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ABSTRACT

Recent research shows that modern deep learning models achieve high predictive
accuracy partly by memorizing individual training samples. Such memorization
raises serious privacy concerns, motivating the widespread adoption of differen-
tially private training algorithms such as DP-SGD. However, a growing body of
empirical work shows that DP-SGD often leads to suboptimal generalization per-
formance, particularly on long-tailed data that contain a large number of rare or
atypical samples. Despite these observations, a theoretical understanding of this
phenomenon remains largely unexplored, and existing differential privacy analysis
are difficult to extend to the nonconvex and nonsmooth neural networks commonly
used in practice. In this work, we develop the first theoretical framework for ana-
lyzing DP-SGD on long-tailed data from a feature learning perspective. We show
that the test error of DP-SGD-trained models on the long-tailed subpopulation is
significantly larger than the overall test error over the entire dataset. Our analysis
further characterizes the training dynamics of DP-SGD, demonstrating how gra-
dient clipping and noise injection jointly adversely affect the model’s ability to
memorize informative but underrepresented samples. Finally, we validate our the-
oretical findings through extensive experiments on both synthetic and real-world
datasets.

1 INTRODUCTION

Memorization, in the classical statistical regime, is traditionally viewed as a hindrance to general-
ization, typically mitigated through explicit regularization (Ruppert,|2004). However, modern deep
learning models are often trained in highly overparameterized regimes, where empirical evidence
shows that models can perfectly interpolate the training data while still generalizing well (Zhang
et al.l [2019; Bartlett et al., 2020; (Cao et al., 2022} Kou et al., |2023). Moreover, incorporating
atypical, long-tailed data during training has been shown to be crucial for attaining high predictive
accuracy (Carlini et al.| 2019a} [Feldman, [2020).

However, this propensity for memorization raises significant privacy concerns, especially in sensitive
domains such as finance (Lundervold & Lundervold, [2019;|Chlap et al., 2021}, healthcare (Ozbayo-
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glu et al., |2020; Bi & Lian, 2024), and user-centric applications (Oroojlooy & Hajinezhad, [2023).
Models that memorize specific training samples are vulnerable to privacy attacks, including mem-
bership inference and data extraction (Shokri et al., 2017; |Yeom et al.,|2018}; |Carlini et al., [2019b).
To mitigate these risks, Differential Privacy (DP) (Dwork et al.| | 2006), particularly through the lens
of DP-SGD |Abadi et al.| (2016), has become the de facto standard for providing formal privacy
guarantees by limiting the influence of individual samples. While DP compromises model general-
ization, this degradation is particularly acute on long-tailed data. Recent empirical findings suggest
that DP particularly hinders the recognition of atypical and underrepresented sub-populations at test
time (Carlini et al., 2019a). This phenomenon manifests as a non-uniform utility drop that exacer-
bates performance gaps for disadvantaged and data-complex groups (Bagdasaryan et al., 2019).

Despite these empirical observations, a rigorous theoretical understanding of how DP-SGD influ-
ences memorization remains an open challenge. Prior research on DP has been largely confined
to deriving utility bounds, often overlooking the underlying training dynamics. Furthermore, these
analyses frequently hinge on assumptions of convexity and smoothness, which fail to character-
ize the non-convex, non-smooth, and high-dimensional nature of modern large-scale neural net-
works (Dwork et al.| [2006; (Chaudhuri et al., [2011}; [Bassily et al., 2014; Wang & Xu, [2019} Bassily
et al.} 2019; |Feldman et al.,2020). Recently, Ding et al.| (2025) leveraged a feature learning perspec-
tive to analyze the significance of feature augmentation in the context of DP. Meanwhile,|Xu & Chen
investigated the disparate impact, adversarial robustness, and private fine-tuning under DP-SGD by
leveraging a unified framework based on two-layer ReLU CNNs. However, neither study explicitly
addresses the impact of Differential Privacy on the memorization of long-tailed data.

To fill this gap, we approach the problem from a feature learning perspective, focusing on how neu-
ral networks dynamically extract task-relevant signals versus task-irrelevant components, and how
such learning dynamics ultimately govern the model’s generalization performance (Allen-Zhu & Li}
2020520225 |Cao et al.| 2022; [Kou et al.,2023). While feature learning has been studied extensively
in recent years, it has seldom addressed the unique confluence of gradient clipping, noise injec-
tion, and long-tailed data distributions. To this end, we first formulate a multi-class classification
task using a ReLLU-activated CNN optimized via standard DP-SGD. Furthermore, motivated by Xu
& Chen| (2025), we define a class-dependent noise, which allows us to rigorously characterize the
memorization of implicit, class-specific information during the training process.

‘We conclude our contributions as follows:

* A Novel Theoretical Framework for DP-SGD on Long-tailed Data. To the best of our
knowledge, we are the first to establish a theoretical feature learning framework specifi-
cally for analyzing DP-SGD on long-tailed data. Leveraging a multi-patch data structure,
we rigorously characterize the update dynamics of two-layer CNNs during the DP-SGD
training process.

* Theoretical Insights into Training Dynamics and Generalization. We derive formal ex-
pressions for the training dynamics and test error under DP-SGD, providing a comparative
analysis between full-set and long-tailed data distributions. By deconstructing the specific
impacts of gradient clipping and noise injection, we demonstrate that DP-SGD significantly
suppresses the memorization of implicit class-specific features, which fundamentally leads
to degraded generalization performance on long-tailed data.

* Empirical Validation on Synthetic and Real-world Data. We validate our theoretical
findings using two-layer CNNs and LeNet architectures on synthetic data, MNIST, and
CIFAR-10. Our experiments verify the predicted training dynamics of DP-SGD regarding
the memorization process and confirm its impact on the test error for both full data and
long-tailed data distributions.

2 RELATED WORK

Empirical and Theoretical Studies of Memorization. Several empirical research has explored
the phenomenon of memorization in neural networks. [Feldman| (2020) argues that memorizing
labels—including those of outliers and noisy samples—is indispensable for attaining near-optimal
generalization error. Furthermore, |Carlini et al.| (2019a) demonstrates that models must memorize
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anomalous samples to achieve high confidence during training. Despite these profound empirical
insights, a rigorous theoretical foundation for such phenomena remains relatively elusive.

Recently, several theoretical studies have attempted to model memorization through the lens of fea-
ture learning, typically bifurcating overfitting into “benign” signal learning and “harmful” noise
memorization (Cao et al., 2022; Kou et al., [2023). However, these frameworks predominantly char-
acterize memorization as a detrimental process. This perspective stands in stark contrast to the
aforementioned empirical findings, which suggest that memorization is not merely a byproduct of
training but can actually be beneficial for achieving high-precision generalization performance (Car-
lin1 et al., 2019a).

Theory on Differentially Private Learning. Extensive work has focused on differential privacy,
including classical results for private empirical risk minimization(Chaudhuri et al., [2011; [Bassily
et al.| 2014 Wang & Xul [2019) and private stochastic convex optimization (Bassily et al. 2019
Feldman et al., [2020). These studies have been further extended to various settings, such as heavy-
tailed distributions(Wang et al.,[2020; Hu et al.,2022) and non-Euclidean spacesBassily et al.[(2021}));
Asi et al.| (2021)). However, the theoretical understanding of private deep learning remains relatively
limited, especially from the perspective of feature learning. Recently, only a few works have investi-
gated DP in two-layer ReLU neural networks. |Ding et al.|(2025) highlight the importance of feature
augmentation in DP, while Xu & Chen|theoretically establish that DP can induce disparate impacts
across different subpopulations. Nevertheless, these studies are primarily restricted to standard bi-
nary classification, where the training noise is sampled from a Gaussian distribution. In contrast, we
extend the data distribution to a multi-class setting, where the noise incorporates class-dependent
implicit patterns, and investigate the performance disparity of DP-SGD between all data and long-
tailed data.

The Fairness of Privacy. Recently, researchers have recognized that privacy-preserving mecha-
nisms can inadvertently exacerbate algorithmic bias. Bagdasaryan et al.| (2019) first demonstrated
that DP models often exhibit a “disparate impact,” where the accuracy degradation for minority
classes is significantly more pronounced than for majority classes. This phenomenon was further
investigated by Pujol et al.|(2020), who showed that DP noise can lead to inequitable resource alloca-
tion in decision-making systems. Beyond empirical observations, |(Cummings et al.|(2019) provided
theoretical evidence that even with full distributional access, DP constraints can impede the exact
achievement of fairness parity, such as the Equality of False Positives and False Negatives. Despite
these insights, a rigorous theoretical understanding of how DP affects fairness specifically within
the context of long-tailed data distributions remains largely under-explored.

3 PROBLEM SETUP

In this section,we introduce the necessary definitions and formally describe the training of two-layer
CNNss via DP-SGD under the multi-patch data distribution.

Notations. We use lowercase letters, lowercase boldface letters, and uppercase boldface letters to
denote scalars, vectors, and matrices, respectively. For two sequences {z,} and {y,}, we write
xn = O(yy) if there exist absolute constants C' > 0 and N > 0 such that |z, | < C|y,| for all
n > N. Similarly, we write z,, = Q(y,,) if y, = O(z,,). We say x,, = O(y,,) if both 2, = O(y»)
and z,, = Q(y,). Finally, we use O(-), (+), and O(-) to denote the corresponding notations with
logarithmic factors suppressed.

Definition 1 (Data Generation Model). Let ui, .., u;, € R be fixed vectors representing the signals
contained in data points, where (u;,u;) = 0 for all i,j € [K] and i # j. Then, each data point
(x,y) withx = (x(1),x?)) € R?? and y € K] is generated from the following distribution D:

1. Sample the label y following a distribution K, whose support is [K]| (K = ©(1)).

2. The noise vector § is generated as A, where each coordinate of € is i.i.d. drawn from
D¢, a symmetric o), = O(1) sub-Gaussian distribution with variance 1, and A, c Rdxd
satisfies u A, = 0, for any k € [K].

3. One of xV %) is given as u,, which represents the signal, the other is given by &, which
represents noises.



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

Given the inherent heterogeneous class-dependent structures present in real-world datasets, we fol-
low the data generation model proposed by |[Xu & Chen| (2025), where noise is modeled as class-
dependent. Since achieving generalization on long-tailed data necessitates the memorization of noise
patterns, our data generation model provides a framework to characterize such samples (formally de-
fined in Definition [T). Within this framework, a larger eigenvalue spectrum of A}, corresponds to
a higher degree of noise heterogeneity. This approach extends the feature-noise data distribution,
which traditionally assumes homogeneous data noise, a model widely adopted in feature learning
literature (Cao et al.| 2022; Kou et al., [2023)).

Two-layer CNN. We consider a two-layer CNN with ReLU activation, where the first layer com-
prises m filters (neurons) for each of the K classes, and the second-layer parameters are fixed at 1/m
as|Cao et al.|(2022); |[Kou et al.[(2023). Given an input X = (x(l)7 x(z)), the model with weights W
produces a K -dimensional output vector [F1, ..., Fx|", whose k-th component is defined as:

RW.) = L3550 (o)) "
r=1j=1

where o(z) = max{0, z} is the ReLU activation function, and wy, ,- denotes the weight vector of
the r-th filter associated with class k.

Loss function. Given a training dataset with n samples S = {(x;,y;)}?_, drawn from the dis-
tribution D, we train the neural network by minimizing the empirical risk with the cross-entropy
loss:

1 n
Ls(W)==> LW,x;,v;), 2
s(W)=— ; (W, x;,9:) )
where L(W,x,y) = —log(logit,(W,x)) and logit(-) represent the output probabilities of the

neural network:
exp(Fy (W, x))

logit (W, x) = .
B W) = SR (W, x)

3)

To ensure privacy preservation, the learned weights W must conform to the formal definition of
DP(Dwork et al., [2006):

Definition 2 ((¢, é p p)-Differential privacy.). A randomized algorithm M : Z — R is (¢,6)-DP
if, for every pair of neighboring datasets Z,Z' € Z that differ by one entry, and for any subset of
outputs S C R, the following holds: PIM(Z) € S| < eP[M(Z’) € S]+ dpp.

DP-SGD Training algorithm. DP-SGD (Abadi et al.,[2016)—which consists of gradient clipping
and noise injection—is the standard training algorithm for differentially private deep learning. We
train the neural network using DP-SGD with a learning rate 7, i.e.,

t+1) —w® _ 1 i (t) .n®
w w B ( )X:S(t) clips (VL‘(W 7x,y)) +n-n'". @)
x,Y)€E

S represents a mini-batch of size B randomly selected at iteration ¢, n*) is the noise added for
privacy protection, sampled from N'(0, 021), and clip(x) is the gradient clipping function with a

clipping threshold C on vector x: clip(x) = LI/

The initial weights of the neural network’s parameters are generated i.i.d. from a Gaussian distribu-
tion, i.e., w'") ~ N(0,031), forall j € [K],r € [m].

4 MAIN RESULTS

In this section, we present our main theoretical results. We characterize the training dynamics of
memorization under DP-SGD, and show that privacy protection induces suboptimal training loss.
Furthermore, we analyze the resulting test error on both the entire data distribution and long-tailed
data, highlighting the disparate impact of differential privacy on these regimes. We first introduce
the following conditions.
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Condition 1. Suppose there exists a sufficiently large constant ¢y and 0 < co < 1. For certain
probability parameter 6 € (0, 1), the following conditions hold:

(a) To ensure that the neurons can learn the data patterns, for any i,j € [K]|, the noise patch
distributions satisfy:

Tr(AZ-TAi) >cn maX{HAiTAjHF log(n?/§),

nY/2 max; je e {| AT A1} log!/2(n2/5) /11l }

IA] Ajllr/I[A] Ajllop > c11/log(K /),

JATAjllF > e maxg; {[|A] AgllF}.
Moreover, there exists a threshold ¢’ > 0 such that P[¢ > ¢/] > 0.4.

(b) To ensure that the learning problem is in a sufficiently over-parameterized setting, the training
dataset size n, network width m, and dimension d satisfy:

m > o1 log(n/0) max{ (Vs (A:)2/ (N (A1),

n > c¢ilog(m/§),m > Q (log(n/8) log(T)? /noi) ,

min{m, d,rank(A;)} — 0.9m > Cn,

d > ¢y log(mn/é).
(c) To ensure that DP-SGD can minimize the training loss, the learning rate n, the batch size B and
initialization o satisfy:

—1

n < (cl(C + Vdo,) (maxy, |ug 2 4+ /1.5 Tr(AZA,Q)) ,
n < mnlog(T)/ max ek {Tr(A] A;)},
B>co-n,
oo < cfln_l(ﬁ-

(st {108 Km0 g2 og(Km /)| Axlr})

where ¢ := ming, e {| A, Ak, || 7, [[ug, 13}

Similar conditions are widely made in the theoretical analysis of feature learning in neural networks
(Xu & Chenl [2025} |Cao et al., 2022} | Kou et al., [2023)). Compared to the conditions in|Xu & Chen
(2025), we impose a condition on the batch size B and relax the condition on the learning rate 7,
as the model cannot converge to an arbitrarily small term. This will be discussed in detail later in
Theorem 3

Assumption 1 (s-non-perfect model). We assume that the model is almost surely not perfect on any
test example, i.e., for some constant s > 0, L (W(t), X, y) > s, forall (x,y) ~ D.

Assumption [T]is relatively mild, particularly in light of the inherent stochasticity introduced by DP-
SGD during the training process. Consequently, the resulting model is stochastic, making it highly
improbable to attain zero cross-entropy loss on any given test sample.

We denote A, = m as the clipping factor for class k, which quantifies the maximum
change in gradient magnitude. Then, we first demonstrate the occurrence of memorization during
training from the perspective of the training dynamics, as formalized in the theorem below.

Theorem 2 (noise pattern memorization). Under Conditionand Assumption forany (x,y) inthe
training dataset S, after T > Q ((nAy||Ay||p) ~'ny/moy) iterations, with probability at least 19,

the inner product between the weight vector wﬁ? and the noise vector & satisfies (Wy(ﬁ), y>U,
where:

T-1 A
U= (; e (1 togit, (W, %)) ||s||§> ~ O (noul|Ayr))

Remark 1. The inner product (wé?,f) quantifies the degree of alignment between the neu-
ron weights and the noise, which serves as a proxy for the extent of noise pattern memorization
by the model. Theorem [2] suggests that this memorization effect accumulates over iterations(as
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(1- logity(W(t)7x)) > 0 ). Notably, DP-SGD mitigates this undesirable process through two
mechanisms: first, gradient clipping (manifested as A, < 1) scales down the magnitude of up-
dates that contribute to memorization; second, the injection of Gaussian noise introduces stochastic
perturbations that disrupt the fine-grained alignment.

Based on Condition [I] we study the model generalization performance by bounding the test error
(accuracy) of the trained model W (7) on class-conditional distribution Dj;, whose probability density
function is Pp, [(x,y)] = Pp[(x,y)|y = k], i.e., for all k € [K],

Lo (W) = Fixy)on, [&(W”kx) # m%{@(w”%x)}] .
Jje

For each class, we define the following long-tailed data.
Definition 3 (L-Long-tailed data set). The L-long-tailed data distribution T; for each j € [K] with
model W'T) is defined as

2} ’

Pr;[(x,9)) = Po, [ 0)|[(wi,€) = L | AT wil)
Definition [3| identifies data whose equivalent noise ¢’ exceeds a threshold. Specifically, for data
(x,y) ~ D, the inner product term (wé@,ﬁ) satisfies (wé@,ﬁ) e (HAJW?(’:C") C/), where
2

¢’ is an equivalent random sub-Gaussian variable with variance 1. Notably, we define long-tailed
data using model weights obtained from non-DP (clean) training, and subsequently evaluate models
trained with DP-SGD on these data points.

Definition 3]selects training data points whose noise patterns align better with the model weights, in-
dicating that these samples are more effectively memorized. Due to the concentration phenomenon
in high-dimensional settings, we do not define long-tailed data based on norms. Instead, we iden-
tify “long-tailed” samples using the trained model, drawing inspiration from Xu & Chen| (2025));
Feldman & Zhang| (2020). An illustrative visualization is provided in Appendix

We denote S; as the set containing training data with label j in the training dataset S. Then, we
characterize an upper bound on the training loss of models trained with DP-SGD, highlighting the
suboptimality induced by privacy preservation.

Theorem 3 (Training loss). Under Condition and Assumption|l| for any (x,y) € S, with proba-
bility at least 1 — 6, the training loss satisfies:

TAS, . o /i - o v/d(l[uyll2 + 1Ay L)
Ls(WT x y) < exp (fQ (M u LW x y)+O Y ¢
( ) i wllz ) )£ ) oISyl I3

) |

Vanishing error Privacy protection error

Remark 2. Theorem[3|characterizes the training loss under DP-SGD, which is composed of a van-
ishing error and a privacy protection error. While the vanishing error decays exponentially toward
zero as T' increases, the privacy protection error persists as an irreducible residual. This term pre-
vents the training loss from converging to an arbitrarily small value, representing a significant de-
parture from the "benign overfitting” phenomenon observed in standard overparameterized regimes
(Cao et al.| 2022 |Kou et al.| |20235)). Furthermore, our analysis indicates that the privacy protection
error increases as the privacy budget e decreases, highlighting the inherent privacy-utility trade-off.

|Sk | llug i3
VIS AL A;llF

. We present our main result in the following theorem.

We define the signal-to-noise ratio (SNR) as

as VISHIAL Awllr

VISilIlAL A;
Theorem 4 (Test error). For any k € [K], under Conditionand Assumption|l| there exists
T = O(n~'C~'ny/m) with probability at least 1 — §, the following holds:

and the noise correlation ratio (NCR)

1. (For all data) When the signal-to-noise ratio is large, i.e., |Sp|Axlui]? > C; -
(maxj;ék{\/@”AzAjHF} + nop(Jlugll2 + [|Ak||F)), the test error satisfies:

2
2
Lo (WD) < S exp [ —er (SkAknum - nannuuz\/mog(z/a))

VISiAL Al F + now || Al

ik
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2. (Only for long-tailed data) When the noise correlation ratio is large, i.e., \/|Sk|Ag||A] Akl F >
Cs - (max; 1 {\/|S; || AL Al £} + nowvVd + L2 Ag|lop + non||Ak| 7). the test error satisfies:

L7, (WD) < Z exp
J#k

2
o (L\/suAknAZAM - nan¢d+L2Aknop>
VISHIIAL Al 7 + non|| Akl F

Here, A}, = m, C4,Cs,C3,c1, ca, c3 are some absolute constants.

[P
Theorem [4| characterizes the test performance under DP-SGD for both the general distribution and
the long-tailed sub-distribution. Our results reveal two distinct generalization pathways: (i) In the
high signal-to-noise ratio regime, the model achieves superior generalization by successfully learn-
ing robust signal features (Statement 1). (ii) Conversely, when signal strength is insufficient, the
model can still attain satisfactory performance on long-tailed data by memorizing class-specific
noise patterns, provided that the noise correlation ratio is high (i.e., the inter-class noise heterogene-
ity is strong) (Statement 2).

Furthermore, the theorem quantifies how DP-SGD fundamentally hinders generalization on both
data categories. Specifically, the test error upper bounds scale positively with the noise injection
variance o,. Compared to standard (clean) training (o, = 0), DP-SGD necessitates significantly
higher thresholds for either the signal-to-noise ratio or the noise correlation ratio to achieve the same
level of generalization, highlighting the inherent utility cost of privacy-preserving optimization.

To further elucidate the implications of Theorem 4] we now conduct a comparative analysis to high-
light the disproportionate degradation of test accuracy on long-tailed data under privacy constraints.

Remark 3 (Disproportionate Impact of DP-SGD on Long-Tailed Data). Our analysis reveals sev-
eral critical insights regarding the performance degradation of private models on long-tailed distri-
butions:

1. Disproportionate Sensitivity to Privacy Noise: DP-SGD exerts a more pronounced neg-
ative impact on long-tailed data compared to the general distribution, that is Lp, <
Ly,.. By comparing the two statements in Theorem it is evident that long-tailed
generalization is more vulnerable to o,. Consider an initial equilibrium in clean
training (0, = 0) where Lp, = L7, implying a balance between SNR and
NCR (|Sk|*||uklls ~ L?|Sk||Af Akl%). Upon injecting privacy noise o, the er-
ror bound for long-tailed data (Statement 2) increases much faster because its corre-
sponding noise term, nop, ' d + L2||Ag||op, typically dominates the signal-side noise term
noy||ugll2y/210g(2/0). This follows from the fact that \/d|| A ||op > || Ak || r, making the
noise-memorization pathway significantly more fragile under differential privacy.

2. Consistency with Empirical Observations: These theoretical findings echo existing empir-
ical evidence. Prior studies have shown that rare subsets in training data are notably dif-
ficult for private models to identify during inference (Carlini et al.| 2019a). Furthermore,
DP-SGD has been observed to cause a disproportionate drop in accuracy for minority
or vulnerable subgroups (Bagdasaryan et al.l 2019). This phenomenon is fundamentally
rooted in the fact that differential privacy inherently impedes the model’s ability to mem-
orize the fine-grained, atypical patterns required for classifying rare samples (Feldman,
2020).

3. Vanished Benefits of Atypical Data: Under DP-SGD, the strategy of incorporating
”longer-tailed” or more atypical data (i.e., increasing L) fails to enhance test accu-
racy. In standard training (o, = 0), atypical samples (with larger L) can actually re-
duce test error by providing distinct class-dependent noise patches that the model can
leverage. However, our results show that in the presence of DP-SGD, particularly when
VISkIALIA] Akllp < nonVd||Agllep increasing L no longer reduces the upper bound
of the test error. Consequently, the model’s performance remains poor even on highly atyp-
ical data, negating the potential accuracy gains from introducing such samples into the
training set.
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Remark 4 (Privacy-Utility Trade-off). To satisfy the (¢,dpp)-DP requirement, the noise variance

C Tln(l/ﬁpp)

oy is set as O
ne

according to the advanced composition theorem (Dwork et al.|

2010). Substituting this into Theorem[d] we obtain the following explicit test error bound:

2
( e|Se Ax a3 — CVT |yl )
VIS IAL Ajllr + CVT|Ar

This characterization yields two key insights regarding the impact of differential privacy: (i) a larger
privacy budget € (representing a more relaxed privacy guarantee) results in a smaller utility loss;
(ii) the privacy protection error scales with the number of iterations T, suggesting that prolonged
training under DP-SGD inevitably incurs a higher cost in terms of generalization performance.

Lp, (WD) < ZGXP —C1 -
ik

Remark 5 (Compared with prior work). In the absence of privacy constraints—specifically, under
the clean training setting where Ay, = 1 and o, = O—our results are consistent with the findings in
Xu & Chen|(2025). Furthermore, by setting the noise structure as AjA | = 1— Zszl iy, /|ugll3
forall j € [K|, our Statement 1 recovers the same convergence orders reported in the standard
benign overfitting literature (Kou et al., |2023)).

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

Datasets. For the experiments on real-world data, we utilize the MNIST and CIFAR-10 datasets,
which have been widely demonstrated to have atypical long-tailed data (Carlini et al., 2019a; Feld-
man|, [2020) and have been studied for analyzing DP-SGD (see Figure {]in Appendix [A|for an illus-
tration).

For the synthetic data experiments, each sample is generated according to the distribution specified
in Definition[1} Specifically, we parameterize the signal vectors as u, = U - |lug]|2 - 2 for k € [K],
where 2, is the k-th standard basis vector (with the k-th entry being one and the others zero), and
U is a randomly generated unitary matrix. We set the number of classes to K = 5 and the signal
dimension to d = 1000. For simplicity, we assume all signals have the same norm, i.e., ||ug]|2
is the same for all k. The coordinates (; of the noise vector are drawn independently from either
a Gaussian distribution \V'(0, I;) or a Uniform distribution /(—+/3, /3). Regarding the matrices
A, we set all but one of their non-zero eigenvalues to 0.5. The remaining non-fixed eigenvalue
is then tuned to vary the noise correlation ratio accordingly. Finally, we generate 500 samples for
training and 500 samples for evaluation, setting |Si| = 100 and ensuring the noise correlation ratio
VIScllAL Axle is identical for all pairs k, j € [K],k # j

VIS TIAT A e ’ ’ '

Model architectures. For synthetic data experiments, we adopt the two-layer neural network de-
fined in equation [T} where m is set to 100 neurons. For real-world data experiments, We implement
LeNet(LeCun et al.l [2002) on MNIST and SmoothNets(Remerscheid et al., [2022) on CIFAR-10.
Model parameters in all experiments are initialized following the default initialization method of
PyTorch.

Model training & evaluation. All models in our experiments are trained using DP-SGD. We set the
privacy budget to (e = 8,0 = le — 5), the gradient clipping threshold to C' = 1.0, and the learning
rate to 7 = 0.002. Each model is trained for 20 epochs with a batch size of B = 256. Finally, we
report the test accuracy on both the entire dataset and the long-tailed subset.

5.2 RESULTS ANALYSIS

Impact of DP-SGD on Training Dynamics. We fix the noise correlation ratio NCR = 1400
and signal strength ||u||2 = 0.5 and conduct experiments on synthetic data under both non-DP and
DP settings. And we evaluate the training dynamics of (w,u) (signal learning) and (w, &) (noise
pattern memorizationﬂ across DP and non-DP regimes. As shown in Figure [3, DP-SGD markedly

'We denote (w, u) as 1/N max, ¢ [m] Zf\;(wm, u) and (w, &) as 1/N max, ¢ Zf\;l@vi,,«,{i)
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Figure 1: Heatmap of test accuracy on synthetic data across various feature strength and noise
correlation ratio
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Figure 2: Test Accuracy across Top and Bottom Influence Score Quantiles under DP and Non-DP

suppresses noise memorization, which is consistent with our theoretical analysis in Theorem [2]
Notably, while signal learning and noise memorization exhibit comparable magnitudes in the non-
DP setting, the introduction of DP causes (w, &) significantly lower—and even negative—relative
to (w, u). This disparity confirms that DP disproportionately affects the memorization mechanism,
thereby accounting for the utility loss observed in long-tailed data distributions where memorization
is indispensable.

Impact of DP-SGD on test accuracy(synthetic data). We vary the feature strength ||ul|2 from 0 to
3.8 and the noise correlation ratio NC R from 0 to 1400, conducting a comparative study between
DP and non-DP settings on synthetic data. Figure [T] presents the test accuracy heatmaps under
different noise distributions (Gaussian and Uniform) and privacy regimes.

Our empirical results yield several key observations. First, the test accuracy increases as both the
feature strength and the noise correlation ratio grow, which aligns with the test error upper bounds
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Figure 3: Training Dynamics Under DP and Non-DP

established in Theorem [Z_f} Second, it is noteworthy that even in the regime of minimal feature
strength (e.g., ||ul|2 & 0), a high noise correlation ratio still results in a relatively low test error; this
suggests that noise pattern memorization is the key to achieving high test accuracy in the absence of
strong signals.

Finally, a comparison between the DP and non-DP cases reveals that while models trained with
DP can still achieve nearly optimal test accuracy when the feature strength is sufficiently large,
their performance degrades significantly in the low-feature-strength regime, regardless of the noise
correlation ratio. This indicates that DP primarily disrupts the memorization of noise patterns, which
is indispensable for maintaining utility on rare, long-tailed samples that lack prominent features,
corresponding to Remark 3]

Impact of DP-SGD on test accuracy(real-world data). In real-world datasets, parameters such
as signal strength and noise correlation ratios are inherent and immutable. Furthermore, as the
data-generating distributions of real-world datasets do not strictly align with the data structure in
Definition([I] it is unfeasible to directly identify long-tailed samples using the criteria in Definition[3]
To address this, we adopt a surrogate approach by identifying long-tailed samples as those that
significantly enhance the heterogeneity of noise patterns, specifically through their impact on the
squared Frobenius norm [|A ] A, ||%..

Inspired by [Xu & Chen| (2025)), and observing that this norm is equivalent to the Frobenius norm of
the covariance matrix for class y, we formalize the influence score of an image (x,y) € Sie st,y as
follows:

L(x,y) = 1% (Stestap) 1T — 1E(Stesty \ {2, ) DI (5)

where XA?(Stestﬂ) denotes the estimated covariance of the underlying data distribution within the
subset Syest,y. Samples with higher influence scores are thus treated as long-tailed data, as they
represent the primary sources of distributional variance and noise heterogeneity.

Figure [2]illustrates our experimental results on MNIST and CIFAR-10 under both non-DP and DP
settings, where we evaluate performance on subsets partitioned by the top and bottom X % influence
scores. In the non-DP regime, the test accuracy remains nearly uniform and optimal across all sub-
sets, suggesting that the noise patterns of long-tailed samples are effectively memorized to maintain
high utility. Conversely, the introduction of DP leads to a marked divergence in accuracy, where the
performance on the top influence score subset (representing long-tailed data) is significantly lower
than that on the bottom subset; this disparity demonstrates that DP disproportionately impairs the
utility of long-tailed samples that rely on noise pattern memorization, thereby empirically validating
our theoretical results in Theorem [4] and Remark

6 CONCLUSION

This paper presents the first analysis of the training dynamics and generalization of two-layer neu-
ral networks trained via DP-SGD on long-tailed data. Our theoretical results demonstrate that DP
suppresses the memorization of noise patterns, leading to sub-optimal training loss and a dispro-
portionately more severe impact on the test error of long-tailed samples compared to the overall
population. Empirical evaluations on both synthetic and real-world datasets validate our theoreti-

10
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cal findings, exhibiting a high degree of consistency between the observed training dynamics, test
accuracies, and our theoretical predictions.
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A ILLUSTRATION OF LONG-TAILED DATA

normal long-tailed

signal learning ﬂ
noise pattern} ﬂ
memorization

Figure 4: llustration of long-tailed data on MNIST

Figure {]illustrates both normal and long-tailed data from the MNIST dataset (digit 3). The samples
on the left represent normal data that rely on signal learning. Conversely, the samples on the right
represent atypical long-tailed data that rely on noise pattern memorization.

Remark 6 (Justification for Definition[3). We think that the essence of long-tailed data is atypicality
rather than mere frequency. Tail samples possess unique noise patterns & that do not align with the
global feature u. Definition [3) identifies this “intrinsic tail” by selecting samples residing in the
extreme tail of the noise distribution (i.e., ' > L). Given the sub-Gaussian nature of the noise, the
probability of such samples occurring is exponentially small, which formally characterizes their rare
property. Crucially, these samples rely fundamentally on the memorization channel to be recognized,
explaining their high sensitivity to privacy-preserving training.

B KEY LEMMAS

Lemma 5. Let Z € R™*"(m > n) be a matrix whose entries are independent and identically
distributed Gaussian variables, i.e., Z; ; ~ N(0,1) for all i € [m],j € [n]. With probability at
least 1 — 6, all singular values of Z, \;(Z), for all i € [n] satisfies

2
MN(Z) > /m—2 8log(5) + 8log(9)n. (6)
Lemma5follows from the concentration inequality of Gaussian random matrices (Vershynin| 2018).
Lemma 6. For n random o, sub-Gaussian variable 1, . . ., x,, with probability 1 — 6, we have
t2
Pllz] > ] < 2exp (—) ™
20,

Proof. Based on the definition of sub-Gaussian distribution, with probability of 1 — § /n, we have

2n
|zi| > /202 1og(?). (8)
By Union bound, we finishes the proof. O
Lemma 7 (Half-normal distribution concentration bound). Suppose x1,2,..., 2, ~ N(0,02).

Then,
P *E =1/ 200 > tog| P —E il =1/ =00 < —tog| < —— ], vt>0. 9
ln i=1 il 71_00— 001 ln i=1 i \/;00 001 eXp( 2> ®

Proof. First, half-normal variables |z;|,Vi € [n] are sub-Gaussian as a half-normal variable has a

negative tail bounded by — \/g and a Gaussian delay positive tail. Then, by Hoeffding’s inequality,

we have
1< 2 1 2 t
[n;m Y ao] P \/;00 00] exp< 2) (10)

O
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Lemma 8. Suppose two zero-mean random vectors x,y € R? are generated asx = A1,y = Ala,

where ¢;’s each coordinate is independent, symmetric, and o, sub-Gaussian with E| 12 j] =1, for
anyi € [2],j € [d]. Then, x and y satisfy
Pl )1 ) < 2exp (2 (omin { 1)) an
x,y)| >t <2exp [ —Q | min , )
”ATA”%‘U?) ”ATAHOIJO}Q;

Proof. We have
(x,y) = (A1 AG) = (T ATAG = ([ UTAUG = {TAG = Tr (AGCT) . (12)
As ¢ and ; are isotropic, by Bernstein’s inequality, we have

P [Tr (Aé ET) > t} <2exp (-0 [ min * i (13)
Br)=r = [ATA[Zos" |ATAllopo '

O

Lemma 9. Suppose a zero-mean random vector x € R is generated as x = A, where ’s each
coordinate is independent, symmetric, and o, sub-Gaussian with E[CJQ] =1, forany j € [d]. Then,
X satisfies

12 3
2 _ TA) >4 < - i :
Pl - 1rATA) 2 4 <200 (0 (i ke araTr ) 09

Proof. We have

I1x]13 = (AC1, AC1) = ¢ ATAG =Tr (ATAGC). (15)

Then, expectation of ||x|| satisfies
E [Ix[3] = Tr(AT A). (16)

By Bernstein’s inequality, we have

12 3
2 _ TA) >4 < - i :
P I3 = 17 A) 2] < 20w (- (min { s A} ) 07

O

Lemma 10. Suppose two zero-mean random vectors X1, X € R4 gre generated as x1 = Ay, %o =
B(2, where {;’s each coordinate is independent, symmetric, and o,, sub-Gaussian with E| f j] =1,
foranyi € [2],j € [d]. Then, x1 and x5 satisfy

. t? t
Pl ) 21 < 2 (=0 (min{ g gy ) %

Proof. We have

(x,y) = (A, B) = ¢ ATBG = Tr (ATBG( ). (19)
Then, by Bernstein’s inequality, we have

P[(x1,%x2)| > t] =P [Tr (ATB¢( ) >t

< 2e Q| mi 2 ¢ (20)
X — 1m .
== JATB[Zol" [ATB|op02

O

Lemma 11. Let nY) ~ N(0,021;) and u € R? be a fixed vector. For any § € (0,1), with
probability at least 1 — §, we have:

|(®, )| < 0, [ull2v/Z1og(2/5). @

15



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

Proof. Let Z = (n® u). Since n*) is a Gaussian vector, Z is a zero-mean Gaussian random
variable with variance E[Z?] = u'En® (n®)Tu = o2||u||3. Specifically, Z is o, ||ul|-sub-
Gaussian. Applying the standard sub-Gaussian tail bound :

€2
P(|Z] =z €) < 2exp (—QUQHUQ) . (22)
n 2

Setting € = 0, ||ul|24/21og 2 completes the proof. O

Lemma 12. Let n') ~ N(0,0214) and ¢ ~ N(0,0214) be two independent isotropic Gaussian
vectors. Let & = A( for a fixed matrix A € RY*9. Then for any § € (0, 1), there exists a universal
constant C' > 0 such that the following bound holds with probability at least 1 — §:

(n®, )] < Cona, (|| Allrios(2/0) + || All» og(2/5)) 23)

where |A||F and || A2 denote the Frobenius norm and the spectral norm of A, respectively.

Proof. Consider the random variable Z = <n(t), A(). We can write Z as a quadratic form:

1 (t)
Z=nWTA¢ = izTQz, where z = [nC ] eR™ Q= [A?T jg] (24)

The vector z is a concatenated Gaussian vector with covariance ¥ = diag(c21,, ngd). Letz =

2127 ~ N(0,124), then Z = 2" Qz where:

Q — 121/2Q21/2 — 1

0 onopA
a1, Sy

onop AT 0

The random variable Z is a sum of dependent sub-exponential variables. By the Hanson-Wright
inequality, for any ¢ > 0:

¢ t
P(|Z] > t) < 2exp <—cmin <~, ~>> (26)
QI 1Qll2

We compute the norms of Q:

> 1QIIF = (orop|AlE + onopllATIR) = o707 | AR

* 1Qll2 = 3onoyll Al -

Setting the tail probability to &, we have ¢ < || Q|| p+1/10g(2/0) and t < ||Q)|2 log(2/J) . Combining
these yields:

12 < C (0u0,l| Allrv/108(2/8) + 700, | All2 Tog(2/5) ) @7)

This completes the proof. O

Lemma 13. Let x1,...,x,, be m independent zero-mean Gaussian variables. Denote z; as indica-
tors for signs of x;, i.e., for all i € [m),

1, ;>0
i: b K2 b 2
S P &

Then, we have

Pr [Z z > 0.4m] > 1 —exp <—285m) . (29)

i=1
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Proof. Because z;,i € [m] are bounded in [0, 1], z;,7 € [m] are sub-Gaussian variables. By Ho-
effding’s inequality, we have

(23w <o (5-o)| <om (- 200, o)

Let e = 0.1, we have

Pr

Zzi < O.4m‘| < exp <;5m> ) (31)

i=1
Therefore, we have

Pr [Z z; > 0.4m] >1—exp (—285m> . (32)

i=1
This completes the proof. O

Lemma 14. For any constantt € (0,1] and x € [—a,b],a,b > 0, we have
log(1 + t(exp(x) — 1)) < T'(2)z, (33)
where I'(xz) = I(x > 0) + [log(1 + t(exp(—a) — 1))/ — a]l(z < 0).

Proof. First, considering > 0, we have

0log(1 + t(exp(z) — 1)) exp(z) — 1
= > .
ot 1+ t(exp(x) —1) — 0 (34
Thus, log(1 + t(exp(z) — 1)) < x,Vz > 0. Second, considering < 0, we have
92 log(1 + t(exp(z) — 1)) (1 —t)texp(x)
= > 0.
0? [T+ t(exp(e) — DF o

So log(1 + t(exp(z) — 1)) is a convex function of 2. We can conclude that

log(1 + t(exp(—a) — 1))

—a

log(1 4 t(exp(x) — 1)) < x,Vo < 0. (36)
This completes the proof. O
Lemma 15. With input x € RY, the function f(x) = — log(exp(z;)/ > jerr) €xp(x;)) with any
i € [K] is convex.

Proof. For any x1,xs € RE and a € [0, 1], we have

af(x1) + (1 —a)f(xz) = —alog (Z exp(1,1) )) —(1—a)log (Z exp(w2,) )

jetk) eXP(T1 jelx) €xP(22,5)
a 11—«
~log exp(x14) exp(x24)
Zje[K] exp(21,5) Zje[K] exp(z2,;)
exp(ax1 ;) exp((1 — a)za,) )

s (@em exp(1,7))% (3epre) xP(@2,7)) 1

log exp(azry; + (1 — a)za,)
(Eje[K] exp('rl,j))a(Zje[K] exp(@2,7))'
B exp(azi; + (1 — a)za,;)
> —log <Zje[K] exp(azy; + (1 — 04)1'27.]‘))
= f(OéXl + (1 — Oz)Xg).

(37)
This finishes the proof. O
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Lemma 16. A vector z uniformly sampled from S~ satisfies
d

1 1

P||= I(z;) — =

J75-3

This lemma directly follows from Hoeffding’s inequality.

> t] < exp (—2dt?) . (38)

Lemma 17. For a constant 0 < t < 1, a o), sub-Gaussian variable x with variance 1 satisfies

Pllz| > t] > Q((1 — 2)?). (39)
Proof. Since x is a sub-Gaussian variable with variance 1, we have E[z] = 1. Applying Pa-
ley—Zygmund inequality to 22, we have
1
Plz? > 1] > (1 —t)? . 40
212 (-1 g (40)

As the fourth moment of sub-Gaussian variable IE[:C4] is bounded by (’)(a;j) (Vershynin, [2018)), we

have

Pla® > t] > %‘(l — )% (41)
Op

where C is a constant. This completes the proof. O

Lemma 18. Ler A € R™*"™ be a matrix with rank M. Suppose § > 0 and m >
Qlog(n/8)(Ah (A2 /(AL (A))?)). With probability 1 — 6, for any orthant T € R™ and
vector x € R"™ is a random sub-Gaussian vector with each coordinate follows D¢, we have

P[Ax € T] < (0.6)M. (42)

Proof. Using singular value decomposition for A, for any orthant 7 € R™, we have
PAx € 7] =P[UZx € T|. (43)

Without loss of generality, we assume the orthant 7 is that with all positive entries. Then, we have

P[Ax € T] < P[UZx € 7], (a4)
where
I"J:[l-l/\/% Us ... U], (45)
and
LA 0 L 0
0 APL(A) L 0
2= : N (46)
0 0 ... AL.(A)
0

Here, 3 is generated by replacing the non-zero singular values other than the largest one with

AF. (A). 1is a vector with all one entries. In the following, we abbreviate A\, (A) and A, (A)
as A\t and . for convenience. Then, we have
1 M
USx =M, - —— 1z + A5 2,0, (47)
7 =
Here, as each coordinate of x is generate from D, by Lemmal6] we have
2n
|zi| < /202 log (6)’ (48)
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with probability 1 — 4. Then, we have

B M
~ ~ 1 ~
P[sz € 7—] =P ( max )‘rTnn) ﬁ 121+ /\;;in E z;U; € T]
i=1

<P )\$4x . \/» 202 log ( ) + Ahin Z%U € T} (49)

202 log(2n/0)\f .. .
=P(1- A S .
/*m + mlnx T

As the entries of x are independent, we can bound each entry independently. Then, when m >
Q(log(n/0)(\hax)®/(Ain)?)), we have

+ 202 log(zn/a) max
P (A i 0] >04 50
mln \/% < — ) ( )
by the property of Dg, resulting in
P[UEx € 7] < (0.6)M. (51)
This completes the proof. O
Lemma 19. Ler A € R™" be a matrix with rank M. Suppose m >
Qlog(n/8)(Ah (A2 /(AL (A))?)). With probability 1 — 6, we have
P [Z I((Ax); < 0) > O.9m‘| < exp(—0.07m). (52)
i=1

Proof. By Lemmal[l6] the number N,, of orthants that have more than 0.9 negative entries satisfies
N, <2™ - exp(—0.32m) = exp((log 2 — 0.32)m). (53)
Then, by Lemma|[I8] we have

P [Zm: I((Ax); <0) > 0.9m] < 0.6M - exp((log 2 — 0.32)m)

i=1 54)
= exp(log(0.6)M + (log 2 — 0.32)m)
< exp(—0.51M + 0.38m).
As long as M > 0.9m, we have
P [Z I((Ax); < 0) > O.Qm] < exp(—0.07m). (55)
i=1
This completes the proof. O
Lemma 20.  Suppose that 0 > 0 and  Tr(A]A)) =

Q (max{(HAiTAjH%o;; log(6n/5))""*

with probability 1 — §, we have

,HAZ-TA]-H(,I,JZZ,1og(6n/5)}>. For all i,j € [K],

3

1
5 Te(A) AL <I&]15 < 5 Tr(AjAy,), (56)

2

6n2\\ "/ 6
|<ei,sj>|so<max{<|AT Ayl (B0)) L aga 1g<’§)}> 67
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Proof. By Lemma@], with probability at least 1 — §/3n, there exists a constant C; > 0 such that

1/2
6n 6n
FUPC log < 6 >> 7HAy7 Yi OPUPC 1Og < 6 )} I

1/2
61
b e (%)) AT A,

In addition, by Lemmasand with probability at least 1 —J/3n?, there exists a constant Cy > 0
such that

1/2
6n2 6n?
|<syi,sy,.>|Smax{(nA Ayloiaton (%)) IALA ok o (% )}

Applying 0, = ©(1) finishes the proof. O

Lemma 21. Suppose that d = Q(log(mn/0)) and m = Q(log(1/6)). With probability at least
1—0,forallr € [m],j € [2],i € [n],

&3 < Tr(A,, Ay, )+max { (IAT vi
and

Hﬁylng > Tr(A;Ayi)_maX { (”A—r Yi

4Km
)] < 2105 (457 ) oo, )

Km
w1 < 0 (1o (55 ) 1A,

Proof. We prove the first bound ([58) with Hoeffding’s inequality. For all j € [K],r € [m],i € [n],
with probability 1 — §/(2Km),

F00> . 59)

4Km
|(w §f’, K| < 210g(5>||uk|200. (60)

Then, we prove the second bound ([59) leveraging Lemma B.5. For all j € [K],r € [m],i € [n],

with probability 1 — §/(2Km),
Km
F,log < ) Ay, o }00>
(61)

Km
W€l <0 <max{ g (557 ) 1
Km
S O (lOg ( B > ||Ayi||FUO> .
Lemma 22. Suppose 6 > 0 and m > Q(log(n/d)). With probability at least 1 — 6, we have
8] > 0.4m. (62)

Lemma [22] follows from Lemma[I3land union bound.

Lemma 23. Suppose § > 0 and n > Q(log(m/d)). For any neuron w§ 273 € [2],r € [m], with

probability at least 1 — §, we have

,€i)) > 0.4n. (63)
Z o

Lemma 23] follows from Lemma[I3]and union bound.

C TRAINING LOSS ANALYSIS

In this section, we analyze the training loss. These results are based on the high probability con-
clusions in Appendix [Bl Due to the Assumption (1| we consider that the training data (x,y) € S
satisfies 1 — logit, (W,x) > 1 — exp(—s) = O(1) during all training process.
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C.1 NETWORK GRADIENT

The mini-batch gradient on the neuron wy, ,. at iteration ¢ is

2
1 )
O] - _ — oo (t) / (t)
VW](:,)TE(W X, Y) = 5 g I(y = k)(1 — logit, (W' %)) E o <<Wk’r,X

(xy)es® | i=1

2
1 . .
toe S (U # ) logit, (WO, %) 37" ((wil), x@) ) x@)

mB

(xy)es® | =1

C.2 BOUND OF THE CLIPPING MULTIPLIER h(C, x,y)

(64)

Lemma 24. In each iteration t, with probability at least 1 — exp(—Q(d)), for any (x,y) € Dk, we

have

[P ew® )], <0 (- (el + /Tt a0 ) ).

Lemma[24]follows from Lemma[9}

For convenience, we first define the clipping multiplier of data (x,y) as
1

(t) ’
max {1’ lveewe ,x,y>\|2}

h(C,x,y) =

Then, we compute the gradient of the neural networks and prove a bound for it.

By definition (66), we know that
h(C,x,y) < 1.
In addition, from Lemma[24] we know that with probability at least 1 — exp(€2(d)),

h(C,x,y) > Q C/m

[url2 + 4/ Tr(Af Ax)

C.3 TRAINING LOSS BOUNDS

First, we characterize the training loss.

LW x 4) — L(WH) x,y)
= —log (proby (W(t+1),x)) + log (proby (W(t)7x))

prob, (W® x)
= log
prob, (W1 x)

exp( x)) / (exp (F( ) )) + Dy €XP (F(t)(x))>

7 ) o (0] 5 57

o L+37,,,exp (Fj(t (X)) exp <A§ ) (x) — Ag(,t)(x))
L+37,,exp ( r )(x) - F(t) (x))

= log iy P Fj(t) (x ) ( (A( (0 - A (X)) B 1)

1+, exp (F< (x) — F;”(x))

<log (1 + (1 — prob, (W(t),x>) I;l;éi;( (exp (Agt)(x) — A?(f) (x)) — 1)> )

21
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where A (x) = " (x) = F! (), A () = F{"D () = F{ ().

By Lemma([I4] we have
L (W(t+1),x,y) - L (W(t),x7 y) <O(1)- max (Agt)(x) - Ag(f) (x)) . (67)
i#y

To measure how training loss changes over iterations, we need to characterize the change of
(®) (t)
Aj (x) — Ay’ (x).

We first rearrange A;t) (x) — Ag(f)(x) as follows.

:% i 22: [o— (<w§fj1>7x<i)>) . ((w;?’X(j)))}

r=1i=1
B %i 22: [‘7 ((Wg(f,f.l),x(l)» —0 (<Wz(;t,3"’x(l)>)}
r=1i=1
= % zm: [a (<w§-ffl>7 Uy>) -0 (<W§?7 uy>)} + % zm: [U (<W§_f;r1)7£>) . (<W§t27£>)}
- . - B
_ %Z [0 (<W§f,f1),uy)) —0 ((w,(fl,’ uy>)} — % Z [U ((W?(fjfl)a@) g ((Wg(;t,)r’ >>}’
“ D

(68)
We then bound A, B, C, D

Bound of A

1 & n .
A=02 [O <W§f3~—3 > o’<<w§f2,uy>>h<c,xi,yi>logltj<w<t>,xi>uy+n-n§f3,uy>

(x% 7yi)€Sy

INA
3=
NE
)
—
Qs/\
52
+
3
=
ey
1\_/
c
<
~—
\
3=
NE
9
—~
S~
32
s
o
~—

IN
3~
[
<)
=
‘\3'\/
c
<

< O(noVdlu, )

where the first inequality is obtained by the monotonicity of ReLU activation function; the second
inequality is because ReLU function is 1-Lipschitz continuous; the last inequality is due to Lemmal7]
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Bound of B
1 & n
t .
B=—3" o <w§,2—mB S oW ER(C i, i) logit (W), x)&;
r=1 (xi,yi)es(t)\s;t)
U () ¢ (1 — logit. (WO x)é 4 p - n® 1y
+ﬁ Z g’((ij i)h(C, x4, i) (1 — logit; (W, x;))&; +1n njyr,£> m;{o((w-’

(xi,yi)esj(-t)

IN

(%i,9:)€S®)

IN
S

3 (s T e [(mihe)
(v

TH(ATA,) + nVdo,|A, ||F)

where the first inequality is because o’(-) > 0,logit; € [0,1] and ReLU function is 1-Lipschitz
continuous; the second inequality is because of Cauchy—Schwarz inequality, the property of 1-norm
and 2-norm, and Lemma[7]and Lemma [20]

C :% ia <W@(;t2» + % : Z o (( éz,uy>) -h(C, %, ;) - (1 — logit, (W(t),x,)) -uy

(69)

Based on Lemma we can conclude that with probability at least 1 — exp(—2m), the number of

activated neurons at iteration ¢ are at least . Then, with probability at least 1 — exp(—f)(d)), we
have

1 & n
C Z% Zla <W@(f20 + -~ Z o <<W7(f2”lly>) (C,x4,9:) (1 — logit (W(t) xl)>
= (xi.y:) €S
1 & 1 &
oo~ 53 renhm] - & 3o ()
r=1 r=1
>0 n¢ 1 — logit, (W® x; u, ||z — O (no,Vd||uy,l2
Yy yll2 n y

Bym(|luylla + /Tr(AJAy)) | (. SCs

The second inequality is by using the bound of the clipping multiplier and Lemmal[7}

(70)

In the following, we prove the bound of D. Similar to the proof of bound of B, we have that with
probability at least 1 — exp(—$2(d)), we have
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Bound of D
1 & n .
D = ooy Z ol (wi - B Z o' (Wi, &))h(C, %, ;) logit, (W) x;)€;
r=1

(xi,y:) €SO\ S

+ S ow gfl,sz»h(c,xi,yi)(l—1ogity<w<t>,xi)>si+n-n§f,l,s>

Z%Z ol wihe) - ST o (Wi &))R(C.xi, y)logit, (W), x,)|(€:,€)|

—~ mB

r= (Xi,yi)es(”)\s(t)

n #U’((Wff,lv@)h(c’ X, y)(l — logit ( (t) ))||£||2

S Y ) — h(Cx oty (W) €.

(xi,5:) €SS\ (x,9)

m

1 m
—*ZW ny,r? EZ[ y,rv }

n 2n
>N B ylogit, (W x:) (€6, €)] + £ h(Cyx, ) (1 Togit, (WO, x)) €]
(xi,y:) €SSV
’r] .
— Y RO ) (1L~ logit, (W, %) (6. €)] - *Zl (0. €)
(xispi) €550\ (x,)
nC .
> Q (1~ togit, (W, x))[[€]3 ~ O (now V| A1)

— \nvm(luyllz + /Tr(A]A,))
(71

where the last inequality is by using the bound of the clipping multiplier and by the fact that the
incremental term is larger than zero if a neuron is activated and by Lemmal[7]

Substituting bounds of A, B,C, D to , we obtain the upper bound of Ag-t) (x) — Al(f) (x). With
probability at least 1 — exp(—Q(d)),
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AV (x) — AP (x)

Y

< O(onVdluyll2) + O (” (AT A,) +Man||Ay||F)

mvB
nC . t 2
-0 — | > (1 tomit, (WO ,x,)) w3 + O (nowv/dluy s
Bm<||uy\\2 + TI‘(AJAy)) (Xi’yi)esy) ( ( )) ( )
nc .
-0 (1~ logit, (W), ) [€]13 + O (now V| A, )

Bym(u,la + /T (AT A,))

sco(gn) X (1 tonit, (W)}l + O (no il + 14, )

(xi,y:) €SS
(72)

Combining and (72), for any (x,y) € S we have

LW x )

nA, .
S LW, xy) =t 3T (1= logity (W,x0) ) g 8+ O (o Vil 2 + 14y 1)
(xiyyi)esét)

(@) nA
2 (1= 0 ( LI, l2) ) LW x0)+ 0 (nou Vil + 1Ay ).

This finishes the training loss analysis.

(73)

25



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

C.4 PROOF OF THEOREM[Z]
By (4) and , for any (x,y) € S, we have:
(Wi, €) — (w))). €)
Ui .
= <_mB Z (< ét,)rvﬁz))h(cv Xiayi)loglty(w(t)vxi)éi

(xi,y:)€SM\SSY

+ Y <<w§fwsz>>h<c7xi,yi><11ogity<w<t>,xi>>si+n~n§,f1,s>

mB
(xi,y:) €S
Ui .
>l Y o (W EDA(C i, logit, (W x,)| (€3, €)]

(xi,5:) €SO\ SH

+ o/ ((wlf) €)R(C,x, ) (1~ logit, (W), x)) &]3

B Wy
m
n .
- mB Z o' (W, ENh(C, %, y;) (1 — loglty(W(”,Xz) (& &) ZI n{"), &)
(x0,5:) €55\ (%)
n . t 2n t)
= "B Z h(C, xi,yi)loglty(W< ), x:)|(&:,€)| te B (C x,y)(1 — logit, (W x))]€]3
(%i,5:) €SO\ S
n . / 1 —
-5 Z h(C,xi,y:)(1 — logit, (W x;))[(&:, €)| — o Z |(n- n,(,fl7£>|
(x0,51) €55\ (x,) r=1

nC

/(a2 + \/MTAM

=0 (2% (1~ togit, (W) €13 ) O (e, Vi1, )

where the last inequality is by Lemma([7]and the bound of the clipping multiplier .

>0

(1~ Togit, (W, x))[|¢]3 — O (o Vil Ayllr)

Then, by taking the summation, for any (x,y) € S, we have:

(Wil ) >0 (i L (1~ logit, (W >)||s||2)— (1T o0 Ay l1p) + (w0, €)

0
1

T—
nA . Km
>0 (Z 00 (1~ togit, (W1, ) ||s||§> -0 (ol +1og (55 ) 1Ay )

t=

where the last inequality is by Lemmaﬂ When T > Q ((nAy||Ay | r) ~'ny/moy), the last term
related to initialization can be ignored.

C.5 PROOF OF THEOREM [3]

Proof. As ([73)), we have

nA
W) < (10 (LSl ) ) W O,x0) + 0 (Vg + 14, )
(74)

Combining all 7T iterations, we have
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LW™ x,y)

< (1 _g ( niy |sy|||uy|§))T£<W<°%x»y> +0 (non V(12 + 1Ay 1) - © (%>

ny/m Ay |Syllluyll3

WTAS ] o o n/i1 - o /Ayl + Ay L)
< exp (—Q (—uu 12)) LW x,y) +0
ny/m viiz Ay|SyH|uy||§

Vanishing error

Privacy protection error

(75)

where the first inequality is obtained from the property of Geometric sequences. O

D TEST ERROR ANALYSIS

In this section, we analyze the test error. Similar to the proof in Appendix [C} the results are based on
the high probability conclusions in Appendix |B| In order to characterize the test loss, we first prove
the following key lemmas.

D.1 KEY LEMMAS

Lemma 25. Define
S ={r e m]: (wil),.&) > 0}, (76)
forall (x;,y;) € S. Forany (xi,y:), (x;,y;) € S,t € [T], we have

1 — logit, (W® x;
sty ) <, (77)
1 — logit, (W®,x;)

for a constant k > 1 and
S c sttty (78)

Proof. We prove the first statement by induction. First, we show the conclusions hold at iteration 0.
At iteration 0, with probability at least 1 — 4, for all (x,y) € S, by Condition[I|and Lemma[21] we
have

0< F, (WO x) <, (79)

where C' > 0 is a constant. Therefore, there exists a constant x > 0 such that
1 — logit,, (W x;)
— <k
1 —logit, (W x;) ~

(80)

Suppose there exists ¢ such that the conditions hold for any 0 < ¢ < t. We aim to prove that the
conclusions also hold for ¢ = ¢ + 1. We consider the following two cases.

1—logit, . (W® x;)

Case 1: W < 0.9k. First, we have
Yj )
1 —logit, (WD x;) 2 ksty, XP (Flit)(xi)) exp (A,(:) (Xz)) > ke[ €XP (F;Et) (Xz)>
1 —logit,, (W®), x;) D koty; €XP (F,Et)(xi)) 2 ke[K] €XP (F,Et)(xi)) exp (A,(:)(xi))

indicating that
t

1 logit,, (WD, x;) _ maie(i exp (A x))

1 —logit,, (W®, x;)

© minge(g) exp (A](:) (Xz))

Moreover, we have

3
A (o)l < m s {3+ €13} < m mae {nuk@ +5 T (A{.Ak)} <0.02,
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where the inequalities are by Lemma[20]and Condition[T] Then, we have
1 — logit,, (WD x;)
1 — logit,, (W(t‘*‘l) X;)
1 —logit, (WD x;) 1 —logit, (W() x;j) 1 logit,, (W® x;)
1 — logit, (W®,x;) 1 — logit, (W(t“) x;j) 1 — logit, (W®, x;)
1 — logit,, (W, x;)
= 1~ logit, (W®),x;)
< K. .

-exp(0.09)

1-logit,, (W( ) x4)

W > 0.9x > 1. We have

Case 2:

1 — logit,, (W(t“‘l),xi)
1 —logit,,_ (WD), x;)

Sk, 0 (F060)) + exp () () exp (A5 655) — minicss, A () S, ex0 (K (1))
" S o0 (Fx0)) + exp (B (x0) ) exp (A5 (x5) = maxiy, AL (x0)) Ty, exp (B (%))
1+ (1 Tostt, 1(W(‘> <) 1> exp (A?(f]) (x5) — Mmilgy, A;:)(Xj))

1+ (W — 1) exp (Agf) (X;) — maxyLy, Al )(xl))

< max {1, K exp (A?(f‘) (x5) — gléin Aff) (x5) — A(t (xi) + n;ax Al )(xl)> }
! Yj

Yi

(81)
Denote I} = arg ming,, A( )(xj) and Iy = arg maxj.z,, A( )(xi). We have
A (i) = AL (k) = A (x5) + A (x «>
<5 (1~ it (W, 1)) 1€ 6] — 22 (1~ logit,, (W) x,)) [
ki
n .
+ 37 (1~ togit,, (WO x0)) [(6, ) + 2 (1~ logit,, (W, x,)) g3 (82
k#j
n . 2 2
= (1 - 1ogit,, (W) [w[13 + £ (1 = logit,, (W x;) ) [l

<0

)

by letting £ > @(max{Tr(A?;'—j A,/ Tr(A; Ay, |lu;l3/]lu;][3}). Then the last inequality is by
1—logityi(W(t),xi)

W > 0.9x and Lemma Therefore, we have

1 — logit,, (WD x;)
1 — logit, (W), x;)

< k. (83)

This completes the proof of the induction.
Next, we prove the second statement. For a data sample (x;,y;) € S and a neuron in Sft), we have
(wii), &) =(Wiil, &) + —=h(Cxi, i) (1= logity, (x:)o” (Wi, &) 1ill3

—%Zh C»Xivyi)IOgltyi(Xi)U/(< Wil &N (& &)+l &) (84)
=

>(wil) &),
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where the inequality is by Lemma Condition [I{and . Thus, we have Sl-(t) C Sl-(tH). This
completes the proof.

O
Lemma 26. Under Condition[l] for any j € [K],1 € [K]\ {j}, (xq,yq) € S}, (Xa:ya) € Si, and
r e 8,50),
D h(C:x4,3,)(1 ~ logit,, (W) x,))o" ((w!) &)
t—1
1 . , Tr(A] A))

=0 [ = 3 (W(C. %, ya) logit; (W), x,))0" (W) €4)) l .

(n = J T s et 1A, A [ P og(302/6) /2
Proof. By the update rule of gradient descent, we have

n .

(Wit —wi ey <= ST R(Cyxi i) (1 - logit (W €))o" (W), €))|(€1, €0)]

mn
(xi,y:) €S\ (Xa,Ya)

n .
+ L h(C %, ya) (— logity (W xa))o" (W) €2))[1€al3 + n(n?), ).
By Lemma[20] we have

1
(witr —wit) &) + Z h(C, %, ya) (logit; (W), xa))o” (WS, €2))€all3
n 3n2 1/2
. / 1/2,
<Y Y MR logit, (W, ) o AT A0 ()
(x,9)ES\(%a,ya) t'=0

E,

(85)

Additionally, by the nature of ReLU activation function, the magnitude of < (H_l) §02 , &) sat-

isfies

n n
(Wi —wl® ey > -} Z h(C,x, y)(1-logit, (W), x)) By = ——h(C, Xa, ya) | €al|3-
mn mn
(%,9) €S\ (Xa,Ya) t'=
(86)
As the learning rate n is small (by Condition , combining and , Sfor any (x,y) ~ D, we
have

t—1

L (W(C ) Logit; (W, x0))o (W) €0)) 1€all3
t'=0

t
n ' '
=0 (L3 Y h(Cxy) (1~ logit, (W) ) By |

(%,9)€8\(%a,ya) t'=0

By Lemmafor re S(O), we have

t—1
Z h(Ca an yq)(l - IOgityq (W(t )’Xq))o— (< ] T 7£q>)
=0 (87)
L\~ / I€al3
=2 > (h(C, x4, ya) logit; (W) x,))0" ((w', gy e B |
=0
By Lemma[20] we have
HéaH% — Q (ATAl) . (88)
Ea maxy, e(x [|A] Ar, || log(3n2/8)1/2
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Combining (87) and (88)) yields the conclusion. This completes the proof.
Lemma 27. Under COnditionfor any j € [K], we have

i),

< O(vmlog(T)). (89)

Proof. Due to Assumptionfor any t € [0,T], the loss of data (x,y) € S satisfies
logit, (W), x) < ¢, (90)

where cy is a constant. Then, the loss satisfies
(1= cs)exp (o ((wl1.8)))
<(1 —¢5) exp (a (<w§ﬁ?,uy>) +o (( wy 'l 7£>))
<CSZexp( (v w) 4o (1w, )))

4Km Km
§05K6Xp< 210z (457 ) oo + O (g (£ )||Ay||FUo>+n;7n|€§>

3
<l.lesK exp (217 Tr (A;—Ay)> ,
mn

oD

where the first inequality is by the fact that o ( <w1(,TT)7 uy>)

definition of softmax function and (90), the third inequality is by Lemma[21]and the fourth inequality
is by Lemma[20|and Condition[| Letting c5 be T/(1.1K + T) yields

i1, < tog (12K ) + o T (A7 A,) < Ollog(T)) ©2)

> 0, the second inequality is by the

With probability of 1 — 6, for n randomly sampled data (x',y) ~ D,,, we have

T—1
(wit), ’>§O<TZLZZ(110git(W“) (&, € |+772 n )

€S t=0

T-1
.
<O<Tffn > (1 - logit(W), x) H£\|z+nzn§t3~7 >= o((wr, >>=(w§,?2) Ay,

t=0
(93)
L
2
it o (| (1)

) . 94)
2
Combining and completes the proof.

Lemma 28. Under condition (I} for a random vector § generated from A;{, ¢ ~ D¢ for any
j € [K], with probability at least 1 — §, we have

fj 1((w.€) = 01m, (95)

r=1

With probability 1 — 6, at least one sample (X', y) satisfies (wy ’ ,£ (H

the property of D¢. Therefore, we have

Proof. First, we can concatenate the neuron weights for class j € [K] as

T 0
(W§71))T (Wj(l))T Biii o Biinm !
(i) ] s A e
D, D
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where B; ;i = g;é a'((wgfp, €:)) logit(W ) x;). The rank of matrix Dy A ; satisfies
rank(DsA ;) < min{m,n,d,rank(A;)} = n. 97
In addition, as the matrix D1 is a Gaussian random matrix, it has full rank almost surely. We have
rank(D; A ;) = min{m, d,rank(A;)}, (98)
almost surely. Then by Condition the rank of W;-T)Aj satisfies
rank(W§T)Aj) > min{m, d,rank(A;)} —n > 0.9m. (99)
In addition, by Lemmaand Condition the singular value of WET)A]- satisfies
>\min{7rz,d,rank(Aj )}—n (WgT) A]) > 0. 1\/m00 . (100)
Moreover, by Lemma@ we have
MWEIA)) < WD A r < O(vmlog(T)). (101)

Therefore, according to Condition[I} we have

ng(log(n/zﬂlog(TV)'

2
nog

By LemmalI9 and Condition[I} with probability at least 1 — 6, we have

Z]I( (w ¢) ) > 0.1m.
This completes the proof.

D.2 PROOF OF STATEMENT 1 IN THEOREM [4]

In this part, we prove Statement 1 in Theorem EI For data samples following (x,y) ~ D, the test
error satisfies

L'D(W(t)) =P |:arg m]?X Fk(W(T)’ X, y) 7é y:|

<Z]P’[ W()xy)<F(W()xy)}

J#y
m
T T
=2 P> olwilw) +o((wil)€) Z (Wi uy)) +o(( §2,>>]
Jj#y  Lr=1 r=1

(102)
For the features, we bound the loss for any (x,y) ~ D through

c<W<T>,x,y>sZP[Za<<w§,?;>,uy>>sza<<w§?, W) +o((w §7;>,s>>]. (103)

Jj#y  Lr=1

Then, we can bound the model outputs as

r=1
m T
=> 0 <w§f?£ > (1 — logit, (W, 3))h(C, a0, )’ ((wil) ) )uy 40 Z ny u>
r=1 tl:l(xlvyz)ESzE;t) =t
T
3m . ’ Cv/m
>y (1 — Togit, (W, %)), 13- vm Ty |l2y/210g(2/5),
Wnis o luyllz + /Tr(AT A,)

(104)
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where the last inequality is by Lemma[TT]and the bound of the clipping multiplier. And

s T = T
S o((wi?, <2| (Wi e =" |ATw!Dl1¢], (105)
r=1

r=1

where ¢’ is a sub-Gaussian variable. Suppose that 6 > 0 and [|A]A;|r/|[A] Ajllep
O(+/log(K?2/9)). For the term ||A; ( )

2, with probability at least 1 — &, we have

HAT )
2

Al L0 Z Z (1 — logit; (W W x)h(C,z, y)o’ ((w Wi 7€>)5

0 (x,y)€S;

_% Z logitj(W(t,),X)h(C7$ay)U (< j T ’£ €+n Z n] s

(x,9)ES\S; - ,
< ||A; A, Z > (1 logit; (W), x))o’(wi,). €))¢ (106)
0 (x,y)ES; 9
+ ZA;—Ak % Z logitj(W(t’)7x)g’(< JT’£>)C +n-Top Tr(AJAy)
k#j (x,y)ESk 9
<o Z 3 (1 —Tlogit; (W), x))o" (W) )€ ||| | +n- Tour/Tr(A] A,)
=0 (x,y)€S; )

T—1 2
Yol iarale | 3 (Zu—lognj(vv“'xx))) - Tony[TH(AT A,),

(x,9)€S; \t'=0

where the inequality is by Lemma[26]and Condition [T} (a) is based on Lemmal[26] and (b) is based
on the concentration of random vectors (Theorem 6.2. 6 in |Vershynin/ (2018))). Substltutmg @)
and (103) into (103), for any (x, y) ~ D we have

LWD x )
7r13/2 r] i (t’) 9 n (T) (T)
<Y P Z Z (1~ logit, (W, x))A, [y |3 — T o[y |l2/210g(2/8) < D (wj,) &)+ [(wj.) u,)|
iy | my =0 (x,y)€S, r=1
_"LS/Z IT 1 (t) ©
DL ;Z Z (1 —logit, (W), x)) Ay [[uy |5 — nTom uy||2\/21og(2/0) < (wio) u,)]
i#y | =0 (x,y)€S,
[7-1
<) P Z Z (1~ logit, (W, 3))A, |[u, |3 — 100w, ||2v/210g(2/9)
J#y =0 (x,9)€S,

T-1 2
4Km
<c (”A;Ajp-J S ( (1 — logit; (W) x>>> + 1 Tony/Tr(A] A, ) I+ 0 <7 log <T> Huy\lzao> }
(x.y)€S; \t'=0

2
< ZCXP —e - Syl Ayl[uy 13 — onlluyll2y/210g(2/6)
iy VISilllA] AjllF + ony /Tr(A] Ay)

where ¢, c; > 0 are some constants and the last inequality is obtained from Hoeffding’s inequality.
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D.3 PROOF OF STATEMENT 2 IN THEOREM [4]

Lemma 29. for (x,y) sampled from L-long-tailed data distribution T; defined in Deﬁnition each
i1 € [K], the following bound holds with probability at least 1 — §:

€l <0 (VIZ+d|A, )

T T
Proof. For (x,y) ~ Ty, (S,erey Wi €) = LIA] 5, crie Wil

ATw(D) s . . . L
Let u = ﬁ be the unit direction vector associated with the screening condition. By the
Wy, r (12

linearity of the inner product, the condition (x, y) ~ 7T; is equivalent to: u' & > L
Due to the rotational invariance of (0, I;), we can decompose £ as £ = zu+&,,wherez = u' £ €

R is a scalar and &= (I —uu' )& € R?is the component orthogonal to u. Here, z ~ A/(0, 1) and
€, ~N(0,I —uu') are independent. The squared norm is ||£||3 = 22 + [|€. 2.

The term ||£ ||3 follows a Chi-squared distribution with d — 1 degrees of freedom, i.e., 3 ~
X3_. By the Laurent-Massart concentration inequality, with probability at least 1 — 6/2:
1€0]13 <d—1+2y/(d—1)In(2/6) + 21In(2/6). (107)
Given the condition z > L, we examine the tail of the truncated Gaussian. For any s > 0:
1-®(L 2
P(z>L+s|z>L):1_((1)(2—)8)§exp<—Ls—s2). (108)
By setting this probability to d/2, we find that with probability at least 1 — 6/2, z < L + 1n(2/ 9.
Squaring this term yields 22 < L? + 21n(2/3) + o(1).
Applying a union bound over the events, we obtain:
€113 < d+ L* +24/dIn(2/5) + 41n(2/6). (109)
Taking the square root and using the property ||A,&||2 < ||Ayllopl|€|l2 completes the proof. O

Proof of Statement 2: Furthermore, for long-tailed data distribution, by Lemma@] and union bound,
we have

E(W(t)7x7y)<zplia(<w?(fm )) < ig« w(l u >>+a(<w§f3,g>)1. (110)

VE] r=1 r=1

First, we consider the model behavior under non-DP training, and select long-tailed data by Defini-
tion 3] Then, we bound the gap between DP and non-DP setting.
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Suppose & > 0, by Condition |1} we have [[A] Ay|[r/|[A) Ayllop > O(y/log(K?/d)), for any
y € [K]. With probability at least 1 — J, for all y € [K], under non-DP setting, we have

T (1)
HAyw

y,r,clean

2

’7
= A;— y07)“ ('lean Z Z 1 - IOglt W(t ) )) (< g(;tr clean’ £>)€

=0 (x,y)€Sy

T-1
_% Z Z 10gity(W(t/),x)J/(< v, rclean7£>)£

=0 (x,y)€S\Sy

2
T ) x))o’ ) (111
> [|A, Ay Z Z 1—log1t (W ))0(<wy,r,clean’ LS
=0 (x €S, )
nT—l
. ! t
SATA (IS Y et (WO, x)0" (W) 0 €))C
J#y t'=0 (x,y)€S; 2
@ 7 = i
= Q EHAJAy”F' > <Z(110gity(W(t’),X))) :
(x)ES, \t'=0

where (a) is obtained by the condition [[A] A,[|r = Q(||A] Aj||r) forall j,y € [K]and j #
y, K = ©(1), and (77).

Then, we consider DP setting. Similar to the proof of (I06), we also have

T.. (T
HA?/ wi)

T—1 2
,<O %||A;Aj||p~ > (Z(l—logitj(w(t'),x))> +nTou/Tr(A] Ay) |,

(x,y)€S; \t'=0
(112)
Denote S; (&) = {r € [m] : < Wi, ,5) > 0}. We have

T-1 2
nm . ,
S Az o Ziajae | 3 (Su-wmwe) |.

r€S;(§) 9 (x,y)€S, \t'=0

(113)
because Lemma 28 holds.

Finally, we have:

) - .
L(w“%x,y)sZﬂ»[m al(w sﬁza o)) o ((wii)€)
J#Y =1 r=1
T T
SS RS e < 3 e+ ||
Y reS, (€) r=1
"
T) T
SYP(L | S AT | BCxy) = iTo T A — Y AT
ity reS, (€) 9 r=1
0
<3 w = ST EW &) + |<w§_2‘uy>\}
r=1 r=1
m = 2
5 (L[ Sresiio AT WD ]|, 1O X ) = T VT H A oy = S AT W - O (ViogEEm /S u, l200) )
ex] —C -
=P <T>||
J#y

Z SillAT Al

< Zcxp <7(12 NCh IS, 1Ay 1Ay Ayllr nan\/muAyHOP)2> '

(114)
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where ¢ > 0 is a constant, the first inequality is by the condition for long-tailed data that

|<w1(,7T,«), ) > L HA; wl(,,TT.) and the gap between DP and non-DP setting, the second inequality is
2

by Hoeffding’s inequality and the last inequality is by ([111)) and (|112).
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