HiLD 2026: 4th Workshop on High-dimensional Learning Dynamics

Feature Learning in High-Dimensions under Structured Covariance:
Scaling Laws in Quadratic Networks

Qingyuan Yu* QINGYUANYU @ CS.TORONTO.EDU
University of Toronto and Vector Institute, Toronto, Canada

Nuri Mert Vural* VURAL @CS.TORONTO.EDU
University of Toronto and Vector Institute, Toronto, Canada

Xin T. Tong XIN.T.TONG @NUS.EDU.SG
National University of Singapore, Singapore

Murat A. Erdogdu ERDOGDU @ CS.TORONTO.COM
University of Toronto and Vector Institute, Toronto, Canada

Abstract

Recent theoretical work has shown that nonlinear solvable models exhibit scaling laws in the
feature-learning regime. However, these results largely rely on the assumption of isotropic inputs,
and understanding how these laws extend to anisotropic data remains a central open problem. In
this work, we address this gap by analyzing the learning dynamics of two-layer neural networks
with quadratic activations under anisotropic Gaussian inputs. We provide a sharp characterization
of online stochastic gradient descent (SGD), explicitly quantifying how the covariance spectrum
influences both the scaling exponent and sample complexity. Furthermore, we establish that
normalization techniques overcome the intrinsic limitations of vanilla SGD, strictly improving
sample efficiency in anisotropic settings. Experiments on two-layer networks with general activation
functions support our theoretical predictions, suggesting that these insights extend well beyond the
quadratic model.
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1. Introduction

The predictable scaling of generalization error with respect to computational resources, dataset
size, and model width—commonly referred to as scaling laws—has become a defining feature of
modern machine learning [10, 11]. Because empirical losses consistently exhibit robust power-
law decay, practitioners can reliably extrapolate large-scale performance from a relatively small
number of measurements [2, 12]. This phenomenon has sparked significant theoretical interest in
deriving scaling laws from first principles [18, 21]. While earlier work primarily focused on linear
models [16, 22], recent efforts have shifted toward nonlinear solvable models, which are necessary
to capture phenomena such as feature learning [7] and and the heavy spectral tails observed in
real-world representations [13].

Despite this progress, existing scaling analyses for nonlinear networks largely rely on the restric-
tive assumption of isotropic inputs [3, 23]. In this work, we study the anisotropic setting. Specifically,
we analyze the learning dynamics of a two-layer neural network with quadratic activations under
anisotropic Gaussian data:

y:Z;-:l)\j((Oj,cc)z—(Bj,20j>)+e, :IZNN(O,E). (1.1)

Here, € is zero-mean independent sub-Gaussian noise, {Hj };7:1 C R? are unknown signal directions,
A1 > Ag > --- > A, > 0 denote their associated signal strengths, and 3 is the data covariance
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matrix, which may exhibit a power-law spectrum. The constant terms (0, 36;) are included to
ensure the labels remain centered, i.e., E[y] = 0. Our goal is to learn this teacher network using a
two-layer student network of width r, trained via gradient-based optimization.

A central challenge in this setting is understanding the fundamental statistical and computational
limits of feature learning under anisotropy. Existing work provides sample complexity guarantees
bounded by the effective dimension reg(X) = tr(X)/||X|2: scaling quadratically as (reg(X))? for
kernel methods [8, 24], and scaling linearly as r.g(X) for infinite-width mean-field models [20]. How-
ever, the exact risk trajectory of stochastic gradient descent (SGD) applied to narrow networks—and
the corresponding scaling behavior—remains poorly understood. More broadly, theoretical analyses
of nonlinear multi-index models under anisotropic covariates remain limited. Motivated by these
gaps, we investigate the following question:

Can we characterize the exact risk trajectory and the resulting computational and statistical
requirements of SGD for quadratic networks under anisotropic data?

1.1. Our contributions

In this paper, we study the model in (1.1) under structured power-law conditions on both the signal
strength and the covariance spectrum. Specifically, letting o; denote the eigenvalues of 3, we assume

Ni=<i"® and oy =i P, (1.2)

for exponents «, 3 > 0. In the existing literature, o and 3 is closely related to the source and capacity

conditions, respectively [5, 24]. Our main contributions are summarized below:

1. Scaling exponents: In Section 3, we derive a sharp characterization of the excess risk under online
vanilla SGD dynamics. In particular, we show that the risk exhibits an explicit power-law decay
jointly governed by the source and capacity exponents « and 3. We validate these predictions
empirically, observing a strong agreement between theory and simulations (Figure 1).

2. Algorithmic lower bound: In Section 3.1, we study the limitations of vanilla online SGD under
anisotropic data. Combining theoretical results with supporting empirical evidence, we show that
unconstrained SGD is restricted to conservative learning rates, which force its sample complexity
to 2(d). This prevents vanilla SGD from attaining the near-optimal sample complexity rog ().

3. Near-optimal sample complexity: In Section 3.2, we propose and analyze an online Stiefel SGD
algorithm. We prove that it achieves a near-optimal sample complexity of O(rg (X)), matching
the effective dimension of the data up to logarithmic factors while preserving the exact scaling
behavior. This establishes a sharp separation in sample efficiency between SGD learning in
feature-learning regime and lazy training regimes under anisotropic data.

2. Problem Setting

We consider learning a two-layer teacher network with a quadratic activation when the input is
anisotropic Gaussian given in (1.1), under the following assumption:

Assumption 1 (Spectral alignment) Each 0; is the j-th eigenvector of X, such that 30 = ;0.
For normalization, we assume 22:1 02-2)\12 = 1 so that the variance of labels, i.e., E[yQ], is constant.

This assumption formalizes a classical statistical learning principle: the directions most predictive
of the response y coincide with the principal components of the input covariates x [9]. Combined
with the power-law assumptions in (1.2), our setting extends classical three-parameter models to the
multi-index setting through a shared spectral decay of the covariance and signal components [17].
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Figure 1: (a) Population risk vs. compute for two-layer quadratic networks trained via one-pass SGD for
B €40.1,0.35,0.6} and r; € {128,152,181,215} (d = 2048, a« = 0.7 — f3). (b) Empirical scaling exponents
across model widths, with theoretical predictions (red lines) closely matching observed slopes.

Student Network. We learn the target model with a quadratic student network defined as

J(x; W,b) = L7 (wj, ) — b,

Ts j=1
where 7, is the width of the student network, b is the bias term, and {w; };; 1 C R? denotes the set

of trainable weights. We collect these weights as the columns of the matrix W € R%*7s,
We consider minimizing the squared loss, for which the population risk is defined by

R(W,b) = %E(w,y) [(y —y(z, W, b))2]'

By substituting the teacher and student models in (1.1) and , the population risk admits the following
closed-form expression:

RW,b) = ||L2iWWTs: - si0A0Ts:|| +1(b— LuEwwT)’ + B[ @)

2
F

Here, we collect the teacher directions {6;}"_; as the columns of the matrix © € R" and A is a
diagonal matrix where the j-th diagonal entry is A;.

3. Main Result: Risk characterization under structured covariance
3.1. Online vanilla SGD

We first analyze the learning dynamics of online (one-pass) SGD. Given a fresh sample (@41, Yi+1)s
we define the instantaneous loss:

Lip1(W,b) = 5 (yers — 9@y W, b))%,

where §(@+1; W, b) denotes the network output. To learn the weights and bias simultaneously, we
employ two-time-scale gradient descent, where the bias updates significantly faster than the weights.
This separation of timescales yields a mathematically tractable learning trajectory and allows the
algorithm to learn the covariance-dependent bias term in (2.1) that keeps the predictions centered.
Specifically, the parameter updates are given by:

Wit = Wi — VL 1 (W, by), biy1 = by — %Vﬁm(Wt, bt) (SGD)

where the parameters are initialized with by ~ N(0,1) and W, € R%*"™s where Woij ~iid.
N(0,1/d). The following theorem characterizes the resulting risk trajectory.
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Theorem 1 Let o, > 0 denote the source and capacity exponents defined in (1.2), and assume
the teacher width r > 1. We consider the regime 2ac + 23 > 1 and a mildly overparameterized
student network with rs > polylog d. We consider step size n and timescale parameter § such that
n =< o(1/d) and 6 € o(1/10gd). Almost surely, we have

_2(atp)—1

R(ntlogd) — %E[EQ] = O((nt)” «FF + T?Q(a+ﬂ)+1) (3.1)

wherever the limit of nt is well-defined.

Remark 2 We highlight the following:

» This asymptotic risk exhibits a decomposition similar to the neural scaling laws in [11, 12],
where the error cleanly separates into optimization and approximation terms. Here, the capacity
exponent 3 enters both contributions additively due to the alignment structure. While the limit
B — 0 recovers the known isotropic scaling behavior [3], our result establishes strictly faster risk
decay for any level of anisotropy (8 > 0).

* However, the resulting sample complexity satisfies T~ dpolylog(d). Because the algorithm
operates in a strict one-pass regime, runtime and sample complexity are identical. This rate is
highly suboptimal: the intrinsic statistical complexity is determined by the effective dimension
Tef(2) = tr(X)/||Z||a, which scales as d*~# for € (0,1) and as O(1) for 3 > 1.

This suboptimal rate suggests a potential algorithmic gap across all anisotropic regimes (5 > 0).
Does the (:)(d) sample requirement reflect a fundamental limitation of the dynamics in (SGD), or
is it merely an artifact of the theoretical analysis? To provide evidence that vanilla SGD inherently
requires €2(d) sample complexity, we analyze an offline empirical estimator for the teacher directions:

. 1 1 Tal o4
RW) = ’ SSIWW IS - S’

2
)
Ts F

T
A 1
where S = T ;ytmtm:. (3.2)

This objective coincides with the population risk in
(2.1), up to the bias and the noise variance terms. The — Steifel (large n)
key difference is that the population covariance is re- O i e
placed by its unbiased empirical estimator: E[S] = —A= SGD _(small n)
Y:OAO X3, We observe that (SGD) is the on-
line counterpart of minimizing this empirical objective.
Since their sample complexities are known to match in 107!
the isotropic case (X = I), analyzing R(W) provides

a reliable proxy for the online dynamics [4]. In the

Risk

10! 102 103 10*

following proposition, we show that minimizing R(W) Time t

requires.Q(d) samples to achi.eve a non-vanishing dis- Figure 2: Population risk vs training
tance with the true teacher directions. Consequently, iteration of (SGD) and Stiefel SGD.
when T' < d, the estimator fundamentally fails to re- Risks are plotted after the alignment
cover the relevant signal. This limitation stems from step. We set d = 16384, r = 2048,
the X1/2 factors in (3.2), which implicitly offset the 7, = 512, and o = 3 = 0.35. Small
statistical advantages induced by anisotropy in S and scales as O(1/d), while large 7 scales

forces the optimal weights W to align with the top ~ ° O(1/rer(%))-
eigenspace of the whitened matrix 3~1/28§3~1/2,

4
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Proposition 3 (Offline Estimator Lower Bound) Let W be the minimizer of R(W) in (3.2). If
T < d, then for a sufficiently small constant € > 0 and d sufficiently large,

P [Hiz%WTW;z% _$:eA0'x:

F>s} > 1~ o0g(1).

By showing that the population risk remains lower-bounded when 7" < d, Proposition 3 provides
evidence that the sample complexity requirement in Theorem 1 cannot be substantially improved.
Beyond this theoretical argument, we provide empirical observations supporting this conclusion.
As illustrated in Figure 2, (SGD) becomes unstable for learning rates 17 =< O(1/re(X)), whereas
the normalized Stiefel (which is introduced in the subsequent section) remain stable in this regime.
Because learning rates of this magnitude are required to achieve the statistically optimal sample
complexity in one-pass settings, this instability provides an alternative argument that (SGD) is
fundamentally restricted to conservative step sizes.

3.2. Improved sample complexity via normalized dynamics

In this section, we introduce normalized Stiefel dynamics to achieve near-optimal sample complexity
under anisotropic data. The fundamental issue with the standard quadratic objective (3.2) is that
it implicitly counteracts the data’s anisotropic structure. Because the network variance scales as
E[§?] o HE%WWTE% |2, unconstrained dynamics are naturally biased toward whitening the
covariance spectrum, forcing the weights to align with the inverse covariance geometry.

To bypass this whitening effect and preserve the statistical advantages of anisotropy, we optimize
a correlation objective while constraining the weight matrix to the Stiefel manifold St(rs, d) =
{V € R™"s | VTV = I, }, which makes sure that the weights are unit norm and orthogonal.
Given a fresh sample (@11, y+1), we define this instantaneous objective and its corresponding
Riemannian gradient as:

Jir1(W,b) = —yri19(xi41; W, ), Vs Ji+1(W,b) = (I — WWT)yt+1$t+1w:+1W~
Following layer-wise training strategies from prior work [1, 6, 15], the training proceeds in two
distinct stages:

* Phase 1 (Direction Learning): We initialize Wy ~ Unif(St(rs,d)) and by = 0. Fort =1,2,...,
we update the weights using:

Wit = Wi — Ve Te 1 (Wy, bo), Wi = “N/t+1(wt—l—&——lwt+1)_1/2'

* Phase 2 (Weight Alignment): Using a set of Tyjign fresh samples {(x;,y;)}, we freeze the learned
features W, and optimize an alignment matrix €2 and scalar bias b:

: Tain ~ AL~ 2
(2, bs) = argInocrrs xrs | heR ij (yj - y(%'; Wtﬂab)) + >\||Q||12r-

The final parameters for the model are then set to Wfihal := W,Q, and biral .= p,.

Let R(t) = R(W/final pfinal) denote the population risk of the final predictor. The following theorem
establishes that these normalized dynamics achieve near-optimal sample complexity while matching
the exact asymptotic scaling trajectory established in Theorem 1.
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Figure 3: Population loss versus compute for a two-layer squared ReLU network. The model is trained
using (SGD) with the learning rate regime in Theorem 1. We use d = 2048 and r» = 1024. The resulting risk
trajectories follow a power-law decay, where the empirical exponents (dashed lines) closely align with our

theoretical prediction of %’Zgﬁ) for the quadratic setting.

Theorem 4 Consider the teacher model with parameters o, 3, and r as defined in Theorem 1. Let
the hyperparameters satisfy: 1 < 1/O(r(S)), and rs > d/polylog(d), and Tyign > polylog(d). Then
there exists a regularization parameter A > 0, such that the risk of the aligned predictor R satisfies
the same guarantee as in (3.1).

We conclude by emphasizing a critical distinction: unlike (SGD), Stiefel dynamics remain stable
at significantly larger learning rates. Consequently, the required sample complexity improves to

O(refr(X)), which matches the effective dimension of the input distribution and is information-
theoretically optimal up to logarithmic factors.

4. Conclusion

In this work, we characterized the feature learning dynamics of SGD under anisotropic data and
specific spectral alignment conditions. We demonstrated that vanilla SGD requires a sample complex-
ity of n < T' ~ d polylog(d), which is intrinsically suboptimal relative to the effective dimension
reff(2) due to instabilities in the empirical objective. To resolve this fundamental 2(d) bottle-
neck, we introduced a normalized algorithm that optimizes a correlation objective under Stiefel
constraints. This approach achieves statistical optimality by maintaining stability at larger learning
rates (n < 1/reg(X)). Future directions include relaxing the spectral alignment assumption and
more rigorously formalizing the instability regime of vanilla SGD under anisotropic data.

Universality of exponents. A natural next step is extending this theoretical framework beyond
two-layer quadratic networks to general activation functions. Because SGD is conjectured to learn
in hierarchical phases dictated by Hermite polynomials, standard nonlinearities (e.g., GeLU, tanh)
with a nonzero second-order (Hez) component should exhibit an intermediate phase governed by
the exact scaling exponents derived in our analysis. Preliminary experiments with squared ReLU
activations confirm the existence of this intermediate phase (Figures 3a and 3b), and we leave the
formal generalization of this framework as exciting future work.
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Appendix A. Preliminaries for Proofs

Proof organization. Section A introduces the additional notation and definitions used throughout,
and collects several auxiliary lemma. Section B proves the discrete-time online SGD result in
Theorem 1. Section C proves our lower bound argument in Proposition 3. Finally, Section D proves
the online Steifel SGD result in Theorem 4.

Additional notation and definitions. We use a reduced time parameter ¢ > 0 and relate it to the
physical time scales by

_ Zy d _ 2y d
T=tT, Teg := — log — N = |t N, Neg := — log —.
eff eff 9 og Zr ) L effJ 5 eff 277 og Zr

We work in the common eigenbasis of the covariance and the teacher:
¥ = diag(oy,...,04), T = diag(A1, ..., A\, 0,...,0),
where
A > >N >0, o1 >--->04>0, N\ =i, o =i P, (A.1)

We assume

1
20+ 28 > 1, equivalently a+ > 3

In particular, under the usual fixed spectral envelope in (A.1), one has o1 = O(1).

Define
r 1/2 d
Zp = ||TZ|r = (Z} cr?A?) T Al
1=
Set 1 1
S* .= —sW2rel2 T, =28 =S =_3T3.
Then
. a? )i T OGA
T, = diag(m,...,7,0,...,0), TP = lZTl’ Ki = 02\, sy ::U—Zi: érl
The normalization is .
1817 = (s7)> =1.
i=1
And , 1o
L OENA
T3 = 2212 < o252, = O(1). (A2)

Z
Fix £ > 0 and define
my(t) ;== max{i <r:tk; > 1},

with the convention that the maximum of the empty set is 0. We write

k= my(t).

10
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If k <r,set
as :=trpe1 €10,1),

and if £ = r, set as := 0.
Fix
0 < p < min{f,1}.
When k£ < r and the slow block is nonempty, we additionally assume

p < as.

Define
mp(t) == max{i <r:lk; > p},

again with the convention that the maximum of the empty set is 0.
We assume an off-transition gap: there exists dgap € (0, 1), independent of d, such that

tki ¢ [1 — dgap, 1 + Ogap) forall i < m,(1).

Consequently,
k=max{t <m,(t) : tk;i > 1+ dgap},

and, if £k < 7,
as <1 — dgap.

We use the diagonal projectors
P = diag(1{i < k})%,, P.:=1I;—P;.
Inside the rest block, we further write
P, :=diag(1{k <i <m,(D})L,, P:=I;— P — P,
Since k; =< i~ (@+20) for every fixed £ and p,
k=0:1),  my(t) = Oz,(1).

Unless stated otherwise, constants may depend on the fixed spectral regularity constants, on ¢, p,
dgap» K, and o, but not on d, N, 7,0, 7.

Lemma 5 (Rank floor) For every matrix M with r,(M) < rs,
I8 — M7 > () (A.3)
1>Ts

If o+ B > 1/2, then, in the regime rs — oo withrs <,

D (s7)? = et (A4)

7
i>7’s

Proof The nonzero singular values of S* are precisely (s );<, in nonincreasing order. The lower
bound (A.3) is the Eckart—Young theorem. The tail estimate (A.4) follows from (s¥)? = i~ 2eth)
and the integral test. |

11
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Appendix B. SGD comparison proof

B.1. Setup, exact recursion, and centered ideal discrete flow

Let
x, ~N(0,%) iid., en 1L x,, Ele,] = 0, lenlly, < oe.
Set
gn =32, ~ N(0, 1), Xn = Gng,, , &n = Xn — 14

The label is

T T *

Yn =\ 7 HTnTy — 3 +éen = <S 7£n> + €n.

Z,

Define

1
G,:=—W,W,), M, :=3"2G,2"? = e,:=b,—tr(M,), A,:=8"—M,.

Ts

The online prediction is
Un+1 = (Mn, Xn+1) — bn.

To avoid conflict with the two-timescale parameter J, the prediction error is denoted by

Tntl = Yn+1 — gn-&-l = (An; £n+1> +en+Entl- (B.1)

The online SGD updates are

Wi = Wi+ Jtani@an, o Wa, (B.2)
n
bn+1 = bn - Etn—s—l- (B3)
Let 7 d p
_ e
N := =~ log — N = [t N, Ag :=log —.
eff 277 og Zra \_ effJa d og Zr
Let
Fn = (W, bo, (x4, €¢)1<t<n) -
We also set

pa = 40(K + 2)log(edN), R =1+ /15, Ly := tr(%?).

Proposition 6 (Exact sandwich recursion and first-order expansion) Foreveryn >0, M, =0
and

M1 = (Ln+ Jtae13x0+1) Mo (Lo + Stns1xon B) - (B4)

Equivalently,
Moy = My +0F (Mo, eq) + 1 Zp41 +17° Qua, (B.5)

where
FH M, e) := F(M) + eB(M),

12
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and
Zpyy = %tml (EXnt1 My + Myxn11E) — FH (M, €0),
Qnt1:= it%HZXnHManHE-

Moreover,

E[Zni1 | Fn] = 0. (B.6)

Proof Since a:n+1w7: 1= >t/ 2xn+121/ 2 (B.2) gives (B.4); PSD is therefore preserved. Expanding
the sandwich gives (B.5).
It remains to identify the conditional drift. By (B.1),

Eltnt1Xn+1 | Fnl = Eltni1€nv1 | Fu] + enly.

We have
E[(A € )bns] =24 (A= AT).

Taking A = A, yields
E[thranJrl ‘ tg.n] =24, +eydy.

Substitution into the linear part of (B.4) gives exactly F ﬁ(Mn7 en), proving (B.6). |

The centered ideal discrete flow is the diagonal recursion

1
L,.,,=L,+n(T.L,+ L, T, —2L,%XL,)+ nz(T* -X¥L,)L, (T, —L,X), Ly = gE.
Equivalently,
ling1 = Lin (L4 n(1i — 0ilin))?, i<,
Zi,n+1 = Zi,n (1 — ?701'&’702 s 1>, B.7)

B.2. Scalar logistic facts
Lemma 7 (Basic scalar logistic facts) Fix c € (0,1/2], and let

tne1 = ap(l+c(l—ay))?,  0<ao <1 (B.8)

Then:
1) 0 <ay, <landans1 > ay foralln.
(ii) an < ag(1 + ¢)*" for all n.
(i) If am, < 0 < 1forall 0 < m < n, then

an > ag(1+ ¢(1 — 0))>.

@iv) If an, = 6 > 0, then
1—apt1 < (1—2c0)(1 — ay). (B.9)

13
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Proof Let ¢(a) := a(1 + ¢(1 — a))?. Then ¢([0,1]) C [0, 1] and
¢la) —a=uac(l —a)(2+c(l—a)) >0,

which proves (i). Item (ii) follows from 1+¢(1—ay) < 1+e¢. Item (iii) follows from 1 —a,,, > 1—6.
Finally,

L—app1=1—an(l+c(l—ay))® = (1—ay) (1 —2ca, — ?an(l —ay)) .

If a,, > 0, the last factor is at most 1 — 2¢6, proving (B.9). |

Lemma 8 (Robust discrete threshold law) Fix i < r and set
¢ =N, n(t) := [t Neg].
Assume
<2 log2-L 0 (B.10)
T — — . .
nm = 9’ niog Zr
Let a,, satisfy (B.8) with ¢ = c; and initial data

ZT’ I
c.—<ap < cpL—
d_0_+d>

where 0 < c_ < ¢4 < oo are independent of d. For every fixed 0y, € (0,1):
(i) If t ki < 1 — Sy, then apigy — 0.
(ii) If t i > 1 4 Oty then ayg — 1.

Proof Write n = n(t). Iif t k; < 1 — d¢pr, Lemma 7(ii) gives
Z
an < c+7r exp(2nc¢;).

Since p
2nc; = tkilog — + o(1),
Zy

d —1+tk;+o(1) d —0¢hrto(1)
an < ct (Z> <cy <Z) — 0.

Now assume £ x; > 1 + O¢pr. Set

we have

5thr 5thr _
€ 1= , =1—- — n_ = |yt Neg |.
4 Y 2<1+5thr) L’Y effj

Then (1 — &)y(1 + 0¢ne) > 1. If @, < e forall m < n_, Lemma 7(iii) yields

an_ > ap(l+¢i(1— 5))2"*.

Using log(1 + x) > 2 — 22 for 2 € [0,1/2] and (B.10),

_ d
loga, >logag+ ((1—e)ytr; +o(1))log 7
T

14
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The exponent is strictly larger than 1 by a fixed margin, contradicting a,,_ < 1. Hence some m < n_
has a,, > ¢, and monotonicity gives a,,_ > €. Lemma 7(iv) implies

1 —a, <exp(—2c¢ie(n —n_)).
Finally,

Z
so a, — 1. [ |

- d
2¢i(n —n_) = (1 —y)tkr;log — + o(1) — oo,

B.3. Initialization, localization, and one-step bounds

Lemma 9 (Initialization event for SGD) Assume
(Wo)ia = N(0,1/d), by =0.
Then there exists an event Gipi such that
P(Ginit) > 1 — Cd ™",

and on Ginit,
[ Mollr <2, leo| < 2.

Moreover, for every deterministic diagonal projector P,

tr(PM,) < %tr(PZ). (B.11)
If k > 1, then for every 1 <1 <k,
)(H)»»—ﬁ <G [P gy s © (B.12)
0)ie dl = d T_Sy 0)it = d’ .
and
geoh . (Ho)is| (o [Pa. (B.13)
1<i#j<k (HO)ii(HO)jj o r

Define the localization stopping time
TA :=1nf{n > 0: ||A,||r > 4},
and the one-step localized event
Glocn = {l|Anllr <4, |en] <4, | M| r <5}

Lemma 10 (Gaussian chaos bounds) For every p > 2, the following hold.
(i) For every symmetric A,

E[(A &:)%] =2/|Al, (A, &)z < CpllAllp.

15
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(ii) For symmetric A, B,
I(A, €.)(B, &n) | < CP?|| Allr| Bl|r-

(iii) If A = 0, then
I Agallr < C (tr(A) + pl| Allop) (B.14)

(V) IfM =0, r,(M) < rs, and | M||p <5, then for every diagonal projector P,
[tr(PExnMxn2)|l» < Cp* R (1 + tr(PX?)). (B.15)

Proof Items (i) and (ii) are standard hypercontractive estimates for Gaussian chaoses of order two
and four. Item (iii) follows by diagonalization and moment bounds for weighted sums of centered >
variables. For (iv),

tr(PExnMxnX) = (QIMgn)(gZP22P9n>'

Apply Holder and (B.14). Since M > 0,

M) < /ru(M)|[M|r < CRs.

This proves (B.15). |

Lemma 11 (Martingale maximal and stable convolution bounds) Let (X,),,>1 be a martingale
difference sequence with respect to (4y,)n>0. Then, for p > 2,

m N 1/2 N 1/p
aw 3% <ol (zmz | %u) ) (z nxnuzp)
1<m<N el Ir 1 . it
(B.16)
If0 <~ < 1and
n—1
Sp = Z ’Vn_l_me—Ha
m=0
with
ElXpi1 | Fm] < 0? 1 Xmt1llLra @1 2m)) < Apas

then, with probability at least 1 — Cd K,

/ 2
Pav
0<n<N v

Proof The first estimate is the Burkholder—Freedman maximal inequality in LP. For the stable
convolution, apply (B.16) to the weighted martingale for fixed n, using

1/pa
Yospt (Soe) <e
>0 >0
A union bound over 0 < n < N is absorbed into the definition of py. |

16
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For a diagonal projector P, define

ulP) = tr(PM,), 7(P) := max T, o(P) := max o,
:P;=1 i: P =1

with empty maxima equal to 0. Also set

A = tr(PZay1), g = t(PQuya),
and P P
qup) = ]E[q1(1+)1 | Ful, ZIfH-)l = Q£L+)1 qup)~

Lemma 12 (Localized one-step bounds) On Gy, the following estimates hold for every p > 2.

(i) For every diagonal projector P,

P P
Eldy) | Za) =0,  ElG5) | 7 =0,
and
1 2
laE oz < CP? (1 + tr(PE2) Y (B.17)
P < OR, (1 +tx(PX?)), (B.18)
i llo e 7,) < CRop® (14 tx(PE?)). (B.19)
(ii) If P has bounded support contained in {1, ..., r}, then
1/2
1435 1 2o e 12,y < CPP ( (P)) : (B.20)
651 ) < CR,, H@(li)l\|Lp(1P(-\ﬁn)) < CRp".
(ii1) Define
Upt1 := tr(Bxnt1 M), Sp = tr(XM,),
and 1
C2+1 = _Ié(tn—o—l - en) - (tn+1un+1 - E[tn—l-lun—i-l | jn]) . (B.21)
Then
e _ b 2
ElGin | Fal =0, illineozy <C (2 +52). (B.22)
For .
Tppp = qflfi = tr(Qn+1),
one has
Elgiy1 | Fn] < CRJ(14Lo),  |lghy1 —Elghy | Zalllie@eiz,)) < CRp*(1+Ly). (B.23)

Proof For (i), write

dfﬁ)l = tn+1<K7(LP)7Xn+1> . E[tn+1<K7(LP)a Xn+1) | Fnl,

17
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where )
KP) .= 5 (Mo P + SPM,).

n
On gloc,na

IKP) | < C (14 (PE2)"2.

Using (B.1), ||A,||lF < 4, |en| < 4, and Lemma 10, we get (B.17). The second-order term satisfies

P 1
q7('L+)1 = Zt?@—&-l tr(PEXn+1Man+12)a

so (B.18) and (B.19) follow from conditional Holder and (B.15).
If P has bounded support in {1,...,7}, PSD and bounded support give

1/2
IKP <0 (uP) "
which proves (ii).
For (iii), note that
1
Upt1 = Sp + <2(2Mn + MnE),§n+1> )
Lemma 10 gives

[tns1 = enllr@(z,)) < Cp

and
[tnt1tnt1 = Eltnt1tntt | Falll ooz, < CP

This proves (B.22). The estimates for g;, , | are (B.18)—(B.19) with P = I;.

B.4. Discrete bias tracking
Define

al = 2tr(XM?) — 2tr(T M,,).
Lemma 13 (Discrete bias recursion) One has

Ui

€nt1 = (1 T 775n> en + Uafz + 77sz+1 - 772(]761—‘,-1'

46
Proof Taking traces in (B.5),

tr(Mpt1) = te(My) + Ntng1tnr1 + 076
Together with (B.3), this gives

€ntl = €n — %tn—&-l — NMn1Un+1 — 772qreb+1'
The Gaussian identity used in Proposition 6 gives

Eltp+1tnt1 | Fn] = snen — ai,.

18
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Substituting (B.21) proves (B.24). [ |
Set
N =0+ Rad(1+ L) + |50 + % 1+ Lo)v/pai®0 + Ro(1+ La)i®pl.  (B.25)
Proposition 14 (Discrete bias tracking) Assume
7 1
L <z B.26
46 — 4° ( )
There exists an event G, with
P(G,) >1—Cd™ &
such that on Ginix N Ge, up to T,
len| < exp (—%) leo| + Cen, 0<n<NATAa, (B.27)
and
n—1
1Y lem| < Céleo| + CAgen, 0<n<NATA. (B.28)
m=0

Proof On {n < 7a},
[Mnllr <5, lag|+ 80 < C,
where the bound on af, uses | Ty||r = O(1) from (A.2). For sufficiently large d, (B.26) and 6 — 0

imply
OSl—% nsn_l—%

Iterating (B.24) with this stable factor gives a deterministic contribution O(¢) from af, and O(Rsnd (1+
L)) from the predictable part of ¢;,, ;. Lemma 11 applied to the stable convolutions of ¢ ; and of
the centered part of g5, , 1, using (B.22) and (B.23), gives the remaining terms in (B.25). This proves
(B.27). Summing the same bound over m and using Nn < C'Ay4 gives (B.28). |

B.5. Discrete Frobenius localization with explicit remainders

Define the localization remainder scale
N = /Panha + npjj + Rs(1 4 Ly) (77Ad + VpanPAd + 772}?3) :
Proposition 15 (Discrete Frobenius localization) There exists an event Ge, with
P(Gen) > 1—Cd™"

such that on Ginit N Ge N Gen, if
AdeN — 0, [N — 07 (B'29)

then

A > N, sup [|[Mollp <5, In:=n)_ lea| =o(1)
0<n<N =

19
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Proof By Proposition 14,
Iy < Cdleg| + CAgeny = o(1).

Let
En 1= ||An”%7

On {n < 7a}, write
D, := F(M,) + enB(M,).

Then (B.5) gives
An—l—l = An - nDn - 77Zn+1 - 772Qn+1~

Expanding the square,
Eny1 —En = _27I<Ana]:(Mn)> - 2n6n<AmB(Mn)> - 277<An> Zn+1> + R+,
where the full second-order remainder is

Ript1 = 772||Dn||%‘ + 2772<Dn7 Zny1) + 772”Zn—|-1||%7 - 2772<Ana Qn+1)
+ 2773<Dn + Zi1, Qi) + 774‘|Qn+1||%-

The monotonicity identity (??) gives
(An, F(My)) = 2| =AM, > 0.

Moreover,

The remainder terms are controlled by Lemmas 10, 12, and 11, and the scale conditions (B.29)
ensure that their cumulative contribution is o(1) uniformly over n < N on G.,. Hence

sup &y < & + Cln + o(1).

M NATA

On Ginit, £9 < 9. Thus the right-hand side is strictly less than 16 for all large d, so 7a > N. Finally,
[ Myllp < |S*|F + [|Anllr <5

forall 0 <n < N. [ ]

B.6. Rest-block reduction for SGD
Write

Inside the rest block, define

an, := tr(PsM,), e = tr(PyM,,), 0n = an + Cn, On =7 Z 0,,.

20
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Lemma 16 (Projector trace recursion) For every diagonal projector P,
uh) < (1 207(P) + 0o (P)len]) ulP) +nd' 5 + 1245, (B.30)
Proof Apply tr(P-) to (B.5). Since P, X, and T, are diagonal and M, > 0,
tr(PFH M, e,)) < (27(P) + o(P)|en]) ulP).
This proves (B.30). |

Set
Tt = T(Pt)7 Ot = U<Pt)7 T = 1+ 2777—t-

Proposition 17 (Tail trace bound) There exists an event G with
P(G) >1—Cd ¥

such that on Ginit N Ge N Gen N Gy,

sup ¢, < ety ['ytho + CRSfythQN(l + Lo) + smt] , (B.31)
0<n<N
where
M = CrY [ pan(1+ La)Aq + np3(1 + Lo)*/?
+ Rs(l + Lg) (\/pd773Ad + 772}?3) } .
If
d\*1 d\?*
<Z> y > i 0, <Z> Ron(1+ Ly)AS — 0, (B.32)
" i>mp(t) "
then
N—1
sup ¢, = o(1), ¢, = o(1
S 1, 7 RZO (1)

Proof Apply Lemma 16 with P = P;:

P, P,
ent1 < (0 + notlen])en + 77d7(z+t% + 772q7(1+t1)'

Iterating and using
n—1

H (6 + noelee]) <At Ten N
l=m+1

gives (B.31), after applying Lemmas 12 and 11 to the martingale terms.
Since
N d p+o(1)
< -
M= ( Zr>
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by the definition of P, and

> o«

i>mp(t)
by (B.11), the initial term is o(1). The martingale and predictable second-order terms are o(1) under
(B.32). Summing the same recursion over n gives the integrated bound. |
Set

75 = 7(Py), os =0 (Ps), Vs =1+ 2n75.
Proposition 18 (Slow trace bound) If k < r, there exists an event Gg with
P(Gs) >1—Cd ™K
such that on Ginit N Ge N Gen N Gs,

1
0<suEN an < Ce?sAN (d + Rsm?d> ; (B.33)
_N_ 1
Ny an < Ce” Nl ( 5+ Rsnpd> (B.34)
n=0

If

d\*™
Rsnpq (Z> — 0,

then both quantities in (B.33)—(B.34) are o(1). If k = r, then a,, = 0.
Proof Assume k < r. Apply Lemma 16 with P = P;. Let
1
Ry = Ko <d + Rmm) ;

where K is a sufficiently large constant, and stop the normalized process 7y, "a,, at its first exit
above ;. On the stopped interval,
am < Rye®sINym,

The bounded-support estimate (B.20) and Lemma 11 give

(P 5 1/2
T] Z st ;T 1dm+)1 — C < panﬁ + npgRﬁ/ ) )
LPd
and the centered second-order part is bounded by
Ry (\/ panAq + 7721)2) :

The predictable second-order contribution is O(R,n). These terms are absorbed into Ry with
probability at least 1 — Cd~! if K is large. Since ag < C/d, the stopped process does not exit

before N. Finally,
N d as+o(1)
< R
’)/S — <Z,,1 ) bl

which proves the result. If k = r, then Ps; = 0. |

sup
n<N
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Corollary 19 (Rest block and cross block for SGD) On the intersection of the good events con-
structed above,

sup O, =o(1),  On=o0(1), sup ||JnllF = o(1), sup |[[Rallr = o(1).
0<n<N 0<n<N 0<n<N

B.7. Fast-block bootstrap for SGD
Assume k > 1. Write
H,=D,+E,  D,:=daglhin....,"n), (En)i=0, T,:=R,R,.

For 1 <14 < k, define the matched logistic sequence

_ N2 _
biny1 =lin <1 +n(r — Uz‘fz‘,n)) , lio = hip, (B.35)

and B _ _
sz = diag(lin, - lim)-

For i # j, define

- J e
Yijn = ———==,  Xp:=max sup [Yijnml,
V0 i#] 0<m<n
Z7n ]?n
and
h
W, := max sup |=2" —1|.
1<i<k g<m<n Ei,m

Lemma 20 (Reciprocal sums for the matched logistics) On G, for every 1 < i <k,

N-1
Ny < Cd, (B.36)
n=0
and
N-1 _
Ny €2<Cd (B.37)
n=0

Proof Fix i < k and set s* := 7;/0; = s} = 0;\i/Z,. Define

Ei,n
= € (0, 1].
Then "
9 .
Znal = zn(l +nri(1 — zn)) , 0<zy= SZ;O

On Ginit, hio < 0;/d, hence for fixed 1,

. oi/d  Z Zy
07 oiNi/Zy  dN  d
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Letnyp :=inf{n > 0: 2, > 1/2}. Forn < nyy, 1 — 2, > 1/2 and hence

2
Zn4l 2 Zn (1 + %nn) .

Therefore
(n12—1A(N-1) d

—2n
n Z z;lgnzalz(l—k%nn) SCzo_GCZ.

n=0 n>0
For n > n1/2 z;l < 2, hence

N-1 d
n Z z,:l §277N§Clog7.

n=ny 2N r

Combining and using Z;nl = (s*) 71zt with (s*) 7! = Z,./(0:\;) = O(Z,.) (for fixed i), we obtain
(B.36). ’

The bound (B.37) is analogous, using z;, 2 and the same splitting at 1, /2, Which yields n ) 2, 2<
252 +nN =< d?/Z? +log(d/Z,) and multiplying by (s*)~2 =< Z2. u

Lemma 21 (Fast-block recursion) On G, for 1 <i <k,

hi:”""l = hi,n + 2777'ihi,n - 2770ih12,n - 77Q£n + nUienhz’,n + nzld,n-i-l =+ 772bzd7n+17 (B.38)
Gl =205 Y (En)} + 204(T0)ii > 0.

i
Fori # j,
(Bnt1)ij = (Bn)ij + ncijn(En)ig — 00 + 0;) (Ep)ij — 1(0s +05)(Tn)i
+ g((h‘ + 0j)en(En)ij + 772%?%1 + 7725?;,1%1: (B.39)
Cijn =Ti + 7 — (05 + 0§)(hin + hjn).
Here

d d d d
Zint1 = (Zn+1)iis Vjpy1 = (Qn+1)iis  Zjnt1 = (Znt+1)ijs 05 ng1 = (Qnt1)ij-

Proof Take the (7,4) and (¢, j) components of (B.5). The algebra is left to the reader. [ |
Fix o
0 < 8* < i 3
Omax
and define

v :=1nf{m > 0: Wy, > e,/2}, pg :=1inf{m >0:6,, > 1}.
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Lemma 22 (Fast noise bounds) On {n < v, A jig} N Gigep, forallp > 2,

~1/2
1281l Le @ 7)) < Cp%jl : (B.40)
S1/2  71/2
2 loeeiza < CP* (G0 +507). (B.41)
Writing
d 74 7d d 7o0d | Tod
bint1 = bipn + bintis b1 = bijm + 035 ni1s

with conditional means as predictable parts,
7d 7od 7d 7od 4
|bi,n‘ + ’bij,n‘ <, Hbi,nH”LP(P(-\ﬁn)) + Hbij,n+1||Lp(IP(-\35n)) <Cp".
Proof For the diagonal first-order term,

Z;i,n—s—l = tn+1<K3na Xn+1> - E[tn+1 <ch}na Xn+1> | ‘gn}v

where .
KSn = i(Mneie;'rz + 2€i61—-rMn).

On {n < v}, hin < En, PSD gives
| K e < CRY
The off-diagonal case is identical. Lemma 10 proves (B.40)—(B.41). The second-order bounds follow

from conditional Holder, using k = O3(1), 0,, < 1, and | M,,||r < 5. |

Lemma 23 (Fast-block algebra) On {W,, < ¢,/2},

E* -~ 6* -~
. < e < el . .
(1 ; ) Ui < him < (1 +2 ) lim (B.42)
Moreover,
gt
=< C(X2+6y), (B.43)
Ei,n
E?),
|(~")j| <CX2, (B.44)
ei,ngj,n
’(~ )j’ + (Tn) < Cby. (B.45)
Ez,ngjm, gi,n

Finally, for all sufficiently large d,
1+ ncijn
(1400 = 0ibin)) (140075 = 0305))

0<

<1. (B.46)
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Proof The first display is the definition of W,,. The estimate (B.44) follows from
(En)ab - Yab,n \/ za,,nzb,n

| row;(R,)||5 < i O,

and k = Oz(1). We have

which gives (B.45); (B.43) follows from the definition of qf,n The last claim follows by expanding
numerator and denominator in (B.46), using (B.42), £, < 0min/(20max), and n; < 1/4. [ |

Define
My 1= C (Vpan +Vdnp}), By = C (d/par® + dn*pj) .
Proposition 24 (Fast martingale event) There exists an event Gy, with
P(Gy) >1—Cd &

such that on Gy, forall 1 < i < kand i # j,

(=A@ AR-1) d (n=DA@ARo=1)  od
sup Z = 4 sup Z n% <D, (BAT)
0<n<N s lig 0<n<N =0 Ciolje

(nfl)/\(l/*/\uofl) ?)\d (nfl)/\(V*/\ﬂefl) AQd-
- P s [ R e, ey
0<n<N yard ig | 0<n<N =0 Cieljp

Proof Apply Lemma 11 to the martingale sums in (B.47)—(B.48). Lemma 22 gives the one-step
moments, and Lemma 20 gives the reciprocal variance sums. A union bound over the fixed fast block
completes the proof. |

Proposition 25 (Fast bootstrap for SGD) Work on the intersection of all good events needed

above. Set
Sy 1= eomaln (53°h +CON + Cdn + CMy, + C’%h) :
Ry ::C(NUE%V—F@N-kdn—Hmh—F‘Bh—FIN).
If
ACNnEN <1, Ry < %* (B.49)

then, forall0 < n < N,

Consequently,

sup || En|lp < CEn, sup ||D, — Lf ||r < CRy.
0<n<N 0<n<N
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Proof Since © y = o(1) on the good event, iy > N for all large d. Let
v:=inf{n >0: W, > Rw}.
On n < v, Lemma 23 applies. Divide (B.39) by /€;.n+10j.n+1. Using (B.46),

Yijins1] < (1+ Cnlen])[Yijul + CnX3 + O + Eijne1,

where the cumulative normalized martingale and centered second-order contributions are bounded by

n—1
Z fi]',m-‘rl

m=0

sup < C(dﬁ + 9y, + %h)

0<n<N

thanks to Proposition 24; the predictable second-order contribution is O(dn) by Lemma 20. Hence

n—1
XnSEN—i—C’nZX; (n<v).

m=0

The quadratic induction under (B.49) gives X, < 2=y forn < v.
For the diagonal part, set
L hi,n
Win = = —1.

i\n

Subtract (B.35) from (B.38), divide by EWH, and use Lemma 23. The deterministic logistic term is
contracting up to harmless O(n|e,|) factors, while
¢t
" < C(X72 + 6n)

i,n

by (B.43). Lemma 20 and Proposition 24 control the normalized stochastic and second-order terms.
Consequently,

W,<C(NnZX +On +dn+ DMy + B+ Iy) =Rw  (n<v).

Thus the bootstrap improves strictly, so v > N. The matrix bounds follow from the definitions of
Xn, Wy and k = Og(1). [ |

Lemma 26 (Matched and canonical logistics in discrete time) Assume

Pd .

Ts

Then B
I — L& || = o(1) (B.50)

with probability 1 — o(1).
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Proof Fix 7 < k and define

Both sequences satisfy

Unt1 = Un (L +07i(1 = un))?.

dh;
p:1+OIP< pd>’

g; Ts

By (B.12),

so a; 0 and a; o have the same Z,./d scale. Since ¢ < k implies tk; > 1+ dgap, Lemma 8 yields

a; N — 1, Fd@]\[ — 1.

Therefore \EN — ¢; n| = o(1). Summing over Oz(1) fast indices proves (B.50).

Theorem 27 (Comparison with the centered ideal discrete flow) Assume

1 n 1
777'1§1, ESZ’ Ts >>pdAC2£~
Assume also

AdeN — 0, dnAg — O,

and

d\% g d\"1
<Zr> Rn(1+ La)Ag — 0, <Zr> p Z o; — 0.

i>mp(t)
If k < r, assume further
d\*
Rsnpg (Zr> — 0.
Then there exists an event G with
P(G)>1—-Cd ¥
such that on G,
|My — Ly||F = o(1), len| = o(1).

(B.51)

(B.52)

(B.53)

(B.54)

Proof Let G be the intersection of Ginit, Ge, Gen, Gt, together with Gg when k£ < r, and Gy, when

k > 1. Then (B.53) holds.
The assumptions (B.51)—(B.52) imply [y = o(1), so Proposition 15 gives

Iy =0(1), en = o(1), sup || My|r <5.
0<n<N
Corollary 19 gives
sup || Jn[r = o(1), sup |[[Ry|lr=o(1), Oy =o(1).
0<n<N 0<n<N
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If k = 0, the fast block is empty. By the off-transition gap, choose &, > 0 such that tk; <
1 — d¢py for all + < 7 in the relevant finite set. Lemma 8 gives ¢; ;y — 0 for all 7 < 7, and (B.7) is
nonincreasing for ¢ > r. Hence || Ly||r = o(1), and Lemma ?? gives || My — Ly||r = o(1).
Assume k£ > 1. By (B.13) and 5 > pdAg,

ﬁm:0< m):@gm
The scale conditions imply
My, = o(1), By, = o(1), dn = o(1), On = o(1), Iy =o0(1).
Therefore
Eny = 0(1)7 RW = 0(1>7 N77 EN = 0(1>

Proposition 25 gives _

IHN — Liy|[r = o(1),
and Lemma 26 gives ~

ILy — Liv|lF = o(1).
The rest-block estimates and Lemma ?? complete the proof of (B.54). |

For the discrete dynamics, define the one-step conditional excess risk
1 . 1
R, = gE[(yn+1 — Ynt1)? | T — gE[ef]-
Then

1
Ry = 2[|1S* = My [} + 2ej. (B.55)

co|

We also write R(nn) := R,,.

Corollary 28 (Discrete risk asymptotics and main-text form) Under the assumptions of Theo-
rem 27, the following hold.
(i) For fixed reduced time t,

I8* = My |7 = > (s5)? +op(1), (B.56)
i>my (1)
and therefore
1
Ry=7 3 (D +ox(). (B.57)
i>my (f)

(i1) Away from the transition set,

_ 2(at+B)-1
Ry =6 (t at2s ) . (B.58)

(iii) If Z, = ©(1), write n = [tlogd| and suppose the corresponding reduced time satisfies
t < nt and remains off the transition set. In the mildly overparameterized regime rs >> polylog d,

2(a+p)—1

R(ntlogd) < © <(77t)_ at28 + r;z(aJrﬁ)H) (B.59)

with high probability, and almost surely after Borel-Cantelli.
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Proof Theorem 27 gives
HMN_LNHFZOIP’(I)y GNZO]}D(I).

Thus
IS* — My||% = [1S* — Ly |17 + op(1).

By Lemma 8 and the off-transition gap, the coordinates with ¢x; > 1 converge to s}, while the
subcritical coordinates are negligible. Hence (B.56). Equation (B.57) follows from (B.55).

The power law (B.58) is the same integral-test estimate as in Corollary ??. Finally, when
Z, = O(1), Neg < n~ ' logd, son = tlogd corresponds to reduced time £ =< nt. Combining the
dynamical term with the rank floor in Lemma 5 gives (B.59). The almost-sure statement follows
from Borel-Cantelli because all high-probability estimates are available with probability at least
1— Cxd X for arbitrary fixed K. [ |

Appendix C. Proof of Proposition 3
Let G = %WW—r and redefine R in (3.2) in terms of G, i.e., R(G) = HE%GE% - S’H% We

observe that the minimizer of R(G) is low-rank approximation of »% 8% 7. For strong anisotropy
(8 > 1/2), driving R(G’) to zero strictly requires recovering the principal eigenvector of 3, which
aligns with 0. Because estimating this principal direction reduces to a standard phase retrieval
problem via second-order Stein-based spectral estimators, the desired sample complexity lower
bound follows immediately from [19, Theorem 3].

Appendix D. Normalized SGD Dynamics
We consider
yir1 = (T @@y — B) + 41 and §(Wis ) = (W W, oz, )

where ||€z41]|¢, < 0, Wy € R9"s and

rg =3

> —.
polylog d
We use §¢+1 = §(Wy; @41) and consider
* The loss function is £L(Wy; (@441, Yt+1)) = —Yt+10t+1

* The Euclidean gradient is VL(W;) = ;—ijlmHlleWt. Therefore, we have

-1
VstL(Wy) = — (Id — WtWtT> Y1 T 1T Wi

Ts

e We recall that G; = WtWtT.
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Then, (SGD) reads

Wi = W, + /a (Id - WtWtT) yt+133t+1m;—1wt

21
=VsiLit1
) ~1/2
Wit = Wi (Im + 47773 vStLt:-letLt—H) : (SGD)
=Pis1

We observe that

2 2
Ui n 2 T T T T
th+1 = SVinWi iy (o — WiW, ) ez Wy
Ts T‘s
2
N 2 T 2y T T
= 747“2'%“” I, - WiW, ) x|z W, Tep12p4 Wh
S

Let

2 2
_n n T T
i1 = 15 Penllz = 12l (Lo = WeW,T ) @t [BIW, 2o 3.
S S

—-1/2
We define Py := (Irs + %'PtH) and since Py is 1-rank, we have

7 P
ril+cfy

2
‘Pt+1 - I”’s

By recalling that Gy = W, W,', we have

G = Wl Wl + W (P2, — I,)W,

n n
=G+ S (I — Gy) Y117 Gy + o Giyr1zi1xy g (In — G)
S S
2 2 1A T
7 T T n° Wi PrpaW,
— (I;— G G I,— G;)—
+ 472 (La t) Yt+1Zt41T4 1 Gryr1Te1@y 4 (La t) 472 1 +Ct2+1

For T, = XT3 and N;1; = %ythleLl — T, we write

Gi1 =G+ g (Ig — G¢) (T + Ni 1) Gy + rEGt(T* + Niy1) (Ig — Gy)

TS S

2 2 1 T
7 T n° Wi PrnaWi,
——VsLi2 1Vl —
+4r§ Stdit+1Vstdiy g 47*3 1+C?+1
On the other hand,

.
WP Wil = (Wt + 72777" VStLt+1> Pi+1 (Wt + 72777" vStLt+1>
S S

s

13 Vsl Pra Vsl
S

=W, PaW, +TQ sym (vStLt+1Pt+1 WtT) +
S
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We collect the higher order terms in a single term defined as follows:

olG) = 5B [VsLin Vsl | — Wik [—— 5| W,

s g 1+ C?—&—l
3 L nt VsiLiy1Pis1VsiL],
o E, Vst t+12Pt+1 WtT E, stlig+1 t—i—21 stlyiq (D.2)
4r3 L+cf 16 4 L+c,
We collect the noise terms in a single term defined as follows:
rﬂéwl = L (I;— Gy) Ni Gy + GtNt+1 (Is — Gy)
S S
7’ " w, ( Pii1 _E, [ 'Pt+1 ]) W
a2 1+cfy 1+c}yy '
2
12 (vStLtJrletLt—i-l [, [VStLtHVStLtTHD
S
7733 sym ((VStLt+12'Pt+1 _E, |:vStLt+12Pt+1:|) WtT>
drg L+ 1+ ¢y
1t [ VsLie 1P Vsl E vStLt+1Pt+1vStLt+1
16rd 1+ ¢,y t L+ iy
With these definitions in hand, we have
Gi1 =G+ rﬁ (TG + Gi T, = 2G T.Gy) + Ryo[Gy] + %EtJrl'
S S
Proposition 29 (Including second order terms) For ;- o< m by including the bounds
r t
in (D.5), we get
Cn? tr(GX)

Gt+1 <G+ — (T G+ G T, —2G,;T, Gt)

- 202 (Ig— G)XE(Ig— Gy) + %Etﬂ

(D.3)
Gt+1 -Gy + — (T G:+GT, — QGt( 077;71;(2)2>Gt>

en? tr(GyX)

s (i = GOZ(Ii — Go) + & (D4)

Proof By using tr(G:X) < rg, the result is immediate use of the bound (D.5). [ |

Proposition 30 (Sufficient statistics) Ler

1 1 1 1
T=0A0", > =0'%0, M, =32G%?, G =267,
We have

M1 < M, + TQ (Alet + M3 A — 2MtAMt> + =
S S
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2tr(GLXE
My, = My + - (Alet + MiS1A — 2MAM; ) + en” wr(Gi¥)

n
> - M)+ 2L
r 22 (21 t) +r5Ct+1

Proof The proof immediately follows from(D.3) and (D.4). The additional term in the quadratic term
of lower bound can be ignored since it does not contribute in asymptotic limit. |

We introduce block matrix notation:

M1 Mo A O CETRRS’ 12] [211 0 }
M, =: : L A= , = |3 e, Y=
' [Mt,Tm M, 22} [ 0 AJ ¢ [CtT,u Gt 22 ! 0 X

where My 11, A1, (11, 11 € R,
Proposition 31 (Sparsification) We define

Ay, = A2 = Onte(B) (B — | Bl L), and Ay, = Ay — Cntr(D)I,,

Ag, = M3 — [[Zo]2f|Agfl2 Ly, , and Ay, = Ay,
and
Vit — 2AZ, My 11 AZ — Ay, and Vi = 2A3 M, 1A} — A.
Form = L, we have
‘/til < V" (I T 1 +T]1.1n Vfr>_ +nAu1 + 12 tr(T)A LT3 + 2T]A’1%2Ct+1,11Aé2
n e ) 1 1
Via=Vo (Iru + m‘fe ) +nAg, +2nA7 G111 A

Proof For the upper bound, we observe that
(2] — M;)? =X -2 M, — M;X, + M}
1 1
Note that M; 12 = X7, G¢,1237,. Therefore,
T 1 O 1 T ool
Mi12My 15 = 571 Gr12 80576 1957 2 ([ B2, Gr12Gy 1037 2 (| Ba2][2 M.
For the lower bound,

M, 12A2Mt 12 = 211Gt 12212A2E12Gt 122 11 - ||212||2||A2||2Mt 11-

Therefore, the coefficients A, Ay, , Ay, , Ay, follow. The bounds can be derived by ordering the
higher order terms in V' — V (I, +nV)~! [ |

33
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D.1. Definitions and bounding systems

Throughout the proof, we will also use a constant kg € og4(1) that will be specified later. Moreover,
we make the following definitions:

Lemma 32 We consider k; <

Noise sequence. For 1y = 0, we define the noise sequence ;41 = v + N 1,11

Reference sequence. For Ry = "ddrs 311, we define the reference sequence
3kg+1 9
R 1 =R;+2(1-2 AR ———— A, Ry .
t+1 t + ( Kd)T] ( £ Kd(l — 2Kd) Ul t>

Bounding systems. We define the lower and upper bounding recursions as

n(1 +2a) ¢, ' n(1+2ka) A,
1-12n 1-1.2n \ (12K

Kt+1 =V, (Iru + - C(nAgl +T12A£1)> s

VAR Y, n(l—2xa) &, ), n(l - 2ka) A% 2 2 2
‘/i+1 =V (ITu + 1+ 12],1 Vi + 14+ 121,] (1 _ 2Kd)2 +C(T] tr(E)Au2211 +T]Au2 +7 Au2) y

where the iterates {V/;; }ten and {Vi11}ten are functions of the bounding sequences { M, }sen
and { M, };cn as following:

1 1 A
V,=2A2,M,AZ, — I +quKd and M, = My 11 — Ry,

_ 1.1 A _
V,=2A; MyA; — ——2— and My = Mo11 + Ry.

Stopping times. We define and a sequence of events {&; }+>0

2

—a—8 —a—8 K3 —a-s 11 11 K?z —a=p
gt = { — KqTu 2 Rt j V¢ j KqT 2 Rt} M { — ZT’u 2 Rt j EflAthAfEfl j z?"u 2 Rt}

We define the stopping times

Tnoise(w) = 1nf {t > 0w & &} Ad® and Toounded = inf {t >0 | | M, |l2 V [ 277 My|l2 > 1.5},

and

’Ead = 7:10ise A Rounded A {t 2 0: Hzl_llRtHQ > 1‘2Kd}'

We start with the followng lemma:

1

5+ The event & implies for d > Q(1) and t < Tpoundea N {1 :

Ty
log

||2f11Rt||2 > 1.2Kd} that

1 1
1. _3KdAg21RtA521 = Aél vy + VtA€1
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1

1 1
2. Aulyt + VtAul j 3KdA51RtA31

5. (AzmA2)? < SA, RA,

=1 =1
Proof For notational convenience, we define v; := R,* v R,> . We observe that

-1 11 1 1\2 1 a1
SuMv + A3 < dA1211 + 221% A 2 <2121A12 gtAf 2121> A12 Zﬁ
d

2

< ZA1211 + ZT;a ’BITU
~ - 4 =1 =1 11 1 1 |
zllAll/t + utA1211 i ——AlEll - 22121 A12 <2121A12 I/,g[&l2 2121> A12 Zﬁ
Ka
2 2
= —%A1211 - %TU N
The items follows the use of matrix Young’s inequality with the given bounds. |

The main result of this section is the following:

Proposition 33  Consider d large enough so that kg < £;5 and 1 small enough to make sure that

(1 - 10;) e S A AL AL AL < (1 n b;l>lr“'
We have

Mt/\ﬂmd + Rt/\nad + Vt/\nad j MtAnad711 j MtAﬁad - Rt/\nad + Vt/\nad'

Proof The proof is identical with [3, Proposition 15]. |

D.2. Bounding the second order terms

Proposition 34 There exists a universal constant C' > 0 such that

RofGl ~ TP g wg, 4 (THED)  SEENGI g _eynr-c). 03

2 4
s Ts Ts

Proof We will bound each term in (D.2) separately. For the first term,

K, [VStLtHVStLtTH] = (Ig— Gy)E, [Z/tzﬂ”WtTiUt+1||g$t+1$;1} (Ig — Gy).
Therefore,

n? T Cn’
0= 2k [VStLtHVStLtH} = 2 w(GE)(Ii - GYE(Ly - Gy).

s
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For the second term, we have

WtEt|: Pii1 ]

2 2 T
I,—G))x Tyl
s Wt'r G,E, Y ll(La t) o1 3T 1,4 G,.
L+ ein

1 —I—CEJrl

Therefore,

2
s

0= n—VVtEt [’Pt“} WtT < Cu()(;tzgt‘

For the third term, we have

E, [VStLtH'PtH

3
Y
T+ ] W, = (I, - Gy)E, [Hl I(Is — Gi) @i |5IW, ®epa 30012/ | Gr.
i1

1+ C%—i—].

Then, by using Cauchy-Schwartz inequality, we can show that

|

3
Y =L =1
Ey [tﬂ (g — Gr) w5 W @1 357 @z 272 } < Ctr(2) tr(G%).

2
L+ 2
Therefore,
3 Vs L Ltr(2) tr(GX)? 2tr(XZ
ngym (Et [LgPt-H} WtT) jC(’r] 1"( ) 41‘( t ) (Id—Gt)E(Id—Gt)‘f‘LQ()GtEGt)
s 1+Ct+1 Ts T's

By repeating the argument for the lower bound,

3 4 2 2
U (Et {M} W;) . _C (" o) GE) 1 G- G + L(E)Gtzc:,g) .

s
473 Y 1+c2, ri r2

For the last term, we write

VsiLis1Pii1VsLy, h
Et{ St Tl VS t+1] :(Id_Gt)Et[ LiZ2) ||WtT$t+1||§|\(Id—Gt)wt+1||§wt+1w:+1] Ia—Gy) .

L+cty,y L+ct,
We have
Vit T 4 2515k T w3t 2
HEt{izHWt Te12l(La — Ge) T [3E77 wpa @,y 572 }H < Ctr(2) tr(GeX)”
L+ 2
Therefore,
4 VsiLi1Pi41VsiLy, Ltr(2)t )2
0=, | Vol PreiVale, | o0 r(X) tr(GiX) (I — G)S(L— Gy).
1674 L+¢iy ré
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D.3. Noise characterization
For K1, K5 € R&™ we define

L2
Avir (K1, K») = {HKI(Id - Gt)NH.thKQHQ < 7\/tr (K K[ (I, — G)S(L — Gy)) tr(KgK;GtEGt)}

L*tr(X)
2

Bt+1 (K17K2) = {HK;rWt'Pt+1WtTK2H2 S \/tI‘(KlKlTGtEGt)tr(KQK;GtEGt)}

4 2
Cit1 (K1, K2)= { HKIVSILt+1VSlL;r+1K2H2 < L t;(E)J Etr (KiK,L-T (I — G)=(I; — Gt)) }

6 2
<L tr(3X)

Di+1 (K, K2)E{HKIVSrLt-H'PHthTKz ,S 5

\/tr(KlKlT(Id—Gt)E(Id—Gt))tr(KgKJGtZGt)}

IN

Fir1 (K1, Ka)= { HKlTVStLtH'PtHVmLtTHKQ

L8 tr(2)? | 1

% [Tt (KiKJ(Id —G)S(I4 — Gt)) .
2 i=1
We start with the following statement:

Proposition 35 There exists a universal constant C' > 0 such that for L > e(~/8 + ), the following
holds:

—L/e

1. We have Py [Ap+1 (K1, K2) N {|yi+1] < L}] > 1 — 2eV8+o) . Moreover,

E, [(sym (KlT (I, — Gt)NtHGtKQ) )2}
< Ctr(K2K) GyEG)K| (I — G)Z(I; — G)K|
+Ctr (KlKlT(Id GBI, - Gt))KQTGtZGtKQ.

—L/e

2. We have Py [Biy1 (K1, K2) N{|ye+1| < L}] > 1 — 2eVB+o) . Moreover,
E, [(Sym (KI Wt’PHthTKg) )2} < Ct(D)2(tr(K- K GiEG) K] GEG K,
+ Ctr(2)* tr(K K| Gy2Gy) K, GiEG K.

—L/e

3. We have Py [Cit1 (K1, K2) N {|yt41| < L}] > 1 — 2e V8+o) . Moreover,

E; [( sym (KIvStLt+1vStL1L1K2))2]
< Ctr(2) tr (K2 Ky (I—-G)2(1;—Gy)) K (Ii— Gy E(I,— Gy Ky
+Ctr(2)? tr (K1 K| (In—G)E(I;—Gy)) Ky (In—G)E(I;— Gy Ko

—L/e

4. We have Py [Diy1 (K1, K2) N {|yey1| < L}] > 1 — 2e@/2+2). Moreover,

[ [(sym (KIVSthH'PtHWtTKz) )2} < Ct(D) tr(KL K, GEG) K| (I — G)E(I; — G K,

+ Ctr(E) tr (K1 K| (In — G)E(I; — Gy)) K, GEGKo.
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—L/e

5. We have Py [Fit1 (K1, Ko) N {|yt41| < L}] > 1 — 2e @V2+9) . Moreover,

E; [( Sym(K;—vStLt+1Pt+1VStL:+1K2))2}
<Ctr(2)0 tr (K2 Ky (Ip—G)E(I;—Gy)) K| (I;—G)E(I;—Gy) K,
+ Ctr(2) tr (K K| (Ip-Go) 21— Gy)) K, (Ii—Gy)E(I—Gy) Ko.

Proof First, we derive a concentration bound for |y;11|. We have
By [|lye1]P] < (V2 + 0/2)Pp? for p > 2,

—u/e
which implies Py [|y11] > u] < eV5+o) for u > e(v/8 + o). In the following, we prove each item
separately.

First item. We define

K;—(Id — Gt)Nt+1GtK2 = K;—(Id — Gt)ytH:BtH w;:_thKg .

=Ut41

.
=Vt

Foru,L >0
]P’t[ vl | > uL\/tr (K1 K] (I — G)S(Li — Gy)) tr(K2 K] GiSGy) or [yera] > L]
< ]P’t[ Uyen| < Lhwepola|, = uL\/tr (K1 K[ (I, — G) (L — Gy)) tr(KgK;GtEGt)]

+ Py [Iyt+1| > L] .
We have for p > 2

p
|y < Lhweavla ||| < 2780 [IKT (1o = Gz 5] B [I1KS Guava 5]

(@)
<rr (g)p (Str (K K (Is — G)3(1s — G)) tf(K?K;szGf)) '

5|

[N

We have for u > 2e

u

Pt[ {|ecr1| < t}quleHQ > uL\/tr (K1 K[ (I, — G)S(L — Gy)) tr(KgK;GtZGt)] <e E.

By choosing u = %, we have the probability bound.

For the variance bound, we have

Eq [Sym (ut+1vt—:-1)2:| < K| (I; — Gy)E [yt2+1HK;GtmtJrngthrlw;—l} (I, - G)K{
+ K, GiE, |:yt2+1||K1(Id - Gt)mtJrlH%mtJrlw;r-H} G/ K,
(2 Ctr(K, Ky GEG)K| (I; — G)E(I; — Gy K,
+Ctr (KlKlT(Id —GOS(I, - Gt)>K2TGt2GtK2,

where we used the Cauchy-Schwartz inequality in (b).
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Second item. We define

KlTWtPt+1WtTK2 = yt2+1||(Id - Gy) xt+1”%K1TGtiBt+1 thT+1GtK2 .

=u oy T
t+1 =V

We have for p > 2

V4
B [|[1lyesa] < Lyuerava |

N|=

1
< LR (L= G @ent |37 Be | 1K G 137 B |1 KG G 157

©
< rp (3 (D)t (K1 K] G SG)) tr( KoK G.:=Gy))"

We have for u > (2¢)?

J

L?
By choosing u = -,

zul? () \/tr(K K] GiEG) tr(Ka Ky G.BG)| <

we have the probability bound. For the variance bound, we have

]Et |:Sym ut+1'vt+1 < K1 GtEt yt+1||(Id — Gt) wt+1HgHK;Gta}t+1||§£Et+1.’13;r+1:| GtKl

+ K, GiE, [yt+1|| Ia — Gy) $t+1|| | Ky Gtwt+1”2$t+1wt+1] G:K>

(d)

where we use the Cauchy-Schwartz inequality in (d).

Third item. We define
K| VsLit1VsLl 1 Ko = y2 1 |W, e 3K (I — Gz x4 (

< Ctr(Z)? (tr(KgKQTGtEGt)KlTGtEGtKl + tr(KlKlTGtEGt)K;GtEGtK2> ,

I,— G)K

Ut ::v;rl
We have for p > 2

P
B [|[1llesa] < Dyueravla |

1 1
< L2 (| W |37 B (1K (T = G 57 *Ee [ 1K (T = G [157]

(e) P
< L2p% <3rs\/tr (KiK| (I — G)E(I; — Gy)) tr (K Ky (Ig— G) (I — Gt))> :

We have for u > (2¢)?

Py [[14lyei] < Lyursavl

> ul?3ro/tr (K\ KT (I~ GOB (1 — G)) tr (KoK (I — G S(I - G))| <e
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By choosing u = %2, we have the probability bound. For the variance bound, we have

E; [sym <ut+1v;1)2}

<K\ (I - G) B[yt W @ 15 Ko (Ta— Gz [3zemz) | (I — Gr) Ky
+ Ky (Ig — G Ee [y | W @i 151 K (Ta— G 3w,y | (Ti—Gr) Ko
(Q Critr (KoK) (Ij— G)E(Iy— Gy)) K| (In — G)E(I; — Gy Ky

+Critr (KiKY (Ij— G)E(I; — Gy) K, (In — G)E(I; — Gy) Ko,

where we used the Cauchy-Schwartz inequality in (f).
Fourth item. We define

K VsLi1Piyi W, Kz =y ||(Ia — Gz |3|We @ |3KY (T — Gz 241G Ko

=u — T
t+1 ._vt+1

We have for p > 2

V4
B [||1llye] < Lhussiola ]

< IV (|1 = G e |1 KT (T = Gomesa 5] B [IW, @ |51 KS Graena 1]

< LP(12V/3)Pp’P <tr(2)rs\/tr (KiK| (I — G)E(I; — Gy)) tr (KQK;GtZGt)>p.

We have for u > (2¢)3

.|

|tesr| < L}ut+1vtT+1H > ulP12v/3 (S \/tr K\K] (I — G)S(I.— Gy)) tr (KQKQTGtZGt)]
2

w1/3

<e e .

By choosing u = fjg, we have the probability bound. For the variance bound, we have

2
[sym Ut+1’vt+1) }

=< K[ (I = GO [y l(Ta = GOt |31 W et |31 K G 322l | (Lo — GO K

+ K) G/, [y?—o—l”(Id — G ||5l| W, @ |13 K (Ta — Gt)wtﬂ”%wtﬂwzﬂ} G K>
< Ctr(E)?r?tr( Ky Ky GyEG) K| (I; — G)E(I; — Gy K,
+ C ()22 tr (K K| (Ig — G)E(I; — Gy)) Ky GEG K.

Fifth item. We define

Kl—rVSLLt+1'Pt+1V51L:+1K2 = y?+1||(Id - Gt)mt+1HgHW;leHgKI(Id — Gt)Xiy1 w;:_l(Id -Gy K>.

= R
t+1 V41

40



FEATURE LEARNING IN HIGH-DIMENSIONS UNDER STRUCTURED COVARIANCE

We have for p > 2

v |

.

< LB [|(Ia = G e [ IW e |71 KT (Lo = Gomen 51K (L = G 1]

‘1{|yt+1| < Liuriivy

1 1 1
< LYE[|(Le = G 2o I37] "B [IKT (L = Goens|37) B[S (T = G 3] B[ W @137

P
2

< L (16p")7 (3v/3r2 tr(z))p(?, tr (K1 K| (Is — G)E(Ia — Gy)) tr (K2 Ky (Ig — G)=(1s — Gt)))

= L4p(2\/§)4pp4p (tr(z)’r’g\/tr (K1K;r Ia — Go)X(Iq — Gt)) tr (KQK;— (Is — G)X(Ig — Gt)))p .
We have for u > (2¢)*

Py || 1411 | < Lhuraoda | >
W1/4

u(2\/§L)4tr(2)r§\/tr(KlKlT(Id—Gt)E(Id—Gt))tr(KgKQT(Id—Gt)E(Id—Gt))] <

By choosing u = o 26;5) <. we have the probability bound. For the variance bound, we have

2
E; [sym (utﬂvg—“) }
< K| (I — G)E, [y?+1||(1d — Gy) e |[3| W, e ||5]| K2 (1o — Gt)wt+1|‘%mt+1w:+1] (Ia — Ge) K1
+ K3 (I = GOB: [y | (L = G et BIW @t I3 K (T — G 3wl | (I - GO Ko

< Ctr(Z)’ritr (KoK (In — G)E(Ia — Go)) K| (Is — G)=(Is — Gi) K1
+ Cte(2)*ritr (K1 Ky (Is — G)E(Is — Gy)) Ky (In — G)E(Is — Gi)Ko.

D.3.1. APPLICATION OF NOISE BOUNDS

1 —
We will use r,, = loge+# d. Forn <« 1= and r; > Wfogd’ we can show that M, and M, have

dtr(X)
asymptotically same dynamics with

Mt+1 = M; + 2T](A1211Mt — AlM?), with Mg = %8211.

We start with the following proposition:
1
Proposition 36 Under r, = loge+? d and rs > W‘fogd, we have
* MiRy ! = (14 0q(1))kg

« MMM, < min{ntl,.,, (240 (S1 — My))
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By recalling the definitions { R; }en, A1, 311, we define the event:

T R R 11 -1
A1 = A (ZflRtQ 27 Ry > N A1 (23111\12 R R Afzn) N{lye+1| < L}

We define the events By 1, Cit1, Dy41, and Fy41 in the same way. Based on these events, we define

the clipped versions of the noise matrices:

Aiy1 = sym ((Id - Gy) (yt+1mt+1$tT+1 WA} — E [yt+1$t+1th+1ﬂ{«4t+1}]>Gt>

P l{Bii1} E,

1{B
Bii1 = W, ( . [w
L+

L+ iy

|)w

Ciy1 = <VStLt+1VStLtT+1ﬂ{Ct+1} —E; [vStLt—&—lVStLLl]l{Ct—&—l}:D

VsiLiy1P11{Dp1}

D =
t+1 sym << 1+ C?+1

E, |:vStLt+1’Pt+1]l{Dt+l}
1+ C%—i—l

)w)

VsiLi41Pis1 Vsl 1{Fr1}
Fiy1 = - K

1 —i—c%Jrl

2(:,'73

? 4r3

2 4
LetX € { LA, 1B, I D,l’g—rgF} and

11
=1, My =A%}

For ¢ € {1, 2}, we define:

VStLt+17’t+1VStLtT+1l{ftﬂ}] )

L+cfy,y

k 1 -1 Z1 1 N2
Quad))(X) = Y E;_ [(rfzfl R X;R,’ Eflrz> } .
j=1

We have the following corollary.

Corollary 37 Let

loga+B d < - >
r, = loge T
T TG NS Ty
Fornt < %log d, we have:
n
n?tr(X)?,
YA C’logddr dlog dtr(X)?
HQMCld;t) (X)HQ S K2 TU 113%“)7
d S
n’tr(X)%,
7 dlog tr(X)6
\ Ts ’

Proof By using the bounds in Proposition 35, the result can be proven.

_ 4
polylog d’
X=2=1
2
X:ngB
2
X = ngc
3
4

By using matrix Bernstein inequality similar to [3, Propositions 21 and 22], we can derive the

result.
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D.4. Alignment step

As detailed in [3, Section E], by using the parameterization M = Q' we can reduce the
alignment step to a linear regression problem over the space of r; X r; symmetric matrices, where
the ¢, regularization on €2 translates to nuclear norm regularization on M. The problem then
reduces to finding the best sparse approximation of the labels via ¢; regularization. Because W}
aligns with the top eigenvector of 3, we can show that with an appropriate regularization parameter,
Taiign = polylog(d) samples are sufficient to drive the risk R(t) arbitrarily small (at a rate of
O(1/1log d)). Computationally, we can solve this Lasso objective up to a O(1/log d) error tolerance
with a cost of O(72 polylog d). This overhead is negligible compared to the first phase of Algorithm
1, which requires a matrix orthogonalization (e.g., QR decomposition) at every iteration.

Appendix E. Some moment bounds and concentration inequalities

Lemma 38 (Hypercontractivity) Ler P, : R — R be a polynomial of degree-k and x ~
N(0,1,). For q > 2, we have E [Py(z)1)Y? < (q — 1)¥/2E [Pr(x)?] 2,

Lemma 39 Letx ~ N(0,1;) and S € R¥™? be a symmetric matrix. For u > 0,

i [[wTSw —tr(8)| > 2||S||Fu + 2Hsugu2} < 2ev",

Proof We note that =" Sz — tr(S) has the same distribution with Z?Zl \i(S)(Z% — 1), where
Zi ~iia N(0,1). By using the Laurent-Massart lemma [14], we have the result. |

Corollary 40 Lety = x'Sx — tr(S) and x ~ N(0,1;). For p > 2, we have E[!y|p]% <
(= 1)V2|S]|p.
Proof By observing that E[|y|?] = 2||S||%, we have the result. [ |
d T,.112p12
Corollary 41 For A € R™", p > 2 and x ~ N(0,1,), we have E[||[ATz|5']» < V3(p —
tr(ATA).
Proof By Lemma 38, we have IE[HATchgp]% <(p-— l)E[HATwH%]% For § = AAT, we have
E[|ATz|3] = E[(x ' Sx)?] = tr(E[(x" Sz)zx"]S).
We have
T T T4 2 2 @ 2
E[(x' Sx)xx' | =tr(S)I; +2S = E[||A " z|j5] = tr(S)* + 2||S||% < 3tr(S)?,

where (a) follows that S is positive semi-definite. Since tr(S) = tr(A " A), we have the statement.
|

43



	Introduction
	Our contributions

	Problem Setting
	Main Result: Risk characterization under structured covariance
	Online vanilla SGD
	Improved sample complexity via normalized dynamics

	Conclusion
	Preliminaries for Proofs
	SGD comparison proof
	Setup, exact recursion, and centered ideal discrete flow
	Scalar logistic facts
	Initialization, localization, and one-step bounds
	Discrete bias tracking
	Discrete Frobenius localization with explicit remainders
	Rest-block reduction for SGD
	Fast-block bootstrap for SGD

	Proof of Proposition 3
	Normalized SGD Dynamics
	Definitions and bounding systems
	Bounding the second order terms
	Noise characterization
	Application of noise bounds

	Alignment step

	Some moment bounds and concentration inequalities

