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ABSTRACT

Nearest Neighbor Search (NNS) is a fundamental problem in data structures with
wide-ranging applications, such as web search, recommendation systems, and,
more recently, retrieval-augmented generations (RAG). In such recent applica-
tions, in addition to the relevance (similarity) of the returned neighbors, diver-
sity among the neighbors is a central requirement. In this paper, we develop
principled welfare-based formulations in NNS for realizing diversity across at-
tributes. Our formulations are based on welfare functions—from mathematical
economics—that satisfy central diversity (fairness) and relevance (economic effi-
ciency) axioms. With a particular focus on Nash social welfare, we note that our
welfare-based formulations provide objective functions that adaptively balance
relevance and diversity in a query-dependent manner. Notably, such a balance
was not present in the prior constraint-based approach, which forced a fixed level
of diversity and optimized for relevance. In addition, our formulation provides a
parametric way to control the trade-off between relevance and diversity, providing
practitioners with flexibility to tailor search results to task-specific requirements.
We develop efficient nearest neighbor algorithms with provable guarantees for the
welfare-based objectives. Notably, our algorithm can be applied on top of any
standard ANN method (i.e., use standard ANN method as a subroutine) to effi-
ciently find neighbors that approximately maximize our welfare-based objectives.
Experimental results demonstrate that our approach is practical and substantially
improves diversity while maintaining high relevance of the retrieved neighbors.

1 INTRODUCTION

Nearest Neighbor Search (NNS) is a fundamental problem in computer science with wide-
ranging applications in diverse domains, including computer vision (Wang et al., 2012), data min-
ing (Camerra et al., 2010), information retrieval (Manning et al., 2008), classification (Fix & Hodges,
1989), and recommendation systems (Dahiya et al., 2021). The relevance of NNS has grown further
in recent years with the advent of retrieval-augmented generation (RAG); see, e.g., (Manohar et al.,
2024), (Wu et al., 2024), and references therein. Formally, given vectors P C R9 (in ambient di-
mension d) and a query vector ¢ € R, the objective in NNS is to identify a subset S of k (input)
vectors from P that are most similar to ¢ under a similarity function o : R? x R? — R,. That s,
NNS corresponds to the optimization problem arg maxgc p.|sj= 2_,c5 (¢, v). Note that, while
most prior works in neighbor search express the problem in terms of minimizing distances, we work
with the symmetric version of maximizing similarity.'

In practice, the input vectors are high dimensional; in many of the above-mentioned applications the
ambient dimension d is close to a thousand. This scale and the large cardinality of P make exact
NNS computationally expensive, since applications require, for real-time queries g, NNS solutions

"This enables us to directly apply welfare functions.
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in time (sub)linear in the number of input vectors |P|. To address this challenge, the widely studied
framework of Approximate Nearest Neighbor (ANN) search relaxes the requirement of exactness
and instead seeks neighbors whose similarities are approximately close to the optimal ones.

ANN search has received substantial attention over the past three decades. Early techniques relied
on space-partitioning methods, including Locality-Sensitive Hashing (LSH) (Indyk & Motwani,
1998; Andoni & Indyk, 2008), k-d trees (Arya et al., 1998), and cover trees (Beygelzimer et al.,
2006). More recent industry-scale systems adopt clustering-based (Johnson et al., 2017; Baranchuk
et al., 2018) and graph-based (Malkov & Yashunin, 2016; Fu et al., 2019; Sugawara et al., 2016;
Subramanya et al., 2019) approaches, along with other practically-efficient methods (Sun et al.,
2023; Simhadri et al., 2024).

While relevance—measured in terms of a similarity function o (-, -)—is a primary objective in NNS,
prior work has shown that diversity in the retrieved set of vectors is equally important for user
experience, fairness, and reducing redundancy (Carbonell & Goldstein, 1998). For instance, in 2019
Google announced a policy update to limit the number of results from a single domain, thereby
reducing redundancy (Liaison, 2019). Similarly, Microsoft recently introduced diversity constraints
in ad recommendation systems to ensure that advertisements from a single seller do not dominate
the results (Anand et al., 2025). Such an adjustment was crucial for improving user experience and
promoting fairness for advertisers.

A natural way to formalize diversity in these settings is to associate each input vector with one
or more attributes. Diversity can then be measured with respect to these attributes. Building on
this idea, the current work develops a principled framework for diversity in neighbor search by
drawing on the theory of collective welfare from mathematical economics (Moulin, 2004). This
perspective enables the design of optimization criteria that balance similarity-based relevance and
attribute-based diversity in a theoretically grounded manner.

This formulation is based on welfare functions, f : R¢ — R, which provide a principled approach
to aggregate the utilities of ¢ € Z_ agents. Specifically, among c agents with utilities w1, . . . , u., re-
spectively, the collective welfare is f(uq, ..., u.). The theory of collective welfare develops mean-
ingful welfare functions, fs, and among them, Nash social welfare (NSW) is an exemplar that
upholds multiple fairness axioms, including symmetry, independence of unconcerned agents, scale
invariance and the Pigou-Dalton principle (Moulin, 2004). Nash social welfare is defined by setting

[ as the geometric mean, NSW (uq, ..., uc) = ([;_; ug)l/c. The fact that NSW strikes a bal-
ance between fairness and economic efficiency is supported by the observation that it sits between
egalitarian and utilitarian welfare: the geometric mean is at least as large as the minimum value,
minj;<¢<. e, and it is also at most the arithmetic mean % Z;Zl uy (the AM-GM inequality).

Our Formulation. To achieve diversity across attributes in NNS while maintaining relevance of the
returned k vectors, our modeling insight is to equate attributes with agents and apply Nash social
welfare. In particular, consider a setting where we have c € Z. different attributes (across the input
vectors), and let S be any size-k subset of the input vectors P. In our model, each included vector
v € S, with attribute £ € [c], contributes to the utility u, (see Section 2.1), and the NSW induced
by S is the geometric mean of these utilities, u1, ..., u.. Our objective is to find a size-k subset,
S* C P, of input vectors with as large NSW as possible (Definition 1).

Prior work (Anand et al., 2025) imposed constraints for achieving diversity in NNS. These con-
straints enforced that, for each ¢ € [c], at most k' of the returned vectors can have attribute ¢. Such
hard constraints rely on a fixed ad hoc quota parameter k¥’ and may fail to adapt to the intent ex-
pressed in the query. By contrast, our NSW-based approach balances relevance and diversity in a
query-dependent manner. For example, in apparel search, if the query is “blue shirt,” then a con-
straint on the color attribute ‘blue’ (i.e., when ¢ stands for ‘blue’) would limit the relevance by
excluding valid vectors. NSW, however, for the “blue shirt” query, is free to select all the k vectors
with attribute ‘blue’ upholding relevance; see Figure 1 for supporting empirical results. Simultane-
ously, if the query is just “shirts,” then NSW criterion is inclined to select vectors with different color
attributes. These features of NSW are further substantiated quantitatively by the stylized instances
given in Examples 1 and 2 (Appendix B)

The following instantiation highlights the applicability of our model: In an advertising context with c
sellers, each selected ad v € S of a seller £ € [c] contributes to £’s exposure (utility) u.
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Figure 1: Neighbor search results (k¢ = 9) on the Amazon dataset. From left: First and Second images -
ANN and Nash-based results for query “shirts”, respectively. Third and Fourth images - ANN and Nash-
based results for query “blue shirt”, respectively. Note that the Nash-based method selects diverse colors for
the query “shirts” but conforms to the blue color for the query “blue shirt”.

Our welfarist formulation extends further to control the trade-off between relevance and diversity.
Specifically, we also consider p-mean welfare. Formally, for exponent parameter p € (—oo, 1], the

pth mean M, (-), of c utilities uy, ..., u. € Ry, is defined as M (uy,...,uc) = (L 37, u’j)l/p.
The p-mean welfare, M, (-), captures a range of objectives with different values of p: it corresponds
to the utilitarian welfare (arithmetic mean) when p = 1, the NSW (geometric mean) with p — 0,
and the egalitarian welfare when p — —oo. Notably, setting p =1, we get back the standard nearest
neighbor objective (relinquishing diversity). At the other extreme, p — —oo aims to find as attribute-
diverse a set of k vectors as possible (while paying scarce attention to relevance).

We study, both theoretically and experimentally, two diversity settings: (i) single-attribute and (ii)
multi-attribute. In the single-attribute setting, each input vector v € P is associated with exactly
one attribute £ € [c].> In the more general multi-attribute setting, each input vector v € P can have
more than one attribute.

The constraint-based formulation for diversity considered in Anand et al. (2025) primarily addresses
single-attribute setting. In fact, generalizing such constraints to the multi-attributes leads to a for-
mulation wherein it is NP-hard even to determine whether there exist k vectors that satisfy the
constraints.* The NSW formulation does not run into such a barrier.

Our Contributions

e The NSW formulation for diversity, in both single-attribute and multi-attribute settings, is a key
contribution of the work (Definition 1). Another contribution is the generalization to p-mean welfare.

e We also develop efficient algorithms, with provable guarantees, for the NSW and p-mean welfare
formulations. For the single-attribute setting, we develop an efficient greedy algorithm for finding &k
vectors that optimize NSW among the c attributes (Theorem 1). In addition, this algorithm can be
provably combined with any sublinear ANN method (as a subroutine) to find near-optimal solutions
for the Nash objective in sublinear time (Corollary 2).

o For the multi-attribute setting, we show that the NSW problem is NP-hard (Theorem 3). Also, we
develop a polynomial-time 0.63-approximation algorithm for the logarithm of NSW (Theorem 4).

e We complement our theoretical results with experiments on both real-world and semi-synthetic
datasets. These experiments demonstrate that the NSW objective effectively captures the trade-off
between diversity and relevance in a query-dependent manner. We further analyze the behavior of
the p-mean welfare objective across different values of p € (—o0, 1], observing that it interpolates
smoothly between prioritizing for diversity, when p is small, and focusing on relevance, when p
is large. Finally, we benchmark the solution quality and running times of various algorithms for
solving the NSW and p-mean formulations proposed in this work.

2 PROBLEM FORMULATION AND MAIN RESULTS

We are interested in neighbor search algorithms that not only achieve a high relevance, but also find
a diverse set of vectors for each query. To quantify diversity we work with a model wherein each

3For instance, in the display-advertisement setup, each advertisement v belongs to exactly one seller £.
“That is, it would be computationally hard to find any size-k constraint-feasible subset S, let alone an
optimal one. This hardness result follows via a reduction from the Maximum Independent Set problem.
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input vector v € P is assigned one or more attributes from the set [¢] = {1,2,..., c}. In particular,
we write atb(v) C [c] to denote the attributes assigned to vector v € P. Also, let D; C P denote
the subset of vectors that are assigned attribute ¢ € [c], i.e., Dy := {v € P | £ € atb(v)}.

2.1 OUR RESULTS

An insight of this work is to equate these c attributes with ¢ distinct agents. Here, the output of a
neighbor search algorithm—i.e., the selected subset S C P—induces utility among these agents.
With this perspective, we define the Nash Nearest Neighbor Search problem (NaNNS) below. This
novel formulation for diversity is a key contribution of this work. For any query ¢ € R¢ and subset
S C P, we define utility ue(S) = >, csnp, o(¢,v), foreach £ € [c]. That s, uy(S) is equal to the
cumulative similarity between ¢ and the vectors in S that belong to D,. Equivalently, u,(.S) is the
cumulative similarity of the vectors in S that have attribute £.>

We employ Nash social welfare to identify size-k subsets .S that are both relevant (with respect to
similarity) and support diversity among the c attribute classes. The Nash social welfare among c
agents is defined as the geometric mean of the agents’ utilities. Specifically, in the above-mentioned
utility model and with a smoothening parameter > 0, the Nash social welfare (NSW) induced
by any subset S C P among the c attributes is defined as NSW(S) == ([Tj_; (we(S) + n))*/°.
Throughout, > 0 will be a fixed smoothing constant that ensures that NSW remains nonzero.

Definition 1 (NaNNS). Nash nearest neighbor search (NaNNS) corresponds to the optimization
problem: arg maxgc p,|g|=r NSW(S5), or, equivalently,

argmax log NSW(S) (D
SCP:|S|=k

Here, we have log NSW(S) = 1 > tefe log(ue(S) +n).

To further appreciate the welfarist approach, note that one recovers the standard nearest neigh-
bor problem, NNS, in the single-attribute setting, if—instead of the geometric mean—we
maximize the arithmetic mean. That is, maximizing the utilitarian social welfare gives us
maxgscp:|S|=k % 25:1 up(S) = maxgcp:|S|=k %Zves o(q,v).

As stated in the introduction, depending on the query and the problem instance, solutions obtained
via NaNNS can adjust between the ones obtained through standard NNS and those obtained via hard
constraints. This feature is illustrated in the stylized examples 1 and 2 stated in Appendix B.

With the above-mentioned utility model for the c attributes, we also identify an extended formu-
lation based on generalized p-means. Specifically, for exponent parameter p € (—oo, 1], the pth
mean M,(-), of ¢ nonnegative numbers w1, wo, ..., w. € Ry, is defined as My (w1, ..., we) =

1 . . .
(% Dy wf) /P Note that M (wy, ..., w.) is the arithmetic mean % > y_; we. Here, when p — 0,

. . . , 1/c
we obtain the geometric mean (Nash social welfare): Mo (w1, ..., w.) = ([T;—; we) e, Further,
p — —oo gives us egalitarian welfare, M_ (w1, ..., wr) = minj<s<. We.

Hence, generalizing both NNS and NaNNS, we have the p-mean nearest neighbor search (p-NNS)
problem defined, for exponent parameters p € (—oo, 1], as follows:

scmax M, (ur(S),..., uc(S))

Diversity in Single- and Multi-Attribute Settings. The current work addresses two diversity set-
tings: the single-attribute setup and, the more general, the multi-attribute one. The single-attribute
setting refers to case wherein |atb(v)| = 1 for each input vector v € P and, hence, the attribute
classes Dys are pairwise disjoint. In the more general multi-attribute setting, we have |atb(v)| > 1;
here, the sets D,-s intersect.® Notably, the NaNNS seamlessly applies to both these settings.

>Note that in the above-mentioned display-advertising example, wu,(-) is the cumulative similarity between
the (search) query and the selected advertisements that are from seller £.

SFor a motivating instantiation for multi-attributes, note that, in the apparel-search context, it is possible for
a product (input vector) v to have multiple attributes based on v’s seller and its color(s).
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Algorithmic Results for Single-Attribute NaNNS and p-NNS. In addition to introducing the
NaNNS and p-NNS formulations for capturing diversity, we develop algorithmic results for these
problems, thereby demonstrating the practicality of our approach in neighbor search. In particular,
in the single-attribute setting, we show that both NaNNS and p-NNS admit efficient algorithms.

Theorem 1. In the single-attribute setting, given any query q € R?% and an (exact) oracle ENN
for k most similar vectors from any set, Algorithm I (Nash—ANN) returns an optimal solution for
NaNNS, i.e., it returns a size-k subset ALG C P that satisfies ALG € arg maxgc p, s|= NSW(S).
Furthermore, the algorithm runs in time O(kc) + >_,_, ENN(Dy, q), where ENN(Dy, q) is the time
required by the exact oracle to find k most similar vectors to q in D,.

Further, to establish the practicality of our formulations, we present an approximate algorithm for
NaNNS that leverages any standard ANN algorithm as an oracle (subroutine), i.e., works with any
a-approximate ANN oracle (o € (0, 1)) which returns a subset S containing k vectors satisfying
o(q,v4)) > ao(q, UE*Z.)), for all i € [k], where v(;) and v(;) are the i-th most similar vectors to ¢ in
S and P, respectively. Formally,

Corollary 2. In the single-attribute setting, given any query ¢ € R and an a-approximate
oracle ANN for k most similar vectors from any set, Algorithm 1 (Nash—ANN) returns an «-
approximate solution for NaNNS, i.e., it returns a size-k subset ALG C P with NSW(ALG) >
amaxgcp; |sj=k NSW(S).  The algorithm runs in time O(kc) + > ;_, ANN(Dy,q), with
ANN(Dy, q) denoting the time required by the oracle to find k similar vectors to q in Dj.

Furthermore, both Theorem 1 and Corollary 2 generalize to p-NNS problem with slight modification
in Algorithm 1. Specifically, there exists exact, efficient algorithm (Algorithm 3) for the p-NNS
problem (Theorem 11 and Corollary 12). Due to space constraints, the algorithm and the analysis
for p-NNS are deferred to Appendix E.

Algorithmic Results for Multi-Attribute NaNNS. Next, we address the multi-attribute setting.
While the optimization problem (1) in the single attribute setting can be solved efficiently, the prob-
lem is NP-Hard in the the multi-attribute setup (see Appendix C for the proof).

Theorem 3. In the multi-attribute setting, with parameter n = 1, NaNNS is NP-hard.

Complementing this hardness result, we show that, considering the logarithm of the objective,
NaNNS in the multi-attribute setting admits a polynomial-time (1 — %)-approximation algorithm.
This result in established in Appendix D.

Theorem 4. In the multi-attribute setting, there exists a polynomial-time algorithm (Algorithm 2)
that, given any query q € RY, finds a size-k subset ALG C P with log NSW(ALG) >
(1 — é) log NSW(OPT); here, OPT denotes an optimal solution of (1).

Experimental Validation of our Formulation and Algorithms. We complement our theoretical
results with several experiments on real-world datasets. Our findings highlight that the Nash-based
formulation strikes a balance between diversity and relevance.

3 ALGORITHM FOR NANNS

This section provides our exact, efficient algorithm (Algorithm 1) for NaNNS in the single-attribute
setting. The algorithm has two parts: a preprocessing step and a greedy, iterative selection.

Recall that in the single-attribute setting, the input vectors P are partitioned into subsets D1, ..., D,
where D, denotes the subset of input vectors with attribute ¢ € [¢]. In the preprocessing step, for
each attribute ¢ € [c|, we populate k vectors from within D, that are most similar to the given
query ¢ € R9. Such a size-k subset, for each ¢ € [c], can be obtained by executing any nearest
neighbor search algorithm within D, and with respect to query q. Alternatively, we can execute any
standard ANN algorithm as a subroutine and find sufficiently good approximations for the k nearest
neighbors (of q) within each D,.

Write ﬁg C Dy to denote the k—exact or approximate—nearest neighbors of ¢ € R%in D,. We note
that our algorithm is robust to the choice of the search algorithm (subroutine) used for finding Ds:
If Dys are exact nearest neighbors, then Algorithm 1 optimally solves NaNNS in the single-attribute



Published as a conference paper at ICLR 2026

Algorithm 1 Nash—-ANN: Algorithm for NaNNS in the single-attribute setting

Require: Query g € R and, for each attribute ¢ € [], the set of input vectors D, C R?,

For each ¢ € [c], fetch ﬁg, the % (exact or approximate) nearest neighbors of g € R? from D,.
For every ¢ € [c] and each index i € [k, let Ué) denote the ith most similar vector to g in Dj.
Initialize subset ALG = (), along with count k; = 0 and utility wy = 0, for each £ € [c].

while |ALG| < k do

Let a = arg max (log (we +n+ o(q, vfkﬁl))) — log(we + n)) {Ties broken arbitrarily. }
Le(c]

RS A

&

Update ALG < ALGU {U?ka-H) } along with w, < w, + (g, v?ka+1)) and ko, + k, + 1.
7: Return ALG.

setting (Theorem 1). Otherwise, if ﬁgS are obtained via an ANN algorithm with approximation
guarantee o € (0, 1), then Algorithm 1 achieves an approximation ratio of « (Corollary 2).

The algorithm then considers the vectors with each D, in decreasing order of their similarity with q.
Conlfining to this order, the algorithm populates the £ desired vectors iteratively. In each iteration,
the algorithm greedily selects a new vector based on the marginal increase in log NSW(+); see
Lines 5-6 in Algorithm 1. Theorem 1 and Corollary 2 provide our main results for Algorithm 1;
Proof of Theorem 1 is presented below while the proof of Corollary 2 is deferred to Appendix A.1.

Proof of Theorem 1. The runtime of Algorithm 1 can be established by noting that Line 1 requires

> y—1 ENN(Dy, ¢) time to populate the subsets Dys, and the while-loop (Lines 4-6) iterates k times
and each iteration (specifically, Line 5) runs in O(c) time. Hence, as stated, the time complexity of
the algorithm is O(kc) + >_;_, ENN(Dy, q).

Next, we prove the optimality of the returned set ALG. Let OPT € arg maxgc p,|sj—r NSW(S) be
an optimal solution with attribute counts |OPT N Dy| as close to |ALG N Dy| as possible. That is,
among the optimal solutions, it is one that minimizes »_,_, |k; — ke|, where k} = |OPT N Dy| and
k¢ = |ALG N Dy|, for each ¢ € [c]. We will prove that OPT satisfies k; = k; for each ¢ € [¢]. This
guarantee along with Lemma 6 imply that, as desired, ALG is a Nash optimal solution.

Assume, towards a contradiction, that kj # k, for some ¢ € [c]. Since |OPT| = |ALG| = k,
there exist attributes =,y € [c] with the property that k} < k, and k; > k,. For a given attribute
¢ € |c], define the logarithm of cumulative similarity upto the 7™ most similar vector as Fy(i) =
log (Z;zl o(q, vfj)) + 1), where vfj) is defined in Line 2 of Algorithm 1.

Next, note that for any attribute ¢ € [¢], if Algorithm 1, at any point during its execution, has included
kj vectors of attribute £ in ALG, then at that point the maintained utility w, = Z§i1 o(q, vfj)).

Hence, at the beginning of any iteration of the algorithm, if the kj denotes the number of selected
vectors of each attribute ¢ € [c], then the marginals considered in Line 5 are Fy (kj + 1) — Fy (k).
These observations and the selection criterion in Line 5 of the algorithm give us the following in-
equality for the counts k; = |[ALG N D,| and k, = |ALG N D, of the returned solution ALG:

Fx(kz)_Fx(km_l) ZFy(ky"‘l)_Fy(ky) 2)

Specifically, equation (2) follows by considering the iteration in which k' (last) vector of attribute
x was selected by the algorithm. Before that iteration the algorithm had selected (k, — 1) vectors of
attribute x, and let k?’J denote the number of vectors with attribute g that have been selected till that
point. Note that k‘?’J < ky. The fact that the k' vector was (greedily) selected in Line 5, instead of
including an additional vector of attribute y, gives Fy,(ky) — Fyp(ky — 1) > Fy(ky + 1) — F (k) >
Fy(ky + 1) — Fy(ky); here, the last inequality follows from Lemma 5. Therefore we have,

@) (i) (iii)
Fokl + 1) = Fa(kl) > Fulks) = Falke — 1) 2 Fy(ky + 1) = Fy(ky) > F,(ky) = Fy,(k; — 1) (3)

Here, inequality (i) follows from &} < k, and Lemma 5, inequality (ii), from equation 2, and
inequality (iii), from &}, > k, and Lemma 5.
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Next, observe that the definition of ﬁg ensures that vfi) is in fact the ™ most similar (to ¢) vector

among the ones that have attribute /, i.e., ™ most similar in all of Dy. Since OPT is an optimal

solution, the k; = |OPT N D,| vectors of attribute ¢ in OPT are the most similar k; vectors from

D,. Thatis, OPTN D, = {vfl), e ,'Ufk*)}, for each ¢ € [c]. This observation and the definition
4

of Fy(-) imply that the logarithm of OPT’s NSW satisfies log NSW(OPT) = 1 37/ | Fy(k}). Now,

consider a subset of vectors .S obtained from OPT by including vector vZ’k* +1) and removing vé’k*),
x Y

ie. s = (0rru{vh. ) })\ ol - Note that
1 * * 1 * *
log NSW(S) — log NSW (OpT) = - (F(kz +1) - Fz(kzm)) += (Fy(ky —1) - Fy(k:y)) >0,
where the last inequality is via eqn. (3). Hence, we have shown that NSW(S) > NSW(OPT). Given
that OPT is a Nash optimal solution, the last inequality must hold with an equality, NSW(S) =
NSW(OPT), i.e., S is an optimal solution as well. This, however, contradicts the choice of OPT as

an optimal solution that minimizes »_,_, |k} — k|; note that > ;,_, ‘E@ - kg‘ < Yooy [k — ke

where ky = |S N Dyl

[l

Therefore, by way of contradiction, we obtain that |OPT N Dy| = |ALG N Dy| for each £ € [c].
As mentioned previously, this guarantee along with Lemma 6 imply that ALG is a Nash optimal
solution. This completes the proof of the theorem. O

4 EXPERIMENTAL EVALUATIONS

In this section, we validate the welfare-based formulations and the performance of our proposed
algorithms against existing methods on a variety of real and semi-synthetic datasets. We perform
three different kinds of experiments. In the first set of experiments (Figure 2, Top row), we compare
Nash-ANN (Algorithm 1) with prior work on hard-constraint based diversity (Anand et al., 2025).
Here, we show that Nash—ANN strikes a balance between relevance and diversity both in the single-
and multi-attribute settings. In the second set of experiments (Figure 2, Bottom row), we study the
effect of varying the exponent parameter p in the p-NNS objective on relevance and diversity, in
both single- and multi-attribute settings. In the final set of experiments, we compare our algorithm,
Nash—-ANN (with provable guarantees), and a heuristic that improves the runtime of Nash—-ANN.
The heuristic directly utilizes a standard ANN algorithm to fetch a sufficiently large candidate set of
vectors (irrespective of their attributes). Then, it applies the Nash (or p-mean) selection only within
this set. Due to space constraints, we defer the details of the third set of experiments to Appendix
F.5. Additional plots for the first two experiments appear in Appendices F.3 and F.4.

Below, we outline the metrics, experimental setup, datasets, and algorithms used in our experiments.

Relevance and Diversity Metrics. To quantify relevance of an algorithm we consider the ratio of
the sum of the similarity scores. Formally, for a query ¢, if A is the set of neighbors returned by
an algorithm and O is the set of k nearest neighbors, then the approximation ratio achieved by the
algorithm is given by the ratio (3°,c40(v,q)) / (X ,c0 (v, q)). Hence, this ratio lies in [0, 1],
and a higher approximation ratio indicates a more relevant solution. We also report results in terms
of recall, which is another metric for relevance; see Appendix F.1 for further details.

To quantify diversity, we use entropy that measures how uniformly an algorithm distributes its se-

lected vectors across the attributes. Entropy of a size-k subset S C P in the single-attribute setting

is given by the quantity ZZE[ cJipe>0 P log(pe) where py = ISFSJ‘D“. Note that a higher entropy

value indicates greater diversity. Moreover, it is not hard to see that the highest possible value of
entropy is log(k) (achieved when S contains at most 1 vector from each attribute). A higher value
of entropy indicates more attribute-level diversity in the algorithm’s output. We also experimentally
validate the findings under other diversity metrics, namely the inverse Simpson index and distinct
attribute counts; see Appendix F.1.

Note that the diversity metrics defined above are for the single-attribute setting. In the multi-attribute
setting, in our experiments, we focus on settings where the attribute set [] is partitioned into m sets
{Ci}, (e, [¢] = U™, C;) and every input vector v € P is associated with exactly one attribute

from each C;. In particular, |atb(v)| = m and |atb(v) N C;| = 1 foreach 1 < i < m. We call each
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Table 1: Summary of considered datasets. For synthetic attributes, we use two strategies: clustering-
based (suffixed by C1lus) and distribution-based (suffixed by Prob), see Appendix F.2 for details.

Dataset | # Input Vectors | # Query Vectors | Dimension Attributes
Amazon 92,092 8,956 768 product color
ArXiv 200, 000 50,000 1536 year, paper category
Siftlm 1,000, 000 10,000 128 synthetic
Deeplb 9,990, 000 10,000 96 synthetic

C; an attribute class. To measure diversity in the multi-attribute setting, we consider the aforemen-
tioned diversity metrics like entropy and inverse Simpson index restricted to an attribute class C;. For
instance, the entropy a set S C P restricted to a particular C; is given by Zéecilp2>0 —pelog(pe),
where p; = 150D,
K]

Experimental Setup and Datasets. We report results on both semi-synthetic and real-world
datasets consistent with prior works (Anand et al., 2025) and are summarized in Table 1 and de-
tailed in Appendix F.2.

Algorithms. Next, we describe the algorithms we executed.

1. ANN: This is the standard ANN algorithm that aims to maximize the similarity of the retrieved
vectors to the given query without any diversity considerations. In our experiments, we use the graph
based Disk ANN method of Subramanya et al. (2019) as the standard ANN algorithm. We instantiate
DiskANN with candidate list size L = 2000 and the maximum graph degree as 128.7 Here, we also
set the pruning factor at 1.3, consistent with the existing recommendation in Anand et al. (2025).

2. Div—-ANN: This refers to the algorithm of Anand et al. (2025) that solves the hard- constraint-
based formulation for diversity in the single-attribute setting. Recall that Anand et al. (2025) aims
to maximize the similarity of the retrieved vectors to the given query subject to the constraint that
no more than &’ vectors in the retrieved set should have the same attribute. Note that the smaller the
value of &/, the more diverse the retrieved set of vectors. Moreover, k" has to be provided as an input
to this algorithm. In our experiments, we set k' € {1,2,5} when k = 10, and k¥’ € {1,2,5,10}
when k& = 50.

3. Nash—ANN and p—mean—ANN: Nash-ANN refers to Algorithm 1 and p—mean—-ANN refers to
Algorithm 3 (stated in Appendix E). Recall that Algorithm 1 and Algorithm 3 optimally solve the
NaNNS and the p-NNS problems, respectively, in the single-attribute setting given access to an
exact nearest neighbor search oracle (Theorems 1 and 11). Further note that the p-mean welfare
function, M, (-), reduces to the Nash social welfare (geometric mean) when the exponent parameter
p — 0. For readability and at required places, we will write p = 0 to denote Nash—ANN. We
conduct experiments with varying values of p € {—10,—1,-0.5,0,0.5,1}.

4. Multi Nash-ANN and Multi Div-ANN: In the multi-attribute setting, there are no prior
methods to address diversity. Hence, for comparisons, we first fetch L = 10000 candidate vectors
from P for each query ¢, using the standard ANN method, and then apply the following algorithms
on the candidate vectors: (i) our algorithm for the NaNNS problem in the multi-attribute setting (Al-
gorithm 2), which we term as Multi Nash-ANN, and (ii) an adaptation of the algorithm of Anand
et al. (2025), referred hereon as Multi Div—ANN, which greedily selects the most similar vectors
to the query subject to the constraint that there are no more than k&’ vectors from each attribute.® We
compare Multi Nash-ANN (p = 0) against Multi Div-ANN under different choices of k'.

5.Multi p-mean-ANN: In the multi-attribute setting, we also implement an analogue of Multi
Nash-ANN that (in lieu of NSW) focuses on the p-mean welfare, M,,. The objective in these
experiments is to understand the impact of varying the parameter p and the resulting tradeoff between
relevance and diversity. Here, for each given query, we first fetch a set of L = 10000 candidate
vectors using ANN. Then, we populate a set of k£ vectors by executing a marginal-gains greedy

"Both these choices are sufficiently larger than standard values, L = 200 and maximum graph degree 64.
8Note that one vector can have multiple attributes, hence contributing to the constraint of multiple attributes.
Therefore, the issue of identifying an appropriate &’ is exacerbated on moving to the multi-attribute setting.
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Figure 2: Top Row: Columns 1 and 2 - Comparison of approximation ratio versus entropy trade-offs be-
tween Nash—ANN, and Div-ANN with varying k', for k = 50 on Amazon and Deeplb-(Clus) datasets
in the single-attribute setting. Columns 3 and 4 - Comparison of approximation ratio versus entropy trade-
offs (across attribute classes C and C2) between Multi Nash-ANN, and Multi Div-ANN with varying
k' on Siftlm—(Clus) dataset with k¥ = 50 in the multi-attribute setting. . Bottom Row: Columns 1
and 2 - Approximation ratio versus entropy trade-offs for p-mean-ANN at various p values, for £ = 50 on
Amazon and Deeplb-(Clus) datasets in the single-attribute setting. Columns 3 and 4 - Approximation
ratio versus entropy trade-offs (across attribute classes C; and C3) for Multi p-mean-ANN with varying p
on Siftlm—(Clus) dataset with k=50 in the multi-attribute setting.

method over the L candidate vectors. In particular, we iterate k times, and in each iteration, select
a new candidate vector that: (i) for p € (0, 1], yields the maximum increase in M(-), or (ii) for
p < 0, leads to the maximum decrease in Mp(-)p.

4.1 RESULTS: BALANCING RELEVANCE AND DIVERSITY

Single-attribute setting. We first compare, in the single-attribute setting, the performance of our
algorithm, Nash—ANN, with ANN and Div—-ANN (with different values of k). The results for the
Amazon and Deeplb—(Clus) datasets with & = 50 are shown in Figure 2 (top row, columns
one and two). Here, ANN finds the most relevant set of neighbors (approximation ratio close to 1),
albeit with the lowest entropy (diversity). Moreover, as can be seen in the plots, the most diverse
(highest entropy) solution is obtained when we set, in Div—ANN, k' = 1; this restricts each ¢ €
[c] to contribute at most one vector in the output of Div—ANN. Also, note that one can increase
the approximation ratio (i.e., increase relevance) of Div—ANN while incurring a loss in entropy
(diversity), by increasing the value of the constraint parameter &’. However, selecting a ‘right’ value
for k' is non-obvious, since this choice needs to be tailored to the dataset and, even within it, to
queries (recall “blue shirt” query in Figure 1).

By contrast, Nash—ANN does not require such ad hoc adjustments and, by design, finds a balance
between relevance and diversity. Indeed, as can be seen in Figure 2 (top row), Nash—ANN main-
tains an approximation ratio close to 1 while achieving diversity similar to Div—ANN with ¥’ = 1.
Moreover, Nash—ANN Pareto dominates Div—ANN with k¥’ = 2 for Amazon dataset and k' = 5
for Deeplb—(Clus) dataset on the fronts of approximation ratio and entropy. The results for other
datasets and metrics follow similar trends and are given in Appendix F.3.

Multi-attribute setting. In the multi-attribute setting, we report results for Multi Nash-ANN
and Multi Div-ANN onthe Siftlm—-(Clus) dataset (Figure 2, Top row—columns 3 and 4) for
k = 50 and ¢ = 80. These eighty attributes are partitioned into four sets, {C;}%_,, with each
set of size |C;| = 20, i.e., [c] = U{_,C;. Further, each input vector v is associated with four at-
tributes (|atb(v)| = 4), one from each C;; see Appendix F.2 for further details. Here, to quantify
diversity, we separately consider for each i € [4], the entropy across attributes within a C;. In Fig-
ure 2 (Top row—columns 3 and 4), we compare the approximation ratio versus entropy trade-offs
of Multi Nash-ANN against Multi Div—ANN with varying k’. Here we show the results for
attribute classes C; (column 1) and C5 (column 2) whereas the results for C'3 and Cy are given in
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Figure 35. We observe that Multi Nash—-ANN maintains a high approximation ratio (relevance)
while simultaneously achieving significantly higher entropy (higher diversity) than ANN. By con-
trast, in the constraint-based method Multi Div—ANN, low values of &’ lead to a notable drop
in the approximation ratio, whereas increasing &’ reduces entropy. For example, for k&’ below 15,
one obtains approximation ratio less than 0.8, and to reach an approximation ratio comparable to
Multi Nash-ANN, one needs &k’ as high as 30. Additional results for the ArXiv dataset in the
multi-attribute setting are provided in Appendix F.4, and they exhibit trends similar to the ones in
Figure 2. These findings demonstrate that Multi Nash-ANN achieves a balance between rele-
vance and diversity. In summary

Across datasets, and in both single- and multi-attribute settings, the Nash formulation consis-
tently improves entropy (diversity) over ANN, while maintaining an approximation ratio (rele-
vance) of roughly above 0.9. By contrast, the hard-constrained formulation is highly sensitive
to the choice of the quota parameter k', and in some cases incurs a substantial drop in approx-
imation ratio (even lower than 0.2).

Results for p-NNS. We experiment with p € {—10,—1,—0.5,0,0.5, 1} in both single- and multi-
attribute settings and show that a trade-off between relevance (approximation ratio) and diversity
(entropy) can be achieved by varying p. For the single-attribute setting, Figure 2 (Bottom row—
columns 1 and 2), and for the multi-attribute setting, Figure 2 (Bottom row—columns 3 and 4) capture
this feature on Siftlm-(Clus) dataset with & = 50: For lower values of p, we have higher
entropy but lower approximation ratio, while p = 1 matches ANN. For the multi-attribute setting,
we show results for attribute classes C; (column 3) and C5 (column 4) in Figure 2 bottom row,
whereas the results for C's and C, are shown in Figure 35. Note that in the multi-attribute setting,
Multi p-mean-ANN with p = —10 Pareto dominates Multi Div-ANN with &’ = 1 in terms
of approximation ratio and entropy. Moreover, analogous results are obtained for other datasets and
metrics; see Appendix F.3 and F.4.

5 CONCLUSION

In this work, we formulated diversity in neighbor search with a welfarist perspective, using Nash
social welfare (NSW) and p-mean welfare as objectives. Our NSW formulation balances diversity
and relevance in a query-dependent manner, satisfies several desirable axiomatic properties, and
is naturally applicable in both single-attribute and multi-attribute settings. With these properties,
our formulation overcomes key limitations of the prior hard-constrained approach (Anand et al.,
2025). Furthermore, the more general p-mean welfare interpolates between complete relevance
(p = 1) and complete diversity (p = —o0), offering practitioners a tunable parameter for real-
world needs. Our formulations also admit provable and practical algorithms suited for low-latency
scenarios. Experiments on real-world and semi-synthetic datasets validate their effectiveness in
balancing diversity and relevance against existing baselines.

An important direction for future work is the design of sublinear-time approximation algorithms, in
both single- and multi-attribute settings, that directly optimize our welfare objectives as part of ANN
algorithms, thereby further improving efficiency. Another promising avenue is to extend welfare-
based diversity objectives to settings without explicit attributes.
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