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Abstract

In this paper, we propose HiPoNet, an end-to-end differentiable neural network
for regression, classification, and representation learning on high-dimensional
point clouds. Our work is motivated by single-cell data which can have very
high-dimensionality — exceeding the capabilities of existing methods for point
clouds which are mostly tailored for 3D data. Moreover, modern single-cell
and spatial experiments now yield entire cohorts of datasets (i.e., one data set
for every patient), necessitating models that can process large, high-dimensional
point-clouds at scale. Most current approaches build a single nearest-neighbor
graph, discarding important geometric and topological information. In contrast,
HiPoNet models the point-cloud as a set of higher-order simplicial complexes,
with each particular complex being created using a reweighting of features. This
method thus generates multiple constructs corresponding to different views of
high-dimensional data, which in biology offers the possibility of disentangling
distinct cellular processes. It then employs simplicial wavelet transforms to extract
multiscale features, capturing both local and global topology from each view. We
show that geometric and topological information is preserved in this framework
both theoretically and empirically. We showcase the utility of HiPoNet on point-
cloud level tasks, involving classification and regression of entire point-clouds in
data cohorts. Experimentally, we find that HiPoNet outperforms other point-cloud
and graph-based models on single-cell data. We also apply HiPoNet to spatial
transcriptomics datasets using spatial coordinates as one of the views. Overall,
HiPoNet offers a robust and scalable solution for high-dimensional data analysis.

1 Introduction

High-dimensional point clouds, i.e., sets of points X = {x;}?_, C R now arise in many fields—
most prominently single-cell analysis [55) 45,112} 134} [1} 31]], where using modern technologies such
as mass cytometry or scRNA-seq, large cohorts of patients can now be measured producing several
high-dimensional data. Further, technologies like perturb-seq enable the possibility of studying
single-cell data under many conditions leading to comparable cohorts of datasets. Thus, machine
learning techniques that once reasoned about data points and classified data points, now have to
reason about collections of datasets. This serves as the motivation for HiPoNet illustrated in Figure

Generally, methods like UMAP [36] or PHATE [38]] reduce point clouds defined by single-cell data
into an individual graph learned from all features (often in the tens of thousands). However, this single
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graph may not specifically organize cells according to processes defined by subsets of dimensions. For
instance, cells may be in a specific phase of the cell cycle which would be revealed by an organization
based on cell cycle genes, or at a certain point in a differentiation process which would be revealed
by stem cell genes. To address these limitations, HiPoNet utilizes multiple reweighted feature views.
Additionally, existing neural network methods for point cloud data, such as PointNet [43] and its
variants [44] 165} 58| [33]] are primarily designed for 3D point clouds and rely on spatially localized
featureq’} Hence, they are not well equipped to handle high-dimensional point clouds or disentangle
processes from high-dimensional data. Therefore, there is a growing need to develop neural networks
that can efficiently handle these diverse high-dimensional point clouds, ingest them seamlessly,
encode the cellular processes, and perform various downstream machine learning tasks on them.

In HiPoNet, we use multiple views of the data, each of which is learned using a feature reweighting
vector, thus potentially detangling and making implicit biological processes explicit. Furthermore,
rather than modeling the data as a graph, we model it as a simplicial complex that captures higher-
order relationships between cells, which HiPoNet analyzes using multiscale wavelets. Overall, we
gain a rich representation that disentangles processes by capturing hierarchical relationships and
separating overlapping biological processes, while preserving geometric and topological information
of the underlying point clouds. Preserving this structure is important because it reflects the intrinsic
geometry and topology of the data, providing a better interpretation of complex biological processes,
and hence improving downstream analysis.

To capture the global structure of the point
clouds, we use a wavelet-based multiscale mes-
sage aggregation scheme rather than the mes-
sage passing operations utilized in most com-
mon graph and simplicial neural networks. This
choice is based on the observation that such
networks struggle to capture long-range depen-
dencies and multiscale relationships as well
as work on the geometric scattering transform
(2101414119, 1205 129, 159, 8} 162, I51]] showing that wavelets may help remedy this issue. Although newer
models like graph transformers [16] can capture long range dependencies, they often essentially
ignore the graph geometry. When applied on these point clouds, they only work on a single graph
and are do not preserve the intrinsic geometric structure of the point cloud. However, using diffusion
wavelets, we are able to show theoretically that we capture the underlying geometry of the point
cloud including the 0-homology (connected components) and curvature. Empirically we show that
we can predict persistence homology directly from our simplicial neural network, without explicitly
computing topological signatures or reducing the data to those features. These properties that are
preserved by HiPoNet are essential in its ability to perform classification tasks, such as response to
immunotherapy or drug treatment response. The key features of HiPoNet include:

Figure 1: The HiPoNet pipeline.

* Learning multiple views the the data: We introduce a learnable scaling mechanism to reweight
each feature via a weighting vector, which we then use to learn a graph to organize the data by the
processes represented by the particular view.

» Higher-order constructions: We learn simplicial complexes from the data views. Our neural
networks utilize these complexes and retain geometric and topological information including
volume, curvature, connected components, and holes in the data.

* Multiscale Message Aggregation: Rather than simple message passing schemes that smooth
data, we use multiscale simplicial wavelets to aggregate features over the simplicial complex
and construct simplicial scattering coefficients. This allows us to extract both local and global
information from the data without oversmoothing.

We demonstrate the utility of HiPoNet on three diverse single-cell data cohorts, each comprising
ensembles of datasets collected from multiple patients or conditions. The first involves melanoma [42]]
patients undergoing immunotherapy, where the task is to predict treatment response from multiplex
ion beam imaging (MIBI) with 61K cells from 54 patients. The second features patient-derived
organoids [45] (PDOs) from 12 colorectal cancer patients, grown under various treatments and
co-culture conditions; comprising of 1.8M cells, and the task is to identify the applied treatment. The
third cohort uses spatial transcriptomics data from around 500 cancer biopsies [61]], capturing 40

'We discuss these techniques more in Appendix.



protein markers per cell through CODEX technology along with spatial arrangements, comprising
of about 558K cells across three data cohorts. These datasets highlight the scalability of HiPoNet
for complex, high-dimensional biological point clouds, where complexity arises from the number of
datasets rather than the number of points per dataset

2 Background

In this section, we present the mathematical foundations needed for our method. We model point
clouds X = {xy,...,x,} as simplicial complexes in order to capture higher-order geometric and
topological structures. We will first introduce simplicial complexes and their algebraic representations,
including boundary matrices and Laplacians. We then describe wavelet transforms and diffusion
processes for extracting multi-scale topological features, and finally discuss random walks as efficient
approximations of diffusion for scalable computation.

Given a finite set X' = {x1,X2,...,Xn}, a k-simplex, denoted as o1 = {X,0,%X,1,..., X, },is 2
subset of X" containing k + 1 points. If 75,1 is a subset of oy, that contains k points, we say that 7,1
is a face of 0. A simplicial complex S is a finite collection of simplices that satisfies the principle of
inclusion [5},/49]. That is, we have 7,_1 € S whenever if 75,1 is a face of o}, for some o), € S. The
order of a simplicial complex, K, is determined by the highest-order simplex contained within S.
Therefore a K-th order simplicial complex S contains simplices of orders £k = 0,1, ..., K. Observe
that when K = 1, a simplicial complex is essentially equivalent to a graph, where the 0-simplices
and 1-simplices correspond to the vertices and edges.

Features of simplices across all orders are denoted as X = {Xg, X1,..., Xk}, with X, € RNex D
where IV, is the number of k& simplices and Dy, is the feature dimension of k-simplices. We note that
we can consider both unoriented simplices or oriented simplices, where the orientation is defined via
a fixed ordering on the vertices, i.e., 0-complexes. (For details, please see [48] and the references
within.) Except when otherwise specified, our theory and algorithms will apply to either case.

In a simplicial complex S, a k-simplex o, € S can have four types of neighbors:

* Boundary adjacent neighbors or faces: These are the (k — 1)-simplices 71 that are faces of
ok, denoted as Ng(oy) = {75—1:Tk—1 C ox }.

* Coboundary adjacent neighbors or co-faces: These are all (k + 1)-simplices 741 which have
oy, as a face, denoted as N¢(oy) = {Tk+1: 0% C Trt1}-

* Lower adjacent neighbors: These are simplices 7, of the same order as ¢y, that share a common
face, pr_1, represented as N (ox) = {7 : pr—1 = o N7, |pr—1|=k — 1}

* Upper adjacent neighbors: These are simplices, 7, of the same order as o, that are contained in a
common (k + 1)-simplex px1 € S, given by Ny (ok) = {7k : pr1 = 0k U Tk, |ppr1|=k + 1},

We let Vi (ok) = U{o, Na(ok),Ne(ok), Ne(ok), Nu(ok)} denote the 1-hop neighborhood of a
simplex oy, and for m > 2, we define the m-hop neighborhood of a simplex oy, is recursively as
Nm(Uk) = U.,-e_/\[mil(gk)./\/‘l (7’) form > 2.

The relationships between k-simplices and their faces are encoded in the boundary matrices, denoted
as By, € RVe-1XNk where N}, is the number of simplices in S of order k. The (3, 5)-th entry of By,
is non-zero if the i-th (k — 1)-simplex is a face of the j-th k-simplex. For oriented simplices, these
entries By, take values £1, reflecting their relative orientation. For unoriented simplices, all of the
non-zero entries of By, are equal to 1. We let B = {By, }_, | denote the set of all boundary matrices.

We note that the boundary matrices are defined in terms of only boundary adjacent the and co-
boundary adjacent neighbors. However, they may also be used to construct the Laplacians which
encode information about lower and upper adjacent neighbors. Specifically, we define the lower and
upper Laplcians by L{, = B By, and LY = Bk+1BkT+1~ We then define the k-Hodge Laplacian by:

Ap =L§ + LY, (1

(with L§ = L% = 0). We note that for oriented simplices, A is merely the standard graph Laplacian.



2.1 Heat Diffusion and random walks on Simplicial Complexes

The heat equation on k-simplices [27] is given by:

Oug (o, t
Bunlont) _ —Agug (o, t). (2)
ot
Analogous to classical notions of heat diffusion, it describes how the distribution of heat propagates
over the simplicial complex over time. The use of Ay, ensures that the diffusion process respects the
higher-order connectivity of the complex, encoding its topological structure.

The intuition behind much of our methods is to use the heat equation to uncover the topological
structure of our point clouds and simplicial complexes, analogous to manifold learning algorithms
such as Diffusion Maps [14]. However, in our actual algorithm, we will use random walk matrices,
which we interpret as computationally efficient proxies for heat diffusion (similar to [14] which uses
a diffusion matrix as a discrete approximation of the heat kernel on the underlying data manifold).
Analogous to heat equation, random walks allow information to spread, i.e., diffuse, over the simplicial
complex. However, they allow for efficient implementation via sparse matrix-vector multiplications.

We note that simplicial random walks extend the concept of traditional random walks from graphs to
simplicial complexes, enabling a richer representation of the data which is able to encode higher-order
features. Unlike standard graph-based random walks, which model transitions between vertices,
simplicial random walks capture transitions between k-simplices, thereby incorporating higher-order
interactions. Formally, the simplicial random walk is represented by the transition matrix Py, which
describes the probability of transitioning between k-simplices. For unoriented simplices, we define:

P, =AD", 3)

where Dy, = diag(A1) is a diagonal matrix that normalizes the transition probabilities, ensuring
that the columns of P, sum to one. In the case of oriented simplices, defining Py, is non-trivial since
the entries of A may be either positive or negative. Here, for the sake of simplicity, we will define
P, the same way as in the unoriented case, but with first taking the entrywise absolute values of Ay,
ie., Py = |AL|D; !, Dy = diag(JAg|1). Alternatively, in the case k& = 0 or 1, one could define Py,
in terms of a suitably normalized version of the Hodge Laplacian. (For details, please see [S0].)

3 Methodology

We now describe the proposed method, HiPoNet, a High-dimensional POint cloud neural NETwork
designed to learn expressive representations of an input point set X = {x1,Xa,...,X,} € R% As
summarized in Algorithm I} our framework comprises three primary steps:

1. Multi-view creation via learnable feature weighting: We learn multiple sets of weights
oi(“) , 1 < v <V, to highlight different feature dimensions to create reweighted point clouds
X @) which are effectively different views of the data.

2. Simplicial complex-based point-cloud modeling: From each X®), we construct a Vietoris-
Rips complex S(*) [57]]. This approach allows us to capture not only pairwise relationships
but also higher-order interactions within the data.

3. Multi-scale Feature Extraction via Wavelets: For each simplicial complex S(*), we use
wavelets to construct simplicial scattering coefficients which form a multi-scale embeddings
U (), that capture both local and global relationships. These embeddings are then concate-
nated into a single representation ¢ and are passed to a multilayer perceptron to yield the
final predictions y.

By combining learnable multi-view feature weighting, simplicial complex construction, and simplicial
wavelet transforms, HiPoNet leverages multiple perspectives of the underlying point cloud, at multiple
scales to deliver robust representations for downstream classification and prediction.

Multi-view creation via learnable feature weighting: In many scenarios, such as scRNA-seq,
feature vectors can encode critical properties, such as gene expression levels. However, not all
dimensions (genes) contribute equally to downstream tasks, and irrelevant or noisy features can



1
2

L7 B )

=)

10
11

12

13

14

15

16
17
18
19

° Feature Simplicial 5 /
Wavelets v

@ Learning
Views

View 1 View 3

' “'".' Ay g‘ z:ﬁwlﬂﬂ
RPN f — ﬂ'—>’—w

Feature Importance

Figure 2: (A) The HiPoNet architecture. (B) Feature weight visualized across three learned views

Algorithm 1: HiPoNet

Input :Point cloud X, kernel bandwidth o, number of views V.
Learnable Parameters: learnable weights ("), MLP z.

Output : Predictions y.

forv=1to V do

~(U) =aW oxforl<i<n;

RO = (x)

S = Vietoris- Rlps(é\?(“), €);
Compute boundary matrices B(*) from simplices in S(*) ;
Set XE)U) =X // Vertex features;
fork=0to K —1do
t X$21 (B(v))TX(U) // Features for higher-order simplices

for k =0to K do
Compute transition matrix: P,(:’) = A;U)Dgl ;
for j =1to J do

L PEK) <<P§€“))2j B (Pff))2“> X

Compute Scattering Coefficients:
L SR = e X[ and Splj, XL = (w0 w0 x|
Aggregate features across simplex orders: |S(B S {|S(()v Xév) l,..., |S§§)Xg§)|};

Final Aggregation and Prediction:

® = Aggr{S(BM XM ... BV XV,
y=2z(®);
return y

impair model performance, especially in high-dimensional settings. To address this, we introduce
a learnable weighting mechanism that dynamically adjusts the weight of each feature dimension.
Concretely, we define V' distinct weight vectors a®) 1 <v<V,eachasa parameter of the model.
For the v-th view, each point x; is rescaled to

iz(‘v) =a o Xi = [Oégv)l’ﬂ, ag})ﬂm, s ,Oéfiv)l’idL
where ® denotes the Hadamard (elementwise) product. We let X'(*) = {5(1”), ig’), . ,5(,(1”)} denote
the reweighted point cloud. The reweighting operations amplify the more informative dimensions
for the task at hand while downplaying less relevant features, effectively reducing the need for
manual feature engineering. In the context of single-cell data, where the feature space can be vast,



such automated reweighting may be crucial for isolating key gene expressions that drive improved
downstream performance. The learned weights can also be used for other biological insights, such as
which gene markers are important for cancer diagnosis as illustrated in Figure 2B.

Simplicial learning from piont cloud data For each reweighted set X ™), we create a simplicial

complex S(). To do this, we first define kernelized distances between two points 5<§”) and i;v)

89 = oxp I8
“d 202 '

as:

We then fix a scale parameter, ¢, and construct the Vietoris-Rips Complex S(*), a simplicial complex
defined by the rule that o, = {X{", X("”,...,X{"} is an element of S() if dg:)zq < ¢ for all

0 7 21 )
1 < p,q < k. After constructing the simpicial complex S(*), we construct the boundary operators
B("). We then define feature matrices by X{") = X (i.e., the i-th row of X\ is %{*’) and then

X,(Jﬁl = (Bgfv))TX,(cv). In our code, we use a custom implementation of the Vietoris-Rips filtration
that enables us to make simplicial construction differentiable, making HiPoNet end-to-end trainable.

We repeat this process V times, and construct B(*) for each view 1 < v < V. By constructing an
ensemble of simplicial complexes SV, S?), ... SV, our method integrates V' distinct perspectives
of the original high-dimensional point cloud. Constructing a simplicial complex S(*) for each
reweighted set X ) allows the model to disentangle and analyze distinct subspaces or biological
processes captured by each view. For instance, each complex may focus on a different cellular
process, capturing unique local and global structures that is overlooked when relying on a single
representation. Consequently, subsequent learning stages benefit from a richer set of structural cues,
enhancing the overall representation quality for downstream tasks.

Multi-scale feature extraction via simplicial wavelets After the simplicial complexes have been
constructed, we can leverage geometric deep learning methods to compute representations for the
point cloud. Although message passing neural networks (MPNNs) for simplicial complexes [6} 9] 23]
have been introduced, they often suffer from oversmoothing effects [4], where representations become
indistinguishable after multiple layers. In addition, oversquashing [2] is another constraint of such
message-passing frameworks. As the receptive field of each node grows, large amounts of information
from distant nodes are compressed or “squashed" into a fixed-size vector, leading to loss of important
information between the nodes. This limits the ability of MPNNs to model long-range dependencies.

In order to address these shortcomings, we employ the simplicial wavelet transform [35, 146, 47]]
(SWT). The SWT is a multi-scale feature extractor for processing a signal X defined on the simplices.
These wavelets are based on diffusion wavelets introduced in [[13]] which utilize random walk matrices
at different time scales. In SWT, the random walk matrices are calculated first as per Eq|3| Then,
features are iteratively aggregated over all the neighborhoods and stored for each scale j. Finally, a
difference between different scales is taken to extract multiscale features.

The random walk diffusion matrix plays a crucial role in the SWT. For each view v, we interpret each

J
(P,(f)) X,(f) as diffused node features at scale j. Our wavelets, defined below, can be thought of as
measuring the differences between these diffused features at different scales. Alternatively, from a

signal processing perspective, these wavelets can be interpretted as a band-pass filters, with each j
highlighting different frequency bands within the signal.

Formally, the simplicial wavelet transform at scale j, 0 < j < J, is defined as the difference between
diffusion at consecutive scales:

gx () _ ((Pl(cv)>j B (Pl(cv))j1> X, @

After applying SWT for multiple scales j, we apply a non-linearity, which we choose to be the absolute
value |-|, inspired by the geometric scattering transform [22} (19} [66} [41]], a multilayered feedforward
network constructed using diffusion wavelets on graphs. We then repeat this process with second
wavelet, at a different scale j' > j, and then another absolute value. This yields first- and second-order

simplicial scattering coefficients of the form S} [j]X,(:) = |\I/§€v’j)X§€v)| and S} [j,j’}X,(Cv) =



W ) 1" X )| We then denote the collection of all first- and second-order scattering coef-
ficients for each view by |S(B(), X(*))|= {S¥ [j]Xé’U)}0<j<,]7 U {SylJ, j’]Xé”)}0<j<j/<J . After

©1Zk<K O OIKER<K
extracting features for each view v, we aggregate the features over views as:

® = Aggr{S(BM, XD s(B? X)) . 5BV XV

® is then processed by a multilayer perceptron z to generate our final predictions, ¥ = z(®).

4 Theoretical results

In this section, we provide theoretical motivation for our model. Specifically, we first show that heat
diffusion on simplices captures the 0-homology of the point cloud. Then, we show that simplicial
complexes can be expanded into a graph, and the heat equation on the simplicial complex agrees with
the heat equation on the equivalent graph. Then, we show that the diffusion operators can capture
geodesic distances. Proofs, as well as more detailed theorem statements, are provided in the appendix.

Heat Diffusion and Connectivity. A simplicial complex is said to be connected if any two simplices
can be linked by a sequence of simplices that share common faces. More formally, if for any two
simplices o and 7, there exists m > 0 such that 7 € A, (o). If a simplicial complex is not connected,
it can be decomposed into a union of disjoint connected components, each of which is a maximal
connected subcomplex.

The following theorem demonstrates that the solution to the heat equation on a simplicial complex
remains confined to the connected components where the initial condition is supported. This reflects
the intuitive idea that heat cannot diffuse across disconnected regions of the complex. It also aligns
with the concept of 0-homology in algebraic topology since the connected components of a simplicial
complex correspond to the generators of its 0-homology group. Thus, the heat equation’s confinement
to connected components ensures that diffusion dynamics respect the 0-homology structure of the
simplicial complex. The proof of Theorem [4.1]is available in Appendix

Theorem 4.1. The heat equations, Eq[2] respect the 0-homology structure of the simplicial complex.

Proof Sketch. The heat equation is governed by Ay, which acts locally by coupling neighbors. This
ensures that heat diffusion cannot propagate between connected components. O

Heat Diffusion on Simplicial Graphs. In this section, we demonstrate that the solution to the heat
equation on a simplicial complex S agrees with the solution to the heat equation on an associated
simplicial graph, i.e., a graph where the vertices represent simplices of all orders and edges encode
upper and lower adjacencies. This construction allows us to equate heat diffusion on the simplicial
complex as heat diffusion on an associated graph, providing a simplified framework for analysis. The
proof of Theorem[4.3]is in Appendix

Definition 4.2 (Simplicial Graph). Let S be a simplicial complex. The associated simplicial graph
G(S8) is a graph whose vertices are given by V(G) = S and whose edge set E(G) consists of pairs of
simplices which are either upper or lower adjacent, as defined in Section 2} that is,

E(G) ={{o,0'} | 0,0" € V(G), 0’ € N(0) UNy(0)}.
Theorem 4.3. The heat equation on a simplicial complex S agrees with the heat equation on the

associated simplicial graph G(S), defined in terms of Ag = B(G(S))B(G(S))T, where B(G(S)) is
the incidence matrix of G(S).

Proof Sketch. The graph Laplacian Ag on the simplicial graph can be represented as a block diagonal
matrix with the Hodge Laplacians Ay, as the diagonal blocks. O

Heat Solution Captures Geometry. Most of our experiments focus on single-cell data which are
known to satisfy the manifold hypotheses [28] 24, [17, 55, [1]. That is, the data points x; lie upon
some low-dimensional manifold. More specifically, we interpret each of the transformed point clouds
X (@) as corresponding to different submanifolds of some global cellular manifold. The following
theorem establishes that the diffusion operator on the simplicial complex can approximate geodesic
distances on these underlying manifolds. The proof of Theorem [4.4]is in Appendix [E]



Theorem 4.4. Assume that a transformed point cloud X Jies upon a Riemannian manifold
M. Then, the 0-th order Hodge Laplacian Aq on the associated oriented simplicial complex can
approximate geodesic distances on the underlying manifold.

Proof Sketch. The result follows from Varadhan’s formula [53]], which shows that distances may be
computed via the heat kernel, as well as Theorem 3 of [[15]], which analyzes the convergence of the
graph heat kernel to the manifold heat kernel as well as Theorem [4.3] which relates the graph heat
equation to the simplicial complex heat equation. O

This theorem formalizes the link between diffusion processes, e.g., the heat equation, and the
geometric structure of the data manifold. Notably, computation of geodesic distances on manifolds
is computationally expensive and often infeasible in high dimensions. By using diffusion-based
approximations, we can efficiently estimate geodesic distances with discrete operators. Additionally,
we note that there is a long literature (dating back to at least [13]]) relating the Laplacian and the
diffusion operator to the geometry of the data manifold, including quantities such as curvature [7]].
Most relevant to our work are the results which relate the asymptotic expansion of the trace of
the heat kernel to geometric quantities like dimension, volume, and total scalar curvature (see for
instance [37]]). Indeed, following immediately from Theorems [.3]and .4 we have:

Corollary 4.5. The equivalence between the heat kernel on S and G(S) implies the equivalence of
dimension, volume, and total scalar curvature on the respective underlying data manifolds.

The proof of Corollary [4.3]is available in Appendix Section [F} We use Weyl’s law [60] and the
eigenvalue comparison theorem [11]] to prove the equivalence.

5 Empirical Results

We compare the performance of HiPoNet with KNN-GNNs (i.e., GNNs on KNN graphs) as well as
PointNet++ and it’s variants are described in Appendix [H.T] The KNN-based graph neural networks
(GCN [30], SAGE [25]], GAT [54], GIN [63] and Graph Transformer [16], TopoGNN [26]) are
presented in the first block, followed by point cloud and topology oriented models (DGCNN [58]],
PointNet++ [44]], PointTransformer [65]], TopoAE [39], GCNN [40], HGCNN [18]), and finally the
proposed HiPoNet. We present the mean and standard deviation over 5 seedﬂ A bolded score
indicates the highest overall performance, whereas an underlined value identifies the second-best
performance. Unless otherwise stated, we use unoriented simplices in our experiments. Details
on the data cohorts considered in our experiments are provided in Appendix [G} Hyperparameters
are described in Appendix |Hl We provide a discussion of computational complexity in Appendix
[l Discussion of limitations and societal impact is provided in Appendix Sections[[]and[K] respectively.

Topology and Geometry Prediction. We evaluate HiPoNet on the task of predicting persistence
features of the point clouds, which provides a topological summary of the dataset. The ground truth
for persistence features was calculated by calculating using persistence diagrams. We note that the
purpose of these experiments is not to develop a new method of computing persistence features.
Instead, it is to show that HiPoNet has the expressivity needed in order to compute such features,
indicating that it is a viable method for tasks which require a network to capture the underlying
topology of the data.

The results in Table [1] indicate that HiPoNet

outperforms baseline methods, achieving the Model M % SPDO
lowest MSE across both datasets. Notably, gﬁl\fsﬁ%}é 1(5%63% f&%olz %:8;“3; - 8:8{3
KNN-based models perform competitively, with KNN-GAT 1.101 + 0.028 1.068 + 0.008
KNN-GIN 0.850 +0.061 | 1.2605 % 0.006
KNN-SAGE and KNN-GIN showing relatively .\ G omer | 1274 £ 0038 | 13754 £ 0,006
lower errors compared to other GNN-based ap- DGCNN 28412 £ 0.001 | 1353.0262 £ 1.12
proaches. However, point-cloud-based models N _PfiTmNett_H %gﬂg i 8-8(1’411 228;;117 f(?&of
. . omtliransiormer X . . 8
(DGCNN, PointNet++, and PointTransformer) HiPoNet 0.633 7 0.043 | 0.4046 L 0.006

exhibit significantly higher error values, suggest-

ing that they struggle to capture the necessary Table 1: MSE on prediction of persistence features.

’The code is available at https://github. com/KrishnaswamyLab/HiPolet!
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Data cohort Nuumber of cells Total # Datasets Task Data Modality

Melanoma patient samples 61K 54 Response to Immunotherapy MIBI

Patient-derived organoids (PDOs) 1.8M 1625 Treatment Administered Mass Cytometry
. 196K 196 Outcome to chemotherapy

Charville 196K 196 Cancer recurrence

UPMC 308K 308 Outcome to chemotherapy CODEX

308K 308 Cancer recurrence
DFCI 54K 54 Outcome to chemotherapy

Table 2: Information about single-cell data

topological features for persistence feature prediction on these data sets, perhaps because they were
designed with 3D point clouds in mind, rather than high-dimensional point clouds.

Single-cell data classification. Next we assess the performance of HiPoNet on classifiying point
clouds from single-cell data cohorts, described in Table (Detailed descriptions of this data is
provided in the Appendix[G]) As mentioned in the introduction, we emphasize that each data cohort is
a measurement of thousands cells on a large cohort of patients and the label is prediction of outcome
(of disease or treatment). As we can see in Table 4] HiPoNet outperforms all the graph-based,
topological, and point cloud methods in Melanoma. On the PDO data, it is second to TopoGNN.
However, HiPoNet is much more consistent than TopoGNN having a standard deviation of 0.94% in
comparison to TopoGNNs standard deviation of 16.15%.

Application to spatial transcriptomics data. In addition to the experiments on single-cell data,
we further demonstrate an application of HiPoNet in analyzing spatial transcriptomics data. Unlike
previous experiments where multiple views were constructed in the same manner, here we construct
two views by different methods: one capturing spatial proximity of cells and the other encoding gene
expression similarity. Table [3| compares the predictive performance of various models on spatial
transcriptomics data drawn from four different cohorts: DFCI, Charville, UPMC, and Melanoma.
DFCI and Melanoma include one task-outcome prediction-while Charville and UPMC includes
two tasks—either outcome prediction or recurrence prediction. Notably, HiPoNet achieves the top
results in most settings, outperforming KNN-based graph neural networks (GCN, SAGE, GAT, GIN),
PointNet++, and the KNN-GraphTransformer.

Data DFCI Charville UPMC Melanoma
Task Outcome Outcome Recurrence Outcome Recurrence Response

KNN-GCN 0.597 £ 0.049 | 0.547 £ 0.010 | 0.642 £ 0.056 | 0.668 £ 0.032 | 0.5 £00 | 0.606 £0.13

KNN-SAGE 0.82 +0.040 | 0.618 +0.021 | 0.581 £ 0.016 | 0.631+0.013 | 05+0.0 | 0.572+0.05

KNN-GAT 0.557 £ 0.047 | 0.675 +0.051 | 0.530 +0.032 | 0.647 £0.029 | 0.5+0.0 | 0.567 +0.05

KNN-GIN 0.700 4 0.048 | 0.609 + 0.020 | 0.624 + 0.045 | 0.663 = 0.015 | 0.514 +0.02 | 0.567 + 0.06

KNN-GraphTransformer | 0.668 + 0.051 | 0.578 £0.040 | 05+00 | 0.629+000 | 05+00 | 0.528 +0.04

PointNet++ 0.491 4 0.057 | 0.451 + 0.078 | 0.499 £ 0.001 | 0.506 & 0.01 | 0.495 £ 0.00 | 0.503 =+ 0.00

HiPoNet 0.916 £ 0.03 | 0.681 £ 0.012 | 0.681 £ 0.01 | 0.665 £ 0.01 | 0.6044 £ 0.0 | 0.732 = 0.01

Table 3: AUC ROC on Spatial Transcriptomics Classification
Intepretability of Learned Features. HiPoNet Model Melanoma PDO

; : T KNN-GCN 72724545  53.66 +0.70

pffers hl_gh_ degree of interpretability enabled. by KNN.SAGE Tese L e0s 2589 1083
its multi-view and learnable feature Welghtmg KNN-GAT 61.81 =445 52.56 + 10.06
architecture that learns meaningful representa- KNN-GIN 8545+£3.63  57.02+1.20
. . . . . KNN-GraphTransformer ~ 80.00 =890  39.46 +2.78
tions from high-dimensional point cloud data. TopoGNN 8318 L8109 7990 & 16.15
As seen in the three bar plots in Figure [2B), HGNN 80.00 £7.6  38.76 £ 0.87
: ; DGCNN 6333+ 1247  40.00 + 4.36

each plot corrqsponds toa dlfferenF learned view PomniNetss 150042040 4524 1208
or representation of the 30 protein expression PointTransformer 79.99 +6.24  30.00 + 4.70
markers in the melanoma single-cell classifica- TopoAE 3273+ 11.35 1571 +0.87
. . L - . GCNN 63.63+00 2934+ 103
tion task, with the y-axis including the learning HiPoNet 90.00 2492 7738 094

importance of each marker in that specific view.
Biologically meaningful markers like CD11b,

Table 4: Accuracies on classification tasks.

CD118, and FOXP3 have consistently high importance across the different views, aligning with their
roles in immune regulation within the tumor microenvironment and promoting immune evasion in
tumors.

Mitigation of Oversmoothing. To empirically examine whether our modeling choice mitigates
oversmoothing, we conducted a comparative analysis of Dirichlet energy across various methods. As
established by [[10]], Dirichlet energy provides a principled measure of the expressiveness of node
representations, where lower values indicate oversmoothed embeddings, and higher values reflect



greater feature variation across graph neighborhoods. We computed the Dirichlet energy of node
representations produced by different models.

As seen in Table [5} results indicate that Model Dirichlet Energy
our model, HiPoNet, exhibits substantially ggIT‘I é-ggi i 8- }‘3
higher Dirichlet energy than traditional message- Graph Transformer 3811 + 080
passing networks. This supports the claim that givféuTsion-based GNN 105-5880471 %%)o
H1PONet mitigates (.)versmoothmg.and retains HiPoNet (ours) 31.033 1625
richer, more expressive node-level information.

Notably, the GCN and diffusion-based models Table 5: Dirichlet Energy across different models.

exhibit particularly low energy, consistent with oversmoothed representations. Thus, this empirical
evidence reinforces the motivation for using wavelet transforms, which allow HiPoNet to capture
multi-scale variation and higher-frequency components in the signal that are typically suppressed in
standard GNN architectures.

Ablations. We provide ablations in Appendix [J} Table shows that increasing the number of
views improves performance, with four views yielding the best results. In Table [A5] we observe
that removing multi-view learning or simplicial modeling leads to the largest performance drops,
confirming their critical importance. Table [A6| presents a sensitivity analysis of the Vietoris—Rips
threshold, showing that the optimal threshold varies by dataset and significantly affects accuracy. In
Table[A7] we analyze the effect of kernel bandwidth, finding that careful tuning is required to avoid
oversmoothing. Finally, Table [A8]demonstrates that while Ist order simplices (essentially graphs) are
sufficient for some data sets, incorporating higher-order simplices improves performance for others,
particularly in predicting clinical outcomes.

6 Conclusion

In this work, we introduced HiPoNet, a novel neural network architecture designed for high-
dimensional point cloud datasets. By leveraging multiple views, higher-order constructs, and multi-
scale wavelet transforms, HiPoNet effectively captures complex geometric and topological structures
inherent in biological data. Our experiments demonstrate that HiPoNet learns distinct, meaningful
representations tailored to each dataset and significantly improves downstream analysis across diverse
single-cell and spatial transcriptomics cohorts. These results highlight the importance of integrating
higher-order and multi-scale information to overcome the limitations of existing point cloud and
graph-based models.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state the key contributions—multi-view
learning, simplicial modeling, and wavelet-based aggregation—which are directly supported
by the theoretical results and experiments.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: A dedicated Limitations section is provided in Appendix Section[J] It discusses
strong assumptions such as the manifold hypothesis (Appendix Section [E)), sensitivity to
hyperparameters like the kernel bandwidth and VR threshold (Tables and[A7), and the
computational complexity of the method (Appendix Section[l).

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results, including Theorem 4.4 and Theorem[4.3] are accom-
panied by explicit assumptions and full proofs in the Appendix (Sections [E|and [D)). Proof
sketches are also included in the main paper to provide intuition.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All experimental settings, including hyperparameters, model configurations,
dataset details, and evaluation metrics, are fully described in Section [H] and Appendix E}
Datasets used are publicly available (e.g., MIBI [42], PDO [45], and Spatial Transcrip-
tomics [61]]). Code is provided at https://github.com/KrishnaswamyLab/HiPoNet
to facilitate full reproducibility.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Code is available at https://github.com/KrishnaswamyLab/HiPoNet.
The repository includes detailed instructions for setting up the environment, running ex-
periments, and reproducing all main results. All datasets used are publicly available and
referenced in Section

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All training and test details, including data splits, hyperparameters, optimizer
settings, and how they were selected, are provided in Appendix [Hl The optimizer used is
AdamW with a constant learning rate of 10~* and weight decay of 10~%. All datasets and
experimental configurations are clearly described, and additional reproduction details are
provided in the released code repository.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
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Answer: [Yes]

Justification: All experiments report mean values along with standard deviation over 5
independent runs with different random seeds. These results are reported in all relevant
tables (e.g., Table[d] Table[I)) and clearly indicate the variability due to random initialization
and data splits. We specify that the reported error bars are standard deviations, as noted in
the experimental setup in Appendix [H]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The experimental setup (Appendix [H) specifies that all experiments were
performed on a single NVIDIA A100 GPU with 40GB memory. Each experiment took
approximately 2-3 hours of training time. Total compute usage for all experiments, includ-
ing ablations and hyperparameter tuning, is estimated at approximately 400 GPU hours.
Preliminary experiments that did not make it into the final results required an additional 100
GPU hours.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
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10.

11.

Justification: The research adheres to the NeurIPS Code of Ethics. All datasets used
are publicly available and anonymized, ensuring no privacy violations. The proposed
methods aim to advance scientific understanding without harmful societal impacts. Potential
limitations and risks have been transparently discussed in Appendix [[]

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper discusses the potential for positive societal impact in advancing
our understanding of tissue microenvironments, which could aid biomedical research and
precision medicine. Possible negative impacts, such as risks of overinterpretation of spatial
patterns without proper validation and privacy concerns with patient data, are acknowledged
in Appendix [K] along with suggested mitigation strategies.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not introduce models or datasets with high risk for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.
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13.

14.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All datasets used in this work are properly cited in the main text and Appendix.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not introduce any new datasets or other assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This paper does not involve any crowdsourcing experiments or research
involving human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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16.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This work does not involve any new data collection from human subjects; the
datasets used were publicly available, and necessary IRB approvals were obtained by the
original data providers.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLM is used only for writing, editing, or formatting purposes.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Notations
Table Al: Notations used throughout the paper.
Notation Description
X ={x1,...,x,} Original point cloud with n data points
d Input feature dimension (e.g., number of genes or markers)
V Number of distinct views
al?) ¢ R? Learnable weight vector for view v
)ZEU) Reweighted feature vector for point ¢ in view v
X Reweighted point cloud for view v
dg;’) Gaussian Kernel distance between points ¢ and j in view v
€ Scale parameter for Vietoris-Rips complex construction
Sw) Simplicial complex for view v
K Maximum simplex order in the complex
Ok A k-simplex in the complex
Ny, Number of k-simplices
X](:) € RNexDrk PFeature matrix for k-simplices in view v
Bff) Boundary matrix for order-k simplices in view v
A,(:}) Hodge Laplacian for k-simplices in view v
P,(Cv) Simplicial random walk matrix for k-simplices in view v
J Number of diffusion scales used in the scattering transform
\I/,(:J ) Simplicial wavelet at scale j for order-k simplices in view v
Sl j]X,(:) First-order scattering coefficients

Silind1X}
5(]3(71)7 X(’“))
P Aggregated feature representation across all views

Second-order scattering coefficients
Collection of all scattering features for view v

N

Multilayer perceptron used for classification
y Final model prediction

B Related Works

The vast majority of work on point cloud-based learning has focused on three dimensional problems,
such as mapping and interpreting sensor readings in computer vision or localization tasks [43} /44,
635, 133, 158]]. Early methods such as PointNet [43]] and its successor PointNet++ [44] introduced
permutation-invariant models with the ability to extract local and global features from 3D point
clouds. Newer methods such as Dynamic Graph Convolutional Neural Network (DGCNN) [158]]
leverage dynamic graph representations to better extract rich features from input point clouds, while
PointMLP [33] and Point Transformer [65]] use standard Multilayer Perceptrons and local self-
attention mechanism as the building blocks for better performance in classification and regression
tasks. We are primarily interested in biological domains which are much higher dimensional, ranging
from dozens in proteomics datasets to thousands in transcriptomic datasets, we require a new approach
that is not limited by architectural decisions and is computationally efficient when working with
high-dimensional data. Despite the advancements in these existing methods, they are fundamentally
designed for 3D point clouds and struggle with performance and scalability in a high-dimensional
setting as they rely on spatial heuristics, because local neighborhoods become less meaningful in
high-dimension. As opposed to this, HiPoNet is able to scale to high-dimensional data while also
preserving the geometry of the dataset.
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Single-cell analysis has greatly benefited from graph-based methods that learns global structure
from high-dimensional data. These methods typically rely on a single graph construct to infer
relationships between cellular states. Methods such as UMAP [36] and t-SNE [52] perform non-
linear dimensionality reduction by constructing a neighborhood graph and embedding cells into a
low-dimensional space. On the other hand, PHATE [38]] is a dimensionality reduction method that
captures both global and local nonlinear structure but only constructs a single graph from the data.
While these methods have been useful in understanding various biological processes, they may fail to
organize cells based on processes governed by subsets of dimensions with just a single connectivity
structure. In contrast to this, HiPoNet has the ability to model distinct cellular processes by leveraging
its multi-view framework, preserving important geometric properties.

C Proof of Theorem 4.1]

The following Theorem is a more detailed version of Theorem [4.1] which states that the heat
equation respects with the 0-homology of the underlying point cloud.

Theorem C.1 (Connected Components on Simplicial Complexes). Let S be a simplicial complex of
order K with m connected components, and let 3y, be the set of k-simplices (k < K ). We partition
Yk =Yg Uk oU. . .UXg ., where each Xy, ; corresponds to the k-simplices in a single connected
component. Let S be a subset of k-simplices, and assume that S is the union of several connected
components: S = Xy ; U...UXy ;. Assume the initial condition, uy(-,0), of the diffusion equation
has support contained in S. Then, for any k-th order simplex o), ¢ S and for all t > 0, we have:

uk(ak,t) =0. (@)

Proof. The Hodge-Laplacian Ay acts locally, meaning its ¢, j-th entry will be zero unless the i-th k
complex is a neighbor of the j-th k-complex (which can happen either via ¢ = j or via upper/lower
adjacent neighbors). As a result, if the initial condition (-, 0) has support contained in S, the solution
u(o, t) must remain confined to S for all ¢ > 0. To formalize this, define a function @ (o, t) as
follows: ( )

N ug (o, t), ifoces,

U(ort) = {0, ifo ¢ S.

We will show that @ (o, t) satisfies the same heat equation as u(oy, t).

First, consider a simplex o), € S. By definition, g (og,t) = u(og,t) for all ¢ > 0, and since
ug (og, t) satisfies the heat equation, it follows that:

ou(oy,t)  Ou(og,t)
ot ot
where in the final equality we used the fact that Ay acts locally.

= —Agug(og, t) = —Aptg(og, t),

Next, consider a simplex o) ¢ S. By definition, @y (ok,t) = 0 for all ¢ > 0, which implies
W = 0. Furthermore, since Ay, acts locally and oy, is not in S, we have also: Ayt (o, t) =0
(since neighbors must be in the same connected component). Thus, W = Agtg(og,t) =0,
and so 4y (o, t) satisfies the heat equation.

Lastly, since U (o, t) satisfies the heat equation for all simplices o, € S and coincides with the
initial condition u(-,0) on S, it follows from the uniqueness of solutions to the heat equation that
Uy (oK, t) = uk(ok, t) for all t > 0. Therefore, for any simplex o), ¢ S and for all ¢ > 0, we have:
uk(ok,t):ﬁk(ak,t):(). O

D Proof of Theorem

Below, we will state Theorem [D.I] which is a more detailed statement of Theorem[4.3] First, we will
introduce some notation and preliminaries.

We will assume that the vertices of G(S), (i.e., the simplices ¢ € S) are ordered in a manner
consistent with the size of the simplices, that is, all of the k simplices come before all of the k£ + 1
simplices in our ordering. Let [N} denote the number of simplicial complexes of order k£ and let
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N = Z}i{:o Ny, denote the cardinality of S, i.e., the total number of simplices. For each ¢ > 0, let
ug(-,t) € RN denote the solution to the graph heat equation:

dug(o,t)
o ®

where Ag = B(G(S))B(G(S))T is the graph Laplacian of G(S), and B(G(S)) is the incidence
matrix of G(S). (If S is an oriented simplex, then B(G(S)) is the signed incidence matrix, otherwise
it is the unsigned incidence matrix.) Let uy, denote the solution to the heat equation associated to A g
in Eqn. and, for t > 0 define the solution to the simplicial complex heat equation, us(-,t) € RY by

us(t) = [ug(-,t), ..oy o ur((+,1)] (7

(i.e., the denote the concatenation of all of the wuy.)

= —Agug(o,1),

Theorem D.1 (Agreement of Heat Equation Solutions). Let S be a simplicial complex, and let G(S)
be its associated simplicial graph as defined in Deﬁnition Let us(o, t) denote the solution to the
heat equation on S. (See Eqn[?]and also Egn.|2|) Similarly, let ug(o,t) denote the solution to the
heat equation on G(S).

Assume that the initial conditions us(+,0) and ug(-,0) are consistent, i.e.,
us(0,0) = ug(o,0) forallo € V(G).
Then, for all t > 0 and for all simplices o € S, the solutions agree, i.e., we have
us(o,t) = ug(o,t).

Proof. Since the edge set of G(S) is defined in terms of upper and lower adjacent neighbors, Ag can
be written in block diagonal form as

Ao 0 0O -~ 0 0
0 A, 0 - 0 0
0 0 A, - 0 0
Ag=|. . : _ ®)
0 0 O Ag_1 O
0 0 O 0 Ag

This allows us to see that us also satisfies the graph equation equation since

Ay O 0o - 0 0
0 -A, 0 .- 0 0
0 0 —Ay - 0 0
—Agus(t)=| . : : : o | us(H1)
0 0 0 “Agx_1 O
0 0 0 0 —Axk]
Ay O 0 0 0
0 -A, 0 0 0 Zogg
0 0 -—-A, 0 0 u;(.’t)
0 0 0 a0 ||
Lo o0 o 0 Ay LexGD)
- ou ('1t)
—Ao UO(-,t) 9 %g ‘
—Ayuy (1) el
) 0 I T
| —Ag ug(-,1) dur (1)
ot

Therefore, ug = us by uniqueness of solutions.
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E The proof of Theorem 4.4

The following is a more detailed statement of Theorem [.4] which states that the diffusion on
simplices captures the geodesic distances.

Theorem E.1 (Capturing Geodesic Distance). Assume that a transformed point cloud X Jies upon

a Riemannian manifold M. Let S be an oriented simplicial complex constructed from X, and let
G(8) be its associated simplicial graph. Denote the 0-th order heat kernel on S by H{(o, T), where
o, T represent simplices of any order in S. So that H{uy(-,0) solves the heat equation with initial
condititin uo(+,0). Then, we may approximate the geodesic distance d (o, T) on the manifold M
Sfrom H.

Proof. Let h; denote the heat kernel on the underlying manifold. Varadhan’s formula [53]] shows that
lim —4tlog hy (o, 7) = d(o, 7)?
t—0

Theorem 3 of [15] shows that the graph heat kernel H¢ uniformly converges to the manifold heat
kernel h; and so the result follows from Theorem which establishes the equivalence of the graph
heat equation and the heat equation on simplicial complexes. O

F Proof of Corollary 4.5

Corollary 5. The equivalence between the heat kernel on S and G(S) implies the equivalence of
dimension, volume, and total scalar curvature on the respective underlying data manifolds.

Proof. Let h; denote the heat kernel on the manifold M. For any two points z,y € M. The
eigenvalues \; and corresponding eigenfunctions ¢; of the Laplace-Beltrami operator determine the
manifold heat kernel via the spectral expansion:

hi(z,y) = Z e Nl () ily)
i=0

The eigenvalues are influenced by the volume and curvature of the manifold via Weyl’s law [60] and
the eigenvalue comparison theorems [[11]]. Thus, as in the proof of Theorem#.4] the result follows
from Theorem 3 of [13]. O

G Data Cohorts

* Melanoma: We use data originally collected by Ptacek et al. [42]] and made available
in Vesely and Johnson [56], which consists of 54 melanoma patients, who underwent
checkpoint blockade immunotherapy. The data contains approximately 489 to 1784 cells
from the tumor micro-environments of each patient, resulting in a total of 11,862 cells. Each
cell is characterized by 29 protein markers measured by Multiplexed Ion Beam Imaging
(MIBI) [64} 3]. This data can be modeled as 54 point clouds in a 29-dimensional space,
with sample sizes ranging from 489 to 1784 points per point cloud. The learning task is
binary classification of whether the patient experienced recurrence or not (including stable
disease as a ‘non-recurrence’), predicted from the protein expression levels. We note that
MIBI is able to measure the spatial locations of the cells as well as their protein counts.
However, in our experiments, we do not use the spatial locations of MIBI. We make this
choice so that, with this data set, we can assess the ability of methods to learn purely from
the high-dimensional point clouds corresponding to protein counts.

* Patient-derived Organoids (PDOs): We next consider data from Ramos Zapatero et al. [45]
featuring patient-derived organoids (PDOs) from 12 different patients with colorectal cancer.
Patient-derived organoids (PDOs) are cell cultures grown from patient tumor samples.
Each culture, representing a PDO sample, is characterized by 44 proteins and contains
approximately 1137 cells. Collectively, we consider 1,678 such cultures, each of which is
viewed as a 44-dimensional point cloud, resulting in a total of 2 million cells. The goal is to
infer treatment administered to the PDO based on cellular states, serving as a synthetic task
for our model.
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Data Task K
Melanoma Classification 1
Persistence prediction 1
Classification 1

PDO Persistence prediction 1
DFCI Outcome 1
Charville Outcome 2
Recurrence 1

UPMC Outcome 2
Recurrence 1

Table A2: Order of simplicial complex

Model Accuracy

GCN 41.67 £ 25.00
GIN 38.89 £+ 7.86
Graph Transformer 50.00 £ 16.67
HiPoNet 63.60 £ 0.00

Table A3: Comparison of model accuracy on Spatial Data.

* Spatial Transcriptomics (ST): We next consider Spatial Transcriptomics data generated
using a 40-plex CODEX (CO-Detection by Indexing) immunofluorescent imaging workflow
from Wu et al. [61], capturing 40 protein markers per cell across datasets from UPMC,
DFCI, and Charville, comprising 500 patients, each of whom either had head-and-neck
cancer or colorectal cancer. Here we construct views in two different manners:

— Spatial View: Cellular coordinates describing how cells are arranged in two-dimensional
tissue sections.

— Gene View: Dozens of markers or transcripts measured per cell, detailing complex
biological states.

The overarching goal is to predict outcome of chemotherapy on cancer patients. Another
goal is to predict cancer relaspe of recovered patients. This task particularly leverages
HiPoNet’s ability to fuse spatial context with transcriptional signals for clinically relevant
insights in cancer research.

H Experimental Setup

The parameters of HiPoNet are optimized using the AdamW optimizer [32] with a constant learning
rate of 10~4 and a weight decay of 10™*. We train the model for 100 epochs on every dataset
for each model. We record the best metric (accuracy in classification tasks; mean squared error in
regression tasks) achieved on the test set in each training run. We compare model performances
on each dataset and task by the mean and standard deviation of their resulting five metric scores.
For the spatial transcriptomics data, we use the folds from Wu et al. [61]. In Table we describe
order of the simplicial complex that we have used for each data set. Typically, our setup necessitates
approximately two to three hours of training time for each dataset on a single NVIDIA A100 GPU.

H.1 Baselines

We compare the performance of HiPoNet on the classification tasks outlined in Section [5]to two
groups of alternative methods. First, to demonstrate the expressive power of our multiview graph
embeddings over traditional graph neural network techniques, we construct K-nearest neighbor
graphs of the input point cloud data and attempt to learn a classifier using several popular graph
neural network architectures. These include Graph Convolutional Networks (GCN) [30], GraphSAGE
[25], Graph Attention (GAT) Networks [54]], Graph Isomorphism Networks (GIN) [63]], and Graph
Transformer Networks (GTNs) [[16]. We discuss their performance on our high-dimensional tasks in
Section[3
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Num. of Views Melanoma PDO

1 27.27 £12.85 59.80 £ 1.99
2 54.54 £ 11.13  61.10 £0.17
4 90.90 £4.92 77.38 +0.94

Table A4: Accuracies (mean + standard deviation) from ablation on the number of graphs. Best
result is bolded and second best is underlined.

Model Melanoma PDO

HiPoNet 90.90 -4.92 77.38 = 0.94
w/o multi-view 27.27 +12.85 59.80 &+ 1.99
w/o structure 46.08 +8.38 14.09 +1.49
w/o reweighing  56.36 = 7.60  48.30 4 3.99
w/o wavelets 7090 + 1493 41.53+1.84

Table AS: Ablation over components.

Second, we compare our method directly state-of-the art, bespoke point cloud learning methods.
While DGCNN [58], PointNet++ [44], and PointTransformer [65] all perform very well on the
three-dimensional problems they were designed to tackle, as shown in Table [d] they struggle to
successfully classify high-dimensional point clouds.

I Computational Complexity

The computational complexity of one step of diffusion process, performed via sparse multiplication,
has the complexity of O(XX_, Dy, Ny,), where Dy, is a dimension of the features of k-simplices. To
construct the wavelets, we need to perform J steps of diffusion for V' views. Therefore, the cost
of the SWT is O(V J(XE_ Dy Ny)). For the second order scattering coefficients there are O(.J?)
different choices of j and j'. Thus the costis O(V J?(XX_, D, Ny,)) The complexity of reweighing
through Hadamard product is O(DyNy). The complexity of VR-filtration is O(NZ). So, the total
computational complexity of HiPoNet is O(NZ + V J?(XE_| D Ny.)).

J Ablation

In Table [A4] we present an ablation study of HiPoNet showing the impact of varying number of
views. The results indicate that four views is most effective for capturing the topology of the point
clouds.

To assess the contribution of each component—multi-view learning, simplicial complex modeling,
and wavelet transform—we conducted an ablation study on the Melanoma and PDO datasets. As
shown in Table removing multi-view learning causes the largest performance drop (63.6% on
Melanoma, and 17.6% on PDO), highlighting its central role. Additionally, we see that not using
the structure of the data, but instead passing the point cloud features directly into an MLP classifier
(without forming a simplicial complex), leads to severe degradation in performance on both tasks,
with a 63% drop on PDO and 44.8% drop on Melanoma. Finally, we see that removing the wavelet
transform (i.e., using diffusion only) lowers performance across both datasets (with a 20% drop on
Melanoma and a 25.85% drop on PDO). These results confirm that each module plays a crucial role,
with multi-view learning and structural modeling being especially vital.

To assess the sensitivity to the threshold, we conducted a sensitivity analysis on the Vietoris—Rips
threshold, which governs the construction of higher-order simplices, using the single-cell classification
datasets. As shown in Table @ performance varies with the threshold. On Melanoma, the best
result is achieved at 0.50, while on PDO, a lower threshold of 0.15 yields the highest accuracy,
indicating that the optimal choice can be dataset-specific. To select the appropriate threshold, we tune
it until reaching a critical point—beyond which the number of edges grows rapidly. These critical
points are used in our analysis. Notably, we found that PDO has a critical point at 0.15, which leads
to improved performance compared to what was reported in the main text. These results suggest that
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Threshold for V-Rips e Melanoma PDO
0.15 68.18 £9.42  77.38 £ 0.94
0.25 65.45+£21.70 60.44 + 1.61
0.50 90.90 +4.92 63.10 £ 0.00
0.75 77.27 £1521 68.92 £ 0.94
1.00 61.81 +13.48 64.96 £ 0.85
1.25 61.81 £7.60 62.00 £ 0.51

Table A6: Sensitivity analysis with respect to the Vietoris—Rips threshold.

Kernel Bandwidth o Melanoma PDO
0.25 61.81 +7.60 60.44 +1.21
0.50 61.81 +=11.85 63.61 +1.21
0.75 6545 +7.60 77.38+0.94
1.00 90.90 =492 6244 +1.46
1.25 79.09 + 16.51 62.00 + 0.51

Table A7: Sensitivity analysis of kernel bandwidth (%).

the model is sensitive to this hyperparameter, and careful selection of the threshold is important for
achieving strong performance.

To assess the effect of kernel bandwidth, we performed a sensitivity analysis by varying the bandwidth
used during graph construction. As shown in Table[A7] performance on the Melanoma dataset initially
improves with increasing bandwidth and peaks at 1.00 (90.90 +£ 4.92), after which it slightly declines.
On the PDO dataset, however, the best performance is observed at 0.75 (77.38 +0.94), suggesting that
overly large bandwidths may oversmooth the neighborhood structure in some domains. These results
indicate that kernel bandwidth is a sensitive hyperparameter and should be tuned based on dataset
characteristics. We will incorporate this analysis and its implications into the revised manuscript.

Table @]presents results across four tasks—PDOQO, Charville (Outcome and Recurrence tasks), and
UPMC (Recurrence task)—with K = 1, 2, 3 representing the maximum dimension of simplices used
during complex construction. We observe that for PDO, performance peaks at K = 1, suggesting that
lower-order interactions are sufficient. In contrast, for outcome prediction on Charville and UPMC,
higher-order structures (KX = 2) improve performance, particularly for the UPMC dataset where
AUC increases from 0.538 to 0.6044. Notably, performance saturates or slightly drops at K = 3,
indicating diminishing returns from overly complex topology.

K Broader Impacts

This work introduces HiPoNet, a neural network for high-dimensional point cloud analysis with
applications in biological data such as single-cell and spatial transcriptomics. Positive societal impacts
include advancing our understanding of complex biological systems, enabling discoveries in disease
mechanisms, and contributing to the development of more effective treatments through improved
modeling of gene and cell interactions. Potential negative impacts include the risk of over-reliance on
model predictions in critical biological or clinical decision-making without sufficient experimental
validation. Additionally, applying HiPoNet to sensitive biomedical datasets raises privacy concerns
if appropriate safeguards are not maintained. We recommend that HiPoNet be used primarily for
hypothesis generation rather than direct clinical application, with findings validated through rigorous
experimental studies. Responsible data handling practices and collaboration with domain experts are
essential to mitigate these risks.

L Limitations

While HiPoNet advances the modeling of high-dimensional point clouds, it has several limitations.
First, although HiPoNet is relatively efficient, training on very large datasets still requires substantial
compute resources, especially for larger values of K. Second, the current model has been primarily
validated on biological datasets; its generalization to other high-dimensional domains remains to be
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Dataset / Task (Metric) K=1 K=2 K=3

PDO (Accuracy) 7738 £0.94 72.30+0.18 70.76 +£0.71
Charville (Outcome AUC-ROC)  0.55 £ 0.001 0.598 +0.12 0.539 £ 0.05
Charville (Recurrence AUC-ROC)  0.681 + 0.01 0.681 + 0.01 0.681 £ 0.01
UPMC (Recurrence AUC-ROC)  0.538 £0.03 0.6044 £ 0.0 0.583 £+ 0.01

Table A8: Performance across datasets and tasks for varying K.

explored. Finally, HiPoNet focuses on predictions rather than inferring causal relationships, limiting
its direct applicability for causal inference tasks.
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