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Abstract
Recent theoretical work has shown that nonlinear solvable models exhibit scaling laws in the
feature-learning regime. However, these results largely rely on the assumption of isotropic inputs,
and understanding how these laws extend to anisotropic data remains a central open problem. In
this work, we address this gap by analyzing the learning dynamics of two-layer neural networks
with quadratic activations under anisotropic Gaussian inputs. We provide a sharp characterization
of online stochastic gradient descent (SGD), explicitly quantifying how the covariance spectrum
influences both the scaling exponent and sample complexity. Furthermore, we establish that
normalization techniques overcome the intrinsic limitations of vanilla SGD, strictly improving
sample efficiency in anisotropic settings. Experiments on two-layer networks with general activation
functions support our theoretical predictions, suggesting that these insights extend well beyond the
quadratic model.
Keywords: scaling laws, stochastic gradient descent, shallow neural network, multi-index model

1. Introduction
The predictable scaling of generalization error with respect to computational resources, dataset
size, and model width—commonly referred to as scaling laws—has become a defining feature of
modern machine learning [10, 11]. Because empirical losses consistently exhibit robust power-
law decay, practitioners can reliably extrapolate large-scale performance from a relatively small
number of measurements [2, 12]. This phenomenon has sparked significant theoretical interest in
deriving scaling laws from first principles [18, 21]. While earlier work primarily focused on linear
models [16, 22], recent efforts have shifted toward nonlinear solvable models, which are necessary
to capture phenomena such as feature learning [7] and and the heavy spectral tails observed in
real-world representations [13].

Despite this progress, existing scaling analyses for nonlinear networks largely rely on the restric-
tive assumption of isotropic inputs [3, 23]. In this work, we study the anisotropic setting. Specifically,
we analyze the learning dynamics of a two-layer neural network with quadratic activations under
anisotropic Gaussian data:

y =
∑r

j=1 λj
(
⟨θj ,x⟩2 − ⟨θj ,Σθj⟩

)
+ ϵ, x ∼ N (0,Σ). (1.1)

Here, ϵ is zero-mean independent sub-Gaussian noise, {θj}rj=1 ⊂ Rd are unknown signal directions,
λ1 > λ2 > · · · > λr > 0 denote their associated signal strengths, and Σ is the data covariance
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matrix, which may exhibit a power-law spectrum. The constant terms ⟨θj ,Σθj⟩ are included to
ensure the labels remain centered, i.e., E[y] = 0. Our goal is to learn this teacher network using a
two-layer student network of width rs trained via gradient-based optimization.

A central challenge in this setting is understanding the fundamental statistical and computational
limits of feature learning under anisotropy. Existing work provides sample complexity guarantees
bounded by the effective dimension reff(Σ) := tr(Σ)/∥Σ∥2: scaling quadratically as (reff(Σ))2 for
kernel methods [8, 24], and scaling linearly as reff(Σ) for infinite-width mean-field models [20]. How-
ever, the exact risk trajectory of stochastic gradient descent (SGD) applied to narrow networks—and
the corresponding scaling behavior—remains poorly understood. More broadly, theoretical analyses
of nonlinear multi-index models under anisotropic covariates remain limited. Motivated by these
gaps, we investigate the following question:

Can we characterize the exact risk trajectory and the resulting computational and statistical
requirements of SGD for quadratic networks under anisotropic data?

1.1. Our contributions

In this paper, we study the model in (1.1) under structured power-law conditions on both the signal
strength and the covariance spectrum. Specifically, letting σi denote the eigenvalues of Σ, we assume

λi ≍ i−α and σi ≍ i−β, (1.2)

for exponents α, β > 0. In the existing literature, α and β is closely related to the source and capacity
conditions, respectively [5, 24]. Our main contributions are summarized below:
1. Scaling exponents: In Section 3, we derive a sharp characterization of the excess risk under online

vanilla SGD dynamics. In particular, we show that the risk exhibits an explicit power-law decay
jointly governed by the source and capacity exponents α and β. We validate these predictions
empirically, observing a strong agreement between theory and simulations (Figure 1).

2. Algorithmic lower bound: In Section 3.1, we study the limitations of vanilla online SGD under
anisotropic data. Combining theoretical results with supporting empirical evidence, we show that
unconstrained SGD is restricted to conservative learning rates, which force its sample complexity
to Ω(d). This prevents vanilla SGD from attaining the near-optimal sample complexity reff(Σ).

3. Near-optimal sample complexity: In Section 3.2, we propose and analyze an online Stiefel SGD
algorithm. We prove that it achieves a near-optimal sample complexity of Õ(reff(Σ)), matching
the effective dimension of the data up to logarithmic factors while preserving the exact scaling
behavior. This establishes a sharp separation in sample efficiency between SGD learning in
feature-learning regime and lazy training regimes under anisotropic data.

2. Problem Setting
We consider learning a two-layer teacher network with a quadratic activation when the input is
anisotropic Gaussian given in (1.1), under the following assumption:

Assumption 1 (Spectral alignment) Each θj is the j-th eigenvector of Σ, such that Σθj = σjθj .
For normalization, we assume

∑r
i=1 σ

2
i λ

2
i = 1 so that the variance of labels, i.e., E[y2], is constant.

This assumption formalizes a classical statistical learning principle: the directions most predictive
of the response y coincide with the principal components of the input covariates x [9]. Combined
with the power-law assumptions in (1.2), our setting extends classical three-parameter models to the
multi-index setting through a shared spectral decay of the covariance and signal components [17].
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(a) (b)

Figure 1: (a) Population risk vs. compute for two-layer quadratic networks trained via one-pass SGD for
β ∈ {0.1, 0.35, 0.6} and rs ∈ {128, 152, 181, 215} (d = 2048, α = 0.7−β). (b) Empirical scaling exponents
across model widths, with theoretical predictions (red lines) closely matching observed slopes.

Student Network. We learn the target model with a quadratic student network defined as

ŷ(x;W , b) = 1
rs

∑rs
j=1 ⟨wj ,x⟩2 − b,

where rs is the width of the student network, b is the bias term, and {wj}rsj=1 ⊂ Rd denotes the set
of trainable weights. We collect these weights as the columns of the matrix W ∈ Rd×rs .

We consider minimizing the squared loss, for which the population risk is defined by

R(W , b) := 1
2E(x,y)

[
(y − ŷ(x,W , b))2

]
.

By substituting the teacher and student models in (1.1) and , the population risk admits the following
closed-form expression:

R(W , b) =
∥∥∥ 1
rs
Σ

1
2WW⊤Σ

1
2 −Σ

1
2ΘΛΘ⊤Σ

1
2

∥∥∥2
F
+ 1

2

(
b− 1

rs
tr(ΣWW⊤)

)2
+ 1

2E[ϵ
2]. (2.1)

Here, we collect the teacher directions {θj}rj=1 as the columns of the matrix Θ ∈ Rd×r, and Λ is a
diagonal matrix where the j-th diagonal entry is λj .

3. Main Result: Risk characterization under structured covariance
3.1. Online vanilla SGD

We first analyze the learning dynamics of online (one-pass) SGD. Given a fresh sample (xt+1, yt+1),
we define the instantaneous loss:

Lt+1(W , b) := 1
2

(
yt+1 − ŷ(xt+1;W , b)

)2
,

where ŷ(xt+1;W , b) denotes the network output. To learn the weights and bias simultaneously, we
employ two-time-scale gradient descent, where the bias updates significantly faster than the weights.
This separation of timescales yields a mathematically tractable learning trajectory and allows the
algorithm to learn the covariance-dependent bias term in (2.1) that keeps the predictions centered.
Specifically, the parameter updates are given by:

Wt+1 = Wt − η∇Lt+1(Wt, bt), bt+1 = bt − η
δ∇Lt+1(Wt, bt) (SGD)

where the parameters are initialized with b0 ∼ N (0, 1) and W0 ∈ Rd×rs where W0,ij ∼i.i.d.
N (0, 1/d). The following theorem characterizes the resulting risk trajectory.
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Theorem 1 Let α, β > 0 denote the source and capacity exponents defined in (1.2), and assume
the teacher width r ≫ 1. We consider the regime 2α + 2β > 1 and a mildly overparameterized
student network with rs ≫ polylog d. We consider step size η and timescale parameter δ such that
η ≍ o(1/d) and δ ∈ o(1/log d). Almost surely, we have

R(ηt log d)− 1
2E[ϵ

2] ≍ Θ
(
(ηt)

− 2(α+β)−1
α+2β + r−2(α+β)+1

s

)
(3.1)

wherever the limit of ηt is well-defined.

Remark 2 We highlight the following:

• This asymptotic risk exhibits a decomposition similar to the neural scaling laws in [11, 12],
where the error cleanly separates into optimization and approximation terms. Here, the capacity
exponent β enters both contributions additively due to the alignment structure. While the limit
β → 0 recovers the known isotropic scaling behavior [3], our result establishes strictly faster risk
decay for any level of anisotropy (β > 0).

• However, the resulting sample complexity satisfies T ≃ dpolylog(d). Because the algorithm
operates in a strict one-pass regime, runtime and sample complexity are identical. This rate is
highly suboptimal: the intrinsic statistical complexity is determined by the effective dimension
reff(Σ) := tr(Σ)/∥Σ∥2, which scales as d1−β for β ∈ (0, 1) and as O(1) for β > 1.

This suboptimal rate suggests a potential algorithmic gap across all anisotropic regimes (β > 0).
Does the Θ̃(d) sample requirement reflect a fundamental limitation of the dynamics in (SGD), or
is it merely an artifact of the theoretical analysis? To provide evidence that vanilla SGD inherently
requires Ω(d) sample complexity, we analyze an offline empirical estimator for the teacher directions:

R̂(W ) =
∥∥∥ 1

rs
Σ

1
2WW⊤Σ

1
2 − Ŝ

∥∥∥2
F
, where Ŝ =

1

T

T∑
t=1

ytxtx
⊤
t . (3.2)

This objective coincides with the population risk in
(2.1), up to the bias and the noise variance terms. The
key difference is that the population covariance is re-
placed by its unbiased empirical estimator: E[Ŝ] =

Σ
1
2ΘΛΘ⊤Σ

1
2 . We observe that (SGD) is the on-

line counterpart of minimizing this empirical objective.
Since their sample complexities are known to match in
the isotropic case (Σ = Id), analyzing R̂(W ) provides
a reliable proxy for the online dynamics [4]. In the
following proposition, we show that minimizing R̂(W )
requires Ω(d) samples to achieve a non-vanishing dis-
tance with the true teacher directions. Consequently,
when T ≪ d, the estimator fundamentally fails to re-
cover the relevant signal. This limitation stems from
the Σ1/2 factors in (3.2), which implicitly offset the
statistical advantages induced by anisotropy in Ŝ and
forces the optimal weights ŴT to align with the top
eigenspace of the whitened matrix Σ−1/2ŜΣ−1/2.

Figure 2: Population risk vs training
iteration of (SGD) and Stiefel SGD.
Risks are plotted after the alignment
step. We set d = 16384, r = 2048,
rs = 512, and α = β = 0.35. Small η
scales as Õ(1/d), while large η scales
as Õ(1/reff(Σ)).
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Proposition 3 (Offline Estimator Lower Bound) Let ŴT be the minimizer of R̂(W ) in (3.2). If
T ≪ d, then for a sufficiently small constant ε > 0 and d sufficiently large,

P
[∥∥∥ 1

rs
Σ

1
2ŴTŴ

⊤
T Σ

1
2 −Σ

1
2ΘΛΘ⊤Σ

1
2

∥∥∥
F
> ε
]
≥ 1− od(1).

By showing that the population risk remains lower-bounded when T ≪ d, Proposition 3 provides
evidence that the sample complexity requirement in Theorem 1 cannot be substantially improved.
Beyond this theoretical argument, we provide empirical observations supporting this conclusion.
As illustrated in Figure 2, (SGD) becomes unstable for learning rates η ≍ Õ(1/reff(Σ)), whereas
the normalized Stiefel (which is introduced in the subsequent section) remain stable in this regime.
Because learning rates of this magnitude are required to achieve the statistically optimal sample
complexity in one-pass settings, this instability provides an alternative argument that (SGD) is
fundamentally restricted to conservative step sizes.

3.2. Improved sample complexity via normalized dynamics

In this section, we introduce normalized Stiefel dynamics to achieve near-optimal sample complexity
under anisotropic data. The fundamental issue with the standard quadratic objective (3.2) is that
it implicitly counteracts the data’s anisotropic structure. Because the network variance scales as
E[ŷ2] ∝ ∥Σ

1
2WW⊤Σ

1
2 ∥2F, unconstrained dynamics are naturally biased toward whitening the

covariance spectrum, forcing the weights to align with the inverse covariance geometry.
To bypass this whitening effect and preserve the statistical advantages of anisotropy, we optimize

a correlation objective while constraining the weight matrix to the Stiefel manifold St(rs, d) :=
{V ∈ Rd×rs | V⊤V = Irs}, which makes sure that the weights are unit norm and orthogonal.
Given a fresh sample (xt+1, yt+1), we define this instantaneous objective and its corresponding
Riemannian gradient as:

Jt+1(W , b) = −yt+1ŷ(xt+1;W , b), ∇StJt+1(W , b) = (Id −WW⊤)yt+1xt+1x
⊤
t+1W .

Following layer-wise training strategies from prior work [1, 6, 15], the training proceeds in two
distinct stages:

• Phase 1 (Direction Learning): We initialize W0 ∼ Unif(St(rs, d)) and b0 = 0. For t = 1, 2, . . . ,
we update the weights using:

W̃t+1 = Wt − η∇StJt+1(Wt, b0), Wt+1 = W̃t+1(W̃
⊤
t+1W̃t+1)

−1/2.

• Phase 2 (Weight Alignment): Using a set of Talign fresh samples {(x̃j , ỹj)}, we freeze the learned
features Wt and optimize an alignment matrix Ω and scalar bias b:

(Ω∗, b∗) = argminΩ∈Rrs×rs , b∈R
∑Talign

j=1

(
ỹj − ŷ(x̃j ;WtΩ, b)

)2
+ λ∥Ω∥2F.

The final parameters for the model are then set to W final
t := WtΩ∗ and bfinalt := b∗.

Let R(t) := R(W final
t , bfinalt ) denote the population risk of the final predictor. The following theorem

establishes that these normalized dynamics achieve near-optimal sample complexity while matching
the exact asymptotic scaling trajectory established in Theorem 1.

5



FEATURE LEARNING IN HIGH-DIMENSIONS UNDER STRUCTURED COVARIANCE

(a) (α, β) = (0.6, 0.1). ideal exponent: −0.5 (b) (α, β) = (0.35, 0.35). ideal exponent: −0.33

Figure 3: Population loss versus compute for a two-layer squared ReLU network. The model is trained
using (SGD) with the learning rate regime in Theorem 1. We use d = 2048 and r = 1024. The resulting risk
trajectories follow a power-law decay, where the empirical exponents (dashed lines) closely align with our
theoretical prediction of 1−2(α+β)

α+2β for the quadratic setting.

Theorem 4 Consider the teacher model with parameters α, β, and r as defined in Theorem 1. Let
the hyperparameters satisfy: η ≪ 1/Õ(reff(Σ)), and rs ≫ d/polylog(d), and Talign ≫ polylog(d). Then
there exists a regularization parameter λ > 0, such that the risk of the aligned predictor R satisfies
the same guarantee as in (3.1).

We conclude by emphasizing a critical distinction: unlike (SGD), Stiefel dynamics remain stable
at significantly larger learning rates. Consequently, the required sample complexity improves to
Õ(reff(Σ)), which matches the effective dimension of the input distribution and is information-
theoretically optimal up to logarithmic factors.

4. Conclusion

In this work, we characterized the feature learning dynamics of SGD under anisotropic data and
specific spectral alignment conditions. We demonstrated that vanilla SGD requires a sample complex-
ity of n ≍ T ≃ dpolylog(d), which is intrinsically suboptimal relative to the effective dimension
reff(Σ) due to instabilities in the empirical objective. To resolve this fundamental Ω(d) bottle-
neck, we introduced a normalized algorithm that optimizes a correlation objective under Stiefel
constraints. This approach achieves statistical optimality by maintaining stability at larger learning
rates (η ≍ 1/reff(Σ)). Future directions include relaxing the spectral alignment assumption and
more rigorously formalizing the instability regime of vanilla SGD under anisotropic data.

Universality of exponents. A natural next step is extending this theoretical framework beyond
two-layer quadratic networks to general activation functions. Because SGD is conjectured to learn
in hierarchical phases dictated by Hermite polynomials, standard nonlinearities (e.g., GeLU, tanh)
with a nonzero second-order (He2) component should exhibit an intermediate phase governed by
the exact scaling exponents derived in our analysis. Preliminary experiments with squared ReLU
activations confirm the existence of this intermediate phase (Figures 3a and 3b), and we leave the
formal generalization of this framework as exciting future work.
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Appendix A. Preliminaries for Proofs

Proof organization. Section A introduces the additional notation and definitions used throughout,
and collects several auxiliary lemma. Section B proves the discrete-time online SGD result in
Theorem 1. Section C proves our lower bound argument in Proposition 3. Finally, Section D proves
the online Steifel SGD result in Theorem 4.

Additional notation and definitions. We use a reduced time parameter t̄ > 0 and relate it to the
physical time scales by

T = t̄ Teff , Teff :=
Zr
2

log
d

Zr
, N = ⌊t̄ Neff⌋, Neff :=

Zr
2η

log
d

Zr
.

We work in the common eigenbasis of the covariance and the teacher:

Σ = diag(σ1, . . . , σd), T = diag(λ1, . . . , λr, 0, . . . , 0),

where
λ1 ≥ · · · ≥ λr > 0, σ1 ≥ · · · ≥ σd > 0, λi ≍ i−α, σi ≍ i−β. (A.1)

We assume
2α+ 2β > 1, equivalently α+ β >

1

2
.

In particular, under the usual fixed spectral envelope in (A.1), one has σ1 = O(1).
Define

Zr := ∥TΣ∥F =

(
r∑
i=1

σ2
i λ

2
i

)1/2

,
d

Zr
→ ∞.

Set
S⋆ :=

1

Zr
Σ1/2TΣ1/2, T⋆ := ΣS⋆ = S⋆Σ =

1

Zr
ΣTΣ.

Then

T⋆ = diag(τ1, . . . , τr, 0, . . . , 0), τi =
σ2
i λi
Zr

, κi := σ2
i λi, s⋆i :=

τi
σi

=
σiλi
Zr

.

The normalization is

∥S⋆∥2F =
r∑
i=1

(s⋆i )
2 = 1.

And

∥T⋆∥2F =

∑r
i=1 σ

4
i λ

2
i

Z2
r

≤ σ2
1∥S⋆∥2F = O(1). (A.2)

Fix t̄ > 0 and define
m⋆(t̄) := max{i ≤ r : t̄ κi > 1},

with the convention that the maximum of the empty set is 0. We write

k := m⋆(t̄).

10
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If k < r, set
as := t̄ κk+1 ∈ [0, 1),

and if k = r, set as := 0.
Fix

0 < ρ < min{β, 1}.

When k < r and the slow block is nonempty, we additionally assume

ρ < as.

Define
mρ(t̄) := max{i ≤ r : t̄ κi > ρ},

again with the convention that the maximum of the empty set is 0.
We assume an off-transition gap: there exists δgap ∈ (0, 1), independent of d, such that

t̄ κi /∈ [1− δgap, 1 + δgap] for all i ≤ mρ(t̄).

Consequently,
k = max{i ≤ mρ(t̄) : t̄ κi ≥ 1 + δgap},

and, if k < r,
as ≤ 1− δgap.

We use the diagonal projectors

Pf := diag(1{i ≤ k})di=1, Pr := Id − Pf .

Inside the rest block, we further write

Ps := diag(1{k < i ≤ mρ(t̄)})di=1, Pt := Id − Pf − Ps.

Since κi ≍ i−(α+2β), for every fixed t̄ and ρ,

k = Ot̄(1), mρ(t̄) = Ot̄,ρ(1).

Unless stated otherwise, constants may depend on the fixed spectral regularity constants, on t̄, ρ,
δgap, K, and σε, but not on d,N, η, δ, rs.

Lemma 5 (Rank floor) For every matrix M with ru(M) ≤ rs,

∥S⋆ −M∥2F ≥
∑
i>rs

(s⋆i )
2. (A.3)

If α+ β > 1/2, then, in the regime rs → ∞ with rs < r,∑
i>rs

(s⋆i )
2 ≍ r−2(α+β)+1

s . (A.4)

Proof The nonzero singular values of S⋆ are precisely (s⋆i )i≤r, in nonincreasing order. The lower
bound (A.3) is the Eckart–Young theorem. The tail estimate (A.4) follows from (s⋆i )

2 ≍ i−2(α+β)

and the integral test.

11
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Appendix B. SGD comparison proof

B.1. Setup, exact recursion, and centered ideal discrete flow

Let
xn ∼ N (0,Σ) i.i.d., εn ⊥⊥ xn, E[εn] = 0, ∥εn∥ψ2 ≤ σε.

Set
gn := Σ−1/2xn ∼ N (0, Id), χn := gng

⊤
n , ξn := χn − Id.

The label is

yn =

〈
T

Zr
,xnx

⊤
n −Σ

〉
+ εn = ⟨S⋆, ξn⟩+ εn.

Define

Gn :=
1

rs
WnW

⊤
n , Mn := Σ1/2GnΣ

1/2, en := bn−tr(Mn), ∆n := S⋆−Mn.

The online prediction is
ŷn+1 = ⟨Mn,χn+1⟩ − bn.

To avoid conflict with the two-timescale parameter δ, the prediction error is denoted by

rn+1 := yn+1 − ŷn+1 = ⟨∆n, ξn+1⟩+ en + εn+1. (B.1)

The online SGD updates are

Wn+1 = Wn +
η

2
rn+1xn+1x

⊤
n+1Wn, (B.2)

bn+1 = bn −
η

4δ
rn+1. (B.3)

Let
Neff :=

Zr
2η

log
d

Zr
, N := ⌊t̄ Neff⌋, Λd := log

ed

Zr
.

Let
Fn := σ(W0, b0, (xt, εt)1≤t≤n) .

We also set

pd := 40(K + 2) log(edN), Rs := 1 +
√
rs, L2 := tr(Σ2).

Proposition 6 (Exact sandwich recursion and first-order expansion) For every n ≥ 0, Mn ⪰ 0
and

Mn+1 =
(
Id +

η

2
rn+1Σχn+1

)
Mn

(
Id +

η

2
rn+1χn+1Σ

)
. (B.4)

Equivalently,
Mn+1 = Mn + ηF ♯(Mn, en) + ηZn+1 + η2Qn+1, (B.5)

where
F ♯(M , e) := F(M) + eB(M),

12
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and

Zn+1 :=
1

2
rn+1 (Σχn+1Mn +Mnχn+1Σ)−F ♯(Mn, en),

Qn+1 :=
1

4
r2n+1Σχn+1Mnχn+1Σ.

Moreover,
E[Zn+1 | Fn] = 0. (B.6)

Proof Since xn+1x
⊤
n+1 = Σ1/2χn+1Σ

1/2, (B.2) gives (B.4); PSD is therefore preserved. Expanding
the sandwich gives (B.5).

It remains to identify the conditional drift. By (B.1),

E[rn+1χn+1 | Fn] = E[rn+1ξn+1 | Fn] + enId.

We have
E[⟨A, ξn+1⟩ξn+1] = 2A (A = A⊤).

Taking A = ∆n yields
E[rn+1χn+1 | Fn] = 2∆n + enId.

Substitution into the linear part of (B.4) gives exactly F ♯(Mn, en), proving (B.6).

The centered ideal discrete flow is the diagonal recursion

Ln+1 = Ln+η (T⋆Ln +LnT⋆ − 2LnΣLn)+η2(T⋆−ΣLn)Ln(T⋆−LnΣ), L0 =
1

d
Σ.

Equivalently,

ℓi,n+1 = ℓi,n (1 + η(τi − σiℓi,n))
2 , i ≤ r,

ℓi,n+1 = ℓi,n (1− ησiℓi,n)
2 , i > r. (B.7)

B.2. Scalar logistic facts

Lemma 7 (Basic scalar logistic facts) Fix c ∈ (0, 1/2], and let

an+1 = an(1 + c(1− an))
2, 0 ≤ a0 ≤ 1. (B.8)

Then:
(i) 0 ≤ an ≤ 1 and an+1 ≥ an for all n.
(ii) an ≤ a0(1 + c)2n for all n.
(iii) If am ≤ θ < 1 for all 0 ≤ m ≤ n, then

an ≥ a0(1 + c(1− θ))2n.

(iv) If an ≥ θ > 0, then
1− an+1 ≤ (1− 2cθ)(1− an). (B.9)

13
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Proof Let ϕ(a) := a(1 + c(1− a))2. Then ϕ([0, 1]) ⊆ [0, 1] and

ϕ(a)− a = ac(1− a)(2 + c(1− a)) ≥ 0,

which proves (i). Item (ii) follows from 1+c(1−an) ≤ 1+c. Item (iii) follows from 1−am ≥ 1−θ.
Finally,

1− an+1 = 1− an(1 + c(1− an))
2 = (1− an)

(
1− 2can − c2an(1− an)

)
.

If an ≥ θ, the last factor is at most 1− 2cθ, proving (B.9).

Lemma 8 (Robust discrete threshold law) Fix i ≤ r and set

ci := ητi, n(t̄) := ⌊t̄ Neff⌋.

Assume
ητ1 ≤

1

2
, η log2

d

Zr
→ 0. (B.10)

Let an satisfy (B.8) with c = ci and initial data

c−
Zr
d

≤ a0 ≤ c+
Zr
d
,

where 0 < c− < c+ < ∞ are independent of d. For every fixed δthr ∈ (0, 1):
(i) If t̄ κi ≤ 1− δthr, then an(t̄) → 0.
(ii) If t̄ κi ≥ 1 + δthr, then an(t̄) → 1.

Proof Write n = n(t̄). If t̄ κi ≤ 1− δthr, Lemma 7(ii) gives

an ≤ c+
Zr
d

exp(2nci).

Since
2nci = t̄ κi log

d

Zr
+ o(1),

we have

an ≤ c+

(
d

Zr

)−1+t̄ κi+o(1)

≤ c+

(
d

Zr

)−δthr+o(1)
→ 0.

Now assume t̄ κi ≥ 1 + δthr. Set

ε :=
δthr
4

, γ := 1− δthr
2(1 + δthr)

, n− := ⌊γt̄Neff⌋.

Then (1− ε)γ(1 + δthr) > 1. If am ≤ ε for all m ≤ n−, Lemma 7(iii) yields

an− ≥ a0(1 + ci(1− ε))2n− .

Using log(1 + x) ≥ x− x2 for x ∈ [0, 1/2] and (B.10),

log an− ≥ log a0 + ((1− ε)γt̄ κi + o(1)) log
d

Zr
.

14
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The exponent is strictly larger than 1 by a fixed margin, contradicting an− ≤ 1. Hence some m ≤ n−
has am ≥ ε, and monotonicity gives an− ≥ ε. Lemma 7(iv) implies

1− an ≤ exp(−2ciε(n− n−)).

Finally,

2ci(n− n−) = (1− γ)t̄ κi log
d

Zr
+ o(1) → ∞,

so an → 1.

B.3. Initialization, localization, and one-step bounds

Lemma 9 (Initialization event for SGD) Assume

(W0)ia
i.i.d.∼ N (0, 1/d), b0 = 0.

Then there exists an event Ginit such that

P(Ginit) ≥ 1− Cd−K ,

and on Ginit,
∥M0∥F ≤ 2, |e0| ≤ 2.

Moreover, for every deterministic diagonal projector P ,

tr(PM0) ≤
C

d
tr(PΣ). (B.11)

If k ≥ 1, then for every 1 ≤ i ≤ k,∣∣∣(H0)ii −
σi
d

∣∣∣ ≤ Cσi
d

√
pd
rs

, (H0)ii ≥
c

d
, (B.12)

and

δcoh0 := max
1≤i̸=j≤k

|(H0)ij |√
(H0)ii(H0)jj

≤ C

√
pd
rs

. (B.13)

Define the localization stopping time

τ∆ := inf{n ≥ 0 : ∥∆n∥F > 4},

and the one-step localized event

Gloc,n := {∥∆n∥F ≤ 4, |en| ≤ 4, ∥Mn∥F ≤ 5}.

Lemma 10 (Gaussian chaos bounds) For every p ≥ 2, the following hold.
(i) For every symmetric A,

E[⟨A, ξn⟩2] = 2∥A∥2F , ∥⟨A, ξn⟩∥Lp ≤ Cp∥A∥F .
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(ii) For symmetric A,B,

∥⟨A, ξn⟩⟨B, ξn⟩∥Lp ≤ Cp2∥A∥F ∥B∥F .

(iii) If A ⪰ 0, then
∥g⊤

nAgn∥Lp ≤ C (tr(A) + p∥A∥op) . (B.14)

(iv) If M ⪰ 0, ru(M) ≤ rs, and ∥M∥F ≤ 5, then for every diagonal projector P ,

∥tr(PΣχnMχnΣ)∥Lp ≤ Cp2Rs

(
1 + tr(PΣ2)

)
. (B.15)

Proof Items (i) and (ii) are standard hypercontractive estimates for Gaussian chaoses of order two
and four. Item (iii) follows by diagonalization and moment bounds for weighted sums of centered χ2

variables. For (iv),
tr(PΣχnMχnΣ) = (g⊤

nMgn)(g
⊤
nPΣ2Pgn).

Apply Hölder and (B.14). Since M ⪰ 0,

tr(M) ≤
√

ru(M)∥M∥F ≤ CRs.

This proves (B.15).

Lemma 11 (Martingale maximal and stable convolution bounds) Let (Xn)n≥1 be a martingale
difference sequence with respect to (Gn)n≥0. Then, for p ≥ 2,∥∥∥∥∥ sup

1≤m≤N

∣∣∣∣∣
m∑
n=1

Xn

∣∣∣∣∣
∥∥∥∥∥
Lp

≤ C

√p

∥∥∥∥∥∥
(

N∑
n=1

E[X2
n | Gn−1]

)1/2
∥∥∥∥∥∥
Lp

+ p

(
N∑
n=1

∥Xn∥pLp

)1/p
 .

(B.16)
If 0 < γ < 1 and

Sn :=

n−1∑
m=0

γn−1−mXm+1,

with
E[X2

m+1 | Fm] ≤ v2, ∥Xm+1∥Lpd (P(·|Fm)) ≤ Apd ,

then, with probability at least 1− Cd−K ,

sup
0≤n≤N

|Sn| ≤ C

(√
pdv2

1− γ
+ pdApd

)
.

Proof The first estimate is the Burkholder–Freedman maximal inequality in Lp. For the stable
convolution, apply (B.16) to the weighted martingale for fixed n, using

∑
j≥0

γ2j ≤ 1

1− γ
,

∑
j≥0

γpdj

1/pd

≤ C.

A union bound over 0 ≤ n ≤ N is absorbed into the definition of pd.
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For a diagonal projector P , define

u(P )
n := tr(PMn), τ(P ) := max

i:Pii=1
τi, σ(P ) := max

i:Pii=1
σi,

with empty maxima equal to 0. Also set

d
(P )
n+1 := tr(PZn+1), q

(P )
n+1 := tr(PQn+1),

and
q(P )
n := E[q(P )

n+1 | Fn], q̂
(P )
n+1 := q

(P )
n+1 − q(P )

n .

Lemma 12 (Localized one-step bounds) On Gloc,n, the following estimates hold for every p ≥ 2.
(i) For every diagonal projector P ,

E[d(P )
n+1 | Fn] = 0, E[q̂(P )

n+1 | Fn] = 0,

and

∥d(P )
n+1∥Lp(P(·|Fn)) ≤ Cp2

(
1 + tr(PΣ2)

)1/2
, (B.17)

q(P )
n ≤ CRs

(
1 + tr(PΣ2)

)
, (B.18)

∥q̂(P )
n+1∥Lp(P(·|Fn)) ≤ CRsp

4
(
1 + tr(PΣ2)

)
. (B.19)

(ii) If P has bounded support contained in {1, . . . , r}, then

∥d(P )
n+1∥Lp(P(·|Fn)) ≤ Cp2

(
u(P )
n

)1/2
, (B.20)

q(P )
n ≤ CRs, ∥q̂(P )

n+1∥Lp(P(·|Fn)) ≤ CRsp
4.

(iii) Define
un+1 := tr(Σχn+1Mn), sn := tr(ΣMn),

and
ζen+1 := − 1

4δ
(rn+1 − en)− (rn+1un+1 − E[rn+1un+1 | Fn]) . (B.21)

Then
E[ζen+1 | Fn] = 0, ∥ζen+1∥Lp(P(·|Fn)) ≤ C

(p
δ
+ p2

)
. (B.22)

For
qen+1 := q

(Id)
n+1 = tr(Qn+1),

one has

E[qen+1 | Fn] ≤ CRs(1+L2), ∥qen+1−E[qen+1 | Fn]∥Lp(P(·|Fn)) ≤ CRsp
4(1+L2). (B.23)

Proof For (i), write

d
(P )
n+1 = rn+1⟨K(P )

n ,χn+1⟩ − E[rn+1⟨K(P )
n ,χn+1⟩ | Fn],

17
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where
K(P )
n :=

1

2
(MnPΣ+ΣPMn).

On Gloc,n,

∥K(P )
n ∥F ≤ C

(
1 + tr(PΣ2)

)1/2
.

Using (B.1), ∥∆n∥F ≤ 4, |en| ≤ 4, and Lemma 10, we get (B.17). The second-order term satisfies

q
(P )
n+1 =

1

4
r2n+1 tr(PΣχn+1Mnχn+1Σ),

so (B.18) and (B.19) follow from conditional Hölder and (B.15).
If P has bounded support in {1, . . . , r}, PSD and bounded support give

∥K(P )
n ∥F ≤ C

(
u(P )
n

)1/2
,

which proves (ii).
For (iii), note that

un+1 = sn +

〈
1

2
(ΣMn +MnΣ), ξn+1

〉
.

Lemma 10 gives
∥rn+1 − en∥Lp(P(·|Fn)) ≤ Cp

and
∥rn+1un+1 − E[rn+1un+1 | Fn]∥Lp(P(·|Fn))

≤ Cp2.

This proves (B.22). The estimates for qen+1 are (B.18)–(B.19) with P = Id.

B.4. Discrete bias tracking

Define
aen := 2 tr(ΣM2

n)− 2 tr(T⋆Mn).

Lemma 13 (Discrete bias recursion) One has

en+1 =
(
1− η

4δ
− ηsn

)
en + ηaen + ηζen+1 − η2qen+1. (B.24)

Proof Taking traces in (B.5),

tr(Mn+1) = tr(Mn) + ηrn+1un+1 + η2qen+1.

Together with (B.3), this gives

en+1 = en −
η

4δ
rn+1 − ηrn+1un+1 − η2qen+1.

The Gaussian identity used in Proposition 6 gives

E[rn+1un+1 | Fn] = snen − aen.

18
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Substituting (B.21) proves (B.24).

Set

eN := δ +Rsηδ(1 + L2) +

√
pdη

δ
+

ηp3d
δ

+Rs(1 + L2)
√
pdη3δ +Rs(1 + L2)η

2p5d. (B.25)

Proposition 14 (Discrete bias tracking) Assume

η

4δ
≤ 1

4
. (B.26)

There exists an event Ge with
P(Ge) ≥ 1− Cd−K

such that on Ginit ∩ Ge, up to τ∆,

|en| ≤ exp
(
−nη

8δ

)
|e0|+ CeN , 0 ≤ n ≤ N ∧ τ∆, (B.27)

and

η
n−1∑
m=0

|em| ≤ Cδ|e0|+ CΛdeN , 0 ≤ n ≤ N ∧ τ∆. (B.28)

Proof On {n < τ∆},
∥Mn∥F ≤ 5, |aen|+ sn ≤ C,

where the bound on aen uses ∥T⋆∥F = O(1) from (A.2). For sufficiently large d, (B.26) and δ → 0
imply

0 ≤ 1− η

4δ
− ηsn ≤ 1− η

8δ
.

Iterating (B.24) with this stable factor gives a deterministic contribution O(δ) from aen and O(Rsηδ(1+
L2)) from the predictable part of qen+1. Lemma 11 applied to the stable convolutions of ζen+1 and of
the centered part of qen+1, using (B.22) and (B.23), gives the remaining terms in (B.25). This proves
(B.27). Summing the same bound over m and using Nη ≤ CΛd gives (B.28).

B.5. Discrete Frobenius localization with explicit remainders

Define the localization remainder scale

lN :=
√
pdηΛd + ηp3d +Rs(1 + L2)

(
ηΛd +

√
pdη3Λd + η2p5d

)
.

Proposition 15 (Discrete Frobenius localization) There exists an event Gen with

P(Gen) ≥ 1− Cd−K

such that on Ginit ∩ Ge ∩ Gen, if
ΛdeN → 0, lN → 0, (B.29)

then

τ∆ > N, sup
0≤n≤N

∥Mn∥F ≤ 5, IN := η

N−1∑
n=0

|en| = o(1).

19



FEATURE LEARNING IN HIGH-DIMENSIONS UNDER STRUCTURED COVARIANCE

Proof By Proposition 14,
IN ≤ Cδ|e0|+ CΛdeN = o(1).

Let
En := ∥∆n∥2F .

On {n < τ∆}, write
Dn := F(Mn) + enB(Mn).

Then (B.5) gives
∆n+1 = ∆n − ηDn − ηZn+1 − η2Qn+1.

Expanding the square,

En+1 − En = −2η⟨∆n,F(Mn)⟩ − 2ηen⟨∆n,B(Mn)⟩ − 2η⟨∆n,Zn+1⟩+Rn+1,

where the full second-order remainder is

Rn+1 := η2∥Dn∥2F + 2η2⟨Dn,Zn+1⟩+ η2∥Zn+1∥2F − 2η2⟨∆n,Qn+1⟩
+ 2η3⟨Dn +Zn+1,Qn+1⟩+ η4∥Qn+1∥2F .

The monotonicity identity (??) gives

⟨∆n,F(Mn)⟩ = 2∥Σ1/2∆nM
1/2
n ∥2F ≥ 0.

Moreover,
|en⟨∆n,B(Mn)⟩| ≤ C|en|.

The remainder terms are controlled by Lemmas 10, 12, and 11, and the scale conditions (B.29)
ensure that their cumulative contribution is o(1) uniformly over n ≤ N on Gen. Hence

sup
m≤N∧τ∆

Em ≤ E0 + CIN + o(1).

On Ginit, E0 ≤ 9. Thus the right-hand side is strictly less than 16 for all large d, so τ∆ > N . Finally,

∥Mn∥F ≤ ∥S⋆∥F + ∥∆n∥F ≤ 5

for all 0 ≤ n ≤ N .

B.6. Rest-block reduction for SGD

Write

Mn =

(
Hn Rn

R⊤
n Jn

)
, θn := tr(Jn).

Inside the rest block, define

an := tr(PsMn), cn := tr(PtMn), θn = an + cn, ΘN := η

N−1∑
n=0

θn.
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Lemma 16 (Projector trace recursion) For every diagonal projector P ,

u
(P )
n+1 ≤ (1 + 2ητ(P ) + ησ(P )|en|)u(P )

n + ηd
(P )
n+1 + η2q

(P )
n+1. (B.30)

Proof Apply tr(P ·) to (B.5). Since P , Σ, and T⋆ are diagonal and Mn ⪰ 0,

tr(PF ♯(Mn, en)) ≤ (2τ(P ) + σ(P )|en|)u(P )
n .

This proves (B.30).

Set
τt := τ(Pt), σt := σ(Pt), γt := 1 + 2ητt.

Proposition 17 (Tail trace bound) There exists an event Gt with

P(Gt) ≥ 1− Cd−K

such that on Ginit ∩ Ge ∩ Gen ∩ Gt,

sup
0≤n≤N

cn ≤ eσtIN
[
γNt c0 + CRsγ

N
t η2N(1 + L2) +Mt

]
, (B.31)

where

Mt := CγNt

[√
pdη(1 + L2)Λd + ηp3d(1 + L2)

1/2

+Rs(1 + L2)
(√

pdη3Λd + η2p5d

) ]
.

If (
d

Zr

)ρ 1
d

∑
i>mρ(t̄)

σi → 0,

(
d

Zr

)2ρ

Rsη(1 + L2)Λ
8
d → 0, (B.32)

then

sup
0≤n≤N

cn = o(1), η
N−1∑
n=0

cn = o(1).

Proof Apply Lemma 16 with P = Pt:

cn+1 ≤ (γt + ησt|en|)cn + ηd
(Pt)
n+1 + η2q

(Pt)
n+1 .

Iterating and using
n−1∏

ℓ=m+1

(γt + ησt|eℓ|) ≤ γn−1−m
t eσtIN

gives (B.31), after applying Lemmas 12 and 11 to the martingale terms.
Since

γNt ≤
(

d

Zr

)ρ+o(1)
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by the definition of Pt, and

c0 ≤
C

d

∑
i>mρ(t̄)

σi

by (B.11), the initial term is o(1). The martingale and predictable second-order terms are o(1) under
(B.32). Summing the same recursion over n gives the integrated bound.

Set
τs := τ(Ps), σs := σ(Ps), γs := 1 + 2ητs.

Proposition 18 (Slow trace bound) If k < r, there exists an event Gs with

P(Gs) ≥ 1− Cd−K

such that on Ginit ∩ Ge ∩ Gen ∩ Gs,

sup
0≤n≤N

an ≤ CeσsINγNs

(
1

d
+Rsηpd

)
, (B.33)

η
N−1∑
n=0

an ≤ CeσsINγNs

(
1

d
+Rsηpd

)
. (B.34)

If

Rsηpd

(
d

Zr

)as
→ 0,

then both quantities in (B.33)–(B.34) are o(1). If k = r, then an ≡ 0.

Proof Assume k < r. Apply Lemma 16 with P = Ps. Let

R♯ := K0

(
1

d
+Rsηpd

)
,

where K0 is a sufficiently large constant, and stop the normalized process γ−ns an at its first exit
above R♯. On the stopped interval,

am ≤ R♯e
σsINγms .

The bounded-support estimate (B.20) and Lemma 11 give∥∥∥∥∥ supn≤N

∣∣∣∣∣η
n−1∑
m=0

γ−m−1
s d

(Ps)
m+1

∣∣∣∣∣
∥∥∥∥∥
Lpd

≤ C
(√

pdηR♯ + ηp3dR
1/2
♯

)
,

and the centered second-order part is bounded by

CRs

(√
pdη3Λd + η2p5d

)
.

The predictable second-order contribution is O(Rsη). These terms are absorbed into R♯ with
probability at least 1 − Cd−K if K0 is large. Since a0 ≤ C/d, the stopped process does not exit
before N . Finally,

γNs ≤
(

d

Zr

)as+o(1)
,

which proves the result. If k = r, then Ps = 0.
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Corollary 19 (Rest block and cross block for SGD) On the intersection of the good events con-
structed above,

sup
0≤n≤N

θn = o(1), ΘN = o(1), sup
0≤n≤N

∥Jn∥F = o(1), sup
0≤n≤N

∥Rn∥F = o(1).

B.7. Fast-block bootstrap for SGD

Assume k ≥ 1. Write

Hn = Dn +En, Dn := diag(h1,n, . . . , hk,n), (En)ii = 0, Γn := RnR
⊤
n .

For 1 ≤ i ≤ k, define the matched logistic sequence

ℓ̃i,n+1 = ℓ̃i,n

(
1 + η(τi − σiℓ̃i,n)

)2
, ℓ̃i,0 = hi,0, (B.35)

and
L̃f
n := diag(ℓ̃1,n, . . . , ℓ̃k,n).

For i ̸= j, define

Yij,n :=
(En)ij√
ℓ̃i,nℓ̃j,n

, Xn := max
i̸=j

sup
0≤m≤n

|Yij,m|,

and

Wn := max
1≤i≤k

sup
0≤m≤n

∣∣∣∣∣hi,mℓ̃i,m
− 1

∣∣∣∣∣ .
Lemma 20 (Reciprocal sums for the matched logistics) On Ginit, for every 1 ≤ i ≤ k,

η
N−1∑
n=0

ℓ̃−1
i,n ≤ Cd, (B.36)

and

η

N−1∑
n=0

ℓ̃−2
i,n ≤ Cd2. (B.37)

Proof Fix i ≤ k and set s⋆ := τi/σi = s⋆i = σiλi/Zr. Define

zn :=
ℓ̃i,n
s⋆

∈ (0, 1].

Then
zn+1 = zn

(
1 + ητi(1− zn)

)2
, 0 < z0 =

hi,0
s⋆

.

On Ginit, hi,0 ≍ σi/d, hence for fixed i,

z0 ≍
σi/d

σiλi/Zr
=

Zr
d λi

≍ Zr
d
.
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Let n1/2 := inf{n ≥ 0 : zn ≥ 1/2}. For n < n1/2, 1− zn ≥ 1/2 and hence

zn+1 ≥ zn

(
1 + 1

2ητi

)2
.

Therefore

η

(n1/2−1)∧(N−1)∑
n=0

z−1
n ≤ ηz−1

0

∑
n≥0

(
1 + 1

2ητi

)−2n
≤ Cz−1

0 ≍ C
d

Zr
.

For n ≥ n1/2, z−1
n ≤ 2, hence

η
N−1∑

n=n1/2∧N
z−1
n ≤ 2ηN ≤ C log

d

Zr
.

Combining and using ℓ̃−1
i,n = (s⋆)−1z−1

n with (s⋆)−1 = Zr/(σiλi) = O(Zr) (for fixed i), we obtain
(B.36).

The bound (B.37) is analogous, using z−2
n and the same splitting at n1/2, which yields η

∑
z−2
n ≲

z−2
0 + ηN ≍ d2/Z2

r + log(d/Zr) and multiplying by (s⋆)−2 ≍ Z2
r .

Lemma 21 (Fast-block recursion) On Gloc,n, for 1 ≤ i ≤ k,

hi,n+1 = hi,n + 2ητihi,n − 2ησih
2
i,n − ηqfi,n + ησienhi,n + ηzdi,n+1 + η2bdi,n+1, (B.38)

qfi,n := 2σi
∑
j ̸=i

(En)
2
ij + 2σi(Γn)ii ≥ 0.

For i ̸= j,

(En+1)ij = (En)ij + ηcij,n(En)ij − η(σi + σj)(E
2
n)ij − η(σi + σj)(Γn)ij

+
η

2
(σi + σj)en(En)ij + ηzodij,n+1 + η2bodij,n+1, (B.39)

cij,n := τi + τj − (σi + σj)(hi,n + hj,n).

Here

zdi,n+1 := (Zn+1)ii, bdi,n+1 := (Qn+1)ii, zodij,n+1 := (Zn+1)ij , bodij,n+1 := (Qn+1)ij .

Proof Take the (i, i) and (i, j) components of (B.5). The algebra is left to the reader.

Fix
0 < ε⋆ <

σmin

2σmax
,

and define

ν⋆ := inf{m ≥ 0 : Wm > ε⋆/2}, µθ := inf{m ≥ 0 : θm > 1}.

24



FEATURE LEARNING IN HIGH-DIMENSIONS UNDER STRUCTURED COVARIANCE

Lemma 22 (Fast noise bounds) On {n < ν⋆ ∧ µθ} ∩ Gloc,n, for all p ≥ 2,

∥zdi,n+1∥Lp(P(·|Fn)) ≤ Cp2ℓ̃
1/2
i,n , (B.40)

∥zodij,n+1∥Lp(P(·|Fn)) ≤ Cp2
(
ℓ̃
1/2
i,n + ℓ̃

1/2
j,n

)
. (B.41)

Writing
bdi,n+1 = b

d
i,n + b̂di,n+1, bodij,n+1 = b

od
ij,n + b̂odij,n+1,

with conditional means as predictable parts,

|bdi,n|+ |bodij,n| ≤ C, ∥b̂di,n+1∥Lp(P(·|Fn)) + ∥b̂odij,n+1∥Lp(P(·|Fn)) ≤ Cp4.

Proof For the diagonal first-order term,

zdi,n+1 = rn+1⟨Kd
i,n,χn+1⟩ − E[rn+1⟨Kd

i,n,χn+1⟩ | Fn],

where
Kd
i,n =

1

2
(Mneie

⊤
i Σ+Σeie

⊤
i Mn).

On {n < ν⋆}, hi,n ≍ ℓ̃i,n; PSD gives

∥Kd
i,n∥F ≤ Cℓ̃

1/2
i,n .

The off-diagonal case is identical. Lemma 10 proves (B.40)–(B.41). The second-order bounds follow
from conditional Hölder, using k = Ot̄(1), θn ≤ 1, and ∥Mn∥F ≤ 5.

Lemma 23 (Fast-block algebra) On {Wn ≤ ε⋆/2},(
1− ε⋆

2

)
ℓ̃i,n ≤ hi,n ≤

(
1 +

ε⋆
2

)
ℓ̃i,n. (B.42)

Moreover,

qfi,n

ℓ̃i,n
≤ C(X2

n + θn), (B.43)

|(E2
n)ij |√

ℓ̃i,nℓ̃j,n

≤ CX2
n, (B.44)

|(Γn)ij |√
ℓ̃i,nℓ̃j,n

+
(Γn)ii

ℓ̃i,n
≤ Cθn. (B.45)

Finally, for all sufficiently large d,

0 ≤ 1 + ηcij,n(
1 + η(τi − σiℓ̃i,n)

)(
1 + η(τj − σj ℓ̃j,n)

) ≤ 1. (B.46)
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Proof The first display is the definition of Wn. The estimate (B.44) follows from

(En)ab = Yab,n

√
ℓ̃a,nℓ̃b,n

and k = Ot̄(1). We have
∥ rowi(Rn)∥22 ≤ hi,nθn,

which gives (B.45); (B.43) follows from the definition of qfi,n. The last claim follows by expanding
numerator and denominator in (B.46), using (B.42), ε⋆ < σmin/(2σmax), and ητ1 ≤ 1/4.

Define

Mh := C
(√

dpdη +
√
d ηp3d

)
, Bh := C

(
d
√
pdη3 + dη2p5d

)
.

Proposition 24 (Fast martingale event) There exists an event Gh with

P(Gh) ≥ 1− Cd−K

such that on Gh, for all 1 ≤ i ≤ k and i ̸= j,

sup
0≤n≤N

∣∣∣∣∣∣
(n−1)∧(ν⋆∧µθ−1)∑

ℓ=0

η
zdi,ℓ+1

ℓ̃i,ℓ

∣∣∣∣∣∣+ sup
0≤n≤N

∣∣∣∣∣∣
(n−1)∧(ν⋆∧µθ−1)∑

ℓ=0

η
zodij,ℓ+1√
ℓ̃i,ℓℓ̃j,ℓ

∣∣∣∣∣∣ ≤ Mh, (B.47)

sup
0≤n≤N

∣∣∣∣∣∣
(n−1)∧(ν⋆∧µθ−1)∑

ℓ=0

η2
b̂di,ℓ+1

ℓ̃i,ℓ

∣∣∣∣∣∣+ sup
0≤n≤N

∣∣∣∣∣∣
(n−1)∧(ν⋆∧µθ−1)∑

ℓ=0

η2
b̂odij,ℓ+1√
ℓ̃i,ℓℓ̃j,ℓ

∣∣∣∣∣∣ ≤ Bh. (B.48)

Proof Apply Lemma 11 to the martingale sums in (B.47)–(B.48). Lemma 22 gives the one-step
moments, and Lemma 20 gives the reciprocal variance sums. A union bound over the fixed fast block
completes the proof.

Proposition 25 (Fast bootstrap for SGD) Work on the intersection of all good events needed
above. Set

ΞN := eσmaxIN
(
δcoh0 + CΘN + Cdη + CMh + CBh

)
,

RW := C
(
Nη Ξ2

N +ΘN + dη +Mh +Bh + IN
)
.

If
4CNη ΞN ≤ 1, RW ≤ ε⋆

2
, (B.49)

then, for all 0 ≤ n ≤ N ,
Xn ≤ 2ΞN , Wn ≤ RW .

Consequently,

sup
0≤n≤N

∥En∥F ≤ CΞN , sup
0≤n≤N

∥Dn − L̃f
n∥F ≤ CRW .
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Proof Since ΘN = o(1) on the good event, µθ > N for all large d. Let

ν := inf{n ≥ 0 : Wn > RW }.

On n < ν, Lemma 23 applies. Divide (B.39) by
√

ℓ̃i,n+1ℓ̃j,n+1. Using (B.46),

|Yij,n+1| ≤ (1 + Cη|en|)|Yij,n|+ CηX2
n + Cηθn + ξij,n+1,

where the cumulative normalized martingale and centered second-order contributions are bounded by

sup
0≤n≤N

∣∣∣∣∣
n−1∑
m=0

ξij,m+1

∣∣∣∣∣ ≤ C(dη +Mh +Bh)

thanks to Proposition 24; the predictable second-order contribution is O(dη) by Lemma 20. Hence

Xn ≤ ΞN + Cη
n−1∑
m=0

X2
m (n ≤ ν).

The quadratic induction under (B.49) gives Xn ≤ 2ΞN for n ≤ ν.
For the diagonal part, set

wi,n :=
hi,n

ℓ̃i,n
− 1.

Subtract (B.35) from (B.38), divide by ℓ̃i,n+1, and use Lemma 23. The deterministic logistic term is
contracting up to harmless O(η|en|) factors, while

qfi,n

ℓ̃i,n
≤ C(X2

n + θn)

by (B.43). Lemma 20 and Proposition 24 control the normalized stochastic and second-order terms.
Consequently,

Wn ≤ C
(
Nη Ξ2

N +ΘN + dη +Mh +Bh + IN
)
= RW (n ≤ ν).

Thus the bootstrap improves strictly, so ν > N . The matrix bounds follow from the definitions of
Xn,Wn and k = Ot̄(1).

Lemma 26 (Matched and canonical logistics in discrete time) Assume

pd
rs

→ 0.

Then
∥L̃f

N −Lf
N∥F = o(1) (B.50)

with probability 1− o(1).
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Proof Fix i ≤ k and define

ai,n :=
ℓi,n
s⋆i

, ãi,n :=
ℓ̃i,n
s⋆i

.

Both sequences satisfy
un+1 = un(1 + ητi(1− un))

2.

By (B.12),
d hi,0
σi

= 1 +OP

(√
pd
rs

)
,

so ai,0 and ãi,0 have the same Zr/d scale. Since i ≤ k implies t̄κi ≥ 1 + δgap, Lemma 8 yields

ai,N → 1, ãi,N → 1.

Therefore |ℓ̃i,N − ℓi,N | = o(1). Summing over Ot̄(1) fast indices proves (B.50).

Theorem 27 (Comparison with the centered ideal discrete flow) Assume

ητ1 ≤
1

4
,

η

4δ
≤ 1

4
, rs ≫ pdΛ

2
d.

Assume also
ΛdeN → 0, dηΛ8

d → 0, (B.51)

and (
d

Zr

)2ρ

Rsη(1 + L2)Λ
8
d → 0,

(
d

Zr

)ρ 1
d

∑
i>mρ(t̄)

σi → 0. (B.52)

If k < r, assume further

Rsηpd

(
d

Zr

)as
→ 0.

Then there exists an event G with
P(G) ≥ 1− Cd−K (B.53)

such that on G,
∥MN −LN∥F = o(1), |eN | = o(1). (B.54)

Proof Let G be the intersection of Ginit, Ge, Gen, Gt, together with Gs when k < r, and Gh when
k ≥ 1. Then (B.53) holds.

The assumptions (B.51)–(B.52) imply lN = o(1), so Proposition 15 gives

IN = o(1), eN = o(1), sup
0≤n≤N

∥Mn∥F ≤ 5.

Corollary 19 gives

sup
0≤n≤N

∥Jn∥F = o(1), sup
0≤n≤N

∥Rn∥F = o(1), ΘN = o(1).
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If k = 0, the fast block is empty. By the off-transition gap, choose δthr > 0 such that t̄κi ≤
1− δthr for all i ≤ r in the relevant finite set. Lemma 8 gives ℓi,N → 0 for all i ≤ r, and (B.7) is
nonincreasing for i > r. Hence ∥LN∥F = o(1), and Lemma ?? gives ∥MN −LN∥F = o(1).

Assume k ≥ 1. By (B.13) and rs ≫ pdΛ
2
d,

δcoh0 = O

(√
pd
rs

)
= o(Λ−1

d ).

The scale conditions imply

Mh = o(1), Bh = o(1), dη = o(1), ΘN = o(1), IN = o(1).

Therefore
ΞN = o(1), RW = o(1), Nη ΞN = o(1).

Proposition 25 gives
∥HN − L̃f

N∥F = o(1),

and Lemma 26 gives
∥L̃f

N −Lf
N∥F = o(1).

The rest-block estimates and Lemma ?? complete the proof of (B.54).

For the discrete dynamics, define the one-step conditional excess risk

Rn :=
1

8
E
[
(yn+1 − ŷn+1)

2 | Fn

]
− 1

8
E[ε21].

Then
Rn =

1

4
∥S⋆ −Mn∥2F +

1

8
e2n. (B.55)

We also write R(ηn) := Rn.

Corollary 28 (Discrete risk asymptotics and main-text form) Under the assumptions of Theo-
rem 27, the following hold.

(i) For fixed reduced time t̄,

∥S⋆ −MN∥2F =
∑

i>m⋆(t̄)

(s⋆i )
2 + oP(1), (B.56)

and therefore

RN =
1

4

∑
i>m⋆(t̄)

(s⋆i )
2 + oP(1). (B.57)

(ii) Away from the transition set,

RN = Θ

(
t̄
− 2(α+β)−1

α+2β

)
. (B.58)

(iii) If Zr = Θ(1), write n = ⌊t log d⌋ and suppose the corresponding reduced time satisfies
t̄ ≍ ηt and remains off the transition set. In the mildly overparameterized regime rs ≫ polylog d,

R(ηt log d) ≍ Θ

(
(ηt)

− 2(α+β)−1
α+2β + r−2(α+β)+1

s

)
(B.59)

with high probability, and almost surely after Borel–Cantelli.
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Proof Theorem 27 gives

∥MN −LN∥F = oP(1), eN = oP(1).

Thus
∥S⋆ −MN∥2F = ∥S⋆ −LN∥2F + oP(1).

By Lemma 8 and the off-transition gap, the coordinates with t̄κi > 1 converge to s⋆i , while the
subcritical coordinates are negligible. Hence (B.56). Equation (B.57) follows from (B.55).

The power law (B.58) is the same integral-test estimate as in Corollary ??. Finally, when
Zr = Θ(1), Neff ≍ η−1 log d, so n = t log d corresponds to reduced time t̄ ≍ ηt. Combining the
dynamical term with the rank floor in Lemma 5 gives (B.59). The almost-sure statement follows
from Borel–Cantelli because all high-probability estimates are available with probability at least
1− CKd−K for arbitrary fixed K.

Appendix C. Proof of Proposition 3

Let G := 1
rs
WW⊤ and redefine R̂ in (3.2) in terms of G, i.e., R̂(G) = ∥Σ

1
2GΣ

1
2 − Ŝ∥2F . We

observe that the minimizer of R̂(G) is low-rank approximation of Σ
−1
2 ŜΣ

−1
2 . For strong anisotropy

(β ≫ 1/2), driving R̂(G) to zero strictly requires recovering the principal eigenvector of Σ, which
aligns with θ1. Because estimating this principal direction reduces to a standard phase retrieval
problem via second-order Stein-based spectral estimators, the desired sample complexity lower
bound follows immediately from [19, Theorem 3].

Appendix D. Normalized SGD Dynamics

We consider

yt+1 =
〈
T ,xt+1x

⊤
t+1 −Σ

〉
+ ϵt+1 and ŷ(Wt;xt+1) =

〈
1
rs
WtW

⊤
t ,xt+1x

⊤
t+1

〉
where ∥ϵt+1∥ψ2 ≤ σ, Wt ∈ Rd×rs and

rs ≫
d

polylog d
.

We use ŷt+1 := ŷ(Wt;xt+1) and consider

• The loss function is L(Wt; (xt+1, yt+1)) = −yt+1ŷt+1

• The Euclidean gradient is ∇L(Wt) =
−1
rs
yt+1xt+1x

⊤
t+1Wt. Therefore, we have

∇StL(Wt) =
−1

rs

(
Id −WtW

⊤
t

)
yt+1xt+1x

⊤
t+1Wt.

• We recall that Gt = WtW
⊤
t .
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Then, (SGD) reads

Ŵt+1 = Wt +
η

2rs

(
Id −WtW

⊤
t

)
yt+1xt+1x

⊤
t+1Wt︸ ︷︷ ︸

:=∇StLt+1

Wt+1 = Ŵt+1

(
Irs +

η2

4r2s
∇StL

⊤
t+1∇StLt+1︸ ︷︷ ︸
:=Pt+1

)−1/2

. (SGD)

We observe that

η2

4r2s
P t+1 =

η2

r2s
y2t+1W

⊤
t xt+1x

⊤
t+1

(
Id −WtW

⊤
t

)
xt+1x

⊤
t+1Wt

=
η2

4r2s
y2t+1∥

(
Id −WtW

⊤
t

)
xt+1∥22W⊤

t xt+1x
⊤
t+1Wt.

Let

c2t+1 :=
η2

4r2s
∥P t+1∥2 =

η2

4r2s
y2t+1∥

(
Id −WtW

⊤
t

)
xt+1∥22∥W⊤

t xt+1∥22.

We define Pt+1 :=
(
Irs +

η2

4r2s
P t+1

)−1/2
and since P t+1 is 1-rank, we have

P 2
t+1 = Irs −

η2

4r2s

P t+1

1 + c2t+1

.

By recalling that Gt = WtW
⊤
t , we have

Gt+1 = Ŵt+1Ŵ
⊤
t+1 + Ŵt+1(P

2
t+1 − Irs)Ŵ

⊤
t+1

= Gt +
η

2rs
(Id −Gt) yt+1xt+1x

⊤
t+1Gt +

η

2rs
Gtyt+1xt+1x

⊤
t+1 (Id −Gt)

+
η2

4r2s
(Id −Gt) yt+1xt+1x

⊤
t+1Gtyt+1xt+1x

⊤
t+1 (Id −Gt)−

η2

4r2s

Ŵt+1P t+1Ŵ
⊤
t+1

1 + c2t+1

.

For T⋆ := ΣTΣ and Nt+1 :=
1
2yt+1xt+1x

⊤
t+1 − T⋆, we write

Gt+1 = Gt +
η

rs
(Id −Gt) (T⋆ +Nt+1)Gt +

η

rs
Gt(T⋆ +Nt+1) (Id −Gt)

+
η2

4r2s
∇StLt+1∇StL

⊤
t+1 −

η2

4r2s

Ŵt+1P t+1Ŵ
⊤
t+1

1 + c2t+1

.

On the other hand,

Ŵt+1P t+1Ŵ
⊤
t+1 =

(
Wt +

η

2rs
∇StLt+1

)
P t+1

(
Wt +

η

2rs
∇StLt+1

)⊤

= WtP t+1W
⊤
t +

η

rs
sym

(
∇StLt+1P t+1W

⊤
t

)
+

η2

4r2s
∇StLt+1P t+1∇StL

⊤
t+1.
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We collect the higher order terms in a single term defined as follows:

Rso[Gt] :=
η2

4r2s
Et
[
∇StLt+1∇StL

⊤
t+1

]
− η2

4r2s
WtEt

[
P t+1

1 + c2t+1

]
W⊤

t

− η3

4r3s
sym

(
Et
[
∇StLt+1P t+1

1 + c2t+1

]
W⊤

t

)
− η4

16r4s
Et

[
∇StLt+1P t+1∇StL

⊤
t+1

1 + c2t+1

]
.(D.2)

We collect the noise terms in a single term defined as follows:
η

rs
ξt+1 :=

η

rs
(Id −Gt)Nt+1Gt +

η

rs
GtNt+1 (Id −Gt)

− η2

4r2s
Wt

(
P t+1

1 + c2t+1

− Et
[

P t+1

1 + c2t+1

])
W⊤

t

+
η2

4r2s

(
∇StLt+1∇StL

⊤
t+1 − Et

[
∇StLt+1∇StL

⊤
t+1

])
− η3

4r3s
sym

((
∇StLt+1P t+1

1 + c2t+1

− Et
[
∇StLt+1P t+1

1 + c2t+1

])
W⊤

t

)
− η4

16r4s

(
∇StLt+1P t+1∇StL

⊤

1 + c2t+1

− Et

[
∇StLt+1P t+1∇StL

⊤
t+1

1 + c2t+1

])
.

With these definitions in hand, we have

Gt+1 = Gt +
η

rs
(T⋆Gt +GtT⋆ − 2GtT⋆Gt) +Rso[Gt] +

η

2rs
ξt+1.

Proposition 29 (Including second order terms) For η
rs

≪ 1√
tr(Σ) tr(GtΣ)

, by including the bounds

in (D.5), we get

Gt+1 ⪯ Gt +
η

rs

(
T⋆Gt +GtT⋆ − 2GtT⋆Gt

)
+

Cη2 tr(GtΣ)

2r2s
(Id −Gt)Σ(Id −Gt) +

η

rs
ξt+1

(D.3)

Gt+1 ⪰ Gt +
η

rs

(
T⋆Gt +GtT⋆ − 2Gt(T⋆ +

Cη tr(Σ)
rs

Σ)Gt

)
+

cη2 tr(GtΣ)

2r2s
(Id −Gt)Σ(Id −Gt) +

η

rs
ξt+1 (D.4)

Proof By using tr(GtΣ) ≤ rs, the result is immediate use of the bound (D.5).

Proposition 30 (Sufficient statistics) Let

T =: ΘΛΘ⊤, Σ1 = Θ⊤ΣΘ, Mt := Σ
1
2
1GtΣ

1
2
1 , ζt := Σ

1
2
1 ξtΣ

1
2
1 .

We have

Mt+1 ⪯ Mt +
η

rs

(
ΛΣ1Mt +MtΣ1Λ− 2MtΛMt

)
+

Cη2 tr(GtΣ)

2r2s
(Σ1 −Mt)

2 +
η

rs
ζt+1
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Mt+1 ⪰ Mt +
η

rs

(
ΛΣ1Mt +MtΣ1Λ− 2MtΛMt

)
+

cη2 tr(GtΣ)

2r2s
(Σ1 −Mt)

2 +
η

rs
ζt+1

Proof The proof immediately follows from(D.3) and (D.4). The additional term in the quadratic term
of lower bound can be ignored since it does not contribute in asymptotic limit.

We introduce block matrix notation:

Mt =:

[
Mt,11 Mt,12

M⊤
t,12 Mt,22

]
, Λ =:

[
Λ1 0
0 Λ2

]
, ζt =:

[
ζt,11 ζt,12
ζ⊤t,12 ζt,22.

]
, Σ1 =:

[
Σ11 0
0 Σ12.

]
where Mt,11, Λ1, ζt,11, Σ11 ∈ Rru×ru .

Proposition 31 (Sparsification) We define

Λu1 := Λ1Σ11 − Cη tr(Σ)
(
Σ11 − ∥Σ12∥Iru

)
, and Λu2 := Λ1 − Cη tr(Σ)Iru

Λℓ1 := Λ1Σ11 − ∥Σ12∥2∥Λ2∥2Iru , and Λℓ2 := Λ1,

and

V +
t := 2Λ

1
2
u2Mt,11Λ

1
2
u2 −Λu1 and V −

t := 2Λ
1
2Mt,11Λ

1
2 −Λ.

For η = η
rs

, we have

V +
t+1 ⪯ V +

t

(
Iru +

η

1 + 1.1η
V +
t

)−1
+ ηΛ2

u1 + η2 tr(Σ)Λu2Σ
2
11 + 2ηΛ

1
2
u2ζt+1,11Λ

1
2
u2

V −
t+1 ⪰ V −

t

(
Iru +

η

1− 1.1η
V −
t

)−1
+ ηΛ2

ℓ2 + 2ηΛ
1
2
ℓ2
ζt+1,11Λ

1
2
ℓ2

Proof For the upper bound, we observe that

(Σ1 −Mt)
2 = Σ2

1 −Σ1Mt −MtΣ1 +M2
t

Note that Mt,12 = Σ
1
2
11Gt,12Σ

1
2
12. Therefore,

Mt,12M
⊤
t,12 = Σ

1
2
11Gt,12Σ

1
2
12Σ

1
2
12G

⊤
t,12Σ

1
2
11 ⪯ ∥Σ12∥2Σ

1
2
11Gt,12G

⊤
t,12Σ

1
2
11 ⪯ ∥Σ12∥2Mt,11.

For the lower bound,

Mt,12Λ2M
⊤
t,12 = Σ

1
2
11Gt,12Σ

1
2
12Λ2Σ

1
2
12G

⊤
t,12Σ

1
2
11 ⪯ ∥Σ12∥2∥Λ2∥2Mt,11.

Therefore, the coefficients Λu1 ,Λu2 ,Λℓ1 ,Λℓ2 follow. The bounds can be derived by ordering the
higher order terms in V → V (Iru + ηV )−1
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D.1. Definitions and bounding systems

Throughout the proof, we will also use a constant κd ∈ od(1) that will be specified later. Moreover,
we make the following definitions:

• Noise sequence. For ν0 = 0, we define the noise sequence νt+1 := νt + ηζt+1,11.

• Reference sequence. For R0 =
κdrs
d Σ11, we define the reference sequence

Rt+1 = Rt + 2(1− 2κd)η

(
Λℓ1Rt −

3κd + 1

κd(1− 2κd)
Λu1R

2
t

)
.

• Bounding systems. We define the lower and upper bounding recursions as

V t+1 = V t

(
Iru +

η(1 + 2κd)

1− 1.2η
V t

)−1

+
η(1 + 2κd)

1− 1.2η

(
Λ2

ℓ1

(1 + 2κd)2
− C(ηΛ2

ℓ1 + η2Λℓ1)

)
,

V̄t+1 = V̄t

(
Iru +

η(1− 2κd)

1 + 1.2η
V̄t

)−1

+
η(1− 2κd)

1 + 1.2η

(
Λ2

u1

(1− 2κd)2
+ C(η tr(Σ)Λu2Σ

2
11 + ηΛ2

u2
+ η2Λu2)

)
.

where the iterates {V t+1}t∈N and {V̄t+1}t∈N are functions of the bounding sequences {M t}t∈N
and {M̄t}t∈N as following:

V t = 2Λ
1
2
u2M tΛ

1
2
u2 −

Λu1

1 + 2κd
and M0 ⪯ M0,11 −R0,

V̄t = 2Λ
1
2
ℓ2
M̄tΛ

1
2
ℓ2
− Λℓ1

1− 2κd
and M̄0 ⪰ M0,11 +R0.

• Stopping times. We define and a sequence of events {Et}t≥0

Et :=
{
− κdr

−α−β
2

u Rt ⪯ νt ⪯ κdr
−α−β

2
u Rt

}
∩
{
−

κ2d
4
r

−α−β
2

u Rt ⪯ Σ
1
2
11Λ

1
2
1 νtΛ

1
2
1Σ

1
2
11 ⪯

κ2d
4
r

−α−β
2

u Rt

}
.

We define the stopping times

Tnoise(ω) := inf {t ≥ 0 | ω ̸∈ Et} ∧ d3 and Tbounded := inf
{
t ≥ 0

∣∣ ∥Σ−1
11 M t∥2 ∨ ∥Σ−1

11 M̄t∥2 > 1.5
}
,

and

Tbad := Tnoise ∧ Tbounded ∧ {t ≥ 0 : ∥Σ−1
11 Rt∥2 > 1.2κd}.

We start with the followng lemma:

Lemma 32 We consider κd ≪ r−1
u

log d . The event Et implies for d ≥ Ω(1) and t ≤ Tbounded ∧ {t :
∥Σ−1

11 Rt∥2 > 1.2κd} that

1. −3κdΛ
1
2
ℓ1
RtΛ

1
2
ℓ1

⪯ Λℓ1νt + νtΛℓ1
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2. Λu1νt + νtΛu1 ⪯ 3κdΛ
1
2
u1RtΛ

1
2
u1

3.
(
Λ

1
2
ℓ2
νtΛ

1
2
ℓ2

)2 ⪯ κ2d
4 Λℓ1RtΛℓ1

4.
(
Λ

1
2
u2νtΛ

1
2
u2

)2 ⪯ κ2d
4 Λu1RtΛu1

Proof For notational convenience, we define ν̃t := R
−1
2
t νtR

−1
2
t . We observe that

Σ11Λ1ν̃t + ν̃tΛ1Σ11 ⪯
κ2d
4
Λ1Σ11 +

4

κ2d
Σ

−1
2

11 Λ
−1
2

1

(
Σ

1
2
11Λ

1
2
1 ν̃tΛ

1
2
1Σ

1
2
11

)2

Λ
−1
2

1 Σ
−1
2

11

⪯
κ2d
4
Λ1Σ11 +

κ2d
4
r−α−βu Iru

Σ11Λ1ν̃t + ν̃tΛ1Σ11 ⪰ −
κ2d
4
Λ1Σ11 −

4

κ2d
Σ

−1
2

11 Λ
−1
2

1

(
Σ

1
2
11Λ

1
2
1 ν̃tΛ

1
2
1Σ

1
2
11

)2

Λ
−1
2

1 Σ
−1
2

11

⪰ −
κ2d
4
Λ1Σ11 −

κ2d
4
r−α−βu Iru

The items follows the use of matrix Young’s inequality with the given bounds.

The main result of this section is the following:

Proposition 33 Consider d large enough so that κd ≤ 1
50 and η small enough to make sure that(

1− C

log d

)
Iru ⪯ Λu1Λ

−1
u2 ,Λℓ1Λ

−1
ℓ2

⪯
(
1 +

C

log d

)
Iru .

We have

M t∧Tbad
+Rt∧Tbad + νt∧Tbad ⪯ Mt∧Tbad,11 ⪯ M̄t∧Tbad −Rt∧Tbad + νt∧Tbad .

Proof The proof is identical with [3, Proposition 15].

D.2. Bounding the second order terms
Proposition 34 There exists a universal constant C > 0 such that

Rso[Gt] ∼
η2 tr(Σ)

r2s
GtΣGt +

(η2 tr(GtΣ)

r2s
+

η4 tr(Σ) tr(GtΣ)2

r4s

)
(Id −Gt)Σ(Id −Gt). (D.5)

Proof We will bound each term in (D.2) separately. For the first term,

Et
[
∇StLt+1∇StL

⊤
t+1

]
= (Id −Gt)Et

[
y2t+1∥W⊤

t xt+1∥22xt+1x
⊤
t+1

]
(Id −Gt) .

Therefore,

0 ⪯ η2

4r2s
Et
[
∇StLt+1∇StL

⊤
t+1

]
⪯ Cη2

r2s
tr(GtΣ)(Id −Gt)Σ(Id −Gt).
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For the second term, we have

WtEt
[

P t+1

1 + c2t+1

]
W⊤

t = GtEt

[
y2t+1∥(Id −Gt)xt+1∥22xt+1x

⊤
t+1

1 + c2t+1

]
Gt.

Therefore,

0 ⪯ η2

4r2s
WtEt

[
P t+1

1 + c2t+1

]
W⊤

t ⪯ C
η2 tr(Σ)

r2s
GtΣGt.

For the third term, we have

Et
[
∇StLt+1P t+1

1 + c2t+1

]
W⊤

t = (Id −Gt)Et
[

y3t+1

1 + c2t+1

∥(Id −Gt)xt+1∥22∥W⊤
t xt+1∥22xt+1x

⊤
t+1

]
Gt.

Then, by using Cauchy-Schwartz inequality, we can show that∥∥∥∥Et [ y3t+1

1 + c2t+1

∥(Id −Gt)xt+1∥22∥W⊤
t xt+1∥22Σ

−1
2 xt+1x

⊤
t+1Σ

−1
2

]∥∥∥∥
2

≤ C tr(Σ) tr(GtΣ).

Therefore,

η3

4r3s
sym

(
Et

[
∇StLt+1Pt+1

1 + c2t+1

]
W⊤

t

)
⪯ C

(
η4 tr(Σ) tr(GtΣ)2

r4s
(Id −Gt)Σ(Id −Gt) +

η2 tr(Σ)

r2s
GtΣGt

)
By repeating the argument for the lower bound,

η3

4r3s
sym

(
Et

[
∇StLt+1Pt+1

1 + c2t+1

]
W⊤

t

)
⪰ −C

(
η4 tr(Σ) tr(GtΣ)2

r4s
(Id −Gt)Σ(Id −Gt) +

η2 tr(Σ)

r2s
GtΣGt

)
.

For the last term, we write

Et

[
∇StLt+1Pt+1∇StL

⊤
t+1

1 + c2t+1

]
= (Id −Gt)Et

[
y4
t+1

1 + c2t+1

∥W⊤
t xt+1∥42∥(Id−Gt)xt+1∥22xt+1x

⊤
t+1

]
(Id −Gt) .

We have∥∥∥Et[ y4t+1

1 + c2t+1

∥W⊤
t xt+1∥42∥(Id −Gt)xt+1∥22Σ

−1
2 xt+1x

⊤
t+1Σ

−1
2

]∥∥∥
2
≤ C tr(Σ) tr(GtΣ)2.

Therefore,

0 ⪯ η4

16r4s
Et

[
∇StLt+1P t+1∇StL

⊤
t+1

1 + c2t+1

]
⪯ C

η4 tr(Σ) tr(GtΣ)2

r4s
(Id −Gt)Σ(Id −Gt).
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D.3. Noise characterization
For K1,K2 ∈ Rd×m, we define

At+1 (K1,K2) ≡
{∥∥∥K⊤

1 (Id −Gt)Nt+1GtK2

∥∥∥
2
≤ L2

2

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr(K2K⊤

2 GtΣGt)

}

Bt+1 (K1,K2) ≡
{∥∥∥K⊤

1 WtPt+1W
⊤
t K2

∥∥∥
2
≤ L4 tr(Σ)

2

√
tr(K1K⊤

1 GtΣGt) tr(K2K⊤
2 GtΣGt)

}

Ct+1 (K1,K2)≡

∥∥∥K⊤
1 ∇StLt+1∇StL

⊤
t+1K2

∥∥∥
2
≤ L4 tr(Σ)

2

√√√√ 2∏
i=1

tr
(
KiK⊤

i (Id −Gt)Σ(Id −Gt)
)

Dt+1 (K1,K2)≡
{∥∥∥K⊤

1 ∇StLt+1Pt+1W
⊤
t K2

∥∥∥
2
≤L6 tr(Σ)2

2

√
tr
(
K1K⊤

1 (Id−Gt)Σ(Id−Gt)
)
tr
(
K2K⊤

2 GtΣGt

)}

Ft+1 (K1,K2)≡

∥∥∥K⊤
1 ∇StLt+1Pt+1∇StL

⊤
t+1K2

∥∥∥
2
≤L8 tr(Σ)3

2

√√√√ 2∏
i=1

tr
(
KiK⊤

i (Id −Gt)Σ(Id −Gt)
) .

We start with the following statement:

Proposition 35 There exists a universal constant C > 0 such that for L ≥ e(
√
8+σ), the following

holds:

1. We have Pt [At+1 (K1,K2) ∩ {|yt+1| ≤ L}] ≥ 1− 2e
−L/e

(
√
8+σ) . Moreover,

Et
[(

sym
(
K⊤

1 (Id −Gt)Nt+1GtK2

) )2]
⪯ C tr(K2K

⊤
2 GtΣGt)K

⊤
1 (Id −Gt)Σ(Id −Gt)K

⊤
1

+ C tr
(
K1K

⊤
1 (Id −Gt)Σ(Id −Gt)

)
K⊤

2 GtΣGtK2.

2. We have Pt [Bt+1 (K1,K2) ∩ {|yt+1| ≤ L}] ≥ 1− 2e
−L/e

(
√
8+σ) . Moreover,

Et
[(

sym
(
K⊤

1 WtP t+1W
⊤
t K2

) )2] ⪯ C tr(Σ)2(tr(K2K
⊤
2 GtΣGt)K

⊤
1 GtΣGtK1

+ C tr(Σ)2 tr(K1K
⊤
1 GtΣGt)K

⊤
2 GtΣGtK2.

3. We have Pt [Ct+1 (K1,K2) ∩ {|yt+1| ≤ L}] ≥ 1− 2e
−L/e

(
√

8+σ) . Moreover,

Et
[(

sym
(
K⊤

1 ∇StLt+1∇StL
⊤
t+1K2

))2]
⪯ C tr(Σ)2 tr

(
K2K

⊤
2 (Id−Gt)Σ(Id−Gt)

)
K⊤

1 (Id−Gt)Σ(Id−Gt)K1

+ C tr(Σ)2 tr
(
K1K

⊤
1 (Id−Gt)Σ(Id−Gt)

)
K⊤

2 (Id−Gt)Σ(Id−Gt)K2

4. We have Pt [Dt+1 (K1,K2) ∩ {|yt+1| ≤ L}] ≥ 1− 2e
−L/e

(7/2+σ) . Moreover,

Et
[(

sym
(
K⊤

1 ∇StLt+1P t+1W
⊤
t K2

) )2] ⪯ C tr(Σ)4 tr(K2K
⊤
2 GtΣGt)K

⊤
1 (Id −Gt)Σ(Id −Gt)K1

+ C tr(Σ)4 tr
(
K1K

⊤
1 (Id −Gt)Σ(Id −Gt)

)
K⊤

2 GtΣGtK2.
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5. We have Pt [Ft+1 (K1,K2) ∩ {|yt+1| ≤ L}] ≥ 1− 2e
−L/e

(4
√
2+σ) . Moreover,

Et
[(

sym(K⊤
1 ∇StLt+1P t+1∇StL

⊤
t+1K2)

)2]
⪯Ctr(Σ)6 tr

(
K2K

⊤
2 (Id−Gt)Σ(Id−Gt)

)
K⊤

1 (Id−Gt)Σ(Id−Gt)K1

+ Ctr(Σ)6 tr
(
K1K

⊤
1 (Id−Gt)Σ(Id−Gt)

)
K⊤

2 (Id−Gt)Σ(Id−Gt)K2.

Proof First, we derive a concentration bound for |yt+1|. We have

Et [|yt+1|p] ≤ (
√
2 + σ/2)ppp for p ≥ 2,

which implies Pt [|yt+1| ≥ u] ≤ e
−u/e

(
√
8+σ) for u ≥ e(

√
8 + σ). In the following, we prove each item

separately.

First item. We define

K⊤
1 (Id −Gt)Nt+1GtK2 = K⊤

1 (Id −Gt)yt+1xt+1︸ ︷︷ ︸
:=ut+1

x⊤
t+1GtK2︸ ︷︷ ︸
:=v⊤

t+1

.

For u, L > 0

Pt

[∥∥∥ut+1v
⊤
t+1

∥∥∥
2
≥ uL

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr(K2K⊤

2 GtΣGt) or |yt+1| ≥ L
]

≤ Pt

[∥∥∥1{|yt+1| ≤ L}ut+1v
⊤
t+1

∥∥∥
2
≥ uL

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr(K2K⊤

2 GtΣGt)
]

+ Pt

[
|yt+1| ≥ L

]
.

We have for p ≥ 2

Et

[∥∥∥1{|yt+1| ≤ L}ut+1v
⊤
t+1

∥∥∥p
2

]
≤ LpEt

[
∥K⊤

1 (Id −Gt)xt+1∥p2
]
Et

[
∥K⊤

2 Gtxt+1∥p2
]

(a)

≤ Lp
(p
2

)p (
3 tr

(
K1K

⊤
1 (Id −Gt)Σ(Id −Gt)

)
tr(K2K

⊤
2 GtΣGt)

) p
2
.

We have for u ≥ 2e

Pt

[∥∥∥1{|et+1| ≤ t}ut+1v
⊤
t+1

∥∥∥
2
≥ uL

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr(K2K⊤

2 GtΣGt)
]
≤ e−

u
e .

By choosing u = L
2 , we have the probability bound.

For the variance bound, we have

Et
[
sym

(
ut+1v

⊤
t+1

)2]
⪯ K⊤

1 (Id −Gt)Et
[
y2t+1∥K⊤

2 Gtxt+1∥22xt+1x
⊤
t+1

]
(Id −Gt)K

⊤
1

+K⊤
2 GtEt

[
y2t+1∥K1(Id −Gt)xt+1∥22xt+1x

⊤
t+1

]
GtK

⊤
2

(b)

⪯ C tr(K2K
⊤
2 GtΣGt)K

⊤
1 (Id −Gt)Σ(Id −Gt)K1

+ C tr
(
K1K

⊤
1 (Id −Gt)Σ(Id −Gt)

)
K⊤

2 GtΣGtK2,

where we used the Cauchy-Schwartz inequality in (b).
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Second item. We define

K⊤
1 WtP t+1W

⊤
t K2 = y2t+1∥(Id −Gt)xt+1∥22K⊤

1 Gtxt+1︸ ︷︷ ︸
:=ut+1

x⊤
t+1GtK2︸ ︷︷ ︸
:=v⊤

t+1

.

We have for p ≥ 2

Et
[∥∥∥1{|yt+1| ≤ L}ut+1v

⊤
t+1

∥∥∥p
2

]
≤ L2pEt

[
∥(Id −Gt)xt+1∥2p2

]
Et
[
∥K⊤

1 Gtxt+1∥2p2
] 1

2 Et
[
∥K⊤

2 Gtxt+1∥2p2
] 1

2

(c)

≤ L2pp2p
(
3 tr(Σ)

√
tr(K1K⊤

1 GtΣGt) tr(K2K⊤
2 GtΣGt)

)p
.

We have for u ≥ (2e)2

Pt

[∥∥∥1{|yt+1| ≤ L}ut+1v
⊤
t+1

∥∥∥
2
≥ uL2 tr(Σ)

√
tr(K1K⊤

1 GtΣGt) tr(K2K⊤
2 GtΣGt)

]
≤ e−

u1/2

e .

By choosing u = L2

6 , we have the probability bound. For the variance bound, we have

Et

[
sym

(
ut+1v

⊤
t+1

)2]
⪯ K⊤

1 GtEt

[
y4
t+1∥(Id −Gt)xt+1∥42∥K⊤

2 Gtxt+1∥22xt+1x
⊤
t+1

]
GtK1

+K⊤
2 GtEt

[
y4
t+1∥(Id −Gt)xt+1∥42∥K⊤

1 Gtxt+1∥22xt+1x
⊤
t+1

]
GtK2

(d)

⪯ C tr(Σ)2
(
tr(K2K

⊤
2 GtΣGt)K

⊤
1 GtΣGtK1 + tr(K1K

⊤
1 GtΣGt)K

⊤
2 GtΣGtK2

)
,

where we use the Cauchy-Schwartz inequality in (d).

Third item. We define

K⊤
1 ∇StLt+1∇StL

⊤
t+1K2 = y2t+1∥W⊤

t xt+1∥22K⊤
1 (Id −Gt)xt+1︸ ︷︷ ︸

:=ut+1

x⊤
t+1(Id −Gt)K2︸ ︷︷ ︸

:=v⊤
t+1

.

We have for p ≥ 2

Et
[∥∥∥1{|yt+1| ≤ L}ut+1v

⊤
t+1

∥∥∥p
2

]
≤ L2pEt

[
∥W⊤

t xt+1∥2p2
]
Et
[
∥K⊤

1 (Id −Gt)xt+1∥2p2
] 1

2Et
[
∥K⊤

2 (Id −Gt)xt+1∥2p2
] 1

2

(e)

≤ L2pp2p
(
3rs

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr
(
K2K⊤

2 (Id −Gt)Σ(Id −Gt)
))p

,

We have for u ≥ (2e)2

Pt
[∥∥1{|yt+1| ≤ L}ut+1v

⊤
t+1

∥∥
2

≥ uL23rs

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr
(
K2K⊤

2 (Id −Gt)Σ(Id −Gt)
)]

≤ e−
u1/2

e .
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By choosing u = L2

6 , we have the probability bound. For the variance bound, we have

Et
[
sym

(
ut+1v

⊤
t+1

)2]
⪯ K⊤

1 (Id −Gt)Et
[
y4t+1∥W⊤

t xt+1∥42∥K2(Id−Gt)xt+1∥22xt+1x
⊤
t+1

]
(Id −Gt)K1

+K⊤
2 (Id −Gt)Et

[
y4t+1∥W⊤

t xt+1∥42∥K1(Id−Gt)xt+1∥22xt+1x
⊤
t+1

]
(Id−Gt)K2

(f)

⪯ Cr2s tr
(
K2K

⊤
2 (Id −Gt)Σ(Id −Gt)

)
K⊤

1 (Id −Gt)Σ(Id −Gt)K1

+ Cr2s tr
(
K1K

⊤
1 (Id −Gt)Σ(Id −Gt)

)
K⊤

2 (Id −Gt)Σ(Id −Gt)K2,

where we used the Cauchy-Schwartz inequality in (f).

Fourth item. We define

K⊤
1 ∇StLt+1Pt+1W

⊤
t K2 = y3

t+1∥(Id −Gt)xt+1∥22∥W⊤
t xt+1∥22K⊤

1 (Id −Gt)xt+1︸ ︷︷ ︸
:=ut+1

x⊤
t+1GtK2︸ ︷︷ ︸
:=v⊤

t+1

.

We have for p ≥ 2

Et
[∥∥∥1{|yt+1| ≤ L}ut+1v

⊤
t+1

∥∥∥p
2

]
≤ L3pEt

[
∥(Id −Gt)xt+1∥2p2 ∥K⊤

1 (Id −Gt)xt+1∥p2
]
Et
[
∥W⊤

t xt+1∥2p2 ∥K⊤
2 Gtxt+1∥p2

]
≤ L3p(12

√
3)pp3p

(
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√
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(
K1K⊤
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)
tr
(
K2K⊤

2 GtΣGt

))p
.

We have for u ≥ (2e)3

Pt

[∥∥∥1{|tt+1| ≤ L}ut+1v
⊤
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∥∥∥
2
≥ uL312

√
3 tr(Σ)rs

√
tr
(
K1K⊤

1 (Id −Gt)Σ(Id −Gt)
)
tr
(
K2K⊤

2 GtΣGt

)]

≤ e−
u1/3

e .

By choosing u = L3

24
√
3
, we have the probability bound. For the variance bound, we have
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[
sym

(
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⊤
t+1

)2]
⪯ K⊤

1 (Id −Gt)Et
[
y6t+1∥(Id −Gt)xt+1∥42∥W⊤
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2 Gtxt+1∥22xt+1x

⊤
t+1

]
(Id −Gt)K1

+K⊤
2 GtEt

[
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1 (Id −Gt)xt+1∥22xt+1x
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t+1

]
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⪯ C tr(Σ)2r2s tr(K2K
⊤
2 GtΣGt)K
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+ C tr(Σ)2r2s tr
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K1K

⊤
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)
K⊤

2 GtΣGtK2.

Fifth item. We define

K⊤
1 ∇StLt+1Pt+1∇StL

⊤
t+1K2 = y4

t+1∥(Id −Gt)xt+1∥22∥W⊤
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x⊤
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:=v⊤
t+1

.
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We have for p ≥ 2

Et
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2
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⊤
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We have for u ≥ (2e)4
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≤ e−
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By choosing u = L4

2(2
√
3)4

, we have the probability bound. For the variance bound, we have
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sym
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⪯ K⊤

1 (Id −Gt)Et

[
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+K⊤
2 (Id −Gt)Et
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(
K2K

⊤
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D.3.1. APPLICATION OF NOISE BOUNDS

We will use ru = log
1

α+β d. For η ≪ rs
d tr(Σ) and rs ≫ d

polylog d , we can show that M t and M̄t have
asymptotically same dynamics with

Mt+1 = Mt + 2η(Λ1Σ11Mt −Λ1M
2
t ), with M0 =

rs
d
Σ11.

We start with the following proposition:

Proposition 36 Under ru = log
1

α+β d and rs ≫ d
polylog d , we have

• MtR
−1
t = (1 + od(1))κd

• (η
∑t−1

t=0Ms)M
−1
t ⪯ min{ηtIru ,

(
2Λ1(Σ11 −Mt)

)−1}
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By recalling the definitions {Rt}t∈N, Λ1, Σ11, we define the event:

At+1 := At+1

(
Σ

1
2
11R

−1
2
t ,Σ

1
2
11R

−1
2
t

)
∩ At+1

(
Σ11Λ

1
2
1R

−1
2
t ,R

−1
2
t Λ

1
2
1Σ11

)
∩ {|yt+1| ≤ L}

We define the events Bt+1, Ct+1, Dt+1, and Ft+1 in the same way. Based on these events, we define
the clipped versions of the noise matrices:

At+1 := sym
(
(Id −Gt)

(
yt+1xt+1x
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t+11{At+1} − Et
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− Et
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P t+11{Bt+1}
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t
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⊤
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[
∇StLt+1∇StL
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− Et
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{
η
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2

4r2s
B, η

2
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C, η

3

4r3s
D, η4

16r4s
F
}

and

Γ1 := Iru , Γ2 := Λ
1
2
1Σ

1
2
11

For ℓ ∈ {1, 2}, we define:

Quad(ℓ)k,t(X) :=
k∑
j=1

Ej−1

[(
ΓℓΣ

1
2
11R

−1
2
t XjR

−1
2
t Σ

1
2
11Γℓ

)2]
.

We have the following corollary.

Corollary 37 Let

ru = log
1

α+β d, η ≪ rs
d tr(Σ)

, rs ≫
d

polylog d
.

For ηt ≤ 1
2 log d, we have:

∥Quad(ℓ)t,t (X)∥2 ≤
C log d

κ2d

dru
rs



η X = η
rs
A

η3 tr(Σ)2, X = η2

4r2s
B

η3
d log d tr(Σ)2

rs
, X = η2

4r2s
C

η5 tr(Σ)4, X = η3

16r3s
D

η7
d log tr(Σ)6

rs
, X = η4

16r4s
F.

Proof By using the bounds in Proposition 35, the result can be proven.

By using matrix Bernstein inequality similar to [3, Propositions 21 and 22], we can derive the
result.
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D.4. Alignment step

As detailed in [3, Section E], by using the parameterization M = ΩΩ⊤, we can reduce the
alignment step to a linear regression problem over the space of rs × rs symmetric matrices, where
the ℓ2 regularization on Ω translates to nuclear norm regularization on M . The problem then
reduces to finding the best sparse approximation of the labels via ℓ1 regularization. Because Wt

aligns with the top eigenvector of Σ, we can show that with an appropriate regularization parameter,
Talign = polylog(d) samples are sufficient to drive the risk R(t) arbitrarily small (at a rate of
O(1/ log d)). Computationally, we can solve this Lasso objective up to a O(1/ log d) error tolerance
with a cost of O(r2s polylog d). This overhead is negligible compared to the first phase of Algorithm
1, which requires a matrix orthogonalization (e.g., QR decomposition) at every iteration.

Appendix E. Some moment bounds and concentration inequalities

Lemma 38 (Hypercontractivity) Let Pk : Rd → R be a polynomial of degree-k and x ∼
N (0, Id). For q ≥ 2, we have E [Pk(x)

q]1/q ≤ (q − 1)k/2E
[
Pk(x)

2
]1/2

.

Lemma 39 Let x ∼ N (0, Id) and S ∈ Rd×d be a symmetric matrix. For u > 0,

P
[
|x⊤Sx− tr(S)| ≥ 2∥S∥Fu+ 2∥S∥2u2

]
≤ 2e−u

2
.

Proof We note that x⊤Sx − tr(S) has the same distribution with
∑d

i=1 λi(S)(Z
2
i − 1), where

Zi ∼iid N (0, 1). By using the Laurent-Massart lemma [14], we have the result.

Corollary 40 Let y = x⊤Sx − tr(S) and x ∼ N (0, Id). For p ≥ 2, we have E[|y|p]
1
p ≤

(p− 1)
√
2∥S∥F .

Proof By observing that E[|y|2] = 2∥S∥2F , we have the result.

Corollary 41 For A ∈ Rd×r, p ≥ 2 and x ∼ N (0, Id), we have E[∥A⊤x∥2p2 ]
1
p ≤

√
3(p −

1) tr(A⊤A).

Proof By Lemma 38, we have E[∥A⊤x∥2p2 ]
1
p ≤ (p− 1)E[∥A⊤x∥42]

1
2 . For S = AA⊤, we have

E[∥A⊤x∥42] = E[(x⊤Sx)2] = tr(E[(x⊤Sx)xx⊤]S).

We have

E[(x⊤Sx)xx⊤] = tr(S)Id + 2S ⇒ E[∥A⊤x∥42] = tr(S)2 + 2∥S∥2F
(a)

≤ 3 tr(S)2,

where (a) follows that S is positive semi-definite. Since tr(S) = tr(A⊤A), we have the statement.
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