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LEARNING HIERARCHICAL POLYNOMIALS OF MULTI-
PLE NONLINEAR FEATURES
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ABSTRACT

In deep learning theory, a critical question is to understand how neural networks
learn hierarchical features. In this work, we study the learning of hierarchical
polynomials of multiple nonlinear features using three-layer neural networks. We
examine a broad class of functions of the form f* = ¢g* o p, where p : R —
R" represents multiple quadratic features with r < d and ¢* : R” — Ris a
polynomial of degree p. This can be viewed as a nonlinear generalization of the
multi-index model (Damian et al., 2022), and also an expansion upon previous
work that focused only on a single nonlinear feature, i.e. » = 1 (Nichani et al.,
2023; Wang et al., 2023).

Our primary contribution shows that a three-layer neural network trained via lay-
erwise gradient descent suffices for

* complete recovery of the space spanned by the nonlinear features

* efficient learning of the target function f* = ¢g* o p or transfer learning of
f = g o p with a different link function

within O(d*) samples and polynomial time. For such hierarchical targets, our
result substantially improves the sample complexity ©(d??) of the kernel methods,
demonstrating the power of efficient feature learning. It is important to highlight
that our results leverage novel techniques and thus manage to go beyond all prior
settings such as single-index and multi-index models as well as models depending
just on one nonlinear feature, contributing to a more comprehensive understanding
of feature learning in deep learning.

1 INTRODUCTION

Deep neural networks have achieved remarkable empirical success across numerous domains of
artificial intelligence (Krizhevsky et al., 2012; He et al., 2016). This success can be largely attributed
to their ability to extract latent features from real-world data and decompose complex targets into
hierarchical representations, which improves test accuracy (He et al., 2016) and allows efficient
transfer learning (Devlin, 2018). These feature learning capabilities are widely regarded as a core
strength of neural networks over non-adaptive approaches such as kernel methods (Wei et al., 2020;
Bai and Lee, 2020).

Despite these empirical achievements, the feature learning capabilities of neural networks are less
well understood from a theoretical point of view. Previous work on feature learning has shown that
two-layer neural networks can learn multiple linear features of the input (Damian et al., 2022), that
is, multi-index models. However, the two-layer architecture inherently limits the network’s ability
to represent and learn nonlinear features (Daniely, 2017). Given that many real-world scenarios
involve diverse and nonlinear features, recent studies have shifted focus to investigating the learning
of nonlinear features using deeper neural networks. Safran and Lee (2022); Ren et al. (2023);
Nichani et al. (2023); Wang et al. (2023) have demonstrated that three-layer networks, when trained
via gradient descent, can efficiently learn hierarchical targets of the form h = g o p, where p
represents certain types of features such as the norm |x| or a quadratic form x' Ax. However,
these studies are limited to relatively simple hierarchical functions and mainly focus on targets of
a single feature. It remains unclear whether neural networks can efficiently learn a wider range of
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hierarchical functions, particularly those that depend on multiple nonlinear features. This leads us
to the following central question:

Can neural networks adaptively identify multiple nonlinear features from the hierarchical targets
by gradient descent, thereby allowing an efficient learning for such targets?

1.1 MAIN CONTRIBUTIONS

In this paper, we provide strong theoretical evidence that three-layer neural networks have the ability
to learn multiple hidden nonlinear features. Specifically, we study the problem of learning any
hierarchical polynomial with multiple quadratic features using a three-layer network trained via
layer-wise gradient descent. Our main contributions are summarized as follows:

* A Novel Analytic Framework for Multi-Nonlinear Feature Learning. We demonstrate
that when the target function belongs to a broad class of the form f* = ¢g* o p, where
p : R? — R represents r quadratic (nonlinear) features and g* is a link function, the
first step of gradient descent efficiently learns and recovers the space spanned by these
nonlinear features p within only O(d*) samples. We remark that our proof techniques
are also applicable to general nonlinear features. The core technical novelty is that we
develop a novel and general universality argument (Lemma 1) that bridges multi nonlinear
feature models to multi-index models, which allows for an accurate reconstruction of the
features through a simple linear transformation on the learned representations with small
approximation error (Proposition 1)

* Improved Sample Complexity and Efficient Transfer Learning. Leveraging the learned
features in the first GD step, we prove that when the link function ¢g* is a polynomial of
degree p, the gradient descent on the outer layer can achieves a vanishing generalization
error with a small outer width and at most O(r©(?)) additional training samples, removing
the dependence on d (Theorem 1). This significantly improves upon the sample complexity
of kernel methods, which require ©(d??) samples. Moreover, our analysis enables efficient
transfer learning for any other target function of the form f = ¢ o p with a different link
function g, which also only requires O(r©(®)) additional samples.

1.2 RELATED WORKS

Kernel Methods. Earlier research links the behavior of gradient descent (GD) on the entire net-
work to its linear approximation near the initialization. In this scenario, neural networks act as
kernels, known as the Neural Tangent Kernel (NTK). This connection bridges neural network anal-
ysis with established kernel theory and offers initial learning guarantees for neural networks (Jacot
et al., 2018; Soltanolkotabi et al., 2018; Du et al., 2018; Chizat et al., 2019; Arora et al., 2019).
However, kernel theory fails to explain the superior empirical achievements of neural networks over
kernel methods (Arora et al., 2019; Lee et al., 2020; E et al., 2020). Networks in the kernel regime
fail to learn features (Yang and Hu, 2021), not adaptable to hierarchical structures of real world
targets. Ghorbani et al. (2021) proves that for uniformly distributed data on the sphere, the NTK
method requires Q(d*) samples to learn any polynomials of degree k in d dimensions, which is
impractical when k is large. Thus, a central question is how neural networks can detect and capture
the underlying hierarchies in the target functions, which allows for a better generalization behavior
versus kernel methods.

Learning Linear Features. Recent studies have demonstrated neural networks’ capability to
learn hierarchical functions of linear features more efficiently than kernel methods. Specifically,
Bietti et al. (2022); Ba et al. (2022) establish the efficient learning of single-index models, i.e.,
f*(x) = g({u,x)). Furthermore, recent works Damian et al. (2022); Abbe et al. (2023); Dandi
et al. (2023a); Bietti et al. (2023) further demonstrate that for isotropic data, two-layer or three-layer
neural networks can effectively learn multi-index models of the form f*(x) = ¢g(Ux). These studies
adopt certain modified training algorithms, such as layer-wise training. With sufficient feature learn-
ing, these networks can learn low-rank polynomials with a benign sample complexity of O(d®()),
which does not scale with the degree of the polynomial g. Empirically, fully connected networks
trained via gradient descent on image classification tasks also capture low-rank features (Lee et al.,
2007; Radhakrishnan et al., 2022). More recently, the learning of single-index and multi-index
models is analyzed with more advanced algorithm framework or specified data structure. Mousavi-
Hosseini et al. (2024) considers learning general multi-index models with two-layer neural networks
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through a mean-field Langevin dynamics, Dandi et al. (2024b); Lee et al. (2024) goes beyond the
traditional Correlational Statistical Query (CSQ) setting and consider algorithms that reuse samples
for feature learning. Mousavi-Hosseini et al. (2023); Ba et al. (2023); Wang et al. (2024) considers
learning linear features with structured data (such as data with a spiked covariance) rather than the
commonly considered isotropic one. Cui et al. (2024); Dandi et al. (2024a) study the spectral struc-
ture revealed in the learned features with one huge gradient step through a spiked random feature
model to understand the mechanism of feature learning in neural networks.

Learning Nonlinear Features. Previous studies indicate that neural networks can effectively learn
specific hierarchies of nonlinear features. Safran and Lee (2022) shows that GD can efficiently learn
functions such as 1> with a three-layer network. Ren et al. (2023) demonstrates that ReLU (1 —
|x]|) can be learned by a multi-layer mean-field network. Moniri et al. (2024) studies the nonlinear
feature learning capabilities of two-layer neural networks with one step of gradient descent. Allen-
Zhu and Li (2019; 2020) explore learning target functions of the form p + ag o p with p being
the underlying feature through a three-layer residual network, though they either need o = 0,4(1) or
cannot reach vanishing error. More recent works have addressed a broader class of nonlinear features
compared with the previous research and demonstrate that three-layer neural networks can learn
these hidden features efficiently. Specifically, Nichani et al. (2023) demonstrates that a three-layer
network trained with layer-wise GD algorithm effectively learns g o p for a quadratic feature p(x) =

x " Ax with an improved sample complexity of é(d4). Wang et al. (2023) further demonstrates
that such a network can in fact efficiently learn g o p for p within a broad subclass of degree k

polynomials and optimizes the sample complexity to O(d*). However, all of these studies focus
on a single nonlinear feature, limiting their applicability to scenarios involving multiple features.
Our work addresses this gap by establishing the first theoretical guarantee for efficiently learning
hierarchical polynomials of multiple nonlinear features, which significantly broadens the learnable
function class and advances towards a better understanding of feature learning.

2 PRELIMINARIES

2.1 NOTATIONS

We use bold letters to denote vectors and matrices. For a vector v, we denote its Euclidean norm by
[|v]|5. For a matrix A, we denote its operator and Frobenius norm as ||A||, and ||A ||, respectively.
For any positive integer n, we denote [n] = {1,2,...,n}. Moreover, for any indexes ¢ and j, we
denote J;; = 1if i = j and 0 otherwise. We use O, © and {2 to hide absolute constants. In addition,

we denote f < g when there exists some positive absolute constant C' with f < Cg. We use O,
© and Q to ignore logarithmic terms. For a function f : X — R and a distribution v on X, we
denote || fl 1o (x 0y = (EXM,[|f(x)|p})1/p. When the domain is clear from context, we write || f|| .,
for simplicity. Finally, we write Ex as the shorthand for E...,, sometimes.

2.2 PROBLEM SETUP

Data distribution Our aim is to learn the target function f* : X — R, with X C R? being
the input space. Throughout the paper, we assume X = S?~'(1/d), that is, the sphere with radius

V/d in d dimensions. Also, we consider the data distribution to be the uniform distribution on the
sphere, i.e., x ~ Unif(X'), and we draw two independent datasets Dy, Ds, each with n; and ns i.i.d.
samples, respectively. Thus, we draw n; + ns samples in total.

Target function For the target function f* : R? — R, we assume they are hierarchical functions
of r quadratic features

f*(X) = g*(p(x)) = g* (XTAIXa XTA2Xa s 7XTATX) .

This structure represents a broad class of functions where p(x) = [x T A1x,x " Aox, ..., x A,x]"
represents r quadratic features, and g* : R” — R is a link function. Here we consider the case
r < d. To simplify our analysis while maintaining generality, we make the following assumptions:

Assumption 1 (Orthogonal quadratic features). For any i,j € [r|, we suppose

K1

]Ex [XTAZ'X} = 0, Ex [(XTAiX)(XTAjX):I = 5ij and ||AZ||0p S %

Here we assume 11 = poly(log d).
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The first assumption is equivalent to tr(A;) = 0 for any ¢ € [r]. For A, such that tr(A;) # 0, we
could simply subtract the mean of the feature to A} = A; — (tr(A;)/d) - Iso

xTAlx=x"(A; — (tr(Ay)/d) - D)x = x" A;x — tr(Ay).

The second assumption on the feature orthonormality can be attained via linear transformation on
the features, preserving the overall function class. The third assumption on the operator norm bound
ensures that the features are balanced, which is common in the non-linear feature learning literature
(Nichani et al., 2023; Wang et al., 2023). Moreover, we note that when the entries of A; are sampled
i.i.d., the assumption is satisfied with high probability by standard random matrix arguments.

Assumption 2 (Well-conditioned link function). For the link function g*, we assume g* is a degree-
p polynomial with E, [g*(2)?] = ©(1), where z ~ N(0,1,) and p € N is a constant. Moreover,
we assume the expected Hessian H = |E, [VQ g*(z)] € R™7 s well-conditioned, i.e., there exists a

c
constant C'g such that Ayin (H) > 7’;
This assumption ensures the link function adequately emphasizes all r features, preventing degen-
eracy to a lower-dimensional subspace. The second-moment condition is achievable through simple
normalization.

Assumption 3 (Prepocessed target function). For the entire target function f*, we assume Po(f*) =
Ex[f*(x)] = 0 and |Pa(f*)|| 2 < k2/Vd. Here Py is the projection onto the function space of
degree k spherical harmonics on the sphere S*=(\/d), and ky satisfies 5 = poly(r,log d).

We will give a rigorous definition of Py in Section 2.3.1. This assumption is analogous to a pre-
processing procedure conducted in Damian et al. (2022), which subtracts out the mean and linear
component of the features from the target. The zero-mean condition ensures the network focuses on
learning the function’s variability rather than a constant offset. While Nichani et al. (2023); Wang
et al. (2023) assume the link function g has non-zero linear component, we rather assume g has a
nearly zero linear component, which prevents the target function from being dominated by a sin-
gle linear combination of the quadratic features and keeps the learned representation space from
collapsing to the one-dimenional space of that certain linear combination. This is an essential dif-
ference between single-feature and multi-feature learning, because our assumptions ensure that the
network genuinely learns to represent and distinguish all r features rather than conflate them, while
assumptions in Nichani et al. (2023); Wang et al. (2023) represent a degenerate case that neural
network may only learn the dominant linear combination of the r features. We provide examples
and counterexamples as follows.

Remark 1. These assumptions accommodate a wide range of target functions. For instance,
f*(x) = % St (XTAkX)2 — /1 satisfies Assumption 3 with ro < /rky for any {ag} e
under Assumption 1. Moreover, for diagonal A, with A = diag(ay), where a;, as, ..., a, are or-
thogonal zero-sum vectors with entries a ; € {£c/+/d}, we can achieve r = 0. Here ¢ = O(1) is
a normalizing constant. Notably, linear combinations of features like f(x) = # St (xTARx)
violate our assumptions, since it represents a degenerate case with ||P2(f)|l ;2 = || |- = ©(1).

Three-layer neural network We adopt a standard three-layer neural network for learning the
target functions. Let m1, mo be the two hidden layer widths, and o4, o2 be two activation functions.
Our learner is a three-layer neural network parameterized by § = (a, W, b, V), where a € R™,
W € R™i*m2 b ¢ R™, and V € R™2*4, The network f(x;#) is defined as

mi mi

Fxi0) = — Zam ((wi, 02 (VX)) + b;) mllz_:““’l(ww 0 (x )>+bi). (1)

i=1
Here, w; € R™2 is the i-th row of W , and h(o)(x) := 02(Vx) € R™2 is the random feature
embedding lying in the innermost layer. We initialize each row of V to be drawn uniformly on
the sphere of radius v/d, i.e., v§0> ~ Unif(Sd_l(\/a)). For a, b and W, we use a symmetric

initialization so that f(x; 9(0)) = 0 (Chizat et al., 2019). Explicitly, we assume that m; is an even
number and for any j € [mq/2], we initialize the paramters as

ol = —al)) . ~Unif({~1,1}), w\¥ =wl)_ ~N(0,el,n,), and bV =5l =o.

mlj m1] mi1—7J



Published as a conference paper at ICLR 2025

Here € > 0 is a hyperparameter to control the magnitude of the initial neurons. Different from
Nichani et al. (2023) where the weights w; are initialized at zeros, we require a random initializa-
tion, which enables the learned weights to capture the multiple features in all directions instead of
converging to a specific direction like the previous results for learning a single feature.

For the activation functions o1 and o2, we have the following assumptions:

Assumption 4 (Activation Function). We take the outer activation function o, and the inner acti-
vation function oo as

o) 20t =1, [t =1, nd U(t)_ioQ(t) @
1 t2, |t|<1 2 pas 101 )

where Q;(t) is the i-th degree Gegenbauer polynomial in the d-dimensional space. Moreover, we
assume there exist constants Cy, oy such that |oa(t)| < Cy for |t| < d, and Bx [05(x"14)] <
d=*Cy for k = 2,4. We assume co = O(1), and Cy, Cy and {ci}fiQ are all constants independent
of n, d, my and ma.

We remark the outer activation o; is a slightly modified version of the absolute value function
|t|, smoothed around the origin. The assumptions on o5 are based on the Gegenbauer expansion,
often considered in the spherical analysis (introduced in Section 2.3.2). Compared to standard inner
activations, we remove the constant term (Qo(t) = 1) and the linear term (Q1(t) = t/d) to focus
on learning nonlinear features without low-order interference. Importantly, these assumptions on
activation functions maintain significant generality. The assumptions on magnitude and moments
are satisfied by many common activation functions with appropriate scaling. The core assumption
in the Gegenbauer expansion is the non-zero component of @2, i.e., c2 = (1), which we rely on
for a subspace recovery of the r quadratic features while other assumptions are made to simplify
our analysis since other components in inner activation will lead to useless noises or biases in the
weights after training. Moreover, if we consider higher degree nonlinear features such as degree ¢
polynomials, we expect that o2 has sufficient emphasis on @), for efficient feature learning.

Remark 2. o5(t) = Q2(t) = % is an example of the inner activation function.

Training Algorithm Following Nichani et al. (2023), our network is trained via layer-wise gra-
dient descent with sample splitting. Throughout the training process, we freeze the innermost layer
weights V. In the first stage, the second layer weights W' are trained for one step with a specified
learning rate 7; and weight decay \;. In the second stage, we reinitialize the bias b and train the
outer layer weights a for 7" — 1 steps.

Transfer Learning We remark that our algorithm allows transfer learning of a different target
function f that shares the same features of the original target:

FFx) = fx)=g(x"Ax,x"Asx,...,x Ax) (transferred target)

In this case, we switch the target function from f* = ¢g*(p) to f = g(p) in the second training
stage. For the loss function, we use the standard squared loss:

n% > xep, (f(x30) — F*(x))? (original),
n% > xep, (f(x;0) — f(X))2 (transferred).

This layer-wise training approach, combined with the ability to perform transfer learning, provides a
powerful framework for learning and adapting to hierarchical functions with hidden features (Kulka-
rni and Karande, 2017; Damian et al., 2022; Nichani et al., 2023). The pseudocode for the entire
training procedure is presented in Algorithm 1.

1

ni

LOO) == > (f(x:0) - f*(x)°, LO(0) =

x€Dq

2.3 TECHNICAL BACKGROUND: ANALYSIS OVER THE SPHERE

We briefly introduce spherical harmonics and Gegenbauer polynomials, which forms the foundation
of our analysis over the sphere S~ (v/d). For more details, see Appendix B.5.

2.3.1 SPHERICAL HARMONICS

Let 74_1 be the uniform distribution on S~ (v/d). Consider functions in L>(S?~'(v/d), 74_1), with
scalar product and norm denoted as (-, -) 2 and [|-|| ... For £ € Zx, let V; ¢ be the linear space of
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Algorithm 1 Layer-wise training algorithm

Input: Learning rates 71, 12, weight decay A1, Ao, parameter €, number of steps T’
initialize a, b, W and V.
train W on dataset D,
WO WO — [V LD (0) + A\, WO

end
re-initialize
b1 ~ Unif([-3,3)), i € [my]
a v a0 vO
9(1) (a(1)7W(1)7b(1),V(0))
end
train a on dataset D,
fort =2to T do

‘ a®) « alt=1) — [V, L@ (90D 4 Npat=1)]
end

end
return Prediction function f(-;0(™)): x = -=(a™), oy (WHh() (x) + b))

homogeneous harmonic polynomials of degree ¢ restricted on S~ (v/d). The set {Vj ¢} ¢>0 forms

an orthogonal basis of the L? space, with dimension dim(Vy ) = ©(d*). For each { € Zs, the
spherical harmonics {Yy ; } F€[B(d,0)] form an orthonormal basis of Vg . Moreover, we denote by P,
the orthogonal projections to Vj; 5, which can be written as

B(d,k)

Pe(£)x) = D (f Yeu)r2Veu(x).

=1
We also define P<y = Y5 _o Pi Por = 1 — Pey, Poy = Py, and Py = Poyoi.
2.3.2 GEGENBAUER POLYNOMIALS

Corresponding to the degree ¢ spherical harmonics in the d-dimension space, the /-th Gegenbauer
polynomial Q : [—d, d] — R is a polynomial of degree £. The set {Q¢}¢>0 forms an orthogonal ba-
sison L?([—d,d],T4_1), where T4_1 is the distribution of \/&(X, e1) when x ~ 74_1. In particular,
these polynomials are normalized so that Qy(d) = 1. We present the explicit forms of Gegenbauer
polynomials of degree no more than 2:

t?—d

Q) =1 @u(t)= 5. and Qa(t) = 5.

Gegenbauer polynomials are directly related to spherical harmonics, leading to a number of elegant
properties. We provide further details on these properties in Appendix B.5.

3 MAIN RESULTS

The following is our main theorem, which bounds the population absolute loss of Algorithm 1:

Theorem 1. Suppose n, = ﬁ(d‘l) and my = ﬁ(dﬁ). Let 0 be the output of Algorithm 1 after
T = poly(ni,na, my,ma,d) steps. Then, there exists a set of hyper-parameters (€,11, 12, A1, A2)
such that, with high probability over the initialization of parameters and draws of D1, D2, we have

2p 60-p+1 2 1 +2
~ ~ rPr dSrp+ d2rp+ rP
’0 ek ‘ — 2

Fx:0) = (%) } 0 \/min(ml,ng) Jr\/ mo + \/ n1 + di/e

Complexity of g* Feature Learning Error

5|

Moreover, for any other degree p polynomial g : R — Rwith ||g|| ;- S 1, by substituting the target

Sfunction f* = g* o p by f = g o p in the second training stage, we can achieve the same result for
learning the new target function.
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The full proof is provided in Appendix E.1. To interpret the results, we provide the following
discussion of Theorem 1.

Feature learning error This terms quantifies the requirements on the first-stage sample complex-
ity and the inner width to sufficiently capture the non-linear features. Given d >> r, if the width
may = Q(d®rPT1) and the sample size ny = Q(d* + d?rP*1), we can fully capture the underlying
feature information and approximate any degree p polynomials of the features. We will demon-
strate how Algorithm 1 learns these features through the learned representations in Proposition 1
and express hierarchical polynomials in Proposition 2.

Complexity of g* This term is the second-stage sample (and width) complexity given that the r
features have been fully captured in the first stage. Moreover, for a sufficiently preprocessed target
function, i.e., k2 = O(1), we achieve the standard results of O(r?) complexity in learning a degree-
p polynomial in the r-dimensional space in the kernel regime.

Transfer learning Leveraging the two-stage structure of training, we can learn a different target
function in the second stage that shares the same features with the original target. This also sup-
ports the fact that we have fully captured the information of the r nonlinear features in the first
stage, making it possible for the efficient learning with a different polynomial head g. Moreover,
by Viewing the first stage as a pre-training process with Q(d* + d?rP*1) samples, only additional

(’)(r” ,‘6',2 ) samples are required to learn any degree p polynomial of the features, which gets rid of
the polynomial dependence on the ambient dimension of d.

Comparison with previous works Compared with the sample complexity of Q(d?r + dr?) in
Damian et al. (2022) for learning multi-index models, we have a similar polynomial dependence on
r, and the dependence on d increases from d? to d* because of the increased complexity of quadratic
features rather than linear ones. Moreover, our approach significantly improves upon the ©(d??)
sample complexity required by kernel methods to learn degree p polynomials of quadratic features
(i.e., degree 2p polynomials of the input). Crucially, our polynomial dependence on d in the overall
sample complexity is independent of the degree p of the link function g.

Near optimality of the sample complexity We remark that our sample complexity of O(d?) is
nearly optimal with respect to d for all algorithms that use one step of gradient descent for feature
learning. Our assumptions on the target functions imply that the leap index' of our target functions
are basically 4 (more specifically, the second order information of g o p, where p are quadratic
features), and we also utilize P,(f) for recovering the subspace of the r quadratic features, which
will be discussed in details in Section 4. Dandi et al. (2023b) indicates that 2(d*) samples are
required for an efficient learning of terms in P4(f*), which substantiates the near optimality of our
result.

4 PROOF ROADMAP OF THEOREM 1

The proof of Theorem 1 unfolds in two training stages. First, by a novel universality argument
(Lemma 1), we show that after the first training stage, with sufficient training samples, the net-
work learns to fully extract out the hidden features p (Proposition 1). Next, we show that during
the second stage, the network is capable of expressing the link function with a mild outer width
mq (Proposition 2). We conclude the proof through standard Rademacher complexity analysis to
quantify the generalization error of the second-stage model (detailed in Appendix E.1).

4.1 STAGE 1: LEARNING THE FEATURES
We provide a brief analysis on the learned representations after the first training stage. Denote
w; = e_lvv;O) ~ N(0,1,,,). According to Algorithm 1, by setting e sufficiently small, after
one-step gradient descent on W, we know for each j € [my],
a(O)
ﬁlVW;O)E(e(O) 7717 771 Z £ (xi)h @ (x;)0] (<€Wjah(0)(xi)>)

mi x€D1

26
Z GO Zf DB (x)h O (x;) Tw;.

xEDl

e—0

"The leap index of a target function f* is the first integer £ that P¢f* # 0. Our assumptions imply a
diminishing P<4(f*) and a non-degenerate P4(f*) as d — oco.
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By taking n; =

25m -7 for some 1 > 0 to be chosen later and A\; = 771 , we have

w§1) = w( —— {V L(0 O + W(O)} — Z £ (x)h (3¢,)h @ (x;) Tw;.
nl x€D;
Then for any second-stage training sample x’ € Ds, the inner-layer representation becomes

(0)
(Wi, oa(Vx')) = “< thm)W)wWM>

€D,

=W%%mm2ﬂ w>wwwmﬁ.

x€Dy

h(D) (x7)

Our main contribution in this part is that the first-step trained presentations representations h(*) (x)
approximately spans the space of the target features (x' A1x,x ' AoX,...,x ' A,x). Thus, the
target features p(x) can be reconstructed through a linear transformation from the learned represen-

tations h(*) (x), which is formalized in the following proposition.

Proposition 1 (Reconstruct the feature). Suppose mo,nq; = ﬁ(d4). With high probability jointly on
V', D; and Ds, there exists a matrix B* € R"™*™2 such that for any x € Do, we have

d3r dr P
\/ M2 + A/ 11 + d1/6

HB*h<1>(x) - p(x)H2 - 6( 3)

The proof is provided in Appendix C.3. We summarize the main idea of the proof as follows.

Universality of features The foundation of the proof lies in the universality result that the joint
distribution of the multiple features p is approximately multivariate standard Gaussian:

(XTA1X, xTAox, ... ,XTATX) 2 N(0,,L.), d>r.

It is worth mentioning that we provide a general universality theory that quantifies the difference
between the distribution of any r-dimensional function (not limited in quadratic forms) and the
r-dimensional Gaussian distribution, which is presented in Lemma 1.

Lemma 1 (Universality of vector-valued functions). Suppose X ~ N(0,1,) is an d-dimensional
standard Gaussian variable. If a function p : R? — R satisfies Ex [p(X)] = 0, and
Cov(p(X),p(X)) =1, then we have

W1 (Law(p(X)), N'(0,1,)) <<ZE[IIW ] ) ZE[HV% I }1/4

Here p(x) = [p1(x),p2(X), ..., pr(x)] | and W denotes the Wasserstein-1 distance.

The proof is provided in Appendix B.2. This lemma extends the previous universality results of
univariate Gaussian approximation theory (Chatterjee, 2007) to the multivariate version and could
be of independent interest for the field of high dimensional probability theory. As a corollary, when
we take p to be r quadratic features satisfying Assumption 1, we ensure the W; distance is bounded
by O(r2/+/d) (see Lemma 16 in the appendix for the formal statement). This approximation error
finally contributes to third term in the error bound of Proposition 1 (Equation (3)).

Utilizing the second-order information of ¢g* Lemma 1 establishes a crucial link between our
model and the multi-index model studied by Damian et al. (2022). This connection allows us to sim-
plify the analysis on non-linear features and utilize the second-order information of the link function
g™ to fully recover the feature space. In the context of multi-index models where f*(x) = g* (p(x))
with p(x) = Ux, it has been shown that for a prepossessed target with a non-degenerate expected
Hessian H = E, [VQ g*(z)], the learned representations, dominated by the degree 2 component of
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f* which takes form Ex [f*(x)x®?] ~ U"HU, are spanned by {u; ® u;}; je[,. Extending this
to our setting with quadratic features and applying the universality argument from Lemma 1, we
demonstrate that the degree 4 component of our f*, namely Ex [ f*(x)Y2(x)®?], is approximately
spanned by the quantities { A; ® A;}; je(r), Which is formalized in Proposition 3 in Appendix C.1.
Here Y, (x) represents the tensorized quadratic spherical harmonics. Under Assumption 3, it turns
out that after the first step of GD (Stage 1 of Algorithm 1), the learned representations are dominated
by this degree 4 component (Proposition 4 in Appendix C.2). This domination enables efficient re-
covery of the ’span” of the hidden features p. For a visual representation of our proof strategy, we
also present our main idea of the proof in Figure 1. Remarkably, we find that the reconstruction
matrix admits a surprisingly simple form of B* oc H™}[p(v1),p(Va), ..., P(Vin,)]. We provide
empirical support for the effectiveness of this reconstruction through experiments in Section A.

| Proof Idea of Proposition 1 | (Ex[f*(x)Y2(x)¥?], Y2 ® Y2)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, : 2
o= + Pa(f*) + | |
I 2 (universality)
g'(p) = + (E.[g*(2)2°*].p @ p) +
own 0 —= e
[h(l)(xl)} ~ Low order terms +  (Ex[f*(x)Y2(x)®?], Ya(v;) ® Ya(x')) + High order terms

J

(Controlled by Assumption 3) 2 (univerqalitv)

Linearly reconstruct p(x’) through  (E,[¢*(2)z®?], p(v;) @ p(x')) ~ p(v;) Hp(x) ,j € [m2]

Figure 1: The proof idea of Proposition 1. Block 1 characterizes the constant and linear terms of
g*, which is approximately equivalent to the low-order terms P.4(f*) by our universality theory
and results into biases in the learned weights h(l)(x’ ) after Stage 1. This bias is vanishing with
d — oo by our assumptions on Py (f*) and P (f*). Block 2 describes the second-order information
of ¢g* (approximately P4(f*)), which is of the greatest importance and captured by the quadratic
component c2@2(+) in the inner activation oo(-) and converted into quantities spanned by the r
quadratic features p. Block 3 represents the remaining terms of f*, which leads to high-order
nuisance in the learned weights, but still dominated by the second term due to Assumption 2 when
d is large, which enables us to utilize the terms in blue (resulted from Block 2) to reconstruct the
features efficiently.

4.2 STAGE 2: LEARNING THE LINK FUNCTION

By the deduction above, after the first training stage, the model becomes a random-feature model
(Rahimi and Recht, 2007):

1 &
750) = = >~ ajon (na” vy, B ) 487, @
Jj=1

Here 0 = (a, W) b1 V), with a = [ay,az,...,a,m,]T € R™ being the trainable parameters
in the second stage. Leveraging the construction in Proposition 1, we can construct a corresponding
weight vector a in the outer layer to express the polynomial g(B*h(!) (x)) =~ g(p(x)).
Proposition 2 (Expressivity of the second-stage model). Suppose g is a degree p polynomial with
lgll;2 S 1. Then there exists a learning rate n such that, with high probability over D1, Dy, W
and 'V, there exists a* € R™* such that the parameter * = (a*, WO pM), V) achieves a small
empirical loss:

LS (fx:0%) — glp(x)))* = O ('a*@ LA +>
2

m n dr/3
x€Dy 2 1

Here a* satisfies ||a*||5 = O (mlr%gp) :
The proof is provided in Appendix D.1. We provide following discussions.
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Error propagation To explain the increased polynomial dependence on r, we remark that the
approximation error in Proposition 1 gets multiplied by the averaged Lipschitz smoothness of the

link function g, which is upper bounded by O(TFT_l ). This product is then squared due to the use of
squared loss in Proposition 2.

Reduced complexity of a Moreover, we remark that the complexity of a, i.e., ||al|,, gets rid of
the polynomial dependence on d, which is greatly reduced compared with a naive random-feature

model that requires ||a||§ = ©(m1d?P). This directly saves the second-stage sample complexity 7,

and the outer width my, since ny, my = O(m; " ||a* ||§) is required for efficient approximation and
generalization (Ghorbani et al., 2021). We also examine this reduced dependency by comparing our
model with a naive random feature model in learning hierarchical target functions in Section A.

Arbitrariness of ¢ Thanks to the two-stage architecture and the sufficient learning of the features,
the choice on the link function g can be an arbitrary degree p polynomial, not limited to the truth
target g*. This allows us to conduct transfer learning tasks in Stage 2 of Algorithm 1.

Finally, by standard Rademacher complexity analysis on the random feature model presented in
Appendix E.1, we conclude our proof.

5 CONCLUSIONS AND DISCUSSIONS

Comparison with Nichani et al. (2023); Wang et al. (2023) As discussed under assumptions 3
and the initialization of our neural networks, our work differs significantly in the targets of inter-
ests, the parametrization of neural networks, the mathematical strategies, and the intuitions behind
the results. Our assumptions ensure a nearly zero linear component and a non-degenerate second
order term of the link function g which significantly contrasts the assumptions posed in Nichani
et al. (2023); Wang et al. (2023) that emphasize the linear component. Our random initialization
(rather than a deterministic initialization used in the aforementioned two works) in the weights of
the three-layer neural networks allows the learned weights to capture multiple features in all direc-
tions simultaneously after training rather than converge to a single direction. We develop a novel
universality result to relate multiple nonlinear features to multivariate Gaussian, while these two
works adopt existing result of the approximate Stein’s lemma which only applies to single nonlinear
feature. Most importantly, subspace recovery is completely different from and also significantly
harder than single feature recovery considered in Nichani et al. (2023); Wang et al. (2023).

Conclusions In this work, we have shown the provable capabilities of three-layer networks in ef-
ficiently learning targets of multiple quadratic features. Leveraging a novel universality result, we
have shown that one gradient step suffices for a full recovery of the subspace spanned by multiple
quadratic features. In addition, leveraging the learned features, we have demonstrated the transfer
learning capabilities of this three-layer neural network with a constant polynomial sample complex-
ity guarantee. To the best of our knowledge, this is the first theoretical result of efficiently learning
such a board target function class of multiple nonlinear features with neural networks. We have
made a great improvement on the sample complexity by highlighting feature learning compared to
kernel methods.

Future works First, it may be possible that the sample complexity bound of O(d*) could be
improved to the information-theoretic optimal sample complexity O(d?) in learning general hier-
archical polynomials of quadratic features. We think that this result may be achieved when we
consider more advanced algorithms that utilize the samples more thoroughly such as using multiple
steps of GD, which could be a great future extension of our work. Moreover, our methodology is
not inherently limited to quadratic features. The principles shown in Figure 1 and techniques devel-
oped here give a foundation for understanding the learning of even more complex function classes.
Another natural future direction of our work is to understand whether and when our results can be
generalized to learning multiple high-degree features.
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A NUMERICAL EXPERIMENTS

We empirically verify Theorem 1 and Proposition 1. We consider learning functions with r = 3
quadratic features. Regarding the target function, we choose the target functions to be of the form

—E r
f§7p(x) - fd,p()gar[fd,[:{l;)gx”’ with Japlx) = ; (XTA1X)p7 pett ®

For the underlying features, we take p(x) = [x T A1x,x ' Apx,x " A3x|" with Ay = diag (c- a),
and ¢ > 0 is a normalizing constant. To ensure the orthogonality of the features and tr(Aj) = 0,
we choose the ambient dimension d to be divisible by 4 and take ay, to be

a; = Vec([1,1,-1,-1]), as = Vec([1,—-1,1,-1]), and a3 = Vec ([1,-1,-1,1]).

Here 1 is a vector of ones in d/4 dimensions, and ¢ = /%42 to ensure that Ex [(xT Ayx)?] =1
foreach k =1,2,3.

For the network architecture, we choose o1 as per (2) and 02 = (2, with network sizes set to
mq = 10000 and mo = 20000. We compare our proposed model (4) (given by Algorithm 1) against
the naive random-feature model defined as

1 &
FEO0) = 3 aon (naf” (wy 0O ) +57), ©)
j=1

where a is the only trainable parameter throughout the training process. Our experiments involve
learning f7 , withp =4 andd € {8, 16, 32}. To examine our model’s transfer learning capabilities,

we also train the model on an initial target function f; ., with d = 16 and n; = 26 in the first stage,
then transfer to targets f; , with p = 4, 6, 8. For each task, we explore a range of sample sizes from
28 to 216, The results of these experiments are presented in Figure 2.

Improved sample complexity and Polynomial dependence on d The left panel of Figure 2
demonstrates that our model outperforms the naive random-feature model across all dimensions.
As the dimension d increases, both models show larger test errors, but our model exhibits less sen-
sitivity to d. This aligns with our theoretical analysis in Theorem 1 that the sample complexity of
kernel methods should be Q(d?’~*) times greater than that of our model. Moreover, we redraw
Figure 2 by plotting the test error against log; n. As shown in Figure 3, the loss curves for our
model (Algorithm 1) align closely for different values of d, indicating that it achieves low error rates

with only (5(d4) samples. In stark contrast, the naive random feature model exhibits significant

separation between curves for different d values, requiring more than O(d*) samples to achieve
comparable error rates. This graphical evidence powerfully demonstrates how our approach elimi-
nates the dependence on dimension ©(d??) presented in kernel methods, resulting in substantially
improved sample complexity in high-dimensional settings.

Efficient transfer learning The right panel of Figure 2 showcases our algorithm’s strong transfer
learning capabilities. our algorithm successfully learns all three transferred target functions with
benign second-stage sample complexity. Notably, as the degree p increases, the test error grows
no faster than 7P, which is significantly slower than d?P. This supports our theoretical result that
the second-stage sample complexity depends on the number of features r rather than the ambient
dimension d, underscoring our model’s strong transfer learning capabilities.

Accurate reconstruction of quadratic features To further demonstrate our model’s feature learn-
ing capabilities, we extract the learned features h(!) after the first training stage of Algorithm 1, us-
ing f16,2 as the target. We then reconstruct these features using a linear transformation B* € R"*"™2,
as described in Proposition 1. We examine how reconstruction accuracy changes with first-stage
sample sizes. Figure 4 shows the correlation between true and reconstructed features for each sam-
ple size. As n; increases, all features are better approximated simultaneously. Notably, d* samples
prove sufficient to reconstruct the features with high accuracy, supporting our model’s effective fea-
ture learning ability.
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Figure 2: For the left panel, Algorithm 1 uses two equally sized datasets, while the random feature
model uses the full dataset. For the right panel, we conduct transfer learning with n; = 2'° pretrain-
ing samples and plot the dependence on ns. The figure reports the mean and normalized standard
error of the test error using 10,000 fresh samples, based on 5 independent experimental instances.
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Figure 3: Test error of Algorithm 1 and the naive random feature models with x-axis being the
relative sample complexity (log,n). We plot the test error of 5 independent instances for each

d € {8,16,32}.

Correlation between the true and the reconstructed features

ny = d?

ny = d*
ny =d*

Figure 4: The linear correlation between the three true features and their corresponding recon-
structed features for varying first-stage sample sizes n1. The reconstructed features are standardized
to match the variance of the true features. For i = 1, 2, 3, the ¢-th scatter plot represents 10, 000 test
sample points of ([B*h(")(x)];,x" A;x) forny € {d?,d®,d*}, where d = 16.
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B TECHINICAL BACKGROUND

B.1 ASYMPTOTIC NOTATION

Throughout the proof we will let C' be a fixed but sufficiently large constant.

Definition 1 (high probability events). Let ¢ = C'log(dninamims). We say that an event happens
with high probability if it happens with probability at least 1 — poly(d, n1, na, m1, ma)e™".

Example 1. If z ~ N(0, 1) then |z| < v/2¢ with high probability.

Note that high probability events are closed under union bounds over sets of size
poly(d,n1,n2,m1,mz), such as Dy, Dy and {W;} c[m,- We will also assume throughout the

paper that . < C~1d.
B.2 MULTIVARIATE GAUSSIAN APPROXIMATION

In this section, we assume that X ~ A(0,1;) and aim to establish an upper bound of Wasserstein
distance between the distribution of p(X) and the standard r-dimensional Gaussian distribution,
i.e., Lemma 1.

To prove Lemma 1, we introduce Stein’s method (Ross, 2011) for multivariate Gaussian approxima-
tion. We will use the following additional notations.

* Gf(x) = [, Eznor [f(e7'x+ V1 —e2Z) — f(Z)] dt denotes the potential op-
erator of f.
« J(p) = [Vp1, Vpa, ..., Vp,]T € R"™*" denotes the Jacobian matrix of p.

Now we state the supporting lemmas to prove Lemma 1.
Lemma 2 (Corollary 9.12 in van Handel (2016)). For any probability measure i in R", we have
Wi (1, N(0,1,)) < sup Ey~n[Ag(Y) = (Vg(Y), Y)].
IVl <1,1v2gl <y/Z

Lemma 3 (Lemma 9.21 in van Handel (2016)). Suppose X = (X1, Xa, ..., X4) ~ N(0,1,) is an
d-dimensional standard Gaussian variable. Then for any functions g : R — R and h : R? — R,
we have

Cov(9(X), h(X)) = Ex [(Vg(X), VGh(X))]
With the lemmas above, we begin our proof of Lemma 1.

Proof of Lemma 1. By invoking Lemma 2 with 4 = Law(p) and Y = p(X), for any ¢(y) : R" —
R with |[Vg|| < 1 and ||VZg| < \/7 we aim to bound
x [Ag(p(X)) — (Vg(p(X) ZEX
a
Since for any ¢ € [r], E [p;(X)] = 0, we have

82
@

dg

- pi(X) 0;

y—p(X)]

y=p(X)

0 0
E i(X)agA ] _ COV(pi(X), ag, )
Yi y=p(X) i y=p(X)
—E <vx 59 ,vxgpl(x)>]
v ly=p(X)
T 829
<J_1 ayiayj y=p(X) !
r 2
o laa-ag . <prJ(X),ngpz(X)>],
J=1 Yi%Yj ly=px)
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where the second equality follows from Lemma 3 and we obtain the third equality by the chain rule.
Thus, we have

& = E[(VZg(p(X)),I, — T (p(X))T (Gp(X))")]. (7)
For a special case, for any ¢, j € [r], we take g(y) = y;y, in (7), obtaining that

E [(Vxp;(X), VxGpi(X))] = {]?E[fgég%gﬁ(? i}: 10,7 sz gj

Thus, E [I, — 7 (p(X))J(Gp(X)) "] = 0,4, Since | VZg|| < \[ we haveMV2 ] 7

for any i, j € [r]. We can therefore estimate

1)

Wi (Law(p(X)), (0, I,,)) < \/Z > Eldi; — (Vapsi(X), VaGpi(X))]]
]

i,jE[r

<2 S V(s (0, VX))
.5 €[r]
2

< \/; 3 E[”vx (Vap;(X), VxGpi(X))|°
i,j€[r]

where we invoke Poincaré inequality in the last inequality. For any i, 7 € [r], we have
2
E IV (Vx5 (X), VoGpi(X))1]
| V2p; (X)VGpi(X) + Vip; (X)V2Gp;i(X)|| ]

E|
<2 ||| V20, (X)VGp(X)|*] + 2 ||| Vs (X) V201 (X)
B[V B [Ivom ] + 2 [Ivp,0] B[ Iv20n 1]

<2k [V '] CE (190 + 28 [ 1] B v 1]

The last inequality follows from the inequality in Page 308 in van Handel (2016). By adding up all
the terms along ¢ and j , we have

W1 Law N(O I ))

\f > \/2E (1920, B [1oml] " + 2 190,11 B 192001

= ( (1o, l) e [19l] v 2 [191] 8 [ ] )

i,j€[r]
4 r 411/4 r 471/4
- (e liwar] ") >z [fvn]
We complete our proof. O

B.3 HYPERCONTRACTIVITY OF POLYNOMIALS

The following Lemma is cited from Mei et al. (2021) and is designed for uniform distribution on the
sphere in d dimension.

Lemma 4. Forany{ € Nand f € L?(S? 1) to be a degree { polynomial, for any q > 2, we have

q 2/q P 5
(EMUnif(Sd*l(ﬁ)) [f(2) ]) <(@= 1B, umigee (vay ()]

We remark that the results above are also multiplicative.
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Lemma 5. Forany ¢ € Nand f € L?((S™1)*) to be a degree ¢ polynomial in the components of
each z1,2s, . .., 2y, for any q > 2, we have

2/q
<E vy U W]) < @=DME, it (s vy [F@7]-

Here z = Vec (|21, 22, . . ., 21)).

For the case where the input distribution is standard Gaussian in d dimension (denoted as ), we
have the next Lemma from Theorem 4.3, Prato and Tubaro (2007).

Lemma 6. Forany { € N and f € L*(v) to be a degree { polynomial, for any q > 2, we have

Eyr [£(2)7] < Oy (1) (s, [£(2)2]) .

where we use O, ¢(1) to denote some universal constant that only depends on g, {.

Moreover, we introduce lemmas to control the deviation of random variables which polynomially
depend on some Gaussian random variables. We will use a slightly modified version of Lemma 30
from Damian et al. (2022).

Lemma 7. Let g be a polynomial of degree p and x ~ N(0,1;). Then there exists an absolute
positive constant C,, depending only on p such that for any 6 > 1,

P [lg(x) — Elg(x)]| > 8/ Var(g(x))] < 2exp (~C,077).

We also have the spherical version of Lemma 7.

Lemma 8. Let g be a polynomial of degree p and x ~ Sd_l(\/g). Then there exists an absolute
positive constant C,, depending only on p such that for any 6 > 1,

P [lg(x) — Elg(x)]| > 8/ Var(g(x))| < 2exp (~C,077).

Thus, for a degree-p polynomial g, we have g(x) S t7/2||g|| . with high probability.
B.4 MOMENTS AND FACTORIZATION OF POLYNOMIALS

In this section, we present formulae for calculating moments of Gaussian or spherical variables,
cited from Damian et al. (2022).

Lemma 9 (Expectations of Gaussian tensors). For w € N'(04,1;) and k € N, we have
Ew [w®*] = (2k — 1)!ISym(I")
Here Sym(T) is the symmetrization of a k-tensor T € (RY)®¥ across all k axes.

Leveraging this calculation, we can factorize any polynomial g into inner products between high-
order tensors and bound the Frobenius norm of the tensors.

Lemma 10. (Lemma 21 in Damian et al. (2022)) Given Let g : R™ — R be an degree-p polynomial.
Then there exists T, T1,..., T, such that

p

p—k

g(z) = E <Tk7z®k> with || Tillg Sgll2r %, k=0,1,...,p.
k=0

Here ||gll 2 = Esnro,) [9°(2)]-
As a corollary, we then have Vg(z) = "7, KTy (2%*"!) and

p p
_ p—k _
V9@l <Dk ITulle 21" S gl D ke 2] (3)
k=1 k=1

For a spherical variable x ~ Unif(S?~!(1/d)) we can also compute its moments.
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Lemma 11 (Expectations of Spherical tensors). For x ~ Unif(S¢~1(v/d)) and k € N, we have

®2k k EWNN(OmId) [W®2k]
E, [29°%] = d* - 2k
vax(d) [1) ]
where x(d) represents the chi-distribution with the degree of freedom being d, and its moments can
be computed as

k—1
vax(d) [UZIC] = H(d+ 2.]) = @(dk)

j=0
As an example, the moments of spherical quadratic forms x " Ax can be computed explicitly as

Ex [x"Ax] = tr(A), and Ex [(x' Ax)(x'Bx)| = fjﬂ - (tr(A)tr(B) + 2(A, B)).

Thus, to satisfy Assumption 1, we require tr(Ay) = 0, [[Ag||p = \/(d +2)/(2d) and (A, Ay) =

0 for any k, ¢ € [r].

B.5 SPHERICAL HARMONICS AND GEGENBAUER POLYNOMIALS

We introduce some facts of spherical harmonics and Gegenbauer polynomials, with the first four
properties from Ghorbani et al. (2021) and the last one from Koornwinder (2018).

1. Forx,y € S 1(\/d),

QiG] < Qi(d) = 1. ©)
2. Forx,y € S*1(Vd),
(@06, Qul(y: D) 0 = Fr o @u((x.3)) (10)

Here B(d, k) denotes the dimension of subspace of degree k spherical harmonics

2k+d2(k+d3> _ o(d").

B(d, k) = dim(Vd,k) = L E—1

3. Forx,y € S*1(Vd),

| BUA)
QL((x,y)) = B k) ; Y ()Y (y)- (11
4. Forany k € N34,
t k k+d—2
P Q(t) = m@kfl(t) + kaJrl(t)’ (12)
5. Foranyi,j € N,
min(z,5) i) ; ]
Qi(t)Q;(t) = kz:o biy ok (k) (k) klQiyj—2k(t). (13)
Here, we have
plid) 20i+7—2k)+d—2 . ((d—2)/2),((d—2)/2);_,((d - 2)/2)j7k(d - 2)i+j7k
ik -2 @=2,0d- 2,05y, |

We note that (z), = 2(z+1)--- (¢ + k — 1) = I'(¢ + k) /T'(2) is the Pochhammer symbol. Given
any ¢ and j, we have dkbgijj.le — 1 when d — oo. We derive a quantitative bound on the scale of
bfigl% in Lemma 12.
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Lemma 12. Foranyi,j > k > 0, denote
) ((d—2)/2),((d—2)/2);_,((d = 2)/2);_,(d —2),;_,
IRk (d—2),(d—2),;(d/2); ;4

Then, when d > 4, it holds that c( ]J) ok < @ 12)k

Proof of Lemma 12. Note that whend > 4,i.e.,d —2 > d/2,
i+1,5 _ . .
CEiIl)JJZj—% (2 +i—k)(d—2+i+j—Fk) . o
%) = y (monotone decreasing with j)
itj—2k (d~ 2+Z(2+Z+]_ )
(52 +i—k)(d—2+i

(d—2+14)(%+1)

C

<1
Thus, we have CEZE‘QJ,_% < cffj)f% Similarly, we have cgfﬁ(;ﬁi) < cgﬂ) o5~ Consequently,

for any ¢, j > k, we have

i) k)
Civj—2k = Chyk—2k

((d = 2)/2),,((d = 2)/2)o((d = 2)/2),(d — 2),,
d=2),,(d = 2),(d/2),

A

The proof is complete. O

C APPROXIMATION THEORY OF THE INNER LAYER

Since we focus on the first training stage throughout this section, we denote n = n; for notation
simplicity when the context is clear, and let the training set be Dy = {x1,X2,...,X, }.

C.1 ASYMPTOTIC ANALYSIS OF THE LEARNED FEATURE

In this subsection, we analyse the learned feature h(*)(x’) in the asymptotic way, i.e., my, n — oc.
Note that we can rewrite the learned feature as

1) - (0 (0) ) (x,
h 7nm22f ) (@ (x;), W () (x;)

— Zf* x;) K (0) (x,x")h® (x;).

where the initial kernel K 7(,23 (x,x') is defined as

K (xx') = mi2<oz<vX>,ag<vX’>> ~ By [o2(v x)o2(v X))

In this case, we have for any J € [ma),

O (x ZK(O’ xi, X )0 (v) %) " B [ £ (0 KO (%) 2(v) ).
Here the infinite-inner-width kernel K(© is defined as
> 2
KO(x,x') :=E, [UQ(VTX Yoo (v x) ; B(CE,Z Qi(x"x').
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Recall that Qx(t) = d(d ‘{ 50 Q2(v] x) = (xx" —L,v;v; —I)/(d(d — 1)). Let’s focus on the

contribution of the quadratic term Qs in K(©)(x, x’) and o (Vij), which is

c . )
B(d.2) B [fY(%)Q2(x"x)Q2(v, x)]
‘3

= B(d 2)d2(d7 1)2 . Ex [f*(x)<XXT — I,VjV;r _ I><XXT _ I,XIX/T _ I>]

1 *
o (Ex [f (x)(xx" — )%, (vjv;r —D e xT - I)).
The following proposition provides an approximation of the tensor Ex [ f*(x)(xx" — I)®?], which
lays the foundation of our feature reconstruction theory.
Proposition 3. Consider two linear operators T and T* that map R**? to R*¢ and satisfy

T(W) =Ex [f*(x )<W xx| —I)(xx" —1)], and (14)

T

T (W) = Z W, A} ZH,W (15)
IIAkHF

for any W € R, where H is the expected Hessian matrix H = E,A0,.1,) [VQQ*(Z)]. Then
for any W € R4 | we have

IT(W) = T*(W)|lp S d~/°Lr*kilog” d - [W ]|
Here L = (5(1“1%1) is the Lipschitz constant of g* that holds with high probability.

The proof is provided in Appendix C.1.1. This proposition shows that, when H is well-conditioned
and d > r, T can fully recover the space spanned by A;, Ao, ..., A,, which enables us to recon-
struct the features efficiently. Specifically, when taking W, = Z;:l[H_l] k,;A;j forany k € [r],

we have T(Wy) = T*(Wy) = Ay.
Now we consider the construction of B*. If we set B* = miz[po(vl)7 .+, Po(Vim,)] for some

vector-valued function pg : R? — R" and denote po(v) = [po.1(V),-..,po.(v)], we directly
have for any k € [r],

B ()i, - Z]E 7K (x, X )ra(v] X)po,s ()]
dlﬁ v [(Ex [0 (ex" = D)%) pos(v)(vw —D) @ (x'x'T ~1))].
1

~ (T*(Ey [po,k(v)(va - I)]),x/x/—r ~-I).
Thus, it suffices to solve
T*(IEV [pmk(v)(vv—r — I)]) x A, k=1,2,...,r

which is equivalent to solving

Ey [pos(V)(vvT =T)] o« Wy = > [H ', ;A;.
j=1
Since we have Ey [(vT Apv)(vv —1I)] oc A, we can explicitly construct po (V) as

T

Po,i(V) Z[Hfl];w‘vTAjv, ie., po(v) x H 'p(v).
j=1

Thus, with a well conditioned H, we can fully reconstruct the features.
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C.1.1 PROOF OF PROPOSITION 3
To prove Proposition 3, it suffices to prove that the approximation error

R(W,V) = (T(W) = T*(W), V) <d Y9Lr?k; log?d
holds for any test matrix V with || V|| = 1. We rely on the following three lemmas.

Lemma 13 (Bound R(A;, A;)). Foranyi,j € [r], we have

< L2k log? d.

Ex [g*(XTAlx7 ... ,XTATX)<Ai, xx | — I><Aj,xxT — I)] —Ezn(0,.1,) [VQg(z)]m. < Nz

Here L = CQRTPZ;I is the Lipschitz constant of g* that holds with high probability.

Following the proof above, we have the following more general lemma.
Lemma 14 (Bound R(A;,B)). For any matrix B € R satisfying E [XTBX] = 0,
E {(XTBX)Q} =1land (B,A;) =0foranyi=1,2,...,7, we have

|E [g*(xTAlx, X TAX) (AL xx ! — (B, xx | — IS d= Y4 Lr? Ky log? d.
Lemma 15 (Bound R(B1,B>)). For any two matrices By, By € R4 satisfying E [XTBJ‘X] =0,
E [(XTBjx)z} =1land (Bj,A;) =0foranyj=1,2andi=1,2,...,r, we have

|E (" (x"Aix,...,x A,x)(By,xx| —I)(By,xx' —1I)] B d=Y0 Lr?ky log? d.
Here L < = is a Lipschitz constant satisfying IVg*(p(x))|ly < L with high probability.

The proof of the three lemmas is provided in Appendix C.1.2. With the lemmas above, we begin our
proof of Proposition 3.

Proof of Proposition 3. Given any W € R*d
Let’s decompose W as

, we assume ||W|| = 1 without loss of generality.

J I
W =" MAs + Ag1—= + \rg2B, where (B, Ay) = (B, L) =0, ke [r].

= vd

Here the coefficients {\; }}; satisty 32722 A2 < 1,50 3707 |Ai| < /7. Since T*(B) = T(I) =
T*(I) = 0g4xq, we have

IT(W) = T* (W)l < D Ml IT(AR) = T*(As)ll

k=1
() (2

= I (A = T (AW o + At [T(B)] -
k=1

+ |)‘r+1|

+ o IT(B) = T*(B)]| ¢
F

Since both T'(A ) and T*(Ay,) are traceless, by Lemma 13 and 14, we have forany k = 1,2,--- |7,

IT(A0) - T* (A= | max | (T(A) ~ T (A). V)

<Vr-d V2 L%k log? d + d VA Lr?ky log? d
<d Y Lr? Ky log? d.

This is because we can decompose V.= > "7 | ¢, Ay + ¢,11B’ with (B’, A;) = 0 and apply the
two lemmas to obtain the results above. Similarly, by Lemma 14 and 15, we have

T(B = max T(B),V
[T®)p =, max,  (T(B).V)

S d=Y*Lr?k1 log? d + d= YO Lr?k, log? d
< d Y5 Lr?k log® d.
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Thus, we have

r+2
TW) =T*(W)|l» < M| dY4Lr?log? d + |Apso| d /O Lr?ky log® d
F
k=1
< dY9Lr?k, log? d.

Here we invoke 222 M| < /1 = 04(1) in the last inequality. The proof is complete. O

C.1.2 OMITTED PROOFS IN APPENDIX C.1.1
The following lemmas lay the foundation for our approximation process.

Lemma 16. Suppose Assumption 1 holds. Then the Wasserstein-1 distance between the distribution
of (x"Ax,...,x" A,x) and standard Gaussian N'(0,.,1,.) can be bounded by

Wi ((x"Asx,...,x"A,x),N(0,,1,)) < (16)
f
Moreover, for any orthogonal unit vectors Uy, Us, ... us € R, we have a similar bound of
2
Wy ((XTA1X, cxTAX U X ug X -, u] X), N (0,4, IH_S)) < M\Z%Iﬁ (17)
Proof of Lemma 16. For a fixed matrix A;, define the function f;(z) = dZ A zvd

" and let x = 4.

Observe that when z ~ N(0,T), we have x ~ Unif(S**(v/d)). Therefore [f;(z )iepr) is equal in
distribution to [x " Ax];¢[,). We have for any i € [r],

) TA:7-
st )

2
|||l (k4]
and
9 A, 2A,zz"  2zz" A, z Az z' A;zzz "
fi(z) = 2 1 1 1 6
(k4] [l k4 (k4] (]|
Thus, we have
AZ‘Z ZTAiZ \f XTAZ‘X
IVl < o0 (182 2 AE) VA b A
k4 (k4] ]| ]|
and
d
|| 2fZ( )||op H H2 || Hop

Since ||z||? is distributed as a chi-squared random variable with d degrees of freedom, and thus

_ 1
[HZH zk} = m

Therefore, we have
4 11/4 _g11/4
E[[v2ia)ls,] " S dlaid, E[I217°] " < A,
Then, using the fact that x and ||z|| are independent,

1/4

e (Iva@I] " < vaE [l ] E (a7 B [l T E [ A 5 1
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Thus by Lemma 1 we have
Wi ((x"Aix,...,x A,x),N(0,,1,))

=Wi(fi(2),-.., fr(z),N(0,,L,))

(ZE[HW ok )ZE[IIV% i

K1

7

Now let’s focus on the function g;(z) = \/ﬁ T H It holds that

Vi(2) = ﬁ( b e )

S

A
X S\

[ [P
and
w;z' +zu! ulz-zz'"
v2 _ 1 J
wte) ( IR eI
Thus, we have
2V/d 5vd
IVo;@ll < and V2052, < o
which directly gives rise to
471/4 4 11/4 1
E[[V)|'] " £1 and E[[Vg0),| <~

Again by Lemma 1, we have
Wi ((x"Ax, - xTAx ul x,ug x, -, u) x), N (0,44, L))
= Wl(fl(z)v sy f7'(z)791(z)7 t 7gs(z)7N(0T+SaIT‘+S))

< \% (gE [||Vfi(z)||4] 1/4;;1@ [||Vgi(z)||4} 1/4>
ZE (1925, ZE [I92,2)1'] "

< (r+ s)%k1
YV
The proof is complete. O

With the lemma above, we begin our proof of Lemma 13.

Proof of Lemma 13. For z € RY, define H(z) = ¢(z)z;z;. Then by Stein’s Lemma, we have
E,n0,1,) [H(2)] = Esnio, 1) [V29(2)], ; +0ij Esnnvio, 1) [9(2)]-

Moreover, let R > 0 be a truncation radius and we define H(z) = H (clip(z, R)). Here the clipping
function is defined as

clip(z, R); = max(min(z;, R), —R), i =1,2,...,r.

By (8), we know g(clip(z, R)) is (O(Rrpz;1 )-Lipschitz continuous, so H has a Lipschitz constant of
(’)(R?’rprl). Thus, by Lemma 16, we have
. . Rri5 12k
|Ex [Q(Chp(XTAlxv e 7XTATX)7 R)] - EZNN(Or,L«) [Q(Chp(za R))” 5 Tla
(T T R3rP T r2p,
|E [H(x Aix,....x A,,x)] —E,n0,.1,) m(z)} ’ < T
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Since Ey[(x " Axx)?] = 1 for any k € [r], by Lemma 8, choosing R = C'log d for an appropriate
constant C' can ensure that

|IE [H(XTAlx, X AX) - H(xTAx, ... ,xTA,,.x)] | < é,

|]Ex [g(clip(xTAlx, X ALX), R) — g(XTAlx, e ,XTATX)] | <

)

SR

1
aa
|E,n0..1,) [9(clip(z, R)) — g(2)]| <

Altogether, we have

|E.on(o,1,) [H(z) — H(z)]| <

Lr?ky log?
‘]E [g*(xTAlx7 XA (A xx T T (A, xx | — I)] —E,ono,.1,) [V9(2)], | < LOgd.

(VA Vd
Here L = C, Rr"=" for some constant Cy > 0is the Lipschitz constant of g* that holds with high
probability. The proof is complete. O

Following the above proof and replacing A; and A ; by any other traceless matrices B; and B that
are orthogonal to all A, we directly have the following corollary:

Corollary 1. For any two matrices By, By € R ? satisfying E [XTB]‘X] =0and (B;,A;) =0
foranyi=1,2,...,rand j = 1,2, we have

|E [ (xTA1x, ..., x" A, x)(A;,xx| —I)(Bj,xx" —1I)] |

K1 ||Bj||o 2
<|—=+ 2B || - Lrlog” d,
<\/& 8,1, ) Bilr

forany 5 = 1,2, and
|E [g*(xTAlx, X AX) (B, xx ! — DBy, xx | — ]|

K1 ||Bl||o ||B2Ho 2
S|—=+ P+ 2 ) IB1|l » |B2|| » L7 log” d.
(\/3 IBillp — [Bzllp r g
Also, by (17) we know for any unit vector u € R?, (xTAx,x" Asx,...,x  A,x,u' x) is ap-

proximately Gaussian when d is sufficiently large, which gives rise to the following lemma by the
same deduction.

Corollary 2. For any i € [r] and unit vector u;,uy € R? and matrix B satisfying the same
requirements in Lemma 14, we have
2 2
< Lr /-f\lflog d)
~ d
TR HBJ’HOP

IE [g"(x " Ax, ... xT Ax) (B,xx” —I) (ul%)? — 1)]| < (\/3 B,

E[g"(x"Aix,....x  A,x) (A, xx| —I)((u] x)? - 1)]|

J

) Bl Lrlog®d

forany 7 = 1,2, and we further have
< Lr?kq log? d.
~ \/g

With the lemmas above, we can derive a stronger version of Corollary 1, i.e., Lemma 14, in which
the error gets rid of the dependence on [|B| .

B0 (< Arx,....x" A, (u x)? — 1)((ug x)? ~ ]|

Proof of Lemma 14. Let T > 1/+/d be a threshold to be determined later. Decompose B as follows:

d -

1 1 ~

B=> nuu) = 3 (way - 31) <> T 2 A, A B
j=1 |

[Xj]>7 k=1 Aj|>T
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where {uj}‘,i_1 are orthogonal unit vectors and

B_ Z)‘uJuJ +1 d Z J+Z|AkFZ)\ju;rAkuj.Ak'

IAI<T [Aj|>T Aj|>T

By construction, we have
= X ar S =Ty
;<7 A>T

Moreover, for any k € [r], we have

B Ak Z )\ u Aku] Z )\ju;'rA]gu]' = <A]€,B> =0.

1<t |Aj1>7

Therefore by Lemma 1, we have

‘IEJ [ xTA1x, ..., x Ax)(A;, xx| —I)(B,xx ' —I)H

TR1 H

S\ s

op EH Lrlog? d.
|8, £rios

|-

Since ijl A3 = ||BH% = (d+ 2)/(2d) = O(1), there are at most O(7

|\j| > 7, which gives rise to

— 2 —
Yoonls [ Y P
|)\]‘|>T ‘/\j‘>7‘

Thus, we can bound the Frobenius norm of B by

2
12 1 " 1
B e () S

A>T k=1 |Ak||F [IXj|>7

2
:HEHi 2. A§+$ Yo A Y v A
[Ajl<T A>T

k=1 \|X;|>7
2

1 5
IR EOWIVAT Bop?
< k=1 PV
2
TR
<14 L
~ +d7'2

B| < Vrry
Thus, we have HBHF S1+ NG and

|)\]‘|>T
TR1
T+ —
dr’

Thus, plugging the norm bounds into (18), we obtain that

TR1

‘]E { x Aix, ..., x Ax) (A, xx| —I)(B,xx | — I>H s ( +

Vd

Next, applying Corollary 2 with u = uj, ug, ..., ug, we have

|E [g*(xTAlx7 cax T ALX) (A xx T — I) <ujujT —1/d,xx" — 1) ‘ hS

27

r

1 T
<rs (d F3 Al ) | 3
k=1

3/2

“1

dr

(18)

~2) indices j satisfying

2

Z )\ju;rAkuj . Ak

F
2

+ 7+ 7%1) Lrlog?d.
dr
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Thus, we have

1
E |g*(x"Ax,...,x" A, x) <sz,)<><T < Z Aj < — dI> x| — I>

[Aj]>T

L2k log?d

<D NI
|)\]‘|>T \/&

< L2k log?d

Besides, by Lemma 13, we have

1
E |g*(x"Ax, ..., x" A, x) <Ai,xxT — I> <Z — /\Ju Ayu; - Ap,xx" — I>
k=1 ”AkHF A>T
T 2
Lr2k, log” d
> Auf Ay, (EZ~N(0,.,IT> [V9(2)],; + \1@)
k=1 ||x;|>T
SO LY Aul Ay,
k=1 A>T
< er.
~ \/&7‘

Altogether, we have
|E [¢"(x TAIX,...,x Ax)(A;,xx| —I)(B,xx' — ]|

3/2 Lr2kilog?d L
K1 T /-61 r“K1 log TR1
S|l—=+ T4 ) Lrlog®d + +
(m dr dr s Jar Jar

< d YA Lr?k log? d.

where we set 7 = k1d /4. The proof is complete. O
Following the proof above, we can complete the proof of Lemma 15.

Proof of Lemma 15. Similar to the proof of Lemma 14, we decompose B and B as follows:
d
T
B =) Ajuu;
j=1

1 1
= Z >\i7j <uzju;rg dI)Z Z )\’L]uZ]AkuZJ Ak+Bu
AT \4

[Ail>T k=1 jl>T
where {u; ; }?:1 are orthogonal unit vectors for ¢ = 1, 2, respectively, and
1
T
Z )\’L’juzduld + I ’ E Z 4,7 + Z A Z A 7]11 Akul 2J Ak
Xigl<r X |>7 il kHF Xig|>7

Then following the proof of Lemma 14, we know forany : =1,2and k =1,2,...,r,

~ ~ ~ T ~ TK1 —1
or(Bi) = (BiAw) =0, ||Bf| s1+X22 By s+ T2 Mgl S
g < k) F +\/ﬁ7’ pNTjL dr Z il 57
[Xi,j|>T
Let’s denote the bi-linear operator T'(+, -) : R¥*¢ x R4*? — R being
I(A,B)=E[f*(x)(A,xx' —I)(B,xx' —I)]. (19)
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By Corollary 1 and the proof of Lemma 14, we have

~ _ 2
‘F(Bl,Bg)‘ < (ml <1 ¥ ;“;) n ( + @) (1 LT )) Lrlog?d. (20)

Vi Vir
Ei7 Z /\—i,j (u_i,juim — I/d)
[A_ijl>T
3/2
< (B ") Lrlog?d 21
NT(\/a+dT+—|—d rlog 21

- < 1
r BZ,Zi Z Aigul, JAgu_g;- Ay
k=1 HAkHF A_ijl>T

3/2,.2
< (g ) Lrlog? d. 22
ST (\/a—k e + T —|—d rlog (22)

Here —i means 2 when ¢ = 1 and 1 when 7 = 2. Moreover, by Lemma 13, we have

s T

Z % Z )\LqujAkuLJ— . Ak-, Z % Z )\27ju2T,jAku27j ~Ak

k=1 ”Ak”F A1 [>T =1 ||Ak||F Do o7
- - L2k, log? d
<X 5 i) (] 5 s, ) (1 2k
k=1{|A1 ;[>T E=1{||xz ;|>7
1252
S 3 23
~ odr?’ (23)
and
> oNigul A Ak, >0 A (usul,; —1/d)
k=1 HAkHF Ao |>T A e
L2k log? d
S Z )\7]11 Akuz Z |/\—i,j| T
k=1 |Ixij|>7 A—ijl>T
rk1 Lr?kilog?d o1
dr? Vd
Finally, we have
r Z /\17J ul,Julg I/d Z A2, j 112,J11;j—1/d)
|)‘1J|>T |/\21\>T
Lr?kq log?d
A1l Z |A2,5] T
[A1, J|>T [ A2 j|>7
1 Lrik;log’d
< L Lrtwiloghd, o5)

Vd
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Summing (20) to (25) altogether, we have

IU(B1,By)| < (% <1+ Z’f”z) +(r+ @) <1+ ﬁ)) Lrlog?d

#3/2,.2
+r7t (W+ My —|—>Lrlog d

Vd dr d
n o Lrik, log2 d n r2/i1 n TR1 Lrik, log2 d n i . Lrik, log2 d
Vdr Vd dr?  \/dr? Vd T2 Vd
< d=1%Lr?ky log? d,
where we take 7 = x1d /6. The proof is complete. O

C.2 BOUNDEDNESS OF THE LEARNED FEATURE

In this section, we aim to upper bound the magnitude of the learned feature (w, h(!)(x')). Since we
focus on the first training stage throughout this section, we denote n = n; for notation simplicity
when the context is clear, and let the training set be D; = {x1,Xa2, ..., X, }. We have the following
proposition:

Proposition 4. Suppose my > d*C2 and n > C.2d? for some sufficiently large C. With high
probability jointly on V and the training dataset D, and with probability at least 1 —4n exp(—12/2)
onw, for any x' € D, we have

P22 m Jma® log? (man . .
(w, b)) § o+ d4\/ﬁ2 + Y= dﬁ( 2 2)-(II7’>z(f e + VAPl )-

As acorollary, when mg > d6:2P4, n > d*2P+ and || P2 (f*)|| 2 S %, we have forany x’ € D,
1 Kot®

M) (! 2
w0 £ 22

Thus, by taking the learning rate n = Cm,, 1 2&5 1,=5d5 for an appropriate constant C' > 0, we can
ensure that [n(w, h®") (x’))| < 1 with high probability.

26
s (26)

Proof of Proposition 4. Note that

n ma
1

7<W,h(1)(x/)>:m7wzzwjf xi) K (x5, %) o2 (V] x;)

m
2 11]1

m—QZ ZZf* x;) K xl, x )w; O'Q(V;r i)

We do a decomposition as follows
mo

m—QZ Zf* (x3) KO)( ) (x4, x )wjag(v;rxi)

LSS () KOl

Ay
1 — 1 - * * !
+ . ; - (; f (xi)K(O) (x;,x" wjo (v;rxz) —Ex [f (X)K(O)(X,x Jw;joo (ij)})
Az
1 & .
+ p— j;wj Eyx [f (X)K( )<X X )ag(v;x)}

Az
We consider derive an upper bound on Ay, A5 and As, respectively.
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Lemma 17 (Bound A;). Suppose my > d*C2. With high probability jointly on V and the training
dataset Dy, and with probability at least 1 — 2n exp(—t?/2) on w, for any x' € D, we have

P12
mod3’

Lemma 18 (Bound A,). Suppose my > d*C? and n > C12d? for some sufficiently large C. With
high probability on the training dataset D1, for any x' € Dy, we have

|[A1] S

(P2
|N d4F

Lemma 19 (Bound A3). Suppose my > d*C% for some sufficiently large C. With high probability
jointly on 'V and the training dataset Dy, and with probability at least 1 — 2ny exp(—:2/2) on w,
we have

| A2

3 log?(mans)
\/ M2 d6

Similarly, for a single point X', with high probability on V and D, with probability 1—2 exp(—12/2)
on w, we have

PHES (IPs2(D)ll g + VAP 2)-

3 log?(mans)

Al £ = (1P Dlls + VAP 2
The proof of the three lemmas are provided in Appendix C.2.1. Combining the results in the three
lemmas above directly concludes our proof. O

C.2.1 OMITTED PROOFS FOR PROPOSITION 4

Proof of Lemma 17. We can rewrite A; as
|Ai| = — Zf (K(O) (x; X) K(O) (xi,%x ) ijo'Q V;—XZ

Since —i—= 377" wjon (v] x) ~ N(O R (v;rx)Q), we know given any x and V, with

’ Mo

probability at least 1 — 2 exp(—:?/2) on w, we have

ma m2

1 L 1
E W;02 v;x) < - — E 02
mo mo

Jj=1 Jj=1

g

Moreover, by (34) in the proof of Lemma 24, we know for any x and £ > 0, we have

mo

Pr (LS (o))" By, [ma(v]%07]) = o/

Mo “— ma2
j=1

=Pr “Kf,?g(x,x) —K(O)(x7x)‘ > t}

—t/2
Csy O3 [t
d* 3 mo
Altogether, when my > d*C?%, by taking t = C?:2/d* for sufficiently large C' and union bounding

over the dataset Dy, we can ensure that with probability at least 1 — nexp(—:¢) on 'V and at least
1 — 2nexp(—t2/2) on w, i.e., high probability on w, V, we have

< 2exp

1 - Cu Cy L 1Cs
3 wyos(vIx)| < © < D. 27
g 22 Vi (Vi X)| S e [ b e S . TXED @7
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Here Cj is a constant. We denote this joint event by E;. On the other hand, by Lemma 24, with
high probability on V, we have for any x; € D; and x’ € D,

(0) (0)
K (XZ) ) K (XZ7 ) \/7d2 (28)
We denote this event by F,. Last, we truncate the range of the target function f. Denoting the
truncation radius as R = (Cn)? for a sufficient large constant C' and n = log(dmimaning)

Pr[|f(x)| = R] < 2e~27 (this could be guaranteed by Lemma 4). Given n i.i.d. samples
X1,X2 ..., Xy ~ Sd’l(\/g), we have

Pr{|f(x;)| < R,Vi € [n]] > 1— 2ne 2. (29)

Thus, with high probability on the dataset D, we have | f(x)| < «? for any x € D;. We denote this
event by F3. Thus, combining (27) (32) and the truncation radius of f, we directly have

p+2
Ay <P L . 1C3 :CgL .
./m2d2 w/mzd m2d3
with high probability (under events Eq, Es and Es3). The proof is complete. O
Proof of Lemma 18. We rewrite A, as
1
Z]E 1( xl, ijag v;rxl — ff(x )K(O (x,x") ijag v;rx)

Denote Y (x) = f*(x) K (x,x')-L - 21 wjoz (v x). By the proof of bounding A, we could
choose the truncation radius as R = (C’n)p such that | f(x)| < R for all x € D with high probability
(1 — 2ne=27) on the dataset D. Now we denote a truncated version of Y by

=~ 1 & 1C
Y(x) = f*(x)1{f*(x) < R}IKV(x,x) ijffz (v/x)1 mfzgwjaz(vaX) < \/T%d

Here Cj is a constant defined in (27). Now, we decompose the concentration error as

% iy(xi) - Ex [Y(x)] = % Xn: (Y(iEi) - 57(%)) + % z": ()N/(:cl) —E,, [Y(xZ)D

- _ (Ex, [V (20)] ~ Ea, V()]

We know with probability at least 1 — 2ne=2" on D, Ly = 0.

B01~1nding L1. We attempt to use Bernstein’s type bound. First we derive a uniform upper bound
of Y'(x). By the definition, we have

_ 1 mo LC
< (0) AN - T 3
‘Y(x)‘ 7R‘K (x,x") mzjzleog(vj x) V —1
CQ LCg
<R.==
SR d? /mad
- RCQCgL
- d3,/m2 '
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Then, we bound the second moments of ¥ (x) — Ey {?(x)] , which is
Var [f/(x)} < Ex {fﬁf(x)}

m2

2 1 LCg
< r?k Ex (K(O) x,x’ ) g w;os(vIx) V
! ( ) me J 2( 7 ) /mod

< (e ) ()

mgds
Here Cy is a constant. Thus, by Bernstein’s inequality, we have

t

|C1] > \/7] <2exp | —F——
d‘&ﬁ cc\/ﬁ
C + 203

Thus, when n > C.12d?, by taking t = +? and R = (Cn)P < (P, with high probability on D, V and
w, we have

(V]

Pr

P12

< ——
R

Bounding £-. It suffices to bound

« [Vi0)] - Ex m<x>}\

1 & (C:
* 0 E T * T 3
| x)| | KO (,2") wioy (v x)|14 f*(x) > R or pr E wioy (v x) > i
j=1
3 1 & < | i orC
< ]Ex * 272 P * T 3 Ex K(O) N4 3
< Ex [(f*(x)?]*Pr | f*(x) >R or—jgleag va) —1 { (X,X)} —

JCEEL ChTe)

~ d3 /
Taking n > 2logn +2log d+1log(Cs3) and ¢ > Cn, we ensure that Lo < ¢/(d*,/man). Altogether,
with high probability (event E'3) on D, we have

1 20P+2
Agl = |— Y(x;) —Ex|Y < —.
The proof is complete. O

Proof of Lemma 19. We remember that

ij [ K(O)(x x)(72 v } - Zw] (v;, %),

where h(v,x') = Ey [f*(x)K(O)(x,x )oz(v'x)]. To bound h(v,x ) uniformly, we have the
following lemma:

Lemma 20. With high probability on V and the datasets Dy and Ds, we have for any j € [m2] and
x e DQ,
N < 12 log?(many) Vi
(v, %)) 5 B ([P (f) e + VAIP2(F)]l 2
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The proof of Lemma 20 is deferred to the end of this section. Thus, condition on the event above,
by invoking the upper bound of Gaussian tail and uniformly bounding over x’ € D5, we have with
probability 1 — 2n exp(—:?/2) on w, for any x’ € D, we have

Aol < — | 23 gy x) < SIOEII) P ).
3 \/772 mQ; VR ~ \/m—2d6 > f L f L

Also, for a single point x’, with probability 1 — 2 exp(—:2/2) on w, we have

3log?(man
a0l 5 ) (1Pl + VAP )
The proof is complete. ]

Proof of Lemma 20. Recall that the activation function o admits a Gegenbauer expansion
(oo}
a(t) = Y ciQs(t).
i=2

Let’s fix x’ and v. Note that we can decompose h(v,x’) as

h(v,x") = Ex [f*(x)K(O) (x,x)o2 (VTX):|

—E. f*(X);%;%Qj(XTV)

By the definition of h; j(v,x’), we have
By [hF (v, )] (30)
= By [(Yilx) @ Y;(v), Ex [/ (X) Yi(x) © Y;(x)])°]
= (B [ () Yi(x) @ Y, (x)], B [£* (%) Yi(x) © Y, (x)])
= B(d, i) B(d, ) B [0)F (<)Qi(x %) Q5 ()]
= B(d,i)B(d,j) Exx | f(x)f(xX') kz(’” bgi?leQi+j—2k(XTX/)
=0

(
)

I min(4,5) plid)

= B(d,i)B(d, j) Exx | f(x)f(x') kZ:O m<Yi+jf2k(x)7Yi+j72k(X/)>

mins.g) (i.4)
= B(d,i)B(d, j Ik R (%) Yok (X)] |2
(d,i)B(d, 7) kz:;) Bldi+]— k) 1Ex [f (%) Yitj—2n (%)) 7
min(z,5) b(’L])

=BA)B@I) 3 Fats g P2l 31)
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Since h; j(v,x’) is a degree ¢ polynomial of x” and a degree j polynomial of v, by Lemma 5, we
have for any ¢ > 2,

Evy e [[hig (v, X)) < (¢ = 1) P By [ (v, X))

Let § = (2eclog (mamn2)) ™72 for some ¢ > 1, taking ¢ = 1+ e~152/(i+4) and Markov inequality,

we have

Pr [|hi,j(V7X') > 5\/Ev,x' [hi,j(v,x/)ﬂ]

By [|hij(v,x)|7]

‘q
(VB Ty (Vi)

)(i+j)Q/2(5—q

IN

IA

(¢—1

— exp (_Z-;—j <1 N 2etlog (m2n2)>>
e

= (mgng) ") exp(—(i + 5)/2).

Thus, with probability at least —(mang ) ~*+9) exp(—(i + §)/2),

i j(vi, X') < (2e0log (mn2)) 9/ [y o (5 (v, 502

[(i+5)/2] B(d, i)B(dJ)buJ)

i ) k
< (2etlog (mang))' H)/QJ > B(d,i+j— ;I;) = I Priak (Dl
k=0 ’

In the second inequality we invoke (31). Summing over ¢ and j gives rise to

(v, x")]

ZZBdZCQCédj)h (v, %)

1=2 j=2

|C]| 2e1log (m2n2))(i+j)/2 [(i+37)/2] B(d,i)B(d,j)bE_ﬂ]) o ,
ZZ B2 B(d.) I[Pses—2n (D7

=2 j=2 k=0 B(d,i+j — 2k)
< ZZ \CJ\ 2etlog (man,)) 2
> g szB(d])l/z
ZZ |cj| 2eilog (m2n2))(i+j)/2 [(i+35)/2] B(d, i)B(d,J)bffj) ok IPes 2k(f)]||2
2 3/2 . . 1+7— L2
== B(d,i)2B(d, j)3/ = B(d,i+j — 2k)
< tlog(mans) e 2 |cjl b (2& log (mgng))(i+j)/2 )
S—pnr B > BB IPe(£)]]12-
>/ i4j—L even ’Z) ( ’]>

In the second inequality we invoke Cauchy inequality. Then by plugging the bound on bEi’j ) in

Lemma 12, we have

h(v,x")]
i,j>max(k,2 i+q . .
o tlog(mang) Z 2€+d 420 +d—-2) ! Z( )c?|cj|(26Llog(m2n2))(+J)/2 i\ (] KPP
NP B(d,0d~-2) =, BB j)Pd-2) \k)\k)" 0
tlog(maon Llogmn tlog(man
g o) (LB 2)'H7’>2(f)||m Log(mams) 1y )

12 log?(mans) 12 log?(mans)

= PNl + g P2l e -
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The probability of this event is at least

mang (—(mang)~te1/2)

1 722 mang) " erJ)exp(('+j)/2) =1-

22 (o)
which is a high probability event when uniformly bounding over x’ € Dy and v = v1,Va ..., V.
The proof is complete. O

C.3 PROOF OF PROPOSITION 1
C.3.1 THE FORMAL STATEMENT OF PROPOSITION 1 AND THE COROLLARY

Let’s consider a formal version of Proposition 1. We remind the readers that throughout this section
we denote n = n1 for notation simplicity, since we only focus on the first training stage.

Proposition 5 (Reconstruct the feature). Suppose mo,n > Cd* for some sufficiently large C. With
high probability jointly on V and the training datasets Dy and Ds, there exists a matrix B* €

R™™2 satisfying |[B*|,, < )\miﬁ(H) g Such that for any x' € D, we have
+2 45 3 +3/2 2 2
HB*h(l)(X/) _ p(X/) 5 \/; ) PTed + vd; + P / d i vLr K1 ].Og d
2 Amin(H) ma \/WTQ \/’ﬁ dl/G

Here L < uw”= is a Lipschitz constant satisfying IVg*(p(x))|ly < L with high probability.

With the proposition above, we directly have the following result.

Corollary 3. Under the same assumption in Proposition 5, with high probability, we have

rp/2 P20 vd? P32 L2k log? d
+ + + =
mo AUz} \/’ﬁ d /

B*h(V — < 5 - .
g g( (x)) —9(Px))| < llgllL Nouim ()

We provide the main proof of Proposition 5 in Appendix C.3.2, and defer the proof of Corollary 3
and other supporting lemmas to Appendix C.3.3.

C.3.2 PROOF OF PROPOSITION 5
Proof. Denote the target features by p(v) = [vTA;v, -+ ,vTA,v]" € R" for any v € R?, and

we further let P = [p(v1),p(v2), -+ ,P(Vim,)]" € R™2X". Then for any x’ € D, we have the
following decomposition

n mao

anZZf xi) K0 (%3, % )72 (v ) p(v;)

zl]l

LPTh(l)(x’)
mo

—Z Zf* (x; (K( ) (x;,x') — KO (x,,x ))Ug(v;r )p(v))

Dy
+lzn:f*(x VKO (x;, %) Lf:Uz(VTX)p(V )~ =2 p(xi)
n ! v ma g J B(d,2) ’
D>

36



Published as a conference paper at ICLR 2025

We will derive an upper bound on the concentration error terms Dy 1, D; 2 and Do, respectively.

Moreover, leveraging the asymptotic analysis in Appendix C.1, we show that D3 ~ d~Hp(x’)
with high probability,

Lemma 21 (Bound D ; and D, ). Under the same assumptions in Proposition 5, with high prob-
ability on V, Dy and D3, we have

90 /4 p+2 9.0, C
et S and |Dys|. < oy O

® = /mad3 '

Lemma 22 (Bound D). Under the same assumptions in Proposition 5, with high probability on
D1 and Ds, we have

D11l <

+3/2
Dol <2
N nds

Lemma 23 (Compute D3). Under the same assumptions in Proposition 5, with high probability on
D, for any X' € Dy, we have

c3

2 2
D, < tLr*rylog™ d
B(d,2)%d(d - 1)

: Hp(xl) ~ J6+1/6

We defer the detailed proof of the three lemmas to Appendix C.3.3. Combining all the results above
and choosing
B* = B(d7 2)2d(d B 1) . LH_1PT7

C% mo

we have with high probability on V, D; and Do,

|BOx) - pix)
2
2

B(d,2)%d(d — 1) 1 c3 ,
< 1 7 ~ 0 7. S H———.
< 5 H D1’1+D172+D2+D3 B(d,Q)d(d—l) Hp(X)
c

=
ds\/r
Di-— 2
’ " B(d,2)d(d— 1) oo)
N <Lp+2d5 wWd® Pt32q L2k log? d)

2

+ -Hp(x')

< D D D
S Yoo () <| L1llo + D12l + D2l
S + + +
AInin(H) mao A/ M2 \/ﬁ dl/G
To bound ||B*{|,,, note that

IB*|2, = [|B*B*"|

op

< d12 T

> g, i) 77 oo
d12 m2

op

Moreover, for any j € [ms], we have

)P, = IRVl = D (v Awvy)? S rd?,
k=1
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and we have
[ [ V|| = (B [T ARy <v>p<v>T]
k=1 op
< Z ||IE vIiAv)? (v)p(v)T]HOp

The second inequality holds because p(v)p(v) "

Inequality, we have

is positive semi-definite. By Matrix Bernstein

\/?jdL ’I”2d2L2
Pr |||— ; SR {| I g <e —_——
op
2
= eXp *ﬁ
1—1-3\/m—2

Thus, when mo > d*, we know with high probability on V,

1 & Vrde
— v;)p(v <1+ <1
. le( $)P(v;) i
Jj= op
Thus, we have |B*||, < )\_diﬁ(H), / miz The proof is complete. O

C.3.3 OMITTED PROOFS IN APPENDICES C.3.1 AND C.3.2
Proof of Lemma 21. Let’s first bound Dy ;. We can rewrite Dy ; as

1 3
* 0 T
Dy, =— Zf (K( ) (x;,x) — K )(Xi,x/))m—ZUz(Vj x;)p(v;)
By Lemma 25, for any k € [r], we have with high probability on V

e c2 9ud—1CH*
A Tx) — ———x Apx; | < ———2
ng(v #Vi)oa(v, i) = g gy A < e

Thus, by enumerating Ay, over {A1, Ao, ..., A}, we have with high probability on V,

1 X T Co < Qud” Yok
— Y P(v)oa(v)xi) = m==p(xi)|| < ———.
mao = B(d,2) . A/

On the other hand, by Lemma 24, with high probability on V, we have for any x; € D1,x’ € Do,

KL x) = KO (i, x)| < (32)

/fdz
Moreover, under the event F3 (defined in (29)), with high probability on the dataset D;, we have
|f(x)| < P for any x € D;. Thus, altogther we have

L 9d-1cy? B 9C, /4 p+2

Dy, <7 =
DLl < = mad
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with high probability. To bound D 7, from the proof above, we know with high probability,

1 & T Co < Qud” Yok
p(vj)oa(v; x;) — =——p(x;) <= 4
S <
o0

Moreover, for any x € D; and X' € Do,

KO (x,x') = Ey [02(v %) (v x')] < \/Ev [02(vTx)2] Ey [o2(vTx/)?] < @ (33)

2
Thus, we can bound D 5 with high probability by
Dol < &2 ad-tcyt eyt o;
L2lloo = d2 \/To a mad3 '
The proof is complete. O

Proof of Lemma 22. Thus, let’s focus on the concentration of a single element
Yi(x) = fAFx)KO(x,x)x"Arx, k=1,2,...,r
Similar to the proof of Lemma 17, we denote a truncated version of Y}, by
Vi(x) = fF(x)1{f*(x) < RYKO(x,x)x " Apx, k=1,2,...,r
Here, R = (Cn)P for some large constant C. Now, we decompose the concentration error as

% i Yi(xi) — Ex [Ya(x)] = % i (Yk (x) — ffk(xi)) + % i (ffk@q) ~E,. [?k(xi)])

1= 1=

[:0 L‘/l

4 ib ( i {Yk X; } —E;, [Yk(xi)]) :

Lo
By (29), we know with probability at least 1 — 2ne=2", Ly = 0.

Bounding £;. First we derive a uniform upper bound of f/k (x), which is
Vi(x)| <R ‘K(O) (x,x’)xTAkx’

<R ‘K(O) x,x')’ |XTAkX|

C.
< R-2d|| Ak,
B Rer Al
_ B Al

Then, we bound the second moments of Y;(x) — Ex [?k( )} Again by Lemma 8, we know that

there exists a sufficient large constant C' > 0 s.t. Pr[|x" Ayx| > Ci] < 2exp(—¢). By taking
t > 2logd, we have

Var [?k(x)] < Ey [?,f(x)}

= E4 [}7,3()()1 {‘XTAkX| < OL}} + Ex [ﬁf(x)l {|XTAkX’ > CL}:|

szCQQ
-

< C?r?k1” By [(K(O) (x, XI))1 + Ex [1{[x" Apx| > C1}]

o© 4 2, 12
c; 2r*k1C5 exp(—t)
< C%r2ky2 - G 2
2 By i
< C'r?rq1?
~ d6 N
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Here C’ is a sufficiently large constant independent of d. We invoke (33) in the second inequality.
Thus, by Bernstein’s inequality, we have

R o) _L3C/7‘2N1
5
Pr [|£y] > —\/—| <2exp 2nd
d n C'r2K112 + RC2(Akllop  [r2k1e
nd® 3nd nd®
_ L
= 2exp 2

14 C2H3A’le|\op /7%43
Thus, when n > C3 || Ay ||§p d* , we have with high probability on the training dataset D1,

|<& C'L<RL3/2
BN 0 S

|L1

Bounding £-. It suffices to bound

B [V2(3)] = Ex [V (0)]| < Ex [1£* (01 1{F" () > B} [K© (@,2')x Asx|

1
8

< B [(1(00)2)F Pr () > B B [KO0 ()% B [(x A)®)?

Lexp(-n/2) - 2 (8- 1)

_ 7Cyexp(—n/2)

== e

Here we invoke (33) and Lemma 8 in the last inequality. By taking n = ¢ > 2logn + 8logd, we
can ensure that with high probability, we have

IN

R3/2
<|La| +[L2| S —F—==

L
Jnds

Thus, by taking & over [r]|, we have with high probability over the training set Dy, we have

B ACHEEMA)

Dyl < el BEE R e

B(d,2) ad® ~ ad ~ \nd

The proof is complete.

Proof of Lemma 23. Note that for any k € [r|, we have

Ex [f*(x)K(O) (x, x’)xTAkx}

SERI® f; A x). xTAkxl
- B(d,Q)Cd%(d—l) (B [f*(x)(x T Apx) (xx " = D], x'x"" —T)
+ 5_03 B B [ 0Q X A
~ B(d, 2)05(65 1) (T(A),x'x'T ~T) + i B((j, i [/ (0)Qi(x T x)x " Apx].
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Here T is the linear operator defined in (14). Recall by Proposition 3, we have

T(Ar) = > Hy Aj|| <d /oLr’k log” d.
Jj=1 F
Let’s denote Ry = T(Ax) — Y7_ Hy jA; so that [Rellp < d/SLr?s, log?d. Since
(R, x'x’T — 1) is a quadratic function of x’, and Ey [(Rg,x'x'T —T)?] = 24 |Rk[2. By
Lemma 8, there exists a constant C' > 0 such that

Pr [|<Rk,x’x’T -0 > CL\/EX/ [(R, x'x'T —1)2]| < 2exp(—u).

Thus, by enumerating k € [r] and x’ € D5, we obtain that with high probability (1 — nrexp(—t))
on Do, for any k € [r], we have

1Lr2kq log? d

<T(Ak),X/X/T — I> — Z Hk,jX/TAjX/ s J1/6

j=1

Moreover, we have for any x’

; B(cc;, z) Ex [f*(X)Qi(XTX/)XTAkX]
: ; B(CIU) [Bx [/ () Qi(x"x)x " Ayx]|
[e'e] Cz
< ; B(c},i) . \/Ex [Qi(xTX’)Q]Ex [f*(X)Q(XTAkX)Z]

<3 g g VU 0O A2)

Again by Lemma 8, we know that there exists a sufficient large constant C > 0 s.t.
Pr [’XTAkX‘ > C1] < 2exp(—1). By taking ¢ > (2p + 2) log d, we have

Ex [f*(x)?(x T Arx)?] = Ex [f*(x)?(x T Apx)?1{|x " Ayx| < Cu}]
+ Ex [f7(x)%(x T Apx)?1{|x " Ayx| > Cu}]
< C%2 4 2d*P 2exp(—1)
< C%2

Altogether, with high probability on D, for any k € [r], we have

2
2

]Ex f*(X)K(O) (X, X/)XTAkX:| — W . Z Hk-va/TAle
’ =1

L2k log? d i Cuc?
~ B(d,2)d"/6(d — 1) = B(d,i)3/2"
Thus, by paralleling the r entries together, we have with high probability on Ds
2
c
Dy — 2
H b B(d.2)%d(d - 1)

-Hp(x')

L2k log?® d i Cuc?
«  B(d,2)2d7/%(d —1) B(d,2)B(d,)3/?

LLr?ky log® d
~ q6+1/6 :

=3

The proof is complete. ]
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Proof of Lemma 3. By the mean value theorem, we have

9B (x) — g(p(x))| S sup | VoOBRY () + (1= Npx)|_[BRO ) - pe)| .
A€f0,1]

Recall by (8), we have ||[Vg(z)|, < llgllz2 > h_; P ”Z”gﬂ‘ Note that with high probability.
SUP,ep, ||[P(X)|| < O(y/7). Therefore

sup sup [ VgOBHD (x) + (1= Npx))|| < llgll =77
x€D2 A€l0,1]

Altogether, by Proposition 5,

9(B"h M (x)) - g(p(x»]

sup
x€Dy

—1
< gl = BB 60 — p(0)|,

<1l rp/2 Lp+2d5 o3 N P3/2q N tLr?ky log® d
e sm \m Tum T T

The proof is complete. O

C.4 PROOF OF OTHER SUPPORTING LEMMAS

We first present the concentration of the initial kernel K. ,(7?3 (x,x").
Lemma 24. Ler K 7(,?2) (x,x) = i(ag (Vx), 02(VX")) be the initial kernel with inner width being
mag, and K (x,x') = By tnirsa-1(va) [02(vTx)o2(vx')] be the infinite-width kernel. Then

there exists a constant C s.t. when mo > Cd*, with high probability probability on w, V and the
training dataset D, for any x € Dy and x' € Dg, we have

’K(O) (x,x") — KO (x,x')| <

L
,/m2d2 '

Proof of Lemma 24. By Assumption 4, for any x,x’ € D and v € S?~1(v/d), we have

|02 (VTX) o9 (VTXI) | <C?

and
E Tx) oy (vTx)?] <\ /E Tx)* | E i) <
v |o2(v'x) o2 (v X)) <4 /Ey |02(vTx)"| Ey |02(vTX) S
Thus, by Bernstein inequality, we have
; ot
O (x. %) — KOx. x| > /| < 21
Pr |:‘Km2(x7x) K (X7X) = m2:| - 2exp Cy + Cg \/I
m2d4 3’!112 mo
—t/2
~ exp / (34)

Cy 4 O3 [t
d4+3 mo

By enumerating x, x’ over D, we have
—t/2

Cy o C3 [t
d4+3 mo

Thus, when my > d*, we can take t = +?/d* to bound the probability by poly(d, n, ms)e™*, which
concludes our proof. O

0 0
P | [160)0e) K0 x)

3 2
Z/— | <nexp
ma

Then we present the concentration of the reconstructed features.
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Lemma 25. Suppose ms > C2C, 24 ||A|| . Given any A such that v' Av is a quadratic
spherical harmonic, with hzgh probability on 'V, for any x € D, we have
1 &2 o gd—1c*
— v Av;)oa(v] x) — ——x Ax| < ———4
ms ;( J72(viX) = B g) =

Proof of Lemma 25. Given any fixed x € D and A such that v Av is a quadratic spherical har-
monic, we have

Ev [(vTAV)?03(vTx)] < \/Ey [(vTAV)1]Ey [od (v )
< (4-1)*2E[(v] Av,)?]d2C,?
=81d-2C;/?

and
|(vTAV)os(vTx)| < d|A],, - Cr = dCy |All,,

Since Ey [(vT Av)os(vx)] = WZQ)XTAX, by Bernstein Inequality, we have

1 & Co 9d-tol*
Pr||— A JIx) — TAx| > — 4
r l . ;(v v;)oa(v; X) B, 2)x x| > T
81d=2C}/ %2
2’17’7,2
< 2exp 81d—2C}/? 1 ColA 9ud-1C3/*
Mo + 3ma ( || ” : NG
2
1?/2
= 2exp 1+ Cod2[[A]l,,
27Cy/* fma t

Thus, when mg > 020_1/2d4 A
on V, for any x € D, we have

op» by enumerating x € D, we obtain that with high probability

1 & C 9d—1CM4
— \Z TAv)oa (v, x) — xTAx| < — —4
o ;( Joa(vi %) B(d,?2) =

The proof is complete. O

D APPROXIMATION THEORY OF THE OUTER LAYER

D.1 PROOF OF PROPOSITION 2

Since we mainly focus on the first training stage throughout this section, we may sometimes denote
n = ny for notation simplicity, and let the training set be D; = {x1, X2, ...,X, }. Let’s consider a
formal version of Proposition 2.

Proposition 6. Suppose g is a degree p polynomial. By setting n = C1™ %k 1m; 1/2 46 for some
constant C' > 0, with high probability over D1, Dy, {w;}.*", and 'V, there exists a* € R™ such

that the parameter 0* = (a* WO bW V) gives rise to

Lo(0%): = — Z (x:0%) — g(p(x)))?

xEDg

2
S lgllze N (ED) ey Y + =

2
L”“HQH o~ ko 2k
=L B, ]

k=0

2
rP (Lp+2d5 Wd® P24 L2 log? d)
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Here a* satisfies
a2 2
a , 2 _ a2
o S gl (Zn B, ) ).

To prove the proposition, let’s introduce the infinite-outer-width model as a transition term between
the finite-outer-width model and the target function. We define the infinite-outer-width model as

Jooms(X50) = Eqpow [v(a, b, w)oy (an(w, h(l)(x)> + b)}7

where hM) (x) = L 570 | f*(x;) - K9 (x;,x') - 0 (VTx;).

We can decompose the L? loss of the truth model f(x;6) as

L) = 3 (fx0) — ()’
xEDo
= L3 (F06)  Froma ) + oo () — 9B RO () + (B () — g(p(x))
x€D2
<3 (668) ~ Froma )’
x€Ds
F2 3 (frem) 9B ()’
xEDz
Lo
F 13 (B0 (x) — glp(x)))
x€D2
Ls

We have bounded L3 in Corollary 3. We state Lemmas 26 and 27 as follows to bound L; and Lo,
respectively.

Lemma 26 (Bound L,). Given B* € R"*™2 and setting the learning rate n = C1 ™%k 1mgl/zd6
for a constant C > 0, there exists v : {£1} x R x R™2 — R such that

P
p—k
oll o < lgllge >0 * IBHE "5,
k=0

and, with high probability over D1, Dy and 'V, the infinite-width network satisfies

% Z (foo,m2 (X; v) - g(B*h(l)(x)))z 5 0<2;22>

d?n?nzm?*m
<EDy 1namyms;

Lemma 27 (Bound L;). Given the function v : {£1} x R x R™2 — R in Lemma 26. With high
probability over Dy, Do, {w; };", and V, it holds that for any x € Dy,

1 - 1 o7z
— > w(ai; by, wi)or (nag(wi, B (%)) + b)) = foom, (50)| S| —— ==, with
my ] my

1
E U(ai7bi7wi)2 5 LPHU”?L?'
mi4

The proof of Lemmas 26 and 27 is provided in Appendix D.2. Now we begin our proof of Proposi-
tion 6.
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Proof of Proposition 6. By Corollary 3, Lemma 27 and Lemma 26, by defining the vector a* € R™
by at = v(a'?, 0", w") and letting 6* = (a*, W1, b)) V), we have with high probability that

Lo(0") S Ly + Lo+ L

2
rP P20 N od? N PH3/24 N LLr?log? d
(H) mo A/ 12 \/ﬁ dl/G

2
< lgliz - 5

min

+ Lp+1 ”gHi2 X in—k ||B*||k> T”ZJ ’
m k=0 ”
s 1
o ——
d?n3n3mim3
2
2 rP P25 g3 P24 Lr?log?d
Sllgllze - 2 ’ + + + 1/6
@ e TV v

I gl (S ke e )
+T' ZW [B*[|gp 7 .

k=0
Here a* satisfies
my
||a*||§ S Z 'U(CL,L‘, bia Wi)2
i=1

S mae? ||vl| 72
2
< D 2 . —k |k Pk
~ mayl HgHL2 277 ||B Hopr 4 .
k=0

The proof is complete. O

D.2 OMITTED PROOFS IN APPENDIX D.1
D.2.1 RANDOM FEATURE CONSTRUCTION OF UNIVARIATE POLYNOMIALS

In this section, before proving Lemmas 26 and 27, we first construct univariate polynomials using
the outer activation function o1 and the random features a and b progressively.

Lemma 28. There exists vo(a,b), supported on {1} x [2, 3], such that for any |z| < 1
Eqp[vo(a,b)o(az + b)) =1, suplv(a,bd)| < 1.
b

(’1’7

Proof. Letug(a,b) =12+ 1o=1(b— 5) - 22522 Then, since z + b > 1,

3
Eq pfvo(a, b)o(az + b)] = 6 /2 (b g)a(z +b)db
- 6/3(b - g)(Qz +2b—1)db
2

5 5 8 5
:z-6/ (b— f)db+6/ (b= 2)(2b— 1)db
2 2 2 2
=1.
The proof is complete. O

Lemma 29. There exists vi(a,b), supported on {+1} x [2, 3], such that for any |z| < 1
Eqp[v1(a,b)o(az + b)) = z, sup|v(a,b)| S 1.
a,b
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Proof. Letvg(a,b) = 1q=1(~24b + 61) - =221, Then, since 2 + b > 1,

Eqplvi(a,b)o(az +b)] = % /3(—24b +61)o(z + b)db

1 3
= 5/ (—24b + 61)(22 + 2b — 1)db
2

2 /23(—243) +61)db + % /23(—24b +61)(2b — 1)db
=z
The proof is complete. O
Lemma 30. There exists va(a,b), supported on {1} x [—2, 3], such that for any |z| < 1
B p[va(a,b)o(az + b)) = 2%, suE |v(a,b)] < 1.

a‘)

Proof. First, see that

2 24z
/ o(z+b)db= / o(b)db
-2 —24z

—1 1 24z
:/ (—2b—1)db+/ deb+/ (2b — 1)db
—242 —1 1

_ 2 .
= [0 =By + 3+ [P - 0T
2
==+ (=) + 3+ (Y —(2+2)
14
= 22"+ —.
z°+ 3
Let va(a,b) = 1a:1% — Zwo(a,b) Then
1 7
Eop[va(a,b)o(az 4+ b)] = 3/, o(z+b)db— 3
T 7
— 24 1 _°
=2z"+ 373
= 22,
The proof is complete. O
Lemma 31. Let v(b) = —3k(k — 1)(k — 2)(1 — b)*=3 - 2= Then
k(k—1
Eb[vk(b)a(z + b)] =zF. 1,0 — %22 —kz—1.

Proof. Plugging in vi(b) and applying integration by parts yields

Ey v (b)o(z + b)) = /0 —%k(k —1)(k—2)(1 = b)* 30 (2 + b)db

1 - 1 ! 1 — /
= [Gh(k—1)(1 - b 20 (2 +b))s — /0 CLAGER b)*20’(2 + b)db

- _%k(k —1Do(z) + [%k(l — b e/ (2 + b))} — /01 %k(l —b)Fe" (2 + b)db

1

1
- —%k(k —1)o(z) = gko'(2) - / R(L= )" 11y p<adb
0
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When 1 > z > 0, we have

1 1—=z
—/0 k(1 =) 11, 1y <1db = —/0 E(1—b)ftab = [(1 - b)*)5 % = 2F — 1.

When —1 < z < 0, we have

1 1
—/ k(L —b)" 11, 1 py<1db = —/ k(1 —0b)*1db = —1.
0 0

Since z € [—1, 1], we have that o(2) = 22 and 0/(2) = 22. Therefore for z € [—1, 1]

k(k—1
-1,
The proof is complete. O

Eyfvg(b)o(z +b)] = 27 - 1,50 — —kz—1.

Lemma 32. There exists vy (a, b), supported on {£1} x [—2, 3], such that for any |z| < 1
Eop[vk(a,b)a(az +b)] = 2*, sup |vx(a,b)| < poly(k).
a,b

Proof. We focus on k£ > 3. We have that
E(k—1) o

Ey[vr(D)o(z +b)] = 2% - 1,50 — — A kz — 1.

kE(k—1)

7 224+ kz—1.

Ey[vp(b)o(—z +b)] = (—2)* - 1,20 —

Therefore if k is even
Ep[v(D)o(z + b) +v(b)o(—z +b)] = 2% — k(k — 1)2% — 2.
Let vk (a,b) = 2vk(b) + k(k — 1)va(a, b) 4+ 2. Then
Eop[vx(a,b)o(az + b)] = Eyog(b)o(z + b) + vi(b)o(z — b)] + k(k — 1)2% +2 = 2~
If £ is odd,
Ey[v(b)o(z 4+ b) — v(b)o(—z +b)] = 2" — 2k=.
Let vi(a, b) = 2avi(b) + 2kvi(a,b). Then
Ea.[vr(a,b)o(az + b)] = Ey[vg(b)o(z 4 b) — v (b)o(z — b)] + 2kz = 2.

The proof is complete. ]

D.2.2 PROOF OF SUPPORTING LEMMAS IN APPENDIX D.1

Proof of Lemma 26. Let’s consider a general version of Lemma 26.

Lemma 33. Let g : R™ — R be a degree p polynomial, and let B* € R"*™2, Given a set of
vectors D = {z1,2a,...,2,} C R™2 that satisfies n{w,z) < 1 for any z € D with probability at
least 1 — 2(ny + na) exp(—12/2) over w ~ N(0p,, L, ) (uniformly over D). Then, there exists
v:{xl} x R x R™ — R so that for all z € D,

Eopwlv(a,b,w)oi(na{w,z) + b)] = g(B*z) + 0(1)7 and

dn1n2m1m2

p

_ k b=k

lollz2 S llgllze Y " IB*[lgpr T -
k=0

Thus, according to Proposition 4, we could set the learning rate n = Ct "5 1m2_ /246 for a con-
stant C' > 0 to ensure |77<w, h(l)(x’)>| < 1 for any x’ € Dy with high probability on V, Dy, and
probability at least 1 —2(n; +n2) exp(—¢?/2) on w. Thus, taking D = {h(x)}xep, concludes our
proof. O
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To prove Lemma 33, we first decompose g into sum of polynomials of different degrees and con-
struct a function v to express these polynomials accordingly.

Lemma 34. Givenz € R™2. Let B* € R"™*™2 and T}, € (R")®*. Then, there exists vy, : R™? — R
such that

Ew [vr(W)(1(w,2))"] = T),((B*2)®").

Here vy, satisfies

— k k/2 — k
okl = S 0 * B 15, 1Tkl and sup fox(w)| S ms"*n~* [BXIS, I Tulle . (39
w

Proof of Lemma 34. 1t suffices to solve
Ev [o(w)w®*] = n FB*®(Ty),
where B*®¥(T,) € (R"™2)®*. This is achieved by setting

v(w) == Vee(w®)T Mat(E[w®2*]) =1 Vec(B*“*(T})).

Then,
oll72 = n™?" Vee(B**(T4))" Mat(E[w®**]) " Vec(B***(T})).
Since
Mat(E[w®?*]) = kg gms)
we have
2
- - k
lollfe S w2 [BR (T | < o2 1B 28 I Tl
Finally,
sup [v(w)| = n~* sup ‘Vec(wg’k)T Mat (E[w®?*))~! Vec(B*®*(T}))
< [[weH e B 0|
k/2 —
<m0 B, [Tl
The proof is complete. O

Then we begin our proof of Lemma 33.

Proof of Lemma 33. We can write
g(z) =Y (Ty,z°").

By Lemma 10, we have || Ty||p S r B lgll 2-

Define vy (a,b) to be the function so that E, y[vi(a,b)or(az + b)] = 2*, and let v(w) be the
function where E., [v(w)(n(w,2))*] = (T}, (B*z)®*). Next, define

v(a,b,w) = Z vg(a, b)vg(w).
k=0

Here vy, (a, b) is defined in Lemma 34. Then we have that

P

loll = S D (Bl D2 < Ngll e Zn’k 1B, "5

k=0 k=0
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Note that ||v]|,. = O(poly(ms,d)) and |o1(na(w,z) +b)| < na{w,z) + b) has polynomial
growth. Since we have taken « = C'log(dninamims) for some sufficiently large C' > 0, we
know by Cauchy inequality,

[ bwlo(w)or (n(w, z) +b)1{n(w.2) > 1}]| < (W)

Thus, we then have that

Eq.bwv(a,b,w)oi(na(w,z) + b)]

1
= Eupwlv(a,b,w)or(na{w,z) +b) - 1|n<w,z)|§1] + O(dnlngmlmg>

M=

1
Eab,wvk(a, b)vg(wW)or(na{w, z) +b) - 1jyw.z)|<1] + O(dnmzmlmz>

=~
Il
<

M=

B[00 (W) (W, 2))" - 1y 1] + (1)

dn1n2m1m2

S
I
<

M=

B [0 (W) (1(w, 2))"] +0<1>

dn1n2m1m2

£
I

0

I
NE

(T (B9 o o)

—o dn1n2m1 mo
(B2) +of ———
= VA 0] .
g dn1 Nn92M1Mo
The proof is complete. O

Proof of Lemma 27. Fix x € D,. For notation simplicity, we denote f5°(x) = foo,m, (X;v). Con-
sider a truncation radius R > 0 to be chosen later and let £, be the set of w such that

sup [v(a,b,w)| < R and n{w,h(V(x)) < 1.
a,b

By the construction of v(a, b, w) in the proof of Lemma 33, we know it can be seen as a degree-

p polynomial of w. Thus, by Lemma 7, by taking R = C:?/2 ||v|| ., for some sufficiently large
C > 0, we can ensure that

Pr[sup |v(a,b,w)| < R] > 1 — exp(—¢).
a,b
Moreover, by Proposition 4, conditional on a high probability event on V, D; and D, by taking
n = C1=%d%m; !, we have Pr[n(w, h(!) (x)) < 1] > 1—4exp(—:?/2) for a single x. Now consider
the random variables
Z; = 1{W,‘ S Ew}v(ai, b, Wi)al(nai<wi7 h(l)(X)> + b,), 1=1,2,...,m1.

We directly have that |Z;| < /2 ||v||; 2, and with high probability,

1 &

- Zv(aiabiawi)z 5 Lp||’UHi2.
mii3

Therefore by Hoeffding inequality, with probability at least 1 — 2 exp(—¢), we have

1 &
— E Lw,er,v(as, by, wi)or (nai(w;, h(M(x)) + b;)
my <

=1

a7
— E[lyep,v(a,b,w)or (na{w, b (x)) + b)]| $ |/ —— .

mi
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Similar to the proof of Lemma 33, note that both v(a, b, w) and |01 (na(w,z) + b)| has polynomial
growth. Since we have taken ¢« = C'log(dninamyms) for some sufficiently large C' > 0, we know
by Cauchy inequality,

[BlLucr, v(a, b w)or(atw, B (x)) + )] = £2°(x)|

= [ElLugr, v(a. b, w)or (naw, bV ()) + )|
< B(w ¢ E,)(E[v(a, b, w)’o1 (nafw, b (x)) + b))/

< exp(—Clog(dmimaning))O([[v]] =)
<L
~ mq

Finally, union bounding over x € Ds, we see that

miy

LS b wio (nactows B0y + ) — 2200 | < 2 lee
sup |— vla;, 0;, W;)Oo a;\Wi, X i) — Jo X)) —_— —
x€Dy |1 i—1 17 mi my
2
el
The proof is complete. O

E GENERALIZATION THEORY

E.1 FORMAL PROOF OF THEOREM 1

The proof is divided into two parts. The first part of proof formalizes the proof we present in Section
4. The second part presents the generalization theory after we construct a* that gives small L? error
by Proposition 2, with the formal version presented in Proposition 6.

E.1.1 PARTI1: ANALYSIS BEFORE FEATURE RECONSTRUCTION

Denote w; = e_lwﬁo) ~ N(0,1,,,). Note that for any x € D; and j € [m1], we have
2
(00 0) = fewy b ) ~ 40,2 [0

2 m . _
Since | (x)||, = Y52 03(vix) < maCZ By setting €' = Cyy/2umy, we know
(vvj(.o)7 h(®)(x)) < 1 with probability at least 1 — 2 exp(—¢). Thus, uniformly bounding over x € D;
and j € [m1], we know with high probability over W, we have
<w§0),h(0)(x)> <1 forany x € Dy, j € [mq].

Then, according Algorithm 1, after one-step gradient descent on W, we know with high probability,
for each j € [m1],

mvw§o>£<o<°>:n e =Y P on® ()} ((ew;, h® ()

€D1
26771 (0) Z 7( 0) h©® (x)ij,

which is a linear transformation on w;. By taklng N = - 1 for some 1 > 0 to be chosen later

_my
2emo
and \| = 7]1_1, we have

Wit = wl® — 1 | V,0 L0 + Mw

=-mV_ 0L0)
(O) n
Z 1( x)h© (x)Tw;.
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Then for any second-stage training sample x’ € Ds, the inner-layer neuron becomes

( )
<W§-1),O'2(VX/)> = < Zf h@(x)h@(x) T j,h(o)(x’)>
1 n
-y <wj, YW o)
i=1

=na{” - (w;,hD(x)).

Thus, after the first training stage and reinitialization on b = b, the model becomes the following
random-feature model in the second stage:

f(X/; 9) = Z a;0q (770,;0) <Wj7 h(l)(xl)> + b;l)) )

By Proposition 6, we know there exists a* € R™! such that with high probability over D;, D,
{w;}™ and V, by taking the parameter 6* = (a*, W(!) b(1) V), it holds that

. )
£2(9)§||9||L2-Amm(H) et N + VG

2
L HQH ~ kopok
+ ——Lr 277 k ||B*||opr 4 .

k=0

2
P (Lp+2d5 vd? P32 L2k log? d)

Here a* satisfies

a2 4 b o)
2 —k pP—_k
2 Sl (Zn IB* |k rtT ) -

k=0
The first part of the proof is complete.
E.1.2 PART2: GENERALIZATION THEORY

Denote the population absolute loss as £1(f,g) = Ex[|f(x) — g(x)|]. Moreover, we consider a
truncated loss function as

{-(z) = min(|z|,7) and Ly -(f,9) = Ex [(-(f(x) —9(x))],

where 7 > 0 is the truncation radius. Moreover, we denote the empirical truncated absolute loss as

Lar(fig) = = 32 () — gx).

xE€Do

Suppose Algorithm 1 gives rise to a set of parameters 6 = (a, W) b V), and we have con-

structed 6* = (a*, W) b1 V) that leads to small empirical loss, we decompose the population
absolute loss as

La(f(50), £) = Ly (F(30), ) + L1 (F(50), %) = L1+ (f(50), £*)
L, Lo
+ L1 (f(50), /%) = La-(f(50), 7).
L3

Here with a little abuse of notation, we consider f* = g*(p) for learning the original target function
and denote f* = g(p) with g being any degree p polynomial for the transfer learning setting. Next,
we bound L;, Ly and L3 respectively.

Bound L; With a little abuse of notation, we denote £o(a) = L£5(6) for = (a, W) b1 V)
since we only optimize a in the second stage. By Proposition 6, we know with high probability, the
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empirical L? loss of 9* is bounded by

Lo(a*) = — Z (x:0%) — f*(x))?

x€D2
2
<19l rP PH2d° N ud? N P24 Lr?ky log?d
S ) e T U v are

k=0

2
PN (NA kg st
Ml DL R LY My

Here a* satisfies

a2 4 b k)
2 2 —k * )
- sLP||g||L2~(;n 1Bk r"T > .

In the second training stage, let’s set the weight decay in the second training stage as

2
B rP P25 dd P24 1Lk log® d
e == ol g

+ + +
min m2 Vv m2 V n d1/6

s (Zﬁ"“ B, ))

so that the empirical L2 loss is dlrectly bounded by

: —Z Fx:0%) — f2(x)* < Mla*]3-

xEDz
We further consider the regularized second-stage training loss to be
R 1 N 2 A
Lan@) = — 3 (£ (@ WO, b0, V) = £(x)) + 3 Jal}.
2 xE€Dy 2

Note that this loss is strongly convex, so it has a global minimum a(*®) = argmin ,/327 a(a). Thus,
we have

£2(a™)) < L35(a") S Aaly-
Since L5 ) (a) is A- strongly convex, and we can write f(x; (a, W) b(1) 'V)) = aT ¥(x), where
¥(x) = Vec (ml_lcrl (nago) (wi, hM(x)) + bgl))). Therefore, by Lemma 4 and our choice of n
to ensure 7{w;, h® (x)) < 1 with high probability, we know with high probability,
1
max v £ ) < — \IJ .
(V2ler) < oo 3 1060, S o

XGD
Thus, £25(a) is A + O(-- -)- smooth. By choosing the second-stage learning rate 7o = Q(m1),
after T = O(A\~1) = poly(d n,m1,ma, ||g||;2) steps, we can reach an iterate & = a(”) so that
L2(a) S La(a) and [jall; S lla*]l, -
Denoting 6 = (4, W) b1, V), it holds that

L1103 >f*<—2\fxe - )| < VE@) < V),

xEDo
Thus, we have
Ly =L1,(f(0), f* Z (x;0%) — f*(x))?
x€D2

<l 12 (2 Lt log”d
~ L2 N pin (H) Mo NG NG 7176

P gl - —k x|k B2k
T ZW B lopr ™ |-

k=0
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Here a satisfies

PSR- IR
Bl < B2 gl [ Y0t IB, )

mq ma P

We assume HaHg < my B2, where B, satisfies
» 2
2 —k k p—k
B: < Pl - (Zﬂ 1B lopr 7 ) :
k=0

Bound L, To bound Ly, we rely on standard Rademacher complixity analysis. The following
lemma provides an upper bound on the Rademacher complixity of the random feature model.

Lemma 35. Let F = {fp : 0 = (a, W), bW V) |a|, < /m1B,}. Recall the empirical
Rademacher complexity of F as

n

1
Rn(F)=E, n [ sup — J(xi)],
( ) e{+1} [feg)-‘ o ;0 f( )]

Here the dataset {X1,X2,...,Xn,} = Da. Then with high probability, we have

The proof is provided in Appendix E.2. Since the £, is 1-Lipschitz, by standard Rademacher com-
plexity analysis, we have that with high probability that

Lo = Bul, (§0i0) — £60) = oo 3 4 (£xs8) = 1)

x€Dso

Bound L3 Finally, we relate the truncated loss £, to the Ly population loss.

Lemma 36. By letting T = Q(max(:P, B,)), with high probability over 0, we have

Ly = B [[1066) ~ 10| ~ B[t (7x:0)  £*(0)] < (1>

n1Namimod

Here we recall that n = n; + ny. The proof is provided in Appendix E.2.
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Put the loss together By invoking the upper bound of L;, Lo and L3 and plugging the values of

7,1, [|B* HOp’ Amin(H), Ba, L and ||g||L2, we have
Ex [|£0:6) = £(0)|] = Ly + Lo + Lo
B2 1
S*Zf f(07) *(X))+\/7Q+T1/L+o<>
N2 N2 ninamimaod
xeDz
< Jlgll v/ PT2P n vd3 L P24 Lr2kq log?d
~ 191l Amin (H) Mo NGos NG J1/6
P gl (S~ ks
+ \/T Z IB ” _|_ 7_\/7
k=0
rP/? P20 ud® P24 Lr2kq log? d
N : + + +
Amin (H) ma NG N J1/6

min

LR (A A ()P
mi

. \/ S 2 (1 AL ()

n2
~ PRSP dSrp+1 d2retl P2y,
=0 . + + +
min(ng, my) ma n dr/6

E.2 OMITTED PROOFS IN APPENDIX E.1

The proof is complete.

Proof of Lemma 35. Given § = (a, W) b(1) V), since we can write
fo(x) =a' ¥(x), where ¥(x) = Vec (m o1 (na( )<Wi,h(1)(x)> + bgl))).

By Proposition 4 and our choice of 7 to ensure |n(w;, h")(x))| < 1 with high probability for any
x € Dy, we obtain that for any i € [m4] and x € Do,

nal” (wi, ) + 57| < 0l n(wi, N G0)| + 6 S 1.

U(x )||2 < mj *. by the standard linear Rademacher bound, with high probability, the em-
pirical Rademacher complexity is upper bounded by

Ro(F) £ 2 [ w0} <

x€Do

331

The proof is complete. O

Proof of Lemma 36. We can bound the difference between ¢ and L; loss by
Ex || £(x:0) = £7(0)|| — Ex[tr ( (x:0) = ()|
< E, [ (x,é)—f*(x)‘l{’ (x:0) — ‘ }

< %@ 00~ -0 |

< B [(s0002 + 1 0x2)|[Pr[|7050) > 7] 4 pellGo 2 /2] g6

(x:0) = f+(x)| > 7]
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Recall that we can write
f(x;0) = a'¥(x), where ¥(x) = Vec (m o1 (na( )<wi7h(1)(x)> + bg”)).

By following the proof of Lemma 35 and applying Proposition 4 for one single sample point x
(instead of the whole set Ds), we know with high probability over V, w and D; (we denote this
event by E7), we have for any i € [my],

niwi, b)) <1

holds with high probability on x. Also, since for any i € [my], w; ~ N(Opm,,Ln,), we
know |w;|, < /mat for any ¢ € [m;] with high probability. We denote this joint event on

W1, W2, ..., Wy, by Es. Thus, conditional on events £, and Eo, we have
A lally, .. .. -
x; 0 ‘ < with high probability on x.
‘f (x;0) i ghp y
We denote this conditional event by E., 1. Moreover, since n = C.™>m, 1/ %dS, we have

7o) < a”ZZ( W, ZK<°>xx hO(x,)

\/7‘|a‘|2z 202 Ji13C +3

j= 1 =1
S vm2d6 l1all
holds for any x. Moreover, since f*(x) is a degree-2p polynomial of x, we know by Lemma
8, with probability at least 1 — exp(—¢), we have |f*| < Cj.® for sufficiently large Cy > 0.
Besides, we have Ex [ f*(x)Z] < 1. Altogether, conditional on F; and Fs, by choosing 7 =

C' max (P, m, T2 llall,) = Q(max(:?, B,) for some sufficiently large C, we have
Ex [(£00)2 + 1% | [Pr [| £ 8)] = 7/2] + Prllf* (o)l > 7/2]

< (m2d12 la)? + 1) (Prx & Ey1] + Prix & E, )

+3>
2

] (L
~ \ d?m3mi3nind
The last inequality holds because of the definition of high probability events and the choice of ¢

with ¢« = C'log(dmimaoninsg) for sufficiently large C. Plugging the result into (36) concludes our
proof. O
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