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Abstract— We mathematically formulate plasticity identically
to frictional stick-slip transitions, enabling use of contact-
implicit model-based control techniques that optimize for con-
tact mode sequences in real time to manipulate elastoplastic
deformable materials.

I. INTRODUCTION

We present a new insight that can enable manipulating
elastoplastic deformables with contact-implicit model pre-
dictive control (CI-MPC) techniques: plastic deformation
can be seen as analogous to (and modeled identically to)
frictional stick-slip transitions. Plastic yield occurs when an
internal stress reaches the material’s yield stress. This can be
modeled as a stick-slip transition where the “normal force”
is fixed such that the “tangential force” that transitions from
sticking to sliding instead represents transitioning from no
deformation to plastic yield. When combined with smooth
force elements (springs) in different configurations, this
“plastic” joint enables modeling nodal networks that can
represent 3D elastic, plastic, and elastoplastic materials with
different properties. This modeling choice fits seamlessly into
recent CI-MPC approaches that optimize for state, input,
and contact mode sequences, where now contact modes can
indicate when plastic deformation occurs. In this work, we:

• Describe the complementarity-based formulation of
rigid body contact dynamics (§III);

• Introduce our new insight on plasticity as a frictional
stick-slip transition, which can be expressed in the same
complementarity form as rigid body dynamics (§IV);

• Present how using plastic elements modeled with our
hybrid dynamics can achieve similar phenomena to real
elastoplastic materials, including elastic regions, perma-
nent plastic strain, and even strain hardening (§IV); and

• Motivate and propose our ongoing work that leverages
this representation for manipulating deformable bodies
with CI-MPC (§V, §VI).

A. Notation
a) Non-contact related: State x ∈ Rnx comprises

configuration q ∈ Rnq and velocity v ∈ Rnv ; inputs u ∈ Rnu

map to generalized coordinates via P ∈ Rnv×nu . Other
terms: M ∈ Rnv×nv mass matrix, k ∈ Rnv continuous
generalized forces, ∆t time discretization. For conciseness,
if time step subscripts are omitted, we use the superscript ′

to denote the next time step (e.g. {xk, xk+1} = {x, x′}).
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b) For external rigid-body contacts (§III): The comple-
mentarity variable λ ∈ Rnλ = R(2+nf )nc (for nc as number
of contacts and nf as number of friction directions used for
approximating the friction cone as a polyhedron) comprises
a vector of normal forces λn ∈ Rnc , a vector of tangential
forces λt ∈ Rncnf , and a vector of slack variables ζ ∈ Rnc

usually equal to the magnitude of the contacts’ relative
sliding speeds (see [1]). Other rigid-body contact terms:
Jn ∈ Rnv×nc and Jt ∈ Rnv×ncnf respective normal and
tangential contact Jacobians, µ̃ ∈ Rnc×nc diagonal matrix of
friction coefficients per contact pair, E ∈ Rncnf×nc matrix
of ones and zeros (see [1]), and ϕ ∈ Rnc signed distances.

c) For internal plastic forces (§IV): Subscripts p denote
“plastic” and thus represent the internal force equivalent
of external force terms (e.g. npc is the number of internal
plastic connections). While external contacts have normal Jn
and tangential Jt contact Jacobians, internal contacts only
need the tangential analog, so we call this Jp instead of
Jpt. Internal contacts have complementarity variables [σ; γ]
where σ is the analog to λt, γ is the analog to ζ, and there
is no analog to λn (which can be considered fixed).

II. PRIOR WORK

A. Deformable Manipulation

Deformable object manipulation is a longstanding chal-
lenge in robotics. The high dimensionality of deformable
bodies complicates state representation, state estimation, and
dynamics predictions. Recent surveys [2], [3] acknowledge
progress in manipulating 1D (e.g. rope) and 2D (e.g. fabric)
deformables, and of linear elastic materials in particular.
Plastic deformation introduces hybrid dynamics, which com-
plicates control strategies similarly to the challenges of
contact-driven hybrid dynamics [4], [5]. This presents a
challenge and suggests a solution: we can take inspiration
from how the contact-implicit control community handles
the hybrid nature of contact, and apply those same insights
into the hybrid nature of plasticity.

B. CI-MPC

Recent progress in contact-implicit control has enabled
real-time performance for many contact-rich tasks. One
approach uses local complementarity-based dynamics ap-
proximations [6], [7], encouraging consensus between lo-
cal non-smooth rigid-body contact constraints and local
dynamics, while exploring contact modes via small-scale
mixed integer optimization. Recent speed improvements to



the local CI-MPC algorithm [8] in combination with low-
dimensional, global sampling [9] enables generalizable per-
formance across a high number of modeled contacts. Other
distinct but similar approaches use artificially smoothed
contact dynamics, allowing online gradient-based algorithms
to explore different contact modes [10]–[13].

III. BACKGROUND IN MODELING EXTERNAL
RIGID-BODY CONTACTS

A discrete-time dynamics function can be written as

x′ = f(x, u), (1)

where f can encode any nonlinear or non-smooth phenom-
ena. Particularly for contact-rich systems, this f is hybrid
and, as a result, highly nonlinear in state and input.

Without making any approximations yet, it can often
be useful to replace f with a new function that takes an
additional input argument: contact forces. The dynamics of
a contact-rich system can be generally written as

x′ = g (x, u, λ) , (2a)
0 ≤ λ ⊥ π (x, u, λ) ≥ 0, (2b)

where the dynamics g depend on contact forces/impulses
λ, which are the solution to a nonlinear complementarity
problem (NCP) [14] in (2b). The NCP elegantly embeds the
multi-modal nature of contact-rich systems. If π is linear
in x, u, λ, then the NCP becomes a linear complementarity
problem (LCP).

Works from the 1990s showed how to formulate rigid
body dynamics in the form of an LCP. While there are many
formulations that do so with slight variations, here we will
review the variation from [1], as it is cleanly adapted for our
later proposed plasticity representation.

For a system with possibly multiple contacts between any
two rigid bodies, [1] expresses rigid body dynamics via the
force update equation and a backwards Euler step,

v′ = v +M−1 (Jnλn + Jtλt +∆t(k + Pu)) , (3a)
q′ = q +∆tv′, (3b)

where complementarity variables are found by solving an
LCP of the form 0 ≤ λ ⊥ Jλ+ b ≥ 0 where

λ =

λt

λn

ζ

 , (4a)

J =

JT
t M−1Jt JT

t M−1Jn E
JT
n M−1Jt JT

n M−1Jn 0
−ET µ̃ 0

 , (4b)

b =

 JT
t

(
v +∆tM−1(k + Pu)

)
1
∆tϕ(q) + JT

n

(
v +∆tM−1(k + Pu)

)
0

 . (4c)

The interpretation of the three rows is as follows:
a) Row 1: 0 ≤ λt ⊥ Eζ + JT

t v′ ≥ 0. Friction force
opposes direction of relative motion. ζ is constrained be at
least the magnitude of the relative contact velocity.

Fig. 1. Two particles connected via a plastic joint. Think of the two arms
as frictional and held together with fixed clamping force Fn; the arms slide
relative to each other when the tangential force overcomes µFn.

b) Row 2: 0 ≤ λn ⊥ ϕ′ ≥ 0. No contact forces at a
distance. There can be no penetration at the next timestep.

c) Row 3: 0 ≤ ζ ⊥ µ̃λn−ETλt ≥ 0. If sliding, contact
force is on the surface of friction cone. Friction must stay
on or within the friction cone.

IV. REPRESENTING ELASTOPLASTICITY WITH INTERNAL
FRICTIONAL FORCES

Prior works have formulated plasticity as an LCP, with
some dating in the 1980s [15] and the first claiming to handle
dynamic cases much more recently in 2019 [16]. Applica-
tions have been limited to static geotechnical problems [17]
and 2D toy problems [16]. To the best of our knowledge,
plasticity as an LCP has not been used in the field of robotics.

A. Introducing Plastic Joints

Consider a simple deformable body modeled as two point
masses connected by a frictional slider (Fig. 1). This fric-
tional slider can be considered a prismatic joint between the
two masses, where the joint itself has stiction (i.e. a yield
force) that needs to be overcome before motion is permitted.
For this 1D plastic slider (which can exist in 1D, 2D, or 3D
space), the number of tangential force directions npf = 2,
corresponding to positive and negative displacements along
the 1D direction of travel. The following relationships to
rigid-body LCP dynamics describe this plastic joint’s motion:

a) Analog to Row 1: 0 ≤ σ ⊥ Epγ + JT
p v′ ≥ 0.

Internal plastic resistance force opposes the direction of
relative motion. γ must be at least the relative contact speed
(in Fig. 2 for the plastic joint, this would be ḋ).

b) Analog to Row 2: There is no equivalent signed
distance / contact force complementarity, since the signed
distance is always zero and the “normal force” can be
considered fixed (at fyield/µp).

c) Analog to Row 3: 0 ≤ γ ⊥ ∆tfyield − ET
p σ ≥ 0. If

plastically deforming, the internal plastic resistance is equal
to the joint’s yield force. The internal plastic resistance is
upper bounded by the yield force.

Thus, an LCP of the form 0 ≤ λ ⊥ Jλ + b ≥ 0 can
describe a system with only internal plastic joints (and no
external contact pairs) with

λ =

[
σ
γ

]
, (5a)

J =

[
JT
p M−1Jp Ep

−ET
p 0

]
, (5b)

b =

[
JT
p

(
v +∆tM−1(k + u)

)
∆tfyield

]
. (5c)



Fig. 2. Different elastoplastic behaviors can be achieved via different
topological combinations of springs (for elasticity) and frictional prismatic
joints (for plasticity). The dots and dashed lines on the force-displacement
curves indicate the unloading behavior from a reached operating point.
Any dashed lines that do not return to the origin exhibit a leftover plastic
deformation.

For a system with both external contacts and internal plastic
joints, the LCP variables λ and vector b can be stacked as
[λext;λint] = [λt;λn; ζ;σ; γ] and [bext; bint], respectively. The
matrix J contains off-diagonal coupling blocks, i.e.

J =

[
Jext Jcoupling

JT
coupling Jint

]
, Jcoupling =

JT
t M−1Jp 0

JT
n M−1Jp 0

0 0

 .

(6)

B. Topologies for Elastoplasticity

The introduction of internal plastic contacts can be applied
to many different topological configurations to achieve a
desired elastoplastic behavior. Generally, frictional sliders
achieve plastic deformation, and springs achieve elastic de-
formation. Their combinations can produce different charac-
teristic force-displacement curves, as depicted in Fig. 2.

For topologies with a spring and plastic slider in series
(i.e. the bottom two examples in Fig. 2), the relative sliding
speed of the plastic slider is not ḋ and depends on the node
location between the spring and slider. We can represent this
by increasing the state dimension by 1 per elastoplastic joint
denoting this intermediate node location; its derivative can be
approximated based on the forward projected node location
compared to its current value.

C. Modeling Deformables as Mass Networks with Elasto-
plastic Connections

These 1D elastoplastic joints can be constructed in series
to model deformable linear objects (DLOs) [18], in a 2D
triangulated network to model deformable surfaces e.g. cloth,
or in a tetrahedral network to model deformable volumes.

Consider a 3D deformable body. Modeling this body as a
3D tetrahedral network of points connected via elastoplastic
joints can:

• Approximately capture a desired Young’s modulus,
by properly setting spring constants of each joint. A
method for determining spring constants given a net-
work structure and a desired Young’s modulus was first
shown in [19] with a more thorough derivation for the
3D case in [20].

• Approximately capture a desired yield stress, by prop-
erly setting stick-slip transition forces of each plastic
joint. We propose in this work that a slight tweak on the
same approach used for spring constants can be used for
setting stick-slip transition forces of the plastic frictional
slider.

• Approximately capture a fixed Poisson ratio, as a prop-
erty of the network structure itself. E.g. [20] shows
ν = 1

3 for a 2D deformable surface modeled with a
network of equilateral triangles and ν = 1

4 for a 3D
deformable volume modeled with a network of regular
tetrahedra.

To determine the yield force for an elastoplastic joint
such that the network approximately has the yield stress of
the desired 3D material, we use the following mechanical
properties. Yield stress and Young’s modulus are related by

σyield = Eϵyield, where ϵyield :=
∆lyield

l
, (7)

for a Young’s modulus E and yield strain ϵyield defined by
the ratio of yield displacement ∆lyield to the undeformed
length l. When a spring is in series with a plastic frictional
joint to model an elastoplastic material, the force through the
spring is equivalent to the force through the frictional joint,
including at yield,

fyield = kspring∆lyield =
kspringlσyield

E
. (8)

This means given an arbitrary tetrahedral network structure
that aims to approximate a 3D material’s Young’s modulus
and yield stress, we:

1) Solve for each elastoplastic connection’s spring con-
stant according to [19], [20].

2) Solve for each elastoplastic connection’s yield force
according to (8), using the computed spring constant.

V. BACKGROUND IN LCS-BASED CI-MPC

With a mathematical formulation of elastoplastic materials
that fits the same LCP-based framework that represents
frictional contact, the same CI-MPC techniques that optimize
over sequences of external contact modes can now also opti-
mize over sequences of internal plastic deformation modes.



A. Nonlinear Optimal Control Formulation

We are interested in solving the nonlinear MPC problem
for systems with state x and inputs u,

min
xk,uk

N−1∑
k=0

(xT
kQkxk + uT

kRkuk) + xT
NQNxN (9a)

s.t. xk+1 = f (xk, uk) , (9b)
x0 = xinit, (9c)
(xk, uk) ∈ C, (9d)
for k ∈ {0, . . . , N}. (9e)

This optimization problem finds the dynamically feasible
state and input sequence that minimizes state- and input-
based costs. The sequences must be compatible with the
generic dynamics function f in (9b), which is not generally
feasible in real time when f embeds contact-rich dynamics.

B. LCS Dynamics

To make the optimization problem (9) more tractable, the
dynamics f need to be approximated, but in a way that
maintains the important features of contact. One option is
to linearize the dynamics function g and complementarity
vector function π from (2) with respect to x, u, λ. The result
is called a linear complementarity system (LCS) [21]. An
LCS describes the state and contact force trajectories for an
input sequence starting from x0 such that

xk+1 = Axk +Buk +Dλk + d, (10a)
0 ≤ λk ⊥ Exk + Fλk +Huk + c ≥ 0. (10b)

C. CI-MPC with LCS Dynamics

LCS dynamics are the backbone of the line of CI-MPC
controllers called Consensus Complementarity Control (C3)
[7] with many subsequent works [6], [8], [9]. C3 poses the
control problem with the dynamics expressed as an LCS
(substituting (10) for (9b)) using xinit (and some nominal
u0, λ0) as the LCS linearization point.

While this is still computationally intensive in practice be-
cause of the complementarity constraint (10b), C3 converges
to the solution of this optimization problem using the alter-
nating direction of multipliers (ADMM) to iteratively solve
the optimization problem while satisfying certain constraints
at a time. In practice, it is more useful to terminate C3 early
after a few ADMM iterations. Using a suboptimal solution at
a faster rate is more performant than a more optimal solution
at a slower rate.

VI. CONTROLLING DEFORMABLES WITH CI-MPC

The optimization problem solved by C3 is valid for any
system with LCS dynamics. While all previous demonstra-
tions of C3 have shown rigid body manipulation, we seek
to apply this control paradigm to deformable systems using
our LCP-based plasticity formulation. Progress in this aim
is preliminary, so this section provides ongoing work and
thoughts on how different aspects of a hardware demo of
manipulating dough have been and will be addressed.

Fig. 3. We use an extension of Drake with MPM deformable dynamics [22]
to simulate a block of dough (red and green points), which we manipulate
with a Franka arm equipped with a spherical end effector. Our controller
operates on LCS dynamics with the dough represented as a sparse set
of 8 vertices connected with 18 elastoplastic joints (yellow spheres and
lines). The vertex locations update in response to the current state of the
MPM points by taking the location of the extreme MPM points in the 8
[±1,±1,±1] directions.

A. Representing a Deformable for Control

We represent a volume of dough as a set of coarse,
connected tetrahedra whose vertex locations encode the
configuration of the deformable. We are confident that
our controller can handle reasonably interesting 3D dough
shapes: the rate of the C3 controller degrades with higher
nx+nu+nλ (among other terms). Push Anything [8] showed
impressive scaling of these numbers was possible with C3+:
58+3+76 = 137. In our preliminary demo (depicted in Fig.
3) where the deformable is modeled by 8 vertices connected
by 18 elastoplastic joints (without intermediate nodes) and
manipulated by a 3-DoF end effector, nx+nu+nλ,external +
nλ,internal = 54 + 3 + 36 + 36 = 129. This gives us room to
match Push Anything control rates easily, with potential to
scale to more vertices by trading off with other parameters
that affect control rate (e.g. MPC horizon, ADMM iterations,
number of end effector samples [9]).

B. Simulation

For initial validation, we test our controller in simulation
(Fig. 3). Many robotics simulators handle deformables [23]–
[25], but not many model plasticity. Of those that offer
elastoplastics [26]–[29], a GPU-accelerated extension [22]
of Drake that implements the material point method (MPM)
[30] was – albeit only 10% real time – the fastest elastoplastic
simulator we tested for our use. This simulation is acceptable
for validation (since we can slow down our control loop rate
to emulate real-time deployment) and is unused for hardware.

C. Hardware Challenges

The main challenge for hardware deployment is real-time
deformable state estimation. Achieving real-time rates for 3D
deformable object tracking has been a goal for decades [31],
[32]. Current trackers that claim real-time deformable state
estimation have limitations such as only producing bounding
boxes [33], tracking only DLOs (1D) [18], [34], requiring
idealistic minimal occlusion [35], [36], and/or requiring
substantial textural cues [37]. It is unclear which – if any
of these existing solutions – will be the most robust, or if a
custom approach will be necessary for our use case.
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