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Robust Deep Signed Graph Clustering via Weak Balance Theory
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Abstract

Signed graph clustering is a critical technique for discovering com-
munity structures in graphs that exhibit both positive and negative
relationships. We have identified two significant challenges in this
domain: i) existing signed spectral methods are highly vulnerable
to noise, which is prevalent in real-world scenarios; ii) the guiding
principle “an enemy of my enemy is my friend”, rooted in Social Bal-
ance Theory, often narrows or disrupts cluster boundaries in main-
stream signed graph neural networks. Addressing these challenges,
we propose the Deep Signed Graph Clustering framework (DSGC),
which leverages Weak Balance Theory to enhance preprocessing
and encoding for robust representation learning. First, DSGC in-
troduces Violation Sign-Refine to denoise the signed network by
correcting noisy edges with high-order neighbor information. Sub-
sequently, Density-based Augmentation enhances semantic struc-
tures by adding positive edges within clusters and negative edges
across clusters, following Weak Balance principles. The framework
then utilizes Weak Balance principles to develop clustering-oriented
signed neural networks to broaden cluster boundaries by emphasiz-
ing distinctions between negatively linked nodes. Finally, DSGC op-
timizes clustering assignments by minimizing a regularized cluster-
ing loss. Comprehensive experiments on synthetic and real-world
datasets demonstrate DSGC consistently outperforms all baselines,
establishing a new benchmark in signed graph clustering. The code
is provided in https://anonymous.4open.science/r/DSGC-C05C/.
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1 Introduction

Deep graph clustering has emerged as a pivotal technique for uncov-
ering underlying communities within complex networks. However,
existing methods [2, 28, 32, 35, 37] predominantly target unsigned
graphs, which represent relationships solely with “non-negative”
edges and inherently fail to capture conflicting node interactions,
such as friendship versus enmity, trust versus distrust, and ap-
proval versus denouncement. Such dynamics are commonplace in
social networks and can be effectively modeled by signed graphs
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Figure 1: Effects of different perturbations, including flipping
signs and randomly adding negative edges, on the clustering
performance of popular spectral methods in signed graphs.

that incorporate both positive and negative edges. Although sig-
nificant work has studied link prediction tasks in deep signed
graphs [8, 16, 17, 24, 38, 43], deep signed graph clustering remains
substantially unexplored. In this paper, we aim to develop a deep
signed graph clustering method that enhances the robustness of
graph representations, facilitating more distinctive clusters and
better reflecting the intricate relationships within signed graphs.

Signed graph clustering is broadly applied in the analysis of
social psychology [7, 21, 30], biologic gene expressions [11, 33], etc.
Recent studies have predominantly focused on spectral methods [5-
7, 30], which design various Laplacian matrices specific to a given
network to derive node embeddings, aiming to find a partition of
nodes that maximizes positive edges within clusters and negative
edges between clusters. However, these methods are vulnerable
to random noise, a common challenge in real-world scenarios. For
instance, on shopping websites, the signed graph encoding user-
product preferences often includes noisy edges, typically when
customers unwillingly give positive ratings to items in exchange
for meager rewards or coupons. Fig. 1 illustrates the significant
impact of noise on signed spectral methods like BNC and SPONGE
[5, 6]. As perturbation ratios increase, which indicates a higher
percentage of randomly flipped edge signs or inserted negative
edges in a synthetic signed graph with five clusters, these methods
suffer a sharp decline in clustering accuracy. Therefore, denoising
the graph structure is essential to enhance robust representation
learning in deep signed clustering.

Furthermore, the investigation on deep signed graph neural net-
works (SGNNG) reveals that existing SGNNs — which are mostly
developed for link prediction [8, 16, 17, 24, 38, 43] — do not adapt
well to signed clustering. Specifically, mainstream SGNNs mod-
els typically leverage principles from the well-established Social
Balance Theory [14] (or Balance Theory) to design their messaging-
passing aggregation mechanisms, including the classical principle
“an Enemy of my Enemy is my Friend (EEF)”, “a Friend of my Friend
is my Friend (FFF)”, “an Enemy of my Friend is my Enemy (EFE)”.
However, “EEF" implies an assumption that a given signed network
has only 2 clusters, which is not directly applied to signed graphs
with K (K > 2) clusters. Specifically, as illustrated in Fig. 2, “EEF”
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Figure 2: Illustration of “an Enemy of my Enemy is my Friend
(EEF)” narrowing cluster boundaries. Aggregating positive (/
negative) neighbor 2 (/ 3) causes Z] (/ Z;) mapped far from
its clusters or even cross the boundary, where positive (/
negative) neighbors 2 (/ 3) are defined by “EEF”.

can narrow cluster boundaries, leading to more nodes being located
at the margins of clusters, which makes it difficult to assign them
to the correct clusters and thus results in poor performance. For
example, node v; aggregates its positive neighbor v (recognized by
“EEF” but inconsistent to the real semantic relationship in clusters),
which causes its positive representation Z} mapped closer to the
cluster of node v, thus leading to narrowed or even overlapped
cluster boundaries. In contrast, Weak Balance Theory [7] (or Weak
Balance), introducing a new principle, “an enemy of my enemy
might be my friend or enemy”, can generalize Balance Theory to
K-way (K > 2) clustering situation but remains underexplored.

To address these challenges, we propose eep Signed Graph Clus-
tering (DSGC) for K-way clustering, designed to enhance represen-
tations’ robustness against noisy edges and reduce the impact of the
ill-suited principle on cluster boundaries. DSGC first introduces the
Signed Graph Rewiring module (SGR) in the preprocessing stage
for denoising and graph structure augmentation. SGR provides
two rewiring strategies, including Violation Sign-Refine, which can
identify and correct noisy edges with long-range neighbor rela-
tionships, and Density-based Augmentation, which follows Weak
Balance principles to insert new positive edges to increase positive
density within clusters and negative edges to increase negative
density across clusters. Such refined graph topology can promote
signed encoders to enhance the robustness of node representations.
DSGC then constructs a clustering-oriented signed neural network
that utilizes Weak Balance. This helps design clustering-specific
neighbor aggregation mechanism for enhancing the discrimination
among node representations, specifically for nodes with negative
edges to widen cluster boundaries. Finally, DSGC designs a K-way
clustering predictor that optimizes a non-linear transformation
function to learn clustering assignments. This framework is de-
signed to refine the clustering process by correcting noisy edges
and enhancing the discriminative capability of node representa-
tions, ultimately leading to more accurate clustering outcomes.

Overall, our major contributions are as follows:

e We develop DSGC, the first Deep Signed Graph Clustering
framework, by leveraging Weak Balance Theory.

e We design two graph rewiring strategies to denoise and
augment the overall network topology.

Anon.

e We propose a task-oriented signed graph encoder to learn
more discriminative representations, particularly for nodes
connected by negative edges.

o Extensive experiments on synthetic and real-world datasets
demonstrate the superiority and robustness of DSGC.

2 Related Work

In this section, we succinctly review existing studies for signed
graph neural networks and signed graph clustering.

Signed Graph Neural Networks (SGNNs) , which maps nodes
within a signed graph to a low-dimensional latent space, has increas-
ingly facilitated a variety of signed graph analytical tasks, including
node classification [29], signed link prediction [18, 40, 42], node
ranking [13, 34], and signed clustering [5, 6, 15, 21, 36]. Most works
of signed graph center around integrating Social Balance Theory
to signed convolutions into Graph Neural Networks (GNNs). As
the pioneering work, SGCN [9] adapts unsigned GNNs for signed
graphs by aggregating and propagating neighbor information with
Balance Theory. Thereafter, other work has integrated additional
social-psychological theories. [4] appends the status theory, which
is applicable to directed signed networks, interpreting positive
or negative signs as indicators of relative status between nodes.
SiGATs [16], which extends Graph Attention Networks (GATs) to
signed networks, also utilizes these two signed graph theories to
derive graph motifs for more effective message passing. SiNEs [39]
proposes a signed network embedding framework guided by the
extended structural balance theory. SGDNET [19] leverages a ran-
dom walk technique specifically tailored for signed graphs, effec-
tively diffusing hidden node features in line with Social Balance
Theory. GS-GNN [25] applies a dual GNN architecture that com-
bines a prototype-based GNN to process positive and negative
edges to learn node representations. SLGNN [23] especially design
low-pass and high-pass graph convolution filters to capture both
low-frequency and high-frequency information from positive and
negative links.

Signed Graph Clustering. The study of signed graph clustering
has its roots in Social Balance Theory [3], which is equivalent to
the 2-way partition problem in signed graphs [30]. Building upon
this foundational concept, [21] propose a signed spectral clustering
method that utilizes the signed graph Laplacian and graph kernels
to address the 2-way partition problem. However, [41] argues that
community detection in signed graphs is equivalent to identifying
K-way clusters using an agent-based heuristic. The Weak Balance
Theory [7] relaxes balance theory to enable K-way clustering. Fol-
lowing [21], [5] proposed the “Balanced Normalized Cut (BNC)”
for K-way clustering, aiming to find an optimal clustering assign-
ment that minimizes positive edges between different clusters and
negative edges within clusters with equal priority. SPONGE [6]
transforms this discrete NP-hard problem into a continuous gener-
alized eigenproblem and employs LOBPCG [20], a preconditioned
eigensolver, to solve large positive definite generalized eigenprob-
lems. In contrast to the above K-way complete partitioning, [36]
targets detecting K conflicting groups in a signed network, allowing
other nodes to be neutral regarding the conflict structure in search.
This conflicting-group detection problem can be characterized as

175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

232



233
234
235
236
237
238
239
240

242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276

278
279
280
281
282
283
284
285
286
287
288
289

290

Robust Deep Signed Graph Clustering via Weak Balance Theory

the maximum discrete Rayleigh’s quotient problem and solved by
two spectral methods.

While GNNs have been extensively applied to unsigned graph
clustering [2, 28, 32, 35, 37], their adoption in signed graph cluster-
ing remains overlooked. A notable exception is the Semi-Supervised
Signed NETwork Clustering (SSSNET) [15], which simultaneously
learns node embeddings and cluster assignments by minimizing
the clustering loss and a Cross-Entropy classification loss. In con-
trast, our work develops an unsupervised method for signed graph
clustering, eliminating the reliance on ground truth labels.

3 Preliminaries

3.1 Notations

We denote an undirected signed graph as G = {V, &, X}, where

V = {ov1,02,...,0n} is the set of nodes, & is the set of edges, and
X € RIVIXd js the dy-dimensional node attributes. Each edge
ejj € & between v; and vj can be either positive or negative, but
not both. A is the adjacency matrix of G, where A;; = 1 if o;
has a positive link to vj; A;; = —1 if ; has a negative link to vj;
A;j = 0 otherwise. The signed graph is conceptually divided into
two subgraphs sharing the common vertex set V: G = {G*,G ™},
where G* = {V,8%} and G~ = {V,&7} contain all positive
and negative edges, respectively. Let A* and A~ be the adjacency
matrices of G* and G~ with A = At —A~, where A;rj = max(Ajj,0)
and Ai_j = —min(A;j,0).

3.2 Relaxation of Social Balance

Balance and Weak Balance Theories, essential for signed graph
clustering, are briefly explained here; more details are in Appx. A.
Balance Theory [14] consists of four fundamental principles:
“the friend of my friend is my friend”, “the enemy of my friend is my
enemy”, “the friend of my enemy is my enemy”, and “the enemy of
my enemy is my friend (EEF)". A signed network is balanced if it
does not violate these principles. Theoretically, the Balance Theory
is equivalent to 2-way clustering on graphs [30].

Weak Balance Theory [7] relaxes Balance Theory to accom-
modate K-way clustering, by replacing the “EEF” principle with
“the enemy of my enemy might be my enemy (EEE)”. This principle
allows nodes in a triangle to belong to three different clusters, e.g.,
the blue triangle in Fig. 10 (b), thus relaxing Social Balance Theory.
The partition {Cy,...,Ck} of a signed graph G satisfying either
theory can be uniformly defined as the following conditions:

Aij >0 (ejj € E) N (v; €C)N(vj €Cy) (1)
Aij<0 (e;e&)N@eC)NjeC)(kz])’
where A;; is the weight of edge e;; and 0 < k,I < K.

3.3 Problem Definition

This paper aims to leverage the capabilities of deep representation
learning to enhance robust graph signed clustering. Unsupervised
Deep Signed Graph Clustering is formally defined below.

PrOBLEM 1. Given a signed graph G = {V,&E,X}, deep signed
graph clustering is to train a function f(A,X) — Z that transforms
each node v € V into a low-dimensional vectors Z, € RY. It aims
to optimize a partition to divide all nodes {Zi}lzl into K disjoint
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clusters’V = C1 U - - - U Cx, by minimizing a signed clustering loss
objection that makes as many as positive edges exist within clusters
and as many as negative edges exist across clusters.

4 Methodology

As illustrated in Fig. 3, DSGC consists of 4 major components, in-
cluding Violation Sign-Refine and Density-based Augmentation for
graph rewiring, signed clustering encoder, and cluster assignment.

4.1 Signed Graph Rewiring

Inreal-world signed graphs, noisy edges(violations)—negative edges
within clusters and positive edges across clusters—can disrupt
ideal clustering structures. To address this, we propose two graph
rewiring methods to enhance clustering integrity: Violation Sign-
Refine (VS-R), which corrects the signs of violated edges to align
negative and positive edges with the expected inter-cluster and
intra-cluster relationships; and Density-based Augmentation (DA),
which adds new edges based on long-range interaction patterns to
reinforce message passing. Both methods leverage Weak Balance
and are used as preprocessing steps to denoise and augment the
initial graph topology—specifically, the message-passing matrix.

4.1.1  Violation Sign-Refine. To address noisy edges, we utilize
high-order neighbor interactions to correct their signs. Based on
Weak Balance, we first adapt the definitions of positive and nega-
tive walks for K-way clustering. Following Social Balance Theory,
[10] defines a positive walk as one containing an even number of
negative edges and a negative walk as one containing an odd num-
ber of negative edges. However, they are not suitable for K-way
clustering due to the uncertainty brought by the “the enemy of my
enemy might be my enemy or my friend” principle of Weak Balance.
We formally redefine positive and negative walks as follows.

DEFINITION 1. A walk of length | € N* connecting nodes v; and
vj is positive if all its edges are positive; it is negative when it contains
exactly one negative edge and all other edges are positive.

Since violations are sparse in graphs, we assume that leveraging
higher-order information from longer-range neighbors helps revise
the signs of violated edges. Lemma 1 specifies the non-noise score
between v; and v; w.r.t. the [-length positive and negative walks.

LEMMA 1. Forov;, vj € V in a signed graph G = {V,E,X}, let
p;r(i,j) and p; (i, j) be the number of positive and negative walks
with length I connecting v; and vj, respectively. Then, Va € N,

-1
uF (0 J) = gy Gy J) = (AN = > (AN AT (AN 7179, (2)
a=0
If we consider all walks up to length L’, the non-noise score of
the connection between v; and v; can be defined:

Ll
(L) = D e (i) = 1y (5 )), 3)
I=1
1, =1
where a7 =1{1/(l!), 1<Il<L. (4)
-3k by, 1=
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Figure 3: The overall framework of DSGC. The Violation Sign-Refine first computes non-noise scores to correct the signs of
noisy edges. Then, the Density-based Augmentation adds positive edges within clusters and negative edges across clusters.
These two rewiring methods generate a new adjacency matrix with reduced noise and enhanced semantic structures. Thereafter,
clustering-specific signed convolutional networks can be trained by minimizing the differential clustering loss for learning
and strengthening the discrimination among node representations linked negatively.

Here, ; decreases with [, indicating that shorter walks have more
influence. T is utilized to correct violations as I}; extracts high-
order information from neighbors of v; and v; within L’-hop. With
T;j, we obtain a refined adjacency matrix A via the following rules:

1, I“,-j > 5t
Aij: Ajj, 67 Srjjﬁ5+, (5)
-1, T <6~

where 5t > 0 and §~ < 0 are two thresholds. v; and v j are consid-
ered effective friends when Tj; > &%, indicating a positive edge (+);
v; and v are considered effective enemies when I; < 87, indicating
a negative edge (—); otherwise, the original adjacency entries in A
retains. The magnitude |F,- jl represents the confidence level of two
nodes being effective friends or enemies. A larger (resp. smaller) |Fi j|
represents a stronger (resp. weaker) positive or negative relation-
ship between v; and v;. This method refines the adjacency matrix
by reinforcing accurate relational signals and reducing the impact
of noisy edges, thereby facilitating more effective clustering.

4.1.2  Density-based Augmentation. Following the noise correc-
tions made by VS-R, the revised graph, denoted as é ={YV, &, X},
is processed through Density-based Augmentation to increase the
density of positive edges within clusters and negative edges be-
tween clusters. The revised adjacency matrices for positive and
negative edges, A* and A~, are augmented as below:

m
At = (A+)m+; AT = Z(A+)(2A— (A+)m’—a, (6)
a=0
where m* and m™ are scalar hyper-parameters indicating the extent
of augmentation. The augmented adjacency matrices are:

1, A;}f>0,i¢j 1, A§J.‘>0,i¢j
A =10, A;J+.=o,i¢j; A’ =40, Al =0i#j. (7)
0 0

A I— s _
. A i=] , A i=]

If m* = 1 (resp. m~ = 0), no augmentation is performed on A*
(resp. A™). For m* > 1, it adds a positive edge between any two
nodes connected by a m*-length positive walk (Dfn. 1). For m~ > 0,
itadds a negative edge between any two nodes connected by a (m™+
1)-length negative walk. This strategy effectively enhances the
clustering potential by reinforcing intra-cluster connectivity with
positive edges and inter-cluster separations with negative edges. It
is particularly effective for a signed graph with few violations.

4.2 Signed Clustering Encoder

Signed Graph Convolution Network, our signed graph encoder in
DSGC, is tailored for K-way clustering. It leverages Weak Balance
Theory principles to learn discriminative node representations that
signify greater separation between nodes connected by negative
edges and closer proximity between those by positive edges !.

Based on the rewired graph topology defined by A”’* and A",
we first introduce self-loops to each node using A* = A”’* + ¢*1,
A~ = A"~ + €71, where I is the identity matrix and €™ and €~ are
the balance hyperparameters. The adjacency matrices are then nor-
malized as follow: A* = (D*)"!A* and A~ = (D~)"'A~, where
D* and D™ are diagonal degree matrices with IND:'I =2 A:’J and
]31_1 =2 Al_] We learn d-dimensional positive and negative em-
beddings, Z;r and z;, for each node v; € V, and concatenate them
as the final node representation: Z; = CONCAT(Z?, Zl._), where
VAR R1*4 and 77 € R*4 are computed through layers of our
signed graph convolution network:

L L
zf =Y oWz z; =3 0 0z, ®
=0 =0

0™ and 0~ shared by all nodes, are layer-specific trainable
weights that modulate the contribution of different convolution
layers to the final node representation. L is the number of layers

!This goal is often reflected in the loss function designs in previous work [9, 16, 23-25]
for link prediction. However, its importance has been overlooked in signed encoders.
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Robust Deep Signed Graph Clustering via Weak Balance Theory

in the neural network. This design allows the encoder to leverage
information from different neighborhood ranges. The intermediate
representations of all nodes, 7+() e RIVIXd gng 7= (1) g RIVIXd
can be obtained as

Z+(l) — (A+)IZ+(0), (9)
-1

270 = 3 (AHP(-AT)(AH! 1Pz ), (10)
b=0

where the superscript (/) and I denote the layer index and power
number, respectively. The initial node embeddings, Z*(?) € RIVIxd
and Z=(0) ¢ Rl(le‘i, are derived from the input feature matrix
X e RIVIxd by two graph-agnostic non-linear networks:

0 = Wi (o(XW})), (11)
Z~ = Wi (6(XWy)), (12)

where o is the ReLU activation function. W} € R%xd and W7 €

R?*4 are the trainable parameters of the positive network; Wy e

R%*d and Wi € R9*4 are that of the negative network. We claim
that the positive aggregation function, Eq. (9), can pull the nodes
linked by positive walks, thus reducing the intra-cluster variances.
Meanwhile, the negative aggregation function, Eq. 10, can push
nodes linked by negative walks, thus increasing the inter-cluster
variances. We also investigate Weak Balance principles implied in
Eq. (9) and Eq. (10), as well as the effect of the minus sign “-” in
the term (—A™) to nodes representations linked negatively and the
clustering boundary in App. B.

4.3 K-way Signed Graph Clustering

With node representations Z € R|V1*24 Jearned in our encoder,
we propose a non-linear transformation to predict clusters.
Clustering Assignment. Considering a K-way clustering prob-
lem, where K is the number of clusters, node v; is assigned a proba-
bilities vector IT; = [x;(1),..., mi(K)], representing the likelihood
of belonging to each cluster. k € {1,..., K} denotes the index of a
cluster and 2115:1 mi (k) = 1. This probability is computed using a
learnable transformation followed by a softmax operation:

exp(Zi - 0x)
7i(k) = qo(k|Zi) = .
' ' 2115/:1 exp(0y - Z;)

where 0 € is a parameter for cluster k to be trained by
minimizing the signed clustering loss. The assignment vectors of

(13)

Rdxl

all nodes {Hi}lxl form an assignment matrix IT € RIVIXK,
Differential Signed Clustering Loss. Signed graph clustering
aims to minimize violations, which was historically considered
as an NP-Hard optimization problem [21] with designed discrete
(non-differential) objectives in spectral methods. We transform it
into a differentiable format by utilizing a soft assignment matrix
IT in place of a hard assignment matrix C. Specifically, given that
the cluster number K is known, let C € {0, l}lleK be a hard
cluster assignment matrix where C(. (i) = 1 if node v; belong
to the cluster k; otherwise C(.x) (i) = 0. The number of positive
edges between cluster k and other clusters can be captured by
C(T: k)L+C(:,k) with the positive graph Laplacian Lt = Dt — A*.
The number of negative edges within cluster k can be measured by
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C(T: k)A_ C(.k)- So the violations w.r.t. cluster k can be measured by
C(T: X (L*+A7)C(. k). By replacing the hard assignment C . ) with
the soft assignment probability IT(. ), the differential clustering
loss is constructed as:

K
1 _
L= D L+ Ak + A Lregue (19)
k=1

where A is a hyperparameter, and Lyegy is a regularization term
computing the degree volume in cluster to prevent model collapse:

K
1 _
-Cregu = _v Z H{:’k)DH(:,k); (15)
VI &

where D is the degree matrix of A. Minimizing £ equals finding
a partition with minimal violations. We iteratively optimize the
signed encoder and non-linear transformation by minimizing £.

Inference stage. Each node v; € V is assigned to the cluster
with the highest probability in its vector IT;:

si = argmaxyI1;, (16)
where s; € {1,...,K} is the cluster index for v;. The set of all node
cluster assignments, {s;} 12;' is used to evaluate the performance

of the clustering approach.

5 Experiments

This section evaluates our DSGC model with both synthetic and real-
world graphs to address the following research questions. RQ1: Can
DSGC achieve state-of-the-art clustering performance on signed
graphs without any labels? RQ2: How does each component con-
tribute to the effectiveness of DSGC? RQ3: How does the Violation
Sign-Refine (VS-R) impact signed topology structures by correcting
noisy edges? RQ4: How do the strategies in our signed encoder,
specifically abandoning the “EEF” principle and the minus sign in
term (—A~), contribute to forming wider clustering boundaries?

5.1 Experimental Settings

5.1.1 Datasets. Follow SPONGE [6], we evaluate DSGC with a
variety of synthetic and real-world graphs: (i) Synthetic SSBM
graphs. The Signed Stochastic Block Model (SSBM) is commonly
used to generate labeled signed graphs [6, 31], parameterized by N
(number of nodes), K (number of clusters), p (edge probability or
sparsity), and 7 (sign flip probability). This model first sets edges
within the same cluster as positive, and edges between clusters as
negative. It then models noises by randomly flipping the sign of
each edge with probability n € [0,1/2). Each generated graph can
be represented as SSBM (N.K,p,n). (ii) Real-world graphs. S&P
is a stock correlation network from market excess returns during
2003 — 2005, consisting of 1, 193 nodes, 1, 069, 319 positive edges,
and 353, 930 negative edges. Rainfall is a historical rainfall dataset
from Australia, where edge weights are computed by the pairwise
Pearson correlation. Rainfall is a complete signed graph with 306
nodes, 64, 408 positive edges, and 29, 228 negative edges.
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5.1.2  Baselines. DSGC is compared against 9 representative signed
spectral clustering methods. Five are basic signed spectral methods
utilizing various forms of Laplacian matrix: (1) symmetric adjacency
matrix A* = %(A + AT); (2) simple normalized signed Laplacian
Lons = D! (D*-D~A*); (3) balanced normalized signed Laplacian
Lpns = D’ (D* — A*); (4) signed Laplacian graph L = D — A with
a diagonal matrix D; and (5) its symmetrically normalized version
Lsym [21]. Two are K-way spectral clustering methods: (6) Bal-
anced Normalized Cut (BNC) and (7) Balanced Ratio Cut (BRC) [5].
The last two [6] are two generalized eigenproblem formulations:
(8) SPONGE and (9) SPONGE;y,. Moreover, we compare with
6 state-of-the-art deep unsigned graph clustering methods: (10)
DAEGC [37], (11) DECN [35], (12) DCRN [28], (13) Dink-net [27],
(14) DGCLUSTER [1] (15) MAGI [26]. Please refer to App. E for
hyperparameters settings and experiment details.

5.1.3  Evaluation Metrics. For Labeled graphs (SSBM), Accuracy
(ACC), Adjusted Rand Index (ARI) [12], Normalized mutual infor-
mation (NMI), and F1 score are used as the ground truths of nodes
are available. For Unlabeled graphs (S&P and Rainfall), due to the
lack of ground truths, clustering quality is visualized by plotting
network adjacency matrices sorted by cluster membership. See
more detailed settings in App. E.

5.2 Overall Performance

To address RQ1, we evaluated our DSGC and baselines on a va-
riety of labeled signed graphs generated from four SSBM config-
urations, including SSBM (N = 1000, K = 5, p = 0.01, ) with
1 € {0,0.02,0.04,0.06,0.08}, SSBM (N = 1000, K = 10, p, n = 0.02)
with p € {0.01,0.02,0.03,0.04,0.05}, SSBM (N, K = 5, p = 0.01,
n = 0) with N € {300, 500, 800, 1000, 1200}, and SSBM (N = 1000,
K, p =0.01, n = 0.02) with K € {4,5,6,7,8}. The performance of
each experiment was measured by taking the average of 5 repeated
executions. Table 1 reports the results in ACC and NMI. Appendix F
provides the results in ARI and F1 score.

Table 1 shows: (i) Superior performance: Our DSGC significantly
outperforms all baseline models across all metrics, even though
SPONGE and SPONGE;yn, are known for their effectiveness on
such datasets. (ii) Robustness: Regardless of whether the graph is
dense or sparse (p), large or small (N), noisy or clean (), and the
number of clusters is few or many (K), DSGC maintains notably
superior performance on all 20 labeled signed graphs. (iii) Compar-
ative analysis: While deep unsigned clustering methods (DAEGC,
DFCN, DCRN, Dink-net, DGCLUSTER MAGI) consistently under-
perform our DSGC due to the limitation of their capabilities to
only handle non-negative edges. DSGC still has a clear advantage,
highlighting the effectiveness of its design specifically tailored for
signed graph clustering.

5.3 Ablation Study

To address RQ2 and evaluate the contributions of key components
of DSGC, we performed an ablation study using labeled signed
graphs, including SSBM (1000, 10, p, 0.01), SSBM (1000, 5, 0.01, 1),
SSBM (N, 5, 0.01, 0.01), and SSBM (1000, K, 0.01, 0.01). The variants
of DSGC tested are: w/o VS-R is DSGC without Violation Sign-
Refine; w/o DA is DSGC without Density-based Augmentation;

Anon.
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Figure 4: Ablation study. (a)~(d) The ACC(%) performance vs.
edge probability (p), flip probability (1), node number N and
cluster number K.

w/o Regu is DSGC without Regularization term; w/o VS-R & DA
is DSGC without VS-R and DA; w/o DA & Regu is DSGC without
DA and Regu; w/o VS-R & Regu is DSGC without VS-R and Regu;
and w/o All is DSGC without VS-R, DA, and Regu.

From the results depicted in Fig. 4, it is evident that: (i) Perfor-
mance trends: As the edge probability (p) and the number of nodes
(N) increase, the accuracy (ACC) of DSGC and its variants consis-
tently improves. Conversely, increases in the sign flip probability
(n) and the number of clusters (K) lead to a decline in ACC across all
models. (ii) Component impact: DSGC outperforms all variants on
all labeled signed graphs, demonstrating the significant role each
component plays in enhancing clustering performance. Specifically,
DA emerges as the most influential component, affirming its ef-
fectiveness in reinforcing the graph structure and improving node
representations by adding strategically placed new edges.

5.4 Analysis of Violation Sign-Refine

To investigate RQ3, we analyzed the impact of applying Violation
Sign-Refine (VS-R) on the performance of spectral clustering meth-
ods. VS-R was first used to pre-process and denoise signed graphs
to generate new graphs. Then we compared the performance of all
spectral methods before and after applying VS-R. Signed graphs
were generated by fixing N = 1000 and varying (K, 1, p), including
SSBM (1000, K, 0.01,0.02) with K € {5, 6}, SSBM (1000, 5, 0.01, 0.04),
and SSBM (1000, 10, p, 0.02) with p € {0.01,0.02}.

Table 2 shows that VS-R significantly improves the clustering per-
formance across all tested spectral methods w.r.t. ACC and NMI by
generating cleaner graphs with better clustering structure. Specifi-
cally, the performance increments vary inversely with the strength
of the baseline methods—stronger baselines show smaller gains,
whereas weaker baselines benefit more substantially from the VS-R
preprocessing. VS-R also consistently reduces the violation ratio,
defined as the ratio of the number of violated edges to the number
of non-violated edges, across various graph configurations.

In addition to numerical analysis, Fig. 14 in App. D provides
visual evidence of the impact of VS-R. the embeddings of new
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Table 1: Performance comparison of graph clustering methods on SSBM graphs with ACC (%) and NMI (%). Bold values indicate

the best results; underlined values indicate the runner-up.

SSBM | (N =1000,K =5, p = 0.01, 1) | (N = 1000, K = 10, p, 1 = 0.02)

SSBM | n=0 | p=002 | np=004 | =006 | 5=008 | p=001 | p=002 | p=003 | p=004 | p=005
Metrics | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI
A* 7160 41.06 | 68.10 3595 | 6220 27.86 | 41.60 1525 | 43.80 1265 | 1670 3.90 | 213  7.89 | 42.80 24.43 | 79.70 6252 | 9330 86.60
Lons 2120 096 | 21.20 085 | 21.10 123 | 20.50 083 | 2060 105 | 1220 1.86 | 1430 291 | 1830 634 | 18.80 755 | 3420 23.08
Lans 4170 1639 | 3830 1247 | 3170 645 | 3120 646 | 29.10 375 | 1570 291 | 1910 580 | 27.60 1229 | 46.90 30.57 | 83.50  68.80
L 2030 079 | 2030 079 | 2030 079 | 2030 079 | 2030 079 | 1070 175 | 1070 175 | 10.70  1.94 | 1070 202 | 10.70 175
Lsym 75.80  46.49 | 69.40 37.06 | 6230 2846 | 48.20 1935 | 47.70 1568 | 1600 2.69 | 19.60  6.47 | 40.00 21.55 | 78.60 61.12 | 9370  86.03
BNC 41.00 1476 | 39.50 12.66 | 3570 7.28 | 27.90 534 | 27.50 3.84 | 1510 231 | 1930 577 | 23.80 1222 | 49.00 32.98 | 83.60 69.19
BRC 2030 079 | 2030 079 | 2040 078 | 2030 079 | 2030 079 | 11.10 195 | 1070 1.82 | 1210 3.20 | 13.80 473 | 1070 175
SPONGE 86.40 6549 | 8140 5573 | 7170 41.85 | 55.00 28.61 | 49.90 22.21 | 1840 641 | 2.86 1508 | 6270 4171 | 90.50 8030 | 97.70  94.59

SPONGEsym | 88.60 77.89 | 67.60 57.00 | 63.20 46.35 | 35.00 20.90 | 32.20

12.12 | 19.90 11.34 | 19.50 20.53 | 81.60 78.10 | 95.90 90.92 | 98.90  97.30

DAEGC 3220 512 | 3270 675 | 3140 507 | 31.20 437 | 2010 290 | 1460 14.60 | 1590 322 | 17.10 438 | 1850 743 | 21.80 11.70
DFCN 3470 656 | 32.60 482 | 3030 345 | 2880 3.00 | 2850 3.5 | 1490 237 | 1430 217 | 1570 293 | 1680 374 | 1620 347
DCRN 4840 2318 | 44.40 1880 | 4370 21.07 | 37.10 1140 | 3330 1037 | 1670 3.61 | 19.60 8.18 | 2530 1292 | 3350 2556 | 4830 38.44
Dink-net 2720 221 | 2700 173 | 2770 187 | 2650 159 | 2640 203 | 1460 180 | 1510 200 | 1520 2520 | 16.90 347 | 18.80  4.57
DGCLUSTER | 20.30 079 | 2030 079 | 2030 079 | 2030 079 | 2030 079 | 1040 175 | 1060 175 | 1070 175 | 1070 175 | 10.60 1.75
MAGI 4180 1009 | 3410 7.28 | 3070 578 | 3250 509 | 29.5 423 | 1640 343 | 1620 3.46 | 1960 656 | 2040 899 | 29.20 14.66
DSGC | 9530 85.40 | 90.80 73.60 | 82.80 57.30 | 66.50 33.50 | 57.70 23.30 | 28.70 13.10 | 64.90 44.80 | 85.40 71.90 | 96.90 92.80 | 99.20 98.10
SSBM | (N,K =5, p =0.01, n=0) | (N = 1000, K, p = 0.01, 77 = 0.02)

SSBM | N=300 | N=50 | N=80 | N=12000 | N=1200 | K=4 | K=5 | K=6¢ | K=7 | K=8
Metrics | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI
A 28.67 4.62 | 3580 1140 | 50.62 20.98 | 71.60 41.06 | 83.08 5826 | 90.70 7111 | 68.10 3595 | 32.80 9.20 | 2470 6.62 | 2070  3.74
Lons 2167 2.69 | 21.60 178 | 2125 144 | 21.20 096 | 2167 148 | 2530 070 | 21.20 085 | 17.80 129 | 1640 136 | 16.00  2.09
Lans 2133 3.00 | 23.60 250 | 2438 216 | 4170 1639 | 5042 1822 | 60.90 33.87 | 3830 1247 | 2420 356 | 18.60 217 | 1930 275
L 2520 059 | 2030 079 | 17.10 098 | 1500 155 | 1290 137 | 21.33 217 | 2120 094 | 2037 098 | 2030 079 | 2025 0.6
Lsym 2100  3.15 | 3000 747 | 50.12 2091 | 7580 46.49 | 83.92 59.47 | 91.80 73.31 | 69.40 37.06 | 3200 885 | 26.80 7.99 | 20.80  4.55
BNC 2167 211 | 2520 3.08 | 2488 189 | 41.00 1476 | 5450 21.56 | 60.80 31.74 | 39.50 1266 | 25.80 4.61 | 1850 174 | 19.10  3.09
BRC 21.00 254 | 2060 145 | 2488 189 | 2030 079 | 2025 0.66 | 2540 071 | 2030 079 | 17.10 1.02 | 1480 117 | 13.00 137
SPONGE 2133 3.07 | 29.20 1143 | 2050 098 | 86.40 6549 | 9475 8337 | 9570 84.24 | 8140 5573 | 43.10 20.83 | 4530 19.93 | 23.10  8.97
SPONGEgym | 27.67 7.24 | 3520 1556 | 82.12 66.43 | 88.60 77.89 | 91.33 8192 | 9470 8210 | 67.60 57.00 | 6290 4458 | 32.70 21.65 | 25.00 10.52
DAEGC 2667 3.56 | 27.00 274 | 27.88 347 | 3220 512 | 3542 9.7 | 3930 8.00 | 3270 675 | 2430 266 | 20.60 224 | 1820 274
DFCN 2833 495 | 3680 6.00 | 3150 447 | 3470 656 | 3025 379 | 4370 847 | 3260 482 | 2370 159 | 1940 160 | 17.40 195
DCRN 28.00 453 | 33.40 869 | 3200 10.69 | 4840 23.18 | 49.83 29.91 | 67.30 39.13 | 4440 18.80 | 33.60 12.89 | 24.20 6.66 | 19.80  4.47
Dink-net 2933 274 | 2860 241 | 2738 175 | 27.20 221 | 2933 246 | 3500 276 | 27.00 173 | 21.90 161 | 2070 155 | 18.00 174
DGCLUSTER | 20.67 255 | 20.80 155 | 2037 098 | 2030 079 | 2025 0.66 | 2520 059 | 2030 079 | 17.00 098 | 1460 1.18 | 1280 137
MAGI 33.00 611 | 3500 546 | 3238 579 | 41.80 10.09 | 4542 1434 | 4670 13.49 | 3410 7.28 | 2400 276 | 20.60 264 | 1730 216
DSGC | 3770 10.30 | 54.60 30.80 | 89.40 71.40 | 9530 85.40 | 98.40 94.40 | 97.40 90.10 | 90.80 73.60 | 70.90 45.10 | 51.30 23.90 | 35.90 14.40

Table 2: Improvements in ACC (%) (1) and NMI (%) (T) and
reductions in violation ratio (|) with VS-R.

SSBM | (1000, K, 0.01,0.02) | (1000,5,0.01,1) | (1000, 10, p, 0.02)
SSBM | K=5 | K=6 | 5=004 | p=001 | p=002
Metrics | ACC NMI | ACC NMI | ACC NMI | ACC NMI | ACC NMI
A 1210 149 | 1500 1589 | 1370 074 | 9.00 342 | 19.80 27.24
isng 61.11  55.75 | 39.10 25.88 | 56.10 47.02 5.10 2.54 | 51.10 40.57
Lans 4420 44.28 | 3310 2469 | 4550 4177 | 250 1.90 | 46.10 38.18
L 010 -0.01 | -01 000 | 010 -001 | 0.00 0.00 | 0.00 0.00
Lsym 1280 1974 | 2510 1978 | 1640 2215 | 3.80 3.84 | 4570 36.68
BNC 4270  43.87 | 32.10 24.72 | 41.70 41.18 2.00 26.80 | 47.20 39.31
BRC 0.1 -0.01 -0.1 -0.04 | 0.00 0.00 -0.7 -0.2 -0.3 -0.06
SPONGE 270 435 [ 1470 830 | 560 638 | 030 050 |29.40 2415

SPONGE;ym 17.10 934 | 970 899 | 12.40 3.64 510 371 | 2540 2250

violation ratio 2.72 118 3.48 0.46 0.3

graphs, displayed in the bottom row, exhibit clearer clustering
boundaries than those of the original graphs in the top row.

5.5 Impact of Signed Encoder to Clustering

To address RQ4, we developed two variants of DSGC encoder,
including DSGC w/o (—=A™) that replaces (~A~) with (A~), and
DSGC w/ EEF that incorporates the “the enemy of my enemy is my
friend (EEF)” principle from Balance Theory to DSGC. Both variants
and DSGC used the layer number L = 2.

06 Ww,mww
—— DSGC
0.4 /’\//N
d

ACC

— wio (A7)
| w/ EEF

0 50 100 150 200 250

W —— DSGC
0.0 ala — wjo (-A7)
z V%\\}‘W w/ EEF
AV
5 2 ‘/W A ‘MW
~o. 5
WMI\/\/V\/'W~W e
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Figure 5: The impact of the term (-A~) and “EEF” principle
on ACC (%) (Top) and SoEN (Bottom).

The positive and negative representations of DSGC w/ EEF are
Zt =7+ (A7)2z+(0); 7= =7~ where Z* and Z" are the posi-
eef eef
tive and negative representations computed by Eq. 8 in DSGC. Sim-
ilarly, the positive and negative embeddings of DSGC w/o (—A ™)
are Zta =7 ZZ, =—Z" .. We define a metric, SoEN, to measure
the distance between nodes linked by negative edges:

& Xeyjes- s(ziz))

SoEN = _—
|8_| Zel/j/e{yr S(Zj’,Zj/)
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where s(-, -) is the inner product, indicating the similarity between
two nodes. Ideally, SoEN is a negative value and a lower SoEN
indicates a greater distance between nodes connected by nega-
tive edges and a clearer clustering boundary. Fig. 5 illustrates the
ACC and SoEN of DSGC and its variants. The results show that:
(i) DSGC consistently outperforms its variants. Incorporating the
“EEF” principle or altering the sign of (—~A~) significantly impacts
clustering performance because DSGC achieves lower SoEN along
with epochs than its variants. This demonstrates its advantage in
separating nodes linked by negative edges, leading to clearer clus-
tering boundaries and larger inter-cluster variances. (ii) The term
(=A7) has higher impact than the inclusion of EEF, suggesting the
original negative edge handling in DSGC is critical for maintaining
clear cluster separations.

R

(a) BNC (b) SPONGE

(d) Ours

(c) SPONGE; ym

Figure 6: Visualization of clustering results from different
algorithms. The ground truth class number is 5.

5.6 Visualization

We utilized t-SNE to visualize the embeddings produced by DSGC
and several strong baselines, including BNC [5], BRC [5], SPONGE [6],
and SPONGEsyn, [6], on SSBM (N = 1000, K = 5, p = 0.01,
n = 0.02) in Fig. 6. Both BNC and BRC exhibit mode collapse,
where most nodes are grouped into one or a few clusters. SPONGE
and SPONGE;y, show improved clustering structures. However,
SPONGE lacks a clear boundary between clusters while SPONGE;
appears to form 6 clusters with a central cluster where nodes from
different true clusters are mixed. This indicates its potential issue
with handling nodes connected by negative edges, which are typi-
cally located at cluster boundaries. In contrast, DSGC successfully
pushes nodes linked by negative edges apart, effectively eliminat-
ing the central cluster phenomenon in SPONGE; ;. This result is
attributed to the exclusion of the “EEF” principle and the incorpo-
ration of the term (—A7™) in the graph encoder.

5.7 Unlabeled Graphs

We also evaluated DSGC on unlabeled real-world signed graphs,
S&P1500 [6] and Rainfall [6], comparing it against three baselines,
BRC [5], BNC [5], and SPONGE_sym [6]. The adjacency matrices
of these graphs were sorted by predicted cluster membership to
visually assess clustering outcomes.

Rainfall. Following [6], we analyzed the clustering structures
for K = {5,10} in Fig. 7, where blue and red denote positive and
negative edges, respectively?. Both BRC and BNC fail to identify
the expected number of clusters, resulting in model collapse. In
contrast, DSGC successfully identifies the specified clusters (5 or 10)

ZDarker blue diagonal blocks indicate more cohesive clusters, while darker pink non-
diagonal blocks signify stronger negative relationships between clusters, enhancing
the clarity of the clustering semantics.

Anon.

and exhibits higher ratios of positive internal edges and stronger
negative inter-cluster edges compared to SPONGE, indicating more
cohesive and well-defined clusters.

(a) BRC (b) BNC (c) SPONGE (d) Ours

(e) BRC

(f) BNC (g) SPONGE (h) Ours

Figure 7: Sorted adjacency matrix for the Rainfall dataset
with K =5 (top row) and K = 10 (bottom row).

S&P1500. Fig. 8 shows the clustering structures for K = {5, 10}.
BRC and BNC suffer model collapse, placing most nodes into a sin-
gle large, sparse cluster. In contrast, DSGC produces clear, compact
clusters with significantly higher ratios of positive to negative inter-
nal edges than the entire graph, indicating more effective clustering
that even surpasses SPONGE in identifying relevant groupings.

(c) SPONGE

(a) BRC (b) BNC (d) Ours
L]
(e) BRC (f) BNC (g) SPONGE (h) Ours

Figure 8: Sorted adjacency matrix for S&P1500 with K = 5 (top
row) and K = 10 (bottom row).

6 CONCLUSION

In this paper, we introduce DSGC, a novel deep signed graph clus-
tering method, to enhance the clarity of cluster boundaries by
effectively utilizing positive and negative edge connections for
node partitioning. Existing approaches generally rely on the Social
Balance Theory, which is primarily suitable for 2-way clustering.
In contrast, DSGC leverages the Weak Balance Theory to address
more general K-way clustering without the need for explicit labels.
DSGC first introduces two pre-processing techniques, VS-R and DA,
to denoise and structurally enhance signed graphs before clustering.
Then, DSGC constructs a clustering-oriented signed neural network
that produces more discriminative representations, specifically for
nodes linked negatively. By optimizing a non-linear transformation
for node clustering assignments, DSGC significantly outperforms
existing methods, establishing clearer and more meaningful cluster
distinctions in complex multi-cluster scenarios.
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A Sociological Theories

The study of clusterability in signed graphs can be traced back to
the foundational Social Balance Theory [14], stating that a signed
undirected network without attributes can naturally exhibit a global
structure conducive to 2-way clustering.
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Figure 9: Illustrations of sociological theories. Triads in boxes
are considered as balanced and weakly balanced, respectively.
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Figure 10: Illustrative comparison of Balance and Weak Bal-
ance Theory in signed graph clustering. (a) 2-way clustering.
The orange triangle proves the principle “the enemy of my
enemy is my friend”. (b) K-way (K = 3) clustering. The blue
triangle proves the principle “the enemy of my enemy might
be my enemy”.

THEOREM 1 (SociaL BALANCE THEORY). The signed network
is balanced if and only if (i) all the edges are positive, or (ii) the node
set can be partitioned into two mutually exclusive subsets, such that
all edges within the same subset are positive and all edges between
the two subsets are negative.

Social Balance Theory induces four fundamental principles: “the
friend of my friend is my friend (FFF)”, “the enemy of my friend is
my enemy (EFE)”, “the friend of my enemy is my enemy (FEE)”, and

“the enemy of my enemy is my friend (EEF)". A signed network is
balanced if it does not violate these principles. For example, triads
with an even number of negative edges are balanced, as shown by
the first two triads in Fig. 9(a), which have 0 and 2 negative edges,
respectively. These principles are traditionally applied to 2-way
clustering.

To accommodate K-way clustering, [7] proposes Weak Balance
Theory, a relaxed version of Social Balance Theory.

THEOREM 2 (WEAK BALANCE THEORY). The signed network is
weakly balanced if and only if (i) all the edges are positive, or (ii) all
nodes can be partitioned into K € N* disjoint sets, such that positive
edges exist only within clusters, and negative edges exist only between
clusters.

Conceptually, Weak Balance Theory replaces the “EEF” principle
in Social Balance Theory with “the enemy of my enemy might be
my enemy (EEE)”. Accordingly, the first three triads in Fig. 9(b) are
considered weakly balanced. Importantly, the “EEE” principle, ap-
plicable for K-way (K > 2) clustering, allows nodes in a triangle to
belong to three different clusters (e.g., the blue triangle in Fig. 2(b)),
illustrating a relaxation of the stricter Social Balance Theory.
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Robust Deep Signed Graph Clustering via Weak Balance Theory

Comparison of Social Balance Theory and Weak Balance
Theory. The partition {Cy, ..., Ck} of a signed graph G satisfying
both theories can be uniformly defined such that the following
conditions hold:

{Al] >0 (eij eS)ﬂ(Ui GCk)m(Uj ECk)

Ajj <0 (eijeS)ﬂ(viECk)ﬂ(vjeCI)(kil) (17)

where A;j is the weight of edge e;j and 0 < k,I < K. However, the
“EEE” principle is specific to K-clusterable (K > 2) networks (e.g.,
Fig. 10(b)) and does not appear in 2-clusterable systems (Fig. 10(a)).

Recent literature [8, 16, 17, 24, 24, 38, 43] has primarily leveraged
Social Balance Theory principles to improve node representations
for signed graphs, potentially overlooking the broader applicability
of Weak Balance Theory in datasets with more than 2 antagonistic
groups, especially when explicit labels are lacking. Our work aims
to fully explore Weak Balance Theory and its principles in the
design of a signed graph encoder for K-way clustering.

B Analyzing the impact of the signed encoder
to node representations and clustering
boundary

In this section, we specifically analyze the principles of Weak Bal-
ance Theory implied in positive and negative aggregation functions
(Eq. (9) and Eq. (10)) and the term (—=A™) in Eq. (10) for the perspec-
tive of their impact to the node representations and the clustering
boundaries.

The term (—A™). The minus sign "-" helps push nodes linked
by negative edges further apart in the latent space. For example,
in Fig. 11 (a), the node u has three “friend neighbors”, vy, v2, and v3.
The positive embedding u* of u is placed at the mean of these three
“friend neighbors” according to Eq. (9), thus narrowing the distance
between them and its central node u. In Fig. 11 (b), the node u
has three “enemy neighbors”, vy, vs, and vg. "=" in the term (=A™)
indicates that two vertices with a negative edge should be placed
on opposite sides. Then, the negative embedding u~ is placed at the
mean of —vy4, —vs, and —vg, which are the opposite coordinates of vy4,
v5, and vg, respectively. This leads to further distance between u and
its “enemy neighbors”. As nodes linked negatively are likely to be
located at the cluster boundary, pushing them away from each other
will create clearer cluster boundaries, thus effectively increasing
inter-cluster variances. Section 5.5 quantitatively analyzes the effect
of (~A™) on node embeddings.

Positive and Negative aggregation. Eq. (9) aggregates the
node embeddings of all I-hop "friend neighbors" along the [-length
positive walk (Dfn 1), implying the principle “the friend of my friend
is my friend (FFF)” and its transitivity. It pulls “friend neighbors”
within L-hop toward the central node, thus reducing intra-cluster
variances. Eq. (10) aggregates the node embeddings of all I-hop
‘enemy neighbors” along the I-length negative walk (Dfn 1), implying
the principles of “the enemy of my friend is my enemy (EFE)”, “the
friend of my enemy is my enemy (FEE)’, and the transitivity of
“FFF”. Importantly, we no longer consider the specific principle “the
Enemy of my Enemy is my Friend (EEF)” of Social Balance so that the
distance between nodes linked negatively can effectively increase,
which can be verified by quantitatively comparing our DSGC and
its variant that incorporates “EEF”. Taking a signed graph with

w_n
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| B

/\

(a) Eq. (9) (b) Eq. (10)

Figure 11: Impact of the term (—A~) in Eq. (10) when both r*
and 7~ are 0. (a) The positive embedding u" is placed at the
mean of its “friend neighbors”, including v1, vz, and v3. (b) Due
to "-" in the term, the negative embedding u~ is placed at the
mean of its “enemy neighbors’ antipodal points, including
—v4, —05, and —vg, resulting in u~ further away from vy, vs,
and vg.

L = 2 as an example, Fig. 12 illustrates our positive and negative
aggregation rules in Eq. (9) and (10).

+(O) +0)

N/ N

pos. aggregator

neg. aggregator
) -0

T (}O N\

Signed Graph

Figure 12: The illustration of positive and negative aggrega-
tions in Eq. (9) and Eq. (10) on a signed graph with the central
node v; and its 2-hop neighbors.

C Hyperparameter sensitivity analysis

This section explores the sensitivity of DSGC’s performance to
variations in its hyperparameters, specifically focusing on 6%, §~,
m'*, and m~. 8§, 6~ are thresholds that determine the confidence
levels for nodes being classified as effective friends or effective ene-
mies, respectively. m* and m™ control the augmentation of positive
and negative edge densities within and across clusters, respectively.
We used synthetic signed graphs from SSBM (1000, 5, 0.01, 0.02)
for this analysis. The results illustrated in Fig. 13 show that: (i)
Optimal performance is achieved when both §* and §~ are set to 1.
Increasing 5% generally worsens accuracy (ACC) as less noisy edges
are effectively refined. (ii) Both excessively high and low values of
m* degrade clustering performance due to imbalances in capturing
local versus more extended neighborhood information. Setting m*
to 3 and m~ to 2 achieve optimal performance.
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1277 Table 3: Performance comparison of signed graph clustering on SSBM with ARI (%) and F1 (%). Bold values indicate the best 1335

1278 results; underlined values indicate the runner-up. 1336
1279 1337
1280 SSBM \ (N=1000, K=5, p=0.01, 1)) \ (N=1000, K=10, p, = 0.02) 1338
1281 SSBM \ n=0 | p=002 | p=004 | p=006 | p=008 | p=0.01 | p=0.02 | p=003 | p=004 | p=005 1339
1282 Metrics | AR F1 | ARL F1 | ARl F1 | ARl F1 | ARl F1 | ARL F1 | ARL F1 | ARl F1 | ARL F1 | ARl F1 1340
1283 A 4166 7158 | 3590 6826 | 28.00 6214 | 1203 4174 | 994 4398 | 077 1613 | 301 2132 | 1685 43.04 | 60.21 79.80 | 8691 93.91 1341
Tons 001 1017 | 001 1036 | 001 901 | 000 836 | 000 808 | 000 817 | 011 1134 | 168 1348 | 340 1120 | 1578 2501
1284 Tns 1511 3192 | 1142 3052 | 532 2417 | 6.11 2447 | 305 2112 | 062 1263 | 214 1809 | 626 2756 | 2336 45.17 | 67.10 83.40 1342
1285 L 000 729 | 000 729 | 000 7290 | 000 729 | 000 729 | 000 322 | 000 322 | 000 322 | 000 321 | 000 322 1343
1ot Loym 4856 7591 | 38.62 6937 | 2883 6226 | 1616 4849 | 1401 47.88 | 049 1591 | 241 1964 | 1466 3991 | 5849 78.69 | 8648 93.69 aa
o BNC 1455 3593 | 1232 3250 | 6.80 29.86 | 456 2378 | 167 2218 | 017 1306 | 231 1878 | 6.09 2347 | 2489 4876 | 67.28 8351 -
1287 BRC 000 729 | 000 729 | 000 748 | 000 7.29 | 000 729 | 000 388 | 000 322 | 004 556 | 050 640 | 000 3.2 1345
] SPONGE 68.90 8639 | 58.65 8142 | 4136 7173 | 24.28 5020 | 17.22 4582 | 1.61 1517 | 825 2801 | 3552 631 | 80.11 9048 | 94.94 97.69 )
1288 SPONGEsym | 7134 89.38 | 4642 63.15 | 3831 5864 | 1479 2107 | 9.02 1891 | 164 1744 | 7.94 990 | 67.53 7943 | 9097 95.93 | 97.56 98.90 1346
1289 DAEGC 366 2798 | 527 2681 | 365 2657 | 3.09 2655 | 203 2429 | 026 1199 | 073 1278 | 1.05 1540 | 251 1614 | 493  19.97 1347
1290 DFCN 426 3507 | 310 3273 | 209 3042 | 171 2797 | 192 2851 | 023 1474 | 019 1385 | 039 1439 | 083 1648 | 068 1583 1348
DCRN 1120 4895 | 910 4413 | 1134 4030 | 405 3609 | 405 3472 | 084 1395 | 250 1899 | 545 2527 | 1370 32.84 | 2472 4926 )
1291 Dink-net 137 2640 | 093 2612 | 1.09 27.03 | 090 2643 | 115 2622 | 000 1437 | 006 1508 | 022 13.80 | 083 1585 | 154 1556 1349
1299 DGCLUSTER | 0.00 7.29 | 000 7.29 | 000 729 | 000 729 | 000 729 | 000 263 | 000 302 | 000 322 | 000 322 | 000 302 1350
MAGI 947 3924 | 669 2848 | 442 2825 | 403 3040 | 309 2675 | 079 1383 | 103 1445 | 259 1962 | 406 2018 | 798 29.16
1293 1351
DSGC | 88.50 94.30 | 78.30 90.80 | 61.60 82.80 | 34.40 66.40 | 23.50 57.60 | 6.90 29.10 | 38.40 65.30 | 70.40 85.30 | 93.20 96.90 | 98.40 99.40
1294 1352
SSBM | (N,K=5,p=001,1=0) | (N = 1000, K, p = 0.01, 77 = 0.02)
1295 SSBM | N=300 | N=50 | N=80 | N=100 | N=1200 | K=4 \ K=5 \ K=6 \ K=7 \ K=8 1353
1296 Metrics | ARL  F1 | AR FL | ARL F1 | ARl F1 | AL F1 | ARl F1 | ARl F1 | ARl F1 | ARl F1 | ARl Fl 1354
1297 A 064 2513 | 624 3570 | 1511 5142 | 41.66 7158 | 6224 83.10 | 76.81 90.69 | 35.90 6826 | 6.44 31.68 | 345 2420 | 148 1977 1355
1208 Tons 000 1142 | 001 1100 | 002 915 | 001 1017 | 004 1054 | 000 1081 | 001 1036 | 000 7.9 | 001 990 | 007 1116 1356
Tans 001 936 | 027 1736 | 046 1522 | 1511 3192 | 1688 49.98 | 32.63 5301 | 1142 3052 | 210 1855 | 077 1511 | 096 1626 ]
1299 000 995 | 000 1235 | 000 744 | 000 729 | 000 718 | 000 1042 | 000 729 | 000 559 | 0.00 498 | 000 359 1357
1300 Loym 002 871 | 486 2981 | 19.16 5035 | 4856 7591 | 63.80 8391 | 7931 9179 | 3862 69.37 | 6.17 3187 | 493 2651 | 196 2080 1358
BNC 000 1106 | 0.62 1809 | 0.60 1588 | 1455 3593 | 21.13 5383 | 30.89 5348 | 1232 3250 | 351 2071 | 065 1529 | 134 1676 )
1301 BRC 000 871 | 000 892 | 000 7.69 | 000 729 | 000 7.18 | 000 10.83 | 000 7.29 | 000 576 | 000 459 | 000 379 1359
1302 SPONGE 001 938 | 372 2006 | 2522 5850 | 68.90 8639 | 87.28 9475 | 88.84 9571 | 58.65 8142 | 1674 3571 | 1530 4237 | 386 19.64 1360
0 SPONGEsym | 0.85 22.87 | 465 30.32 | 5848 8323 | 7134 8938 | 7818 91.82 | 8632 9470 | 4642 6315 | 3L01 6555 | 9.08 30.05 | 387 19.21 561
o DAEGC 063 2181 | 068 2289 | 172 2266 | 366 2798 | 674 2928 | 647 3634 | 527 2681 | 127 1982 | 085 1516 | 080 1589
1304 DFCN 123 2614 | 394 3600 | 275 3170 | 414 3461 | 234 3045 | 6.61 4418 | 3.10 3273 | 072 2327 | 040 19.14 | 047 17.23 1362
1305 DCRN 067 2621 | 359 3340 | 350 30.88 | 1120 4895 | 1867 50.84 | 2998 68.75 | 9.10 4413 | 6.09 3183 | 261 2423 | 110 17.04 1363
Dink-net 070 2818 | 133 2538 | 097 27.12 | 137 2640 | 172 2936 | 268 3211 | 093 2612 | 060 2179 | 040 1895 | 028 1655
1306 DGCLUSTER | 001 805 | 000 830 | 000 744 | 000 729 | 000 718 | 0.00 1042 | 0.00 7.29 | 0.00 539 | 000 419 | 000  3.39 1364
1307 MAGI 399 3139 | 374 3509 | 455 3030 | 932 3842 | 13.19 4220 | 13.64 4245 | 674 2746 | 152 2254 | 149 1692 | 046 1546 1365
1308 DSGC 6.80 37.40 | 34.10 66.60 | 75.40 89.30 | 88.50 95.30 | 96.10 98.40 | 93.20 97.40 | 7830 90.80 | 44.40 70.50 | 21.10 50.90 | 10.00 35.90 1366
1309 1367
1310 1368
1311 5 1369
91
1312 a1 1370
90 v
1313 %0 o E 1371
"
1314 <80 < 1372
o
1315 88 e 6% 86] —w— m* 1373
1316 . - 5" osf o m- (2) BNC (b) SPONGE () SPONGEym ra
S SN Ty B N BN B S
1317 s m 1375
1318 (a) ACCvs. & (b) ACCvs.m 1376
1319 1377
1320 . . . 1378
Figure 13: Hyperparameter analysis on the signed graph.
1321 1379
1322 1380
1523 (d) BNC+VS-R (¢) SPONGE+VS-R  (f) SPONGEs,,+VS-R 1381
1324 . . . . . 1382
s D Visualization of signed spectral clustering ) i ) s
3% after applving VS-R Figure 14: Node embeddings of three signed spectral methods :
1326 pplying before and after applying VS-R. Different colors represent 1384
1327 In addition to numerical analysis, Fig. 14 provides visual evidence different clusters. 1385
1328 of the impact of VS-R. Utilizing ¢t-SNE, we compared the embed- 1386
1329 dings of original and denoised graphs learned by strong spectral 1387
1330  methods on SSBM (1000, 5, 0.01, 0.04). We can observe that the 1388
1331 embeddings of new graphs, displayed in the bottom row, exhibit 1389
1332 clearer clustering boundaries than those of the original graphs in and SPONGE;y;, achieve enhanced clustering performance on 1390
1333 the top row. That is, spectral methods, including BNC, SPONGE, cleaner graph structures after employing VS-R. 1391

1334 12 1392
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Robust Deep Signed Graph Clustering via Weak Balance Theory

E Implementation Setting

All experiments are implemented on PYtorch. The length of posi-
tive and negative walks L in VS-R is set to 3. The balance parameter
Ainloss L is set to 0.03. The layer number L in our graph encoder
is set to 2. Node features X are derived from the K-dimmensional
embeddings corresponding to the largest K eigenvalues of the sym-
metrized adjacency matrix. The hidden dimension d is 32 in the our
cluster-specific signed graph clustering. Besides, the hyperparame-
ters sensitivity analysisi of §*, 57, m*, and m~ in Eq. (5) and Eq. (6)
can be found in App. C. Following [22], we change a signed graph to
an unsigned graph by revising all negative edges to positive edges,
which are inputted to above unsigned graph clustering methods
(DAEGC, DFCN, DCRN, Dink-net, DGCLUSTER MAGI).

F ARI and F1 score of overall performance

This results in ARI and F1 score for DSGC and all baselines are
reported in Table 3. They are generally consistent with the ACC and
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NMI results presented in the main text, reinforcing the conclusions
drawn from those analyses. We can observe: (i) Superior perfor-
mance: DSGC still significantly outperforms all baseline models in
ART and F1 score. (ii) Robustness: DSGC exhibits notably superior
performance on all 20 labeled signed graphs in ARI and F1 score.
This observation highlights the effectiveness and robustness of
our approach regarding 7, p, N, and K. (iii) Comparative analysis:
In terms of ARI and F1 score, while unsigned clustering meth-
ods (DAEGC, DFCN, and DCRN) generally outperform non-deep
spectral methods due to their advanced representation learning
capabilities, DSGC still maintains a significant advantage, confirm-
ing that the specialized design of DSGC is effective for the unique
challenges of signed graph clustering.

Received 20 February 2007; revised 12 March 2009; accepted 5 June 2009
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