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Abstract

In this work, we consider a distributed multi-agent stochastic optimization problem, where
each agent holds a local objective function that is smooth and convex and that is subject
to a stochastic process. The goal is for all agents to collaborate to find a common solution
that optimizes the sum of these local functions. With the practical assumption that agents
can only obtain noisy numerical function queries at precisely one point at a time, we extend
the distributed stochastic gradient-tracking method to the bandit setting where we do not
have an estimate of the gradient, and we introduce a zero-order (ZO) one-point estimate
(IP-DSGT). We analyze the convergence of this novel technique for smooth and strongly
convex objectives using stochastic approximation tools, and we prove that it converges al-
most surely to the optimum despite the biasedness of our gradient estimate. We then study
the convergence rate of our method. With constant step sizes, our method competes with
its first-order (FO) counterparts by achieving a linear rate O(o") as a function of number
of iterations k. To the best of our knowledge, this is the first work that proves this rate
in the noisy estimation setting or with one-point estimators. With vanishing step sizes, we
establish a rate of O(ﬁ) after a sufficient number of iterations k > K5. This is the optimal
rate proven in the literature for centralized techniques utilizing one-point estimators. We
then provide a regret bound of O(\/E) with vanishing step sizes. We further illustrate the
usefulness of the proposed technique using numerical experiments.

1 Introduction

Gradient-free optimization is an old topic in the research community; however, there has been an increased
interest recently, especially in machine learning applications, where optimization problems are typically
solved with gradient descent algorithms. Successful applications of gradient-free methods in machine learning
include competing with an adversary in bandit problems (Flaxman et al., 2004; Agarwal et al., [2010)),
generating adversarial attacks for deep learning models (Chen et al.||2019; |[Liu et al.}|2019) and reinforcement
learning (Vemula et al.| [2019)). Gradient-free optimization aims to solve optimization problems with only
functional ZO information rather than FO gradient information. These techniques are essential in settings
where explicit gradient computation may be impractical, expensive, or impossible. Instances of such settings
include high data dimensionality, time or resource straining function differentiation, or the cost function not
having a closed-form. ZO information-based methods include direct search methods (Golovin et al., [2019),
1-point methods (Flaxman et al.l 2004} Bach & Perchetl [2016} [Vemula et al.,[2019; |Li & Assaad) 2021) where
a function f(-,5) : R? — R is evaluated at a single point with some randomization to estimate the gradient
as such

d
M (z,5) = ;f($+7z75)z, (1)

with z the optimization variable, v > 0 a small value, and z a random vector following a symmetrical
distribution. ZO also includes 2- or more point methods (Duchi et al., |2015; [Nesterov & Spokoiny, [2017}
Gorbunov et al., [2018; [Bach & Perchet], 2016} [Hajinezhad et all 2019; [Kumar Sahu et al. [2018; [Agarwal
et all 2010; [Chen et al., [2019; [Liu et al., 2019; Vemula et al., [2019), where functional difference at various
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points is employed for estimation, generally having the respective structures

f($4*7275)‘*f($"72,5)z
2y

92 (z,8) =d

d
(2d flz+e;,5) — flz—ne;,5)
andg )(z,8) = ngl ! 5 e (3)

where {ej}jzl,wd is the canonical basis, and other methods such as sign information of gradient estimates
(Liu et al., [2019).

Another area of great interest is distributed multi-agent optimization, where agents try to cooperatively
solve a problem with information exchange only limited to immediate neighbors in the network. Distributed
computing and data storing are particularly essential in fields such as vehicular communications and coordi-
nation, data processing and distributed control in sensor networks (Shi & Eryilmaz, 2020)), big-data analytics
(Daneshmand et al., 2015)), and federated learning (McMahan et al., [2017)). More specifically, one direction
of research integrates (sub)gradient-based methods with a consensus/averaging strategy; the local agent
incorporates one or multiple consensus steps alongside evaluating the local gradient during optimization.
Hence, these algorithms can tackle a fundamental challenge: overcoming differences between agents’ local
data distributions.

1.1 Problem Description

Consider a set of agents N' = {1,2,...,n} connected by a communication network. Each agent i is associated
with a local objective function f;(-,.S) : R — R. The global goal of the agents is to collaboratively locate
the decision variable = € R? that solves the stochastic optimization problem:

min F(z Z Fi(z (4)

r€R4

where
Fi(z) = Esfi(x, S),

with S € § denoting an i.i.d. ergodic stochastic process describing uncertainties in the communication
system.

We assume that at each time step, agent i can only query the function values of f; at exactly one point, and
can only communicate with its neighbors. Further, we assume that the function queries are noisy f; = f; +;
with (; some additive noise. Agent i must then employ this query to estimate the gradient of the form

gi(z, S;).

One efficient algorithm with a straightforward averaging scheme to solve this problem is the gradient-tracking
(GT) technique, which has proven to achieve rates competing with its centralized counterparts. For example,
the acquired error bound under a distributed stochastic variant was found to decrease with the network size
n (Pu & Nedid| |2018). In most work, this technique proved to converge linearly to the optimal solution with
constant step size (Qu & Li, |2018} Nedié et al., 2017} [Pul 2020), which is also a unique attribute among other
distributed stochastic gradient algorithms. It has been extended to time-varying (undirected or directed)
graphs (Nedi¢ et al., |2017)), a gossip-like method which is efficient in communication (Pu & Nedid, 2018)),
and nonconvex settings (Tang et al.| [2021}; [Lorenzo & Scutari, [2016; Jiang et al., [2022} [Lu et al., 2019). All
references mentioned above consider the case where an accurate gradient computation or a unbiased gradient
estimation with bounded variance (BV) is available, the variance being the mean squared approximation
error of the gradient estimate with respect to the true gradient.

1.2 Function Classes and Gradient Estimate Assumptions

Consider the following five classes of functions:
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e The convex class C.,, containing all functions f : R* — R that are convex.

« The strongly convex class Cy. containing all functions f : R¢ — R that are continuously differentiable
and admit a constant Ay such that

(Vf(x)=VI@),z =yl > Apllw —y|?, Vo,y R

o The Lipschitz continuous class C;;;, containing all functions f : R? — R that admit a constant L ¥
such that

|f(x) — f(y)| < Lyllz —y|, Yo,y € R

o The smooth class Cgy,o containing all functions f : R¢ — R that are continuously differentiable and
admit a constant G ¢ such that

IVf(z) = VW) < Gellz = yll, Yo,y e R

o The gradient dominated class Cyq containing all functions f : R? — R that are differentiable, have
a global minimizer z*, and admit a constant v such that

205 (f(x) - f(a*)) < [IVf (@)% Vo e R

This gradient domination property can be viewed as a nonconvex analogy of strong convexity.
In addition, consider the following assumptions on the gradient estimate:

o A gradient estimate g is said to be unbiased w.r.t. the true gradient V£ if for all x € R¢ and
independent S € S, it satisfies the following equality

Eslg(z, S)lz] = Vf(z).
e Otherwise, it is said to be biased and satisfies
Eslg(z, 5)|z] = Vf(z) + b(z),
with b(z) some bias term.

« A gradient estimate g is said to have bounded variance when for all 2 € R? and independent S € S,

Es[|lg(x, S) — Vf(z)|*|x] < ¢ for some o > 0.
e Otherwise, when this bound is unknown or does not exist, it is said to have unbounded variance.

In general, FO stochastic gradient estimates are unbiased and have bounded variance. ZO estimates, on the
other hand, are biased. While multi-point ZO estimates have bounded or even vanishing variance, one-point
estimates have unbounded variance |Liu et al.| (2020)).

1.3 Related Work

The optimal convergence rate for solving problem , assuming the objective function F is strongly convex
with Lipschitz continuous gradients, has been established as O(%) under a diminishing step size with full
gradient information [Pu & Nedi¢| (2018); Nemirovski et al. (2009). However, when employing a constant
step size a > 0 that is sufficiently small, the iterates produced by a stochastic gradient method converge
exponentially fast (in expectation) to an O(«a)-neighborhood of the optimal solution (Pu & Nedid, 2018);
this is known as the linear rate O(o¥). To solve problem 7 all |Qu & Li| (2018)); [Lorenzo & Scutari
(2016)); Nedi¢ et al. (2017); [Shi et al.| (2015); [Li et al.| (2022); |Jiang et al.| (2022) present a distributed
gradient-tracking method that employs local auxiliary variables to track the average of all agents’ gradients,
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GR.Es. op FUNCTION CONS- STEP REGRET CONVERGENCE
B CLASS ENSUS SIZE BOUND RATE
Cent. Ceva ﬂ Cuip - f. O(k%) O(%) Flaxman et al. (2004
One- Cent.  Cse () Ciip [\ Com - v. oWk O(—z) [Bach & Perchet| (2016
int .
pomt Dist.  Csc () Cuip [)Comeo GT v. O(Vk) O(J-) 1P-DSGT
Dist.  Csc[)Cip () Csmo GT f. - O(o") 1P-DSGT
Cent. Ceva [ Cuip - V. O(k) % |Agarwal et al. | (]2()10
Two- Cent. Cse N Crip - V. O(log k)
point | Dist. Ciip [\ Csmo None v. - 0( L logk Tang et al. | (2021
70 Dist. Csmeo ﬂ Cyd None V. - =) |Tang et al.| (2021))
(Ic)l(—;rllt);- Cent. Csc ﬂ Clip m Csmo - V. O(lOg k) O(lo%k) Agarwal et al.l (2010
2d- Dist. Csmo GT f. - O(z) (2021))
point | Dist. Csmo[1Cga GT f. - 0(a") (2021)
Rernel 1oyt Cove () Cui - v O(k) O(-L) Bubeck et al| (2021
-based ) cvz lip . 7 .
Dist. Cse ) Csmo GT f. -
FO Unbiased
/BV Dist. Cse () Csmo GT V. -
Dist. Csmo GT V. -

Table 1: Convergence rates for various algorithms related to our work, classified according to the nature of
the gradient estimate (gr. es.), whether the optimization problem (OP) is centralized or distributed, the
assumptions on the objective function, whether consensus is aimed at or not, whether the step size is fixed
(f.) or varying (v.), and the achieved regret bound and convergence rate

considering the availability of accurate gradient information. In both |[Li et al| (2022); [Jiang et al.| (2022),
each local objective function is an average of finite instantaneous functions. Thus, they incorporate the
gradient-tracking algorithm with stochastic averaging gradient technology (smooth convex
optimization) or with variance reduction techniques (Jiang et al. 2022) (smooth nonconvex optimization).
At each iteration, they randomly select only one gradient of an instantaneous function to approximate the
local batch gradient. In , this is an unbiased estimate of the local gradient, whereas, in
(2022), it is biased. Nevertheless, both references assume access to an exact gradient oracle.

All [Pu & Nedi¢| (2018); Xin et al.| (2019); (2020); [Lu et al.|(2019)) assume access to local stochastic FO
oracles where the gradient is unbiased and with a bounded variance. In the first three, they additionally
assume smooth and strongly-convex local objectives, and they all accomplish a linear convergence rate under
a constant step size. |[Pu & Nedid| (2018) propose a distributed stochastic gradient-tracking method (DSGT)
and a gossip-like stochastic gradient-tracking method (GSGT) where at each round, each agent wakes up
with a certain probability Further, in [Pu & Nedi¢| (2018), when the step-size is diminishing, the convergence
rate is that of O |X1n et a1| 2019[) employ a gradient-tracking algorithm for agents communicating
over a strongly—connected graph. [Pu| (2020) introduces a robust gradient-tracking method (R-Push-Pull)
in the context of noisy information exchange between agents and with a directed network topology.
propose a gradient-tracking based nonconvex stochastic decentralized (GNSD) algorithm for
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nonconvex optimization problems in machine learning, and they fulfill a convergence rate of O(ﬁ) under
constant step size.

On the other hand, ZO methods are known to have worse convergence rates than their FO counterparts
under the same conditions. For example, under a convex centralized setting, Flaxman et al.|(2004) prove a
regret bound of O(k1) (or equivalently a rate of O(%\/E)) with a one-point estimator for Lipschitz continuous

functions. For strongly convex and smooth objective functions, Hazan & Levy| (2014) and [Tto| (2020) improve
upon this result by proving a regret of O(y/klog k) and [Bach & Perchet| (2016) that of O(vk). In the work
of |Agarwal et al. (2010), when the number of points is two, they prove regret bounds of O(vk) with high
probability and of O(log(k)) in expectation for strongly convex loss functions. When the number is d + 1
point, they prove regret bounds of O(v/k) and of O(log(k)) with strong convexity. The reason why the
performance improves with the addition of number of points in the estimate, is that their variance can be
bounded, unlike one-point estimates whose variance cannot be bounded (Liu et al.| 2020). However, when
the function queries are subjected to noise, multi-point estimates start behaving like one-point ones. In noisy
function queries (centralized) scenario, it has been proven that gradient-free methods cannot achieve a better
convergence rate than Q(ﬁ) which is the lower bound derived by [Duchi et al.| (2015); |Jamieson et al.| (2012]);
Shamir| (2013)) for strongly convex and smooth objective functions. In the work of Bubeck et al.| (2021)), a
kernelized loss estimator is proposed where a generalization of Bernoulli convolutions is adopted, and an
annealing schedule for exponential weights is used to control the estimator’s variance in a focus region for
dimensions higher than 1. Their method achieves a regret bound of O(V/k).

In distributed settings, [Tang et al.| (2021) develop two algorithms for a noise-free nonconvex multi-agent
optimization problem aiming at consensus. One of them is gradient-tracking based on a 2d-point estimator
of the gradient with vanishing variance that achieves a rate of O(%) with smoothness assumptions and a
linear rate for an extra v-gradient dominated objective assumption and for fixed step sizes. The other is based
on a 2-point estimator without global gradient tracking and achieves a rate of O(ﬁ log k) under Lipschitz

continuity and smoothness conditions and O(%) under an extra gradient dominated function structure.

We summarize all the mentioned convergence rates from the literature in Table

1.4 Contributions

While the gradient tracking method has been extended to the ZO case (Tang et al, 2021)), the approach
followed by |Tang et al.| (2021)) relies on a multi-point gradient estimator. It also assumes a static objective
function devoid of any stochasticity or noise in the system. However, real-world scenarios often involve
various sources of stochasticity and noise, such as differing data distributions among devices, perturbations
in electronic components, quantization errors, data compression losses, and fluctuations in communication
channels over time. Consequently, static objective functions become inadequate for realistic modeling. More-
over, the multi-point estimation technique assumes the ability to observe multiple instances of the objective
function under identical system conditions, i.e., many function queries are done for the same realization of .S
in and . However, this assumption needs to be revised in applications such as mobile edge computing
(Mao et al.l [2017; |Chen et al., 2021} |Zhou et al., 2022) where computational tasks from mobile users are
offloaded to servers within the cellular network. Thus, queries requested from the servers by the users are
subject to the wireless environment and are corrupted by noise not necessarily additive. Other applications
include sensor selection for an accurate parameter estimation (Liu et al., [2018) where the observation of
each sensor is continuously changing. Thus, in such scenarios, one-point estimates offer a vital alternative to
solving online optimization/learning problems. Yet, one-point estimators are not generally used because of
their slow convergence rate. The main reason is due to their unbounded variance. To avoid this unbounded
variance, in this work, we don’t use the estimate given in , we extend the one point approach in |Li &
Assaad| (2021))’s work where the action of the agent is a scalar and different agents have different variables,
to our consensual problem with vector variables. The difference is that in our gradient estimate, we don’t
divide by «. This brings additional challenges in proving that our algorithm converges and a consensus can be
achieved by all agents. And even with bounded variance, there’s still a difficulty achieving good convergence
rates when combining two-point estimates with the gradient tracking method due to the constant upper
bound of the variance (Tang et al., 2021)). Here, despite this constant bound, we were able to go beyond
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two-point estimates and achieve a linear rate. Moreover, while it requires 2d points to achieve a linear rate
in Tang et al.| (2021))’s work, which is twice the dimension of the gradient itself, here we only need one scalar
point or query. This is much more computationally efficient.

We summarize our contribution in the following points,

e We consider smooth and strongly convex local objectives, and we extend the gradient-tracking
algorithm to the case where we do not have an estimation of the gradient in the noisy setting.

e Under the realistic assumption that the agent only has access to a single noisy function value at
each time without necessarily knowing the form of this function, we propose a one-point estimator
in a stochastic framework.

e Naturally, one-point estimators are biased with respect to the true gradient and suffer from high
variance (Liu et all 2020)); hence, they do not match the assumptions for convergence presented by
Tang et al.| (2021)); Pu & Nedié| (2018)); Xin et al.| (2019); [Pul (2020)); [Lu et al.[(2019). However, in this
work, we analyze and indeed prove the algorithm’s convergence almost surely with a biased estimate.
We also consider that a stochastic process influences the objective function from one iteration to the
other, which is not the case in the aforementioned references.

e We then study the convergence rate and we demonstrate that with fixed step sizes, the algorithm
achieves a linear convergence rate O(o"), marking the first instance where this rate is attained in
ZO optimization with one-point/two-point estimates and in a noisy query setting, to the best of our
knowledge. This linear rate competes with FO methods and even centralized algorithms in terms of
convergence speed (Pu & Nedid, 2018)).

e When the step-sizes are vanishing, we prove that a rate of O(ﬁ) after a sufficient number of

iterations k > K, is attainable. This rate satisfies the lower bounds achieved by its centralized
counterparts in the same derivative-free setting (Duchi et al., |2015; |Jamieson et al., |2012; Shamir,
2013)).

+ We then show that a regret bound of O(v/k) is achieved for this algorithm.

e Finally, we support our theoretical claims by providing numerical evidence and comparing the algo-
rithm’s performance to its FO counterpart.

The rest of this paper is divided as follow. In subsection we present the mathematical notation followed
in this paper. In subsection [I.6] we present the main assumptions of our optimization problem. We then
describe our gradient estimate followed by the proposed algorithm in section 2.1l We then prove the almost
sure convergence of our algorithm in subsection and study its rate in subsection with varying step
sizes. In subsection we find its regret bound. And in subsection we consider the case of fixed
step sizes, study the convergence of our algorithm and its rate. Finally, in section 3, we provide numerical
evidence and conclude the paper in section [

1.5 Notation

In all that follows, vectors are column-shaped unless defined otherwise and 1 denotes the vector of all entries
equal to 1. For two vectors a, b of the same dimension, (a,b) is the inner product. For two matrices A,
B € R™?, we define

n

(A,B) =) (A; Bi)

=1

where A; (respectively, B;) represents the i-th row of A (respectively, B). ||.|| denotes the 2-norm for vectors
and the Frobenius norm for matrices.

We assume that each agent i maintains a local copy x; € R? of the decision variable and another auxiliary
variable y; € R? and each agent’s local function is subject to the stochastic variable S; € R™. At iteration
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k, the respective values are denoted as x; i, yi x, and S; ;. Bold notations denote the concatenated version
of the variables, i.e.,

X = [z1, 20, .., x0T, ¥ = [y1, 52, yn]t € R and S :=[S1, Sy, ..., 8,]7 € R™™,

We then define the means of the previous two variables as z := %]_TX and y := %lTy € R1*4,

We define the gradient of F; at the local variable VF;(z;) € R? and its Hessian matrix V2F;(z;) € R*¢ and
we let
VF(x) := [VFi(x1), VFy(x3),...,VF,(z,)]" € R4

and

g = g(X’ S) = [gl(‘rlv Sl)a92(x27 SQ); e 79n(9€n, Sn)]T € RnXd~

We define its mean g := %ng € R and we denote each agent’s gradient estimate at time k by Gik =
9i(Tik, Sik)-

1.6 Basic Assumptions

In this subsection, we introduce the fundamental assumptions that ensure the performance of the 1P-DSGT
algorithm.

Assumption 1.1. (on the graph) The topology of the network is represented by the graph G = (N, E) where
the edges in € C N x N represent communication links. A graph G is undirected, i.c., (i,7) € € iff (j,i) € &,
and connected (there exists a path of links between any two agents).

W = [w;;] € R™™"™ denotes the agents’ coupling matriz, where agents i and j are connected iff w;; = wj; >0
(w;j = wj; = 0 otherwise). W is a nonnegative matriz and doubly stochastic, i.e., W1 =1 and 17w =17,
All diagonal elements w;; are strictly positive.

Assumption 1.2. (on the objective function) We assume the existence and the continuity of both VF;(x)
and V2F;(z). Let z* € RY denote the solution of the problem , then VEF;(z*) = 0 and det(V2F;(z*)) > 0,
Vi € N. To ensure the existence of x*, we let F;(x) be A\;-strongly convex for all i € N'. Then, F(z) is also
strongly conver with A\ = % Yo A > 0, where

(VF(x),z —x*) > Nz — z*||%
We further assume the boundedness of the local Hessian where there exists a constant ¢; € RT such that

HVQFZ(I’)HQ S Ci, V’L S N,

where here it suffices to use the Euclidean norm for matrices (keeping in mind for a matriz A, ||A|l2 < ||A||r).

Assumption 1.3. (on the local functions) All local functions x — f;(x,S) are Lipschitz continuous with
Lipschitz constant Lg,
1fi(x, §) = fi(2", )| < Lsllz — 2’|, Vi € N.

In addition, we assume Eg fi(z,S) < oo, Vi € N, to guarantee the boundedness of the objective F(x).
A direct consequence of the previous two assumptions is presented in the following lemma.

Lemma 1.4. Let Assumptions and[1.5 hold. Then, ||x|| < co.

Proof: See Appendiz 4]

Assumption 1.5. (on the additive noise) (. is a zero-mean uncorrelated noise with bounded variance,
where E(Gi k) =0, E(C}y,) = ca < o0, Vi€ N, and E(GixCix) =0 if i # 5.

Lemma 1.6. (Qu & Li, |2018) Let p,, be the spectral norm of W — %11T. When Assumption is satisfied,
we have the following inequality

1
[Ww — 10| < pullw — 1@, Vw € R™*? and © = ﬁlTw,

and p,, < 1.
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Lemma 1.7. (Pu & Nedid, |2018) Define h(x) := L11T7VF(x) € R"*?. Due to the boundedness of the second
derivative in Assumption[I.d, the objective function is thus L-smooth and we have

IVF@) - h(x)] < %ux 1z,

Proof: See Appendiz|[B|

2 Distributed Stochastic Gradient-Tracking Method

We propose to employ a zero-order one-point estimate of the gradient subject to the stochastic process S
and an additive noise ¢ while a stochastic perturbation and a step size are introduced, and we assume that
each agent can perform this estimation at each iteration. To elaborate, let g; ;, denote the aforementioned
gradient estimate for agent i at time k, then we define it as

gi = Pinfi(zin + Pk, Six)

5
=@, n(filzik +7Pik, Sik) + Cik), ©)

where «y > 0 is a vanishing step size and ®; ;, € R? is a perturbation randomly and independently generated
by each agent i. g, is in fact a biased estimation of the gradient VF;(x; ;) and the algorithm can converge
under the condition that all parameters are properly chosen. For clarification on the form of this bias and
more on the properties of this estimate, refer to Appendix [C}

2.1 The 1P-DSGT Algorithm

The following distributed stochastic gradient-tracking method is considered in this part making use of the
gradient estimate presented in .

Every agent ¢ initializes its variables with an arbitrary valued vector z; o and y;,0 = gs,0. Then, at each time
k € N, agent ¢ updates its variables independently according to the following 3 steps:

n

Tikr = Y Wi (Tjk — kYjk)
=1

perform the action: x; g1 + Vi+1Pi k41 (6)

n
Yik+1 = E WijYjk + Gik+1 — Gik
j=1

where o > 0 is a vanishing step size. Algorithm @ can then be written in the following compact matrix
form for clarity of analysis:

Xp+1 = W(xg — aryr)
perform the action: Xgi1 + Ver1Pri1 (7)
Yir1 = Wyr + 8ry1 — 8k

where ®;, € R"*? is defined as ®; = [® 1, Po g, ..., Pri]”

As is evident from the update of the variables, the exchange between agents is limited to neighboring nodes,
and it encompasses the decision variable x4 and the auxiliary variable yj41.

By construction of Algorithm , we note that the mean of the auxiliary variable y; is equal to that of the
gradient estimate gy at every iteration k since yg = g, and by recursion, we obtain y; = %ngk = gk.

We next remark the effect of the gradient estimate variance on the convergence by carefully examining the
steps in . Naturally, when the estimates have a large variance, the estimated gradients can vary widely
from one sample to another. This means that the norm of yj41, which is directly affected by this variance,
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may also grow considerably. As xj.1 itself is affected by yy, it may then take longer to converge to the
optimal solution because it cannot reliably discern the direction of the steepest descent. In the worst case,
the huge variance causes instability as the optimizer may oscillate around the optimum or even diverge if
the variance is too high, making converging to a satisfactory solution difficult. In this work, we use the
properties of Lipschitz continuity followed by the result of Lemma [I.4] to prove that the variance of gradient
estimate presented in is indeed bounded. This boundedness, alongside the properties of the matrix W in
Assumption allows us to find then an upper bound on the variation of yj41 with respect to its mean at
every iteration. The latter result can be verified by inductive reasoning: The mean of the auxiliary variable
is already bounded, assume one iteration of y; to be bounded, then yj;; must be bounded. We provide all

the details in Appendices [C] [E-T} and [E:2]

The following assumption is only taken into account when we study the algorithm’s behavior with varying
step sizes, otherwise it is dropped.

Assumption 2.1. (on the step-sizes) Both oy and -y, vanish to 0 as k — 0o, and satisfy the the following

sums
o0 (o]
Zakfyk =00, and Zaﬁ < Q.
k=1 k=1

Assumption 2.2. (on the random perturbation) Let ®; 1, = ( %),c, qﬁfyk, c g )T

FEach agent i chooses its ®; , vector independently from other agents j # i. In addition, the elements of ®; 4,
are assumed i.i.d with ]E((éf}cqﬁfz}c) =0 for di # ds and there exists co > 0 such that ]E((éZJk)Q = g, Vd;, Vi.
We further assume that there exists a constant cz > 0 where ||®; || < ¢3, Vi.

Example 2.3. One ezample is to take o = ag(k+ 1) and v, = vo(k 4+ 1) 72 with the constants ag, Yo,
v1, Uy € RT. As Z,;“;l agYg diverges for vi +ve < 1 and 220:1 aﬁ converges for vy > 0.5, we can find pairs
of v1 and vy so that Assumption [2]] is satisfied.

To achieve the conditions in Assumption we can choose the probability distribution of (;Sf’g to be the

symmetrical Bernoulli distribution where ¢fk € {—ﬁ, %} with ]P(qjifk = _ﬁ) = IP’(@Z)%C = %) = 0.5, Vd;,
Vi.

2.2 Convergence Results

In this part, we analyze the asymptotic behavior of Algorithm . We start the analysis by defining Hy, as the
history sequence {xo, Yo, S0, - - - s Tk—1, Yk—1, Sk—1, Z  and denoting by E[.|H}] as the conditional expectation
given Hy.

We define gi to be the expected value of g with respect to all the stochastic terms S, ®, ¢ given Hy, i.e.,
gk = Es.a.c[grHr].

In what follows, we use g = E[gx|H] for shorthand notation.

We define the error e to be the difference between the value of a single realization of g; and its conditional
expectation gg, i.e.,

ek = Gk — Jk;
where e can be seen as a stochastic noise. The following lemma describing the vanishing of the stochastic
noise is essential for our main result.

Lemma 2.4. If all Assumptions and [2.3 hold, then for any constant v > 0, we have

K’

P( lim sup ager|| >v) =0, Yv > 0.
(lm, e 13- a2 v

Proof: See Appendiz[D}
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For any integer k > 0, we define the divergence, or the error between the average action taken by the agents
Zj, and the optimal solution x* as

dy, = ||z — = |*. (8)
The following theorem describes the main convergence result.

Theorem 2.5. If all Assumptions and hold, then as k — oo, dy — 0, T — =¥, and
Ti g — Ty, for alli € N, almost surely by applying the Algorithm.

Proof: See Appendiz [E],

2.3 Convergence Rate with Vanishing Step Sizes

This part deals with how fast the expected divergence vanishes to find the proposed algorithm’s expected
convergence rate. To do so, we define the expected divergence as

Dy = & - 2*[1°).

The goal is to bound this divergence from above by sequences whose convergence rate is known. The analysis
is highly associated with the parameters oy and 7, that play a significant role in determining this upper
bound. Hence, in what follows, the analysis starts with a general form of o and ~g, then a particular case
is considered.

2.3.1 General Form of o and ~;

Our main result regarding the convergence rate is summarized in the following theorem.

Theorem 2.6. Let Assumptions and hold. Define R = ||xo — 1Z¢]|?, 6 = (%)k, and

Br = Zf L 0507 ;. Let M denote the upper bound of E[||gk||?] and G that of ||yx — 1yk|| and define

G = 2’)” G? (Refer to Appendices @, l and 2 for proof of boundedness.) We have the following first

result almost surely,

%k+1 — 1Zp41]]? < Spp1 R+ BrsaG 9)
(Refer to Appendizfor proof.)

Next, we define the constants A = Aca, B = 2“/\2#2, C= gisf\, and

Ky =arg min k.

Aapyp <l
We finally define the following parameters:
1—(kEL)2 5 8
K= ——A—, 01 = max kg, 02 = max %, o3= max -5, 04 = max %k,
kVk E>Ko E>Ko "k k>Ko Tk k>Ko Tk
. 10
vy (10)
T =1 3
apy
TE = Mk 05 = Max T, Og= Max 2=, o7 = max &5, og= max —Bk.
0

Ve 7 k>Ko k>Ko % k>K, @k

If ki < A for any k > Ky, then

Dy, < a1y, Vk > Ko, (11)
with
D B B M
< zmax Ko, RO’2+ GO’3+ O'4+C (12)
’7K0 A — 01
If i, < A for any k > Ky, then
Dy < @k, Vi > K, (13)
Tk
with ~ ~
& > max DK()’YKO’ BRo; + BGog + Cog + M ' (14)
K, (A— 0'5)

Proof: See Appendiz[F_1]

10
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2.3.2 A Special Case of o and
We now consider the special case mentioned in Example

ap = ag(k+1)7" and v = yo(k +1)7*2, (15)
where 0.5 < v; <land 0 <wy <1—wy.

Before stating the main result, we consider the following lemma.

Lemma 2.7. (Study of Bx) Let the step sizes have the form given in @ Then, considering Ky to be such
that
Ky =arg min k, (16)
( 1+p12“ ) k <a?
2 — "k

the convergence rate of B and thus of |41 — 1Zk41||? is at least that of order mz—t.
Proof: See Appendiz[F7)

We then let K5 be such that Ky > max{Ky, K1} and state our next theorem.

Theorem 2.8. Let o, and 7y, have the forms given in and consider the same assumptions of Theorem
. If apyo > max{2vq,v1 — v2}/A, then we can say that there exists T < oo, where

Dy < T(k +1)” min{2vzvi—va} g > |
Proof: See Appendiz[F.5

The parameters clearly affect the upper bound of the convergence rate or rate of expected divergence decay
in Theorem As it is evident that

max{2vg,v1 — v} < 0.5,

the best choice is when equality holds for v; = 0.75 and v, = 0.25. With the sufficient condition on the
parameters in Theorem [2.8] we can finally state that our algorithm converges with a rate of O(ﬁ) after a
sufficient number of iterations & > Ko when the step sizes are vanishing.

2.4 Regret Bound

To further examine the performance of our algorithm, we present the following theorem on the achieved
regret bound.

Theorem 2.9. Let the assumptions of Theorem hold. When oy and 7y have the forms of (@ with
vy, = 0.75 and vy = 0.25, the regret bound is given by

K n
[ Fy(zi1) — Fi(z*)| < O(VK).

k=11i=1

S|

Proof: See Appendiz[G

2.5 Convergence Rate with Constant Step Sizes

In this subsection, we fix the step sizes to ay = o > 0 and v, = v > 0, Vk, and we assume them to be two
arbitrarily small values.

2 2
Theorem 2.10. Assume ay < % and a < 7. Define o1 =1 — Aary, g2 = 1+2pw ,and G = W. Let
Assumptions [I.{I.5 and [2.3 hold, then

k41 = 12,41 [|* < 5 R+ 0°G. (17)

Meaning, ||Xp+1 — 1Zp41||* converges with the linear rate of O (o) for an arbitrary small a almost surely.
Further,

11
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« When 01 < 02,

2ayBR BG aM C
R I 7 ey T e W a8

Then, for arbitrary small step sizes, Dy converges with the linear rate of 0(9’5).

o When 01 > 02,

20yvBR ) ,BG oM ,C (19)

+ao'—— + —— +
v

< k+1 _
Dyi1 <oy (Do+ 1 177

1—2A4ay — p2,
Then, for arbitrary small step sizes, Dy converges with the linear rate of O(g’f).

Proof: See Appendiz [H|

Taking arbitrarily small values of «, v satisfying ay < % and a < v, the convergence rate becomes O(o%),
achieving the same rate as the gradient tracking technique with FO information.

3 Numerical Results

In this section, we provide numerical examples to illustrate the performance of the 1P-DSGT algorithm. We
compare it with a general DSGT algorithm based on an unbiased estimator with bounded variance. For this
unbiased estimator, we calculate the exact gradient and add white noise to it. The network topology is a
connected Erdés-Rényi random graph with a probability of 0.05.

We consider a logistic classification problem to classify m images of the two digits, labeled as y;; = +1 or
—1 from the MNIST data set (LeCun & Cortes, [2005)). Each image, X;;, is a 785-dimensional vector and
is compressed using a lossy autoencoder to become 10-dimensional denoted as X{j, i.e., d = 10. The total
images are split equally among the agents such that each agent has m; = “* images and no access to other
ones for privacy constraints. However, the goal is still to make use of all images and to solve collaboratively

n

1 1 & T 2
min - z; — Z:lEuNN(l,Uu) In(1 + exp(—ui;y:5- X35 0)) + |0,
i= j=

while reaching consensus on the decision variable § € R?. We note here that « models some perturbation on
the local querying of every example to add to the randomization of the communication process.

We consider classifying the digits 1 and 2 with m = 12700 images. There are n = 100 agents in the network
and thus each has a local batch of m; = 127 images. We take o, = 0.01 and let ap = 0.2(k +1)7% and
Y& = 0.7(k +1)7%25 for 1P-DSGT with vanishing step sizes, and o = 0.1 and v = 0.7 with constant step
sizes. We choose &, € {—%, ﬁ 4 with equal probability. Also, every function query is subject to a white
noise generated by the standard normal distribution. For the general DSGT algorithm, we set the step size
to ax = 0.015(k + 1)~! when it is vanishing and @ = 0.015 when constant, and we do not consider the
perturbation on the objective function nor the noise on the objective function, only the noise on the exact
gradient. We let ¢ = 0.1, and the initialization be the same for both algorithms, with 6; ¢ uniformly chosen
from [—0.5,0.5]%, Vi € N, per instance. We finally average the simulations over 30 instances.

The expected evolution of the loss objective function is presented in Figure[I]and the graphs are zoomed in
on in Figure 2] Experimental results seem to validate our theoretical results: 1P-DSGT converges linearly
fast with constant step sizes, however the final gap is due to converging to an O(«a)-neighborhood of the
optimal solution. 1P-DSGT with vanishing step sizes converges with an O(ﬁ) while DSGT with vanishing

step size converges at a rate of O(%) (Pu & Nedid, 2018). Using constant vs vanishing step size does not
seem to affect the convergence rate of the loss function of DSGT.

12
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Figure 1: Expected loss function evolution of the
algorithms 1P-DSGT vs. DSGT considering van-
ishing vs. constant step sizes.
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Figure 2: Expected loss function evolution of the
algorithms 1P-DSGT vs. DSGT considering van-
ishing vs. constant step sizes.

In Figure 3] we measure at every iteration the
classification accuracy against an independent
test set of 2167 images using the updated mean
vector 0, = % Z?:l 0; 1. of the local decision vari-
ables. The interest of the constant step sizes ap-
pears in the convergence rate of this accuracy,
where our algorithm 1P-DSGT is able to com-
pete with DSGT with full FO information, and
to outperform DSGT with a vanishing step size.
This is an important result as it shows that the
classification goal with ZO is well met despite the
limiting upper bounds of convergence rate and
that O(«a)-neighborhood of the optimal solution
achieved linearly fast can be sufficient to achieve
the best possible accuracy.
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Figure 5: Expected consensus error evolution of
the algorithms 1P-DSGT vs. DSGT considering
vanishing vs. constant step sizes.
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In Figures|4]and [5 the curves are those of the evolution of the expected consensus error, or E[Z?Zl 16:.5 —

O ||2] which is the expected error between the local decision variables and their average. For both algorithms,
the error again validates the theoretical bounds and decreases quite fast.

Figures |§| and E show the evolution of the expected gradient tracking error, or E|lyx — 1gx||?] which is the
expected error between the auxiliary local variables and their average. Despite not knowing the theoretical
constants that bound the tracking error of both algorithms, we see that the final error attained by the ZO
gradient is much smaller than that of the FO one no matter the step sizes. This shows in a sense that the
Z0 gradient is "easier to track" across network agents.
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Figure 6: Expected gradient tracking error evo- Figure 7: Expected gradient tracking error evo-
lution of the algorithms 1P-DSGT vs. DSGT lution of the algorithms 1P-DSGT vs. DSGT
considering vanishing vs. constant step sizes. considering vanishing vs. constant step sizes.

We add other numerical examples for different image labels in Appendix [I}

4 Conclusion

In this work, we extended the gradient-tracking algorithm to present a practical solution to a relevant
problem with realistic assumptions. A distributed stochastic gradient-tracking algorithm was studied and
proved to converge with a biased and high variance one-point gradient estimate and a stochastic perturbation
on the objective function. In the context of noisy ZO optimization, we have successfully established a linear
convergence rate of O(o") using fixed step sizes and O(ﬁ) with vanishing step sizes. These rates align with

the optimal expectations examined in the existing literature. We also prove a regret bound that of O(vk)
with vanishing step sizes. A numerical application confirmed the success and efficiency of the algorithm.
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A Bounded Optimization Variable

By the strong convexity property, we have

Nllas — || < [VE(@0)l] < oc, (20)
where the norm of the gradient is bounded as we have Lipschitz continuity in Assumption [[.3]
As [lz;]| = [lz*|| < ||lzi — 2*||, then ||z;|| is bounded. In addition, ||x||? = 31", [|a;]|? and ||lz]| < L 37 | [l

are also bounded.

B L-Smoothness Property
o) el =| 13- (Vi) - 9P|
< ; va(f) - V()
<Lyl

n
ny e —z|?
i=1

L
QEHX — 1z,
where (a) is by applying the Cauchy-Schwarz inequality, |S " a; - 1| < (X0, a2)7 - (X0, 1%)7 =

n3 (3", a2)7, and (b) is by definition of the Frobenius norm, [|x — 1#[|> = 320", ||lz; — Z|

[ V)

C Estimated Gradient

In this section, we derive the bias of the gradient estimate with respect to the real gradient of the local
objective function. Let
ik = Es,o.¢[9ikHi]-

Thus, by Assumption and the definition in ,

Gie = Esa,¢[Pin(fi(@in +Pik: Sik) + Gik) | Hi)
=FEga[Pirfi(@ir +7Pik, Sik)|Hl
=Eg[®i x Fi(zik + 76D k)| Hr).
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By Taylor’s theorem and the mean-valued theorem, there exists &; ; located between z; ;, and z; 1 + Ve Pi

where
Fy(@i +®i) = Fi@in) + (@i, VE (1)) + 2 (@4, V2 F0) @i,

substituting in the previous definition,
~2
Gik = Fi(2i ) Eo[®i k] + 1Ea @i @] L]V F; (2 k) + ?kE{)[@i,k@?kszi(ji,k)@i,k|Hk]

= oV [VFi(2i k) + bi ]

Thus, the estimation bias has the form

ik
bix = Jik _ VE(zi)
C2Vk

V&
= —Eg|P
262 (b[

i,k@ZkV2Fi(fi,k)‘I’i,k |H k).

Let Assumptions [[.2] and R:2] hold. Then, we can bound the bias as
Tk -
IBscll < 5 - Eall @ikl @k 211V Fi (T ) l|2]1 P 12 1]

< =
> Yk 2y

We can see ||b; || — 0 as k — oo since +y, is vanishing. We remark that

ar = Elge|Hx]

1 n
= = Elgix[Hs]
n =1

1 n
= Z 2k [VFi(xik) + bi k]
i=1

= coylh(xk) + br)

is also a biased estimator of h(xy) with

- 1<
[0k || = ”ﬁzbi,ku
=1

1 n
= bl
i=1
C3C1

1 & 3
< 871
,n;%%

cgcl

=Yk 7202 .

IN

Lemma C.1. Let all Assumptions[1.3 and[2-9 hold, then there exists a bounded constant M > 0,

such that E|||lgk||?] < M.
18
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Proof. Vi € N, we have

Elllgi.xl121He) = E[| @4 (fi(wig + v Piks Sik) + i) |2 M)
= B[P & 1P| fi(wik + 1Pi ks Sike) + Cikell?[Ha]

(a)

< GE[(fi(zik + 16Pik, Sik) + Cik)* [ He]
b

© AEIf2(ik + 1Pik, Sir) [ Hi] + c3ea

(c)
< GE[(1£:0, Siw)ll + Ls, 1w + vuPikl)*[He] + ciea

(d)

< 2a8E[uE,, + L, , (k] +yres)?[Hi] + Gea
(e)

= 263+ L' (||ziwl + es)?) + clea

(f)
< 00,

where (a) is due to Assumption [2.2} (b) Assumption [1.5] and (c) Assumption[L.3} We denote || £;(0, Six)|| =
fs,, in (d) and the inequality is due to ZF¥ < 4/ #, Yo,y € R. In (e), p = E[p3, ] and L' = E[LE ].
(f) is by Lemma O

D Stochastic Noise

To prove Lemma we begin by demonstrating that the sequence {ZkK:/ x 0kep}r/>K s a martingale. To
do so, we have to prove that for all K/ > K, Xy = Zf: x ey satisfies the following two conditions:

() E[Xgr 41| X ko] = Xier
(i) B[l X [|?] < o0

We know that

Elex] = E[g — E[gn|Mal) = En [E [0 — ElgelHal [a] | = 0

by the law of total expectation. Hence,

K’ K’ K’
EXk 1| Xk'] = E[O‘K’-HBK’-H + Z akek‘ Z akek} =0+ Z arep = Xk. (23)
h=K h=K

In addition, e, and ex are uncorrelated for any k # k' since (assuming k > k') Ele} ex'] = E[Elef e |Hi]] =
E[ewE[e}|Hy]] = 0. Thus,

K’

K K
E(| Y arer]?) = Z Z oo (e, ex))
k=K

k=K k'=

)
= ]E(Z leer 1)
k=K

19
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E(allgr — Elge|Hxll?)

T
>

RE(19x]1*) — Eag, (1E[gx|#]1%)

M

=~
Il
=

E(lgx %)

|/\@ IN
vl
M8 2

=

(0
< o0,

where (a) is due to the uncorrelatedness E[(ex, ex)] = 0, (b) is by Lemma and (c) is by Assumption

Therefore, both (i) and (ii) are satisfied and we can say that {Zk K akek}K/>K is a martingale. This
permits us to use Doob’s martingale inequality [Doob| (1953]):

For any constant v > 0,

K’

Sup [ Z akex| > v) E(|| Z agex|?)
K >

N (25)

M°°
_72
k=K

where (a) is following the exact same steps as .

Since M is a bounded constant and limg oo ) jeai = 0 by Assumption we get

limg oo 24 3772 a7 = 0 for any bounded constant v. Hence, the probability that | ZkK:K age|| > v
also vanishes as K — oo, which concludes the proof.

E Proof of Convergence

We start by stating the following lemma that will be useful for the proof of convergence.

Lemma E.1. If all Assumptions and hold, then limy_,« ||xx — 1Z¢||? = 0. In fact, we have
Yoo Xk — 1Zx|]? < oo as well as

00
Z’ykakﬂxk - li‘kH < 00
k=0

almost surely.

Proof: See[E 3

E.1 Proof of Theorem

The goal is to write the divergence in terms of its previous term and to prove that it is finally vanishing. We

know that yi = gi since

(@)

_ 1 _ _ _
Yhy1 = ng(WYk: +gri1 —8k) = — 17 (yi + k1 — 8k) = Uk + Grt1 — Gks

3=

where (a) is due to the doubly stochastic property of W in Assumption

Setting yo = go gives 9o = Jo. Assuming 9, = g for any k > 0, we get Ury1 = Uk + Grs1 — Gr =
Gk + Gk+1 — Gk = ka1, proved by induction.

20
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This allows us to write

_ 1 (a
Tpy1 = HlTW(Xk —apyr) =

S|

17 (x), — awyr) = Tr, — i,

where (a) is again due to the doubly stochastic property of W.

With the last equation, the divergence at time k + 1 can be written as

di+1
=[|Zp 41 — 2"
=||Tx — argr — x|
=1z — *||” — 200 (Tr — %, Gk — E[gr|Hr] + Elgel Ha]) + o2 [|gx]?
=2, — 2> = 200 Tk — ", Bge|Hr]) — 200 (Tn — 2", e) + F | gn ]|

(é)dk — 2coyka (T — o%, h(xk) + bi) — 200 (T — ¥, ex) + o || gk
=d, — 2027kak<£“k — ¥, V]:(i‘k) + Bk> + 262’)/].3041.3@_?]@ — ¥, V}_(i‘k) — h(Xk)> - 2ak<§:k — x*,ek> + OzngkW

(®) 2co Lyp oy

<dj — 202'ykak<:fk — ¥, Vf(fk) + l_)k> + Hi‘k — I*HHXk - lfk” — 205k<i'k — ", 6k> + Oéi”_ngZ,

N
(26)
where (a) is due to and (b) is due to Lemma
By recursion of inequality , we have
X - 2oL
drs1 < do—2co Z'y;gak@k — o, VF(zy) + bi) + \/25 Z%akﬂi‘k — z*||||xk — 1Tk ||
k=0 k=0 27)
K K
—2> ap(@e — " en) + Y apllgel®.
k=0 k=0

By Lemma we have limg o || : ager|| < oo almost surely. Since ||z —a*|| = |2 Y1 (2 —a%)|| <
LS @ik — 2*|| < 0o by Lemma hence

K
I Py — 3" .
Jim Y o - 2 e)]| < o0 (28)
k=0
From Lemma we have
1 n n n 1 n
19l = 11> 3 gukll® < -5 D7 lgusll® = = 7 llgarl® < oo, almost surely. (29)
i=1 i=1 i=1
Then, by Assumption [2.1
K
li illall? :
dim, Yl < o (30)

As stated in Lemma we have Y7 yrag||xi — 12| < oo, adding to ||z — 2*|| < co by Lemma

then
K

li T — ¥ — 17 . 1
Kl_{nool;)%aicllxk o [Jxr — 1z || < 00 (31)

From the above inequalities —, we conclude that there exists D such that dx 1 < D + 2k, with

K
2 = —2¢o Z veag{Zy —a*, VF(Zy) + Bk>. (32)
k=0
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Carefully examine , we can say that there exists K3, such that for k > K3, b, becomes very small where

we can find an arbitrary small positive value €, such that,
IVF@e) + bl = (1 = &) IVF@), Yk > K.
As F is strongly convex, it is also strictly convex, i.e.,
(x —z*,VF(z)) > 0,Vz € RY,

leading to —(zy — z*, VF(Z1) + by) < 0.

Consequently, for any big K, 0 < dgy1 < 0o and the limit limg o dg11 = d exists.

(33)

(34)

Thus, there are 2 cases: d > 0 or d = 0. Assume hypothesis HI1) d > 0 to be valid, i.e., Z, does not converge

to z*, then Ve, > 0, K} such that
—<i’k — ZL'*,V.F(IZ'k)> < —€p, Vk > Ky.
From and , we get that Vk > K,,, = max{Ky, K3},

—<§7k — x*7V]-'(£k) + Bk> < —Eh(l — Eb),

implying
K —
Kh—1>noo — k; vkak@k — 1'*, Vf(i'k) + bk> < —Eh(l — €p Kh—r>noo _z}; Ve < —00

since Y yray diverges by Assumption n As a result, we get zx < —oo and dg11 < —oco. However, by
definition in (8]), dx 1 > 0. Accordingly, the hypothe&s H1 cannot be true and the case d = 0 is the valid

one. We conclude that limg 00 di, = 0, limy 00 VF(Zg) = 0, and limy_, oo T, = * almost surely.

E.2 Proof of Lemma [E]l
We start by replacing the variables with their algorithmic updates.

[%kt1 — 1Zpy1]?
:”WXk —apWyr — 12 + aklgknz
=||WXk — 1.i‘k||2 — Zak(ka — 1z, Wy — lgk) + aiHWyk — 1:Ijk||2

(@) _ 1 2 205 _
Wy — L2k |? + o[y W — 125 + 2P0 5 | Wyn = 15x1%] + oWy — 15,
2p5,ap 1—p3
(b) _ 1 —p2 _ 2p o _
<pollxe — 1| + Pfuak[sz O;: [xk — 1z ||* + T2 Iy — Lgl1*] + ooy oillyr — 1a?
w w
1+ 02 . 1+ p3)pn _
= 2pw ||Xk - ].I’k||2 + ai(l_#wgpw” — ]_ka2
w

(35)

where (a) is by —2¢ x 1(a,b) = —2(ea, 1b) < €?||al|* + 5 |b]|? and (b) is by Lemma By induction, we

have

k
_ L+ p2 k41 _ 2p?2 L+ p2 1 _
[xp41 — Lzpp||? < (—52)" Ixo — 120* + I _’;2 > ( 5 ) aq llyr-; — k-
w g

2
Since va + b < /a + Vb,
_ 1+ 1 + _
[%kt1 — 1Zpqa]] < ( 2pw) 7 |Ixo — 17| + p Z pw = e—jllye—5 — 1yr—;ll-
w =0

22
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By repeatedly replacing the variables with the algorithm’s iterations, we see that

Yit1 = Wyk + k1 — 8k
=WWyk-1+8k — 8k—1) + 8k+1 — 8k
=W?yp_1— Wegp_1+ (W — I)gk + 81
=W2(Wyk—2+ 8r-1— 8k—2) — Wgr—1+ (W — gk + 8r+1
= Wiy o = W?gk o+ W(W = Dgi_1 + (W — gk + 8rt1
=W3(Wyk—3+ 8r—2 — 8k—3) — W’8k—2 + W(W — gx—1 + (W — I)g) + 811
= W'yr3 — Wogu_g + W2(W — Dgr—a + W(W — Dg—1 + (W — I)g + 81

k-1
=Whtly, — Whgy + Z W/ (W = I)gi—; + 8r+1
=0
=1
= WHW — I)go + Z WI(W —I)gk—j + 8k+1
=0

Wj(W —1)gr—j + 8r+1,

|
KM”

7=0
k-1 k-1, A .
Ve =1 =Y W/(W—Dge_1j+gr— » —11"WI(W - Dgj_1—; — —117g;,

= = n
k-1 — )

=> WIW -Dgr1-j+ge— Y —11T(W = Dgp_1_; — —11"g;
= s n
-1 )

= (Wi - EllT)(W —Igk-1-j + 8k — E]-]-Tgk
=0
k-1 ) .

=) (W- EllT)j(W —Igrp—1-j + gk — 1gs,
7=0

where the last equality can be proven by recursion and the fact that the matrix W is doubly stochastic by
Assumption [T1}

(W+—1%111T)j;1 =Wi-inTyw-Li117) =witl_LlyinT-liaTwlinnT = witl 21174 1117 =
Wittt — 1117,
n

Thus,

N
—

_ 1 ; _
lyr — 1yi|| < (W — ;HT)J(W —D)gr—1-j|| + |18k — 1gx||

IN
> o
[l
- o

P Il(W = Dgrp—1-;| + llgr — 13-

<.
Il
=)

From Lemma we have ||g||* < co almost surely.
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Then,

n
gk — 13kl = llgik — —
=1

2
n 1 n

=3 (losal? = 2onae % 3 0300 + o l?)
=1

j=1
= llgrll” — 2nllgx* + nlgx]?
= llgxll* = nllgel®

< llgwll®

< M"? < 0.

Inserting in the previous inequality, we get

vk — 14l < —L— (W = D] + M’
i~ el = 37— (38)
=G < 0,
where we have a geometric sum as p,, < 1.
1. Proving limy_, ||xx — 124]|? =
Reconsider ,
~ 1+ p? _ 5 (1+
s — 132 € 2P o — 1 4 0 UL g
Pw
_ 1+ +p
e = L
- 14+ p2 _ 1+ p2)p2 _
I = 12117 < =P x0 — 120]* + ag(l_“;ﬁ’”ﬂnyo — 140"
w

Adding all inequalities in , we obtain

] 1- 02 ¢ I ]
Ptkn =1l € =55 3 e~ 12+ =5 o — 156

(1+pw)pw 2
+ N ga lyi — 15[

a
+
< ”“’anz 1) + pw||xo—1$0||2

1
( + pw)pw Oé2

G? ,
" 1—p2, v

i=0

with (a) being due to (38). Let k — oo, then the second and third terms are bounded due to
Assumption There are then 2 cases: . |x; — 1%;||? either diverges or converges. Assume the
validity of the hypothesis H2) > ||x; — 1Z;]|* diverges, i.e., Y 0, [[x; — 1Z;||* = co. This leads to

[Xk+1 — 12k 41> < —o0,

2
as —% < 0. However, ||xx11 — 1Zx41]|? should be positive. Thus, hypothesis H2 cannot be true
and > [|x; — 17;]|? converges. Hence, limy_, ||xx — 171 ||? = 0 almost surely.
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2. Proving Y 7 year|lxs — 12| < oo

Going back to ,

k
_ 1+ p2 | kit _ 202, 1+ p2 | izt
Ixkr = 12l < (—572) % llxo = 120l + Gy | 75 > ( 5) T kg

then substituting into the sum > 7o o viou||lxx — 12 ||,

k—1
1—|— k 2 1+
vak< pw)2||x071xo|\+G ”‘; Z pw) = ak_l_j>

Jj=

. V1+ 1+ it
S%oonxo—lxoll \/% Z% kz 2pw ’
“’k 1

where the inequality is due to the fact that v, and oy are both decreasing step-sizes and we have a

QAk—1—7,

geometric sum of ratio 1+’) < 1. We then study the sums in the second term,

o) k—1 0o k—1
1_|_ 2 J+1 1+ 2 J+1
Z’YkakZ( 2p )]2 Q-1 SZ%Z( 2pw)J2 o
k=1 j=0 k=1  j=0
%) k
1+ p2  k—j+1
=Yy () el
k=1 j=1
oo oo 1+ 2 k—j+1
:Za?flz%( 2pw) 2
Jj=1 k=j
o 0 1+ k—ji4+1
<W02a§712( pr) f
Jj=1 k=j

<oo
2 .
as Y« converges by Assumption
Finally, Y27 vea|[xk — 12| < oo.
F Convergence Rate
As a reminder of the definitions of the parameters in Theorem consider again R = ||xq — 1Zg]|?,

0 = (%)k, and B = Z?Zl @a%_j. From Lemma and 1} we let M denote the upper bound
of E[||gx]|?], and from , G that of ||y — 19x|. Let again G = 12f’;“2 G?.

Our primary result, stated in the following Lemma, is based on finding a relation between two successive
iterations of the expected divergence.

Lemma F.1. Let A = Acy, B = 20}\2#2, and C = gésg Then, for k > 1,
Diy1 < (1= Aogyi) Dy + Bogyi [0k R + BrG) + Maj 4+ Cagny. (40)
Proof: See[F.3
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Next, we let

Ky =arg min k.
Aapyp <l

For the ensuing part, the purpose is to locate a vanishing upper bound of Dy, making use of the inequality
(40). The idea is to propose a decreasing sequence U1 < Uy and suppose that Dy, < Uy, Vk > Ko, and
then verify that Dy41 < Ugy1 by induction. The choice of Uy is the most difficult component as one has
to keep in mind the general forms of ay, and v in and what kind of decisions to take regarding these
forms, alongside knowing the exact rate of ;. An essential property of Uy is presented in the subsequent
lemma.

Lemma F.2. If a decreasing sequence Uy < Uy for k > Kq exists such that Dyy1 < Ugy1 can be deduced
from Dy < Uy and (@), then

C

M L
e + =i (41)

B —
U, > —[6,R+ + =
[ [5;€R ﬁkG] 5

A
Proof: See[F.3

An important remark is that the lower bound of Uy, in is vanishing as dy, Bk, %, and vy are all vanishing.
This lower bound provides an insight on the convergence rate of Dy as it cannot be better than that of

g 2
61@;5]% 7:7 Oor 7} -

The previous Lemma allows us to move forward in confirming the existence of the constants ¢; and ¢ that
permit Dy < glfy,% and Dy < Q% in Theorem respectively.

F.1 Proof of Theorem

1. Proof of

By definition of ¢1, Dg, < gl’ﬁ(o' The next step is to make sure that Dy < Ug41 can be obtained
from Dy < Uy, Vk > Kq. Take Uy, = §17;37 let Dy < Uy hold, and substitute in ,

Dyi1 < (1 — Aaxvi)sivi + Baw [0k R + BrG] + Mag + Coyry.
We solve Dyyq < Upyq for ¢ € RT

(1 — Aagve)s17 + Borvi[0k R + BuG] + Maj + Capyi < Upgr = 1%iy1-

1o (k412
Then, by considering ky = ——2%— > 0 as given in lj

(073007
B0k R+ BiGly, * + Magy,, > + C < a1 (A — k),
and assuming A — ki > 0, we find a constant ¢ such that

B BR(LC')/,;2 + Béﬂk’y,f + J\Zfakw,gg +C
B A — Kl ’

SEEAST

keeping in mind that BR(S;(y{Q + Béﬁk'ylzz + Mak'y,:‘% + C is positive by definition. Examine the
parameters o1, 03, 03 and o4 as they are introduced in , then

BRos +BG03 —|—M0'4 +C

S1 >
A—O’l

We conclude that Dy, < gl'y,f where ¢; satisfies the definition .
2. Proof of

Dg, <6 W;OD by definition of ¢3. Vk > Ky, let Dy < gg%, then

« k

a — —
D1 < (1— Aak'yk)gQTZ + Boupvi[0k R + BuG] + Ma} + Couri.
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Solving Dyy1 < 62 f:;::ll for ¢ € RT,

o _ _ o
(1- Aak%)Q’TZ + Bagpyk [0k R + BrG] + Mai + Cak'y,zj < G ,Ykﬂ .

k1
o 41
Take 73, = 2L > 0 as given in l) then
k

Bypa; [0k R + BrG] + Cyia 2 + M < (A — 1)sa.

If % - 3,?111 < Aai, then 3 & such that

_ BR&ywoy ' + BGBway ' + Crpay + M
(A — Tk) .

SIS

Examine 05, 06,07 and og that are defined in ([10)), we can say

BRo7; + Béag + Cog + M

G <
2 (A—O'5)

We conclude that Dy, < ¢ with ¢y satisfying .

Y
F.2 Proof of Lemma [E]]
We start by expressing the expected divergence in terms of its previous iteration.

Dii1 =E[||Zk41 — 2]
=E[||Z) — oxge — z*|?]
=Dy + o E[||gxl*] — 204 E[(Zx — 2*, Gx)]

a _ (42)
Dy + aFE[gi ] — 2e200 0 E(@5 — 7, hx1) + b))
=Dy, + ZE[|gx|*] = 2c205mE[(Zx — ¥, F(Z))] + 2006 E[(Zy, — 2™, F(Z1,) — h(x))]
— QCQQkaEKLfk — :L'*, Bk>]
where (a) is due to both E[ey|H;] = 0 and (21):
E[(Zx — 2", gk)] = E[(Zk — =™, gk — E[gu|Hi] + E[gr|[Hi])]
=E[{z) — 2%, ex)] + E[{z) — 2", E[gr[H1])]
= B, [E[(Zk — 27, ex) [ Hi]] + E[(Tr — 2", E[gk | Hi])]
=0+ E[(Zx — 2", Elgx|Hx])]-
From Lemma and (29), we have E[[|gx[?] < M almost surely, with M = %M a bounded constant.
By the strong convexity in Assumption [I.2] we have
—2co0 i EB[(Z) — 2%, F(z1))] < —2Xcacu i E[||Zr — 2] (43)

= —2)\620%’}/ka.

Next, from Lemma we have
_ . _ L _ N _
2coa Vi (T — ¥, F(Zg) — h(xg)) < QCQOék’Yk%HZEk —x¥||||xr — 1zg]|

(@) Negapvi N L? _
< DO a — |2 + 2ea0 e |3k — 121,
2 An
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where (a) is due to 2/ x == <a b) = 2(\/ea, + b> < €|lal|* 4+ L[jb[|*. From and , we get
e, = 175 |* < 0k R+ G
J— T 1+pw P k . 2 ~ J— 2p12u 2
where R = ||xg — 1Z¢]|?, 0 = (—4 ) , Br =271 0j0_;, and G = 724 G?. Hence,

AC20ug Yk

202ak7kE[<:Ek — LU*, f(fk) — h(Xk)>] S 9 Dk + 2020[](}/}C )\ [5kR + ﬂkG] (44)
From ,
_ _ Acs 2cot -
200 E(@r — ", By)] < Z25EE Dy + ZERE el )
45
AC20u Y, Dy + G Sari (45)
=2 T T 20,
Finally, by combining , , , and , we get .
F.3 Proof of Lemma
Since 1 — Aagyr > 0 when k > Ky, we may substitute Dy < Uy in ,
12 28
D1 < (1 — Aeaapyi) Uk + 262%% [5kR + BrG] + ai M + %’;\7’“
2
Testing Dy+1 < U4 in the previous inequality, we get
L ~ 217 icgary
(1 — )\Cgak’}/k)Uk + 2020%’}%*[516}% + ﬁkG] + OékM —I— ———= < Ug41 < U
An 2co\
2L2 M «a e
[5kR + BkG) + /\72% + 2;2 32 Y < Uk (46)

F.4 Proof of Lemma [2.7]

We consider the following series, as it affects the maximum possible convergence rate which appears in
and all inequalities related to Dy,

: 2 =14 2
Bk = Z(Sjak j Z( w) kfj.

Jj=1 J=1

We then try to find Bx41 in terms of fy,

E
+
[

Br+1 =

—
+
S
S
N———
.
Q
ESY

Il
> <
+
=
o~ —~
—
wo| T
)
Sl\)
~
. S,
=
TN
v T
N —-
<
+
/
—_
wo| T
)
gl\')
~
=
ol

<
I|
S

—
+
)
8N
~
<
+
AN
Q
N
d
+
P
—
ol T
s
g
~
Q
N

<
Il
—

U

—_
i)
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We know that this series has a Q-linear to a Q-sublinear convergence rate as

5k+1 (1‘1'0 ( aj, >
K 1tpiNi
2 P ( 2p ) O‘%—j

j=1
2 2
— 1+pw + Ok
B 2 Sk (1+p%’u)1—1 2
2i=1 (2 O—j
2 2
— L+ pw + a
- kfl(l-&-p%u)J 2
3:0 2 Q1

Il

/N

—

wo| T

b

\_/ \/\/\_/\/

+

—_

2
where (a) is since % > 1forevery j € {0,...,k—1} and (b) is due to the geometric sum Z (Hzpw) =
()’ '“
— - Hence,
1-(=5)
Bri1 1+ p; L+ 0}
li < * 1-(—=)=1
e g STz )T 2

since limg_, (H%) = 0. Next, to get an idea of how [j converges in terms of k, we consider K; that is

2
defined in 1) We know that K exists and is finite as (H%)k decreases much faster than ai. Taking o
as that in ((15)), we know that 0.5 < v; < 1 and we find the condition on v; such that

k
1+ p3,
1 2
klog ( +2pw> < —2v;log(k +1)

()
U157 14 p2 ) log(k+1)’

which is feasible as 3 log (12
1 < 3log(1

THo7 ) > 0 and log(% grows very large for k > K;, a simple condition is that

which gives

T+p2, ) log(k+1)

K = arg min

2log=1( 1+2p,2 )<klog='(k+1)
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Thus, we can write 5 as

j=1 =K
(a) Kt 1+ 02\’ b
j=1 j=Ki
47
®) o 1+ p5 14+ p2\ S "
() ()
w

j=Ki

where in (a) we used the definition of K and the fact that o3 is a decreasing step-size, and in (b) the sum

. . 2 2 Ki—1y . .

of a geometric series. We know that 3’ = (%) (1 — (H%) ! ) is finite, then the first sum decreases as
2 H

oz%fK1 = Mj‘% ~ kz%l with 1 < 2vy < 2, which leaves us with the second sum,

k k 1 1
2 2 _ A2
2 5ok =08 X Gt g v 1

j=K1 j=K1
k+1
1 1
2
= Z 12V _ 4 2v
it P (k=g 4 2)2
k+1
1 1
2
=ad D - 2o
j=Ki+1 77 (k4 2)21 (1 — %4*2)2 !
(a) 9 1 ( 1 )2111
=«
Y (k 4 2)4n u%b:lk u(l —u)

PR T S S L
—a()(k+2)4v1 %; (uQ(l—U)Q) % |uk|
uEU

(b) |ty | 1 1\
< 2 MR - -
= M0 4 2yt ZEM 21— w2 " )

u k

(i) ) |uk|17v1 i 1 g 2 v1
,OéO(k+2)4ul §u2+(1—u)2+u+7(1—u)
u€Uy

LK D) 12 1 2
= (k+2)4v1 uz w2 +u+ Z (1*11,)2 + (1711‘)

@ (k- K, +1)l-» ol 2
Sag(k 1+ 1) ((k+2)/k+2( +7)du

(k + 2)4v Xy w? u
s 2 u
2
+(k+2)/%21((1_u)2+(1_u))du+2(k+2)+(k+2))
:OZQ(kalJrl)l*“l (k+2)(k— K, +1)
0 (k4 2)3wn Ki(k+1)
elk+1)(k—Ki+1) (k+2)(k—Kj) vt
+2In 7 TR +(k+2)
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- o (b — Ky + 1) ((k+2)(k+1)
= %07 1 2)8ur ( Ki(k+1)

9 e(k + 1)(1;{7 Ki+1) N (k +k2)(k;€ K) - 2))m
1 — I
_ o2 (k _(Zi;—)glv):_vl (2111 e(k + 1)(1;{1— Ki+1) - 2)(2 . [;)>m
48
<2k (lﬁ ;)QM <4ln e(k;l 2, (k+2)(2+ I;))v ()
1—v; v
< ag(fkfg)g: (k +2)" ((kﬁz) In Kil +6+ 1;) 1
1
< Buma
where in (a) we changed the summation variable to u = %ﬁ and Uy, = {Iif;, 11?:22,...,%}, in (b) we

used Jensen’s inequality E[p(z)] < ¢(E[z]) for the concave function ¢(x) = z¥* with 0.5 < vy < 1, and (¢)
is by partial fraction decomposition. In (d), we interpret the sum over Uy as a Riemann sum in which the

function % is evaluated at the right endpoint of the interval [I]gf;, Klkfjl}, fori=0,1,...,k — K;. Since

the function % is monotonically decreasing, it is in fact a lower Riemann sum and therefore bounded from

k1

above by the integral [7}° %du. Analogously, we estimate the sum of % over U. Mutatis mutandis, the
*2

estimate for the monotonically increasing functions ﬁ and ﬁ follows.

vy

v1
We have also let 87 = maxy>k, ((lﬁz)lnlgl + 6+ él) = (@lnlz + 6+ él) . Hence,
B Grrpr=r ~ =t With 0.5 < 3u; —1 < 2.

Since 3v; — 1 < 2v; for 0.5 < v < 1, then kz%l < # for all £ > K;.
From and ,

1 LB 1
(k- Ki +1)%n (k + 2)3v1i—1

1 1 1
S L i ey e

! 11 1
:(5 +5 )(k_K1+1)3v1—17

Br < B

<pg (49)

and we deduce that S5 has a convergence rate of at least #, which concludes the proof.

F.5 Proof of Theorem 2.8l

Theorem indicates that the convergence rate is a function of vy and v, as 72 o (k + 1)722 and

% o (k4 1)~(1=v2) Nonetheless, we must still verify the validity of the assumptions presented in the

theorem, meaning:

e Are 01 < A and o5 < A fulfilled?

e Are ¢; and ¢3 bounded?

We must remark that in what follows, the analysis is done for k > Ks.

Let ay and v, have the forms given in .

1. Verifying that 0; < A and 05 < A
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The idea is to find a bound on «ag and vy to guarantee o7 < A and o5 < A. We start by bounding
o1 and o5 from above, i.e.,

_ (E+1)\2 2

01 = max 41 (’Yk ) — 1- (1+k+1) v

k>K>  QpYk k>K2 apyo(k 4 1)—vi—ve
and )
Q417

T et 1— (14 ghy)~(rv2)
05 = max —————*— = max
k>K> LYk k>K> Ol()’}/o(ki + 1)_U1_U2

To do so, we define a function q(z) = 27%(1 — (1 + 2)~°) with a,b,z € (0,1]. Since 27 < 27!, we
have ¢q(z ) <z Y1 - (14 2)7%) = r(x). To further bound ¢(z), We study the derivative of r(x) as
it is simpler to do so,

() = 272 (((b + Dz 4+ 1)1 +x)" b7t - 1) =27 2s(x).

Hence the sign of 7/(x) is that of s(x). We again calculate the derivative of s(x) to find its sign,
s'(z) = =b(b+Dz(l+2)"2<0

since b > 0 and x > 0. Then, s(z) is a decreasing function of x over (0,1]. We remark that
lim,_, s(x) = 0, meaning s(z) < 0 and 7/(z) < 0, Vz € (0,1]. Finally,

(14 2)h
r(z) < lim r(x) = 1=(+a)™ =D,

x—0 T

and ¢(z) < r(z) < b, noting that lim, ,oq¢(x) = b for a = 1. We conclude that o, < (3:720 and
V1 —v2

Aol For 01 < A and o5 < A to be valid, we must have

o1 <

agyo > max{2uvs, v — v }/A. (50)

2. Verifying that ¢; and ¢, are bounded

The goal is to verify that the constant term in the convergence rate is bounded. Thus, we must
check that the lower bounds given in and are indeed finite. We begin by analyzing oo and

ar, i.e.,

5k 1+ p:
_ Zk k 1 2vg w
o2 = max 72 = Hax %o (k4 1) (2

and

k
o (1400
o7 = I?;ai(xg ;kak - ]?;ax ’7()050 (k + 1) 1 2 <2) .

k
To prove that o5 and o7 are finite, we define the function p(k) = a(k+1)° (Hp“’) , with @ > 0 and
0 < b < 1. To find the maximum, we find k such that p’(k) = 0, meaning

1+2\"/ b 1+ p2
e 0 (A (2 (S5 <o
2
=bln ' {——)—
h=bh (1+%)
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o From here, we can say if bln~! <1+2p2 ) — 1> Ko, then

max p(k) = at? et <00
k>Ks (57) In® (57)

2
o Otherwise, if bln™* (143,)2) — 1< Ky <k, then kLH + In (HQPW) < 0 which gives p’ < 0 for
k > K5, meaning p is strictly decreasing and

b 1 +p2 Ky
=n(K-) = al K- 1 v .
lg&;{ﬁp(’f) p(K2) = a(K2 +1) ( 5 ) < o0

We conclude that o9 < oo and o7 < 0.
Next, we study the finiteness of o3 and os. From Lemma [2.7], we can write

Bk / " aszl
03 = max — < max (8’ +3")—5+

k>Ks Y2 T k2K, V2
_ 12 1 2 —2 (k + 1)2U2
- 1?21% (5 +6 )O‘O’VO (kﬁ _ Kl 4 1)31}1—1
and
2
Tk ’ m Tk VO Ky
= —_ < LA S .0
08 = max akﬂk_g}é B+ )ak o
_ / 1" (k + 1)U1_U2
= I?Zlafg(z (/8 + /B )70040 (k K+ 1)3u171 .

We then define a function ¢(k) = a% for k > Ky, with a > 0 and 0 < b < 1, and we

study its derivative
(b—3U1—|—1)k‘—bK1 +b—3v; +1

!
k‘ =
¢k) = e i - Ky 1
We know that ¢’ < 0, and thus ¢ is strictly decreasing for k > K5, when b — 3v; +1 <0.

Hence,
_9 Ko+1)2v2 .
o3 = Oég'yo W, if 2'U2 - 3U1 +1 é 0, (51)
00, if 2ug — 3v; +1 >0,
and

(Ko + 1)n—v2

og = (ﬂl +B//)70a0 (KQ _ Kl + 1)31)1—1 <0

since b — 3v; + 1 = —v9 — 2v1 + 1 < 0 always holds.
We end with the analysis of o4 and oy, i.e.,

040’70_3(]. —+ Kg)i(vligvz), if V1 Z 3’()2,

_ -3 —(vi—3v2) _
1= a0y, max (1+k) { 0, if vy < 3ug,

and
1+ Ko)173v2 if vy < 3wy,

—-1_.3 v —3v aal’yg(
96 = %o %lg&}é (L4 R)me = 00 if v1 > 3vs.

There are clearly 3 cases:
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o v > 3Uy
Thus, o4 is bounded.

Since now 2vy —3v; +1 < %vl -3 +1= f%vl + 1 < 0 always holds, then o3 and ¢; (by

definition) are also bounded provided that agpye > 2% in .
However, ¢o — oo since g — oo resulting in a loose upper bound in .
To that end, we can write Dy, < Y1(1 + k)~2v2 with T; a bounded constant.

o v < 3Uy

Similarly, og is bounded while o4 — co. Then, 3 Ty < oo, where Dy < To(1 + k)*(vl’W)

provided that agyy >

V1—v2
A .

e VU1 = 3U2

Both o4 and og are bounded allowing both previous inequalities corresponding to Dy to be

valid.

By this analysis, we conclude the proof of Theorem

G Regret Analysis
Since, by Lemma the local objective function is L-smooth, we can write
L 2 d \/;

To find the regret bound, consider

(52)

r K n
1 *
EREZE:EQMJE@)}
- k=1l1i=1
() -L K n
<E|= ik — * (|12
I K n
. L = k2
=K %k I;Hxl,k Tk + Tk x}
-L K n
<E|Z ( ik — T 2 K 2)
< n;; ik — @xll* + |20 — 2]
- K 1
=E LZ (*ka — 13| + ||z — m*||2)}
L= "
L -
=LY ~(0k R+ $xG) + D
k=1
O R~ 1402 G X S
<L— v) Ayt 5+L (B + 8" —O+LT
nkzl( 2 Z’“ ; (k— Ky, +1)f ; K+ 1
1+p X 1 X
ik Z —g) L ZZMJHW sn? > L LT 7
kljl o K1+1(k Ki+1)s k=1

@ R(L+pa) (| (L+Ph\K (L+p2) (, L+ poy\Ka L+ p3\ Kot
<L <1 ( )>+2L( (1 (K1+1)(—2 )+ KA ( )

nl—pw) 2 1—p3)?

K 1

+ L(B +,6”)G/ —du—i—TL

K (u— Ky +1)i / \/ﬁ
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:LR(l—i—pi}) (1—(1+p%")K>+2L (( 121;) (1_(K1+1)(1+p12u)K1+K1(1+p72u)K1+1)

n(l—pf) 2 n(l—p2)? 2 2
WG 1
AL+ 57— (1 —W)wm(ﬂ(“_n
© R(1+p;) G(1+p3) L+ %\ Kot1 "G
SLn(l_pa) +2Ln(1_pw) (1+K1( 5 ) )+4L(5 +68")— +2YLVK +1

where (a) is due to VF;(z*) = 0, Vi € N, by definition of z*, in (52)). (b) is by and Theorem and
(¢) is by the definition of Ki, a2 < §; for 0 < k < K. In (d), we provide the detailed computation of the
second term in the subsequent part and for the third and fourth terms, we perform the same interpretation

of the monotonically decreasing functions (u—K1+1) 3 and \/ulﬁ as in 1D In (e), we simplify the bound by

removing the negative terms.

2 K 2
225 Ses ZZ 1+Pw 1+Pw Zk 1+Pw 1‘*‘2sz]€(1‘*‘2%})/€71. (53)

k=1j=1 k=1 j=1 k=1
Define g5 = . We know that Zk 1 of = lei If we derive both sides by 02, we get
K
ikpk—l _loet,  oKg T(1me)tU-gt) 1o et t Kt
Pl 1 -0 (1-02)? (1-02)?
_ —(K A
Then, o9 5211 kQS L Q21 ( 1+1()1£:292J)r2 10y . Finally,
1 + 02 1+p2 K 1+ p2\ K41
ZZMM p)<1(K1+1)( PuyRe | gy (=2 Pw)y 1*). (55)
k=1 j=1
H Convergence Rate with Constant Step Sizes
We start by going over previous derivations,
Gik = Es.a.c[Pir(fil@in +7Pik, Sik) + Cion)[Hel
=Eo[®i 1 Fi(zir +vPi k) Hi)
2
= Fil@i)Eo[®is] +1Eo [0k @] MUV Ei(@i4) + 5 Ba[®i V2 Fy(Z0) it Ha
= Y[V EFi(w 1) + bi k]
ThU.S7 bi k= LE(I,[(I% k‘b V2 (IZ k) ik|Hk]-
Let Assumptions [I.2] and @ hold. Then, we can bound the bias as
[[bi,kll < TCZEMH‘I’Z;@HzH@ kll2 V2 Fi (k) 2] @5, ]
é ’ycgcl )
262
We remark that
Jr = Elgi|H]
(56)

1 n
- - Z c2Y[VFi (i) + b k]

— crrlhixe) + B
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is also a biased estimator of h(xy) with
- 1 <
lowll = 11— > bixll
i3
1 n
= " llbik]
n -
i=1

1< cier

— E 2=

n 4 2¢o
=1

Cg C1

IN

(57)

IN

202 ’
Lemma H.1. Let all Assumptions[I.3, and[2-9 hold, then there exists a bounded constant M > 0,
such that E|||lgk||?] < M.

Proof. Vi € N, we have

Elllgiell*1He] = Bl @ik (fi(zin + vPik, Sik) + i) 1P| Hi]

=E[||®ixI*|| fi(zik +YPik Sio) + Gkl P H]

(a)

< EE[(fi(zig + Pk, Sik) + Cin)? | He
b

(:) cgE[ff(xi,k + 7@i7k, Sv7k)|7'lk] + C§C4

(0
< GEE[(1£:(0, Si.o)ll + Ls, i + i kll)*[Ha] + c3es

(d)
< 23K, , + L3, (|zik

(e)
= 2¢5(p + L' (||l || + 7ves)?) + c3ea

()
< 00,

|+ ves)?[Hi] + c3es

where (a) is due to Assumption (b) Assumption [L.5] and (c¢) Assumption [1.3] We denote || f;(0, S; )| =
fis,, in (d) and the inequality is due to 2t < (/22 oy e R. In (e), p = E[p% ]and L' = E[L% ]
(f) is by Lemma O

The stochastic noise is still defined as e = g — gx and retains its property
Elex] = Elgk — ElgkHa]] = By, [E |50 — Elgu|#a] [He] | = 0.

1. Proving ||x; — 1Z4||?> converges linearly

[Xpt1 — LZpr ||?
=|Wxi — aWyy — 1), + ol
:”VVX]C — ljk||2 — 20[<ka — 1z, Wy — 1gk> + 042||Wyk — 13ij2

(@) - 1—p3 2, 20na 2 2 _ 2
<IWxk = 12k[I” + o 5= [Wxp = 12| + "5 [Wyr = 1gx["] + @[ Wy = 15" (58)

2pré 1 — Pw
(b) - 1—p? _ 202« _ _
<ol = 1251 + phal 55 Ixe — 1al” + =5 [lye — 15l”] + ol [lys — 1312

2p%a - pé
1_|_ 2 B 1_|_ 2 2 B
N i i A YA
— Pw
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where (a) is by —2e x 1(a,b) = —2(ea, 1b) < €*[|al|*+ % ||b]|* and (b) is by Lemma By induction,
we have

1+ p2 \ kt1
(—)

_ 1—|—pw i+1 _
5 %0 — 12> + o? Z j lyk—j — Lyr—s11%. (59)

7=0

%41 — 1] <

To bound the term |lyx—; — 1¥x—;||?, we repeatedly replace the auxiliary variables with the algo-
rithm’s iterations,

Yit1 = Wyr + 81 — 8k
=WWyk-1+ 8k — 8k-1) + 8k+1 — 8k
= W2yt — Wek1 + (W — I)gk + 8rt1
=W3yho —W3g_o + W(W — g1 + (W — I)gj + rt1

k—1
=W yo — Whgo + Y W/(W — Dgi—j + grr1
§=0
k—1 )
= WHEW = Dgo+ > W/(W — Dgr—j + k1
=0

k
=> W/(W - I)gr—j + 8rt1,
=0

= SR L
Yi — 1y, = ;WJ(W —Dgr—1-j + 8k — JXZ:O L1 WI(W —Dgg—1-j — ~1l7gk
kel k1 )
= Z W (W - I)gkflfj + 8k — Z ﬁllT(W — I)gkflfj — ﬁlngk
=0 =0
el )
=) (W - ﬁllT)(W —D)gr—1-j + 8k — ﬁlngk
=0
k-1 ) _
=> (W- EllT)j(W*I)gk—l—jJrgk*lgkv
=0

where the last equality can be proven by recursion and the fact that the matrix W is doubly stochastic
by Assumption [T.1}

(W — L1117yt = (Wi — tnaTy(w — L117) = witt — LwinT - LiaTw 4 L1a? = witt —
2117 4+ T =witt — T,

Thus,
k—1
e = 1gull <D (W — *11T) (W = Dgr—1-ll + llgr — 19kl
7=0
k—1
<D oullW = D151l + llgr — 1k ll-
=0
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From Lemma we have ||g||? < co almost surely.

n n
_ 1
gk — 1gel* = llgix — - > gsll?
i=1 j=1

n 1 n ~
=3 (lonl? 200000 2 Y gs0) + el
i=1

j=1
= llgrll* — 2n/lgel* + nllgx]?
= llgrll? — nllgxl?
< llgxl?
< M"? < .

Inserting in the previous inequality, we get

/

r— 1y < W =D + M
Iy = 1l < T2 | = )] )
=G < oo,
where we have a geometric sum as p,, < 1.
Substituting the upper bound in ,
k
_ L+ p2 \kt1 _ 202 G? 1+ p2 41
%51 — 1Zpq1]]* < (pr) [0 — 1Zo|* + ® 1piup2 ( pr)j
v =0 (61)
(a) 1 2 202 (1 2 G2
< ( erw)kHon _ 15770”2 + a2 P+ p3)
2 (1)
2
where (a) is due to the geometric sum with H% < 1.
We conclude that ||x; — 1Z||? converges linearly almost surely.
2. Proving D;, = E[||z, — 2*||?] converges linearly
We start by expressing the expected divergence in terms of its previous iteration.
Diy1 =E[||Zgq1 — 2|7
=E[||z), — agy — «*||’]
=Dy + o’E[||gx|*] — 20E[(Z% — 2, gx)]
(62)

DDy + 2B 3]|2] — 20207 E[(E — 27, h(xk) + by)]

=Dy + &’E[|gr|’] — 2c20E[(Z), — 2%, F(Z1))] + 2c207E[(Z), — &, F(Z1) — h(x1))]
— 2c0aYE[(Z), — =¥, br)]
where (a) is due to both Ele,|#;] = 0 and (56):
E{(@r — 2%, g1)] = E[(Zr — 2", gx — Elge|Hx] + E[g|Hx])]
=E[(zx — 2", ex)] + E[(@k — 27, E[gk|H])]
= Ew, [E[Zk — 27, e) [Hi]] + E[(Zx — 2", E[gr|Hi])]
=0+ E[(z) — 2, E[gr|H])]-

From Lemmaand (56)), we have E[||gy||?] < M almost surely, with M = L M a bounded constant.
By the strong convexity in Assumption [1.2] we have
—2coaYE[(Z), — x*, F(Z1))] < =2 c2ayE[||Z — 2*||?]

(63)
= —2XcoayDy.
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Next, from Lemma we have

2cqay(Ty, — x*, F(Zy,) — h(xk)) < 2coary |Zr — o ||||xx — 12|

\f|
( ) /\02047

_ . L? _
175 — 2|1 + 2e20y 1 [l — 12 ]1%,
n

where (a) is due to 2y/€ x == (a by = 2(y/ea, ﬁb) < ellall®+ Lp)?. In 7 we let R = ||xo — 1Z¢]|?,
G — 200, (1403,)G?

(1-p3)*
1 2 N
Ik — 122 < (—522) R+ a2G. (64)
Hence,
A L*r1,1 o
20207 Bl (@ — 27, F(@) — h(x))] < Z2 Dy + 26307 +2’)’U) R+a*G|.  (69)
From ,
_ . T Acgavy 2co0y 1= 119
—2co0YE[(Z), — ¥, bi)] < 5 Dy + 3 E[||6%]1%]
Aca vy 5 cics (66)
< D —_—
- k + oy 202)\
Finally, by combining , , , and 1@' and setting again A = \cy, B = 262L ,and C = ;(1:;3)’\,
we get
1+ p2 & 2,4 o2 3
Disr < (1 — Aa) Dy + Bary [(T) R+a G} + Mo? + Cory (67)

2
Let o1 =1 — Aary and go = (H%) Then, assuming a7y < % and taking the telescoping sum

k k
Dyy1 <o"Dg + a’yBRZ 0108 4+ (a®*yBG + o*M + ar®C) Z 0
=0 =0
. -~ i 1— gk-i-l
—ot Dy + chRZ 0105~ + (a®yBG + o’ M + ay’C) (71 . )
-0
=0
- BG oM ,C o
i a
=0y Dy + OZ’YBR; 0105 + (0‘27 + TA + A)(l orth)
k

BG M C
<"1 Dy +a’yBRZ 0l ok + oﬂ7 + 3 1 +722
1=0

where in the last equality, we further imposed the step sizes to satisfy a < 7.

In what follows, we discuss the summation in the second term of the inequality to avoid setting loose
bounds. We know that this summation can be written as follows,

k k
Do =3 ol (69)

Thus, without imposing further assumptions on the step sizes, we consider the following function
the two cases:
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e When g; < g5, we use the left hand side of the previous equality

k o _
i BG oM C
k+1 k i —1 2 2
Dk+1 <oy Dy + CY’}/BRQQ i:E > 0105 +a 7 + 51 + Z

. .
[ R S
20vBR BG aM C
D) k+1 2 -7 27
oot e e YA Ty At g

<o¥*' Dy + ayBRok

Then, for arbitrary small step sizes satisfying ay < % and a < 7y, Dy converges with the linear
rate of O(Q’QC).

e When g1 > 02, we use the right hand side

k o _
—i 4 BG aM C
Dita ngerlDO“FOZ’YBRQ’f;Q Q2+a27+;j+v2z
1 BG aM C
< k+1 k 2 BG a M 2C (71)
<0 DO+O‘WBR9117%+04 1 +’yA+’yA
2avBR BG oM C
= k+1 _D —) 27 - 27
“ ( T2 ay—p2) T A A A

Then, for arbitrary small step sizes satisfying ay < % and a < 7, Dy converges with the linear
rate of O(of).

| Additional Numerical Examples

We adjust the step sizes of 1P-ZOFL to a = 0.05 and v = 0.25 when they are fixed and «a) =
0.08(k +1)7%™ and v, = 0.7(k + 1)7%25 for classifying images with the labels 2 and 3 in Figures [8lf11]
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Figure 8: Expected loss function evolution of the Figure 9: Expected test accuracy evolution of the
algorithms 1P-DSGT vs. DSGT considering van- algorithms 1P-DSGT vs. DSGT considering van-
ishing vs. constant step sizes classifying images ishing vs. constant step sizes classifying images
with labels 2 and 3. with labels 2 and 3.
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Figure 10: Expected consensus error evolution
of the algorithms 1P-DSGT vs. DSGT consider-
ing vanishing vs. constant step sizes classifying
images with labels 2 and 3.
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Figure 11: Expected gradient tracking error evo-
lution of the algorithms 1P-DSGT vs. DSGT
considering vanishing vs. constant step sizes clas-
sifying images with labels 2 and 3.

In Figures depicting the classification of images with the labels 3 and 4, we adjust the step sizes of
1P-ZOFL to a = 0.02 and v = 0.2 when they are fixed and oy, = 0.08(k + 1)~%7 and 4 = 0.7(k + 1) =025,
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Figure 12: Expected loss function evolution of
the algorithms 1P-DSGT vs. DSGT considering
vanishing vs. constant step sizes classifying im-
ages with labels 3 and 4.
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Figure 13: Expected test accuracy evolution of
the algorithms 1P-DSGT vs. DSGT considering
vanishing vs. constant step sizes classifying im-
ages with labels 3 and 4.
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Figure 14: Expected consensus error evolution
of the algorithms 1P-DSGT vs. DSGT consider-
ing vanishing vs. constant step sizes classifying
images with labels 3 and 4.
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Figure 15: Expected gradient tracking error evo-
lution of the algorithms 1P-DSGT vs. DSGT
considering vanishing vs. constant step sizes clas-
sifying images with labels 3 and 4.
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