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Abstract

The use of stochastic line searches has emerged as an effective safeguard strategy for em-
ploying large learning rates in the training of deep models via stochastic gradient descent.
However, exploiting this approach with different search directions is not straightforward;
momentum type directions, in particular, pose several challenges in this regard both from
the theoretical and the computational sides. In this work, we present stochastic curve search
(SCS) as a generalization of the stochastic line search. SCS allows to evaluate updates along
directions that may not be of descent, while still ensuring the sufficient decrease of the mini-
batch objective at each iteration. We show that the proposed framework is well-defined
and that, under standard assumptions, the method converges in expectation. We also em-
pirically establish that using SCS alongside several momentum based algorithms allows the
employment of aggressive hyperparameters, improving either the stability or the speed of
the training process. The resulting algorithmic framework is demonstrated to perform com-
petitively against state-of-the-art methods, achieving interesting results in terms of both
efficiency and effectiveness across a diverse set of learning benchmarks.

1 Introduction

Training of deep learning models amounts to the solution of a nonlinear, nonconvex, unconstrained finite-sum
optimization problem of the form

N
1
. _1 . 1
min f(x) N;fz(x), (1)
where each term f; : R — R in the sum represents the contribution to the overall loss function of each
training data point and the number N, denoting the number of data points, is thus extremely large in modern
applications (Bottou et all 2018; |Goodfellow et al.; |2016]).

In this scenario, Stochastic Gradient Descent (SGD) method and its variants have established themselves as
preferred choices for carrying out optimization (Bottou et al., |2018)), especially because of their very limited
per-iteration cost compared to the so called full-batch algorithms; moreover, convergence rates comparable to
full-batch methods have been shown to hold under regularity assumptions linking the full f and the individual
samples f; (Schmidt & Roux, |2013; [Vaswani et al., [2019a; Khaled & Richtarik, [2023)). In fact, fast (linear)
convergence rates have even been shown to hold for the over-parametrized setting in the interpolation regime
(Schmidt & Roux,2013;Ma et al.| 2018} Vaswani et al.,2019a)). In this latter scenario, which is common when
dealing with the very large learning architectures employed in recent years, models are powerful enough to
perfectly fit all training data. In mathematical terms, this is known as the interpolation condition (Mishkin)
2020), which states that if z* € argmin, f(z), then 2* € argmin, f;(z) for all ¢ = 1,..., N. In other terms,
at the optimal solution every single component of the finite-sum is simultaneously minimized.

The choice of the learning rate schedule is well-known to be crucial for obtaining properly trained networks
(Schmidt et al.l 2021)): although constant or descending sequences could be theoretically sound, in practice
such approaches require multiple runs of trial and error to tune hyperparameters, making the entire process
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not only slow but also extremely expensive. Algorithms based on adaptive diagonal pre-conditioners (Duchi
let all [2011} [Kingma & Baj, [2014; [Loshchilov & Hutter) [2017) have thus emerged as reference optimizers
for deep learning, as they exhibit fast convergence and training stability without the need of a particularly
careful tuning. More recent research dealt with the specificity of the over-parametrized case to devise tailored
strategies for the adaptive selection of the stepsize in SGD according to model-based (Loizou et al., [2021}
|Orvieto et all [2022)) or line search strategies (Vaswani et al. [2019b; Galli et al.l [2023)).

In the perspective of accelerating the performance of SGD, the addition of a momentum term (Polyak, |1964)
has long been known to be extremely beneficial (Sutskever et al. 2013} [Sebbouh et al. [2021; [Tseng;, [1998;
[Jelassi & Li, 2022} |Gitman et al., 2019). Most often, momentum appears in popular frameworks - such as in
Adam (Kingma & Bal 2014)) - as a moving average of past gradients, rather than as a plain heavy-ball term;
the search direction at iteration k is therefore commonly given by one of the following rules
dr, = —ka(zk) + ﬂk(ilik — .Tkil), (2)
dy, = —(1 = BR)V fr(a®) + Brdy—1, (3)

where fi denotes the stochastic unbiased approximation of f sampled at iteration k.

Adaptive stepsize selection methods however have mainly been devised for the vanilla SGD direction. Only
recently some studies have appeared pointing at suitable ways to integrate momentum terms with adap-
tive learning rates (Sebbouh et al.,2021)). In particular, generalized Polyak’s stepsizes for momentum-type
directions were proposed by (Topollai & Choromanska| (2025)); [Wang et al.| (2023)); Oikonomou & Loizou|
(2024); |Schaipp et al.| (2023), based on different points of view and under different sets of assumptions.
For these approaches, however, we have convergence results under convexity assumptions (Schaipp et al.,
2023; |Oikonomou & Loizou, [2024; Wang et al., 2023) or for bounded stochastic gradients (Topollai & Choro-|
manskal, 2025)). Moreover, for most of these methods, clipping techniques or conservative choices for the
hyperparameter need to be used in practice, so that aggressive setups, which could result in particularly
efficient training, are avoided for the sake of a more likely stable behavior.

Meanwhile, the employment of momentum terms within stochastic line search based frameworks working in
the over-parametrized regime has been studied by [Fan et al| (2023); Lapucci & Pucci| (2025; 2026). This
integration is computationally intriguing as, similarly to the vanilla SGD case, (non-monotone) line searches
can be employed to devise fast and provably convergent methods able to simultaneously exploit aggressive
adaptive stepsizes (e.g., Polyak’s stepsize as done by |Galli et al., 2023]) and the momentum term (which was
empirically shown to provide further speedup by [Berrada et al., [2021]).

Unfortunately, as noted by [Lapucci & Pucci| (2026)), stochastic line searches and momentum terms are
somewhat in contrast with each other: in order to ensure that line searches are well-defined, at each iteration
the search direction should be of descent with respect to the sampled approximation f, at *; however, since
momentum carries information about previous iterations, which are in practice based on previously sampled
approximations of f (i.e., different minibatches of data points), it rarely is a significantly descent direction
for fx; therefore, a correct use of line searches requires to often heavily modify the direction of the form in
equation 3| (or to select very small values for (), up to the point that the benefits of the momentum term
vanish altogether. While [Lapucci & Pucci (2026]) proposed a strategy based on minibatch persistency to
alleviate this issue, this solution is arguably impractical with very large models.

In this paper we therefore propose an alternative approach, leveraging stochastic curve searches, to define
adaptive learning rate momentum methods that do not require the first tentative update to define a descent
direction. The proposed stochastic curve search generalizes the technique proposed by [Donnini et al.| (2025)
for full-batch algorithms: arbitrary updates can be tried, and only in case of failure of a sufficient decrease
condition, backtrack is performed. Further evaluations follow a curve that is tangent to the negative gradient
at the current iterate, so that for small steps gradient descent updates are roughly recovered.

The introduction of the stochastic curve search, which is provably sound and does not spoil the convergence
guarantees of stochastic line search approaches, allows us to devise momentum-based optimizers coupling
theoretical guarantees under standard assumptions and good computational performance compared to other
related strategies and in general to state-of-the-art optimizers. In particular, we are presenting numerical
evidence that non-monotone curve searches make other momentum-based approaches from the literature
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more robust, allowing to leverage more aggressive choices of hyperparameters, which in turn lead to faster
convergence. The resulting algorithmic framework is then shown to be competitive w.r.t. state-of-the-art
methods both in terms of efficiency and effectiveness on a diverse benchmark of learning tasks.

The rest of the paper is organized as follows: in Section [2] we present the main concepts and the conditions
that are commonly used to ensure convergence of stochastic gradient based methods for learning tasks. In
Sectionwe introduce the stochastic curve search (SCS) framework and theoretically analyze its properties,
showing that a) the curve search procedure is well-defined and b) under reasonable assumptions the overall
framework is provably convergent in expectation with classes of nonconvex functions. In Section [ we
empirically validate the SCS framework in large scale supervised learning problems, showing its practical
effectiveness. Finally, in Section [§] we give some concluding remarks.

2 Preliminaries

Finite-sum problems of the form are commonly solved by iterative methods that define the update vector
to be applied at solution 2* based on the information provided by stochastic estimators of f and V f, which
we denote respectively by fi and gx. The estimators are assumed to be conditionally unbiased, i.e., if we
denote the conditional expectation by Ei[] = E[|z¥], we have Ei[fx] = f and Ex[gr] = Vf. Typically,
the estimators are obtained by uniform sampling of the terms f; in the sum, i.e., drawing samples from the
training set, so that fi(z) = ﬁ ZieBk fi(x), with B, C {1,..., N}, and gx(x) = V fr(z). Throughout this
work, we assume that fi,(z¥) and gi(2") are obtained accordingly; moreover we assume that f is L-smooth,
ie, |[Vf(z) =V ()| < L||x—yl for any z,y € R™, and also that each function f; is L;-smooth. We denote
by Lmax = max;cq1,... N} Li, and it can be easily verified that L < Lyax. Moreover, we shall note that fy as
defined earlier is Lj-smooth, with L; < ﬁ ZieBk L;.

We now introduce recurrent concepts that are often assumed to hold in related literature works.

Definition 1. A function f : R™ — R of the form satisfies the strong growth condition (SGC) if there
exists p > 0 such that Ex[||gr(z)]|?] < pl|VFf(2)||? for any z € R™ and for any estimator gi.

Definition 2. A function f : R™ — R satisfies the Polyak-Lojasiewicz (PL) condition if there exists p > 0
such that 2u(f(z) — f(x*)) < ||Vf(2)||? for all z € R™, with x* € argmin, f(x).

Definition 3. A function f: R™ — R of the form satisfies the (minimizer) interpolation condition if

x* € argmin f(r) = a* € argmin f;(z), foralli=1,...,N.
x x

In this kind of scenarios, stochastic gradient descent (SGD) algorithms have been designed that make use
of stochastic line searches to determine the stepsize in the update rule ¥+ = 2% — apgp(2*). In particular,
stochastic versions of the monotone (Vaswani et al.l |2019b)) and non-monotone (Galli et al.l [2023) Armijo
rules have been considered, imposing a sufficient decrease condition w.r.t. current f; the stepsize ay is

selected via a backtracking procedure that stops as soon as the following condition is met:

fi(@® — apge(z*)) < Ck, — oau||gi(@F)|?,

where o € (0,1), Cy, = fx(a*) for the monotone line search and Cj > fi(«*) is a suitable safeguard (see,
e.g., the rule of [Zhang & Hager||2004] used by |Galli et al.||2023) in non-monotone approaches. For SGD
with monotone stochastic line searches, [Vaswani et al.[ (2019b) proved convergence of the gradient norm in
expectation at a sublinear rate assuming SGC, whereas |Galli et al.| (2023) proved that both monotone and
non-monotone rules can lead to a linear convergence rate for some classes of functions satisfying the PL and
interpolation conditions.

However, the use of stochastic line searches with arbitrary directions dj needs to be carefully pondered.
Lapucci & Pucci| (2025) indeed showed how the stochastic-gradient-related conditions

ldill < eillgn(@®),  di gr(@®) < —eallge(=®)II*, (e1,e2 > 0) (4)
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should hold in order for the line search to result well-defined; moreover, the stronger conditions of the form
[Exldi]ll <TIVF (5, Erldi] TV F(2*) < —To|VF(")?  (T1,T2>0) (5)

are needed for the linear convergence of the whole framework under PL and interpolation; in fact, the same
conditions also allow to prove the (sublinear) convergence result in the nonconvex case under the SGC,
as proved in Appendix [C] of this manuscript. Conditions from equation [f] are satisfied, for example, if the
direction is obtained by an uncorrelated positive definite preconditioning of the stochastic gradient direction,
or if the directions are stochastic-gradient-related and also have conditional covariance with —gj,(z*) bounded
by the variance of gj(z¥) itself. When dj, is a momentum-type direction like in equation or equation (3| the
conditions in equation [4 can only be enforced carrying out safeguard checks and suitable adjustments, often
dampening the value of 5 and thus canceling out a large part of contribution of momentum altogether.
Moreover, the condition concerning covariance, although reasonable, is numerically uncheckable at runtime.
These considerations motivate the search for an alternative route.

3 The stochastic curve search framework

In this work, we propose a new strategy, based on curve searches, to safely carry out possibly aggressive steps
along momentum-type directions. Without the need of assuming or checking any special properties for the
main search direction, which might even be not of descent w.r.t. the current fx, the proposed approach allows
to test vanilla updates with aggressive stepsizes and revert to more cautious updates only if a stochastic
sufficient decrease condition is not met.

The (stochastic) curve search method iteratively defines the new iterate according to

" = y(te), (6)

where v, : [0,1] — R™ is a differentiable curve and ¢, > 0 is a parameter that determines how far to move
along the curve. In the deterministic scenario, curve search methods have been extensively studied, for
example, by |Goldfarb| (1980)); Ben-Tal et al.| (1990); Donnini et al.| (2025). In this paper, we particularly
focus on the methodology proposed by [Donnini et al.| (2025]) for unconstrained problems, and we consider
quadratic search curves parametrized as:

() = (t§$k,7'k9k($k)7 k) = o — t7ge (%) + 2 (s + Thge(zY)), (7)

where ¥ € R™ is the current solution, the stochastic gradient direction serves as an anchor direction, 7 is
a scaling factor and s € R™ represents the update that we ideally would like to apply. In fact, while in this
work we are particularly motivated by momentum-type updates, the same technique could be employed to
deal with any update rule (for instance, the ones devised by [Kingma & Ba|[2014; [Foret et al|[2021} [Jordan
et al.[2024). Such a curve is differentiable and, at ¢t = 0, we have 7, (0) = —7xgx (z").

For a stepsize t = 1 along the curve defined in equation |7, the evaluated point is vx(1) = z* + s, i.e., the
outcome of the “ideal” update suggested by any iterative rule. On the other hand, for small values of ¢ the
second order term in the curve equation almost vanishes, so that in the limit we revert to steps along the
negative stochastic gradient direction —g,(z*). We can thus think of using 1 as first tentative stepsize, and
then backtracking along the curve as long as some sufficient decrease condition is not met. Since we revert
to the baseline direction in bad cases, the mechanism is guaranteed to produce a meaningful update at each
iteration.

Concerning the (stochastic) sufficient decrease condition, we can generalize the rule defined by [Donnini et al.
(2025) in a similar way as|Vaswani et al.[(2019b) and |Galli et al.| (2023)) generalize the Armijo-type conditions
for deterministic line searches to the stochastic setting; hence, we can require that the stepsize ¢ used at
iteration k for the update described by equation [6] satisfies

Fr(m(te)) < Cr — o7itellgn(2®)|1%, (8)

where o € (0,1), Cr, = fi(z¥) in the monotone setup and Cj, > fi(z*) in the non-monotone case; for
instance, a Grippo-type non-monotone reference value (Grippo et al., [1986]) can be defined for the stochastic
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setting as

C. = (kI
. OS%%((k)fk (@77,

where m(0) = 0 and 0 < m(k) < min{m(k — 1) + 1, M}, with M > 0, for k > 1.

Operationally, given an initial stepsize tmax € (0,1] and § € (0,1), we can use a backtracking method
synthesized by the following expression:

ly = rjr,léil\)f{(sjtmax | fk<'7k(6jtmaX)) <Cy— UTk‘Sjtmaxngk(xk)HQ}- 9)

As we formalize in the following section, the stepsize t; obtained accordingly is always well-defined.

3.1 Theoretical analysis

In this section, we present some theoretical results concerning the correctness of the stochastic curve search
framework and the convergence properties of the overall resulting algorithm.

We begin by stating that the stochastic curve search procedure is well-defined at each iteration, producing
a stepsize t; satisfying equation [§| within a finite number of backtracks.

Lemma 1. Let fi : R® — R and g : R™ — R™ be the random estimators of f and V f used at iteration k.
Let % € R™ such that ||gr(z%)|| > 0, sp € R, 71, > 0, Ck > fu(x"), timez € (0,1], 0 € (0,1), § € (0,1) and
i defined according to equation|q Then, there exists £(k) € N such that ty, = 5Bt 0w satisfies equation @

Proof. The proof is postponed to Appendix O

Under the L-smoothness assumptions made for f and all f;s, and adding a further hypothesis concerning
the directions used to construct the curves at each iteration, we can also prove a uniform lower bound for
the stepsizes employed throughout the entire optimization process.

Assumption 1. There exists ¢c; > 0 and Tpnin > 0 such that conditions ||sy| < c1|lgx ()| and T < 7 < 1
hold for all k > 0.

Remark 1. Note that the assumption above can be enforced at each iteration, if necessary, by suitable
clipping operations on the target vector sy or the desired value of Ty.

Before stating the result, we need to state a property of functions parametrized by curves of the form ,
similar to Proposition 6 by [Donnini et al.| (2025]).

Lemma 2. Let Assumption[] hold, fi be Li-smooth and ~yy be defined as in equation[l Then, the composite
function @ = fr, oy, : [0,1] = R has Lipschitz continuous gradient in the interval [0,1] with Lipschitz
constant Ly, < (2(c1 + 71) + Li(6¢2 + 1372 + 18c171))| gk (z%)]2.

Proof. The proof is postponed to Appendix O

Lemma 3. Let Assumptz'on hold, all estimators fi be Li-smooth with Ly < Lyag for all k, tmes € (0,1],
5 €(0,1) and o € (0,1). Then, at each iteration k, the Armijo-type curve search condition @ is satisfied for

. 2y (1— . .
allt € [O,tfow], with tﬁ)w = 2(61+Tk)+LkT(’E(C%+‘;?5TE+180N_k), and a uniform lower bound exists for the sequence

of stepsizes {ty} so that, for all k,

tk Z min{tmaan 5tlow}a

. _ _2Tmin(1—0)
with tiow = 101 +37 2 L ”
Proof. The proof is postponed to Appendix O

In order to state a convergence result for the overall iterative scheme, we need to state a tighter bond linking
the directions used to construct the search curves and the true gradients V f(2*). The following assumption
is in fact related to a condition considered in the past by [Tseng (1998) and then by [Schmidt & Roux (2013)),
which can be seen as a stronger version of the SGC and is indeed also referred to as mazimal strong growth
condition (Khaled & Richtérik, [2023)).
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Assumption 2. There exists ¢ > 0 such that conditions Tx||gr.(z%)|| < c||V£(2®)|| and ||si|| < ||V f(z*)]]
hold for all k > 0.

Remark 2. Assumption [3 is not particularly restrictive in practice. For ezample, suppose Assumption
holds, and f is a finite-sum objective that satisfies both the PL condition and the minimizer interpolation
property. Let fi be Li-smooth and defined as fi(z*) = ‘Bilkl > ieB, fi(z*), where the batch size B = |By| is
constant across all iterations k, as is commonly used in pfactice. Under these conditions, Assumption[d is
readily satisfied, as established in Lemma[J in Appendiz[B,

Before turning to the main convergence theorem, we need to state one last preliminary result.

Lemma 4. Let Assumption[q hold, f be L-smooth and i, be defined as in equation[] Then, the composite
function ¢, = f o, : [0,1] — R has Lipschitz continuous gradient in the interval [0,1] with Lipschitz
constant Ly, < (4c+ 37c2L)||V f(x*)]|2.

Proof. The thesis follows by similar reasoning as in the proof of Lemma [2] with Assumption [2 used in place
of Assumption [T} O

We are finally able to state the convergence result for the stochastic curve search algorithmic framework.

Proposition 1. Let Assumptions hold, f : R®™ — R be an L-smooth function and the randomly
drawn functions f considered at any iteration k be Lyg-smooth functions, with Ly < Lpa.. Let the
sequence {(z*,yy)} be produced by iterating updates of the form x*t1 = ~y(ty), where, for all k,
is defined as in equation @ and tx is chosen by the Armijo-type curve search (@ where § € (0,1),

Linas (1487 + 72 (12 &2 (C1 = Tmi =
o € (1— (e mpae )),1> and tay € (0, TSm0 ) it Ly = der + 373 Linaa,

25L L

L =4c+37L and ¢ = = Then,

Trmin

2 *
E[IVf@")|*] < —=(f(=") = f(@),

min
ke{0,...,K—-1}

2
. _ 2 2 ~2 _ . 2T, ’;’5(170') _
with v = emaw + omin - tmazL —C (amaw - emin) > 07 emin = min {T’rnint7nuz7 m%mu and Hmow; - Cltmaa;-

Proof. The proof is postponed to Appendix [A] O

Remark 3. The convergence result holds assuming a quite strict upper bound on the stepsize. Clearly, this
requirement limits the validity of theoretical guarantees in most concrete settings, as with the stochastic curve
search method we would like to always start with the unit stepsize to test the “ideal” update. Still, Proposition
at least ensures that for sufficiently small stepsizes the framework is sound. In fact, the same limitation in
the analysis is highlighted by|Vaswani et al.| (2019b)) for the case of stochastic line searches, where convergence
follows only for possibly small initial stepsizes, which is not what works well in practice. The issue of proving
convergence for backtracking frameworks with arbitrary upper bounds on the initial stepsize is thus an open
problem.

Remark 4. With the proof techniques currently available from the literature (in particular, the one used by
Galli et al||2025), and with the (possibly weak) bounds on the L-smoothness constants for fi o~y and f oy
used in this work, it is unfortunately impossible to prove linear convergence rates under PL and interpolation
for the stochastic curve search framework. In fact, by a careful check on the original proof by |Galli et al.
(20253) and making some fizes to small algebraic errors, we can note that even for SGD with stochastic line
searches consistent choices of constants leading to linear rate only exist if L < 4u. The corrected result is
reported and proved in Appendiz where we also underline the adjusted intervals for constants and the
need for a stronger interpolation assumption in the case of the non-monotone rule. If we carried out the
analogous reasoning for SCS, we would end up with the requirement p > 37/4L, which is inconsistent as we
know L > p.
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4 Numerical results

In this section, we report in detail experimental results demonstrating the effectiveness of the stochastic
curve search method. The code implementing the experiments is available in the Supplementary Material.
All experiments were conducted on a computer equipped with the following specifications: 13th Gen Intel(R)
Core(TM) i5-13400F CPU, NVIDIA GeForce RTX 4060 GPU, 32 GB RAM and a 512 GB SSD.

4.1 Experimental settings

The stochastic curve search (SCS) approach was evaluated using the following parameters configuration,
chosen based on preliminary experiments (omitted here for brevity): 7 (equation [7]) was set to the initial
stepsize proposed by |Loizou et al.| (2021)); m(k) = min{max{1, |k/10]}, M} with M = 400; t;yax = 1; § = 0.5;
and o = 0.5.

Regarding the trial update si used to define the quadratic curve 75 in SCS (equation @, we considered
multiple momentum-type update rules, each one corresponding to a recent contribution from the literature.
As noted in Section [I] each of these methods involves hyper-parameters whose aggressive tuning may yield
faster convergence but can also lead to instability. This issue is typically mitigated in the original works
through clipping or conservative strategies to ensure robustness. While all other hyper-parameters are set
to their default values, as specified in the corresponding references, we study the influence of these critical
hyper-parameters both within the original methodologies and when the update is encapsulated in the SCS
framework. The update rules considered in the experiments are the following.

o Stochastic Polyak’s Heavy Ball (SGDM) (Polyak], [1964) with constant 3, so that the direction
in (2) can be equivalently expressed as — Z?:o BV fr—;j(x*=7). The (constant) learning rate Ir is
treated as the primary hyperparameter, whereas we set 5 = 0.9.

« ALR-MAG (Wang et al., |2023), where we studied the hyperparameters nmax and c,, which deter-
mine the Polyak’s stepsize along the momentum-type search direction.

« MOM-SPS-MAX (Oikonomou & Loizou, 2024, where the parameter c, influences Polyak’s step-
size.

e MOMUO (Schaipp et al., [2023)), where the learning rate Ir is the main hyperparameter under inves-
tigation.

e AM-MSGD (Topollai & Choromanskal [2025)), where, similarly, the learning rate [r is considered
as the key parameter.

Experiments were conducted on the following network architectures trained on well-known datasets using
standard training/validation splits commonly adopted in the literature.

o A multilayer perceptron (Goodfellow et all 2016 with 1000 hidden units and ReLU activations,
trained on the MINIST dataset (Lecun et al., |1998).

e A convolutional neural network consisting of three convolutional layers with 32 channels each, fol-
lowed by a fully connected layer with 512 units, trained on the Fashion-MNIST dataset (Xiao
et al., [2017).

o A ResNet-34 architecture (He et al., |2015)), trained on CIFAR-10 (Krizhevsky, [2009).

o A ResNet-18 architecture without batch normalization (making the underlying optimization problem
harder), as proposed by (Civitelli et al. (2025), hereafter referred to as ResNet-18*, trained on
CIFAR-100 (Krizhevsky 2009).

o The Vision Transformer ViT-B/32 (Dosovitskiy et al.| 2021)), trained on the SVHN dataset (Netzer;
et al., [2011).
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o The Vision Transformer ViT-B/16 (Dosovitskiy et al. [2021)), trained on the EuroSAT dataset
(Helber et all, 2019).

All architectures were initialized according to standard guidelines and as implemented in PyTorch (Paszke)
2017)), with the exception of ResNet-18*, which follows the initialization scheme of [Civitelli et al.
(2025). Since all tasks are classification problems, training was performed using the cross-entropy loss with
a batch size |B| = 128. Standard techniques for data augmentation are used in all six problems.

4.2 Effect of curve searches in momentum methods

We begin the analysis by showing - in Figure [I] - the effect of incorporating the curve search methodology
within the simple SGDM algorithm, throughout all six test problems.

We can observe that an aggressive choice of the learning rate heavily degrades the performance of vanilla
SGDM and even causes training to fail altogether in most cases. On the other hand, once curve searches
are employed, larger learning rates perform similarly to more cautious choices, and the onset of training
divergence is at least delayed in the few remaining bad cases.

mnist | MLP | SGDM mnist | MLP | SCS (sx = SGDM) fashion | CNN | SGDM fashion | CNN | SCS (s = SGDM)
107 2 107 107! S 8 10-1
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g m » p o ~%-
< 104 104 i 107* 107* =3
£ TEre i
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cifarl0 | ResNet34 | SGDM cifarl0 | ResNet34 | SCS (sy = SGDM) cifarl00 | ResNet18* | SCS (s, = SGDM)
107! 3 107! 100 \
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Figure 1: Training loss trend for Polyak’s Heavy-Ball method with and without stochastic curve searches
in selected training tasks for different learning rate (Ir) values. Each pair of plots corresponds to a training
problem. For each algorithm, the mean over three runs is reported, with a shaded region indicating the
minimum and maximum values.

We now analyze the behavior of SCS coupled with more sophisticated rules for momentum-type updates
that employ adaptive step sizes. In the easier MNIST (Figure [2) and Fashion-MNIST (Figure [3) problems,
we can observe that SCSs allow not only to intercept the majority of divergent behaviors, but also to quite
consistently drive the loss to lower values w.r.t. vanilla methods. Notably, MOMO appears to be extremely
effective and robust with extreme choices of 7 in these simpler tasks. Interestingly, the introduction of SCSs
does not spoil such a good behavior.

In more challenging scenarios, such as those presented by the CIFAR10 (Figure 4)) and EuroSAT (Figure |5)
problems, MOMO begins to show a less stable behavior. In these tasks, SCSs allow to prevent all degenerate
trainings, leading to good training performance almost independently of the parameter configuration. In
Appendix [E] we report the same plots for CIFAR100 and SVHN tasks, from which we can draw essentially
similar conclusions.
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Figure 2: Training loss trends for a MLP on the MNIST dataset. Each pair of plots corresponds to a momen-
tum method with and without stochastic curve searches, for different values of the critical hyperparameters.
For each algorithm, the mean over three runs is reported, with a shaded region indicating the minimum and
maximum values.
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Figure 3: Training loss trends for a CNN on the Fashion-MNIST dataset. Each pair of plots corresponds
to a momentum method with and without stochastic curve searches, for different values of the critical
hyperparameters. For each algorithm, the mean over three runs is reported, with a shaded region indicating
the minimum and maximum values.

4.3 Comparison with the state-of-the-art

We finally identify two precise instances of the curve search framework, based on the previously observed
performance, to understand the overall viability of the approach w.r.t. state-of-the-art approaches. Namely,
we consider SCS with s, computed as in ALR-MAG (fmax = 10 and ¢, = 0.2) and SCS with s; computed
as in MOMO (Ir = 100).

The proposed methods are in particular compared to Adam optimizer (Kingma & Bal 2014 and the PoNoS
method (Galli et al 2023)), the latter arguably representing the most closely related approach - it consists
of a non-monotone Armijo-type line search along the stochastic gradient direction, coupled with Polyak’s
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Figure 4: Training loss trends for ResNet-34 on the CIFARI10 dataset. Fach pair of plots corresponds
to a momentum method with and without stochastic curve searches, for different values of the critical
hyperparameters. For each algorithm, the mean over three runs is reported, with a shaded region indicating
the minimum and maximum values.
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Figure 5: Training loss trends for ViT-B/16 on the EuroSAT dataset. Each pair of plots corresponds
to a momentum method with and without stochastic curve searches, for different values of the critical
hyperparameters. For each algorithm, the mean over three runs is reported, with a shaded region indicating
the minimum and maximum values.

stepsize estimation. For Adam we employ Ir = 1074, as it proved to be the most stable configuration in the
six problems considered in preliminary experiments. For PoNoS the default settings are used. The analysis
is conducted under equal time budgets; in Figures [6{7} we report the evolution of the training loss both as
a function of epochs and elapsed time.

In terms of epochs, the two stochastic curve search methods proved to be generally competitive, both
outperforming Adam and PoNoS in 4 out of 6 cases and matching the best in another one. Similar conclusions
can be drawn when considering elapsed time, although both SCSs and PoNoS exhibited some loss of efficiency
due to the overhead coming from backtracking steps. All in all, curve search methods still outperformed

10
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task. For each algorithm, the mean over three runs is reported, with a shaded region indicating the minimum
and maximum values.
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Figure 7: Comparison of the training loss as a function of the elapsed time between SCS with s; computed
using ALR-MAG or MOMO, Adam and PoNoS. Each subfigure corresponds to a specific training task. For
each algorithm, the mean over three runs is reported, with a shaded region indicating the minimum and
maximum values.

Adam and PoNoS in 3 out of 6 scenarios, while remaining competitive in the others, and showing a generally
more consistent behavior.

These findings are also reflected in the validation accuracies achieved at the end of training (Table. Overall,
the proposed curve search approach achieves strong performance, with the ALR-MAG-based variant standing
out as the most robust in terms of out-of-sample evaluation.
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Algorithm
Problem
SCS (s = ALR-MAG) SCS (s = MOMO) Adam PoNoS
mnist | MLP 98.35 (£0.07) 98.29 (+£0.03 98.27 (£0.04)  98.54 (+£0.02)

fashion | CNN 90.42 (£0.08) 90.77 (+0.26

91.19 (£0.12)

89.45 (40.59)

cifar10 | ResNet-34 94.26 (£0.28)

93.51 (40.31)

94.35 (£0.24)

cifar100 | ResNet-18* 59.84 (+0.23) 57.48

56.92 (40.44)

1.00 (40.00)

£0.17

svhn | ViT-B/32 86.91 (+£0.11) 85.15 (40.07 85.23 (£0.70)  86.57 (£0.09)

(+0.03)
(£0.26)
90.64 (£0.29)
(£0.17)
(0.07)
(£0.12)

eurosat | ViT-B/16 94.41 (£0.13) 94.16 (£0.12 94.87 (£0.14)  94.41 (£0.21)

Table 1: Final validation accuracies (mean + standard deviation) for SCS with s; computed using ALR-
MAG or MOMO, Adam and PoNoS. For each problem, the best value is highlighted in bold, while the
second-best is underlined.

5 Conclusions

In this work we have proposed stochastic curve searches as an alternative approach to control, ensuring
a sufficient decrement on the mini-batch objective, the optimization process even when possibly ascent
directions are considered. We proved that the curve search approach is well-defined in the mini-batch setting
and that, in the case of non-convex smooth objectives, (sublinear) convergence is guaranteed under classical
assumptions - even in the case of non-monotone acceptance conditions. We also showed that momentum-
based algorithms from the literature become more robust if equipped with stochastic curve searches, as the
safe employment of aggressive hyperparameters is enabled. In addition, we collected numerical evidence that
stochastic curve searches can be competitive w.r.t. state-of-the-art methods both in terms of efficiency and
effectiveness on a diverse benchmark of learning tasks.

In future research, an investigation about the possibility of proving a linear rate of convergence for the
proposed stochastic curve search framework under the PL condition would certainly be of interest, as we
have remarked that current proof techniques are substantially not helpful in this regards. Moreover, the
effectiveness of stochastic curve searches could be explored also for other popular algorithms, such as Adam
(Kingma & Bal 2014)), SAM (Foret et al., 2021) or Muon (Jordan et al., 2024): making it possible to
employ aggressive hyperparameters for these methods could be of significant practical interest, especially
when considering LLM pretraining tasks.
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A Proof of proposition [I]

Proposition 1. Let Assumptions hold, f : R™ — R be an L-smooth function and the randomly
drawn functions f considered at any iteration k be Ly-smooth functions, with Ly < Lpye.. Let the
sequence {(x* y;)} be produced by iterating updates of the form x**1 = ~y(ty), where, for all k, vy
is defined as in equation l] and t, is chosen by the Armijo-type curve search @ where 6 € (0,1),

Loar (1487 4+ 21 (1-¢° (e —r -
o € (1— ( 6262”’"( )),1> and tmes € (O, C1+ Tomin Ci(cl T’”’”)), with Lyee = 4c¢1 + 37¢2 Lonae,

L =4c+37c2L and é = = Then,

Tmin
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. EllV k\ |12 < = 0y * ,
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with v = omaz + omzn - tfmmi - 52 (amam - gmln) > 07 emi'n = min {Tmintmaza W} and emaz - Cltmaz.

Proof. By the ik—smoothngss of the composite function @ := f o : [0,1] - R (Lemma , with Lj, <
(4c+ 372 L)|Vf(aF)||? = L||Vf(«*)||?, and the descent lemma on ¢y, we get that

FR) = Fa%) = Gu(te) — B1(0) < 5ph(0) + B2 < ~tumVF ()T gu(a®) + LI FH)7

Recalling that —V (") Tgu(a) = §(IV(e*) = () = [VF (@) = lgu(a) ), we obtain
.
F@) = £0) < B (IV76) = )P = V5P = lgn(ah) ) + 219 ).

Rearranging the terms we get

2(f (") = f(@*) < temk|[VF (") — g (@) =t |V f (@2 terillgn (@®)I* + R LIV £ (%)%

2Tmind(1—0)
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<t < tmax, With Ly = 4e; + 37¢2 Liax.

Moreover, recalling that from Assumption [I] it holds 7nin < 7% < c¢1, we define Onin = tminTmin =
2

min {Tmintmax, w} < Tk < tmaxCl = Omax. We thus obtain

Lmax

By Lemma [3[ we define t,;, = min {tmax,

2(f(&") = £(2")) < Omax |V F (@) = go(@®)1? = Omin |V F(@)|* = Ounialgn (%) |1? + 85,0 LIV £ () 2
= (Omax — Omin + tr2naxIA/)||vf(xk)H2 + (Bmax — Omin) g (z")||* — 20maxvf(xk)—r9k(xk)~
By Assumption [2, we know that | gi(2%)| < &|V f(2*)|| with & = —<—; therefore, it holds

e
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Q(f(‘rkJrl) - f(‘rk)) S (omax - 0min + t?naxf/ + 62(omax - 6m1n))||vf(xk)||2 - Zerrlaxvf(xk)Tgk(xk)-

Taking the expectation w.r.t. #* and recalling that E; [V f(2*) T g ()] = ||V f(2¥)||?, from the unbiasedness
of gi, we get

2Ek[f(xk+1) - f(xk)} < (Omax — Omin + trznax‘i + 52(9max - gmin))va(xk)”Q — 20maxEx [Vf(xk)—rgk(xk)]
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15



Under review as submission to TMLR

where we set v = (Omax + Omin — tfnaxﬁ & (Omax — Omin))-

Assuming that v > 0, we have
2
IVF@I* < SExlf (") = F)]

By taking the total expectation, summing the terms corresponding to k¥ = 0,..., K — 1 and dividing both
sides by K, we obtain

K-1 K—

,_.

1 2 2 2 N
% 2 BIVAGHIPI< S 3 B = ) = Bl - 1) < S (167) = £(0)
Therefore, we conclude that
2 *
i BV < () - £)

Now, in order to show that v > 0 holds, we consider two cases.

1. If tpax < %(17”), then tmin = tmax. In this case, we have

max

V= Hmax + emin tilaxf/ 62 (emax - Hmin) - tmax(cl + Tmin — tmaxf/ - 62(01 - Tmin))a

. _~2 J— .
therefore, v > 0, since 0 < tpay < ST Cﬁ(cl Tmin)

€1 + Tomin — &2 (¢1 — Tmin) > 0. In the worst case, the condition can always be satisfied fixing Tiin
close enough to ¢y, i.e., having less freedom in the choice of 7.

by assumption. Here, we implicitly require

2. If tax > 2”“57(10) then tyin = %ﬂg). Hence,
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By rearranging, we can write

5£(1—a)<Lm2“<1+52+61(1—52)>,

Tmin

which is satisfied since o > 1 — % (1 +& 4 (1 - 62)) by assumption. Similarly to case 1, we

Tmin
implicitly require 14 & + (1 - &) > 0, which, again, in the worst case it can always be satisfied

fixing Timin close enough to ¢y, i.e., having less freedom in the choice of 7.

Now, substituting the maximum value for ¢ into the upper-bound of ¢,,,x, we get that

(1—&)ey + \/(1 —)2¢2 + 4(12,,(1 + )2 + Tiiner (1 — 1)) _ C1+ Tinin — &(c1 — Tmin)
2L L ’
ie.,
C1 + Tmin — 62 C1 — Tmin
tmax S (tmiru = ( )) .
L
Since tmin < tmax < C1+T“‘i“7‘52(6177“‘i“) by assumption, it finally follows that v > 0.
In both cases, we have that v > 0, completing the proof. O

B Supplementary mathematical proofs

In this appendix, we provide mathematical proofs of lemmas that did not find space in the main body of the
manuscript.

Lemma 1. Let f : R™ = R and g : R™ — R™ be the random estimators of f and V f used at iteration k.
Let 2% € R™ such that ||gi(z%)|| > 0, sx € R", 7, > 0, Cx > f1(2%), timaz € (0,1], 0 € (0,1), § € (0,1) and
i defined according to equation|q Then, there exists £(k) € N such that t), = 8, 0w satisfies equation @

Proof. Assume by contradiction that, for all j € N, equation [§] is not satisfied by the stepsize §7tmay, i-€.,
fk('yk((sjtmax» > C — JTk(SjtmaX||gk($k)”2 > fk(mk) - UTk(sjtmaXHgk(xk”F'
Recalling that 74 (0) = z* and rearranging, we can further write

Jr(ve (5jtmaX)) — fr(7(0))

6] tmax

> o7kl gr (")

Taking the limits for j — oo, recalling that § € (0,1) and that v is differentiable with ~;.(0) = —7xgr(z¥),
we get
VFe(1:(0) T (0) = ~Tgi(a") Tgr(2") = —millgi (@M)IP > —omellgr ()],

which is a contradiction as 7, > 0, o € (0,1) and ||gx(z"*)|| > 0 by hypothesis. O

Lemma 2. Let Assumption[]] hold, fi be Li-smooth and vy be defined as in equation|[l Then, the composite
function @ = fr oy, : [0,1] = R has Lipschitz continuous gradients in the interval [0,1] with Lipschitz
constant Ly, < (2(c1 + ) + Li(6¢3 + 1372 + 18c17)) || gx (z%)|]2.

Proof. We note that all the assumptions of Proposition 6 in [Donnini et al.| (2025)) are verified: indeed, f
is an Lg-smooth function, v is a quadratic curve and Assumption 4 from |Donnini et al.| (2025) is satisfied
since, recalling that gi(z*) = V fi(z¥) and Assumption it holds that ||dy| = 7&/lgr(z%)| < 1|V fr(2®)||
and ||sg|| < c1]|Vfr(z%)|. Following then a similar reasoning of the proof of Proposition 6 in [Donnini et al.
(2025), we get that

| (t1) — @h(t2)| < (2(cr +7) + Li(6¢5 + 1375 + 18ca7k))l|gie(2*) [t — tal.

Hence, @y, is Lg-smooth with Ly < (2(cy + 71) + Lg(6¢% + 1372 + 18¢c171)) || gr (%) O
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Lemma 3. Let Assumptz'on hold, all estimators fi be Ly-smooth with Ly < Lyay for all k, tmes € (0,1],
5 €(0,1) and o € (0,1). Then, at each iteration k, the Armijo-type curve search condition @ is satisfied for

. 2y (1— . .
allt € [O,tfow], with tﬁ)w = 2(61+Tk)+LkT(’g(C%+‘;?5TE+180N_k), and a uniform lower bound exists for the sequence

of stepsizes {ty} so that, for all k,

tk Z min{tmama 5tlow}a

2Tmin(1—0)

with tiow = 101 +37 L *

Proof. Let us consider iteration k and assume that the stepsize ¢ does not satisfy equation [§] We thus have
Fe(vi(8)) = fio(@®) > ot gi ().
On the other hand, recalling the Lg-smoothness of fi and Lemma [2] we get that

(2(c1 + ) + Li(6¢F + 13772 + 18c17r)) [l gw (%) ||
> .

L
Frm () = fr(@) < tgr(=")T77(0) + tzjk < —trellge («®)||? + ¢
Combining the two inequalities we get

(2(e1 + i) + Li (6] + 137 + 18c17k))[lgn (=) 2

—otri|lge(@®)|1* < —trillgn (@®)||* + ¢ >

Dividing both sides by t||gx(z*)||?, we have that

2(c1 + 7k) + Li(6¢2 + 1372 + 18¢17x)
2 )

—0Tp < —Tp +1

which, rearranging the terms, turns into

2Tk(1 —0’)

t> .
2(c1 + 7k) + Li(6¢3 + 1377 + 18¢171)

We thus get the first part of the proof.
Next, we can notice by Assumption [I]and Ly < Lyax that

27,(1 — o) < 2Tmin (1 — o)
2(c1 + k) + Li(6¢f + 1377 + 18¢171) — 4c1 + 37¢3 Linax

k
tlow -

2Tmin(1—0)
4c1+37¢% Linax
Hence, either the initial step is accepted (tx = tmax), Or the last rejected step tx/0 exceeded the guaranteed

acceptance threshold fjoyw, 1.€., tg > dtiow. We can thus conclude that, for all k,

Therefore, tow = surely satisfies the Armijo-type curve search condition (equation E) for all k.

tr > min{tmax, Otiow }-
O

Lemma 5. Let Assumptz'on hold, f be a finite-sum function of the form satisfying the PL condition
and the minimizer interpolation property, and the randomly drawn functions f, considered at any iteration
k be Ly-smooth, with Ly < Lz, and defined as fi,(z%) = ﬁ ZieBk fi(z®), with |By| = B for all k. Thus,

Assumption@ is satisfied with ¢ = c14/ %ﬂ“

Proof. By the descent lemma, we know that
* k 1 ky (12
Sr(a®) < fiu(@®) — 57— Ilgr (@)%,
2L
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while, by the PL condition, it holds
N N
| Bl (f(2*) = fi(a™)) = 3 (£Fia*) = fi™) <D (fi () = NU ) = 1) < o 956N,
1€ By, =1

where the first inequality comes by the minimizer interpolation property. Combining then the two results
and using that Li < Lyax, we get that

N max NLmax
lgw (") < Byl IVf(@®)| = IV7.f ()]l (10)
I
Recalling that 7, < ¢; by Assumption [I} we obtain that
NLIH X
Tellgr (@) < e V)]

Finally, by equation [I0] and Assumption [I} we get that

NLmax
skl < eillgr(@®)ll < e B IV £ (),

which concludes the proof. O

C Sublinear convergence rate under SGC for general stochastic line search based
methods

In this appendix, we state and prove a sublinear convergence rate under the SGC condition (Definition
in the nonconvex setting for stochastic algorithms of the form %! = z* 4 aydy, where dj, is an arbitrary
direction and oy, is determined by a stochastic line search.

The following result complements the analysis by [Lapucci & Pucci| (2025) considering the aforementioned
different setup, which leverages a milder set of assumptions. From the referenced work we still need to
borrow the upcoming definition, assumption and lemma.

Definition 4. We define the variance of a random vector v € R™ and the covariance between two random
vectors u,v € R" as
Var(v) = E[||v][*] — [|E[0]||?,
Cov(v) = E[u"v] — E[u] "E[v].
Assumption 3. There exists c3 > 0 such that the sequence of search directions {dy} satisfies the following

property:
Covi(di, gi(¢*)) > —c3 Vary (gr.(2")).

Lemma 6. Let the SGC condition and Assumption @ hold, and the sequence of search directions {d} be
stochastic-gradient-related, with ca > c3(1 — %) Then, we have:

1Ex[dx]l| < exy/pIVf M),

Bl 795 < - (a—ea (1- 1) ) 9SG

As already mentioned in Section the stochastic-gradient-related conditions and Assumption (which seems
reasonable in most settings, but still appears to be uncheckable at runtime) implies that the conditions on
the expected direction of equation [5| are satisfied.
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Proposition 2. Let f : R" — R be an L-smooth function satisfying the SGC condition and the randomly
drawn functions fi considered at any iteration k be Ly-smooth functions, with Ly < L. Let xhtl =
¥ + agdy, where, for all k, d, € R™ is a stochastic-gradient-related direction such that Assumption @ 18
satisfied with co > c3(1 — %), and the stepsize ay, is chosen by Armijo-type line search, i.e.,

o, = max {670 | fu(@® + 67 afdy) < fu(a®) + o’ afd) gr(z™)},
J

22— pca+¢3) Linas 25ca(1— 28ca(1—0) 2(pca—peste
where § € (0,1), o € (1 _ %,1), and 7:‘1227‘7) < o/{j < Qpaz € ( ;ﬁzL(ma), (pczpszcz ‘s)) for
all k. Then,

e BNV < e (1) = 7).

with v = (am(w(Q(cQ —c3(1 — %)) —1—pc(Lamaz + 1)) + m(l + pc%)) > 0.

C%Lmaz
Proof. By the L-smoothness of f and 2**! = 2% + agdj,, it follows

L L
FED) = f@) < VFEHTEHT =2 4 Sl 2P = arV ) Ty + SRl

Now, recalling that V f(z*)Tdr = (| Vf(z*) + di||* — |V f(z*)]|? = ||dk|?), we obtain

(e7% (677 La2 (677
Fab) = 1) < I+l - FITIEHIE + (L5 - 5 ) 1)
By hypothesis and Proposition 4.3 in |[Lapucci & Pucci (2025) we can define apmy, = 2%2# =

min {0/0“, M} < ag < amax- Then, by rearranging the terms in equation we get

.2
Cc7 Lmax

2(f (") = F(2")) < amax IV F (@) + di||? = amin [V F (") + (LaGsay — Qmin) | di|1?
= (Qmax — amin)”vf(xk)”2 + (Larznax + QOmax — C“min)Hdk”2 + 20‘maxvf(xk)—rdk
< (Omax — amin)||vf(xk)||2 + (Larznax + Omax — C“milﬂ)c%||gl€(xk)”2 + 2amaxvf($k)—rdkv

where the last inequality follows from dj, being stochastic-gradient-related. By hypotheses, Lemma [6 and
by taking the conditional expected value on both sides, we can then write

2B [f (@) = f(@M)] < (Qmax — @min) [V (@)1 + (L0Gax + Gmax — Qmin) T Ek[[|gr (7)) + 20max V £ (") " Ex[di]

) 1
< (@ = )V )P+ (L + e — i) FE 0]~ 2t (2 = o (1= 1) ) I )P
By recalling that the SGC condition is also satisfied and by suitably rearranging the terms, we get
X X 1 )
QEk[f(mk+l) - f(mk)} < (amax — Omin — 20max <02 —C3 <1 - ;))) |\Vf(96k)||2 + (La?nax + Qmax — amin)C%p||vf(xk)H2

1 .
= - (2amax (62 —C3 (1 - ;)) + Qmin — Omax — PC%(LQ?MX + Qmax — amin)) ||vf(lk)“2

Hence, if we set v = <2amax(cQ —c3(1 — %)) + Omin — Qmax — P2 (LAZ . + Qmax — amin)) =
(amax(Q(cz —c3(1— %)) —1— pc}(Lomax + 1)) + %(1 + pc%)) , we obtain

vIIVF®)|P < 2Bx [f(2*) = fa*)].
If v > 0, then the above inequality is equivalent to

VAP < 2B [£(a*) - f]
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By taking the total expectation, summing the terms corresponding to & = 0,..., K — 1 and dividing both
sides by K, we have

N

K-1

LS Bvsehi) < 2 3 Bl - fe) = ZB{760) - Fe)] < -2 (7(0) - £
k=0 k:O
Therefore, we conclude that
i BV < S (76 - £a)

which proves the result.
We now show that it indeed holds that v > 0.
Substituting ap,i, in the definition of v, we get

1 20co(1 — o 20co(1 — o
V = 20max (CQ —C3 <1 — p)> + C;(Lmax) — Olmax — PC% <La12nax + Qmax — éémax))

25ca(1 — o)

1
= _pclLamax + (2 (C2 —C3 <1 - p)) -1- pc%) Omax + (1 + pc%) C%Lmax

Therefore, v is concave quadratic in apyax. By computing

2
1 20c5(1 —
A= (2 (02—03 (1_;))) —1—p0§> +4pctL(1 + pe 1)% >0,

—es(1— 2—cs(1— 2)+VA
we have that v > 0 if apax € <(2(C2 e 2p)c)2L1 pei)- \F (Aez—es(t Zp)c)QLl pcl)JﬂF). Note that VA >
ca—cz(1—1))—1—pc2)— co—c3(1—21))—1—pc2)—
|2(02—03(1—%))—1—pc%|; hence, dmax > Qmin > (Ble2mesl 2;)6)%; per) \F, since 2270 2’;))6)%; pei) VA <

0 and @max > Qmin > 0 by assumption.

(2(ca—ca(1—1))=1—pc2)+VA
2/)ch

Hence, for any choice of apax € (amim ) it holds v > 0. Let us verify that this

2003(1-0) _ (leames(i= ) 1-ped) +VA
c L,l.,ﬂax 2pclL

@>45PC2L(1—0>L_(2<02_c3(1—;>)—1—pc§>-

Squaring both terms, we get

dco o) 166%p%c2(1 — 0)%2L?  86pca(l — o)L 1
8pL(1 4+ pci) L(max > Zg — L(max 2(cg—ec3(1— o)) 1—pct ),

max

interval is nonempty, i.e., amin = . Equivalently, we want to show that

which is equivalent to

20pca(1 — o)L 1
1+pc?>M—2(02—03<1—p)>+1+pc%

Lmax

1
(SpCQ(l — O')L < (CQ —C3 (1 - P)) Ljax,

. . _ L .
which holds since o > 1 — W by assumption.

By rearranging, we can write

Now, substituting the maximum value for ¢ into the upper-bound on .y yields

(2(c2 —e3(1 =) = 1= ped) + \/(2(62 —cs(1 =) = 1= ped)? + 801+ ped)(ea = es(1= ) 9(pey — pes + c)

2pc2 L p2c2L ’
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ie.,

2(pca — pes + C3)>

Omax € | ®min
’ p2c3L

2(pc2—pestcs)

Since amin < Qmax < FEri by assumption, it thus follows that v > 0. O
1

Note that the result reported here also covers the case of non-monotone line search, since the same bound
on iy holds; consequently, the same (sublinear) rate of convergence is obtained in that case as well.

D Reuvisiting the proof of |Galli et al.| (2023) under PL and interpolation

The non-monotone line search used in [Galli et al.| (2023) is, in essence, a direct extension to the stochastic
setting of the procedure proposed by |Zhang & Hager| (2004)), that is,

fr(@® — arge(a)) < Cx — ool gr(«®)]1?,

~ ~ Yon (K 12
Cr = max {Cy, fr(z")}, CkngkaC};:fk(x), Qr+1 =EQk + 1, ()

where ¢ € [0,1], Qo =0 and C_; = fo(z).

Galli et al.| (2023) prove a linear convergence rate for SGD using this line search in the case of f satisfying
the PL condition in the interpolation regime. We remark that the convergence result is valid only for some
classes of L-smooth functions that satisfy the PL condition, where the smoothness constant L is not too
large compared to the p of the PL condition. In addition, we note that minimizer interpolation itself is not
enough to prove the convergence result with the non-monotone rule, as the family of sampled functions { fx}
needs to have a common optimal value, which is not directly implied by the former condition.

In the following, we revisit the proof of the results by |Galli et al.| (2023)), starting from their Lemma 3, with
the common optimal value assumption being now explicitly included. Compared to the proof by |Galli et al.
(2023) we do not make use of induction.

Lemma 7. Let Cy, be defined in equation [12 Assuming that the minimizer interpolation condition holds
and that f* = fi(x*) for all k, the following bounds hold for all k € N,

Proof. We begin by noting that C} = max {C’k, I (gck)} > fr(z¥) for all k; therefore, we have that

Cr — fu(@*) > fu(2®) = fu(a*) >0,

since, from the minimizer interpolation condition, the solution x* is a minimizer of fy.

Similarly, we know that C_; = max {C’k,l, fk,l(xk_l)} > fr_1(2®71) for all k and that * is a minimizer
of fr—1. From the assumption on the common optimal value we have that f* = fip(2*) = fr—1(2*) and,
thus,

Crho1 — fi(@®) > froa (@71 = fr(@®) > fomr(z%) = fa(a®) =0,
which concludes the proof. [
At this point, we can formally state the convergence result for SGD with the non-monotone line search of
equation [12| under interpolation for f satisfying the PL condition. We remark that the rate of convergence

obtained in this case is not general, as suitable algorithmic constants making it hold can only be set when
L < 4p.
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Proposition 3. Let f : R — R be an L-smooth function satisfying the PL condition, the minimizer
interpolation property and that f* = fr(x*) for all k. Let the randomly drawn functions fi, considered at
any iteration k be Li-smooth, with Ly < L,,... Let the sequence {xk} be produced by iterating updates of the
form 2Tt = aF — apgr(a®), where, for all k, the stepsize ay, is chosen by non-monotone Armijo-type line
search, i.e.,

o = Tmax {0 ag | fu(@® — & aggr(a®)) < Ck — a6 aglgr(«")?},
where C} is defined according to equation 6 € (0,1), o € (ﬁ,l), and Qmin < af
_ So(l—oc . _ i(1l—0o .
Qmaz € (amm, ULWMH(iU()lLJMU(170)) for all k, with ampm > % Then, defining v =
Oz (max{ 1 Lo }—i— L ta— 2u> € (0,1) with a; = 4“60(1_626_0053’)_6(1_0” + 2aim > 0, and

IN

&min? 26(1—0)
ag = ¢ (1 + 2<7La1> € (0,1) with £ < 202;’1“;]:, we have that

E[f (") = f(2") + @10maa(Cr — f(2"))] < (a3)" (1 + @10maa) (F(2°) = f (7)),

where ag = max {v,az} € (0,1).
Proof. By the L-smoothness of f, we have

FH) € @)+ VI T @ = ) St b = 1) - 0,91 o) + 2ok g (a2

By rearranging the terms, summing the quantity a;(Cyx — fr(z*)) on both sides, and using the stochastic
Armijo-type condition and interpolation, we obtain

f@*h) — f(=h)

LT 4 01O = fola) < =97 o) + Z5E lgnH) P + an(Ch — fula)

< V) Tgpla*) + oo (G fule) an(Ce— fia®)  (13)

= VI e + (5 + ) (- i)

Let us now distinguish two cases.

1. If Cy = fr(z¥), assuming ay, ay > 0, we can obtain

fath) — f*)

Qg

+a1(Cr — fr(2%)) < =V f(2*) T ge(a®) + (% +<11) (fe(@®) = fu(2*))
< =V (") Tgr(a®) + (% + al) (fe(@®) = fe(@®)) + a1a2(Cro1 — fr(2¥)),

where the last inequality follows from Lemma [7]
2. If Oy = Ch, by equation [13| we have

f) — f(a*)

(e

+a1(Ck — fr(@®)) < =V f(@*) T gr(a®) + ( + aq) (Cr = fr(a*))

|~ &

= 7Vf(xk)Tgk(,T,k) + (20 + al) kalJr 1(fk(xk) — fu(z*)) + (% + a1> Hinr 1(Ck.,1 — fr(z*))
< =Vi(*) Tge(®) + (% + aq) (fe(a®) = frla®)) + <% + a1> £(Cr1 = fr(a),

where the equality follows by the definition of Cj, whereas the second inequality follows from the
minimizer interpolation property, Lemma (7| and §QL_ < ¢, as shown in Lemma 2 of |Galli et al.

EQr+1
(2023)).
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By defining ay = £ (1 + L), we get the same bound in both cases. Now, by taking the expectation w.r.t.

20a1,

2* and by applying the PL condition, we obtain

g, [0 1)

oy 20

Fan(C f(x*))} < VAN + (L n ) (F() — F(@*)) + araa(Crr — ()

< (ZLcr - 2u> (f(&*) = () + mraa(Chor — f(&7)),

where the first inequality derives from the fact that C;_; does not depend on k and from the unbiasedness
of fr and gi. By the linearity of Ex[-], we can now subtract from both sides Ej {%} and rearrange the
terms to obtain

g, [1E) = f(a)

Qg

x®) — f(z*
IV TE 4 (£ = 20) () - 1) + aan( s — 1)
Qg

+ a1 (Cy, — f(w*))} < Ex [ 20

IN

(5h 5 = 2) (F0) = %) + @r0a( G = F0)),

G'min 20

25(1—0o)

Lmax

where we have used the fact that ap > min {&min, } = Qimin, as shown in Lemma 1 of |Galli et al.

(2023).
Recalling that ap < amax and taking the total expectation, we have that

E [f(@") = f(2") + aramax(Cr — f(2))] < VE[f(2") = f(2")] + a1020maxE[C—1 — f(a7)]
< max{v, az }(E[f (z") — f(2")] + @10maxE[Cr—1 — f(z"))),

where we define v = apax (L + % +a; — 2u) = Qmax (max {%, Q(SL(’{‘E’;)} + % +a; — 2/1). Recur-

Qmin

sively applying the last result from & to 0, we obtain
E[f(a*h) = f(@") + a1amax(Cr — f(2))] < (a3)* T (E[f (2°) = f(2*)] + a10maxE[C—1 — f(2")])
= (a3)" " (1 + aramax) (f(2°) = f(a"),

where a3 = max{v,az}, C_1 = fo(2°) and E[fy(z")] = Eo[fo(2°)] = f(2") as the total expectation at this
point only concerns the choice of the first mini-batch.

We will now show that as € (0,1), v € (0,1) and, as a consequence, as € (0, 1).
In order to prove that as € (0, 1), we first show that the quantity
4160(1 —0) — 0 Lmax — 0(1 — o)L 1
o _ il o) 1-o

14
450’(1 — O') 20mmax ( )
is positive if the hypothesis amax < =7 +6(215_U(£)1£2M50(1_0) holds:
4160(1 — ) — 0 Lypax — 6(1 — o)L 1
a; = +
460(1 — o) 20 max
4460(1 — 0) — 0Lmax — 0(1 —0)L  0Lmax + (1 — o)L — 4udo(1 — o)
> + =0.
460(1 — o) 400(1 — o)
Thus, a; > 0 and, by definition of as, the condition as > 0 holds. Moreover, since by assumption £ < 26251‘1 Ts

it follows that as = ¢ (1 + L ) < 1.

2170.1

Let us prove now that v € (0,1). By definition of ay;, and the assumption G, > %, we have that

Qmin = %;‘7) Thus, it follows that
_ 0Lmax +0(1 — o)L — 4pdo(1 — o) _ 0Lmax +0(1 — o)L —4pdo(1—0)\ 1
V—Olmax( 250_(1_0_) + a1 | = Omax 450_(1_0_) —|—2,

24



Under review as submission to TMLR

where the second equality comes from the definition of a; (equation . By hypothesis apmax <
- +5(216—US£2W50(1—0)’ we get that v < % + 1 = 1. Furthermore, since L. > L and it is known

2
that L > u, we have
0Lmax +6(1 — o)L —4pudo(1 — o) > (6 4+ 6 — d0)L — 4pdo(1 — o)
> (o 4+ 6(1 — 50 +40?)) = p(o + 5(4o — 1)(o — 1)).

(15)

We thus note that if o € (0, 1] then pu(o 4+ §(46 — 1)(c — 1)) > 0. On the other hand, if ¢ € (},1) the
quantity (40 — 1)(o — 1) is negative; therefore, recalling that 6 < 1, we have
(o + (4o — 1) (o — 1)) > p(o + (4o — 1)(0 — 1)) = p(20 — 1)® > 0. (16)

This result also confirms that the upper bound on ay,.x is positive. Recalling that am.x > 0, we have

B 0Lmax +0(1 — o)L — 4pdo(l — o) 1
= o (T TR +3>0
for all o € (0,1), then concluding that v € (0, 1).
At this point, we only need to ensure that %;:’) < Omin < Omax < ng1X+5(216_‘7§)1L7‘_731#50(1_0), which is
equivalent to
0 < 1 14 0 Lmax 9 —4po? + (4p+ L)oo — L
Linax 0Lmax +0(1 —0)L —4u60(1 — ) ) Lumax \0Lmax + (1 — o)L — 4udo(1 — o)

Since the denominator is positive as shown in equations the inequality holds for o € (ﬁ, 1). Conse-

quently, the analysis conducted here applies only to functions that satisfy L < 4pu.

E Supplementary experimental results

In this appendix, we report results of experiments on CIFAR100 (Figure [8) and SVHN (Figure E[) problems
which did not find space in Section [d.2] of the paper.
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Figure 8: Training loss trends for ResNet-18* on CIFAR100 dataset. Each pair of plots corresponds to a
momentum method with and without stochastic curve searches, for different values of the critical hyperpa-
rameters. For each algorithm, the mean over three runs is reported, with a shaded region indicating the
minimum and maximum values.

Similarly to the results in the section, we observe that, overall, SCS is significantly more robust to aggressive
choices of the hyper-parameters considered across the different methods.

25



Under review as submission to TMLR

1 ALR-MAG . SCS (s = ALR-MAG) 1 MOM-SPS-MAX " SCS (s¢ = MOM-5PS-MAX)
10 T 10 10 Yoy 10
8 Mma=0.1,6,=02 W= Nmax=1, ;=02 ¥ =01 % =04
100 —F Amax=0.1, cp=1 —#— Nnax=10, ;=02 100 100 8- =02
107! 107! 1071
o
2
s
£'1072 1072 1072
g
1073 1073 1073
1074 10 1074
107% 1075 1075 1075
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
SCS (s¢ = MOMO; - SCS (sx = AM-MSGD!
10 MOMO 10 (s ) ot AM-MSGD 10t (sk )
& Ir=01 —¥ Ir=100 —— Ir=001 — Ir=1
100 % Ir=1  —e— Ir=1000 100 100 e Ir=01 -4 Ir=10 100
~o- Ir=10 —%— Ir=10*
107t 101 1071 1071
2
s
£'1072 102 102 1072
e
1073 103 103 1073
1074 1074 T 1074 1074
1073 1073 105 1073
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
epoch epoch epoch epoch

Figure 9: Training loss trends for ViT-B/32 on the SVHN dataset. Each pair of plots corresponds to a
momentum method with and without stochastic curve searches, for different values of the critical hyperpa-
rameters. For each algorithm, the mean over three runs is reported, with a shaded region indicating the
minimum and maximum values.
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