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Abstract

Recent work reports that Large Reasoning Models (LRMs) undergo a collapse in1

performance on solving puzzles beyond certain perplexity thresholds. In subsequent2

discourse, questions have arisen as to whether the nature of the task muddles an3

evaluation of true reasoning. One potential confound is the requirement that the4

model keep track of the state space on its own. We provide a large language model5

(LLM) with an environment interface for Tower of Hanoi problems, allowing6

it to make a move with a tool call, provide written justification, observe the7

resulting state space, and reprompt itself for the next move. We observe that access8

to an environment interface does not delay or eradicate performance collapse.9

Furthermore, LLM-parameterized policy analysis reveals increasing divergence10

from both optimal policies and uniformly random policies, suggesting that the11

model exhibits mode-like collapse at each level of complexity, and that performance12

is dependent upon whether the mode reflects the correct solution for the problem.13

We suggest that a similar phenomena might take place in LRMs.114

1 Introduction15

Recent advances in large language models (LLMs) have enabled them to solve difficult problems16

by generating “thoughts" involved in the solution [Wei et al., 2022a, Chen et al., 2023, Yao et al.,17

2023, Besta et al., 2024]. However, these models, often called large reasoning models (LRMs), can18

struggle with reasoning when faced with problems that require multistep logic [Wei et al., 2022a].19

This limitation is especially pronounced in domains such as game-like scenarios, e.g. Tower of Hanoi.20

There is ongoing discussion that reasoning capability measured by existing benchmarks may be21

inflated [Chollet, 2019, Wei et al., 2022a, Chen et al., 2023], where reasoning ability is often conflated22

with memorization of training data. Furthermore, existing evaluation approaches of puzzle-solving23

scenarios require models to maintain internal representations of state spaces, introducing potential24

confounds that obscure whether failures stem from reasoning deficits or architectural limitations25

in state tracking. To test this, we provide an environmental framework that externalizes state26

management. This externalization enables us to conduct policy analysis by treating the model as an27

agent whose decision patterns can be analyzed. If models possess genuine reasoning capabilities,28

independent of state management limitations, we should observe policies that approach optimal29

behavior, differ meaningfully from random exploration, and exhibit exploratory patterns when30

faced with novel states. Conversely, if models exhibit deterministic behavior, this would suggest31

that apparent reasoning is actually fixed, learned patterns rather than dynamic problem-solving32

capabilities. We hypothesize that allowing models to interact dynamically with problem states33
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rather than maintaining internal representations will force the model to use emergent heuristics and34

reasoning capabilities outside of the model’s priors created during the training process.35

To this end, we analyze criticism of LLM and LRM reasoning capabilities [Shojaee et al., 2025,36

Lawsen et al., 2025] through the lens of an agentic environment framework, where the foundational37

model must plan and execute a series of optimal steps that will allow it to reach the goal state.38

We build on an increasing complexity approach introduced by Shojaee et al. [2025], extending an39

interactive environment where models can make sequences of singular tool calls. This setup allows us40

to track the reasoning states of the models and observe their decision making in a structured manner.41

Our makes two key contributions to understanding emergent reasoning in large language models.42

First, we establish that providing dynamic environment interfaces does not mitigate performance43

collapse in reasoning tasks. Second, we demonstrate that models increasingly diverge from optimal44

policies and uniformly random policies, suggesting that the models are incapable of learning from45

past mistakes. In particular, we find that the models fall into looping behavior, characterized by46

sequences which transitions return to previously visited states. For deterministic games with single47

goal states such as Tower of Hanoi, this is considered un-optimal or problematic behavior, as returning48

to a previously visited state implies that the agent has made no progress.49

2 Related Works50

Shojaee et al. [2025] proposed a puzzle-based framework featuring controllable problem complexity51

to evaluate Large Language Model (LLM) and Large Reasoning Model (LRM) reasoning. The52

paper demonstrated that LLMs and their reasoning counterparts both systematically collapse at high53

complexity. Critics of this work argue that observed failures stem from experimental limitations, such54

as token limits or unsolvable problems[Lawsen et al., 2025]. Reasoning performance is noted to be55

highly task-dependent and nonlinear, and the debate on reasoning in LRMs is nuanced[Varela et al.,56

2025].57

While there is a diverse landscape of reasoning benchmarks, this proliferation shows the difficulty58

of defining reasoning itself. The concept of emergent reasoning, where qualitatively new abilities59

appear at certain model scales[Wei et al., 2022b, Berti et al., 2025], has gained particular attention.60

Models trained on structured data like code have shown improved generalization across varied61

tasks[Aryabumi et al., 2024]. Yet this apparent emergence raises questions: Are models developing62

actual reasoning capabilities? Or merely becoming more adept at recognizing and reproducing logical63

patterns from training data?64

Our approach builds directly on the complexity-based evaluation of Shojaee et al. [2025] while also65

addressing experimental limitations and providing a framework that separates reasoning assessment66

from potential confounds and allows for analysis of LLM policy.67

3 Methodology68

We evaluate reasoning as search in the context of the Tower of Hanoi puzzle. This environment69

requires systematic exploration and move pruning, as well as a controllable search space where search70

space size scales exponentially with increasing number of disks [Shojaee et al., 2025, Lawsen et al.,71

2025].72

3.1 Tower of Hanoi73

The Tower of Hanoi puzzle is a recursive puzzle consisting of three pegs and n disks of distinct sizes74

initially stack in order of size on a single peg (largest on the bottom). The objective is to transfer the75

entire stack from the first peg to the third peg. The rules are (1) that only the top disk of a peg may76

be moved, and (2) that a larger disk may never be placed on top of a smaller one. The difficulty of77

this puzzle grows with the number of disks, where the optimal number of moves required to solve an78

n-disk instance is 2n − 1 [Frame and Stewart, 1941].79
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3.2 Experimental Setup80

3.2.1 Baseline81

We first establish a baseline in which models are required to generate a complete Tower of Hanoi82

solution in a single pass with no interaction with the environment. Our experiments are conducted on83

large language models and their LRM counterparts. Similar to the experimental setup of Shojaee84

et al. [2025], we specifically use Claude 3.7 Sonnet (and its reasoning counterpart), DeepSeek V3.1,85

and DeepSeek R1 because these allow access to reasoning traces[Anthropic, 2025, DeepSeek-AI86

et al., 2024].87

We restrict evaluation to up to n = 8 disks, which corresponds to the regime in which IOT reported al-88

most complete collapse. Subsequent critiques of that work also noted that several of the environments89

they used contained unsolvable or ill-defined instances [Lawsen et al., 2025], making it difficult to90

separate true model failures from task design artifacts. Lawsen et al. [2025] argue that the observed91

maximum n before collapse was largely due to token budget limitations, rather than a fundamental92

limit of model reasoning capacity. To avoid these confounds, we focus exclusively on Tower of93

Hanoi, which is both widely studied and guaranteed to be solvable for all problem sizes. This ensures94

that any observed model behavior directly reflects reasoning performance, rather than inconsistencies95

in the environment specification.96

Following Lawsen et al. [2025], the number of tokens required to represent a Tower of Hanoi97

trajectory increases approximately quadratically, as the evaluation format requires the full move98

sequence at each step. Assuming about 5 tokens per move, this can be expressed as:99

T (N) ≈ 5 · (2N − 1)2 + C

With a budget of 64,000 tokens, this yields maximum solvable sizes of:100

Nmax ≈
⌊
log2

(
Lmax

5

)⌋
≈ 7–8 (Claude 3.7, DeepSeek V3.1)

roughly 7–8 disks for Claude 3.7 and DeepSeek V3.1.101

The maximum budget of 64,000 tokens was not enforced. Instead, the token budget was set to 30,000102

tokens, which was sufficient based on the output lengths reported in Shojaee et al. [2025]. Under103

this setting, models never display truncation, which suggests that practical token usage fell below104

the quadratic growth curve identified in Shojaee et al. [2025], and token constraints were not the105

dominant limiting factor.106

3.2.2 Environment-Based Agentic Framework107

We implement an interactive evaluation framework in which the model engages directly with the108

Tower of Hanoi environment through tool calls. Rather than producing an entire solution trajectory in109

a single generation, the model must act step by step and incrementally explore the state space.110

We connect Claude 3.7 and DeepSeek V3.1 to the environment, which exposes two API endpoints:111

(1) move_disk(from_peg, to_peg), which moves the top disk between pegs (invalid moves are112

blocked by the environment); and (2) end_game(), which allows the model to terminate the run.113

At each step, the model is given the system prompt, user prompt, and full history of prior moves. The114

environment responds with structured feedback after every tool call, such as the new state.115

The baseline requires the model to produce an entire solution trajectory in a single generation. This116

format may advantage models by allowing them to rely on distributional memorization of optimal117

trajectories present in training data, rather than maintaining reasoning over long horizons. The118

agentic framework requires the model to reason incrementally where each move is conditioned on119

the evolving puzzle state and prior actions, preventing direct retrieval of complete solutions.120

3.3 LLM-Parameterized Policy Analysis121

We employed Q-Value policy analysis to observe how the LLM prunes and takes actions when in122

some state, s. Namely, we used a useful theorem available in Appendix A which states that Q-values123
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Figure 1: Agentic framework is a closed loop interaction between the agent, environment, and game
validator.

for state-action pairs converge to a function which implicitly maps distance from goal state when124

positive rewards are given to finding the goal state in deterministic, single, absorbing goal state,125

search games, such as Tower of Hanoi.126

This formalization allows an easier way to implement a way to find state-action pair equivalences127

that classical search algorithms have difficulty formalizing.128

We sampled trajectories (a sequence of transitions) from the LLM’s playout of varying Tower of Hanoi
instances and constructed a dataset D = {(si, ai, s′i)}Ni=1. Given some state, s, we can parameterize
a search policy, π, against the LLM’s moves using the proposed agentic framework as

πLLM,ToHn(s, a) = P
[
S = s,A = a

]
Which can be approximated as

π̂LLM,ToHn(s, a) =

∑N
i=1 1[si = s, ai = a]

N
Note that by Bayes Theorem, this policy can be easily transformed to the more standard conditional129

form π(a|s), but we choose to use this joint form for convenience. This policy can be decomposed to130

"sub"-policies, π2, π3, which are probability distributions defined only for states which have 2 and 3131

valid actions, respectively:132

π̂LLM,ToHn(a|s) =
{
π̂2(s, a

∣∣size(V (s)) = 2), if |V (s)| = 2

π̂3(s, a
∣∣size(V (s)) = 3), otherwise

Note that Sn is the set of states of Tower of Hanoi with n disks, V (s) := {set of valid actions from s}.133

Also observe that every (valid) ToH state has two valid moves or three valid moves. That is,134

∀n, ∀s ∈ Sn, 2 ≤ |V (s)| ≤ 3. However, the only nontrivial case occurs when |V (s)| = 3 since a135

ToH state has two valid actions if and only if all disks are on the same peg (see Appendix B). We136

used the distribution of π̂3 to compare against the following agents: (1) optimal agent, (2) random137

agent. For some environment, E, we define a random agent as any agent for which its policy comes138

from the following distribution, for all states in the environment139

π(s) ∼ U(V (s)), ∀s ∈ SE

where U(·) is the uniform distribution. For some environment, E, we also define an optimal agent as
any agent for which its policy is "optimal". Namely

π∗(s) := argmaxaQ
∗(s, a),∀s ∈ SE

We used the Jensen-Shannon divergence as our primary metric of comparison to the optimal and
random agent policies. For distributions P,Q, Jensen-Shannon Divergence (JSD) is defined as

JSD(P ||Q) =
1

2
KL(P ||V ) +

1

2
KL(Q||V )
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V =
1

2
(P +Q)

The Jensen-Shannon divergence has useful properties such as being bounded between [0, 1] and140

being symmetric (JSD(P ||Q) = JSD(Q||P )) (see Appendix C). JSD(P ||Q) can be interpreted141

as the similarity between P and Q, where JSD(P ||Q) = 0 means that P and Q are identical142

and JSD(P ||Q) = 1 means that P and Q have different supports. To ensure interpretable JSD143

comparison between differing levels of complexity, we conditioned the optimal policy on whether the144

state was also visited by the model during its exploration.145

4 Results146

4.1 Baseline147

Figure 2: Comparison of success rates of LLM and LRM one-shot generation: (Left) Claude 3.7
Sonnet with and without "thinking" mechanism, (Right) DeepSeek V3.1 vs R1. Line charts display
success rate as a function of puzzle complexity.

Figure 2 shows that as complexity increases, all models, thinking or non-thinking, display a similar148

pattern: success rates collapse (near-zero accuracy) when crossing a certain threshold. LRMs149

consistently outperform non-thinking models, but still succumb to collapse at high complexity. This150

finding replicates prior reports of performance collapse in LRMs [Shojaee et al., 2025].151

4.2 Agentic Framework152

The results in Figure 3 show that the introduction of an environment interface does not prevent153

performance collapse. Instead, degradation occurs at a lower complexity than in the baseline. Under154

an agentic framework, collapse is associated with failing to escape deterministic looping behavior155

(Figure 4). Subsequence analysis in Figure 5 shows about 40% of the time the model deterministically156

reuses previously observed continuations at n = 8.157

4.3 LLM-Parameterized Policy Analysis158

With increasing complexity, we see two behaviors shown in Figure 6. The first is that the model-159

parameterized policy diverges from the optimal policy. The second is that the model-parameterized160

policy also diverges from the uniformly random policy. We note that collapse is associated with these161

two behaviors.162

5 Discussion163

Although the model is given access to its full move history and current state, stepwise execution164

exposes it to sparse intermediate states. In these cases, models exhibit deterministic behavior collapse,165
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Figure 3: Success rate of models in an agentic framework (Claude 3.7 Sonnet + environment,
DeepSeek V3.1 + environment) in comparison to the baseline (Claude 3.7 Sonnet, DeepSeek V3.1)
at increasing complexity levels.

Figure 4: Loop rate of the models in an agentic framework (Claude 3.7 Sonnet + environment,
DeepSeek V3.1 + environment) at increasing complexity levels.

often becoming locked into suboptimal action loops. The agentic framework performs worse than166

baseline models, which could suggest stepwise interaction actually exacerbates rather than mitigates167

underlying reasoning limitations. The agentic setting reveals characteristics of brittle reasoning that168

the baseline obscures.169

This is most clear in Jensen-Shannon Divergence (JSD) analysis of the respective policies. The170

JSD of the optimal policy against the observed LLM parameterized policy noticeably increases with171

problem complexity, meaning models diverge progressively from optimal behavior with increasing n.172

Furthermore, JSD between LLM policy and random policy also increases with complexity, suggesting173

some of the probability weights, which are uniform for the random agent, are being reassigned174

unequally, suggesting that the model has priors about what actions to take or prune in certain states.175

The simultaneous divergence from both optimal and random policies implies that models are neither176

reasoning optimally nor exploring effectively. Instead, they are executing deterministic patterns that177

become increasingly maladaptive.178

Subsequence analysis provides possible evidence of this deterministic pattern execution. When179

models return to previously visited states, they consistently execute identical suboptimal action180

sequences. This repetition occurs despite models having access to their complete interaction history.181

Hence this repetition for lower N values can imply being deterministically correct. While the182

higher the N goes its tendency to decrease shows signs of deterministic patters through revisiting183

the same unique states. This inability to vary its behavior upon encountering familiar states, even184
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Figure 5: Proportion of unique length k transitions taken from state s, given that s was visited by the
model at least twice. Lower values mean that the model takes less unique length k trajectories. These
graphs are similar since every k = 3 subsequence from s also contains the k = 2 subsequence from
s.

Figure 6: Jensen Shannon Divergences of LLM-Parameterized policies against Optimal policies and
Random policies.

after experiencing negative consequences from identical previous trajectories, implies that apparent185

reasoning is actually execution of fixed computational patterns. While this can all be true we can’t186

fully state its evidence that the lower N values are deterministically correct because of the lack of187

repetition at lower complexity. Proving that the model can just be following the most optimal path till188

it reaches higher complexity.189

The model’s inability to generalize and learn from its history, incorporate long-term planning, and190

correct its own priors seems to affect the model’s ability to perform in dynamic environments which191

have interactions that are outside of the model’s training distribution.192

Limitations. Our investigation only examines two LLMs–Claude 3.7 Sonnet and Deepseek V3.1–193

and their LRM counterparts–Claude 3.7 Sonnet Thinking and Deepseek R1. Likewise, we only194

examine one game task–Tower of Hanoi. It is unclear how our results might generalize to other195

classes of tasks or models. We did not conduct repeated trials per model, so results reflect single-run196

outcomes and may be sensitive to sampling variance, though Shojaee et al. [2025] report limited197

variance in their trials. We additionally do not report any ablations over temperature, self-consistency,198

majority vote, or beam search, which could shift results.199
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6 Conclusion200

We examine the reasoning performance of Large Language Models in both single-pass and agentic201

environments. Across both, performance collapse emerged as a consistent pattern, and demonstrated202

that environment access does not delay or prevent performance collapse. Instead, models exhibit203

deterministic adherence to a single behavioral trajectory, with success hinging on whether the204

trajectory matched the solution. Taken together, our findings reinforce that apparent reasoning205

ability is largely a byproduct of high-probability mode following, rather than genuine reasoning.206

More broadly, this work adds to growing evidence that scaling alone is insufficient in creating207

general-purpose emergent reasoning capabilities in large language models.208
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A Theorem: Q-Value Convergence in Single Goal, Strongly Connected239

Deterministic Games240

Let G be a single goal state, strongly connected, deterministic game. Let S be the state space241

for G. Let G be the singleton set that contains the goal state of G, such that G = {s ∈ S :242

s is an absorbing goal state}, with |G| = 1 and the game ends when the (absorbing-)goal state is243

achieved. Let A be the action space. Let T : S ×A → S be the transition function. Since the game244

is deterministic, we have that P (s′|s, a) = 1. Let R : S ×A× S → R be a function that maps state,245

action, and next state to some reward, r. We impose the following condition on R:246

R(s, a, s′) =

{
1, if s′ ∈ G
0, otherwise

Suppose that the agent observes a transition (s, a, r, s′), with r = R(s, a, s′).247

Let α ∈ R, γ ∈ R, with 0 < γ < 1. Let H∗(s) : S → N, such that248

H∗(s) =

{
0, if s ∈ G
minp∈P (s,g),g∈G |p|, otherwise

where P (u, v) := {p|p is a path that starts at u and ends at v}. Finally, suppose that the agent acts249

randomly with probability 0 < ϵ < 1 and with probability 1− ϵ, follows the current learned policy,250

π(s) = argmaxa∈V (s)Q(s, a), where V : S → P(A) is a function mapping states, s to a set of valid251

actions a from s. We show that after convergence of Q ↪→ Q∗, which follows from an appropriately252

chosen α, the Bellman Optimality Equation253

Q∗(s, a) = E
[
r + γmax

a′
Q∗(s′, a′)

∣∣∣ s, a]
is satisfied by a function with the following characteristics:254

Q̂(s, a1) = Q̂(s, a2) ⇐⇒ H∗(T (s, a1)) = H∗(T (s, a2)) (1)

H∗(T (s, a1)) > H∗(T (s, a2)) ⇒ Q̂(s, a1) < Q̂(s, a2) (2)

Proof. Intuitively, the proof arrives from the idea that with sufficient exploration (large enough255

N ), and with some discount factor, γ less than 1, the reward of being in a single goal state will256

propagate throughout the state space graph. Each additional transition, t, away from the goal state257

adds multiplies another factor of γ discount to the value of taking t.258

Observe that transitions are deterministic. Hence, the Bellman Optimality Equation can be simplified259

to the following260

Q∗(s, a) =
∑

s′∈V (s)

P (s′|s, a)
[
R(s, a, s′) + γmax

a′
Q∗(s′, a′)

∣∣∣ s, a] (3)

= R
(
s, a, T (s, a)

)
+ γmax

a′
Q∗(T (s, a), a′) (4)

= 1{T (s,a)∈G} + γmax
a′

Q∗(T (s, a), a′) (5)

We claim that Q∗ has closed form: Q∗(s, a) = Q̂(s, a) = γH∗(T (s,a)). These functions must thus261

agree on all valid tuples (s, a) : s ∈ S, a ∈ V (s). We have two cases to consider. Namely, the262

case where T (s, a) ∈ G and the case where T (s, a) /∈ G. In the first case, the Bellman Optimality263

Equation satisfies264

Q∗(s, a) = 1 + γmax
a′

Q∗(T (s, a), a′) (6)

= 1 + γ ∗ 0 (7)
= 1 (8)
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Observe that Q̂(s, a) = γH∗(T (s,a)) = γ0 = 1, as desired. Note that H∗(T (s, a)) = 0, by definition265

of H∗. For the second case, the Bellman Optimality Equation satisfies266

Q∗(s, a) = 0 + γmax
a′

Q∗(T (s, a), a′) (9)

= γmax
a′

Q∗(T (s, a), a′) (10)

Assume for the sake of contradiction that Q̂ did not satisfy the Bellman Optimality Equation. That is267

Q̂(s, a) ̸= γmax
a′

Q̂
(
T (s, a), a′

)
(11)

Plugging in our definition for Q̂ into (11), we get the following inequality268

γH∗(T (s,a)) ̸= γmax
a′

γH∗(T (s,a′)) (12)

Recall that the state space graph is strongly connected, which implies that there exists some path269

from s to g ∈ G. The key insight is to consider the shortest path p from s′ = T (s, a) to the goal state,270

g. Without loss of generality, suppose that ties in length of p candidates are broken in some arbitrary271

(but initially chosen) direction. Let s′′ be the next state from s′ in this path p. By definition of H∗,272

we must have273

H∗(s′) = H∗(s′′) + 1

since both states, s′ and s′′ lie on the shortest path to g. Under the same tie breaking scheme as274

before, consider the term275

max
a′

γH∗(T (s,a′)) (13)

which is maximized only by taking the transition, T (s, a′) = s′′. Hence it follows that276

argmaxa′H∗(T (s, a′)) = s′′ implying277

max
a′

γH∗(T (s,a′)) = γH∗(s′′)

= γH∗(T (s,a′))

= γH∗(s′)−1

Substituting back into the inequality (12) we get278

γH∗(T (s,a)) ̸= γmax
a′

γH∗(T (s,a′)) (14)

̸= γ ∗ γH∗(s′)−1 (15)

̸= γH∗(s′) (16)

̸= γH∗(T (s,a)) (17)

a contradiction.279

Observe that this definition for Q̂ satisfied properties (1) and (2). Property (1) follows immediately
as γH∗(T (s,a1)) = γH∗(T (s,a2)) ⇐⇒ H∗(T (s, a1)) = H∗(T (s, a2)). Property (2) also follows
immediately as 0 < γ < 1, so γk > 0, k ∈ R. Hence

H∗(T (s, a1)) < H∗(T (s, a2)) ⇒ γH∗(T (s,a1)) > γH∗(T (s,a2))
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B Theorem: Valid Action Set is Bounded by [2, 3] for Tower of Hanoi280

Let V (s) = {a : a is a valid action from s}. Let Sn be the state space of n disk ToH. Then,281

∀n, s ∈ Sn, 2 ≤ |(V (s)| ≤ 3. There are three cases to consider. Namely, when the state space has282

one, two, and three pegs occupied.283

Case 1. Let s be a state such that it has only one peg occupied. Without loss of generality, say that284

peg 1 is occupied. Since there are no disks on any other peg, it must be the case that the disk on peg 1285

can be moved to peg 2 or peg 3. Hence |V (s)| = 2.286

Case 2. Let s be a state such that it has two pegs occupied. Without loss of generality, say that peg 1287

and peg 2 are occupied. Further, without loss of generality, suppose that d1 < d2, where di is the disk288

on peg i. Observe that both d1 and d2 can be moved to (the empty) peg 3. Further, since d1 < d2, we289

may move d1 to peg 2. Hence, |V (s)| = 3.290

Case 3. Let s be a state such that it has three pegs occupied. Without loss of generality, say that291

d1 < d2 < d3. This ordering exists since all disks are unique. Observe that d1 may be moved to peg292

2 and peg 3, and d2 may be moved to peg 3, since the ordering is satisfied. Hence, |V (s)| = 3.293

Conclusion This concludes the proof. However, we note that the first case says something stronger
about the valid action set of some arbitrary state. Namely

|V (s)| = 2 ⇐⇒ s is the goal state, or identical (in ToH progress) to the initial state, so

This fact allows us to exclude this case from LLM-parameterized policy analysis.294

C Theorem: Jensen-Shannon Divergence is Bounded by [0, 1] and Symmetric295

Let P , Q be arbitrary (discrete) distributions on elements x ∈ χ. Use the convention 0 ∗ log(0) = 0.296

Define the mixture, M(P,Q) := 1
2 (P +Q). We show that297

JSD(P ||Q) =
1

2
KL(P ||M(P,Q)) +

1

2
KL(Q||M(P,Q))

has two properties. (1) 0 ≤ JSD(P ||Q) ≤ 1 and (2) JSD(P ||Q) = JSD(Q||P ).298

Property 1. Recall KL(·||·) ≥ 0. Hence, the left side of the inequality holds. That is, JSD(P ||Q) ≥299

0. To show that JSD(P ||Q) ≤ 1, we expand the definitions of KL divergence to get300

KL(P ||M) =
∑
x∈χ

P (x) log
P (X)

M(x)

Observe that the following holds:301

M(x) =
P (x) +Q(x)

2
≥ P (x)

2
,∀x ∈ χ

Hence, P (x)
M(x) ≤ 2 and log2

P (x)
M(x) ≤ 1. Plugging this back into our definition for KL divergence, we302

get303

KL(P ||M) ≤
∑
x∈χ

P (x) · 1 = 1

The same applied for KL(Q||M(P,Q), and thus we may upper bound JSD as304

JSD(P ||Q) ≤ 1

2
· 1 + 1

2
· 1 = 1

as desired.305
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Property 2. The symmetric nature of JSD(P ||Q) follows immediately from its definition, as306

M(P,Q) = M(Q,P ).307

Prompts308

Listing 1: System Prompt — Tower of Hanoi
309

You are a helpful assistant. Solve this puzzle for me step by step310

using the provided tools.311

312

There are three pegs and n disks of different sizes stacked on313

the first peg. The disks are numbered from 1314

(smallest) to n (largest). Disk moves in this puzzle should315

follow:316

317

1. Only one disk can be moved at a time.318

2. Each move consists of taking the upper disk from one319

stack and placing it on top of another stack.320

3. A larger disk may not be placed on top of a smaller321

disk.322

The goal is to move the entire stack to the third peg.323

324

Solution Strategy:325

1. Make moves using move_disk(from_peg , to_peg) until you326

reach the goal state327

2. When you think you ’ve reached the goal state , end the328

game using end_game ().329330

Listing 2: User Prompt — Tower of Hanoi
331

I have a puzzle with {num_disks} disks (numbered 1, 2, 3, ... from332

smallest to largest) of different sizes with333

334

- There are 3 pegs (numbered 0, 1, 2) You will start at the first335

peg.336

337

- The initial state is: {initial_state}338

339

- Want to end in the Goal state: {goal_state}340

341

Solve the puzzle using the available tools. Move step by step342

until you reach the goal.343344
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1. Claims346

Question: Do the main claims made in the abstract and introduction accurately reflect the347

paper’s contributions and scope?348

Answer: [Yes]349

Justification: Yes. We outline what we are to show and faithfully detail our process of350

showing it in the body of the MS.351

Guidelines:352

• The answer NA means that the abstract and introduction do not include the claims353

made in the paper.354

• The abstract and/or introduction should clearly state the claims made, including the355

contributions made in the paper and important assumptions and limitations. A No or356

NA answer to this question will not be perceived well by the reviewers.357

• The claims made should match theoretical and experimental results, and reflect how358

much the results can be expected to generalize to other settings.359

• It is fine to include aspirational goals as motivation as long as it is clear that these goals360

are not attained by the paper.361

2. Limitations362

Question: Does the paper discuss the limitations of the work performed by the authors?363

Answer: [Yes]364

Justification: This is a subsection of Discussion.365

Guidelines:366

• The answer NA means that the paper has no limitation while the answer No means that367

the paper has limitations, but those are not discussed in the paper.368

• The authors are encouraged to create a separate "Limitations" section in their paper.369

• The paper should point out any strong assumptions and how robust the results are to370

violations of these assumptions (e.g., independence assumptions, noiseless settings,371

model well-specification, asymptotic approximations only holding locally). The authors372

should reflect on how these assumptions might be violated in practice and what the373

implications would be.374

• The authors should reflect on the scope of the claims made, e.g., if the approach was375

only tested on a few datasets or with a few runs. In general, empirical results often376

depend on implicit assumptions, which should be articulated.377

• The authors should reflect on the factors that influence the performance of the approach.378

For example, a facial recognition algorithm may perform poorly when image resolution379

is low or images are taken in low lighting. Or a speech-to-text system might not be380

used reliably to provide closed captions for online lectures because it fails to handle381

technical jargon.382

• The authors should discuss the computational efficiency of the proposed algorithms383

and how they scale with dataset size.384

• If applicable, the authors should discuss possible limitations of their approach to385

address problems of privacy and fairness.386

• While the authors might fear that complete honesty about limitations might be used by387

reviewers as grounds for rejection, a worse outcome might be that reviewers discover388

limitations that aren’t acknowledged in the paper. The authors should use their best389

judgment and recognize that individual actions in favor of transparency play an impor-390

tant role in developing norms that preserve the integrity of the community. Reviewers391

will be specifically instructed to not penalize honesty concerning limitations.392

3. Theory assumptions and proofs393

Question: For each theoretical result, does the paper provide the full set of assumptions and394

a complete (and correct) proof?395

Answer: [Yes]396
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Justification: We provide all proofs within the Appendix.397

Guidelines:398

• The answer NA means that the paper does not include theoretical results.399

• All the theorems, formulas, and proofs in the paper should be numbered and cross-400

referenced.401

• All assumptions should be clearly stated or referenced in the statement of any theorems.402

• The proofs can either appear in the main paper or the supplemental material, but if403

they appear in the supplemental material, the authors are encouraged to provide a short404

proof sketch to provide intuition.405

• Inversely, any informal proof provided in the core of the paper should be complemented406

by formal proofs provided in appendix or supplemental material.407

• Theorems and Lemmas that the proof relies upon should be properly referenced.408

4. Experimental result reproducibility409

Question: Does the paper fully disclose all the information needed to reproduce the main ex-410

perimental results of the paper to the extent that it affects the main claims and/or conclusions411

of the paper (regardless of whether the code and data are provided or not)?412

Answer: [Yes]413

Justification:Yes, within the appendix, and the code is fully provided.414

Guidelines:415

• The answer NA means that the paper does not include experiments.416

• If the paper includes experiments, a No answer to this question will not be perceived417

well by the reviewers: Making the paper reproducible is important, regardless of418

whether the code and data are provided or not.419

• If the contribution is a dataset and/or model, the authors should describe the steps taken420

to make their results reproducible or verifiable.421

• Depending on the contribution, reproducibility can be accomplished in various ways.422

For example, if the contribution is a novel architecture, describing the architecture fully423

might suffice, or if the contribution is a specific model and empirical evaluation, it may424

be necessary to either make it possible for others to replicate the model with the same425

dataset, or provide access to the model. In general. releasing code and data is often426

one good way to accomplish this, but reproducibility can also be provided via detailed427

instructions for how to replicate the results, access to a hosted model (e.g., in the case428

of a large language model), releasing of a model checkpoint, or other means that are429

appropriate to the research performed.430

• While NeurIPS does not require releasing code, the conference does require all submis-431

sions to provide some reasonable avenue for reproducibility, which may depend on the432

nature of the contribution. For example433

(a) If the contribution is primarily a new algorithm, the paper should make it clear how434

to reproduce that algorithm.435

(b) If the contribution is primarily a new model architecture, the paper should describe436

the architecture clearly and fully.437

(c) If the contribution is a new model (e.g., a large language model), then there should438

either be a way to access this model for reproducing the results or a way to reproduce439

the model (e.g., with an open-source dataset or instructions for how to construct440

the dataset).441

(d) We recognize that reproducibility may be tricky in some cases, in which case442

authors are welcome to describe the particular way they provide for reproducibility.443

In the case of closed-source models, it may be that access to the model is limited in444

some way (e.g., to registered users), but it should be possible for other researchers445

to have some path to reproducing or verifying the results.446

5. Open access to data and code447

Question: Does the paper provide open access to the data and code, with sufficient instruc-448

tions to faithfully reproduce the main experimental results, as described in supplemental449

material?450
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Answer: [Yes]451

Justification: Yes, the code was linked under the introduction for reproduction.452
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• The answer NA means that paper does not include experiments requiring code.454

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/455

public/guides/CodeSubmissionPolicy) for more details.456

• While we encourage the release of code and data, we understand that this might not be457

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not458

including code, unless this is central to the contribution (e.g., for a new open-source459

benchmark).460

• The instructions should contain the exact command and environment needed to run to461

reproduce the results. See the NeurIPS code and data submission guidelines (https:462

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.463

• The authors should provide instructions on data access and preparation, including how464

to access the raw data, preprocessed data, intermediate data, and generated data, etc.465

• The authors should provide scripts to reproduce all experimental results for the new466

proposed method and baselines. If only a subset of experiments are reproducible, they467

should state which ones are omitted from the script and why.468

• At submission time, to preserve anonymity, the authors should release anonymized469

versions (if applicable).470

• Providing as much information as possible in supplemental material (appended to the471

paper) is recommended, but including URLs to data and code is permitted.472

6. Experimental setting/details473

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-474

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the475

results?476

Answer: [NA]477

Justification: We either do not use or do not deviate from default values for these experimen-478

tal setting values.479

Guidelines:480

• The answer NA means that the paper does not include experiments.481

• The experimental setting should be presented in the core of the paper to a level of detail482

that is necessary to appreciate the results and make sense of them.483

• The full details can be provided either with the code, in appendix, or as supplemental484

material.485

7. Experiment statistical significance486

Question: Does the paper report error bars suitably and correctly defined or other appropriate487

information about the statistical significance of the experiments?488

Answer: [No]489

Justification: Our investigation did not include multiple trials, so no error bars were reported.490

Guidelines:491

• The answer NA means that the paper does not include experiments.492

• The authors should answer "Yes" if the results are accompanied by error bars, confi-493

dence intervals, or statistical significance tests, at least for the experiments that support494

the main claims of the paper.495

• The factors of variability that the error bars are capturing should be clearly stated (for496

example, train/test split, initialization, random drawing of some parameter, or overall497

run with given experimental conditions).498

• The method for calculating the error bars should be explained (closed form formula,499

call to a library function, bootstrap, etc.)500

• The assumptions made should be given (e.g., Normally distributed errors).501

15

https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy


• It should be clear whether the error bar is the standard deviation or the standard error502

of the mean.503

• It is OK to report 1-sigma error bars, but one should state it. The authors should504

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis505

of Normality of errors is not verified.506

• For asymmetric distributions, the authors should be careful not to show in tables or507

figures symmetric error bars that would yield results that are out of range (e.g. negative508

error rates).509

• If error bars are reported in tables or plots, The authors should explain in the text how510

they were calculated and reference the corresponding figures or tables in the text.511

8. Experiments compute resources512

Question: For each experiment, does the paper provide sufficient information on the com-513

puter resources (type of compute workers, memory, time of execution) needed to reproduce514

the experiments?515

Answer: [No]516

Justification: Resources required for running (primarily API usage) are evident int he517

repository, though we do not mention in the manuscript.518

Guidelines:519

• The answer NA means that the paper does not include experiments.520

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,521

or cloud provider, including relevant memory and storage.522

• The paper should provide the amount of compute required for each of the individual523

experimental runs as well as estimate the total compute.524

• The paper should disclose whether the full research project required more compute525

than the experiments reported in the paper (e.g., preliminary or failed experiments that526

didn’t make it into the paper).527

9. Code of ethics528

Question: Does the research conducted in the paper conform, in every respect, with the529

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?530

Answer: [Yes]531

Justification: The paper follows the NeurIPS code of ethics. To our best approximation,532

there were no potential harms.533

Guidelines:534

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.535

• If the authors answer No, they should explain the special circumstances that require a536

deviation from the Code of Ethics.537

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-538

eration due to laws or regulations in their jurisdiction).539

10. Broader impacts540

Question: Does the paper discuss both potential positive societal impacts and negative541

societal impacts of the work performed?542

Answer: [NA]543

Justification: No parts of our investigation warrant any significant nor direct societal impact.544

Guidelines:545

• The answer NA means that there is no societal impact of the work performed.546

• If the authors answer NA or No, they should explain why their work has no societal547

impact or why the paper does not address societal impact.548

• Examples of negative societal impacts include potential malicious or unintended uses549

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations550

(e.g., deployment of technologies that could make decisions that unfairly impact specific551
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• The conference expects that many papers will be foundational research and not tied553

to particular applications, let alone deployments. However, if there is a direct path to554

any negative applications, the authors should point it out. For example, it is legitimate555

to point out that an improvement in the quality of generative models could be used to556

generate deepfakes for disinformation. On the other hand, it is not needed to point out557

that a generic algorithm for optimizing neural networks could enable people to train558

models that generate Deepfakes faster.559

• The authors should consider possible harms that could arise when the technology is560

being used as intended and functioning correctly, harms that could arise when the561

technology is being used as intended but gives incorrect results, and harms following562

from (intentional or unintentional) misuse of the technology.563

• If there are negative societal impacts, the authors could also discuss possible mitigation564

strategies (e.g., gated release of models, providing defenses in addition to attacks,565

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from566

feedback over time, improving the efficiency and accessibility of ML).567

11. Safeguards568

Question: Does the paper describe safeguards that have been put in place for responsible569

release of data or models that have a high risk for misuse (e.g., pretrained language models,570

image generators, or scraped datasets)?571

Answer: [NA]572

Justification: There was no reasonable risk of misuse of any materials involved in our573

investigation. Standard safeguards for models used are available in their respective model574

cards.575

Guidelines:576

• The answer NA means that the paper poses no such risks.577

• Released models that have a high risk for misuse or dual-use should be released with578

necessary safeguards to allow for controlled use of the model, for example by requiring579

that users adhere to usage guidelines or restrictions to access the model or implementing580

safety filters.581

• Datasets that have been scraped from the Internet could pose safety risks. The authors582

should describe how they avoided releasing unsafe images.583

• We recognize that providing effective safeguards is challenging, and many papers do584

not require this, but we encourage authors to take this into account and make a best585

faith effort.586

12. Licenses for existing assets587

Question: Are the creators or original owners of assets (e.g., code, data, models), used in588

the paper, properly credited and are the license and terms of use explicitly mentioned and589

properly respected?590

Answer: [NA]591

Justification: Not applicable because the paper does not use external assets.592
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• The answer NA means that the paper does not use existing assets.594

• The authors should cite the original paper that produced the code package or dataset.595

• The authors should state which version of the asset is used and, if possible, include a596

URL.597
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• For existing datasets that are re-packaged, both the original license and the license of605

the derived asset (if it has changed) should be provided.606
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the asset’s creators.608

13. New assets609

Question: Are new assets introduced in the paper well documented and is the documentation610

provided alongside the assets?611

Answer: [NA]612

Justification: Not applicable because the paper does not use external assets.613
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• The answer NA means that the paper does not release new assets.615
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asset is used.620
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14. Crowdsourcing and research with human subjects623
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well as details about compensation (if any)?626

Answer: [NA]627

Justification: Our investigation does not have human subjects and does not involve crowd628

sourcing.629

Guidelines:630

• The answer NA means that the paper does not involve crowdsourcing nor research with631

human subjects.632

• Including this information in the supplemental material is fine, but if the main contribu-633
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included in the main paper.635
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15. Institutional review board (IRB) approvals or equivalent for research with human639
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approvals (or an equivalent approval/review based on the requirements of your country or643
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Answer: [NA]645

Justification: No IRB approval was required for our investigation.646
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may be required for any human subjects research. If you obtained IRB approval, you651

should clearly state this in the paper.652

• We recognize that the procedures for this may vary significantly between institutions653

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the654

guidelines for their institution.655
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• For initial submissions, do not include any information that would break anonymity (if656

applicable), such as the institution conducting the review.657

16. Declaration of LLM usage658

Question: Does the paper describe the usage of LLMs if it is an important, original, or659

non-standard component of the core methods in this research? Note that if the LLM is used660

only for writing, editing, or formatting purposes and does not impact the core methodology,661

scientific rigorousness, or originality of the research, declaration is not required.662

Answer: [Yes]663

Justification: There was usage of LLMs (Deepseek and Claude) in experimentation.664

Guidelines:665

• The answer NA means that the core method development in this research does not666

involve LLMs as any important, original, or non-standard components.667

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)668

for what should or should not be described.669
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