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ABSTRACT

Stochastic approximations (SA)–algorithms which derive their power through the
use of random, incremental updates–are at the heart of reinforcement learning
(RL). Expanding the theory of SA has established rigorous results concerning
the most important algorithms in RL, including stochastic gradient descent and
temporal difference learning. In this work, we focus on two-timescale stochastic
approximations, a class which notably includes temporal difference learning with
gradient correction (TDC) and actor-critic methods. Prior work has developed
stability (boundedness) and convergence criteria for two-timescale SA under i.i.d.
noise, but analogous results for Markovian noise have remained elusive–a critical
issue since RL data are generated by a Markov chain, making i.i.d. assumptions
unrealistic. To address this gap, we present the first stability result and the first
asymptotic convergence result for two-timescale schemes with Markovian noise
under general, verifiable conditions–notably, without resorting to projected variants
of the schemes or requiring the noise to be in a compact space. As a key applica-
tion, we contribute the first asymptotic convergence proof of TDC, an off-policy
prediction algorithm with linear approximation and eligibility traces. Together, our
results extend SA theory, establishing the first theoretical foundation for analysis
of two-timescale algorithms with the realistic noise models inherent to RL.

1 INTRODUCTION

The theory of stochastic approximation (SA, Robbins & Monro (1951); Benveniste et al. (1990);
Kushner & Yin (2003); Borkar (2009)) concerns algorithms that recursively and randomly update
a vector of parameters. Prominent SA algorithms include stochastic gradient descent (Kiefer &
Wolfowitz, 1952) and temporal difference learning (Sutton, 1988). Many SA algorithms involve
computations in nested loops, a structure central in reinforcement learning (RL, Sutton & Barto
(2018)). For example, take actor-critic algorithms (Konda (2002)), where the inner loop (the critic)
estimates the value of the agent’s policy, and the outer loop (the actor) updates the policy. Such
algorithms fall under the wide umbrella of two-timescale SA (Borkar (1997)). We represent algorithms
with nested loops by updating two vectors of parameters: the fast timescale has large step sizes and
acts as the inner loop, while the slow timescale has small step sizes and serves as the outer loop.

The community has long been concerned with proving the asymptotic convergence of SA schemes to
ensure the practical reliability of many widely-used algorithms. A central challenge in establishing
convergence is proving stability, i.e., that the iterates remain bounded, guaranteeing the algorithm
will not diverge to infinity. Several works have addressed the convergence of two-timescale SA
under independent, identically distributed (i.i.d.) noise, beginning with the Borkar-Meyn Theorem
(Borkar, 1997; 2009; Tadic, 2004). All these works assume stability in their proofs of convergence.
The challenge of proving stability has been addressed for the i.i.d. case, where the i.i.d. noise
allows rewriting the terms as a Martingale difference sequence and the application of the Martingale
Convergence Theorem (Borkar (2009), Lakshminarayanan & Bhatnagar (2017), Deb & Bhatnagar
(2021)). Unfortunately, the applicability of such results to RL is quite limited, since RL algorithms are
run on Markov chains, where the noise is state-dependent, and a very different approach from using
the Martingale Convergence Theorem is required. Attempts have been made to establish stability and
convergence results in the Markovian case (Karmakar & Bhatnagar, 2018; 2021; Panda & Bhatnagar,
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2025), but they cannot be applied to many important RL algorithms–in particular, they are insufficient
for off-policy algorithms with eligibility traces. By contrast, our results are general enough to cover
this important class, including TDC with linear approximation and eligibility trace (Sutton et al., 2009;
Yu, 2017). TDC is a gradient-based, state-of-the-art temporal difference (TD) algorithm for policy
evaluation; it uses a gradient correction on a fast timescale to speed up convergence. It also converges
where traditional TD methods diverge (when combining bootstrapping, function approximation, and
off-policy learning–also known as the deadly triad (Baird, 1995; Sutton & Barto, 2018)).

Table 1 situates our work in the broader SA literature, highlighting the crucial missing piece: stability
and convergence guarantees for two-timescale algorithms under Markovian noise.

Table 1: Comparison of our work’s stability results to those of existing works

i.i.d. Noise Markovian Noise

Single-Timescale Borkar (2009) Liu et al. (2025)
Two-Timescale Lakshminarayanan & Bhatnagar (2017) This Work

We address this gap with three significant contributions:

1. We provide the first set of criteria required to show the stability of two-timescale stochastic
approximation schemes with Markovian noise, without the use of projections (Theorem 2).

2. We use the stability to provide the first proof of the convergence of two-timescale schemes
with Markovian noise in uncountable, unbounded spaces (Corollary 1).

3. We provide the first proof of TDC with eligibility trace, an important off-policy RL algorithm,
as an application of our results (Theorem 3).

Technical Innovation. We use the well-established ODE method, which has resulted in many
advances in SA (Borkar, 2009; Liu et al., 2025). The key technical innovation of our work is that we
connect the timescales by showing that the fast iterates are bounded by the maximal slow iterate seen
previously (see Theorem 1). Our methodology is a novel contribution to the literature, as no prior
work—focused either on stability (Kushner & Yin, 2003; Lakshminarayanan & Bhatnagar, 2017;
Yaji & Bhatnagar, 2016; Panda & Bhatnagar, 2025) or other two-timescale results (Mokkadem &
Pelletier, 2006; Dalal et al., 2018; Doan, 2021; Zeng et al., 2024)—has applied it to the ODE method
since its inception more than two decades ago. To connect the timescales, those prior works have
either taken stronger assumptions or have been forced to show that the iterates of one timescale bound
the other, while we are able to relax this to just being bound by the maximal slow iterate seen so far.
The Markovian two-timescale case itself necessitates this method as, unlike in the single-timescale
case addressed by Liu et al. (2025), we need a rescaling scheme that uses the maximal scaling factor
seen thus far, so Theorem 1 tracks the maximal slow iterate previously encountered. This necessarily
engenders many creative divergences in our approach when compared to prior work. These include the
necessity of showing that the discretization error diminishes along the entire sequence (unlike in Liu
et al. (2025) where it only diminishes along a subsequence), a unique definition of the scaling factor
in the slow timescale, and some creative approaches of analyzing the ODEs to link the timescales
(see Lemmas 12.8 to 12.10 and 6.1).

In totality, our results establish the first general and rigorous theoretical foundation for two-timescale
SA algorithms under realistic noise–closing a long-standing gap in RL theory, securing the conver-
gence of widely used RL methods, and contributing a methodological novelty back to the community.

2 RELATED WORK

We divide this section into two parts: the works focusing on stability–ensuring the boundedness of
the iterates–and those focusing on convergence–that the iterates converge in the limit almost surely.

Stability Results. Since stability is difficult to verify but necessary for convergence, many works
assume stability in their proofs (Borkar, 1997; 2009; 2024; Tadic, 2004; Karmakar & Bhatnagar,
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2018). However, it is possible to prove stability with verifiable criteria–see Chapter 3 of Borkar (2009)
for the single-timescale i.i.d. case, Lakshminarayanan & Bhatnagar (2017) for the two-timescale i.i.d.
case, and Liu et al. (2025) for the single-timescale Markovian case (visualized in Table 1). We extend
this to the two-timescale Markovian case, which has not been done before.

Another strategy is to project the SA iterates to ensure their boundedness, e.g., in Yu (2017), which
can prevent convergence to the true solution (see Section 5.4 of Borkar (2009) for details about
the problems inherent to projected schemes). Our work does not require the SA scheme to have
projections, ensuring that the algorithm in our application converges to the true optimum. In
Karmakar & Bhatnagar (2021), the authors generalize to a multi-timescale Markovian problem.
However, in their formulation, while the slower timescale affects the faster timescale, the faster
timescale does not impact the slower timescale. Our formulation is more general, as we maintain the
coupled dynamics key to two-timescale SA–both the slow and fast iterates impact each other.

Asymptotic Convergence Results. The convergence of two-timescale SA under i.i.d. noise is
well-established; see Chapter 6 of Borkar (2009). While attempts have been made to extend the theory
to Markovian noise, no prior work is general enough to be suitable for our purposes. Karmakar &
Bhatnagar (2018) establish convergence for Markovian noise, but requires the noise to be in a compact
space, limiting the applicability. In contrast, our results allow the noise to evolve in an uncountable,
non-compact space, a necessity for application to off-policy RL algorithms with eligibility traces.
Panda & Bhatnagar (2025) attempt to show stability and convergence, but they require a projection
on the fast timescale. In comparison, our work does not project the iterates.

Prior work covers i.i.d. or uncoupled cases, but no existing result establishes stability or convergence
for general two-timescale SA with coupled dynamics under Markovian noise. Our work fills this gap.

3 BACKGROUND

In this work, we study the general two-timescale stochastic approximation scheme: given an initial
x0 ∈ Rd1 and y0 ∈ Rd2 , we recursively generate sequences of vectors {xn} and {yn} by

xn+1 = xn + α(n)H(xn, yn,Wn+1) (1)
yn+1 = yn + β(n)G(xn, yn,Wn+1) (2)

We also define for convenience the concatenation zn
.
= (xn, yn). Each zn is an element of Rd1+d2 .

In this scheme, {α(n)}∞n=0 and {β(n)}∞n=0 are sequences of deterministic learning rates and
{Wn}∞n=1 is a sequence of random noise in a general space W (not necessarily compact), while
H : Rd1+d2 ×W → Rd1 is a function that maps the current iterate zn and noise Wn+1 to the actual
incremental update of x (the fast timescale iterate) and G : Rd1+d2 ×W → Rd2 maps zn and Wn+1

to the incremental update of y (the slow timescale iterate).

This is a two-timescale scheme since the stepsizes satisfy limn→∞
β(n)
α(n) = 0, which is the mechanism

that produces the same effect as a nested loop. Thus, since we can consider yn to remain almost
constant relative to xn for large n in the fast timescale, the behavior of xn can be studied by analyzing
the ordinary differential equation (ODE)

dx(t)

dt
= h(x(t), y) (3)

where y is a fixed constant and h(x, y)
.
= E[H(x, y, ω)] (with respect to a specific probability

distribution). In the slow timescale, we can consider xn to have already converged to a value that
depends on yn, so we also study the ODE

dy(t)

dt
= g(λ(y(t)), y(t)) (4)

where λ(y) denotes the equilibrium of (3) (i.e., the x such that h(x, y) = 0 for fixed y) and
g(x, y)

.
= E[G(x, y, ω)]. The asymptotic behavior of the discrete, stochastic iterates {zn} can then

be characterized by the continuous, deterministic trajectories of the ODEs (3) and (4)–this is called
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the ODE method (see Borkar (2009) for a comprehensive background). For this ODE approximation
to be valid, the iterates must be bounded; this is known as stability. One needs to show

sup
n

∥zn∥ < ∞ a.s.,

which is widely considered challenging (Borkar (2009)), but stability is a critical prerequisite for
convergence and many works in the realm of two-timescale stochastic approximation rely on it (Tadic,
2004; Borkar, 2009; Karmakar & Bhatnagar, 2018; Borkar, 2024; Hu et al., 2024; Borkar, 2025).

4 MAIN RESULTS

We begin by giving a structural overview of the rest of the paper. In this section, we will describe our
assumptions and present our main results on stability and convergence of two-timescale algorithms.
In Section 5, we give a detailed overview of the proof of Theorem 1, which states that the current fast
timescale iterate is bounded by the largest slow timescale iterate seen previously. This proof is a fast
timescale analysis. In Section 6, we give an overview of the proof of Theorem 2, which establishes
stability (boundedness) over all the iterates with probability one–this is a slow timescale analysis. We
then utilize the stability results to prove Corollary 1, which shows the convergence of two-timescale
SA algorithms under Markovian noise, in Section 7. Finally, in Section 8, we apply our results to
prove the convergence of the off-policy RL algorithm TDC with eligibility trace.

Assumptions. We now briefly discuss our assumptions (the full details are in Appendix 11). First,
we assume that our Markov chain {Wn} has a unique stationary distribution, a standard assumption
in RL. We also assume our learning rates follow standard SA conditions such as square-summability.
Importantly, since we are analyzing a two-timescale scheme, we have limn→∞

β(n)
α(n) = 0.

Now, we make assumptions about the functions H and G. For any c ∈ [1,∞), define

Hc(x, y, w)
.
=

H(cx, cy, w)

c
, Gc(x, y, w)

.
=

G(cx, cy, w)

c
.

The functions Hc and Gc are rescaled versions of the functions H and G and will be used to construct
rescaled iterates, a key technique in the ODE method (see, e.g., Borkar & Meyn (2000); Borkar
(2009); Liu et al. (2025)). Just as in those works, we need the existence of some sort of limiting
functions H∞ and G∞ for Hc and Gc respectively, when c → ∞. We take Hc, Gc, H∞, G∞ to
be Lipschitz–so that their growth is well-characterized and to guarantee existence and uniqueness
of the ODEs of interest–and define their respective expectations hc, gc, h∞, g∞ with respect to the
stationary distribution of the Markov chain.

We now define the limiting ODEs–these are central to the ODE method:

dx(t)

dt
= h∞(x(t), y),

dy(t)

dt
= g∞(λ∞(y(t)), y(t))

which have the unique globally asymptotically stable equilibria λ∞(y) (where λ∞ : Rd2 → Rd1 is a
homogeneous Lipschitz map with λ∞(0) = 0) and 0 respectively.

These assumptions are mild, minimal, and well-supported in literature that studies stability of SA
(Borkar, 2009; Lakshminarayanan & Bhatnagar, 2017; Liu et al., 2025). Most importantly, we can
easily verify that important RL algorithms like TDC satisfy them rather than simply assuming that
stability holds, so our results are widely applicable to general methods.

We present our first result, which is a key methodological innovation:
Theorem 1. Let the Assumptions in Appendix 11 hold. There exists a constant K such that for all n,

∥xn∥ ≤ K(1 + ∥ymax
n ∥) a.s.

where ymax
n

.
= ym such that m = argmaxi≤n ∥yi∥.

We discuss its proof in Section 12. Intuitively, this result tells us that the size of the fast timescale
iterates is bounded by the largest slow timescale iterate seen thus far–in the long history of the ODE
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method, no previous work has attempted to establish and use a result bounding one timescale by the
maximum of the other to tie the timescales together (see the introduction for more detail). Note that
we can recover the main theorem of Liu et al. (2025) from Theorem 1 by setting all yn to 0 (then
the scheme is identical to the single-timescale case). Having established the slow timescale iterates
control the fast timescale iterates, we prove stability:

Theorem 2. The iterates {zn} are stable, i.e.,

sup
n

∥zn∥ < ∞ a.s.

See Section 6 for a discussion of the proof. Once the boundedness of the iterates has been established,
convergence can be shown. We can now guarantee that the iterates converge to a bounded, nonempty
invariant set since the iterates evolve in a compact set, ensuring the existence of subsequential limits.

Corollary 1. Let Assumptions 1 - 6 hold. Then the iterates {zn} generated by (1) converge almost
surely to a (sample path dependent) bounded invariant set of the ODE system

dx(t)

dt
= h(x(t), y(t)),

dy(t)

dt
= 0 (5)

and the iterates {yn} generated by (1) converge almost surely to a (sample path dependent) bounded
invariant set of the ODE

dy(t)

dt
= g(λ(y(t)), y(t)). (6)

The discussion of the proof is in Section 7. As with stability, we first establish a convergence result
for the fast timescale and then the slow timescale separately. This type of result is the goal of the
ODE method–Corollary 1 shows convergence to bounded invariant sets, and the assumptions we
place on the ODEs (in particular, the existence of unique globally asymptotically stable equilibria)
characterize the invariant set. In particular, since (6) has a unique globally asymptotically stable
equilibrium, its invariant set is the singleton set {y∗}, ensuring convergence to the optimal value.

5 OVERVIEW OF PROOF OF THEOREM 1

In this section, we will give a discussion of the proof of Theorem 1–see Appendix 12 for the full
details. To prove Theorem 1, we conduct analysis in the fast timescale. This allows us to treat the
slow timescale iterates as almost constant relative to the fast iterates. Note that the lemmas are derived
on an arbitrary sample path {x0, y0, {Wi}∞i=1} such that the assumptions in Section 4 hold, so we
omit “a.s.” from the lemma statements for conciseness.

Setting up the Timeline. We begin by splitting the positive real axis [0,∞) into chunks of length
{α(i)}i=0,1,.... We then collect these segments together into larger intervals {[Tn, Tn+1)}n=0,1,...,
where the sequence {Tn} has the property that as n grows large, we have Tn+1 − Tn ≈ T . We define

t(0)
.
= 0, t(n)

.
=

n−1∑
i=0

α(i) n = 1, 2, . . .

For all T > 0, define

m(T ) = max {i|T ≥ t(i)}

to be the maximal i where t(i) is no greater than T . We now define

T0 = 0, Tn+1 = t(m(Tn + T ) + 1).

Intuitively, Tn+1 is a little to the right of Tn + T on the real axis. As n grows large, the interval
[Tn, Tn+1) is able to contain more time steps as α(i) is decreasing to 0.

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2026

Defining the Scaled Iterates. We start by fixing a sample path {x0, y0, {Wi}∞i=1}. We take z̄(t) to
be the piecewise constant interpolation of zn at points {t(n)}n=0,1,..., i.e.,

z̄(t)
.
= (x̄(t), ȳ(t))

.
=


(x0, y0) t ∈ [0, t(1))

(x1, y1) t ∈ [t(1), t(2))

(x2, y2) t ∈ [t(2), t(3))
...

Now we describe our rescaling of z̄(t).

Definition 1. ∀n ∈ N, t ∈ [0, T + 1), define

rn
.
= max {1, rn−1, ∥z̄(Tn)∥}, z̃n(t)

.
= (x̃n(t), ỹn(t))

.
=

z̄(Tn + t)

rn
.

This implies

∀n ∈ N, ∥z̃n(0)∥ ≤ 1.

Note that we depart from Liu et al. (2025) in our definition of the rescaling factor rn. Through the
definition, we ensure that the sequence {rn} is monotonic, which forces the (to be defined) ODE
discretization error to diminish over the entire sequence rather than just a subsequence, which is
necessary in the two-timescale case.

We can regard z̃n(t) as the Euler discretization of zn(t) defined below.

Definition 2. ∀n ∈ N, t ∈ [0, T + 1), define zn(t) = (xn(t), yn(t)) as the solution to the ODE
system

dxn(t)

dt
= hrn(xn(t), yn(t)),

dyn(t)

dt
= 0

with initial condition zn(0) = z̃n(0).

We want to show that the error of the discretization diminishes asymptotically. Precisely speaking, the
discretization error is defined as fn(t)

.
= z̃n(t)− zn(t), and we want to show that fn(t) diminishes

to 0 uniformly in t as n → ∞. So, we need to analyze the following three sequences of functions:

{t 7→ z̃n(t)}∞n=0, {zn(t)}
∞
n=0, {fn(t)}

∞
n=0.

In particular, we show that they are all equicontinuous in the extended sense, as this is required to
apply the Arzelà-Ascoli theorem (Appendix 10.4). We defer the relevant definitions, statements, and
proofs to the Appendix.

A Convergent Subsequence. To prove stability, we need to show that supn ∥zn∥ < ∞. Observe
the inequality

∥∥zm(Tn)

∥∥ = ∥z̄(Tn)∥ ≤ rn. Therefore, if we had supn rn < ∞, the result would
come instantly. So, we assume that supn rn = ∞ to show that Theorem 1 holds even in this
case. According to the Arzela-Ascoli theorem in the extended sense (Appendix 10.4), a sequence
of equicontinuous functions always has a subsequence of functions that uniformly converges to a
continuous limit. We use this to identify a subsequence of interest.

Note that in the following lemma, we mention taking an arbitrary subsequence as the first step–
this sets us up to be able to apply Lemma 10.1 (a standard result from real analysis) later to get
convergence along the entire sequence, which is something Liu et al. (2025) do not do.

Lemma 5.1. Suppose supn rn = ∞. Take an arbitrary subsequence {nk,0}∞k=0 ⊆ {0, 1, 2, . . . }.
Then there is a subsequence {nk}∞k=0 ⊆ {nk,0}∞k=0 such that there exist some continuous functions
f lim(t) and z̃lim(t) such that ∀t ∈ [0, T + 1),

lim
k→∞

fnk
(t) = f lim(t), lim

k→∞
z̃nk

(t) =z̃lim(t),

6
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where both convergences are uniform in t on [0, T +1). Furthermore, let zlim(t) = (xlim(t), ylim(t))
denote the unique solution to the ODE system

dxlim(t)

dt
= h∞(xlim(t), ylim(t)),

dylim(t)

dt
= 0

with the initial condition zlim(0) = z̃limn (0). Then ∀t ∈ [0, T + 1), we have

lim
k→∞

znk
(t) = zlim(t),

where the convergence is uniform in t on [0, T + 1).

Its proof is in Appendix 16.4. We will use the subsequence {nk} intensively.

Diminishing Discretization Error. We show that limn→∞ ∥fn(t)∥ = 0 for all t ∈ [0, T + 1). We
start by first proving that the discretization error diminishes along the sequence {nk}, i.e., that

lim
k→∞

∥fnk
(t)∥ =

∥∥f lim(t)
∥∥ = 0.

This means z̃nk
(t) is close to znk

(t) as k → ∞. The details of the argument are quite techni-
cal and many borrow from Liu et al. (2025). At the end of it all, from Lemma 16.9, we obtain
limk→∞ ∥fnk

(t)∥ = 0 uniformly in t on [0, T + 1), so the discretization error goes to 0 along {nk}.

Now, since we had chosen an arbitrary subsequence
{
fnk,0

}
and it has a subsequence {fnk

} that
converges to 0, by Lemma 10.1 we know that {fn} also converges to 0. Thus, the discretization error
diminishes along the entire sequence. That is,

lim
k→∞

∥fn(t)∥ = 0

for all t ∈ [0, T + 1).

ODEs with External Inputs. We present some notation concerning ODEs with external inputs–this
is useful since, in the limit, we can treat the slow iterates as constant external inputs.

Definition 3. We use the notation η
y(t)
c (t, x) to denote the solution to the ode

dx(t)

dt
= hc(x(t), y(t))

with the initial condition x.

Note that under this notation, xn(t) can be written η
ỹn(0)
rn (t, x̃n(0)). This notation (borrowed

from Lakshminarayanan & Bhatnagar (2017)) is useful since it identifies a trajectory of an ODE
parameterized by the rescaling factor c and the external input y(t).

The following lemma shows that within a certain amount of time, the trajectory of the ODE will be
pulled close to the equilibrium determined by the external input.

Lemma 5.2 (Lemma 1 from Chapter 3.2 of Borkar (2009)). Let K ⊂ Rd1 be compact and fix
y ∈ Rd2 . Given any ϵ > 0, there exists a Tϵ > 0 such that for all initial conditions x ∈ K, we have
ηy∞(t, x) ∈ B(λ∞(y), ϵ)1 for all t ≥ Tϵ.

The next lemma shows that if the external input is close to some constant y, then the trajectory
remains close to the trajectory we would obtain if y were the external input.

Lemma 5.3 (Lemma 2 from Chapter 3.2 of Borkar (2009)). Let y ∈ Rd2 , [0, T ] be a given time
interval, and ρ be a small positive constant with y′(t) ∈ B(y, ρ). Then,∥∥∥ηy′(t)

c (t, x)− ηy∞(t, x)
∥∥∥ ≤(Lρ+ ϵ(c))TeLT .

for any initial x ∈ Rd1 and for all t ∈ [0, T ].
1The notation B(x, r) denotes the open ball centered at x with radius r.
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Completing the Proof. The most involved result left is Lemma 5.4, which tells us that if the x
component is too much larger than the y component, the norm of the iterate at Tn+1 cannot be larger
than that of the iterate at Tn. We use the results about ODEs with external inputs to ensure that the x
component of the trajectory gets pulled to the equilibrium, which is close to 0.
Lemma 5.4. There exists a C1 > 1 such that if ∥x̄(Tn)∥ > C1(1 + ∥ȳ(Tn)∥), then rn+1 = rn.

Lemma 5.5 tells us that the iterate at each Tn is bounded by the largest y component seen so far in the
sequence of times Tn. To do this, we use an inductive argument–intuitively, we combine the previous
lemma, which prevents z from growing if the x component is too much larger than the y component,
with Lemma 17.15 which prevents z from growing too much within one period T , ensuring that x
can never get too much larger than y.
Lemma 5.5. There exists a constant C2 such that for all n,

∥z̄(Tn)∥ ≤ C1C2(max
m≤n

∥ȳ(Tm)∥+ 1).

Finally, while we have ensured that for all Tn, z̄(Tn) is not too much larger than ȳ(Tn), we need the
result to also hold for the iterates that lie in between Tn and Tn+1. Lemma 5.6 takes care of this.
Lemma 5.6. There exists a constant C3 such that for all n,

∥xn∥ ≤ C1C2C3(∥ymax
n ∥+ 1),

By setting K equal to C1C2C3, this concludes the proof of Theorem 1.

Bridging the Gap. We present the following result, showing that eventually, in the fast timescale,
the fast iterates will track the equilibria λ∞(ỹn(t)). In the fast timescale analysis, the slow iterates
were regulated by the fact that the slow step sizes are small. However, in the slow timescale analysis,
the fast step sizes will become very large. So, this result is necessary to provide a way to regulate the
behavior of the fast iterates.
Lemma 5.7. For any ϵ > 0, there is some Tϵ and some Nϵ such that for all n > Nϵ,
∥x̃n(t)− λ∞(ỹn(t))∥ ≤ ϵ for all t ∈ [0, Tϵ].

6 OVERVIEW OF PROOF OF THEOREM 2

In this section, we discuss the proof of Theorem 2. We now conduct analysis in the slow timescale,
but the structure is very similar to the fast timescale analysis, so we only highlight the key differences.
Note that we are still working with the same sample path {x0, y0, {Wi}∞i=1} from the last section.

We again split the positive real axis [0,∞), but this time into chunks of length {β(i)}i=0,1,... instead
of {α(i)}i=0,1,.... We then redefine the scaled iterates for the slow timescale, except this time the
scaling factor is defined differently, so that it will be at least as large as the largest iterate seen so far:

rn
.
= max

{
1,
∥∥∥zmax

m(Tn)

∥∥∥}.
where zmax

n
.
= zm such that m = argmaxi≤n ∥zi∥. This way of defining the scaling factor in the

slow timescale is another innovation. It ensures that at each time Tn, the iterate, when scaled by
the slow timescale’s {rn} values, is no larger when scaled by the appropriate fast timescale’s {rn}
values. This will be critical for linking the timescales in Lemma 6.1.

We can regard ỹn(t) as the Euler’s discretization of yn(t) defined below.
Definition 4. ∀n ∈ N, t ∈ [0, T + 1), define yn(t) as the solution to the ODE

dyn(t)

dt
= grn(λ∞(yn(t)), yn(t))

with initial condition yn(0) = ỹn(0).

The discretization error is then defined as fn(t)
.
= ỹn(t)−yn(t); just considering the slow component.

Again, we show equicontinuity and apply Arzela-Ascoli to obtain a convergent subsequence.

To show that the discretization error diminishes, we must prove an involved result, requiring us to
work in both timescales. We show that even in the slow timescale, the fast timescale iterates converge
to the equilibria dependent on the slow timescale iterates:

8



432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485

Under review as a conference paper at ICLR 2026

Lemma 6.1. For all ϵ > 0, there exists some N such that for all n > N ,

∥x̃n(t)− λ∞(ỹn(t))∥ < ϵ

for all t ∈ [0, T ].

With this result, we are able to deal with the error term (45) unique to the slow timescale, and show
the discretization error decreases to zero (46). We then obtain ODE results similar to single-timescale
stability results (Chapter 3 of Borkar (2009)). Since the limiting ODE is attracted to its globally
asymptotically stable equilibrium, 0, our iterates cannot grow without bound. Thus, the sequence rn
is bounded, creating a contradiction. We conclude that Theorem 2 holds true.

7 CONVERGENCE (PROOF OF COROLLARY 1)

In this section, we discuss the proof of Corollary 1. The proof mirrors the stability proof but is much
simpler. We first show a convergence result in the fast timescale–namely, that the fast iterates xn

converge to λ(yn). Then, we obtain the full convergence result through analysis in the slow timescale.
The difference is that we no longer need to use rescaling, since we know that the iterates are bounded
by Theorem 2, and we now prove results on t ∈ (−∞,∞) as this makes it easier to show convergence
to an invariant set.

Once we show that the discretization error diminishes, due to Theorem 2, we can argue that since
the set of limit points Z of {zn} is bounded and nonempty, it is invariant. We can then show that it
is not possible for any subsequence of {zn} to converge to a point not in Z, so we know that {zn}
converges to Z. Since the invariant set of (5) is

{
(λ(y), y) : y ∈ Rd2

}
, we have

lim
n→∞

∥xn − λ(yn)∥ = 0.

We then pursue the slow timescale argument and show that {yn} converges to the invariant set of
(6), which is the singleton containing y∗, the equilibrium of the map λ. This, combined with the fast
timescale convergence result, yields our desired result:

lim
n→∞

∥zn − (λ(y∗), y∗)∥ = 0.

8 CONVERGENCE OF TDC WITH ELIGIBILITY TRACE

In this section, we prove the convergence of an important off-policy RL algorithm, TDC with
eligibility trace, using our main results (Section 4). Vanilla TDC was first proposed in Sutton et al.
(2008b) as a modification of gradient temporal difference learning (GTD) (Sutton et al., 2008a). GTD
was developed to break the deadly triad–divergence that can arise when combining off-policy learning,
function approximation, and bootstrapping, each of which are critical components in successful RL
algorithms. While GTD mitigates the deadly triad, it is slow. TDC, on the other hand, is nearly as fast
as regular TD learning and converges. It is also a two-timescale algorithm, as the gradient correction
runs on a faster timescale. Although vanilla TDC is known to converge, the best prior work was only
able to establish the convergence of projected variants of TDC with eligibility traces (Yu, 2017).

Eligibility traces are a powerful tool for credit assignment, a critical challenge in RL, and have been a
fundamental part of RL since the inception of the field (Barto & Sutton, 1981). Although eligibility
traces are useful, they introduce difficulties in analysis. Even if the state space of the Markov chain
{(St, At)} is finite, with eligibility traces, we must instead consider the chain {(St, At, et)}, which
now evolves in an uncountable space. In the case of off-policy learning, the importance sampling
ratio can cause the state space to be unbounded as well. Our results, therefore, are the first to be able
to handle the important case of off-policy RL algorithms with eligibility traces. We demonstrate this
with TDC, defined as follows:
Definition 5. (TDC with Eligibility Trace)

et =λγρt−1et−1 + ϕt,

δt =Rt+1 + γϕ⊤
t+1θt − ϕ⊤

t θt,

νt+1 =νt + αt

(
ρtδtet − ϕtϕ

⊤
t νt

)
,

θt+1 =θt + βtρt(ϕt − γϕt+1)e
⊤
t νt.
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The eligibility trace et is an exponential average of the linear features ϕt (weighted by importance
sampling ratio ρt–necessary in off-policy learning), which represent the state St. δt is the TD error.
Theorem 3. Take the assumptions in Appendix 15. Then, by applying Corollary 1, TDC with
eligibility trace converges.

The assumptions we take here are quite minimal. We assume the state space S and the action space
A are finite, the Markov chain {St} is irreducible, and that from any state, all possible actions have
some positive probability of being chosen (since this is an off-policy algorithm, this ensures coverage
of the target policy we are estimating the value of). These simple assumptions are well-established
in the literature (Yu, 2017; Liu et al., 2025). From these basic assumptions, it is very easy to verify
that TDC with eligibility trace satisfies all assumptions in Appendix 11, so Corollary 1 applies. By
applying Corollary 1, we confirm that TDC with eligibility trace converges (see Appendix 15).

9 CONCLUSION

Stochastic approximation methods constitute a broad set of algorithms that recursively and randomly
update a parameter vector. Of particular interest in reinforcement learning are two-timescale stochas-
tic approximation methods, referring to those algorithms which involve nested loops, including
actor-critic algorithms and TDC. Proving the asymptotic convergence of two-timescale stochastic ap-
proximation schemes provides rigorous guarantees of the reliability of deeply popular algorithms–for
this, we need stability, which refers to the boundedness of the iterates. We prove the first stability and
convergence results for general two-timescale stochastic approximation schemes under Markovian
noise–critical to RL since the uncertainty in RL is Markovian. Our assumptions are minimally
restrictive, allowing us to handle noise that evolved in an unbounded, uncountable space and the
standard, unprojected two-timescale scheme. Our results, therefore, are broadly applicable to RL, as
we enable analysis of critical off-policy RL algorithms with eligibility traces. We demonstrate this
applicability by supplying the first proof of convergence of TDC with eligibility trace.
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APPENDIX

10 MATHEMATICAL BACKGROUND

Theorem 10.1 (Gronwall Inequality). (Lemma 6 in Section 11.2 in Borkar (2009)) For a continuous
function u(·) ≥ 0 and scalars C,K, T ≥ 0,

u(t) ≤ C +K

∫ t

0

u(s)ds ∀t ∈ [0, T ]

implies

u(t) ≤ CetK , ∀t ∈ [0, T ].

Theorem 10.2 (Gronwall Inequality in the Reverse Time). For a continuous function u(·) ≥ 0
and scalars C,K, T ≥ 0,

u(t) ≤ C +K

∫ 0

t

u(s)ds ∀t ∈ [−T, 0]

implies

u(t) ≤ Ce−tK , ∀t ∈ [−T, 0].

For a proof, see Appendix A.2 of Liu et al. (2025).
Theorem 10.3 (Discrete Gronwall Inequality). (Lemma 8 in Section 11.2 in Borkar (2009)) For
nonnegative sequences {xn, n ≥ 0} and {an, n ≥ 0} and scalars C,L ≥ 0,

xn+1 ≤ C + L

n∑
i=0

aixi ∀n

implies

xn+1 ≤ CeL
∑n

i=0 ai ∀n.

Theorem 10.4 (The Arzelà-Ascoli Theorem in the Extended Sense on [0, T )). Let
{t ∈ [0, T ) 7→ gn(t)} be equicontinuous in the extended sense. Then, there exists a subsequence
{gnk

(t)} that converges to some continuous limit glim(t), uniformly in t on [0, T ).

For a proof, see Appendix A.4 of Liu et al. (2025).
Theorem 10.5 (Moore-Osgood Theorem for Interchanging Limits). If limn→∞ an,m = bm uniformly
in m and limm→∞ an,m = cn for each large n, then both limm→∞ bm and limn→∞ cn exists and
are equal to the double limit, i.e.,

lim
m→∞

lim
n→∞

an,m = lim
n→∞

lim
m→∞

an,m = lim
n→∞
m→∞

an,m.

Lemma 10.1 (Sub-subsequence Lemma). Let xn be a sequence in some metric space. If every
subsequence xnk

itself has a subsequence xnkj
that converges to the same limit x, then xn converges

to x.

Proof. Suppose we have a sequence xn where every subsequence xnk
itself has a subsequence xnkj

that converges to the same limit x. For contradiction, assume that xn does not converges to x, so
there is a subsequence xnk,0

that is always at least some distance ϵ away from x. By assumption,
xnk,0

has a subsequence xnk,1
that converges to x, which contradicts that xnk,0

is always at least
some ϵ away from x. So, it must be that xn converges to x.

11 MAIN ASSUMPTIONS

Assumption 1. The Markov chain {Wn} has a unique invariant probability measure (i.e., stationary
distribution), denoted by dW .
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Although the uniqueness and even the existence of the invariant probability measure can be relaxed,
we use Assumption 1 for simplification. Additionally, due to the way updates are defined ((1) and
(2)), we start counting {Wn} from n = 1.
Assumption 2. The learning rates {α(i)}, {β(i)} are positive, decreasing, and satisfy

∞∑
i=0

α(i) =

∞∑
i=0

β(i) = ∞,

lim
i→∞

α(i) = lim
i→∞

β(i) = 0

α(i)− α(i+ 1)

α(i)
=O (α(i)) , (7)

β(i)− β(i+ 1)

β(i)
=O (β(i)) ,

lim
i→∞

β(i)

α(i)
= 0. (8)

These conditions on the learning rates are quite common in stochastic approximation. The last
condition is necessary for the two-timescale formulation we are using.

Remark 1. For any α(n) = B1

(n+B2)γα
, β(n) = B3

(n+B4)
γβ with γα, γβ ∈ (0.5, 1], γβ > γα, and all

Bi positive, one can verify that all the conditions in Assumption 2 are satisfied.

Now, we make assumptions about the functions H and G. For any c ∈ [1,∞), define

Hc(x, y, w)
.
=

H(cx, cy, w)

c
(9)

Gc(x, y, w)
.
=

G(cx, cy, w)

c
. (10)

The functions Hc and Gc are rescaled versions of the functions H and G and will be used to construct
rescaled iterates, a key technique in the ODE method (see, e.g., Borkar & Meyn (2000); Borkar
(2009); Liu et al. (2025)). Just as in those works, we need the existence of some sort of limiting
functions for Hc and Gc when c → ∞.
Assumption 3. There exist measurable functions H∞(x, y, w) and G∞(x, y, w), functions
κH(c), κG(c) : R → R, and measurable functions bH(x, y, w), bG(x, y, w) such that for all x, y, w

Hc(x, y, w)−H∞(x, y, w) = κH(c)bH(x, y, w) (11)
Gc(x, y, w)−G∞(x, y, w) = κG(c)bG(x, y, w)

lim
c→∞

κH(c) = lim
c→∞

κG(c) = 0

There also exists a measurable function Lb(w) such that for all x, x′, y, y′, w

∥bH(x, y, w)− bH(x′, y′, w)∥ ≤ Lb(w)∥(x, y)− (x′, y′)∥,
∥bG(x, y, w)− bG(x

′, y′, w)∥ ≤ Lb(w)∥(x, y)− (x′, y′)∥.

Additionally, the expectation Lb
.
= Ew∼dW [Lb(w)] is well-defined and finite.

Assumption 3 provides details on how Hc and Gc converge to H∞ and G∞ when c → ∞.

We now assume that the functions Hc and Gc are Lipschitz. This will guarantee that the corresponding
ODEs exist and are unique.
Assumption 4. There exists a measurable function L(w) such that for any x, x′, y, y′, w,

∥H(x, y, w)−H(x′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥, (12)

∥H∞(x, y, w)−H∞(x′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥, (13)

∥G(x, y, w)−G(x′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥,
∥G∞(x, y, w)−G∞(x′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥.
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Moreover, the following expectations are well-defined and finite for any x, y:
h(x, y)

.
= Ew∼dW [H(x, y, w)],

h∞(x, y)
.
= Ew∼dW [H∞(x, y, w)],

g(x, y)
.
= Ew∼dW [G(x, y, w)],

g∞(x, y)
.
= Ew∼dW [G∞(x, y, w)],

L
.
= Ew∼dW [L(w)].

The functions x, y 7→ Hc(x, y, w) and x, y 7→ Gc(x, y, w) share the same Lipschitz constant L(w)
as the functions x, y 7→ H(x, y, w) and x, y 7→ G(x, y, w). Similarly to (9) and (10), we define

hc(x)
.
=

h(cx, cy)

c
,

gc(x)
.
=

g(cx, cy)

c
.

The following assumption is necessary to ensure that the the rescaled iterates can converge to the
trajectory of the limiting ODE.
Assumption 5. As c → ∞, hc(x, y) converges to h∞(x, y) uniformly in (x, y) on any compact
subsets of Rd1+d2 . The limiting ODE

dx(t)

dt
= h∞(x(t), y)

has a unique globally asymptotically stable equilibrium λ∞(y) where λ∞ : Rd2 → Rd1 is a Lipschitz
map. λ∞ is homogeneous, i.e., λ∞(cy) = cλ∞(y). And λ∞(0) = 0.

As c → ∞, gc(x, y) converges uniformly to g∞(x, y) on compact subsets of Rd1+d2 . The limiting
ODE

dy(t)

dt
= g∞(λ∞(y(t)), y(t))

has 0 as its unique globally asymptotically stable equilibrium.

The map λ∞ tells us, for a particular external input y, what x (the parameters of the inner loop)
should converge to. This idea and the notation for it come from Chapter 6 of Borkar (2009).
Assumption 6. Let γ denote any of the following functions:

w 7→H(x, y, w) (∀x, y),
w 7→G(x, y, w) (∀x, y),
w 7→Lb(w),

w 7→L(w).

We have, for any initial condition W1,

lim
n→∞

α(n)

n∑
i=1

(γ(Wi)− Ew∼dW [γ(w)]) = 0 a.s.

lim
n→∞

β(n)

n∑
i=1

(γ(Wi)− Ew∼dW [γ(w)]) = 0 a.s. (14)

Remark 2. Once more, consider β(n) = B1

(n+B2)
γβ as an example. For γβ = 1, (14) is implied by

the following Law of Large Numbers (LLN)

lim
n→∞

1

n

n∑
i=1

(γ(Wi)− Ew∼dW [γ(w)]) = 0 a.s. (LLN)

For γβ ∈ (0.5, 1], (14) is implied by the following Law of the Iterated Logarithm (LIL)∥∥∥∥∥
n∑

i=1

(γ(Wn)− Ew∼dW [γ(w)])

∥∥∥∥∥ ≤ ζ
√
n log log n a.s., (LIL)

where ζ is a sample path dependent finite constant.
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12 PROOF OF THEOREM 1

This is a more detailed version of Section 5. In this section, we will prove Theorem 1. Section 12.1
sets up the notation and explains our fast timescale analysis. Section 12.2 defines the rescaled
iterates and some important functions. Section 12.3 assumes for contradiction that stability does
not hold and identifies a resulting subsequence of interest. Section 12.4 demonstrates convergence
along this subsequence and uses this to show that the convergence holds for the entire sequence.
Section 12.5 defines some notation and provides some results about ODEs with external inputs.
Finally, Section 12.6 uses results from the previous sections to complete the proof. Lemmas in
this section are derived on an arbitrary sample path {x0, y0, {Wi}∞i=1} such that the assumptions in
Section 4 hold. Thus, we omit “a.s.” from the lemma statements for conciseness.

12.1 SPLITTING UP THE TIMELINE

Here, we perform a fast timescale analysis. First, we split the positive real axis [0,∞) into
chunks of length {α(i)}i=0,1,.... We then collect these segments together into larger intervals
{[Tn, Tn+1)}n=0,1,..., where the sequence {Tn} has the property that as n grows large, we have
Tn+1 − Tn ≈ T . We define

t(0)
.
=0,

t(n)
.
=

n−1∑
i=0

α(i) n = 1, 2, . . . .

For all T > 0, define

m(T ) = max {i|T ≥ t(i)} (15)

to be the maximal i where t(i) is no greater than T . To visualize, t(m(T )) is a bit to the left of T on
the real axis. So, t(m(T )) satisfies the following:

t(m(T )) ≤ T < t(m(T ) + 1) = t(m(T )) + α(m(T )),

t(m(T )) > T − α(m(T )).

Define

T0 = 0,

Tn+1 = t(m(Tn + T ) + 1).

Intuitively, Tn+1 is a little to the right of Tn + T on the real axis. We define

α(i) = β(i) =0 ∀i < 0,

m(t) =0 ∀t ≤ 0, (16)

for simplifying notations. For any given function f with domain W , its asymptotic rate of change is
defined as

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i)[f(Wi+1)− Ew∼dW [f(w)]]

∥∥∥∥∥∥.
This asymptotic rate of change helps us to describe the asymptotic regularity of {f(Wn)} and we
lean on its usefulness in studying stochastic approximation. We refer the reader to Sections 5.3.2
and 6.2 of Kushner & Yin (2003) for a detailed exposition of this tool. In this work, we have deferred
the contents concerning asymptotic rate of change to Appendices 16.1 and 16.2 since the statements
and proofs are very similar to results in Liu et al. (2025).

12.2 DEFINING THE SCALED ITERATES

We start by fixing a sample path {x0, y0, {Wi}∞i=1}. We will take z̄(t) to be the piecewise constant
interpolation2 of zn at points {t(n)}n=0,1,..., i.e.,

2It also works if we consider a piecewise linear interpolation following Borkar (2009). The piecewise linear
interpolation, however, will significantly complicate the presentation. We, therefore, follow Kushner & Yin
(2003) and Liu et al. (2025) and use the piecewise constant interpolation.
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z̄(t)
.
= (x̄(t), ȳ(t))

.
=


(x0, y0) t ∈ [0, t(1))

(x1, y1) t ∈ [t(1), t(2))

(x2, y2) t ∈ [t(2), t(3))
...

By (15), we also have

z̄(t)
.
= zm(t). (17)

By (1), ∀n ≥ 0, we have

z̄(t(n+ 1)) = z̄(t(n)) + (α(n)H(z̄(t(n)),Wn+1), β(n)G(z̄(t(n)),Wn+1)).

Now we describe our rescaling of z̄(t).
Definition 6. ∀n ∈ N, t ∈ [0, T + 1), define

z̃n(t)
.
= (x̃n(t), ỹn(t))

.
=

z̄(Tn + t)

rn

where

rn
.
= max {1, rn−1, ∥z̄(Tn)∥}. (18)

This implies

∀n ∈ N, ∥z̃n(0)∥ ≤ 1. (19)

Moreover3,

∀n ∈ N, t ∈ [0, T + 1),

z̃n(t) =
z̄(Tn) +

∑m(Tn+t)−1
i=m(Tn)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))

rn

= z̃n(0) +

m(Tn+t)−1∑
i=m(Tn)

(α(i)Hrn(z̃n(t(i)− Tn),Wi+1), β(i)Grn(z̃n(t(i)− Tn),Wi+1)).

Remark 3. Note that we depart from Liu et al. (2025) in our definition of the rescaling factor rn
(18). Through the definition, we ensure that the sequence {rn} is monotonic, which enables us to
obtain convergence over the entire sequence rather than just a subsequence.

We also depart from prior works by defining the sequence of rescaled functions {t 7→ z̃n(t)} which
share the domain [0, T + 1), as opposed to rescaling the function z̄(t) directly (often denoted as ẑ).
This consistent, larger domain greatly simplifies our arguments, while prior works must handle the
diminishing excess part [T, Tn+1 − Tn), which can get messy.

We can regard z̃n(t) as the Euler’s discretization of zn(t) defined below.
Definition 7. ∀n ∈ N, t ∈ [0, T + 1), define zn(t) = (xn(t), yn(t)) as the solution to the ODE
system

dxn(t)

dt
= hrn(xn(t), yn(t))

dyn(t)

dt
= 0

with initial condition

zn(0) = z̃n(0). (20)
3In this paper, we use the convention that

∑j
k=i α(k) =

∑j
k=i β(k) = 0 when j < i.
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We can also write zn(t) as

zn(t) = z̃n(0) +

∫ t

0

(hrn(zn(s)), 0)ds. (21)

Ideally, we would like to see that the error of the discretization diminishes asymptotically. Precisely
speaking, the discretization error is defined as

fn(t)
.
= z̃n(t)− zn(t)

and we want to show that fn(t) diminishes to 0 uniformly in t as n → ∞. To accomplish this, we
need to analyze the following three sequences of functions

{t 7→ z̃n(t)}∞n=0, {zn(t)}
∞
n=0, {fn(t)}

∞
n=0.

In particular, we show that they are all equicontinuous in the extended sense. We defer the relevant
definitions, statements, and proofs to Appendix 16.3 as they are quite similar to the analogous sections
in Liu et al. (2025).

12.3 A CONVERGENT SUBSEQUENCE

The ultimate goal would be to show that
sup
n

∥zn∥ < ∞.

Observe the inequality
∀n,

∥∥zm(Tn)

∥∥ = ∥z̄(Tn)∥ ≤ rn.

Therefore, if we had
sup
n

rn < ∞,

then the result would come easily. So, we assume for contradiction that supn rn = ∞. However, we
can’t obtain a contradiction in this section and must first show Theorem 1.

According to the Arzela-Ascoli theorem in the extended sense (Theorem 10.4), a sequence of
equicontinuous functions always has a subsequence of functions that uniformly converge to a
continuous limit. In the following, we use this to identify a particular subsequence of interest.
Lemma 12.1 (5.1 Restated). Suppose supn rn = ∞. Take an arbitrary subsequence {nk,0}∞k=0 ⊆
{0, 1, 2, . . . }. Then there is a subsequence {nk}∞k=0 ⊆ {nk,0}∞k=0 such that there exist some
continuous functions f lim(t) and z̃lim(t) such that ∀t ∈ [0, T + 1),

lim
k→∞

fnk
(t) =f lim(t),

lim
k→∞

z̃nk
(t) =z̃lim(t), (22)

where both convergences are uniform in t on [0, T +1). Furthermore, let zlim(t) = (xlim(t), ylim(t))
denote the unique solution to the ODE system

dxlim(t)

dt
= h∞(xlim(t), ylim(t))

dylim(t)

dt
= 0

with the initial condition
zlim(0) = z̃limn (0),

in other words,

zlim(t) = z̃lim(0) +

∫ t

0

(h∞(zlim(s)), 0)ds. (23)

Then ∀t ∈ [0, T + 1), we have

lim
k→∞

znk
(t) = zlim(t),

where the convergence is uniform in t on [0, T + 1).

Its proof is in Appendix 16.4. We use the subsequence {nk} intensively in the remaining proofs.
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12.4 DIMINISHING DISCRETIZATION ERROR

Recall that fn(t) denotes the discretization error between z̃n(t) and zn(t). In this section, we will
show that limn→∞ ∥fn(t)∥ = 0 for all t ∈ [0, T +1). We start by first proving that the discretization
error diminishes along the sequence {nk}, i.e., that

lim
k→∞

∥fnk
(t)∥ =

∥∥f lim(t)
∥∥ = 0.

This means z̃nk
(t) is close to znk

(t) as k → ∞. For any t ∈ [0, T + 1), we have

lim
k→∞

∥fnk
(t)∥

= lim
k→∞

∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

(α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1), β(i)Grnk

(z̃nk
(t(i)− Tnk

),Wi+1))

−
∫ t

0

(hrnk
(znk

(s)), 0)ds

∥∥∥∥∥ (by (21))

≤ lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnk
(z̃lim(s))ds

∥∥∥∥∥∥
+ lim

k→∞

∥∥∥∥∫ t

0

hrnk
(z̃lim(s))ds−

∫ t

0

hrnk
(znk

(s))ds

∥∥∥∥ (24)

+ lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)

∥∥∥∥∥∥.
Here, we will bound the last term. This term is a novelty of the two-timescale setting and so there is
no analogous result in Liu et al. (2025).
Lemma 12.2. ∀t ∈ [0, T + 1),

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)

∥∥∥∥∥∥ = 0.

Its proof is in Appendix 16.5. We defer the rest of the argument to Appendix 16.6 since it is quite
similar to the relevant section in Liu et al. (2025). At the end of it all, from Lemma 16.9, we obtain

lim
k→∞

∥fnk
(t)∥ = 0,

for all t ∈ [0, T + 1) showing that the discretization error goes to 0 along {nk}.

Now, since we had chosen an arbitrary subsequence
{
fnk,0

}
and it has a subsequence {fnk

} that
converges to 0, by Lemma 10.1 we know that {fn} also converges to 0. Thus, the discretization error
diminishes along the entire sequence. That is,

lim
k→∞

∥fn(t)∥ = 0 (25)

for all t ∈ [0, T + 1).

12.5 ODES WITH EXTERNAL INPUTS

This section contains some notation and results concerning ODEs with external inputs, which we
need for the next section. First, we will define some new notation.

Definition 8. We use the notation η
y(t)
c (t, x) to denote the solution to the ode

dx(t)

dt
= hc(x(t), y(t))

with the initial condition x.
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Note that under this notation, xn(t) (7) can be written η
ỹn(0)
rn (t, x̃n(0)). This notation (borrowed

from Lakshminarayanan & Bhatnagar (2017)) is useful since it identifies a trajectory of an ODE
parameterized by the rescaling factor c and the external input y(t).

The following lemma shows that within a certain amount of time, the trajectory of the ODE will be
pulled close to the equilibrium determined by the external input.

Lemma 12.3 (Lemma 5.2 Restated). Let K ⊂ Rd1 be compact and fix y ∈ Rd2 . Given any ϵ > 0,
there exists a Tϵ > 0 such that for all initial conditions x ∈ K, we have ηy∞(t, x) ∈ B(λ∞(y), ϵ)4

for all t ≥ Tϵ.

Its proof is in Appendix 16.7. The next lemma shows that if the external input is close to some
constant y, then the trajectory will remain close to the trajectory we would obtain if y was the external
input.

Lemma 12.4 (Lemma 5.3 Restated). Let y ∈ Rd2 , [0, T ] be a given time interval, and ρ be a small
positive constant with y′(t) ∈ B(y, ρ). Then,∥∥∥ηy′(t)

c (t, x)− ηy∞(t, x)
∥∥∥ ≤(Lρ+ ϵ(c))TeLT .

for any initial x ∈ Rd1 and for all t ∈ [0, T ].

Its proof is in 16.8. Armed with these results, we are ready for the next section.

12.6 COMPLETING THE PROOF

We now proceed to complete the proof of Theorem 1. The most involved result in this section is
Lemma 12.5, which tells us that if the x component is too much larger than the y component, the norm
of the iterate at Tn+1 cannot be larger than that of the iterate at Tn. We use the results about ODEs
with external inputs to ensure that the x component of the trajectory gets pulled to the equilibrium,
which is close to 0.

Lemma 12.5 (Lemma 5.4 Restated). There exists a constant C1 > 1 such that if ∥x̄(Tn)∥ >
C1(1 + ∥ȳ(Tn)∥), then rn+1 = rn.

Proof. Suppose that for some n, ∥x̄(Tn)∥ > C1(1 + ∥ȳ(Tn)∥), which implies that ∥x̃n(0)∥ >

C1(
1
rn

+ ∥ỹn(0)∥). Since 1 ≥ ∥x̃n(0)∥ and ∥x̃n(0)∥
C1

> ∥ỹn(0)∥, we have

∥ỹn(0)∥ <
1

C1
. (26)

We know from Lemma 5.2 that there exists some T 1
4

such that for all t ≥ T 1
4

,∥∥η0∞(t, x̃n(0))
∥∥ ≤ 1

4
. (27)

So if we set T .
= T 1

4
, then (27) holds for all t ∈ [T, T + 1).

From Lemma 5.3 we know that there exist ρ 1
4

and c 1
4

such that if y(t) ∈ B(0, ρ 1
4
) for all t ∈ [0, T+1)

and rn > c 1
4

then ∥∥∥ηy(t)rn (t, x̃n(0))− η0∞(t, x̃n(0))
∥∥∥ ≤ 1

4
(28)

for all t ∈ [0, T + 1). Since limn→∞ rn = ∞, there is some finite n1 such that if n > n1, we can
be sure that rn > c 1

4
. By (25), we know that there exists n2 such that for n > n2, the discretization

error will diminish enough so that

ỹn(t) ∈ B

(
ỹn(0),min

(
ρ 1

4

2
,
1

8

))
(29)

4In case the reader is unfamiliar, the notation B(x, r) denotes the open ball centered at x with radius r.
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for all t ∈ [0, T +1). So, if we choose C1 large enough so that C1 > 16 and 1
C1

<
ρ 1

4

2 , then we have
ỹn(t) ∈ B(0, ρ 1

4
) (by (26) and (29)) for all t ∈ [0, T +1). So, we know that for all n > max(n1, n2),

(28) holds.

From (25), we know that there is some finite n3 such that for n > n3,∥∥∥x̃n(t)− ηỹn(0)
rn (t, x̃n(0))

∥∥∥ ≤ 1

4
(30)

for all t ∈ [0, T + 1).

By (27), (28), and (30), since x̃n(Tn+1 − Tn) =
x̄(Tn+1)

rn
, we have

∥∥∥ x̄(Tn+1)
rn

∥∥∥ ≤ 3
4 .

For n > n1, since ỹn(Tn+1 − Tn) =
ȳ(Tn+1)

rn
we also have

∥∥∥ ȳ(Tn+1)
rn

∥∥∥ ≤ 1
4 (by (26), 1

C1
< 1

16 , and
(29)).

So we conclude
∥∥∥ z̄(Tn+1)

rn

∥∥∥ ≤ 1, telling us that rn+1 = rn as desired. If we let n0 = max(n1, n2, n3)

and ensure that C1 > maxi≤n0 ∥x̄(Ti)∥, then the result holds for all n.

Lemma 12.6 tells us that the iterate at each Tn is bounded by the largest y component seen so far
in the sequence of times Tn. To do this, we use an inductive argument–intuitively, we combine the
previous lemma, which prevents z from growing if the x component is too much larger than the
y component, with Lemma 17.15 which prevents z from growing too much within one period T ,
ensuring that x can never get too much larger than y.
Lemma 12.6 (Lemma 5.5 Restated). There exists a constant C2 such that for all n,

∥z̄(Tn)∥ ≤ C1C2(max
m≤n

∥ȳ(Tm)∥+ 1).

Proof. From Lemma 17.15, we know that there are some constants A,B such that for all n,

∥z̄(Tn+1)∥ ≤ A∥z̄(Tn)∥+B.

Our argument is inductive in nature. Let C1, C2 and ensure that C1 > A+B and C2 > 2A+B + 2.
To make sure the base case (n = 0), holds, we also ensure that C1C2 > ∥z0∥. From Lemma 12.5
we know that if ∥x̄(Tn)∥ ≥ C1(1 + ∥ȳ(Tn)∥), then rn+1 = rn. Thus, if the result holds for all i
less than some n, i.e., we have ∥z̄(Ti)∥ ≤ C1C2(maxm≤i ∥ȳ(Tm)∥+ 1) for all i ≤ n, then we can
conclude that ∥z̄(Tn+1)∥ ≤ C1C2(maxm≤n ∥ȳ(Tm)∥+ 1) also.

To address the other case, assume for some n that ∥x̄(Tn)∥ ≤ C1(∥ȳ(Tn)∥+ 1). Then we have

∥z̄(Tn+1)∥ ≤ A∥z̄(Tn)∥+B

≤ A∥x̄(Tn)∥+A∥ȳ(Tn)∥+B

≤ AC1∥ȳ(Tn)∥+AC1 +A∥ȳ(Tn)∥+B

≤ C1C2(∥ȳ(Tn)∥+ 1)

≤ C1C2( max
m≤n+1

∥ȳ(Tm)∥+ 1).

Finally, while we’ve ensured that for all the Tn that z̄(Tn) is not to much larger than ȳ(Tn), we need
the result to also hold for all the iterates that lie in between Tn and Tn+1. Lemma 12.7 takes care of
this.
Lemma 12.7 (Lemma 5.6 Restated). There exists a constant C3 such that for all n,

∥xn∥ ≤ C1C2C3(∥ymax
n ∥+ 1),

Proof. From Lemma 17.15 we know that for all m such that Tn ≤ m ≤ Tn+1, there exist constants
A,B such that

∥zm∥ ≤ A∥z̄(Tn)∥+B.
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Let C3 > A+B. This means that
∥xm∥ ≤ ∥zm∥ ≤ AC1C2(max

l≤n
∥ȳ(Tl)∥+ 1) +B

≤ C1C2C3(max
l≤n

∥ȳ(Tl)∥+ 1)

≤ C1C2C3(∥ymax
n ∥+ 1).

By setting K equal to C1C2C3, this concludes the proof of Theorem 1.
Lemma 12.8. Let Ky ⊂ Rd2 where Ky is compact. Given any ϵ > 0, there exists a Tϵ > 0 such that
for all constant external inputs y ∈ Ky, we have ηy∞(t, x) ∈ B(λ∞(y), ϵ) for any initial condition
x ∈ λ∞(Ky) and for all t ≥ Tϵ.

Proof. By Lyapunov stability, we know that there is some δ with ϵ
2 > δ > 0 such that if ηy∞(t, x) ∈

B(λ∞(y), δ), then for all t′ > t, ηy∞(t′, x) ∈ B(λ∞(y), ϵ
2 ). By Lemma 5.2 we know that there

exists some time Tδ such that for all x ∈ λ∞(Ky) (image of a compact set under a continuous map
is compact) and t ≥ Tδ , we have

ηy∞(t, x) ∈ B(λ∞(y),
δ

2
). (31)

By Lemma 5.3, we can select ρy small enough such that for all y1 ∈ B(y, ρy),

∥ηy∞(t, x)− ηy1
∞(t, x)∥ ≤ δ

2
(32)

for all t ∈ [0, Tδ], x ∈ λ∞(Ky).

We can split up the timeline into chunks of size Tδ . The insight we will rely on is that if ηy∞(Tδ, x) =
x1, then ηy∞(Tδ + t, x) = ηy∞(t, x1) for all t ≥ 0. The way our logic proceeds is as follows: By (31)
and (32) we have that

ηy1
∞(Tδ, x) ∈ B(λ∞(y), δ)

Let x1
.
= ηy1

∞(Tδ, x). For all t ∈ [0, Tδ], we know by Lyapunov stability that

ηy∞(t, x1) ∈ B(λ∞(y),
ϵ

2
),

so by (32) we know (since we can reuse the ρy selected earlier) that

ηy1
∞(t, x1) ∈ B(λ∞(y),

3ϵ

4
).

for all t ∈ [0, Tδ], implying that

ηy1
∞(t, x) ∈ B(λ∞(y),

3ϵ

4
) (33)

for all t ∈ [Tδ, 2Tδ].

By (31) and (32) we know that
ηy1
∞(Tδ, x1) ∈ B(λ∞(y), δ).

We can then define x2
.
= ηy1

∞(Tδ, x1) and repeat the above arguments to see that (33) holds for all
t ∈ [2Tδ, 3Tδ]. We can continue repeating this argument for all xn to see that (33) holds for all
t ≥ Tδ .

Let Lλ be the Lipschitz constant for λ∞. Then for all y1 ∈ B(y, ϵ
4Lλ

) we have

∥λ∞(y)− λ∞(y1)∥ ≤ ϵ

4
. (34)

To summarize, by (33) and (34), we know that if y1 ∈ B(y,min(ρy,
ϵ

4Lλ
)) then

ηy1
∞(t, x) ∈ B(λ∞(y1), ϵ).

Each y gives us such a ball B(y,min(ρy,
ϵ

4Lλ
)) along with a Tδ and these balls cover K. By

compactness, we can obtain a finite subcover and a finite number of times T1, . . . , Tn. Taking Tϵ to
be the maximum of these times completes the proof.
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Lemma 12.9. Let Ky ⊂ Rd2 where Ky is compact. Given any ϵ > 0, there exists a δ such that
for all constant external inputs y ∈ Ky, if the initial condition x ∈ B(λ∞(y), δ), then ηy∞(t, x) ∈
B(λ∞(y), ϵ) for all t ≥ 0.

Proof. Fix y and ϵ. From Lemma 12.8 we know that the result holds for t ≥ Tϵ, so we just
need to show that it holds for 0 ≤ t < Tϵ. By Lyapunov stability, there exists δy such that if
x ∈ B(λ∞(y), δy), then for all t ≥ 0, ηy∞(t, x) ∈ B(λ∞(y), ϵ

3 ).

By Lemma 5.3, there exists ρ small enough that for all y′ ∈ B(y, ρ),

∥ηy∞(t, x)− ηy1
∞(t, x)∥ <

ϵ

3
for all x ∈ B(λ∞(y), δy), t ∈ [0, Tδ]. Finally, since λ∞ is Lipschitz, if y′ ∈ B(y, ϵ

3Lλ
),

∥λ∞(y)− λ∞(y1)∥ <
ϵ

3
.

Combining these facts, we know that if y1 ∈ B(y,min(ρ, ϵ
3Lλ

)), then ηy∞(t, x) ∈ B(λ∞(y), ϵ) for
all t ≥ 0. Each y comes with such a neighborhood and a distance δ. By compactness, we can extract
a finite subcover and a finite number of distances δ1, . . . , δn, and taking δ to be the smallest one gives
us our result.

Lemma 12.10 (Lemma 5.7 Restated). For any ϵ > 0, there is some Tϵ and some Nϵ such that for
all n > Nϵ, ∥x̃n(t)− λ∞(ỹn(t))∥ ≤ ϵ for all t ∈ [0, Tϵ].

Proof. By 12.9, we know that for all y ∈ [−2, 2]d2 there is some δ with ϵ
2 > δ > 0 such that

if ηy∞(t, x) ∈ B(λ∞(y), δ), then for all t′ > t, ηy∞(t′, x) ∈ B(λ∞(y), ϵ
2 ). By Lemma 12.8 we

know that there exists some time Tδ such that for all x ∈ λ∞(Ky) (image of a compact set under a
continuous map is compact) and t ≥ Tδ , we have, for all y ∈ [−2, 2]d2 ,

ηy∞(t, x) ∈ B(λ∞(y),
δ

4
). (35)

By Lemma 5.3, there exists n1 such that for all n > n1,∥∥ηyrn(t, x)− ηy∞(t, x)
∥∥ <

δ

4
(36)

for all t ∈ [0, Tδ].

By (25), there exists n2 such that for all n > n2,∥∥∥x̃n(t)− ηỹn(0)
rn (t, x̃n(0))

∥∥∥ <
δ

4
(37)

and

∥λ∞(ỹn(t))− λ∞(ỹn(0))∥ ≤ Lλ∥ỹn(t)− ỹn(0)∥ <
δ

4
(38)

for all t ∈ [0, Tδ]. Combining (35), (36), (37), and (38), we have
∥x̃n(Tδ)− λ∞(ỹn(Tδ))∥ < δ

for all n > max(n1, n2). This means that

∥x̃n+1(0)− λ∞(ỹn+1(0))∥ =
rn

rn+1
∥x̃n(Tδ)− λ∞(ỹn(Tδ))∥ < δ

when n > max(n1, n2), giving us
∥x̃n(0)− λ∞(ỹn(0))∥ < δ

for all n > Nϵ = max(n1, n2) + 1. So,∥∥∥ηỹn(0)
rn (t, x̃n(0))− λ∞(ỹn(0))

∥∥∥ <
ϵ

2
for all t ≥ 0. Combining this with (37) and (38) gives us

∥x̃n(t)− λ∞(ỹn(t))∥ ≤ ϵ

for all t ∈ [0, Tδ], as desired. Taking Tϵ
.
= Tδ completes the proof.
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13 PROOF OF THEOREM 2

In this section we will prove Theorem 2.

13.1 SLOW TIMESCALE SETUP

Here we are working in the slow timescale. We reuse the notation from Section 12.1 but redefine
some things in terms of the slow timescale. We split the positive real axis [0,∞) into chunks of length
{β(i)}i=0,1,.... We then collect these segments together into larger intervals {[Tn, Tn+1)}n=0,1,...,
where the sequence {Tn} has the property that as n grows large, we have Tn+1 − Tn ≈ T . We define

t(0)
.
=0,

t(n)
.
=

n−1∑
i=0

β(i) n = 1, 2, . . . .

For all T > 0, define

m(T ) = max {i|T ≥ t(i)}
to be the maximal i where t(i) is no greater than T .

Define

T0 = 0,

Tn+1 = t(m(Tn + T ) + 1).

For any given function f with domain W , its asymptotic rate of change is defined as

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

β(i)[f(Wi+1)− Ew∼dW [f(w)]]

∥∥∥∥∥∥.
13.2 DEFINING THE SLOW ITERATES

Here, we take z̄(t) to be the piecewise constant interpolation of zn at points {t(n)}n=0,1,..., i.e.,

z̄(t)
.
= (x̄(t), ȳ(t))

.
=


(x0, y0) t ∈ [0, t(1))

(x1, y1) t ∈ [t(1), t(2))

(x2, y2) t ∈ [t(2), t(3))
...

Now we describe our rescaling of z̄(t).
Definition 9. ∀n ∈ N, t ∈ [0, T + 1), define

z̃n(t)
.
= (x̃n(t), ỹn(t))

.
=

z̄(Tn + t)

rn
.

We will define rn differently, such that it will be at least as large as the largest iterate seen so far:

rn
.
= max

{
1,
∥∥∥zmax

m(Tn)

∥∥∥}.
where zmax

n
.
= zm such that m = argmaxi≤n ∥zi∥.

We can regard ỹn(t) as the Euler’s discretization of yn(t) defined below.
Definition 10. ∀n ∈ N, t ∈ [0, T + 1), define yn(t) as the solution to the ODE

dyn(t)

dt
= grn(λ∞(yn(t)), yn(t))

with initial condition

yn(0) = ỹn(0).
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We can also write yn(t) as

yn(t) = ỹn(0) +

∫ t

0

grn(λ∞(yn(t)), yn(t))ds. (39)

The discretization error is defined as

fn(t)
.
= ỹn(t)− yn(t)

and we want to show that fn(t) diminishes to 0 uniformly in t as n → ∞. To accomplish this, we
need to analyze the following three sequences of functions

{t 7→ ỹn(t)}∞n=0, {yn(t)}
∞
n=0, {fn(t)}

∞
n=0.

In particular, we show that they are all equicontinuous in the extended sense. We defer the relevant
definitions, statements, and proofs to Appendix 16.3 as they are quite similar to the analogous sections
in Liu et al. (2025).

Lemma 13.1. {ỹn(t)}∞n=0 is equicontinuous in the extended sense on [0, T + 1).

Proof. We know that

sup
n

∥ỹn(0)∥ ≤ 1.

Without loss of generality, let t1 ≤ t2.

lim sup
n

sup
0≤t2−t1≤δ

∥ỹn(t1)− ỹn(t2)∥ = lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥

∀ξ > 0, by (95), ∃δ0, such that ∀0 < δ ≤ δ0,

sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Gc(0,Wi+1)

∥∥∥∥∥∥ ≤ ξ. (40)

By (101), ∃δ1, such that ∀0 < δ ≤ δ1,

lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L(Wi+1) ≤ ξ. (41)
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Without loss of generality, let t1 ≤ t2. Then ∀δ ≤ min {δ0, δ1}, we have

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
+ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
+ sup

c≥1
lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Gc(0,Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
+ ξ (by (40))

≤ lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)−
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
+ ξ

≤ lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)∥Grn(z̃n(t(i)− Tn),Wi+1)−Grn(0,Wi+1)∥+ ξ

≤ lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L(Wi+1)∥z̃n(t(i)− Tn)∥+ ξ

≤E lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L(Wi+1) + ξ (by Lemma 13.11)

≤Eξ + ξ. (by (41))

Equicontinuity for the other two sequences of functions follows more similarly to the fast timescale
arguments.

13.3 A CONVERGENT SUBSEQUENCE

The ultimate goal is to show that

sup
n

∥zn∥ < ∞.

Once again, observe the inequality

∀n,
∥∥zm(Tn)

∥∥ = ∥z̄(Tn)∥ ≤ rn.
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Therefore, if we had

sup
n

rn < ∞,

then the result would come easily. So, we assume for contradiction from now on that supn rn = ∞.

According to the Arzela-Ascoli theorem in the extended sense (Theorem 10.4), a sequence of
equicontinuous functions always has a subsequence of functions that uniformly converge to a
continuous limit. In the following, we use this to identify a particular subsequence of interest.

Lemma 13.2. Suppose supn rn = ∞. Take an arbitrary subsequence {nk,0}∞k=0 ⊆ {0, 1, 2, . . . }.
Then there is a subsequence {nk}∞k=0 ⊆ {nk,0}∞k=0 such that there exist some continuous functions
f lim(t) and ỹlim(t) such that ∀t ∈ [0, T + 1),

lim
k→∞

fnk
(t) =f lim(t),

lim
k→∞

ỹnk
(t) =ỹlim(t), (42)

where both convergences are uniform in t on [0, T + 1). Furthermore, let ylim(t) denote the unique
solution to the ODE

dylim(t)

dt
= g∞(λ∞(ylim(t)), ylim(t))

with the initial condition

ylim(0) = ỹlimn (0),

in other words,

ylim(t) = ỹlim(0) +

∫ t

0

g∞(λ∞(ylim(s)), ylim(s))ds.

Then ∀t ∈ [0, T + 1), we have

lim
k→∞

ynk
(t) = ylim(t),

where the convergence is uniform in t on [0, T + 1).

Proof. Since supn rn = ∞ and rn is monotonic, limn→∞ rn = ∞, and every subsequence also
converges to infinity.

Since {fnk,0
} is equicontinuous, by the Arzelà-Ascoli theorem (see Appendix 10.4), there exists a

subsequence nk,1 ⊆ nk,0 such that {fnk,1
} converges uniformly to a continuous limit f lim. Similarly,

since
{
ỹnk,1

(t)
}

is equicontinuous, there is a subsequence nk ⊆ nk,1 such that {z̃nk
(t)} converges

uniformly in t to a continuous limit ỹlim(t).

The proof that limn→∞ ynk
(t) = ylim(t) uniformly is by lemma 13.5.

Lemma 13.3. supt∈[0,T+1)

∥∥ylim(t)∥∥ ≤ C.
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Proof. ∀t ∈ [0, T + 1),∥∥ylim(t)∥∥
=

∥∥∥∥ylim(0) + ∫ t

0

g∞(λ∞(ylim(s)), ylim(s))ds

∥∥∥∥
≤
∥∥ylim(0)∥∥+

∥∥∥∥∫ t

0

g∞(λ∞(ylim(s)), ylim(s))ds

∥∥∥∥
=
∥∥ylim(0)∥∥+

∥∥∥∥∫ t

0

[
g∞(λ∞(ylim(s)), ylim(s))− g∞(0)

]
ds+

∫ t

0

g∞(0)ds

∥∥∥∥
≤
∥∥ylim(0)∥∥+

∫ t

0

∥∥g∞(λ∞(ylim(s)), ylim(s))− g∞(0)
∥∥ds+ ∫ t

0

∥g∞(0)∥ds

≤
∥∥ylim(0)∥∥+

∫ t

0

L
∥∥λ∞(ylim(s))

∥∥+ L
∥∥ylim(s)∥∥ds+ ∫ t

0

∥g∞(0)∥ds (by Lemma 17.2)

≤1 +

∫ t

0

L · Lλ

∥∥ylim(s)∥∥+ L
∥∥ylim(s)∥∥ds+ ∫ t

0

∥g∞(0)∥ds

≤1 +

∫ t

0

L(Lλ + 1)
∥∥ylim(s)∥∥ds+ (T + 1)∥g∞(0)∥

≤1 +

∫ t

0

L(Lλ + 1)
∥∥ylim(s)∥∥ds+ CH (by Assumption 5)

≤ [1 + CH ] e
∫ t
0
L(Lλ+1)ds (by Gronwall inequality in Theorem 10.1)

≤ [1 + CH ] eL(Lλ+1)(T+1)

≤C. (by (103))

Lemma 13.4. limk→∞ grnk
(λ∞(ylim(t)), ylim(t)) = g∞(λ∞(ylim(t)), ylim(t)) uniformly in t ∈

[0, T + 1).

Proof. By Assumption 5, limk→∞ grnk
(v) = g∞(v) uniformly in a compact set{

v|v ∈ Rd1+d2 , ∥v∥ ≤ C
}

. By Lemma 13.3,
{
ylim(t)|t ∈ [0, T + 1)

}
⊆

{
v|v ∈ Rd, ∥v∥ ≤ C

}
.

Additionally, λ∞ is Lipschitz, so
{
(λ∞(ylim(t)), ylim(t))|t ∈ [0, T + 1)

}
⊆{

v|v ∈ Rd1+d2 , ∥v∥ ≤ C
}

.

Therefore, limk→∞ grnk
(λ∞(ylim(t)), ylim(t)) = g∞(λ∞(ylim(t)), ylim(t)) uniformly in{

ylim(t)|t ∈ [0, T + 1)
}

and in t ∈ [0, T + 1).

Lemma 13.5. ∀t ∈ [0, T + 1), we have

lim
k→∞

ynk
(t) = ylim(t).

Moreover, the convergence is uniform in t on [0, T + 1).

Proof. By (42), ∀δ > 0, there exists a k1 such that ∀k ≥ k1, ∀t ∈ [0, T + 1),∥∥ỹnk
(t)− ỹlim(t)

∥∥ ≤ δ. (43)

By Lemma 13.4, there exists a k2 such that ∀k ≥ k2, ∀t ∈ [0, T + 1),∥∥gnk
(λ∞(ylim(t)), ylim(t))− g∞(λ∞(ylim(t)), ylim(t))

∥∥ ≤ δ. (44)

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2026

∀k ≥ max {k1, k2}, ∀t ∈ [0, T + 1)∥∥ynk
(t)− ylim(t)

∥∥
=

∥∥∥∥ỹnk
(0) +

∫ t

0

grnk
(λ∞(ynk

(s)), ynk
(s))ds− ỹlim(0)−

∫ t

0

g∞(λ∞(ylim(s)), ylim(s))ds

∥∥∥∥
≤
∥∥ỹnk

(0)− ỹlim(0)
∥∥+

∥∥∥∥∫ t

0

grnk
(λ∞(ynk

(s)), ynk
(s))ds−

∫ t

0

g∞(λ∞(ylim(s)), ylim)ds

∥∥∥∥
≤δ +

∥∥∥∥∫ t

0

grnk
(λ∞(ynk

(s)), ynk
(s))− g∞(λ∞(ylim(s)), ylim)ds

∥∥∥∥ (by (43))

≤δ +

∫ t

0

∥∥∥grnk
(λ∞(ynk

(s)), ynk
(s))− grnk

(λ∞(ylim(s)), ylim)
∥∥∥ds

+

∫ t

0

∥∥∥grnk
(λ∞(ylim(s)), ylim)− g∞(λ∞(ylim(s)), ylim)

∥∥∥ds
≤δ + L

∫ t

0

∥∥(λ∞(ynk
(s)), ynk

(s))− (λ∞(ylim(s)), ylim))
∥∥ds

+

∫ t

0

∥∥∥grnk
(λ∞(ylim(s)), ylim)− g∞(λ∞(ylim(s)), ylim)

∥∥∥ (by Lemma 17.2)

≤δ + tδ + L(Lλ + 1)

∫ t

0

∥∥ynk
(s)− ylim(s)

∥∥ds (by (44))

≤(δ + tδ)eL(Lλ+1)t (by Gronwall inequality in Theorem 10.1)

≤(δ + Tδ)eL(Lλ+1)T ,

which completes the proof.

We use the subsequence {nk} intensively in the remaining proofs.

13.4 DIMINISHING DISCRETIZATION ERROR

Recall that fn(t) denotes the discretization error between ỹn(t) and yn(t). In this section, we will
show that limn→∞ ∥fn(t)∥ = 0 for all t ∈ [0, T +1). We start by first proving that the discretization
error diminishes along the sequence {nk}, i.e., that

lim
k→∞

∥fnk
(t)∥ =

∥∥f lim(t)
∥∥ = 0.

This means ỹnk
(t) is close to ynk

(t) as k → ∞. For any t ∈ [0, T + 1), we have

lim
k→∞

∥fnk
(t)∥

= lim
k→∞

∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

grnk
(λ∞(ynk

(s)), ynk
(s))ds

∥∥∥∥∥
(by (39))

≤ lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)[Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)−Grnk

(λ∞(ỹnk
(t(i)− Tnk

)), ỹnk
(t(i)− Tnk

),Wi+1)]

∥∥∥∥∥∥
(45)

+

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)Grnk
(λ∞(ỹnk

(t(i)− Tnk
)), ỹnk

(t(i)− Tnk
),Wi+1)−

∫ t

0

grnk
(λ∞(ynk

(s)), ynk
(s))ds

∥∥∥∥∥∥.
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Lemma 13.6 (Lemma 6.1 Restated). For all ϵ > 0, there exists some N such that for all n > N ,
∥x̃n(t)− λ∞(ỹn(t))∥ < ϵ

for all t ∈ [0, T ]

Proof. For clarity, since we will work with both fast and slow timescale objects, we will use α and
β in superscripts to indicate the fast and slow timescale variants respectively. We also define some
notation to help in converting between timescales:

τα(t)
.
= tα(mβ(t))

τβ(t)
.
= tβ(mα(t))

By the difference in how the rescaling is defined between the timescales, we know that
∥∥z̃βn(0)∥∥ ≤∥∥z̃αm(τα(T β

n )− Tα
m)

∥∥, where m is the largest v such that Tα
v ≤ τα(T β

n ). Essentially, whenever the
slow timescale is rescaled, the iterate has a smaller norm than the fast timescale’s iterate at that index.
Now we need to show that for the rest of that period in the slow timescale (i.e. when T β

n ≤ t ≤ T β
n+1)

the slow timescale iterates, despite not being rescaled during this period, never get too much larger
than the fast timescale iterates which may be rescaled many times.

Thus, given t ∈ [0, T β ], we are interested in the ratio rαl
rβn

, where l is the largest v where Tα
v ≤

τα(T β
n + t). By Lemma 13.11 we know that

rαl ≤
∥∥∥zmax

mβ(Tβ
n+t)

∥∥∥ ≤ C
∥∥∥zmax

mβ(Tβ
n )

∥∥∥+D = C · rβn +D

implying that
rαl

rβn
≤ C +

D

rβn
.

There exists n1 such that for all n > n1, D

rβn
≤ C, so for all n > n1,

rαl

rβn
≤ 2C.

By Lemma 12.10, there exist n2 and Tϵ such that for all n > nϵ, we have

∥x̃α
n(t)− λ∞(ỹαn(t))∥ ≤ ϵ

2C
for all t ∈ [0, Tϵ]. Now, set N = max {n1, n2}, where n2 is the smallest v such that T β

v ≥ τβ(Tα
nϵ
)

and Tα is set to Tϵ. We then have, for all t ∈ [0, T β ],∥∥x̃β
n(t)− λ∞(ỹβn(t))

∥∥ ≤ 2C
∥∥x̃α

l (τ
α(T β

n + t))− λ∞(ỹαl (τ
α(T β

n + t)))
∥∥ ≤ ϵ

for all n > N . Since we set Tα to Tϵ without modifying T β , the result holds for all ϵ, regardless of
what value we set T β to at the start.

Lemma 13.7. The first error term (45) converges to 0.

Proof.

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)[Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)−Grnk

(λ∞(ỹnk
(t(i)− Tnk

)), ỹnk
(t(i)− Tnk

),Wi+1)]

∥∥∥∥∥∥
≤ lim

k→∞

m(Tnk
+t)−1∑

i=m(Tnk
)

β(i)L(Wi)∥x̃nk
(t(i)− Tnk

)− λ∞(ỹnk
(t(i)− Tnk

))∥

≤ lim
k→∞

ϵ(k)

m(Tnk
+t)−1∑

i=m(Tnk
)

β(i)L(Wi) (Lemma 13.6)

≤C lim
k→∞

ϵ(k) (99)

=0.
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The rest of the proof, including the verification that the other term diminishes is the same as liu et al
and the fast timescale’s analogous term.

Now, since we had chosen an arbitrary subsequence
{
fnk,0

}
and it has a subsequence {fnk

} that
converges to 0, by Lemma 10.1 we know that {fn} also converges to 0. Thus, the discretization error
diminishes along the entire sequence. That is,

lim
k→∞

∥fn(t)∥ = 0 (46)

for all t ∈ [0, T + 1).

13.5 COMPLETING THE PROOF

Definition 11. We use the notation χc(t, y) to denote the solution to the ode
dy(t)

dt
= gc(λ∞(y(t)), y(t))

with the initial condition y.

Note that under this notation, yn(t) (10) can be written χrn(t, ỹn(0)).
Lemma 13.8. Let K ⊂ Rd2 be compact. Given any ϵ > 0, there exists a Tϵ such that for all initial
conditions y ∈ K, χ∞(t, y) ∈ B(0, ϵ).

Proof. By Lyapunov stability, there is a δ > 0 such that any trajectory beginning within B(0, δ) stays
within ϵ

2 of the equilibrium 0.

For an initial condition y, let Ty be a time at which the trajectory is within δ
2 of the equilibrium. Let

y1 be some other initial condition. By definition, Lipschitzness, and the Gronwall inequality, we have

∥χ∞(t, y)− χ∞(t, y1)∥ ≤ ∥y − y1∥+ L(Lλ + 1)

∫ t

0

∥χ∞(s, y)− χ∞(s, y1)∥ds

≤ ∥y − y1∥eL(Lλ+1)Ty

for all t ≤ Ty .

So there is a neighborhood Vy such that for all y1 ∈ Vy, χ∞(Ty, y1) is within δ of the equilibrium,
which by Lyapunov stability implies that it will always be within ϵ of the equilibrium after Ty .

By compactness, we can cover the set K by a finite number of such intervals and obtain a finite
number of times Ty1

, . . . , Tyn
and then take the maximum time to be the value of Tϵ.

Lemma 13.9. Let [0, T ] be a given time interval. Then,

∥χc(t, y)− χ∞(t, y)∥ ≤ϵ(c) · TeL(Lλ+1)T .

for any initial y ∈ Rd2 and for all t ∈ [0, T ].

Proof. We have

χc(t, y) = y +

∫ t

0

gc(λ∞(χc(s, y)), χc(s, y))ds,

χ∞(t, y) = y +

∫ t

0

g∞(λ∞(χ∞(s, y)), χ∞(s, y))ds.

Let us define the error term:
e(t) = ∥χc(t, y)− χ∞(t, y)∥.

We can bound e(t) by two terms:

e(t) ≤
∫ t

0

∥gc(λ∞(χc(s, y)), χc(s, y))− gc(λ∞(χ∞(s, y)), χ∞(s, y))∥ds

+

∫ t

0

∥gc(λ∞(χ∞(s, y)), χ∞(s, y))− g∞(λ∞(χ∞(s, y)), χ∞(s, y))∥ds
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To bound the first term, we use Lipschitzness:∫ t

0

∥gc(λ∞(χc(s, y)), χc(s, y))− gc(λ∞(χ∞(s, y)), χ∞(s, y))∥ds

≤ L(Lλ + 1)

∫ t

0

∥χc(t, y)− χ∞(t, y)∥ds

= L

∫ t

0

e(s)ds.

To bound the second term, we use Lipschitzness and Assumption 3:

∫ t

0

∥gc(λ∞(χ∞(s, y)), χ∞(s, y))− g∞(λ∞(χ∞(s, y)), χ∞(s, y))∥ds

≤
∫ t

0

ϵ(c)ds

≤Tϵ(c).

To conclude, we will use the Gronwall Inequality (Appendix 10.1):

e(t) ≤Tϵ(c) + L(Lλ + 1)

∫ t

0

e(s)ds

≤ϵ(c) · TeL(Lλ+1)T .

Since in this section, rn is defined as the largest iterate norm seen so far, if it is bounded, then the
iterate norms are bounded, verifying Theorem 2.
Lemma 13.10. The sequence rn is bounded, creating a contradiction.

Proof. By Lyapunov stability there is some δ with 1
2(Lλ+1) > δ > 0 such that if χ∞(t, y) ∈ B(0, δ)

at some time t, then for all times t′ > t, we have

χ∞(t′, y) ∈ B

(
0,

1

4(Lλ + 1)

)
. (47)

By Lemma 13.8 we know that there is a Tδ such that when we set T = Tδ ,

χ∞(T, y) ∈ B(0,
δ

3
) (48)

for all y ∈ [−2, 2]d2 .

By Lemma 13.9 we know that there is an n1 such that for all n > n1,

∥χrn(t, y)− χ∞(t, y)∥ <
δ

3
(49)

for all y ∈ [−2, 2]d2 and t ∈ [0, Tδ].

By (46), we know that there is an n2 such that for all n > n2, we have

∥z̃n(t)− (λ∞(χrn(t, ỹn(0))), χrn(t, ỹn(0)))∥ <
δ

3
(50)

for all t ∈ [0, Tδ].

From (48), (49), and (50), we have

ỹn(0) ∈ B(0, δ)
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for all n ≥ max {n1, n2}+ 1. Thus, from (47), we have

χ∞(t, ỹn(0)) ∈ B

(
0,

1

4(Lλ + 1)

)

for all t ∈ [0, Tδ], which implies that

(λ∞(χ∞(t, ỹn(0))), χ∞(t, ỹn(0))) ∈ B

(
0,

1

4

)
.

Combining this with (50) gives us

z̃n(t) ∈ B(0,
1

2
),

for all n ≥ max {n1, n2}+ 1 and t ∈ [0, Tδ], which, by definition, prevents the sequence rn from
increasing, contradicting the assumption that rn increases to infinity.

Lemma 13.11. There are some constants A,B such that

∥ymax
l ∥ ≤ A

∥∥∥ymax
m(Tn)

∥∥∥+B

where m(Tn) ≤ l ≤ m(Tn+1). As a consequence, there are constants C and D such that

∥zmax
l ∥ ≤ C

∥∥∥zmax
m(Tn)

∥∥∥+D. (51)

This implies that ∥z̃n(t)∥ is bounded since for all n, ∥z̃n(0)∥ ≤ 1.

Proof. We know that

∥yl∥ =

∥∥∥∥∥∥ym(Tn) +

l∑
i=m(Tn)

β(i)G(xi, yi,Wi+1)

∥∥∥∥∥∥
≤ ∥ymax

n ∥+
l∑

i=m(Tn)

β(i)∥G(xi, yi,Wi+1)∥ (52)
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Since the second term of (52) is monotonically increasing in l, we know that the following holds:

∥ymax
l ∥ ≤

∥∥∥ymax
m(Tn)

∥∥∥+

l∑
i=m(Tn)

β(i)∥G(xi, yi,Wi+1)∥

≤
∥∥∥ymax

m(Tn)

∥∥∥+

l∑
i=m(Tn)

β(i)L(Wi+1)(∥xi∥+ ∥yi∥) +
l∑

i=m(Tn)

β(i)G(0,Wi+1)

≤
∥∥∥ymax

m(Tn)

∥∥∥+

l∑
i=m(Tn)

β(i)L(Wi+1)(∥xi∥+ ∥yi∥) + E (94)

≤
∥∥∥ymax

m(Tn)

∥∥∥+

l∑
i=m(Tn)

β(i)L(Wi+1)(K(1 + ∥ymax
i ∥) + ∥ymax

i ∥) + E (Theorem 1)

≤
∥∥∥ymax

m(Tn)

∥∥∥+

l∑
i=m(Tn)

β(i)L(Wi+1)(K + (K + 1)∥ymax
i ∥) + E

≤
∥∥∥ymax

m(Tn)

∥∥∥+K

l∑
i=m(Tn)

β(i)L(Wi+1) + (K + 1)

l∑
i=m(Tn)

β(i)L(Wi+1)∥ymax
i ∥+ E

≤
∥∥∥ymax

m(Tn)

∥∥∥+KC ′ + (K + 1)

l∑
i=m(Tn)

β(i)L(Wi+1)∥ymax
i ∥+ E (106)

≤
(∥∥∥ymax

m(Tn)

∥∥∥+KC ′
)
e(K+1)

∑l
i=m(Tn) β(i)L(Wi+1) + E

(by discrete Grownwall inequality in Appendix 10.3)

≤
(∥∥∥ymax

m(Tn)

∥∥∥+KC ′
)
e(K+1)C′

+ E (106)

Now we show (51):

∥zmax
l ∥ ≤ ∥ymax

l ∥+K(1 + ∥ymax
l ∥) (Theorem 1)

≤ K + (K + 1)(A
∥∥∥ymax

m(Tn)

∥∥∥+B)

≤ K + (K + 1)(A
∥∥∥zmax

m(Tn)

∥∥∥+B)

14 CONVERGENCE

14.1 FAST TIMESCALE CONVERGENCE

Returning to fast timescale definitions here.

Corollary 2. Let Assumptions 1 - 6 hold. Then the iterates {zn} generated by (1) converge almost
surely to a (sample path dependent) bounded invariant set of the ODE system

dx(t)

dt
= h(x(t), y(t)) (53)

dy(t)

dt
= 0.

Proof. To prove convergence results on t ∈ (−∞,∞) in Corollary 2, we fix an arbitrary sample path
{z0, {Wi}∞i=1}. The stability results from Theorem 2 hold. To prove properties on t ∈ (−∞,∞), we
first fix an arbitrary τ > 0 and show properties on ∀t ∈ [−τ, τ ].
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Definition 12. ∀n ∈ N, define z̄n(t) as the solution to the ODE (53) in (−∞,∞) with an initial
condition

z̄n(0) = z̄(t(n)).

z̄n(t) can also be written as

z̄n(t) = z̄(t(n)) +

∫ t

0

(h(z̄n(s)), 0)ds, ∀t ∈ (−∞,∞). (54)

We need to show that the error of Euler’s discretization diminishes asymptotically. With (16) and
(17), ∀τ > 0, ∀t ∈ [−τ, τ ],

z̄(t(n) + t) = zm(t(n)+t) (55)

=

{
z̄(t(n)) +

∑m(t(n)+t)−1
i=n (α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1)) if t ≥ 0

z̄(t(n))−
∑n−1

i=m(t(n)+t)(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1)) if t < 0.

Notably, the property (16) that ∀t < 0,m(t) = 0 in (55) ensures z̄(t(n) + t) is well-defined when
t(n) + t < 0. Precisely speaking, ∀τ > 0, ∀t ∈ [−τ, τ ], the discretization error is defined as

f̄n(t)
.
= z̄(t(n) + t)− z̄n(t). (56)

and we need f̄n(t) to diminish to 0 as n → ∞. To this end, we study the following three sequences
of functions

{z̄(t(n) + t)}∞n=0, {z̄n(t)}
∞
n=0,

{
f̄n(t)

}∞
n=0

.

Equicontinuity in the extended sense on the domain (−∞,∞) is defined as following (Section 4.2.1
in Kushner & Yin (2003)).

Definition 13. A sequence of functions
{
γn : (−∞,∞) → RK

}
is equicontinuous in the extended

sense on (−∞,∞) if supn ∥γn(0)∥ < ∞ and ∀τ > 0, ∀ϵ > 0, ∃δ > 0 such that
lim sup

n
sup

0≤|t1−t2|≤δ,|t1|≤τ,|t2|≤τ

∥γn(t1)− γn(t2)∥ ≤ ϵ.

We show {z̄(t(n) + t)}, {z̄n(t)} and
{
f̄n(t)

}
are all equicontinuous in the extended sense.

Lemma 14.1. The three sequences of functions {z̄(t(n) + t)}∞n=0, {z̄n(t)}∞n=0, and
{
f̄n(t)

}∞
n=0

are
all equicontinuous in the extended sense on t ∈ (−∞,∞).

To prove those lemmas, we need the Gronwall inequality in the reverse time in Appendix 10.2.
Compared to lemmas in the main text which have the domain t ∈ [0, T + 1), lemmas in this section
have similar proofs because we first fix an arbitrary τ and prove properties on the domain t ∈ [−τ, τ ].
We omit proofs for Lemma 14.1 because they are extremely similar to the proofs of equicontinuity in
the fast timescale. Similar to Lemma 5.1, we now construct a particular subsequence of interest.

Lemma 14.2. There exists a subsequence {nk}∞k=0 ⊆ {0, 1, 2, . . . } and some continuous functions
f̄ lim(t) and z̄lim(t) such that ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

f̄nk
(t) =f̄ lim(t),

lim
k→∞

z̄(Tnk
+ t) =z̄lim(t),

where both convergences are uniform in t on [−τ, τ ]. Furthermore, let zlim(t) denote the unique
solution to the ODE (53) with the initial condition

zlim(0) = z̄lim(0),

in other words,

zlim(t) = z̄lim(0) +

∫ t

0

(h(z̄lim(s)), 0)ds.

Then ∀τ , ∀t ∈ [−τ, τ ], we have

lim
k→∞

z̄nk
(t) = zlim(t),

where the convergence is uniform in t on [−τ, τ ].
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Its proof is very similar to the proof of Lemma 5.1 and is omitted. We use the subsequence {nk}
intensively in the remaining proofs. Recall that f̄n(t) denotes the discretization error between
z̄(t(n) + t) and z̄n(t). We now proceed to prove that this discretization error diminishes along {nk}.
In particular, we aim to prove that ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

∥∥f̄nk
(t)

∥∥ =
∥∥f̄ lim(t)

∥∥ = 0.

This means z̄(t(nk) + t) is close to z̄nk
(t) as k → ∞. For t ∈ (0, τ ], the proof for this part is the

same as the proof we have done in Section 12.4. Thus, we only discuss the proof for t ∈ [−τ, 0]. ∀τ ,
∀t ∈ [−τ, 0],

lim
k→∞

∥∥f̄nk
(t)

∥∥
= lim

k→∞

∥∥∥∥∥∥z̄(t(nk))−
nk−1∑

i=m(t(nk)+t)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))− z̄nk
(t)

∥∥∥∥∥∥
(by (55) and (56))

= lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))−
∫ t

0

(h(z̄nk
(s)), 0)ds

∥∥∥∥∥∥
(by (54))

≤ lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

α(i)H(z̄(t(i)),Wi+1)−
∫ t

0

h(z̄lim(s))ds

∥∥∥∥∥∥
+ lim

k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1)

∥∥∥∥∥∥
+ lim

k→∞

∥∥∥∥∫ t

0

h(z̄lim(s))ds−
∫ t

0

h(z̄nk
(s))ds

∥∥∥∥. (57)

The second term in the RHS of (57) is 0.

Lemma 14.3. ∀τ , ∀t ∈ [−τ, 0],

lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1)

∥∥∥∥∥∥ = 0.

The proof is very similar to the proof of Lemma 12.2 so is omitted.

The first term in the RHS of (57) is also 0.

Lemma 14.4. ∀τ , ∀t ∈ [−τ, 0],

lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

α(i)H(z̄(t(i)),Wi+1)−
∫ t

0

h(z̄lim(s))ds

∥∥∥∥∥∥ = 0.

Its proof is very similar to the proof of Lemma 16.7 and is omitted. This convergence is also simpler
than (74) because here we have only a single (H,h). But in (74), we have a sequence {(Hnk

, hnk
)},

for which we have to split it to a double limit (75) and then invoke the Moore-Osgood theorem to
reduce it to the single (H,h) case.
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Lemma 14.4 confirms that the first term in the RHS of (57) is 0. Moreover, it also enables us to
rewrite z̄lim(t) from a summation form to an integral form. ∀τ , ∀t ∈ [−τ, 0]

z̄lim(t)

= lim
k→∞

z̄(t(nk))−
nk−1∑

i=m(t(nk)+t)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))

= lim
k→∞

z̄(t(nk)) +

∫ t

0

(h(z̄lim(s)), 0)ds. (by Lemma 14.4)

Thus, we can show the following diminishing discretization error.

Lemma 14.5. ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

∥∥f̄nk
(t)

∥∥ = 0.

Moreover, the convergence is uniform in t on [−τ, τ ].

Its proof is very similar to the proof of Lemma 16.9 and is omitted. This immediately implies that for
any t ∈ (−∞,∞)

lim
k→∞

z̄(t(nk) + t) = zlim(t). (58)

Theorem 2 then yields that

sup
t∈(−∞,∞)

∥∥zlim(t)∥∥ < ∞.

Let Z be the set of limit points of {zn}. By Theorem 2, supn ∥zn∥ < ∞, so Z is bounded and
nonempty. We now prove Z is an invariant set of the ODE (53). For any z ∈ Z, there exists a
subsequence {znk

} such that
lim
k→∞

znk
= z.

Since {z̄(t(nk) + t)} is equicontinuous in the extended sense, following the way we arrive at (58),
we can construct a subsequence {n′

k} ⊆ {nk} such that

lim
k→∞

z̄(t(n′
k) + t) = zlim∗ (t), (59)

where zlim∗ (t) is a solution to the ODE (53) and zlim∗ (0) = z. The remaining is to show that zlim∗ (t)
lies entirely in Z. For any t ∈ (−∞,∞), by the piecewise constant nature of z̄ in (55), the above limit
(59) implies that there exists a subsequence of {zn} that converges to zlim∗ (t), indicating zlim∗ (t) ∈ Z
by the definition of the limit set. We now have proved ∀z ∈ Z, there exists a solution zlim∗ (t) to the
ODE (53) such that zlim∗ (0) = z and ∀t ∈ (−∞,∞), zlim∗ (t) ∈ Z. This means Z is an invariant set,
by definition. In particular, Z is a bounded invariant set.

We now prove that {zn} converges to Z. Let {znk
} be any convergent subsequence of {zn} with its

limit denoted by z. We must have z ∈ Z by the definition of the limit set. So we have proved that all
convergent subsequences of {zn} converge to a point in the bounded invariant set Z. If {zn} does
not converge to Z, there must exist a subsequence

{
zn′

k

}
such that

{
zn′

k

}
is always away from Z

by some small ϵ0 > 0, i.e., ∀k,

inf
z∈Z

∥∥∥zn′
k
− z

∥∥∥ ≥ ϵ0. (60)

But
{
zn′

k

}
is bounded, so by the Bolzano-Weierstrass Theorem, it must have a convergent subse-

quence, which, by the definition of the limit set, converges to some point in Z. This contradicts
(60). So we must have {zn} converge to Z, which is a bounded invariant set of the ODE (53). This
completes the proof.

Since the invariant set of (53) is
{
(λ(y), y) : y ∈ Rd2

}
, we have

lim
n→∞

∥xn − λ(yn)∥ = 0. (61)

We will use this fact to now establish convergence to the unique equilibrium.
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14.2 SLOW TIMESCALE CONVERGENCE

Returning to slow timescale definitions here.
Corollary 3. Let Assumptions 1 - 6 hold. Then the iterates {yn} generated by (1) converge almost
surely to a (sample path dependent) bounded invariant set of the ODE

dy(t)

dt
= g(λ(y(t)), y(t)) (62)

Proof. To prove convergence results on t ∈ (−∞,∞) in Corollary 3, we fix an arbitrary sample path
{z0, {Wi}∞i=1}. The stability results from Theorem 2 hold. To prove properties on t ∈ (−∞,∞), we
first fix an arbitrary τ > 0 and show properties on ∀t ∈ [−τ, τ ].

Definition 14. ∀n ∈ N, define ȳn(t) as the solution to the ODE (62) in (−∞,∞) with an initial
condition

ȳn(0) = ȳ(t(n)).

ȳn(t) can also be written as

ȳn(t) = ȳ(t(n)) +

∫ t

0

g(λ(ȳn(s)), ȳn(s))ds, ∀t ∈ (−∞,∞). (63)

We need to show that the error of Euler’s discretization diminishes asymptotically. With (16) and
(17), ∀τ > 0, ∀t ∈ [−τ, τ ],

z̄(t(n) + t) = zm(t(n)+t) (64)

=

{
z̄(t(n)) +

∑m(t(n)+t)−1
i=n (α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1)) if t ≥ 0

z̄(t(n))−
∑n−1

i=m(t(n)+t)(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1)) if t < 0.

Notably, the property (16) that ∀t < 0,m(t) = 0 in (64) ensures z̄(t(n) + t) is well-defined when
t(n) + t < 0. Precisely speaking, ∀τ > 0, ∀t ∈ [−τ, τ ], the discretization error is defined as

f̄n(t)
.
= ȳ(t(n) + t)− ȳn(t). (65)

and we need f̄n(t) to diminish to 0 as n → ∞. To this end, we study the following three sequences
of functions

{ȳ(t(n) + t)}∞n=0, {ȳn(t)}
∞
n=0,

{
f̄n(t)

}∞
n=0

.

We show {ȳ(t(n) + t)}, {ȳn(t)} and
{
f̄n(t)

}
are all equicontinuous in the extended sense on the

domain (−∞,∞).

Lemma 14.6. The three sequences of functions {ȳ(t(n) + t)}∞n=0, {ȳn(t)}∞n=0, and
{
f̄n(t)

}∞
n=0

are
all equicontinuous in the extended sense on t ∈ (−∞,∞).

To prove those lemmas, we need the Gronwall inequality in the reverse time in Appendix 10.2.
Compared to lemmas in the main text which have the domain t ∈ [0, T + 1), lemmas in this section
have similar proofs because we first fix an arbitrary τ and prove properties on the domain t ∈ [−τ, τ ].
We omit proofs for Lemma 14.6 because they are extremely similar to the proofs of equicontinuity in
the slow timescale. Similar to Lemma 13.2, we now construct a particular subsequence of interest.

Lemma 14.7. There exists a subsequence {nk}∞k=0 ⊆ {0, 1, 2, . . . } and some continuous functions
f̄ lim(t) and ȳlim(t) such that ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

f̄nk
(t) =f̄ lim(t),

lim
k→∞

ȳ(Tnk
+ t) =ȳlim(t),

where both convergences are uniform in t on [−τ, τ ]. Furthermore, let ylim(t) denote the unique
solution to the ODE (62) with the initial condition

ylim(0) = ȳlim(0),
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in other words,

ylim(t) = ȳlim(0) +

∫ t

0

g(λ(ȳlim), ȳlim(s))ds.

Then ∀τ , ∀t ∈ [−τ, τ ], we have

lim
k→∞

ȳnk
(t) = ylim(t),

where the convergence is uniform in t on [−τ, τ ].

Its proof is very similar to the proof of Lemma 13.2 and is omitted. We use the subsequence {nk}
intensively in the remaining proofs. Recall that f̄n(t) denotes the discretization error between
ȳ(t(n) + t) and ȳn(t). We now proceed to prove that this discretization error diminishes along {nk}.
In particular, we aim to prove that ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

∥∥f̄nk
(t)

∥∥ =
∥∥f̄ lim(t)

∥∥ = 0.

This means ȳ(t(nk) + t) is close to ȳnk
(t) as k → ∞. For t ∈ (0, τ ], the proof for this part is the

same as the proof we have done in Section 13.4. Thus, we only discuss the proof for t ∈ [−τ, 0]. ∀τ ,
∀t ∈ [−τ, 0],

lim
k→∞

∥∥f̄nk
(t)

∥∥
= lim

k→∞

∥∥∥∥∥∥ȳ(t(nk))−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1)− ȳnk
(t)

∥∥∥∥∥∥ (by (64) and (65))

= lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1)−
∫ t

0

g(λ(ȳnk
), ȳnk

)ds

∥∥∥∥∥∥ (by (63))

≤ lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1) +

nk−1∑
i=m(t(nk)+t)

β(i)G(λ(ȳ(t(i))), ȳ(t(i)),Wi+1)

∥∥∥∥∥∥
+ lim

k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(λ(ȳ(t(i))), ȳ(t(i)),Wi+1)−
∫ t

0

g(λ(ȳnk
), ȳnk

)ds

∥∥∥∥∥∥. (66)

The first term in the RHS of (66) is 0.

Lemma 14.8. ∀τ , ∀t ∈ [−τ, 0],

lim
k→∞

∥∥∥∥∥∥−
nk−1∑

i=m(t(nk)+t)

β(i)G(z̄(t(i)),Wi+1) +

nk−1∑
i=m(t(nk)+t)

β(i)G(λ(ȳ(t(i))), ȳ(t(i)),Wi+1)

∥∥∥∥∥∥ = 0.

Its proof is very similar to the proof of Lemma 13.7 (except that we use (61) instead of Lemma 13.6)
and is omitted. This convergence is also simpler than (74) because here we have only a single (G, g).

Lemma 14.9. ∀τ , ∀t ∈ [−τ, τ ],

lim
k→∞

∥∥f̄nk
(t)

∥∥ = 0.

Moreover, the convergence is uniform in t on [−τ, τ ].
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Its proof is very similar to the proof of the diminishing discretization error in the slow timescale. This
immediately implies that for any t ∈ (−∞,∞)

lim
k→∞

z̄(t(nk) + t) = (λ(ylim(t)), ylim(t)). (67)

Theorem 2 then yields that

sup
t∈(−∞,∞)

∥∥(λ(ylim(t)), ylim(t))∥∥ < ∞.

Let Y be the set of limit points of {yn}. By Theorem 2, supn ∥yn∥ < ∞, so Y is bounded and
nonempty. We now prove Y is an invariant set of the ODE (62). For any y ∈ Y , there exists a
subsequence {ynk

} such that

lim
k→∞

ynk
= y.

Since {ȳ(t(nk) + t)} is equicontinuous in the extended sense, following the way we arrive at (67),
we can construct a subsequence {n′

k} ⊆ {nk} such that

lim
k→∞

ȳ(t(n′
k) + t) = ylim∗ (t), (68)

where ylim∗ (t) is a solution to the ODE (62) and ylim∗ (0) = y. The remaining is to show that ylim∗ (t)
lies entirely in Y . For any t ∈ (−∞,∞), by the piecewise constant nature of ȳ in (64), the above limit
(68) implies that there exists a subsequence of {yn} that converges to ylim∗ (t), indicating ylim∗ (t) ∈ Y
by the definition of the limit set. We now have proved ∀y ∈ Y , there exists a solution ylim∗ (t) to the
ODE (62) such that ylim∗ (0) = y and ∀t ∈ (−∞,∞), ylim∗ (t) ∈ Y . This means Y is an invariant set,
by definition. In particular, Y is a bounded invariant set.

We now prove that {yn} converges to Y . Let {ynk
} be any convergent subsequence of {yn} with its

limit denoted by y. We must have y ∈ Y by the definition of the limit set. So we have proved that all
convergent subsequences of {yn} converge to a point in the bounded invariant set Y . If {yn} does
not converge to Y , there must exist a subsequence

{
yn′

k

}
such that

{
yn′

k

}
is always away from Y

by some small ϵ0 > 0, i.e., ∀k,

inf
y∈Y

∥∥∥yn′
k
− y

∥∥∥ ≥ ϵ0. (69)

But
{
yn′

k

}
is bounded, so by the Bolzano-Weierstrass Theorem, it must have a convergent subse-

quence, which, by the definition of the limit set, converges to some point in Y . This contradicts
(69). So we must have {yn} converge to Y , which is a bounded invariant set of the ODE (62). This
completes the proof.

Since the invariant set of (62) is the singleton containing y∗, the equilibrium of the map λ, we have

lim
n→∞

∥yn − y∗∥ = 0.

Combined with the fast convergence, we have

lim
n→∞

∥zn − (λ(y∗), y∗)∥ = 0.

15 CONVERGENCE OF TDC WITH ELIGIBILITY TRACE

TDC was first proposed in Sutton et al. (2008b) as a modification of gradient temporal difference
learning (GTD) (Sutton et al., 2008a). GTD was developed to break the deadly triad, divergence that
can arise when combining off-policy learning, function approximation, and bootstrapping, each of
which are critical components in successful RL algorithms. While GTD mitigates the deadly triad, it
is slow. TDC, on the other hand, is nearly as fast as regular TD learning and converges. It is also a
two-timescale algorithm, as the gradient correction runs on a faster timescale. Although vanilla TDC
is known to converge, the best prior work was only able to establish the convergence of projected
variants of TDC with eligibility traces (Yu, 2017).
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We must also explain the important of eligibility traces: they are a powerful tool for credit assignation,
a critical challenge in RL, and have been a fundamental part of RL since the inception of the field
(Barto & Sutton, 1981). Although eligibility traces are useful, they introduce difficulties in analysis.
Even if the state space of the Markov chain {(St, At)} is finite, with eligibility traces, we have to
instead consider the chain {(St, At, et)}, which now evolves in an uncountable space. And, in the
case of off-policy learning, the importance sampling ratio can cause the state space to be unbounded
as well. Our results, therefore, are the first to be able to handle the important case of off-policy RL
algorithms with eligibility traces. We demonstrate this with TDC.

Assumption 15.1. Both the state space S and the action space A are finite. The Markov chain {St}
induced by the behavior policy µ is irreducible, and µ(a|s) > 0 for all s, a.

TDC with eligibility trace is defined as follows:

et =λγρt−1et−1 + ϕt,

δt =Rt+1 + γϕ⊤
t+1θt − ϕ⊤

t θt,

νt+1 =νt + αt

(
ρtδtet − ϕtϕ

⊤
t νt

)
,

θt+1 =θt + βtρt(ϕt − γϕt+1)e
⊤
t νt.

We can more compactly express the updates with the following equations:

νt+1 = νt + αt

([
−ϕtϕ

⊤
t ρtet(γϕt+1 − ϕt)

⊤][νt
θt

]
+ [ρtRt+1et]

)
θt+1 = θt + βt

([
−(γϕt+1 − ϕt)ρte

⊤
t 0

][νt
θt

])
.

Now we define the augmented Markov chain {Wt} as

Wt+1
.
= (St, At, St+1, et), t = 0, 1, . . . .

We also define shorthands

x
.
=ν, xt

.
= νt, y

.
= θ, yt

.
= θt

w
.
=(s, a, s′, e),

A(w)
.
=ρ(s, a)e(γϕ(s′)− ϕ(s))⊤,

b(w)
.
=ρ(s, a)r(s, a)e,

C(w)
.
=ϕ(s)ϕ(s)⊤,

H(x, y, w)
.
=[−C(w) A(w)]

[
x
y

]
+ b(w),

G(x, y, w)
.
=
[
−A(w)⊤ 0

][x
y

]
.

Then TDC can be expressed as

xt+1 = xt + αtH(xt, yt,Wt+1),

yt+1 = yt + βtG(xt, yt,Wt+1),

which reduces to the form of (1) and (2).

Lemma 15.1. (Theorem 2.1 from Yu (2017)) If Assumption 15.1 holds, then

(i) {Wt} has a unique invariant probability measure, dW .

(ii) The expectation with respect to the stationary distribution, Ew∼dW [γ(w)] < ∞ when γ(w) is
Lipschitz in the trace variable e. Additionally, (LLN) holds for γ.
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Yu (2017) also shows that

A
.
=Ew∼dW [A(w)] = Φ⊤DW(Pπ,λ − I)Φ,

b
.
=Ew∼dW [b(w)] = Φ⊤DWrπ,λ,

C
.
=Ew∼dW [C(w)] = Φ⊤DWΦ,

where we use DW to denote the diagonal matrix whose diagonal entry is dW .
Theorem 15.1 (Theorem 3 Restated). Assume A is nonsingular (without this assumption, there is
no solution so the algorithm itself would be ill-posed). Then, TDC with eligibility trace converges.

Proof. We show that all the assumptions are satisfied such that Corollary 1 applies.

Assumption 1 follows immediately from Lemma 15.1.

The assumption 2 follows immediately from the choice of appropriate learning rates.

For Assumption 3, define

H∞(x, y, w)
.
=[−C(w) A(w)]

[
x
y

]
,

G∞(x, y, w)
.
=
[
−A(w)⊤ 0

][x
y

]
.

Then we have

Hc(x, y, w)−H∞(x, y, w) =
b(w)

c
,

Gc(x, y, w)−G∞(x, y, w) = 0

After noticing

∥b((s, a, s′, e))− b((s, a, s′, e′))∥ = ρ(s, a)|r(s, a)|∥e− e′∥, ∀s, a, s′, e, e′,

Assumption 3 follows immediately from Lemma 15.1.

For Assumption 4, it can be easily verified that H(x, y, w), G(x, y, w), H∞(x, y, w), and
G∞(x, y, w) are Lipschitz continuous in (x, y) for each w.

Since A(w), b(w), C(w) are Lipschitz continuous in e for each (s, a, s′), Lemma 15.1 implies that

h(x, y) =[−C A]

[
x
y

]
+ b,

h∞(x, y) =[−C A]

[
x
y

]
,

g(x, y) = g∞(x, y) =
[
−A⊤ 0

][x
y

]
,

L =max
{
∥[−C A]∥,

∥∥[−A⊤ 0
]∥∥}.

Assumption 4 then follows.

For Assumption 5, we have

∥hc(x)− h∞(x)∥ =
1

c
∥b∥,

so the uniform convergence of hc to h∞ follows immediately, and we already know g(x, y) =
g∞(x, y).

Since Φ has full column rank and DW is positive definite, C = Φ⊤DWΦ is positive definite, so −C
is negative definite. This implies the global asymptotic stability of these two ODEs:

dx(t)

dt
= −Cx(t) +Ay + b,

dx(t)

dt
= −Cx(t) +Ay.
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The unique globally asymptotically stable equilibrium of the first is C−1(Ay + b), and of the second
is C−1Ay. This means that we can define λ(y) = C−1(Ay + b) and λ∞(y) = C−1Ay. Note that
λ∞(cy) = cλ∞(y) as required.

Since A is nonsingular and C is positive definite, −A⊤C−1A is negative definite. This implies the
global asymptotic stability of the following two ODEs:

dy(t)

dt
= −A⊤λ(y(t)) = −A⊤C−1(Ay(t) + b),

dy(t)

dt
= −A⊤λ∞(y(t)) = −A⊤C−1Ay(t).

The unique globally asymptotically stable equilibrium of the first is −A−1b, and of the second is 0.
Assumption 5 then follows.

Assumption 6 follows immediately from Lemma 15.1 and Assumption 2.

Corollary 1 then implies that

lim
t→∞

xt = 0 a.s.

lim
t→∞

yt = −A−1b a.s.

which completes the proof.

16 TECHNICAL LEMMAS

16.1 ASYMPTOTIC RATE OF CHANGE OF FUNCTIONS IN ASSUMPTION 6

Lemma 16.1. Let Assumptions 1, 2, 4, and 6 hold. Then the asymptotic rate of change of the functions
that could be represented by γ in Assumption 6 is 0, i.e., for any fixed τ > 0 and x, it holds that

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) [H(x, y,Wi+1)− h(x, y)]

∥∥∥∥∥∥ = 0 a.s.,

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) [G(x, y,Wi+1)− g(x, y)]

∥∥∥∥∥∥ = 0 a.s.,

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i)[Lb(Wi+1)− Lb]

∥∥∥∥∥∥ = 0 a.s.,

lim sup
n

sup
−τ≤t1≤t2≤τ

∥∥∥∥∥∥
m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i)[L(Wi+1)− L]

∥∥∥∥∥∥ = 0 a.s.

and we can replace α(i) with β(i) in any of the above.

The proofs of these results are very similar to the proof of Lemma 9 in Liu et al. (2025) and so are
omitted due to their length.

16.2 A UNIFORM CONVERGENCE OF Hc, Gc TO H∞, G∞

Lemma 16.2. Let Assumptions 1, 2, 4, and 6 hold. It then holds that

lim
c→∞

sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i) [Hc(z,Wi+1)−H∞(z,Wi+1)]

∥∥∥∥∥∥ = 0 a.s.,

lim
c→∞

sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i) [Gc(z,Wi+1)−G∞(z,Wi+1)]

∥∥∥∥∥∥ = 0 a.s.,

where B denotes an arbitrary compact set of Rd1+d2 . Again, α(i) can be replaced with β(i).
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Proof. Fix an arbitrary sample path {x0, y0, {Wi}∞i=1}. Use B to denote an arbitrary compact subset
of Rd1+d2 .

lim
c→∞

sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i) [Hc(z,Wi+1)−H∞(z,Wi+1)]

∥∥∥∥∥∥
= lim

c→∞
sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)κ(c)b(z,Wi+1)

∥∥∥∥∥∥ (by (11))

= lim
c→∞

κ(c) sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)

∥∥∥∥∥∥
=0 sup

z∈B
sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)

∥∥∥∥∥∥ (70)

We now show that the function

z 7→ sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)

∥∥∥∥∥∥ (71)

is Lipschitz continuous. ∀z, z′,∣∣∣∣∣∣supn sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)

∥∥∥∥∥∥− sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z′,Wi+1)

∥∥∥∥∥∥
∣∣∣∣∣∣

≤ sup
n

sup
t∈[0,T ]

∣∣∣∣∣∣
∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z′,Wi+1)

∥∥∥∥∥∥
∣∣∣∣∣∣

(by |supz f(z)− supz g(z)| ≤ supz |f(z)− g(z)|)

≤ sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z,Wi+1)−
m(Tn+t)−1∑
i=m(Tn)

α(i)b(z′,Wi+1)

∥∥∥∥∥∥
≤ sup

n
sup

t∈[0,T ]

m(Tn+t)−1∑
i=m(Tn)

α(i)∥b(z,Wi+1)− b(z′,Wi+1)∥

≤ sup
n

sup
t∈[0,T ]

m(Tn+t)−1∑
i=m(Tn)

α(i)Lb(Wi+1)

 ∥z − z′∥

By Lemma 16.1 and (102),

sup
n

sup
t∈[0,T ]

m(Tn+t)−1∑
i=m(Tn)

α(i)Lb(Wi+1)

 < ∞

can be viewed as the Lipschitz constant. Thus, (71) is a continuous function. Since B is compact, the
extreme value theorems asserts that the supremum of (71) in B is attainable at some zB and is finite.
This means the RHS of (70) is 0, so

lim
c→∞

sup
z∈B

sup
n

sup
t∈[0,T ]

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i) [Hc(z,Wi+1)−H∞(z,Wi+1)]

∥∥∥∥∥∥ = 0.

The proofs for the other statements follow similar arguments and so are omitted.
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16.3 DEFINITIONS AND PROOFS RELATING TO EQUICONTINUITY

Definition 15. A sequence of functions
{
γn : [0, T ) → RK

}
is equicontinuous on [0, T ) if

supn ∥γn(0)∥ < ∞ and ∀ϵ > 0, ∃δ > 0 such that

sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∥γn(t1)− γn(t2)∥ ≤ ϵ.

A standard example of a family of equicontinuous functions is a sequence of bounded Lipschitz
continuous functions with a common Lipschitz constant. Clearly, if {γn} is equicontinuous, each
γn must be continuous. However, the functions of interest in this work, i.e., z̃n(t), fn(t), are not
continuous, so equicontinuity cannot apply. We, therefore, define the following equicontinuity in the
extended sense.

Definition 16. A sequence of functions
{
γn : [0, T ) → RK

}
is equicontinuous in the extended sense

on [0, T ) if supn ∥γn(0)∥ < ∞ and ∀ϵ > 0, ∃δ > 0 such that

lim sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∥γn(t1)− γn(t2)∥ ≤ ϵ.

The following lemmas establish the desired equicontinuity, where Lemma 16.1 plays a key role.

Lemma 16.3. {z̃n(t)}∞n=0 is equicontinuous in the extended sense on [0, T + 1).

Proof. By (19),

sup
n

∥z̃n(0)∥ ≤ 1.

Without loss of generality, let t1 ≤ t2.

lim sup
n

sup
0≤t2−t1≤δ

∥z̃n(t1)− z̃n(t2)∥

= lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

(α(i)Hrn(z̃n(t(i)− Tn),Wi+1), β(i)Grn(z̃n(t(i)− Tn),Wi+1))

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥
+ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Grn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥.
We bound each term individually. We start with the first term.

∀ξ > 0, by (95), ∃δ0, such that ∀0 < δ ≤ δ0,

sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ ≤ ξ. (72)

By (101), ∃δ1, such that ∀0 < δ ≤ δ1,

lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1) ≤ ξ. (73)
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Without loss of generality, let t1 ≤ t2. Then ∀δ ≤ min {δ0, δ1}, we have

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
+ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
+ sup

c≥1
lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)

∥∥∥∥∥∥−

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
+ ξ (by (72))

≤ lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(z̃n(t(i)− Tn),Wi+1)−
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
+ ξ

≤ lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)∥Hrn(z̃n(t(i)− Tn),Wi+1)−Hrn(0,Wi+1)∥+ ξ

≤ lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1)∥z̃n(t(i)− Tn)∥+ ξ

≤(Cx̂ + Cŷ) lim sup
n

sup
0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1) + ξ (by Lemma 17.6)

≤(Cx̂ + Cŷ)ξ + ξ. (by (73))

A similar argument bounds the other term, implying that {z̃n(t)} is equicontinuous in the extended
sense.

Lemma 16.4. {zn(t)} is equicontinuous on [0, T + 1).

Proof. By (19) and (20),

sup
n

∥zn(0)∥ ≤ 1.
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Without loss of generality, let t1 ≤ t2. Then ∀δ > 0, we have

sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∥zn(t1)− zn(t2)∥

=sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∥∥∥∥∫ t2

t1

hrn(zn(s))ds

∥∥∥∥
=sup

n
sup

0≤|t1−t2|≤δ, 0≤t1≤t2<T

∥∥∥∥∫ t2

t1

[hrn(zn(s))− hrn(0)] ds+

∫ t2

t1

hrn(0)ds

∥∥∥∥
≤ sup

n
sup

0≤|t1−t2|≤δ, 0≤t1≤t2<T

∫ t2

t1

∥hrn(zn(s))− hrn(0)∥ds+ sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∫ t2

t1

∥hrn(0)∥ds

≤ sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∫ t2

t1

L∥zn(s)∥ds+ sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∫ t2

t1

∥hrn(0)∥ds

(by Lemma 17.2)

≤δLCx̂ + sup
n

sup
0≤|t1−t2|≤δ, 0≤t1≤t2<T

∫ t2

t1

∥hrn(0)∥ds (by Lemma 17.7)

≤δ(LCx̂ + CH), (by (104))

which implies that {zn} is equicontinuous.

Lemma 16.5. {fn(t)} is equicontinuous in the extended sense on [0, T + 1).

Proof.

sup
n

fn(0) = sup
n

z̃n(0)− zn(0) = sup
n

z̃n(0)− z̃n(0) = 0 < ∞.

By Lemma 16.3 and Lemma 16.4, ∀ϵ > 0, ∃δ such that

lim sup
n

sup
0≤t2−t1≤δ

∥z̃n(t1)− z̃n(t2)∥ ≤ ϵ

2
,

sup
n

sup
0≤t2−t1≤δ

∥zn(t1)− zn(t2)∥ ≤ ϵ

2
.

Without loss of generality let t1 ≤ t2. Then ∀ϵ, ∃δ such that

lim sup
n

sup
0≤t2−t1≤δ

∥fn(t1)− fn(t2)∥

= lim sup
n

sup
0≤t2−t1≤δ

∥z̃n(t1)− z̃n(t2)− (zn(t1)− zn(t2))∥

≤ lim sup
n

sup
0≤t2−t1≤δ

∥z̃n(t1)− z̃n(t2)∥+ lim sup
n

sup
0≤t2−t1≤δ

∥zn(t1)− zn(t2)∥

≤ lim sup
n

sup
0≤t2−t1≤δ

∥z̃n(t1)− z̃n(t2)∥+ sup
n

sup
0≤t2−t1≤δ

∥zn(t1)− zn(t2)∥

≤ϵ,

which implies that {fn} is equicontinuous in the extended sense.

16.4 PROOF OF LEMMA 5.1

Proof. Since supn rn = ∞ and rn is monotonic, limn→∞ rn = ∞, and every subsequence also
converges to infinity.

Since {fnk,0
} is equicontinuous, by the Arzelà-Ascoli theorem (see Appendix 10.4), there exists a

subsequence nk,1 ⊆ nk,0 such that {fnk,1
} converges uniformly to a continuous limit f lim. Similarly,

since
{
z̃nk,1

(t)
}

is equicontinuous, there is a subsequence nk ⊆ nk,1 such that {z̃nk
(t)} converges

uniformly in t to a continuous limit z̃lim(t).

The proof that limn→∞ znk
(t) = zlim(t) uniformly is by lemma 17.11.

47



2538
2539
2540
2541
2542
2543
2544
2545
2546
2547
2548
2549
2550
2551
2552
2553
2554
2555
2556
2557
2558
2559
2560
2561
2562
2563
2564
2565
2566
2567
2568
2569
2570
2571
2572
2573
2574
2575
2576
2577
2578
2579
2580
2581
2582
2583
2584
2585
2586
2587
2588
2589
2590
2591

Under review as a conference paper at ICLR 2026

16.5 PROOF OF LEMMA 12.2

Proof.

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

β(i)Grnk
(z̃nk

(t(i)− Tnk
),Wi+1)

∥∥∥∥∥∥
≤ lim

k→∞

m(Tnk
+t)−1∑

i=m(Tnk
)

β(i)
∥∥∥Grnk

(z̃nk
(t(i)− Tnk

),Wi+1)
∥∥∥

≤ lim
k→∞

m(Tnk
+t)−1∑

i=m(Tnk
)

β(i)L(Wi+1)∥z̃nk
(t(i)− Tnk

)∥

≤Cẑ lim
k→∞

m(Tnk
+t)−1∑

i=m(Tnk
)

β(i)L(Wi+1) (by Lemma 17.6)

≤0. (100)

16.6 BOUNDING THE DISCRETIZATION ERROR

We will now prove that the first term in the RHS of (24) is 0. We need to show that ∀t ∈ [0, T + 1),

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnk
(z̃lim(s))ds

∥∥∥∥∥∥ = 0. (74)

To evaluate the above, we first fix any t ∈ [0, T + 1) and then compute the following stronger double
limit, which implies that the above limit holds.

lim
j→∞
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnj
(z̃lim(s))ds

∥∥∥∥∥∥. (75)

The Moore-Osgood theorem (Appendix 10.5) will help us compute this double limit by turning it
into iterated limits. To invoke the Moore-Osgood theorem, we first prove the uniform convergence in
k when j → ∞.

Lemma 16.6. ∀t ∈ [0, T + 1),

lim
j→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnk
(z̃lim(s))ds

∥∥∥∥∥∥
=

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)H∞(z̃nk
(t(i)− Tnk

),Wi+1)−
∫ t

0

h∞(z̃lim(s))ds

∥∥∥∥∥∥
uniformly in k.
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Proof. ∀j, ∀k, ∀t ∈ [0, T + 1),

∣∣∣∣∣∣∣∣
∥∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnj
(z̃lim(s))ds

∥∥∥∥∥∥∥
−

∥∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)H∞(z̃nk
(t(i)− Tnk

),Wi+1)−
∫ t

0

h∞(z̃lim(s))ds

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣∣

≤

∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnj
(z̃lim(s))ds

−
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)H∞(z̃nk
(t(i)),Wi+1) +

∫ t

0

h∞(z̃lim(s))ds

∥∥∥∥∥ (by |∥a∥ − ∥b∥| ≤ ∥a− b∥)

≤

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)(Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−H∞(z̃nk

(t(i)− Tnk
),Wi+1))

∥∥∥∥∥∥
+

∥∥∥∥∫ t

0

hrnj
(z̃lim(s))− h∞(z̃lim(s))ds

∥∥∥∥
≤

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)(Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−H∞(z̃nk

(t(i)− Tnk
),Wi+1))

∥∥∥∥∥∥
+

∫ t

0

∥∥∥hrnj
(z̃lim(s))− h∞(z̃lim(s))

∥∥∥ds (76)

By Lemma 17.6, z̃nk
(t(i)− Tnk

) is in a compact set Bẑ . By Lemma 16.2, for the compact set Bẑ ,
∀ϵ > 0, ∃j1 such that ∀j ≥ j1, ∀k, ∀z ∈ B, ∀t ∈ [0, T + 1),

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)
[
Hrnj

(z,Wi+1)−H∞(z,Wi+1)
]∥∥∥∥∥∥ ≤ ϵ. (77)

Similar to the proof of Lemma 17.10, we have

lim
j→∞

hrnj
(z̃k(t)) = h∞(z̃k(t)) (78)

uniformly in k and t ∈ [0, T + 1). By (78), ∀ϵ > 0, ∃j2 such that ∀j > j2, ∀k, ∀t ∈ [0, T + 1),

∥∥∥hrnj
(z̃k(t))− h∞(z̃k(t))

∥∥∥ ≤ ϵ. (79)
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Define j0
.
= max {j1, j2}. ∀j ≥ j0, ∀k, ∀t ∈ [0, T + 1),∣∣∣∣∣∣∣∣

∥∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnj
(z̃lim(s))ds

∥∥∥∥∥∥∥
−

∥∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)H∞(z̃nk
(t(i)− Tnk

),Wi+1)−
∫ t

0

h∞(z̃lim(s))ds

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣∣

≤

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)(Hrnj
(z̃nk

(t(i)− Tnk
),Wi+1)−H∞(z̃nk

(t(i)− Tnk
),Wi+1))

∥∥∥∥∥∥+ (T + 1)ϵ

(by (76), (79))
≤ϵ+ (T + 1)ϵ (by (76), (77))
≤(T + 2)ϵ.

This completes the proof of uniform convergence.

Now, we prove, for each j, the convergence with k → ∞.

Lemma 16.7. ∀t ∈ [0, T + 1), ∀j,

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnj
(z̃nj

(t(i)− Tnj
),Wi+1)−

∫ t

0

hrnj
(z̃lim(s))ds

∥∥∥∥∥∥ = 0.

The proof of Lemma 16.7 is very similar to the proof of Lemma 18 in Liu et al. (2025) and is omitted
here due to its length.

We are now ready to compute the limit in (74).

Lemma 16.8. ∀t ∈ [0, T + 1),

lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnk
(z̃lim(s))ds

∥∥∥∥∥∥ = 0.

Proof. It follows immediately from Lemmas 16.6 & 16.7, the Moore-Osgood theorem, and
Lemma 17.12.

Lemma 16.8 confirms that the first term in the RHS of (24) is 0. Moreover, it also enables us to
rewrite z̃lim(t) from a summation form to an integral form.

z̃lim(t)

= lim
k→∞

z̃nk
(0) +

m(Tnk
+t)−1∑

i=m(Tnk
)

α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1)

= lim
k→∞

z̃nk
(0) +

∫ t

0

hrnk
(z̃lim(s))ds. (by Lemma 16.8) (80)

This, together with a few Gronwall’s inequality arguments, confirms that the discretization error
indeed diminishes along {nk}.

Lemma 16.9. ∀t ∈ [0, T + 1),

lim
k→∞

∥fnk
(t)∥ = 0.
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Proof. ∀t ∈ [0, T + 1),

lim
k→∞

∥fnk
(t)∥

≤ lim
k→∞

∥∥∥∥∥∥
m(Tnk

+t)−1∑
i=m(Tnk

)

α(i)Hrnk
(z̃nk

(t(i)− Tnk
),Wi+1)−

∫ t

0

hrnk
(z̃lim(s))ds

∥∥∥∥∥∥
+ lim

k→∞

∥∥∥∥∫ t

0

hrnk
(z̃lim(s))ds−

∫ t

0

hrnk
(znk

(s))ds

∥∥∥∥+ 0 (by (24) and Lemma 12.2)

= lim
k→∞

∥∥∥∥∫ t

0

hrnk
(z̃lim(s))ds−

∫ t

0

hrnk
(znk

(s))ds

∥∥∥∥
=

∥∥∥∥∫ t

0

h∞(z̃lim(s))ds−
∫ t

0

h∞(zlim(s))ds

∥∥∥∥. (by Lemma 17.13 and Lemma 17.14) (81)

We now show the relationship between z̃lim(t) and zlim(t).∥∥z̃lim(t)− zlim(t)
∥∥ (82)

=

∥∥∥∥ lim
k→∞

[
z̃nk

(0) +

∫ t

0

hrnk
(z̃lim(s))ds

]
−
[
z̃lim(0) +

∫ t

0

h∞(zlim(s))ds

]∥∥∥∥ (by (23) and (80))

=

∥∥∥∥z̃lim(0) + ∫ t

0

h∞(z̃lim(s))ds−
[
z̃lim(0) +

∫ t

0

h∞(zlim(s))ds

]∥∥∥∥ (by Lemma 17.13)

=

∥∥∥∥∫ t

0

h∞(z̃lim(s))ds−
∫ t

0

h∞(zlim(s))ds

∥∥∥∥ (83)

≤
∫ t

0

L
∥∥z̃lim(s)− zlim(s)

∥∥ds (by Lemma 17.2)

≤0. (by Gronwall inequality in Theorem 10.1)

Thus, ∥∥∥∥ lim
k→∞

fnk
(t)

∥∥∥∥
≤
∥∥∥∥∫ t

0

h∞(z̃lim(s))ds−
∫ t

0

h∞(zlim(s))ds

∥∥∥∥ (by (81))

=
∥∥z̃lim(t)− zlim(t)

∥∥ (by (83))

≤0. (by (82))

16.7 PROOF OF LEMMA 5.2

The proof is similar to Lemma 1 from Chapter 3.2 of Borkar (2009).

Proof. By Lyapunov stability, there is a δ > 0 such that any trajectory beginning within B(λ∞(y), δ)
stays within ϵ

2 of the equilibrium λ∞(y).

For an initial condition x, let Tx be a time at which the trajectory is within δ
2 of the equilibrium. Let

x1 be some other initial condition. By definition, Lipschitzness, and the Gronwall inequality, we have

∥ηy∞(t, x)− ηy∞(t, x1)∥ ≤ ∥x− x1∥+ L

∫ t

0

∥ηy∞(s, x)− ηy∞(s, x1)∥ds

≤ ∥x− x1∥eLTx

for all t ≤ Tx.

So there is a neighborhood Vx such that for all x1 ∈ Vx, ηy∞(Tx, x1) is within δ of the equilibrium,
which by Lyapunov stability implies that it will always be within ϵ of the equilibrium after Tx.
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By compactness, we can cover the set K by a finite number of such intervals and obtain a finite
number of times Tx1

, . . . , Txn
and then take the maximum time to be the value of Tϵ.

16.8 PROOF OF LEMMA 5.3

The proof is similar to Lemma 2 from chapter 3.2 of Borkar (2009).

Proof. We have

ηy
′(t)

c (t, x) = x+

∫ t

0

hc(η
y′(s)
c (s, x), y′(s))ds,

ηy∞(t, x) = x+

∫ t

0

h∞(ηy∞(s, x), y)ds.

Let us define the error term:

e(t) =
∥∥∥ηy′(t)

c (t, x)− ηy∞(t, x)
∥∥∥.

We can bound e(t) by two terms:

e(t) ≤
∫ t

0

∥∥∥hc(η
y′(s)
c (s, x), y′(s))− hc(η

y
∞(s, x), y′(s))

∥∥∥ds
+

∫ t

0

∥hc(η
y
∞(s, x), y′(s))− h∞(ηy∞(s, x), y)∥ds

To bound the first term, we use Lipschitzness:∫ t

0

∥∥∥hc(η
y′(s)
c (s, x), y′(s))− hc(η

y
∞(s, x), y′(s))

∥∥∥ds ≤ L

∫ t

0

∥∥∥ηy′(t)
c (t, x)− ηy∞(t, x)

∥∥∥ds
= L

∫ t

0

e(s)ds.

To bound the second term, we use Lipschitzness and Assumption 3:

∫ t

0

∥hc(η
y
∞(s, x), y′(s))− h∞(ηy∞(s, x), y)∥ds ≤

∫ t

0

∥hc(η
y
∞(s, x), y′(s))− h∞(ηy∞(s, x), y′(s))∥ds

+

∫ t

0

∥h∞(ηy∞(s, x), y′(s))− h∞(ηy∞(s, x), y)∥ds

≤
∫ t

0

ϵ(c)ds+ L

∫ t

0

∥y′(s)− y∥ds

≤Tϵ(c) + TLρ.

To conclude, we will use the Gronwall Inequality (Appendix 10.1):

e(t) ≤Tϵ(c) + TLρ+ L

∫ t

0

e(s)ds

≤(Lρ+ ϵ(c))TeLT .
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17 AUXILIARY LEMMAS

Lemma 17.1.

∀n, Tn+1 − Tn ≥T,

lim
n→∞

Tn+1 − Tn =T.

Moreover, ∀τ > 0, t1, t2 such that −τ ≤ t1 ≤ t2 ≤ τ , we have

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) = t2 − t1, (84)

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

β(i) = 0. (85)

Proof. ∀n,

Tn+1 − Tn

=t(m(Tn + T ) + 1)− Tn

≥Tn + T − Tn

≥T.

Thus,

lim
n→∞

Tn+1 − Tn ≥ T.

With

lim
n→∞

Tn+1 − Tn

= lim
n→∞

t(m(Tn + T ) + 1)− Tn

= lim
n→∞

t(m(Tn + T )) + α(m(Tn + T ))− Tn

≤ lim
n→∞

Tn + T + α(m(Tn + T ))− Tn

=T,

by the squeeze theorem, we have limn→∞ Tn+1 − Tn = T .

To prove (84), ∀τ , ∀ − τ ≤ t1 ≤ t2 ≤ τ , it suffices to only consider large n such that t(n)− τ ≥ 0.
We have

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i)

= lim
n→∞

t(m(t(n) + t2))− t(m(t(n) + t1))

≤ lim
n→∞

t(n) + t2 − t(m(t(n) + t1))

≤ lim
n→∞

t(n) + t2 − (t(n) + t1 − α(m(t(n) + t1)))

=t2 − t1 + lim
n→∞

α(m(t(n) + t1))

=t2 − t1 (by (7))
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and

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i)

= lim
n→∞

t(m(t(n) + t2))− t(m(t(n) + t1))

≥ lim
n→∞

t(n) + t2 − α(m(t(n) + t2))− t(m(t(n) + t1))

≥ lim
n→∞

t(n) + t2 − α(m(t(n) + t2))− (t(n) + t1)

= lim
n→∞

t2 − t1 − α(m(t(n) + t2))

=t2 − t1. (by (7))

By the squeeze theorem, we have

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) = t2 − t1.

To prove (85), fix ϵ > 0. By (8), there exists N1 ∈ N such that for all n > m(t(N1) + t1),

β(n)

α(n)
< ϵ. (86)

By (84), there exists N2 ∈ N such that for all n > N2,

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) < t2 − t1 + ϵ. (87)

Let N = max {N1, N2}. Then for all n > N ,

m(t(n)+t2)−1∑
i=m(t(n)+t1)

β(i)

<ϵ

m(t(n)+t2)−1∑
i=m(t(n)+t1)

α(i) (by (86))

<ϵ(t2 − t1 + ϵ). (by (87))

Since t2 − t1 is a constant and ϵ can be made arbitrarily small, we have

lim
n→∞

m(t(n)+t2)−1∑
i=m(t(n)+t1)

β(i) = 0.

Lemma 17.2. For any x, x′, y, y′, w, c ≥ 1, including c = ∞,

∥Hc(x, y, w)−Hc(x
′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥, (88)

∥hc(x, y)− hc(x
′, y′)∥ ≤ L∥(x, y)− (x′, y′)∥. (89)

∥Gc(x, y, w)−Gc(x
′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥, (90)

∥gc(x, y)− gc(x
′, y′)∥ ≤ L∥(x, y)− (x′, y′)∥. (91)
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Proof. To prove (88), we first consider 1 ≤ c < ∞,

∥Hc(x, y, w)−Hc(x
′, y′, w)∥

=

∥∥∥∥H(cx, cy, w)

c
− H(cx′, cy, w)

c

∥∥∥∥ (by (9))

≤∥H(cx, cy, w)−H(cx′, cy′, w)∥
c

≤L(w)
∥(cx, cy)− (cx′, cy′)∥

c
(by (12))

=L(w)∥(x, y)− (x′, y′)∥.

By (13),

∥H∞(x, y, w)−H∞(x′, y′, w)∥ ≤ L(w)∥(x, y)− (x′, y′)∥.

To prove (89), ∀x, x′, y, y′, ∀c ≥ 1 including c = ∞,

∥hc(x, y)− hc(x
′, y′)∥

=∥Ew∼ω [Hc(x, y, w)−Hc(x
′, y′, w)]∥

≤Ew∼ω [∥Hc(x, y, w)−Hc(x
′, y′, w)∥]

≤Ew∼ω [L(w)∥(x, y)− (x′, y′)∥]
≤L∥(x, y)− (x′, y′)∥.

By similar arguments, (90) and (91) also follow.

Lemma 17.3. ∀x, y,

sup
c≥1

∥hc(0)∥ < ∞, sup
c≥1

∥gc(0)∥ < ∞, (92)

sup
c≥1

lim sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i) [Hc(x, y,Wi+1)− hc(x, y)]

∥∥∥∥∥∥ = 0 a.s., (93)

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ < ∞ a.s.,(94)

lim
δ→0+

sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ = 0 a.s. (95)

By the same arguments, we can show the last three results with the substitutions of G for H and β(i)
for α(i).

Proof. Proof of (92):

sup
c≥1

∥hc(0)∥ = sup
c≥1

∥∥∥∥h(0)c

∥∥∥∥ ≤ sup
c≥1

∥h(0)∥ = ∥h(0)∥ < ∞, (96)

sup
c≥1

∥gc(0)∥ = sup
c≥1

∥∥∥∥g(0)c
∥∥∥∥ ≤ sup

c≥1
∥g(0)∥ = ∥g(0)∥ < ∞.
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Proof of (93): ∀x,

sup
c≥1

lim sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i) [Hc(x, y,Wi+1)− hc(x, y)]

∥∥∥∥∥∥
=sup

c≥1
lim sup

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)

[
H(cx, cy,Wi+1)

c
− h(cx, cy)

c

]∥∥∥∥∥∥
=sup

c≥1

1

c
lim sup

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i) [H(cx, cy,Wi+1)− h(cx, cy)]

∥∥∥∥∥∥
≤ sup

c≥1

1

c
lim sup

n
sup

0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i) [H(cx, cy,Wi+1)− h(cx, cy)]

∥∥∥∥∥∥
(∀n, Tn+1 − Tn ≤ T + supj α(j))

=sup
c≥1

1

c
· 0

=0. (97)

Proof of (94):

lim sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)H(0,Wi+1)

∥∥∥∥∥∥
= lim sup

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)[H(0,Wi+1)− h(0) + h(0)]

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)[H(0,Wi+1)− h(0)]

∥∥∥∥∥∥
+ lim sup

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)h(0)

∥∥∥∥∥∥
≤ lim sup

n
sup

0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)[H(0,Wi+1)− h(0)]

∥∥∥∥∥∥
+ lim sup

n
sup

0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)h(0)

∥∥∥∥∥∥ (∀n, Tn+1 − Tn ≤ T + supj α(j))

= lim sup
n

sup
0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)h(0)

∥∥∥∥∥∥
=∥h(0)∥ lim sup

n
sup

0≤t1≤t2≤T+supj α(j)

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)

=∥h(0)∥(T + sup
j

α(j)) (by Lemma 17.1)

<∞. (98)
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We now consider c in the above bounds. We first get

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥
=sup

c≥1
sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)
H(0,Wi+1)

c

∥∥∥∥∥∥ (by (9))

=sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)H(0,Wi+1)

∥∥∥∥∥∥ (by c ≥ 1)

<∞. (by (98))

Proof of (95):

lim
δ→0+

sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥
≤ lim

δ→0+
sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i) [Hc(0,Wi+1)− hc(0)]

∥∥∥∥∥∥
+ lim

δ→0+
sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)hc(0)

∥∥∥∥∥∥
≤0 + lim

δ→0+
sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)hc(0)

∥∥∥∥∥∥ (by (97))

≤0 + lim
δ→0+

sup
c≥1

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)
h(0)

c

∥∥∥∥∥∥
≤0 + ∥h(0)∥ lim

δ→0+
sup
c≥1

1

c
lim sup

n
sup

0≤t2−t1≤δ

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)

≤∥h(0)∥ lim
δ→0+

sup
c≥1

1

c
δ (by (84))

=∥h(0)∥ lim
δ→0+

δ

=0.
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Lemma 17.4.

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1)

∥∥∥∥∥∥ < ∞ a.s., (99)

lim
n→∞

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L(Wi+1)

∥∥∥∥∥∥ = 0 a.s., (100)

lim
δ→0+

lim sup
n

sup
0≤t2−t1≤δ

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1)

∥∥∥∥∥∥ = 0 a.s., (101)

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Lb(Wi+1)

∥∥∥∥∥∥ < ∞ a.s. (102)

These proofs are similar to the proofs of Lemma 17.3 and are thus omitted, except for the proof of
(100) (since this is a two-timescale novelty and we need it for Lemma 12.2). For the other statements,
we can also replace α(i) with β(i).

Proof. Here we show 100:

lim
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L(Wi+1)

∥∥∥∥∥∥
= lim

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)[L(Wi+1)− L+ L]

∥∥∥∥∥∥
≤ lim

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)[L(Wi+1)− L]

∥∥∥∥∥∥
+ lim

n
sup

0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L

∥∥∥∥∥∥
≤ lim

n
sup

0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)[L(Wi+1)− L]

∥∥∥∥∥∥
+ lim

n
sup

0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L

∥∥∥∥∥∥ (∀n, Tn+1 − Tn ≤ T + supj α(j))

= lim
n

sup
0≤t1≤t2≤T+supj α(j)

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)L

∥∥∥∥∥∥
=∥L∥ lim

n
sup

0≤t1≤t2≤T+supj α(j)

m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)

=0. (by Lemma 17.1)
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Lemma 17.5. Fix a sample path {x0, y0, {Wi}∞i=1}, there exist constants CH , CG such that

LT ≤ CH , LT ≤ CG (103)

sup
c≥1

∥hc(0)∥ ≤ CH

T
, sup
c≥1

∥gc(0)∥ ≤ CG

T
(104)

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ ≤ CH , (105)

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

β(i)Gc(0,Wi+1)

∥∥∥∥∥∥ ≤ CG,

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1) ≤ CH . (106)

We can replace α(i) with β(i) in the last statement. Moreover, for convenience of presentation, we
denote

Cx̂
.
= [1 + CH ] eCH , Cŷ

.
= [1 + CG] e

CG , C ′ .
= CG + CH , Cẑ

.
= [1 + C ′]eC

′
(107)

Proof. Fix a sample path {x0, y0, {Wi}∞i=1},

LT < ∞, (L and T are constants)
sup
c≥1

∥hc(0)∥T < ∞, (by (96))

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ < ∞, (by (94))

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1) < ∞. (by (99))

Thus, there exists a constant CH such that

LT ≤ CH

sup
c≥1

∥hc(0)∥ ≤ CH

T
,

sup
c≥1

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

∥∥∥∥∥∥
m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)Hc(0,Wi+1)

∥∥∥∥∥∥ ≤ CH ,

sup
n

sup
0≤t1≤t2≤Tn+1−Tn

m(Tn+t2)−1∑
i=m(Tn+t1)

α(i)L(Wi+1) ≤ CH .

Lemma 17.6. supn,t∈[0,T+1) ∥z̃n(t)∥ ≤ Cẑ .
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Proof. ∀n ∈ N, t ∈ [0, T + 1),

∥z̃n(t)∥

=

∥∥∥∥∥∥z̃n(0) +
m(Tn+t)−1∑
i=m(Tn)

(α(i)Hrn(z̃n(t(i)− Tn),Wi+1), β(i)Grn(z̃n(t(i)− Tn),Wi+1))

∥∥∥∥∥∥
≤∥z̃n(0)∥+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i) [Hrn(z̃n(t(i)− Tn),Wi+1)−Hrn(0,Wi+1)] +

m(Tn+t)−1∑
i=m(Tn)

α(i)Hrn(0,Wi+1)

∥∥∥∥∥∥
+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i) [Grn(z̃n(t(i)− Tn),Wi+1)−Grn(0,Wi+1)] +

m(Tn+t)−1∑
i=m(Tn)

β(i)Grn(0,Wi+1)

∥∥∥∥∥∥
≤∥z̃n(0)∥+

m(Tn+t)−1∑
i=m(Tn)

α(i)∥Hrn(z̃n(t(i)− Tn),Wi+1)−Hrn(0,Wi+1)∥+ CH

+

m(Tn+t)−1∑
i=m(Tn)

β(i)∥Grn(z̃n(t(i)− Tn),Wi+1)−Grn(0,Wi+1)∥+ CG

≤∥z̃n(0)∥+
m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̃n(t(i)− Tn)∥+ C ′ (by (105))

≤1 +

m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̃n(t(i)− Tn)∥+ C ′ (by (19))

≤ [1 + C ′] e
∑m(Tn+t)−1

i=m(Tn)
(α(i)+β(i))L(Wi+1)

(by z̃n(t) = z̃n(t(m(Tn + t))− Tn) and discrete Gronwall inequality in Theorem 10.3)

≤ [1 + C ′] eC
′

(by (106))
=Cẑ. (by (107))

Lemma 17.7. supn,t∈[0,T+1) ∥zn(t)∥ ≤ Cx̂.
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Proof. ∀n, t ∈ [0, T + 1),

∥zn(t)∥

=

∥∥∥∥zn(0) + ∫ t

0

(hrn(zn(s)), 0)ds

∥∥∥∥
≤∥zn(0)∥+

∥∥∥∥∫ t

0

hrn(zn(s))ds

∥∥∥∥
≤∥zn(0)∥+

∫ t

0

∥hrn(zn(s))− hrn(0)∥ds+
∫ t

0

∥hrn(0)∥ds

≤∥zn(0)∥+
∫ t

0

L∥zn(s)∥ds+
∫ t

0

∥hrn(0)∥ds (by Lemma 17.2)

≤∥zn(0)∥+
∫ t

0

L∥zn(s)∥ds+ (T + 1)∥hrn(0)∥

≤∥zn(0)∥+
∫ t

0

L∥zn(s)∥ds+ (T + 1)
CH

T + 1
(by (104))

≤1 +

∫ t

0

L∥zn(s)∥ds+ CH (by (19), (20))

≤ [1 + CH ] eL(T+1) (by Gronwall inequality in Theorem 10.1)

≤ [1 + CH ] eCH (by (103))
=Cx̂ (by (107))

Lemma 17.8. supn,t∈[0,T+1) ∥hrn(zn(t))∥ < ∞.

Proof. ∀n, ∀t ∈ [0, T + 1),

∥hrn(zn(t))∥
≤∥hrn(zn(t))− hrn(0)∥+ ∥hrn(0)∥
≤L∥zn(t)∥+ ∥hrn(0)∥ (by Lemma 17.2)
≤LCx̂ + ∥hrn(0)∥ (by Lemma 17.7)

≤LCx̂ +
CH

T
. (by (18) and (104))

Thus, because Cx̂, CH are independent of n, t, supn,t∈[0,T+1) ∥hrn(zn(t))∥ < ∞.

Lemma 17.9. supt∈[0,T+1)

∥∥zlim(t)∥∥ ≤ Cx̂.
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Proof. ∀t ∈ [0, T + 1),∥∥zlim(t)∥∥
=

∥∥∥∥zlim(0) + ∫ t

0

(h∞(zlim(s)), 0)ds

∥∥∥∥
≤
∥∥zlim(0)∥∥+

∥∥∥∥∫ t

0

h∞(zlim(s))ds

∥∥∥∥
=
∥∥zlim(0)∥∥+

∥∥∥∥∫ t

0

[
h∞(zlim(s))− h∞(0)

]
ds+

∫ t

0

h∞(0)ds

∥∥∥∥
≤
∥∥zlim(0)∥∥+

∫ t

0

∥∥h∞(zlim(s))− h∞(0)
∥∥ds+ ∫ t

0

∥h∞(0)∥ds

≤
∥∥zlim(0)∥∥+

∫ t

0

L
∥∥zlim(s)∥∥ds+ ∫ t

0

∥h∞(0)∥ds (by Lemma 17.2)

≤1 +

∫ t

0

L
∥∥zlim(s)∥∥ds+ ∫ t

0

∥h∞(0)∥ds (by (19), (20))

≤1 +

∫ t

0

L
∥∥zlim(s)∥∥ds+ (T + 1)∥h∞(0)∥

≤1 +

∫ t

0

L
∥∥zlim(s)∥∥ds+ CH (by Assumption 5 and (104))

≤ [1 + CH ] e
∫ t
0
Lds (by Gronwall inequality in Theorem 10.1)

≤ [1 + CH ] eL(T+1)

≤Cx̂. (by (103), (107))

Lemma 17.10. limk→∞ hrnk
(zlim(t)) = h∞(zlim(t)) uniformly in t ∈ [0, T + 1).

Proof. By Assumption 5, limk→∞ hrnk
(v) = h∞(v) uniformly in a compact set{

v|v ∈ Rd, ∥v∥ ≤ Cx

}
. By Lemma 17.9,

{
zlim(t)|t ∈ [0, T + 1)

}
⊆

{
v|v ∈ Rd, ∥v∥ ≤ Cx

}
.

Therefore, limk→∞ hrnk
(zlim(t)) = h∞(zlim(t)) uniformly in

{
zlim(t)|t ∈ [0, T + 1)

}
and in

t ∈ [0, T + 1).

Lemma 17.11. ∀t ∈ [0, T + 1), we have

lim
k→∞

znk
(t) = zlim(t).

Moreover, the convergence is uniform in t on [0, T + 1).

Proof. By (22), ∀δ > 0, there exists a k1 such that ∀k ≥ k1, ∀t ∈ [0, T + 1),∥∥z̃nk
(t)− z̃lim(t)

∥∥ ≤ δ. (108)

By Lemma 17.10, there exists a k2 such that ∀k ≥ k2, ∀t ∈ [0, T + 1),∥∥∥hrnk
(zlim(t))− h∞(zlim(t))

∥∥∥ ≤ δ. (109)
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∀k ≥ max {k1, k2}, ∀t ∈ [0, T + 1)∥∥znk
(t)− zlim(t)

∥∥
=

∥∥∥∥z̃nk
(0) +

∫ t

0

(hrnk
(znk

(s)), 0)ds− z̃lim(0)−
∫ t

0

(h∞(zlim(s)), 0)ds

∥∥∥∥
≤
∥∥z̃nk

(0)− z̃lim(0)
∥∥+

∥∥∥∥∫ t

0

hrnk
(znk

(s))ds−
∫ t

0

h∞(zlim(s))ds

∥∥∥∥
≤δ +

∥∥∥∥∫ t

0

hrnk
(znk

(s))− h∞(zlim(s))ds

∥∥∥∥ (by (108))

≤δ +

∫ t

0

∥∥∥hrnk
(znk

(s))− hrnk
(zlim(s))

∥∥∥ds+ ∫ t

0

∥∥∥hrnk
(zlim(s))− h∞(zlim(s))

∥∥∥ds
≤δ + L

∫ t

0

∥∥znk
(s)− zlim(s)

∥∥ds+ ∫ t

0

∥∥∥hrnk
(zlim(s))− h∞(zlim(s))

∥∥∥ds (by Lemma 17.2)

≤δ + tδ + L

∫ t

0

∥∥znk
(s)− zlim(s)

∥∥ds (by (109))

≤(δ + tδ)eLt (by Gronwall inequality in Theorem 10.1)

≤(δ + (T + 1)δ)eL(T+1),

which completes the proof.

Lemma 17.12. For any function f : R× R → R, if lim
a→∞
b→∞

f(a, b) = L then lim
c→∞

f(c, c) = L where

L is a constant.

Proof. By definition, ∀ϵ > 0,∃a0, b0 such that ∀a > a0, b > b0, ∥f(a, b)− L∥ < ϵ. Thus,
∀ϵ > 0, ∃c0 = max {a0, b0} such that ∀c > c0, ∥f(c, c)− L∥ < ϵ.

Lemma 17.13. ∀t ∈ [0, T + 1),

lim
k→∞

∫ t

0

hrnk
(z̃lim(s))ds =

∫ t

0

h∞(z̃lim(s))ds.

Proof. From Lemma 17.6, it is easy to see that

sup
t∈[0,T+1)

∥∥z̃lim(t)∥∥ < ∞,

which, similar to Lemma 17.8, implies that

sup
k,t∈[0,T+1)

∥∥∥hrnk

(
z̃lim(t)

)∥∥∥ < ∞.

By the dominated convergence theorem, ∀t ∈ [0, T + 1),

lim
k→∞

∫ t

0

hrnk
(z̃lim(s))ds =

∫ t

0

lim
k→∞

hrnk
(z̃lim(s))ds =

∫ t

0

h∞(z̃lim(s))ds,

which completes the proof.

Lemma 17.14. ∀t ∈ [0, T + 1),

lim
k→∞

∫ t

0

hrnk
(znk

(s))ds =

∫ t

0

h∞(zlim(s))ds.

Proof. ∀ϵ > 0, by Lemma 17.10, ∃k0 such that ∀k ≥ k0, ∀t ∈ [0, T ),∥∥∥hrnk
(zlim(s))− h∞(zlim(s))

∥∥∥ ≤ ϵ. (110)
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By Lemma 17.11, ∃k1 such that ∀k ≥ k1, ∀t ∈ [0, T + 1),

∥∥znk
(t)− zlim(t)

∥∥ ≤ ϵ. (111)

Thus, ∀k ≥ max {k0, k1}, ∀t ∈ [0, T + 1),

∥∥∥∥∫ t

0

hrnk
(znk

(s))ds−
∫ t

0

h∞(zlim(s))ds

∥∥∥∥
≤
∥∥∥∥∫ t

0

hrnk
(znk

(s))ds−
∫ t

0

hrnk
(zlim(s))ds

∥∥∥∥+

∥∥∥∥∫ t

0

hrnk
(zlim(s))ds−

∫ t

0

h∞(zlim(s))ds

∥∥∥∥
≤
∫ t

0

∥∥∥hrnk
(znk

(s))− hrnk
(zlim(s))

∥∥∥ds+ ∫ t

0

∥∥∥hrnk
(zlim(s))− h∞(zlim(s))

∥∥∥ds
≤
∫ t

0

∥∥∥hrnk
(znk

(s))− hrnk
(zlim(s))

∥∥∥ds+ (T + 1)ϵ (by (110))

≤
∫ t

0

L
∥∥znk

(s)− zlim(s)
∥∥ds+ Tϵ (by Lemma 17.2)

≤L(T + 1)ϵ+ (T + 1)ϵ. (by (111))

Thus, ∀t ∈ [0, T + 1),

lim
k→∞

∫ t

0

hrnk
(znk

(s))ds =

∫ t

0

h∞(zlim(s))ds.

Lemma 17.15. ∀n, ∀t ∈ [0, Tn+1 − Tn],

∥z̄(Tn + t)∥ ≤ (∥z̄(Tn)∥C ′ + C ′) eC
′
+ ∥z̄(Tn)∥,

and in particular,

∥z̄(Tn+1)∥ ≤ (∥z̄(Tn)∥C ′ + C ′) eC
′
+ ∥z̄(Tn)∥

where C ′ is a positive constant defined in Lemma 17.5.
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Proof. We first show the difference between z̄(Tn+1) and z̄(Tn) by the following derivations. ∀n,
∀t ∈ [0, Tn+1 − Tn],
∥z̄(Tn + t)− z̄(Tn)∥

=∥z̄(t(m(Tn + t)))− z̄(Tn)∥

=

∥∥∥∥∥∥z̄(Tn) +

m(Tn+t)−1∑
i=m(Tn)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))− z̄(Tn)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

(α(i)H(z̄(t(i)),Wi+1), β(i)G(z̄(t(i)),Wi+1))

∥∥∥∥∥∥
≤

m(Tn+t)−1∑
i=m(Tn)

α(i)∥H(z̄(t(i)),Wi+1)−H(z̄(Tn),Wi+1)∥+ β(i)∥G(z̄(t(i)),Wi+1)−G(z̄(Tn),Wi+1)∥

+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)H(z̄(Tn),Wi+1)

∥∥∥∥∥∥+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i)G(z̄(Tn),Wi+1)

∥∥∥∥∥∥
≤

m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(t(i))− z̄(Tn)∥

+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)H(z̄(Tn),Wi+1)

∥∥∥∥∥∥+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i)G(z̄(Tn),Wi+1)

∥∥∥∥∥∥
≤

m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(t(i))− z̄(Tn)∥+
m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(Tn)∥

+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)H(0,Wi+1)

∥∥∥∥∥∥+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i)G(0,Wi+1)

∥∥∥∥∥∥ (by Assumption 4)

=

m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(t(i))− z̄(Tn)∥+ ∥z̄(Tn)∥
m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)

+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)H(0,Wi+1)

∥∥∥∥∥∥+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i)G(0,Wi+1)

∥∥∥∥∥∥
≤

m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(t(i))− z̄(Tn)∥+ ∥z̄(Tn)∥C ′ +

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

α(i)H(0,Wi+1)

∥∥∥∥∥∥
+

∥∥∥∥∥∥
m(Tn+t)−1∑
i=m(Tn)

β(i)G(0,Wi+1)

∥∥∥∥∥∥ (by (106))

≤
m(Tn+t)−1∑
i=m(Tn)

(α(i) + β(i))L(Wi+1)∥z̄(t(i))− z̄(Tn)∥+ [∥z̄(Tn)∥C ′ + C ′] (by (105))

≤ [∥z̄(Tn)∥C ′ + C ′] e
∑m(Tn+t)−1

i=m(Tn)
(α(i)+β(i))L(Wi+1)

(by discrete Gronwall inequality in Theorem 10.3)

≤[∥z̄(Tn)∥C ′ + C ′] eC
′

(by (106))
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