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Abstract

Understanding how Large Language Models
(LLMs) perform logical reasoning internally
remains a fundamental challenge. While prior
mechanistic studies focus on identifying task-
specific circuits, they leave open the question
of what computational strategies LLMs employ
for propositional reasoning. We address this
gap through comprehensive analysis of Qwen3
(8B and 14B) on PropLogic-MI, a controlled
dataset spanning 11 propositional logic rule
categories across one-hop and two-hop reason-
ing. Rather than asking “which components are
necessary,” we ask “how does the model orga-
nize computation?” Our analysis reveals a co-
herent computational architecture comprising
four interlocking mechanisms: Staged Compu-
tation (layer-wise processing phases), Informa-
tion Transmission (information flow aggrega-
tion at boundary tokens), Fact Retrospection
(persistent re-access of source facts), and Spe-
cialized Attention Heads (functionally distinct
head types). These mechanisms generalize
across model scales, rule types, and reasoning
depths, providing mechanistic evidence that
LLMs employ structured computational strate-
gies for logical reasoning.

1 Introduction

The capability of Large Language Models (LLMs)
to execute complex logical reasoning has improved
significantly (Cheng et al., 2025; OpenAl et al.,
2024; Guo et al., 2025). State-of-the-art evalua-
tions demonstrated this trend: GP7-5.2 achieves
92% accuracy on GPQA-Diamond, while Gem-
ini 3 Pro reaches 76% on SimpleBench. However,
the underlying computational mechanisms behind
such high empirical performance remain poorly
understood. This gap in understanding raises a
fundamental question: are these models simply
sophisticated pattern matchers relying on surface
statistics (Bender et al., 2021; Dziri et al., 2023;
Zhang et al., 2022), or have they internalized ro-

bust algorithms that mirror logical deduction (Li
et al., 2024; Nanda et al., 2023)? To address this
ambiguity, the emerging field of Mechanistic Inter-
pretability (MI) (Sharkey et al., 2025) has begun to
reverse-engineer transformers to causally uncover
the mechanisms underlying model behaviors. Re-
cent efforts have applied MI to reasoning domains
including arithmetic (Kantamneni and Tegmark,
2025; Stolfo et al., 2023; Yu and Ananiadou, 2024),
syllogistic inference (Kim et al., 2025), and multi-
hop composition (Ye et al., 2025; Xia et al., 2024).
Their findings suggest that LLMs may employ
structured, interpretable strategies when process-
ing logical reasoning, rather than relying solely on
opaque pattern matching.

Propositional logical reasoning, i.e., the capac-
ity to manipulate boolean operators and chain in-
ference rules, represents a cornerstone of formal
deduction that underpins more complex reasoning
tasks. Despite its foundational role, this domain re-
mains largely unexplored in MI. Behavioral studies
reveal that model accuracy degrades significantly
with increased proof depth (Saparov and He, 2023;
Dziri et al., 2023), yet the internal computational
mechanisms responsible for these failures remain
opaque. A prior mechanistic work, Hong et al.
(2025), provides circuit-level analysis identifying
four attention head families in Mistral-7B, Gemma-
2-9B, and Gemma-2-27B. While they demonstrate
that similar circuits emerge across these models,
their study is constrained to a single operator struc-
ture (i.e., implication chains) using simplified one-
hop problems. Broader propositional rules, in-
cluding De Morgan’s Laws, Distributivity, and
Commutativity, as well as applying multiple dif-
ferent rules in a multi-step reasoning process, re-
main mechanistically unexplored. Moreover, their
circuit-discovery paradigm focuses on identifying
which specific components are necessary for a given
model-task pair, rather than characterizing how the
reasoning process is organized at a higher level



of abstraction, namely the generalizable compu-
tational strategies that may transfer across model
architectures and logical structures.

In this paper, we address this gap with a more
comprehensive analysis. First, we shift analytical
focus from model-specific circuit identification to
generalizable mechanistic principles. Rather than
asking “which heads are necessary for this spe-
cific task,” we ask “what computational strategies
does the model employ to solve logical problems in
general?” As shown in Figure 1, this perspective
reveals four interlocking mechanisms: (1) Staged
Computation, with layer-wise processing phases
where early, middle, and late layers assume dis-
tinct functional roles; (2) Information Transmis-
sion, where semantic information aggregates at
boundary tokens; (3) Fact Retrospection, in which
factual information is persistently re-accessed; and
(4) Specialized Attention Heads, where attention
heads exhibit stable functional specialization. Sec-
ond, we expand the scope of analysis to 11 propo-
sitional logic rule categories across one-hop and
two-hop reasoning in Qwen3 (8B, 14B), demon-
strating that these mechanisms persist across model
scales, rule types, and reasoning depths. Through
the above analysis, we provide a more profound,
complete and generalizable understanding of the
mechanism of propositional logical reasoning.

2 Related Work

Mechanistic Interpretability of Transformers.
This area reverse-engineers transformer computa-
tions to understand capabilities like language mod-
eling (Olsson et al., 2022), factual recall (Meng
et al., 2023; Geva et al., 2023; Ferrando and Voita,
2024), and entity binding (Feng and Steinhardt,
2024; Wang et al., 2023). The most popular meth-
ods used in MI is causal mediation analysis, repre-
sentive by patching methods (Vig et al., 2020; Hase
et al., 2023; Zhang and Nanda, 2024; Heimersheim
and Nanda, 2024). Circuit-based interpretability
(Elhage et al., 2021; Wang et al., 2022) identifies
minimal subgraphs for specific tasks, while more
recent work explores distributed representations
through sparse autoencoders (Marks et al., 2024;
Engels et al., 2025) and function vectors (Todd
et al., 2024). However, these studies primarily fo-
cus on language modeling primitives (e.g., copying,
entity tracking) or isolated task components, with-
out examining end-to-end reasoning pathways in
multi-step logical tasks. Our work extends mecha-

nistic interpretability to propositional logical rea-
soning, tracing information flow across residual
streams, attention heads, and MLPs for compre-
hensive logical rules across one-hop and two-hop
scenarios, representing a more systematic investi-
gation than prior component-level analyses.

Propositional Logic Reasoning in LLMs
Benchmarks such as PrOntoQA (Saparov and
He, 2023), ProofWriter (Tafjord et al., 2021),
and LogicBench (Parmar et al., 2024) have
been developed to evaluate LLM propositional
reasoning. Behavioral studies reveal systematic
limitations specific to logical inference: accuracy
degrades significantly with proof depth (Saparov
and He, 2023; Dziri et al., 2023), models struggle
with proof planning (selecting correct inference
steps when multiple valid options exist (Saparov
and He, 2023)) and exhibit particular difficulty
with negated premises (Parmar et al., 2024). These
findings fuel the ongoing debate: do LLMs im-
plement genuine logical algorithms (Nanda et al.,
2023), or merely exploit statistical shortcuts (Dziri
et al., 2023)? However, behavioral evaluation
alone only answers whether models succeed, not
how models complete the reasoning internally. To
the best of our knowledge, the only mechanistic
study on propositional logic is Hong et al. (2025),
which decomposes implication reasoning into four
functional head types (locating, mover, processing,
and decision heads) in Mistral-7B and Gemma-2
models. Their component-level analysis success-
fully pinpoints specific heads responsible for rule
retrieval, information movement, and answer
selection. Different from this head-level functional
decomposition, we characterize network-wide
computational patterns: how processing is tem-
porally organized across layers, how information
flows across token positions , and how facts are
repeatedly retrieved throughout network depth.
This pattern-level perspective, combined with
broader rule coverage and multi-hop scenarios,
reveals mechanisms that generalize across diverse
logical structures, inference chain length and
model scales.

3 Methodology

Our approach departs from the circuit-discovery
paradigm (Elhage et al., 2021; Wang et al., 2022)
which primarily asks “which heads are necessary?”
We instead focus on “what computational strategies
does the model employ?” This shift is motivated
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Figure 1: Overview of the propositional logic reasoning mechanisms in Qwen3. (a) Staged Computation: MLP
patching reveals layer-wise processing phases. (b) Information Transmission: Semantic content aggregates at
segment-terminal tokens. (c) Fact Retrospection: Fact tokens maintain persistent causal influence across depth. (d)
Specialized Attention Heads: Specialized heads implement the macroscopic mechanisms.

by two considerations. First, circuit faithfulness
is difficult to establish, as multiple circuits may
implement the same function and ablating one may
simply shift computation to another. Second, cir-
cuits often fail to generalize across different mod-
els, limiting their scientific value for understanding
how transformers reason rather than how a par-
ticular model is wired. Accordingly, our analysis
characterizes network-wide computational patterns
rather than minimal circuits.

3.1 Task Formulation

We formulate the propositional logical reasoning
task as a next-token prediction problem. Given a
prompt z = [FY,..., Fi, Ry,..., Ry, @], where
{F;} are premises (i.e., facts), {R;} are logical
expressions, and () is the query, the model M pre-
dicts the answer y € {True,False}. To strictly
evaluate implicit reasoning, we require the model
to output the answer immediately following the
query without Chain-of-Thought (CoT) generation,
confining all reasoning to internal hidden states.

3.2 Dataset Construction

PropLogic-MI While benchmarks like PrOn-
toQA and ProofWriter have established a founda-
tion for evaluating reasoning accuracy in LLMs,

they remain insufficient for fine-grained MI. These
datasets often introduce uncontrolled linguistic
variability and entangled reasoning steps, which act
as confounding factors for causal analysis methods
like activation patching. To address this limitation,
we introduce PropLogic-MI, a highly controlled
dataset designed specifically for circuit discovery.
PropLogic-MI focuses on atomic logical operations
across 11 propositional logic rule categories (Ta-
ble 1), providing strictly aligned clean/corrupted
pairs for one-hop and two-hop reasoning. This
structural precision enables researchers to isolate
the exact neural components responsible for logical
transitions, shifting the focus from measuring per-
formance to dissecting the underlying mechanism.

Prompt Template For each rule, we instantiate
prompts by enumerating all possible truth value
assignments to atomic propositions. For example,
for De Morgan’s Law:

"A is True, B is False, (-A or -B) is”

where the model is expected to predict the correct
truth value (True in this case). The ground-truth
answer is computed via symbolic evaluation.

Reasoning Depth We construct prompts under
two complexity settings: (1) One-Hop Reasoning,



Category Formal Definitions Example Prompt Templates (One-Hop)

Identity PANT=P, PVLl=P "Ais T, A and T is”", "A is F, A or F is”
Domination Phnl=1, PvT=T "Ais T, A and F is", "A is F, Aor T is"
Idempotent PANP=P, PVP=P "A is T, A and A is”", "A is F, A or A is”
Dbl. Negation —-(=P)=P "A is T, (ﬁ(ﬁA)) 1s

Excluded Mid. PV -P= "Ais T, A or —A is”

Contradiction PA-P=_1 "A is F, A and —A is”

Commutative PANQ=QAP "A is T, B is F, A and B is”

Associative (PANQYAR=PA(QAR) "W is T, Bis T, C is F, (A and B) and C is"
Distributive PAQVR)=(PAQ)V(PAR) "AisT,BisF, Cis T, A and (B or C) is"
De Morgan -(PAQ)=-PV-Q "A is T, B is F, (—A or —B) is"

Absorption PA(PVQ)= "A is T, B is F, A and (A or B) is”

Table 1: Rule coverage. PropLogic-MI systematically covers 11 fundamental rule categories. Each rule includes its
formal Boolean algebra definition and a corresponding template. Variables {A, B, C} are instantiated with truth

values (True/False). T/F denotes True/False.

Depth Prompt Template & Reasoning Process
"A is True, B is False, (A and B) is"
One.Hop — L(}f\’[‘(’.' ANB
"A is True, (—=(—A)) is”
— Logic: =(—A) = A
"A is True, B is False, (—A or —B) is”
< Logic: De Morgan (—AV —B)
"Ais T, Bis Aand T, C is F, B and C
is"
Two-Hop . Chain: (ANT) = B; (BAC) — Ans
"A is T, B is F, C is —(A and B), D is
T, Cor D is”
— Chain: NAND(A,B) — C; (C'V D) —
Ans
"Ais T, Bis F, Cis Aand B, Dis T, C
or D is”
— Chain: (ANB) — C; (CV D)— Ans

Table 2: Probing prompts across reasoning depths.
We probe the model with queries requiring direct rule
application (One-Hop) versus those necessitating inter-
mediate latent variable derivation (Two-Hop).

where the query is directly derived from facts via
a single rule, and (2) Two-Hop Reasoning, where
an intermediate conclusion must first be derived
before predicting the final answer. Representative
examples are provided in Table 2.

3.3 Analytical Methods

Causal Framework To rigorously trace informa-
tion flow underlying logical reasoning, we move
beyond correlational analysis (e.g., attention maps)
to establish causal sufficiency. We employ Activa-
tion Patching, a method grounded in counterfactual
interventions, and the procedure is as follows: con-
struct a clean input that yields the correct answer
and a corrupted input that yields a different predic-
tion; then selectively patch activations in the cor-
rupted run with their clean counterparts. If patching

a specific component recovers the correct answer,
we identify it as causally critical.

Implementation and Metrics We construct
paired inputs for this counterfactual setup: a clean
input T¢ean yielding target answer Y¢jean, and a cor-
rupted input Xcoprape minimally edited (e.g., flip-
ping a truth value) to induce a contrasting predic-
tion Yeorrupt. We first perform a forward pass on
Xclean to cache activations hy ¢ (or hy p, ; for atten-
tion head h) at layer / and token position ¢. And
then we perform a forward pass on Xy and get
Yeorrupt- We again run a forward pass on Xcorrupt,
at this time we intervene by replacing the target
activation with its cached clean counterpart and get

YZpatched-
Clean Cache Pass 2
‘9
&
Xclean == | Yeiean
]
>
©
-
Intervention Cache K ﬂ Cazr;ed Activation
Pass hclean
2
1%}
8 =5 =Ypatched
Xcorrupt— 7| |=— Ycorrupt
@
>
T
-

Figure 2: Activation patching procedure. We focus on
the logits difference between True token and False
token in Y, qscheq output logits.

We quantify the causal effect of this interven-
tion using the Logit Difference (LD) metric. Let
Wrree and wra1se denote the tokens for the two
truth values(assume that True is the correct answer
on X jean, While False is the correct answer on
X corrupt, normally the two are mutually exclusive).



The LD on the patched output is:
LD = Logits(wrrue) — Logits(wra1se) (1)

A positive LD indicates that the component (I, t)
(or (I, h,t)) retains critical information required
to steer the prediction back to y¢jean. To quantify
the causal effect of patching, we define the Logit
Difference Shift (dLD):

dLD = LDpatched - LDbaseline (2)

where LDypaseline 1S the logit difference on the un-
patched corrupted run. A positive dLD indicates
successful restoration toward the correct answer.

3.4 Experimental Setup

Models Our primary model is Qwen3-8B (36 lay-
ers, 32 attention heads per layer). To verify cross-
model consistency, key experiments are replicated
on Qwen3-14B. All analyses use pretrained check-
points in zero-shot settings without fine-tuning.

PropLogic-MI We constructed a total of 370
samples (74 one-hop, 296 two-hop) by populat-
ing the templates in Table 1 with randomized truth
values, thereby generating strictly aligned clean
and corrupted pairs. To ensure the validity of our
mechanistic interventions, we constraint that the
model must accurately predict the clean and cor-
rupt pair to differentiate genuine circuit disruption
from pre-existing performance failures. Following
evaluation with Qwen3-8B, we retain 224 validated
examples (60.5%), comprising 42 one-hop (56.8%)
and 182 two-hop (61.5%) cases. This filtered sub-
set preserves sufficient statistical power while main-
taining balanced coverage across reasoning depths
and rule categories.

Evaluation We apply activation patching across
all 11 rule categories (§3.2) using LD (Eq. 1) and
dLD (Eq. 2) to quantify component importance.
Each experiment performs three passes: (1) clean
run to cache activations; (2) corrupted baseline;
(3) patched run with targeted replacement. All
analyses run on NVIDIA H100 GPUs using Trans-
formerLens (Nanda and Bloom, 2022). Detailed
implementation is provided in Appendix A.

4 Experiments

We present our findings in four subsections, pro-
gressing from macroscopic to microscopic analy-
sis. Section 4.1 establishes layer-wise processing

phases via MLP patching. Sections 4.2 and 4.3
trace information flow through residual stream anal-
ysis, revealing both transmission patterns and per-
sistent premises (i.e., truth values) access. Sec-
tion 4.4 validates these patterns at the attention
head level. Figure 1 provides a schematic overview.

4.1 Staged Computation

We begin with a fundamental question: when does
computation occur during logical reasoning, and
what is processed at each stage? Following prior
interpretability work that identifies MLP layers as
primary sites for knowledge processing (Geva et al.,
2021), we employ MLP patching to reveal when
different parts of the input are processed via parti-
tioning each prompt into three semantically distinct
regions: the Facts Region (e.g., A is True, B is
False), the Expression Region (e.g., (—A or —B)),
and the Query Token (i.e., is). For each region, we
perform zero-ablation on the MLP layer outputs
across all layers, quantifying the causal impact via
dLD. The results are illustrated in Figure 3.

The results reveal a clear staged pattern. In early
layers (LO-8), the Facts Region exhibits the high-
est patching effect, indicating that factual informa-
tion (entity-value bindings) is primarily processed
at this stage. In middle layers (L10-16), the Ex-
pression Region becomes dominant, reflecting the
resolution of logical operators. The Query Token
is primarily important in late layers (L24, L30,
L33) where it aggregates preceding computations
to form the final prediction, though it also shows
notable influence in middle layers (L.13). Note that
precise layer boundaries vary slightly across differ-
ent analytical methods (MLP patching vs. residual
stream patching), but the qualitative three-stage
pattern remains consistent.

This staged organization (i.e., facts first, expres-
sion second, integration last) mirrors the compo-
sitional structure of the input itself. The model
respects the semantic hierarchy inherent in logical
statements, handling premises before conclusions.
This suggests that OQwen3 implements a system-
atic, compositional approach to logical reasoning,
where the temporal sequence of computation aligns
with the logical dependencies in the task.

4.2 Information Transmission

Tracing Information Flow. We next investi-
gate how information flows between computational
stages through residual stream patching, as it serves
as the primary information pathway and accumu-
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Figure 3: MLP zero-patching scores across different regions and layers on the one-hop dataset. The bar charts
illustrate that the model relies on different information sources at distinct stages: (a) the Facts Region exhibits high
sensitivity in early layers (LO-8), with patching scores declining substantially after layer 16; (b) the Expression
Region peaks in middle layers (L10-15), reflecting logical operator processing; and (c) the Query Token maintains
moderate but persistent influence throughout network depth, with notable peaks in both middle (L.13) and late layers
(L24, L30, L33), suggesting its role as the final aggregation point. More results are shown in Appendix B.1.

lates representations across layers. By patching
residual stream activations at specific token posi-
tions, we can trace where stage-relevant informa-
tion resides as it propagates through the network.

We conduct a controlled activation patching
study: given a clean prompt Z¢jean (e.8., A 1is
True, B is False, (—A or —B) is)and a cor-
rupt prompt Zeopupt (€.8., A is True, B is True...),
we patch token-wise residual stream activations
from the clean run into the corrupt run and mea-
sure the resulting shift in logit difference. This
reveals which token positions carry the causal in-
formation that determines the correct answer. The
resulting causal traces (Figure 4) reveal a clear pat-
tern of information transmission. In Figure 4a, the
patching effect is initially concentrated at token po-
sition 6 (i.e., the truth value True) in early layers,
then shifts to token position 14 (i.e., the closing
parenthesis )), and finally converges at the query
token in late layers. Intra-segment tokens show
negligible effects throughout. This trajectory indi-
cates that information progressively aggregates at
segment-terminal tokens before flowing to the final
prediction position.

Pattern Quantification. We corroborate this
finding with an alternative patching configuration
(Figure 4b), which identifies positions 2, 6, 14, and
15 as dominant convergence points. To quantify
this pattern, we analyze the mean |dLDI (i.e., abso-
lute logit difference shift) across token categories
and layer groups (Figure 5). The results confirm
that facts_value tokens dominate in early layers
(LO-13), while query_token shows a substantial
surge in late layers (L24-35), with Mean |dLDI
values increasing over 2.5x. Extended experi-
ments for Qwen3-14B and two-hop reasoning are
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Figure 4: Residual stream patching reveals information
convergence. Logit difference after patching clean ac-
tivations into the corrupt prompt A is True, B is
True, (—A or —B) is. Values are normalized per
layer to highlight relative token importance. Blue re-
gions indicate successful restoration of the correct an-
swer. (a) Effect concentrates at token 6 (truth value),
shifts to token 14 (closing parenthesis), then converges
at the terminal query token. (b) Causal effects emerge
at segment-terminal positions: 2, 6 (truth values), 14
(expression end), and 15 (query token).

provided in Appendix B.2 and Figure 11. These
findings establish that information transmission in
Qwen3 follows a structured pattern: semantic con-
tent aggregates at the final token of each semantic
segment (e.g., True for the fact A is True, and )
for the expression region) and ultimately converges
at the query token (is). These segment-terminal
tokens serve as information hubs for downstream
propagation, providing the infrastructure for the
staged computation observed in Section 4.1.

4.3 Fact Retrospection

An unexpected finding from the preceding analysis
is that fact tokens maintain causal importance even
in late layers (Figure 5 shows that facts_value
tokens exhibit sustained comparatively high Mean
|dLD| values across all layer groups). This pattern
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detect semantic boundaries at delimiters; Entity-Binding
and Transmission Heads (orange) associate variables
with values and aggregate information within regions;
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holds across one-hop and two-hop reasoning (Ap-
pendix B.2). We propose the Fact Retrospection
hypothesis to explain this observation: rather than
processing facts once and discarding the original
representations, the model actively revisits source
fact tokens throughout its depth. This mechanism
of active information maintenance may serve sev-
eral functions: (1) Error Mitigation, where retain-
ing access to original facts allows potential correc-
tion of misinterpretations in intermediate steps; (2)
Integration Facilitation, since later reasoning steps
may require renewed access to earlier facts for fi-
nal synthesis; and (3) Robustness Enhancement, as
redundant access to source information provides
resilience against representation degradation.

4.4 Specialized Attention Heads

With the macroscopic computational patterns char-
acterized in the preceding sections, a fundamental
question remains: what specific attention heads
implement these mechanisms? We now identify
such heads, and our analysis reveals precisely these
patterns. We uncover Specialized Attention Heads,
i.e., a consistent, layer-wise division of labor in
which heads at different layers assume specialized,
stable functional roles that persist across logical
rules and reasoning depths. We group these heads
below into three main categories, each correspond-
ing to a macroscopic mechanism identified earlier.

Splitting Heads In early layers, attention heads
concentrate on comma tokens (Figure 7a), which
serve as boundary markers between semantic re-
gions (Facts vs. Expression). These heads val-
idate Staged Computation: by detecting segment
delimiters, they enable subsequent heads to process
semantically coherent regions independently.

Transmission Heads These heads implement
information transfer via aggregating information
within semantic regions and route it toward
segment-terminal tokens. Their attention patterns
form lower-triangular matrices within each region
(Figure 7b) and integrate toward terminal tokens.
A subclass, Entity-Binding Heads, specializes in
associating variables with truth values.

Fact-Retrieval Heads These heads predomi-
nantly attend to truth-value tokens (True/False)
from the query token (is) and exhibit recurrent
access patterns (Figure 7c), validating Fact Retro-
spection. Layer-wise analysis shows they emerge
in early layers, peak in middle layers, and sustain
activity in late layers (Figure 8), matching the pre-
dicted pattern of persistent fact influence.

5 Discussion

5.1 Other Attention Head Patterns.

Beyond the above three primary head types, we ob-
serve additional patterns including: (1) Idle Heads
that consistently attend to the first token regardless
of content; (2) Information Binding Heads in early
layers (specifically, LO-10) that associate entities
with truth values; (3) Self-Processing Heads ex-
hibiting diagonal attention where tokens primarily
attend to themselves; and (4) Expression Process-
ing Heads in 1.18-22 that concentrate on expres-
sion tokens before attention convergence. These
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ent types of attention heads, and then we calculate the
number of them in our one-hop reasoning dataset. We
average them in each layer. We can find that Splitting
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mostly lie in middle and late layers. More results can
be seen in Appendix B.3.

patterns, while not causally validated, suggest ad-
ditional functional diversity. More Details are pro-
vided in Appendix C.1.

5.2 Functional Coupling in Specialized Heads.

We observe that individual attention heads often
exhibit multiple functional roles simultaneously.
For example, a head may show Splitting behavior
at delimiter positions while also contributing to
Transmission within semantic regions; similarly,
Fact-Retrieval patterns frequently co-occur with
Transmission patterns in middle-layer heads. This
functional coupling suggests that our categoriza-
tion of Specialized Attention Heads represents ide-
alized abstractions rather than mutually exclusive
classes. Such multi-functionality likely reflects pa-
rameter efficiency: the model implements diverse
reasoning sub-processes by reusing the same heads
across different computational roles. This obser-
vation aligns with the superposition hypothesis in
neural networks, where individual components par-
ticipate in multiple overlapping circuits. Details

are provided in Appendix C.2.

6 Conclusion and Future Work

In this paper, we present a mechanistic analysis
of propositional logical reasoning in Qwen3 mod-
els, adopting a top-down analytical strategy from
macroscopic patterns to microscopic implementa-
tions. Our investigation uncovers a coherent com-
putational architecture: the model organizes reason-
ing into temporally distinct phases, routes informa-
tion through semantic boundary tokens, maintains
active re-access to source facts throughout process-
ing, and implements these strategies through spe-
cialized attention heads. These four phenomena
form an interlocking system where each mecha-
nism supports and validates the others. Further-
more, these patterns generalize across model scales,
rule types and reasoning depths, suggesting funda-
mental computational strategies rather than task-
specific shortcuts. By characterizing how models
reason rather than which components are necessary,
we contribute mechanistic evidence to the hypoth-
esis that LLMs implement algorithmic processes
rather than rely solely on pattern matching.

Future Directions Our findings open several
promising avenues for future research. First, ex-
tending the analysis to deeper reasoning chains
(i.e., three-hop and beyond) would test whether
the identified mechanisms scale gracefully under
increased complexity or encounter qualitative bot-
tlenecks. Second, investigating diverse model ar-
chitectures beyond the Qwen family (e.g., Llama,
Mistral, etc.) would establish the broader gener-
ality of our findings across different pre-training
regimes and architectural choices. Finally, analyz-
ing training dynamics would reveal how and when
these mechanisms emerge during pretraining, i.e.,
whether they develop gradually, appear suddenly
via phase transitions (e.g., grokking), or require
specific training data distributions.



Limitations

Our analysis has several methodological limita-
tions. First, while we characterize attention head
specialization in detail, the internal computations
within MLP layers remain largely unexplored. Our
MLP patching experiments reveal when MLPs are
causally important, but not what specific transfor-
mations they perform. Understanding how MLPs
encode logical rules, bind variables to truth values,
or compute Boolean operations represents a signifi-
cant open challenge. Second, our analysis charac-
terizes the presence of mechanisms in pre-trained
models but does not explain how or when these
mechanisms emerge during training. Whether these
patterns arise from specific training data, emerge
gradually through pretraining, or appear suddenly
via phase transitions remains unknown. Finally,
while we interpret our findings as evidence for
structured computation, we cannot definitively rule
out that these patterns reflect sophisticated statis-
tical shortcuts that merely approximate genuine
logical algorithms.
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A Experimental Setup Details

A.1 Hardware and Software

Hardware. All experiments are conducted on
NVIDIA H100 GPUs with 96GB memory. The
large memory capacity allows us to process the en-
tire Qwen3-14B model in float16 precision without
requiring model parallelism.

Software Environment. We use PyTorch 2.0
with CUDA 11.8. Activation patching experiments
are implemented using the TransformerLens library
(Nanda and Bloom, 2022), which provides conve-
nient hooks for accessing and modifying interme-
diate activations in transformer models.

A.2 Implementation Details

Activation Patching Procedure. For each patch-
ing experiment, we perform three forward passes:

1. Clean run: Execute the model on xjeq,, (cor-
rect prompt) and cache activations at all layers
and positions.

Corrupted run: Execute the model on
Teorrupt (Modified prompt with altered truth
values) to obtain baseline logits.

Patched run: Re-execute Zcorrupt, but re-
place specific activations with cached values
from the clean run at targeted components
(residual stream, attention heads, or MLP out-
puts), then measure the resulting shift in logit
difference.
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Patching Granularities. We perform patching
at three levels of granularity:

* Residual Stream: Patch resid_pref at layer [
and position 7 before the layer’s computation.

 Attention Heads: Patch the output z;; of
head h at layer [ for all token positions.

* MLP Qutputs: Patch mlp_outf at layer [ and
position ¢ after the MLP computation.

All forward passes are performed with
torch.no_grad() to reduce memory consump-
tion and disable gradient computation. We use
float16 precision for all activations and model
weights.

Computational Cost. A single residual stream
patching experiment (36 layers x approximately
16 token positions) takes approximately 30 seconds
on an H100 GPU for Qwen3-8B. Attention head
patching (36 layers x 32 heads) requires approxi-
mately 2 minutes. The total computation time for
all experiments presented in this paper is approxi-
mately 50 GPU-hours.

A.3 Reproducibility

Code and data will be made available upon publi-
cation. Our implementation is based on publicly
available models from Hugging Face and the open-
source TransformerLens library, ensuring that all
experiments can be reproduced by the community.

A.4 Dataset Details

PropLogic-MI consists of paired clean/corrupted
prompts for activation patching experiments. Each
sample includes:

One-Hop Reasoning. Prompts follow the for-
mat: “A is [True/False], [expression] is”,
where the expression directly evaluates the logical
rule. For example, identity law: “A is True, A
and True is” (expected: True). Clean/corrupted
pairs differ by flipping one variable’s truth value,
ensuring minimal perturbation for causal analysis.

Two-Hop Reasoning. Prompts include an inter-
mediate variable: “A is [T/F], B is [expr
of Al, C is [T/F], [expr of B,C] is”. For
example: “A is True, B is A and True, C
is False, B and C is” requires first computing
B =AAT = True, then B A C = False.
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Figure 9: Logit difference shift ratio (R p) via MLP zero-ablation in Qwen3-14B. Top Row (a-c): One-hop dataset.
A staged pattern emerges: (a) the Facts Region is key in early layers, (b) the Expression Region dominates middle
layers, and (c) the Query Token prevails in middle-to-late layers. Bottom Row (d-f): Two-hop dataset. We
observe a phenomenon consistent with the one-hop results, confirming the robustness of the observed pattern.

Corruption Strategy. For each sample, we gen-
erate a corrupted version by flipping exactly one
fact variable’s truth value. This controlled perturba-
tion enables precise causal attribution: when patch-
ing restores the correct answer, we can attribute the
effect to the specific flipped variable.

Filtering Criteria. We retain only samples
where the model correctly predicts both clean and
corrupted prompts. This ensures that activation
patching measures genuine mechanism disruption
rather than pre-existing model failures.

B More Results

B.1 Staged Computation

We replicated our MLP zero-ablation experiments
on Qwen3-14B to verify cross-model consistency.
Following the same methodology as Section 4.1,
we partitioned prompts into Facts Region, Expres-
sion Region, and Query Token, then measured the
logit difference shift ratio:

RLD — |(LDafter - LDorigin)/ LDorigin|
where LDgyigin and LDgfer denote the logit differ-
ence before and after zero-ablation. Results (Fig-
ure 9) confirm that the staged computation pattern
generalizes across model scales.
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B.2 Information Transmission

Metric Definitions. We define the logit differ-
ence shift (dLD) as the change in logit difference
caused by activation patching:

(1,9)

dLD, 4= LDpatched

— LDbaseline
where LDI();’Qth denotes the logit difference after
patching the clean activation at layer [ and position
1 into the corrupted forward pass. We employ two
aggregation strategies:

(1) Mean |dLD| across samples (Figure 5 and
Figure 11): We aggregate |[dLD| by: (i) averaging
over layers within each stage (Early, Middle, Late),
(i1) averaging over tokens belonging to the same
category within each sample, and (iii) averaging
across all samples in the dataset.

(2) Mean |dLD| per token (M |dLD|, Figure 10):
For single-sample case studies, we compute the
mean absolute shift at each token position ¢ within
a layer stage S

1

S
M|dLD|") = 5

> " |dLDy |

les

This metric captures how much patching each token
position shifts the model’s prediction within each
layer group.

Single-Sample Case Studies. Figure 10 extends
the single-sample analysis from Figure 4 (main
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Figure 10: Token-wise activation patching under mul-
tiple corruption scenarios. Each panel shows M|dLD|
per token across Early (L0-13), Middle (L.14-23), and
Late (L24-35) layer groups. The clean promptis A is
True, B is False, (—A or —B) is. Top: B changes
(False—True). The corrupted True token (position 8)
exhibits high sensitivity in early/middle layers. Middle:
A changes (True—False). The corrupted False token
shows similar early-layer dominance. Bottom: Both A
and B change. Combined effects appear at both fact po-
sitions. Across all scenarios, the query token is shows
a significant surge in late layers, confirming information
convergence toward the prediction position.

text) by systematically varying which fact tokens
are corrupted. This provides a controlled valida-
tion of the Information Transmission phenomenon
across different corruption configurations.

The results reveal several consistent patterns
across all corruption scenarios:

(1) Early-layer fact encoding. In each scenario,
the corrupted fact token(s) exhibit maximal patch-
ing sensitivity in early layers (LO-13). When only
B changes (Top panel), position 8 dominates; when
only A changes (Middle panel), position 4 dom-
inates; when both change (Bottom panel), both
positions show elevated effects. This confirms that
fact tokens are primarily encoded in early layers
regardless of which specific facts are manipulated.

(2) Late-layer query convergence. Across all
three scenarios, the query token is consistently
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shows a pronounced surge in late layers (L.24-35),
with M|dLD| values of +2.0, +0.8, and +2.5 re-
spectively. This invariance across corruption types
provides strong evidence that late-layer query con-
vergence is a robust architectural property, not an
artifact of specific input configurations.

(3) Additive effects in multi-fact corruption. The
Bottom panel (both A and B corrupted) shows that
patching effects at individual fact positions are ap-
proximately additive: the combined effect at po-
sitions 4 and 8 roughly equals the sum of effects
observed when each is corrupted individually. This
suggests that the model processes multiple facts
through parallel, largely independent early-layer
pathways before integrating them at later stages.

Extended Results. To verify the generalizability
of the Information Transmission phenomenon, we
extend our token-wise |dLD| analysis to Qwen3-
14B and two-hop reasoning tasks. Figure 11
presents the complete results.

Cross-Model Consistency. Comparing Figure 5
(Qwen3-8B) with Figure 11c (Qwen3-14B), both
models exhibit nearly identical convergence pat-
terns on one-hop tasks. The facts_value dom-
inance in early layers and query_token surge in
late layers are preserved across the 8B—14B scal-
ing, suggesting that Information Transmission is an
architectural property rather than a scale-dependent
phenomenon.

Reasoning Depth Effects. In two-hop reason-
ing (Figures 11a and 11b), the overall [dLDI mag-
nitudes are substantially lower compared to one-
hop tasks. This attenuation reflects the increased
computational complexity: with additional inter-
mediate reasoning steps, causal effects become
more distributed across the network. Nevertheless,
the qualitative convergence pattern, characterized
by early factual encoding followed by late-layer
query aggregation, remains intact. Furthermore,
the expr_last token (representing the final token
of the expression region) exhibits moderate but con-
sistent IdL.DI values in middle layers across all set-
tings, reinforcing our finding that segment-terminal
tokens serve as critical information hubs through-
out the network.

B.3 Specialized Attention Heads Distribution

To verify cross-scale generalization, we applied the
same attention head classification to Qwen3-14B.
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Figure 11: Token-wise information convergence across model scales and reasoning depths. All panels show Mean
IdLDI per token category across Early (LO-13), Middle (L.14-23), and Late (L24-35) layer groups. (a-b) Two-hop
reasoning: The convergence pattern persists with attenuated magnitudes due to increased reasoning complexity.
Notably, query_token remains dominant in late layers, while expr_last (the segment-terminal token of the
expression region) also shows elevated I[dLDI in middle layers, confirming that segment-terminal tokens serve as
information hubs. (c) Qwen3-14B One-hop: Consistent with the 8B model (Figure 5), demonstrating scale-invariant
information flow patterns. These results confirm that Information Transmission is a robust mechanism across both

model scales and reasoning depths.

Figure 12 presents the layer-wise distributions for
both one-hop and two-hop reasoning tasks.

The results demonstrate strong consistency with
QOwen3-8B (Figure 8): Splitting Heads remain con-
centrated in early layers (LO-15), Transmission
Heads distribute across middle layers (L10-30), and
Fact-Retrieval Heads peak in middle-to-late lay-
ers (LL15-40). This parallel structure across model
scales provides strong evidence that the Specialized
Attention Heads phenomenon reflects a fundamen-
tal organizational principle of transformer-based
logical reasoning, rather than an idiosyncratic prop-
erty of a specific model checkpoint.

Notably, the Fact-Retrieval Heads distribution in
Owen3-14B further validates the Fact Retrospec-
tion hypothesis: these heads maintain sustained
activity into late layers, consistent with the persis-
tent causal influence of fact tokens observed in our
residual stream analysis. The results are shown in
Figure 12.

B.4 Failure Case Analysis

We analyze cases where the model produces in-
correct outputs despite exhibiting the same func-
tional head profiles observed in successful reason-
ing. This analysis reveals that failures are not due
to a breakdown in head specialization, but rather to
limitations in downstream integration.

Persistent Head Specialization. Even when the
model fails on logical reasoning tasks involving ex-
cessive reasoning depth or element overload, atten-
tion heads continue to exhibit their characteristic
functional profiles: Splitting Heads still concen-
trate on delimiters, Transmission Heads still aggre-
gate within regions, and Fact-Retrieval Heads still
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attend to truth values. This persistence suggests
that the identified mechanisms represent robust ar-
chitectural properties rather than task-contingent
behaviors.

Potential Failure Modes.
potential sources of failure:

We hypothesize three

* Interaction Deficiency: Insufficient interac-
tion between heads with complementary roles,
preventing effective information handoff.

* Integration Misalignment: Misalignment be-
tween head outputs and subsequent MLP com-
putations, leading to incorrect logical combi-
nations.

* Dynamic Rigidity: The model’s inability
to dynamically reconfigure attention patterns
when faced with novel or compositional rea-
soning demands.

Chain-of-Thought Recovery. Notably, in cer-
tain failure cases, allowing the model to generate
a sufficiently long CoT enables it to ultimately ar-
rive at the correct answer. This suggests that some
failures in implicit (non-CoT) reasoning stem from
premature convergence or incomplete information
aggregation at the query position. Extended se-
quential processing may compensate by providing
additional computational steps for information inte-
gration. This observation invites further investiga-
tion into the relationship between reasoning depth,
head collaboration, and the emergence of correct
solutions.
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Figure 12: Layer-wise distribution of functional attention heads in Qwen3-14B across different reasoning tasks.
Panels (a) and (b) illustrate the distributions on the one-hop and two-hop datasets, respectively. The distributions
mirror those observed in Qwen3-8B (Figure 8): Splitting Heads concentrate in early layers, Transmission Heads
span middle layers, and Fact-Retrieval Heads peak in middle-to-late layers. This cross-scale consistency confirms
that Specialized Attention Heads represent an architectural property rather than a model-specific artifact.

C Discussion

C.1 Other Attention Head Patterns

Beyond the three primary head types (i.e., Splitting,
Transmission, and Fact-Retrieval) identified in our
main analysis, we observe additional attention pat-
terns that provide a more complete picture of the
model’s internal organization.

Idle Heads. As network depth increases, certain
heads exhibit minimal functional contribution, con-
sistently attending to the first token regardless of
input content. Figure 13(a) shows Layer 7 Head
4, where attention concentrates heavily on the first
column—all tokens attend primarily to position O.
To verify this is not an artifact of specific token
semantics, we tested prompts where the first token
is a semantically neutral period (“.”) rather than
a meaningful character. The pattern persists. Fur-
thermore, we observed that L7H4 exhibits identical
idle behavior in multi-hop reasoning tasks and even
in unrelated prompts (e.g., “The weather is sunny,
I am”), suggesting that idle heads may be an intrin-
sic property of the model architecture rather than
task-specific behavior. This raises two possibilities:
(1) certain heads are permanently idle across all in-
puts, representing genuinely redundant capacity; or
(2) some heads may be conditionally idle, remain-
ing inactive for certain task types while activating
for others. A comprehensive analysis of all idle
heads across diverse prompts would be needed to
distinguish these hypotheses.

Information Binding Heads. In early layers (LO-
10), we observe heads that associate entities with
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their truth values. Specifically, these heads bind “A”
with “True” and “B” with “False” in the Facts re-
gion, and bind negation operators (“—"") with their
operands in the Expression region. Figure 13(b-c)
illustrates two examples from Layer 0: Head 1 and
Head 24 both exhibit diagonal patterns with local-
ized binding, where adjacent tokens within seman-
tic units show elevated mutual attention. Since tok-
enization separates these semantically coupled ele-
ments (e.g., “—” and “A” are distinct tokens), such
binding appears necessary for downstream logical
operations. This binding mechanism complements
the Fact-Retrieval heads identified in middle-to-late
layers.

Self-Processing Heads. Some heads exhibit
strong diagonal attention patterns, where each to-
ken primarily attends to itself with minimal atten-
tion to other positions. Figure 13(d-e) shows two
examples: Layer 12 Head 20 and Layer 22 Head
12. Both display sharp diagonal lines with near-
zero off-diagonal attention, indicating that each to-
ken’s representation is refined independently. This
self-focused processing may facilitate residual-
like refinement of token representations without
cross-position information mixing. Such heads ap-
pear across various layers, suggesting a distributed
mechanism for token-level representation enhance-
ment.

Expression Processing Heads. In layers 18-22,
immediately preceding the attention convergence
observed in our main analysis, we identify heads
that concentrate attention within the expression re-
gion tokens. Figure 13(f-h) presents three examples



Figure 13: Attention patterns of other head types in
Owen3-8B. Top row: (a) Idle Head L7H4—attention
concentrates on position 0; (b-c) Information Bind-
ing Heads LOH1, LOH24—diagonal patterns with local
binding; (d) Self-Processing Head L12H20—sharp di-
agonal. Bottom row: (e) Self-Processing Head L22H12;
(f-h) Expression Processing Heads L18H2, L19H31,
L21H13—attention concentrated in expression region
(lower-right).

from Layers 18, 19, and 21. These heads show el-
evated attention in the lower-right region of the
attention matrix, corresponding to the expression
tokens (“(—A or —B) is”). Notably, Layer 19 Head
31 additionally attends to the first token, exhibiting
functional coupling between expression processing
and positional anchoring. These heads appear to
process the logical structure of expressions, poten-
tially executing core logical computations. The
layer positioning aligns with our Staged Computa-
tion findings: expression processing occurs after
fact encoding (early layers) but before final answer
aggregation (late layers).

Relationship to Primary Mechanisms. These
additional patterns complement rather than con-
tradict our main findings. Idle Heads may ex-
plain why not all attention capacity is utilized for
reasoning. Information Binding Heads provide
the early-layer foundation that enables later Fact-
Retrieval. Self-Processing Heads may contribute
to the residual stream’s role in information main-
tenance. Expression Processing Heads bridge the
gap between Information Transmission and final
prediction, aligning with the Staged Computation
framework. While these patterns have not been
causally validated through patching experiments,
they suggest functional diversity beyond the three
primary head types and warrant further investiga-
tion.

C.2 Functional Coupling in Specialized Heads

We provide visual evidence for the functional cou-
pling phenomenon described in the main text. Fig-
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Figure 14: Examples of functional coupling in early-
layer heads. Left: LOH19 exhibits staircase-like atten-
tion blocks indicating both splitting (segment bound-
aries) and information binding (within-segment atten-
tion). Middle: LOH31 shows diagonal self-processing
combined with localized binding blocks. Right: L1H22
displays diagonal attention with scattered cross-position
connections, suggesting simultaneous self-processing
and selective information retrieval. All three heads
demonstrate that individual attention heads participate
in multiple functional roles.

ure 14 shows three examples from early layers,
each exhibiting multiple functional characteristics
simultaneously.

These attention patterns reveal that early-layer
heads commonly exhibit multi-functional profiles:

* LOH19: Staircase-like attention blocks at
segment boundaries combined with elevated
within-segment attention, performing both
splitting and information binding.

* LOH31: Diagonal emphasis (self-processing)
with localized attention blocks within “A is
True” and “B is False” segments (information
binding).

* L1H22: Strong diagonal pattern with scat-
tered high-attention points at specific cross-
positions, suggesting self-processing com-
bined with selective fact retrieval.

This multi-functional profile supports the super-
position hypothesis: individual heads participate
in multiple overlapping computational circuits,
achieving parameter efficiency through functional
reuse.
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