(z,r)) > A}.
Proof. By definition, when supp(p) = X, we have (B, r) > 0 for each r > 0, and we have
Xy ={z e X in(e) > 12\ < r(sp), n(Ble,r) - 1/2 > A},
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Thus, it suffices to show that (B(z,r)) — 1/2 > A implies n(«) > 0 under smoothness of 7. If u(B(x,0)) > 0, then this
is trivial. So assume WLOG that p(B(z,0)) = 0. By the smoothness, we have for each r with 0 < r < r(x; p) that

In(B(z,7)) —n(z)| < Lp(B(z,7))".
‘We can now write for such r that

1/2<A/241/2<A+1/2
<n(B(z,r))
< In(B(x,r)) — n(z)| + n(z)
< L(B°(z,7))* + n(z)
< Lp(B(z,r)* +n(x).

Thus we may conclude, for 0 < r < r(z;p), that
n(x) > A/2 — Lu(B°(z,r))* + 1/2.
Thus, if there is some such 7 such that A/2 > Lu(B°(x,r))®, we will show n(z) > 1/2. Let B, := B(z,r(z;p)/n) for
n=1,2,.... Then N,>1 B, = {z}. By continuity from above of the measure, we have that
Jim 4(Bn) = p(Mnz1Bn) = p({z}) = 0.

Thus, there is some N for which n > N yields A/2 > Lu(B°(x,r))®. O

The next result, due to (Balsubramani et al., 2019), describes the uniform convergence of k-NN votes to the true underlying
conditional probability in augmented balls. The utility of this result for us is to ensure that for any new x € X which is a
candidate for rejection sampling, we can be sure that looking at it’s k-NN votes, we get an accurate representation of the
conditional probability nearby.

Lemma 7. Let B’ be the set of all augmented balls, i.e. B' = {B(x,r,2) :x € X, r > 0, z € [0, 1]}, and suppose this set
has VC-dimension d in X x [0,1]. Fixk <n € Nand § € (0,1). With probability > 1 — § /16 over the draw of n i.i.d.
samples from P, we have that

sup [n(B') =1

B'eB’

B < CO\/dlog(n)Zlog(l/é)

for a universal constant c.
Proof. This is the content of Theorem 8 of (Balsubramani et al., 2019). O

Finally, we show that the effective boundary after n samples is contained in our “estimated hard region” with high probability
when 7 is smooth enough. We drop the condition that  has full support in the following to simplify the result statements.

Lemma 1. Fixk <n €N, and § € (0,1). Suppose we estimate

Ao = {x | ’ﬁ(ngH)(x)) - 1/2’ < SAUC} .
Then if n is sufficiently (o, L)-smooth in the sense that
«
2L (pUC> < Ayc,
then with probability > 1 — 62 /8 over the draw of n i.i.d. samples from P,
ac(sk/n,A c t%zk
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Proof. We will show that when uniform convergence takes effect for the empirical estimates of the mass of balls in the
space X, as well as for conditional probabilities in augmented balls, that .77, ;, approximates the effective boundary from the
outside. The necessary uniform convergence statements will hold with high probability over the sampling giving the result.

Fix an arbitrary sample S,,. Suppose that for this sample, it holds for each x € X that
1(Blrr1y(x)) = 1(Bljp) ()| < Auc.
Suppose further that for each x € X, it holds that

B(kJrl)( )C B;DUC( )

In this case, by Lemma 5 and the assumption on the smoothness of the distribution, we have for any z € X and any
r < r(z;pyc) that

’ﬁ(BEkH)(l")) - 77(3(5577’))’ < 2L (puc)® < Auc.

Suppose that ﬁ(BE ) (@) =1 /2. When 7 is sufficiently smooth, and the two notions of uniform convergence hold, it
holds by the triangle inequality that for any r < r(z; csk/n),

By (@) = 1/2 < [y () = 0By ()] + 1By () — 172

< Bl (@) = 1Biepny @) + 0By (@) = (Bl 1)

+n(B(z,r)) —1/2
< 2Ayc + U(B(x’T)) - 1/27

as such an r must respect r < r(z; pyc) given that r(x; csk/n) < r(z;pyc)). Put differently,

ﬁ(BEk+1)(x)) —1/2 = 2Ayc < n(B(z,r)) —1/2.

Suppose & ¢ #, ;. Then by definition and our assumption on the estimate, 3Ayc < N(Bly41)(2)) -1 =
ﬁ(BEk,_H)(x)) — 1/2, which, given that A < Ay, implies that

A < n(B(z,r)) —1/2.

Because this statement holds for each r < r(x; ¢sk/n), it holds by Lemma 6 and the definition of the effective boundary
and Lemma 6 that = ¢ O,/ A. The case where 7(B(j41)(x)) < 1/2 can be handled analogously.

By Lemmas 7 and 3 respectively, the first two events take place each with probability > 1 — §2/16 over the draw of the
sample, and so by the union bound, the conclusion holds with probability > 1 — §2/8. O

D.3. Formulation of Rejection Region, Controlling its Measure

As discussed in the main text, the actual region used for rejection sampling is a larger cousin of the estimated hard region.
We will see that this allows us to more easily apply k-NN analysis techniques from the literature, as it will allow us to
avoid analyzing cases where the k-NN form a biased estimate of the conditional probability of 1 inside any given nearest
neighbors ball. A vital part of guaranteeing speedup under our scheme is an upper bound on the measure of this acceptance
region. In this section, we show how to form a distributional quantity that provides such a bound.

Recall that given an estimated hard region %%l r and parameter (, we say its associated augmented estimate is the set
n k < U B(kc-i-l)
TEH 1
and the “easy region” &, j, is defined in the following manner:
5+k = {z | ¥r < r(x;puc), n(B(x,r)) —1/2 > 5Ayc}
8y = {o | ¥r < r(wpuc), 1/2 = n(B(z,r) > 5Auch
Enk = éi:tk Ué, -
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We first show that when the sample allows us to approximate probability radii well, and 7 is sufficiently smooth, membership
in the acceptance region means that there is some point in the estimated hard region with a similar local conditional
probability.

Lemma 8. Fix( > 0, k € Nsuch that k; < n € N, and a sample S,,. Suppose it holds for some x € X that
X € %fk@,
and the sample is such that for all ¥’ € X,
B(rt1) (") € Bpye (@), Bes1)(@') S Bpye ().

Then if n is (c, L)-smooth, there exists & € jﬁ,k for which

Proof. If x € %%:‘,M and B(;41)(2") € By ('), then 3% € A, A for which p(Z,z) < Tpuc (Z); by definition of the
augmented estimate, there is some & € .77, , for which = € B(OECH)(QE)’ and so because B(OECH)(%) C B+n(@) C
Bp,. (%), the condition p(Z, x) < r5,.(Z) follows by definition. Now we may write, using the definition of smoothness and
the properties of smoothness discussed in Lemma 5,

1 (Bigesny @) = 1 (Blsn @) < In (Berny(@) = n@)] + [n(@) = n(@)| + (@) = n(Bly4) (@)
< L(puc)® + L(puc)® + L(puc)”
< 3L(puc)™.

where the bounds on the first and second term of the first line come from the assumption that Vz € X, B 41)(z) C
By (), and the bound on the third term comes from the assumption that Va € &, B(j41)(z) C By, (). O

This result allows us to associate the easy region with the acceptance region of Algorithm 1. Lemma 9 gives us a natural
bound on the measure of the acceptance region automatically.

Lemma9. Fix ( > 0and k € N such that Eg < n € N. Suppose n is sufficiently (c, L)-smooth in the sense that
3L(puc)® < Avyc-

Then with probability > 1 — 352 /16 over a draw of n i.i.d samples from P,
e SXN\ Ene

Proof. The proof technique is the same as that of Lemma 1. We suppose x € j‘?jfk ¢ and show that z ¢ &, ;, when certain
conditions hold; finally, we argue by a union bound that the conditions occur simultaneously with probability > 1 — §2/8.

Suppose it holds that, in addition to 3L(pyc)® < Ayc, we have that for each B’ € B’ := {B(x,r,2):x € X,r >0,z €
[0, 1]}, that [n(B’) — 7(B")| < Auc, and that for each x € X, both Bz, ;. 1)(z) € By () and Bxy1)(2) € Bpye(2). In

Puc puc

this case, the following string of inequalities holds, where & € J7;, .

1 . 1 _
n (B (@) - 2' < |1 (Blern @) = 3| + 3L ue)
- 1
<|n <B£k+1)($)) 3 + Auc
. s 1
S n (BEkJrl)(I)) — § =+ 2AUC

< 3Ayc + QAUC
= 5Ayc,
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where the first line is a consequence of Lemma 8 and the triangle inequality, the second is by 3L (pyc)® < A, the third
is is by the uniform convergence of conditional probabilities in the augmented balls, and the second to last is from the
definition of what it means for & € .7, 1. This means that under these conditions, p(z, X7, . () is aradius that is sufficiently
contentious to make z ¢ &, i, given that in this case p(z, X, (x)) < r(z; puc). By Lemmas 1, 2 and 4, and a union bound,
the conditions hold with probability > 1 — 352 /16, and so the result holds as claimed. O

There are a lot of moving parts in our formulation of the acceptance region after the first n samples. We introduce a couple
of definitions to help summarize the events we need to take place over the first n samples for our rejection sampling/
classification scheme to have desirable performance properties. We then show that these events take place with high
probability.

Definition 9. Given 6 € (0, 1), a parameter setting of ¢ > 0 in Algorithm I and k € N such that I%C <n €N, we define
the event that the first n samples are “good for estimation” to be

GE(S,) := {6C5k/n,A - jﬁz,k C %:k’c - X\égn,k ANVreX, Bc,;k/n(x) C B(ok4+1)(x)}'

Analogously we say that the sample Sy, is “bad for estimation” when this event doesn’t take place, and write
BE(S,) := GE(S,,)°.
Lemma 10. Fix k < n € N. Suppose i is -regular, and 0 is sufficiently (v, L)-smooth in the sense that

3L(puc)” < Avyc.

Then it holds that
Es,pe~ |1 BE(S,)] < §2/4.

Proof. By definition, if it holds that

Oestoynn C S o,
and .

%Tk,c C X\ &,
and

Bcgk/n(z) C BFEC+1) (:C)a

then the sample is ‘good for estimation.” These events occur simultaneously with probability > 1 — 62 /4 by Lemmas 1, 9
and 2 respectively, and the union bound. This is because there are only 4 fundamental uniform convergence results on which
these results are built, so the fact each of these holds with probability > 1 — §2/16 is sufficient for the result. O

D.4. Further Notation for Analyzing Second-Round Samples

Roughly speaking, we have so far gathered the results required to ensure that the first round of sampling is likely to go to
plan in terms of our estimate of what a good rejection region will be. What we are left to show is that if the first round goes
well, then it is likely that the second round samples lead to an accurate classifier.

To do this, we essentially treat prediction using the rejection samples as a new prediction problem in a smaller space. In this
section, we introduce some definitions that help us to that end, as well as some complex bad events that describe how the
modified k-NN classifier introduce in the Preliminaries can predict incorrectly. As we did with the estimation events, we
will look to control the measure of these events over the two rounds of the sampling to obtain a bound on the probability that
the modified classifier disagrees with the Bayes optimal.

Recall the definition of the modified k-NN classifier, applied with R = %%L, iz and RT = z%%fk ¢

k 5 ) .
1[% >ic1 Yoy (@ %;rkg) > %}» ifx € I, ),
13 S Yy (z) > 4], otherwise.

gn,m,k(x) = {

A related useful notion will be that of the effective boundary in a subspace. To introduce this, we must introduce some
related ideas.
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Definition 10. Given x € X, the “closed ball of radius r inside the set S” is the set
B (z,r):={a' € S: p(zx,2') <r} = B(x,r)NS.
Definition 11. For a given p € (0, 1] and measurable S C X, the “probability radius in S” of some x € S is
7% (2;p) == inf {r | (Bﬂs(x, r)) > p} ,

whenever p(S) > p, and 0 whenever u(S) < p.
Definition 12. For a given p € (0,1), S C X with u(S) > p, the “effective interior in S” is the set

Xz;g-,A = {x eS:n(x)>1/2 AN Vr< rms(ac;p)7 n(BmS(xﬂ")) -1/2> A}
U{zeS:n(x) <1/2 A Vr< 78 (x;p), 1/2 —n(B"5(2,7)) > A}.

Lemma 11. Fix p’ € (0,1) and A € (0,1/2] and a measurable S C X. If it further holds holds that B(x,r(z;p’)) C S,
then

5z p) = r(z;p).

Proof. Let R := {r : u(B(z,7) > p'} and R := {r : u(B"%(z,r) > p'}. Note that if r > r(z;p), then 7 € R and
r € R™, as B (x,r(z;p')) = B(x,r(x;p)). I r < r(z;p’), then it holds that u(B(z,7)) = u(B"¥(z,r)) < p', or
by definition of the infimum, r(z; p’) is not a lower bound for each element in R, and so cannot be the infimum. Thus
R=R"5, s0 they have the same infimum.

O

Lemma 12. Fixp' € (0,1] and A € (0,1/2] and a measurable S C X. If it further holds holds that B(x,r(xz;p")) C S, u
has full support, and (0, p, p) is (o, L)-smooth, then the condition

vr <r"(a;p), (B (z,r) ~1/2 2 A
implies that n(x) > 1/2.

Proof. When B(z,r(z;p')) C S, we have that r(z;p’) = r™° (2;p’) by Lemma 11, and for each r < ™ (z; p/, we have
B"%(z,r) = B(z,r). Thus, we may repeat the argument of Lemma 6. O

Definition 13. For a given p € (0,1], S C X with u(S) > p, the “effective boundary in S” is the set

OTN =X\ XA

D.4.1. BAD PREDICTION EVENTS FOR THE MODIFIED k-NN CLASSIFIER

The following introduce the ways in which the modified k-NN classifier can err. Essentially, they are more complex versions
of the original ideas of (Chaudhuri & Dasgupta, 2014). The idea of their analysis is that for a new point in instance space that
is not in the effective boundary, the k-NN classifier can only make a mistake if one of the two events take place: the k-NN
of x are further away than one would expect with n samples, or the empirical estimate of the conditional probability in the
k-NN ball has a large deviation. The simplicity of this analysis follows directly from the definition of the effective boundary.
For us, our modified k-NN classifier is essentially two k-NN classifiers predicting on different probability spaces. Thus, our
idea is to repeat these analytical ideas on two separate spaces at once. The event of non-local neighbors or non-representative
k-NN votes is a compound event that takes place when non-locality or non-representativeness takes place in either of the
two spaces.

Fixz € X, { > 0, k € N such that IEC <n €N, m e N, and a sample § = S,, US,,,. Denote the event that the sample is
“non-local” relative to = laying in the estimated hard region to be

~ >+ ~
NLg(z,S) := {p (m,X(kJrl)(x;%’;LTk}C)) > rﬂ%ihk,i(:c;p'), x € %,k} ,
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where X (j41)(z; %;fk C> is the k + 1%¢ nearest instance to z drawn as a rejection sample from j{’jfk ¢- Similarly, we
consider the event that the sample S is “non-local” relative to = laying outside the estimated hard region to be

NL_g(z,S) = {p (x,X(kH)(x)) > r(x;esk/n), x ¢ %%Lk} .
We summarize the event that the nearest neighbors of x are “not local” via the indicator function
I NL(z,S) := 1 NLy(«,S) - 1IGE(S,,) + 1 NL_ g (z,S)
We also define some more complex events corresponding to non-representative estimation of conditional probabilities. Let

the event that the conditional probability of an augmented ball defined by the £ 4+ 1-NN to = € X is underestimated by a
margin > A based on the samples from P be

BV-na(,8) = {1 (Bluy) (@) = (Blryny(@)) = A},
and analogously when the estimation is done with samples from the second sampling round
BV i (2,8) i= {1 (Bl @ 50 0)) = it (Bl (2 5.0)) = A}

Here, BE k+1) (3 %%:% ¢) denotes the “augmented ball in ,%%fk ¢~ of k+1-NN to z drawn as a rejection sample from j?fk ¢
Formally speaking,

BEkH)(x;%A’j:k() :_{gg/ € j?;:szl €[0,1] : p(z,2’) < p <I7X<k+1>($%%ﬂ,c)> v

plz,x') =p (w Xk (3 '%’%:k:,c)) N2 < Zggy (2 %f’fk,g)}

Similarly, we consider the event that the conditional probability is locally overestimated by a margin > A by samples from
]P7

BV-s0(2,S) 1= {(Bj.s1) () = 1By ) () = A},
and by samples from %%j‘k o
BV (2, 8) = {(Blu ) (0, 7,5, ) = 1By (0, 7,5, )) = A}

The indicator on the event that the voting “goes badly” around x is then defined as
1BV(z,S) :=1{z € Xy} <]lBVH,O(:c,S) “1{x € H# .} - 1GE(S,) + 1 BVﬁHVO(z,S)>+
1{z € X1} (lBVH,l(x,S) -z € %%L,k} -1GE(S,) + 1 BVﬁHJ(a:,S)),

where Xy := {z € X |n(z) < 1}, and Xy := {z € X [ n(z) > 1}.

D.5. Towards a Finite Sample Bound

Given these event definitions, we will show that their measures can be bounded over the sampling, leading to a finite sample
bound for the k-NN classifier. First, we show how to bound the measure of a “bad vote” for our modified k-NN classifier. In
subsequent lemma, we show that the non-locality event is also a rare event. We assume WLOG that (1 — 7)m is an integer
to facilitate the analysis.

Lemma 13. Fix§ € (0,1), k,n,m € N, and z € X. Suppose S = S, U S,, is drawn according to Algorithm 1 run with
parameters m > 0 and ( > 0, with k < (1 — m)m and k¢ < n. Then

Es[1BV(z,S)] < 2exp(—2kA?).
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Proof. Suppose that x € &). Then it holds that

1BV(z,S) :=1BVyo(z,S) - 1{x € #,;} - IGE(S,) + 1 BV_go(z,S).

We have via the argument in (Chaudhuri & Dasgupta, 2014) Lemma 10 (tightened via a one-sided Hoeffding bound) that
Es[LBV_po(z,S)] < exp(—2kA?).

The idea here is that averaging over the labels of the A-NN of z forms an unbiased estimate of
0 (B'(z, X (k+1) (%), Z(41)(2))), and so the probability that this estimate deviates by more than A from it’s true mean can
be controlled via a Hoeffding bound.

The first term can be handled similarly if we consider the sampling procedure in the two stages. Suppose after the first n
samples, we have

[z € #, 1) - 1 GE(S,) = 1.

In this case, the classifier gy, ,,, . Will only use the second m samples to make predictions on . It it treats prediction on x as

prediction in a new space defined by conditioning on %}fk ¢- Note that when the initial sample S,, is “good for estimation”,
it holds that By, /n(x) C B?fcdl) (z), and so

W) > p(BG ) (x)) > csh/n > 0,

so this space is non-degenerate and can be sampled from; further, as & < (1 —m)m , we are guaranteed that X, 1)(z; %%fk)

exists. Thus, given = € %%«L &> we can reapply the argument given to bound the second term, just in this new space from
which we get m samples. Then, in more formal language, we have argued that

Es[1BVpo(z,S) Lz € 4, ,} - 1GE(S,)] < Prs(BVuo(z,S) | = € H,y, GE(S,))
< exp(—2kA?).

The result follows from repeating the argument for the case that x € X7, and noting that
2exp (—2kA?) <11 {reX}+1{ze X1}> < 2exp(—2kA?).

O

Lemma 14. Fixx € X, ( > 0, k,n,m € N, p’ € (0,¢sk/n), and v € (0,1]. Suppose S = S,, U S,,, is drawn in
accordance with Algorithm 1 run with parameters m > 0 and (, such that k < (1 — 7)%771}9’ and l_cc < n. Then we

have

Es {]1 NLg(z,S) - lGE(Sn)} < exp(—kv?/2).

Proof. The idea is similar to the one employed in the previous lemma. We condition on events depending only on the first n
samples, and then note that given those events, non-locality can be controlled by Binomial deviation bounds.

In particular, if after the first » samples it holds that 1{x € %%1 i} -1 GE(S,) = 1, then prediction takes place in the smaller

space. Given that the initial sample S,, is “good for estimation”, it holds that B, /n(ac) - BE’]—Q +1) (x), and so, as above,

N(‘%%vfk) 2 (B, 41)(x)) = csk/n > 0.

This implies that we can rejection sample from %%:’ 1> and the probability of any one of the (1 — 7)m accepted samples
from the second round falling in the ball

+ o+
Bmﬁg)n,k,( <x7 Tm'}ﬁz,k.( (x;p/)>
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is > m, when x € 7, 1, and B /n(x) C BE’]—CCH)(I) we have that

Bk (w, ™k (a3) = Bla, r(@;p)),

and we are conditioning on %%;Fk ¢- Then we can use the argument from (Chaudhuri & Dasgupta, 2014) Lemma 9 to get
the result: given that p(B(x,7(x;p')) > p’, with probability > 1 — exp(—k~2/2) more than k of the (1 — m)m rejection
samples will fall inside the set (by the multiplicative Chernoff bound). O

We need one final result before giving the main, finite sample bound. This is a technical result that will allow us to relate
the effective boundary inside the acceptance region to the effective boundary in the instance space X, which gives a
simplification of our finite sample bound that facilitates comparison with passive guarantees.

Lemma 15. Fixz € X, ( > 0, k,n,m € N, such that ke < n and p' < csk/n. For all first round samples S,, from
Algorithm 1 run with parameter (, it holds that

e .
{1‘ cd, W e %,k} NGE(S,) C {a: € 8p/’A}_

Proof. If the sample is such that 1GE(S,,) = 1 and it further holds that x € %%L «» then it holds from the definition of the
event that the sample is “good for estimation” that

B (z,r(x;csk/n)) C f%%:rk,g-
By p’' < ¢csk/n, we have r(x;p") < r(z;csk/n), and so it further holds that
B, (@) € Ak

and that r%iikvc(a:;p’) = r(z;p’). Suppose by contradiction that z ¢ J,s A. Then WLOG, z € X;A ={z:Vr<

r(z;p"), n(B(z,r)) —1/2 > A}. Because B(x, r(x;p')) C %%fk ¢» we must have for each r < r(z;p’),

B(lE,’I’) = Bﬂ%nfk’<(z7r)a

and so, this would imply via Lemma 12 that z ¢ ap, "¢, which is a contradiction. O

The main finite sample bound can now be stated. The analysis techniques come straight from (Chaudhuri & Dasgupta,
2014), where we have more complex “bad events” to ensure don’t take place.

Theorem 2. Fixd € (0,1), ( >0, 7 € (0,1), and k,n,m € N, such that ]_ﬂc <nandm(l —m)cs > ncs, /s Assume that
w is C-regular, and 0 is (o, L)-smooth such that

3L(puc)® < Auc.

Then, with probability > 1 — § over the draw of n + m samples from Algorithm 1 run with parameters w and (, we have

Pry., (g*<X> " gn,m,koc)) < WDy a) + 6,

where

p=c u
YAV R
EAvA L
Proof. Fix x¢ € X arbitrarily. We assert that for every sample S = S,, U S;,, the following bound holds:
* '}?n+ 2
1{g"(z0) # Gn,mk(x0)} <1 {xo €09,X", w € %k} - 1GE(S,)+

1 {xO € aq;k/n,Aa To ¢ t%;l,A} . ]lGE(Sn)+

1 BE(S,)+
1 NL(.%‘Q,S)-F
1 BV(LL’(),S).
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To see this, fix a sample S. Assume S is such that none of the first three terms in the upper bound evaluate to 1, or the
bound holds automatically for this sample. Suppose WLOG that we further have x( € S, a. If, in addition, the sample
is such that INL g (2, S) = 1, by assumption it must hold that INL(x¢, S) = 1 (because 1GE(S,,) = 1 by assumption),
validating the bound for this S. So further assume INLy (9, S) = 0. WLOG assume xo € Xj. In this case, because we
have that -
I
2o ¢ Oy 3"
by definition, we have

+

. 1 ;
Vr < "k (zo;p), = — 1 (Bﬂjg):,—k,c(mo,r)) > A,

2
and thus under smoothness,

1
3~ n(xg) > A.

Thus, the only way our classifier disagrees with the Bayes optimal classifier is if the voting overestimates the conditional
probability of the k-NN ball, i.e. 1 BVpyo(x9,S) = 1, validating the bound for this sample S; see (Chaudhuri &
Dasgupta, 2014) for some formalism regarding the handling of augmented balls here. The full claim can be proved with
identical arguments, by working through variations of the cases xg € J7, ; and o € Aj. Note that by the fact that
m(l —m)cs > neg V32 and k < I_CC < m, the k + 1-nearest neighbors are well-defined for both rejection samples, and for
samples from P.

We note further that this bound can be further simplified:

1{g"(20) # gnmn(@0)} <L {zo € By.a} +
1 BE(S,)+
1 NL(l‘Q, S)+
1 BV(LE()7 8)
To see this why this holds, two observations need to be made. Firstly, the first term of the original bound admits transformation

into the first term of this simplified bound by Lemma 15 when the condition m(1 — m)cs > ncg /2 holds (as this condition

implies that p’ < ¢sk/n). Further, the second term of the original bound can be eliminated entirely. This elimination comes
from the fact that

{330 € Ocsi/n,A> To & %k} NGE(S,) =0,
as when 1GE(S,,) = 1, we have by definition 806k/n7A - %%L,k- Now, by Lemma 10, we have that

ES []]- BE(S71)] S 62/4

n

By Lemma 14, and by the setting of the parameter p’ and c¢sk/n, we have
Es, s, [1 NL(zo,8)] < 6%/4,

where by Es,, s,, we mean the expectation over the sampling scheme defined by Algorithm 1. By Lemma 13 and the choice
of A,
Es, s, [1BV(x0,8)] < §°/2.

Thus, for a new Xy ~ p,
Ex,Es[1 BE(S) + NL(Xy,S) + BV(Xp,S)] <6°

Thus, by Markov’s inequality, their sum is < ¢ with probability > 1 — §. This gives the result given that
Exomu[1{X0 € Oy .a}] = p(0p.a). O

Corollary 1. Suppose the assumptions of Theorem 2 hold are satisfied by o, L, 6, 7, {, n, m = ©(n). If in addition P
satisfies the 3-margin, then with probability > 1 — § over the draw of n + m training samples from Algorithm 1,

B

P () £ g0 s()) <0 ( bg(,j/‘”+(ca~fj-u<@%,k>)a> +
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where

ay\ B
WA\ 64 <0 (Wlogw);logﬂ/m<65.§+ d+1g<1/6>> )

The corresponding guarantee for the (Chaudhuri & Dasgupta, 2014) analysis of passively trained nearest neighbors states,
with probability > 1 — 9,

PrX~u(g*(X>7égn,m,k(X)>§O ( bg(li/é)Jr(ca-z)a)ﬁ + 4.

Proof. Under (o, L)-smoothness and p having full support, as noted by (Chaudhuri & Dasgupta, 2014) Lemma 4,
1 (03
Op.a C {.’IJGX:‘?’](.’L‘)—Q’ <A+ Lp }

The result, up to the decay of the mass of X' \ &, j, follows from the direct application of the -margin condition with
margin A + Lp®, where p is adjusted for the active case as in Theorem 2.

The decay of the of the mass of X' \ &, j follows the same lines. Note that from the definitions,
aﬁUQAUC =X \ gn,k’a

and so the idea from above can be directly reapplied. O

D.6. Consistency

For consistency results, we first start by showing an alternative finite sample guarantee that is more conducive for our later
arguments. To this end, we introduce a few further distribution quantities relating to a slightly different notion of effective
boundary. The intuition as to why such a consistency result can be shown is as given above; our slightly different notion of
effective boundary still useful for controlling the probability of disagreement with the Bayes optimal classifier, and can be
tightened with increasing m.

Definition 14. Forp € (0,1], A € (0, 3], the “effective interior” of (Chaudhuri & Dasgupta, 2014) is the set
XP,A = X\@ A
Definition 15. For a given set S C X, and for p € (0, 1], let the “probability p-interior” of S be

I,(5) :={z | B (x,r(x;p)) € S}

These two definitions enable the specification of the alternative notion of effective boundary we use in our consistency
guarantees.

Definition 16. For p= (p,p’) € (0,1) x (0, 1), and a given region S C X, let the “effective boundary in X relative to S’
and p”’ be

O5 =X\ ((Afp,,A NLy(S)) U (Xpan 1,)(50)))

This alternative effective boundary definition turns out to have controlling properties for the disagreement of the modified
k-NN classifier with the Bayes optimal classifier. This is the content of the next lemma.

Lemma 16. Pick § € (0,1), ¢ > 0, 7 € (0,1), and k,n,m € N such that k; < n. Suppose S = S, U S,, is drawn
according to Algorithm 1 with parameters 7 and (. With probability > 1 — § over the sampling,

* ~‘;%l ]
Prxu (9 (X) # gn,m,k(X)> g (aﬁm.ﬁ) +9,
where f, = (pr, py), and pr = 51, D1 = €5 7y
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Proof. The proof is very similar to that of Theorem 2. Fix 9 € & and a sample S. Define the event

NLp 1(zo,S) := {P(CCO,X(kH)(xo;%Tk,C)) > r(z0; pp)s Zo € Iy (%,k)}7

the event R
NL-1(z0,S) := {,0(960,X(k+1)($0)) > r(wo;p1), To € I, ((%,k)c)} ;
and summarize via
NLI(Io,S) = NLHJ(I(),S) U NLﬁH,](Io, S)
Further, define

+

)
)

]].BVI(ZL'(), S) Z:]].{I'o € Xo}<]].BVH70(.T0,S) . ]].{Lﬂo € Ipl/(%hk)} +1 BVﬁH70(£L'0,$)
]].{Io S X1} <]].BVH71(£C(),S) . ]].{xo S Ipll(z%z’k)} +1 BVﬁHJ(JCQ,S)

Similarly to Theorem 2, we show that for any sample S of size n + m,

1{g"(20) # gnma(e0)} <1 {0 € 375 b+
]].NL[(CL'(), S)+
]].BVI(SC(), 8)

The reasoning is analogous. Suppose for a given sample that z( ¢ 5;72: "%. Then WLOG z € Ipl/(f%%hk) N Xy A Then if
more than k of the second round rejection samples fall in B(zo, 7(x0; p})), then the only way g, m i classifies different
from the Bayes optimal is for the voting to be non-representative by a margin > A under the k nearest rejection samples.

We then bound the probability of these events under a draw from Algorithm 1. First, consider the event NLy 1(z0,S).
As before, we bound the conditional probability that p(xo, X (441)(zo; J?fkc)) > r(wo; pp) given that zg € Ty (f%%lk)
Conditioned on the fact that B(xo, r(xo;p{)) is contained in the acceptance region, we can borrow the idea of Lemma 14 to
say that with probability > 1 — 62 /4, we have that > k + 1 of the points drawn as rejection samples fall in B(xzq, 7(zo; p})),

where the adjustment to p{ comes from the fact that we don’t have an upper bound on the measure of acceptance region.

Note that NL-71(z0,S) € {p(20, X(x+1)(z0)) > r(x0;p1) }. Thus, as before, we can directly apply the multiplicative
Chernoff bound to control the probability that < k + 1 of the n + 7m samples from P do no fall within the ball B(z, r(z; pr))
(which has mass > py).

Whether prediction is taking place in ,7?@% & Or its complement, the probability that the voting is non-representative of the
conditional probability of 1 in an augmented ball by a margin > A is bounded by 6% /2 by the argument of Lemma 13. Note
that the k£ + 1-NN from either rejection samples or from samples from P are always well-defined. One can finish the result
the same way as in Theorem 2 by using Markov’s inequality. O

We will use this result in combination with a couple of results of (Chaudhuri & Dasgupta, 2014) to obtain our final
consistency guarantee. In what follows, we use 0.7;, . to denote the boundary of the set 7, ;. in X'. Formally, we let

D,y = Sy, \ Int( 1),

where we define Int(%%hk) as the set of points in jﬁ’k for which there is some r > 0 for which B°(z,r) C <%%1k In what
follows, we set Ay, := \/(4/kntm)log(2/6), and p,,, = (qﬁmgﬁ), and let 6 := {x € X : n(x) = 1/2}.

Lemma 17. Suppose (X, u, p) satisfies the Lebesgue Differentiation Theorem. Fix S,, such that u(&%%hk) = 0, and further
suppose that we have a rule for the growth of k with that of m that obeys k1, — co as m — oo. Then there exists
Xoun € X with 1(Xou) = 0 such that
1 ~<9?n,k
z € X\ X, 77(33)7&5 = € X\

for some p’and some A > 0.
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Proof. Very similarly to (Chaudhuri & Dasgupta, 2014) Lemma 12, set

Xnull,ne = {.’E S lrlfgn (B(a?,’l“)) 7& U(m)} :
By the Lebesgue Differentiation Theorem, z1( Xy, ne) = 0. Let

Xnull = aji&n,k U Xnull, ne-

Note that (X)) = 0 as well.

Now fix z ¢ Xy with 7(z) # 1. Suppose WLOG that n(z) > 1/2. Set A = (n(z) — 1/2)/2 > 0 by assumption. By the
fact that lim,. ;o ) (B(, 7)) = n(x), it holds that there is some 7 for which 7 < ro implies that n(B(z,r))—4 > A. Because

x ¢ X, means that x ¢ Bjﬁk it holds WLOG that x € int(iﬁhk), given that X' = int(j{’jl,k) U int(%ﬁk) U 3%,1«-
Thus, there is some ball B°(z, ) such that B°(x,7}) C #, ;. Then note that B(x,7}/2) C B°(x,74), so if we choose

p=min (B, o). u(Bla.r/2) ).

it holds that x € Ip(%hk) N X, A, and thus that z € X \ 5ﬁ,k -

Lemma 18. For the settings of p,, and A, above, we have
. =
s <3ﬁm,3m \ 30) =0.

Proof. The proof is identical to that of (Chaudhuri & Dasgupta, 2014) Lemma 13. By definition, p,, | (0,0) and A,,, { 0.
Let

5 i
Am = 8ﬁm?£m \(90
Then Ay D Ay D .... By Lemma 17, forx € X\ (X U dy), there is some m such that = ¢ 5£‘£m. Thus
ﬂleAm C Xnull;

and so the result follows by the fact that p(Xp,1) = 0 and using continuity from above of the measure . O

Theorem 3. Fix( > 0, n € N, and 7 € (0,1), such that k; < n when k = k,,. Suppose (X, p, i) satisfies the Lebesgue
differentiation theorem, and the following conditions govern the growth of ky ., as m — oco:

kn-‘rm — OO
Entm/(n+m) — 0.

Then for any first round sample S,, such that the boundary of the acceptance region 3%, i has /t(&%%l,k) = 0, it holds that

lgn Prgm (Rner(gn,m,k) - R* > E) = 07

that is, we convergence to the Bayes-risk in probability over the draw of the second m samples.

Proof. The proof follows the argument of Theorem 2 of (Chaudhuri & Dasgupta, 2014). Firstly, as they note, it holds that

Rn+m(gn,m,k:) - R* S Prer,u (ﬁ(X) 7& %7 gn,m,k(X) 7é g*(X)> .

BY kp+m/(n +m) — 0, it must hold that for large enough M; that ky, 4, < min ((1 — 7)m,n + 7m) if m > M. Thus,
for any choice of ¢, if m > M, it holds with probability > 1 — § that

Rn-l—m(gn,m,k) - R < H (a;:i’gm a()) + 0.
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Choose 0,, = exp(fk,l/fm). Fix ¢ > 0. By Lemma 18, we can choose some M, such that J,, < ¢/2 and
I (5;72?27” \80) < €/2 for all m > Ms. Then if m > max(My, Ms),

Prs,, (Rn+m(gn,m7k) —R*> 6) < -

The result follows by taking the limit as m — oc.
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