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Abstract

To learn approximately optimal acting policies for decision problems, modern
Actor Critic algorithms rely on deep Neural Networks (DNN5s) to parameterize
the acting policy and greedification operators to iteratively improve it. The re-
liance on DNNs suggests an improvement that is gradient based, which is per
step much less greedy than the improvement possible by greedier operators such
as the greedy update used by Q-learning algorithms. On the other hand, slow
changes to the policy can also be beneficial for the stability of the learning process,
resulting in a tradeoff between greedification and stability. To better address this
tradeoff, we propose to decouple the acting policy from the policy evaluated by the
critic. This allows the agent to separately improve the critic’s policy (e.g. value
improvement) with greedier updates while maintaining the slow gradient-based
improvement to the parameterized acting policy. We investigate the convergence
of this approach using the popular analysis scheme of generalized Policy Iteration
in the finite-horizon domain. Empirically, incorporating value-improvement into
the popular off-policy actor-critic algorithms TD3 and SAC significantly improves
or matches performance over their respective baselines, across different environ-
ments from the DeepMind continuous control domain, with negligible compute
and implementation cost.

1 Introduction

The objective of Reinforcement Learning (RL) is to learn acting policies m, a probability distribution
over actions, that, when executed, maximize the expected return (i.e. value) in a given task. Modern
RL methods of the Actor-Critic (AC) family (e.g. Schulman et al., [2017; [Fujimoto et al., 2018
Haarnoja et al.| 2018b; |[Abdolmaleki et al.,|2018)) use deep neural networks to parameterize the acting
policy, which is iteratively improved using variations of policy improvement operators based in
stochastic gradient-descent (SGD), e.g. the policy gradient (Sutton et al.,{1999). These methods rely
on a specific type of policy improvement operators called greedification operators, which produce
a new policy 7’ that increases the current evaluation Q™ (see Definition [2| for more detail). In
gradient-based optimization the magnitude of the update to the policy - the amount of greedification
- is governed by the learning rate, which cannot be tuned independently to induce the maximum
greedification possible at every step, the greedy update 7(s) = arg max, Q™ (s, a) (which we define
generally as any policy 7 that has support only on maximizing actions). Similarly, executing [NV
repeating gradient steps with respect to the same batch will encourage the parameters to over-fit to
the batch (as well as being computationally intensive) and is thus does not address the problem of
limited greedification of gradient based operators. For these reasons, the greedification of DNN-based
policies is typically slow compared to, for instance, the arg max greedification used in Policy Iteration
(Sutton & Bartol 2018)) and Q-learning (Mnih et al.,|2013)). While limited greedification can slow
down learning, previous work has shown that too much greedification can cause instability in the
learning process through overestimation bias (see [van Hasselt et al. 2016} [Fujimoto et al., [2018]),
which can be addressed through softer, less-greedy updates (Fox et al.,[2016). This leads to a direct
tradeoff between greedification and learning stability.
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Previous work partially addresses this tradeoff by decoupling the policy improvement into two steps.
First, an improved policy with controllable greediness is explicitly produced by a greedification
operator as a target. Second, the acting policy is regressed against this target using supervised learning
loss, such as cross-entropy. The target policy is usually not a DNN, and can be for instance a Monte
Carlo Tree Search-based policy, a variational parametric distribution, or a nonparametric model (see
Haarnoja et al., |2018b; |/Abdolmaleki et al., 2018}, |Grill et al., 2020; Hessel et al., [202 1} [Danihelka
et al.| |2022). Unfortunately, this approach does not address the tradeoff fully: The parameterized
acting policy is still improved with gradient-based optimization which imposes similar limitations on
the rate of change to the acting policy.

To better address this tradeoff, we propose to explicitly decouple the acting policy from the evaluated
policy (the policy evaluated by the critic), and apply greedification independently to both. This allows
for (i) the evaluation of policies that need not be parameterized and can be arbitrarily greedy, while
(i1) maintaining the slower policy improvement to the acting policy that is suitable for DNNs and
facilitates learning stability. We refer to an update step which evaluates an independently-improved
policy as a value improvement step and to this approach as Value-Improved Actor Critic (VIAC).
Since this framework diverges from the assumption made by the majority of RL methods (evaluated
policy = acting policy) it is unclear whether this approach converges and for which improvement
operators. Our first result is that policy improvement is not a sufficient condition for convergence
to the optimal policy of even exact Policy Iteration algorithms because it allows for infinitesimal
improvement. To classify improvement operators that guarantee convergence, we identify necessary
and sufficient conditions for operators to guarantee convergence to an optimal policy for a family of
generalized Policy Iteration algorithms, a popular setup for underlying-convergence analysis of AC
algorithms (Tsitsiklis| 2002; Smirnova & Dohmatobl 2019).

We prove convergence for this class of operators in both generalized Policy Iteration and Value-
Improved generalized Policy Iteration algorithms in finite-horizon MDPs. Prior work has shown that
the generalized Policy Iteration setup converges for specific operators, as well as for all operators
that induce deterministic policies (see Williams & Baird 111} |1993; Tsitsiklis, 2002; [Bertsekas), 2011}
Smirnova & Dohmatobl 2019). Our results complement prior work by extending convergence to
stochastic policies and a large class of practical operators, such as the operator developed for the
Gumbel MuZero algorithm (Danihelka et al., 2022}, as well as the Value-Improved extension to
the algorithm. We demonstrate that incorporating value-improvement into practical algorithms can
be beneficial with experiments in Deep Mind’s control suite (Tassa et al., [2018]) with the popular
off-policy AC algorithms TD3 (Fujimoto et al.|[2018)) and SAC (Haarnoja et al., 2018b)), where in all
environments tested VI-TD3/SAC significantly outperform or match their respective baselines.

2 Background

The reinforcement learning problem is formulated as an agent interacting with a Markov Decision
Process (MDP) M(S, A, P, R, p, H), where S a state space, A an action space, P : S x A — Z(S)
is a conditional probability measure over the state space that defines the transition probability P(s, a).
The immediate reward R(s, a) is a state-action dependent bounded random variable. Initial states
are sampled from the start-state distribution p. In finite horizon MDPs, H specifies the length of a
trajectory in the environment. Many RL setups and algorithms consider the infinite horizion case,
where H — oo, but for simplicity’s sake our theoretical analysis in Section [3|remains restricted to
finite horizons, discrete state spaces and finite (and thus discrete) action spaces |.A| < oo. Note that
in finite horizon MDP the policy is not stationary, as the same state can have different optimal actions
at different timesteps ¢ of an episode. We model this without loss of generality still as a stationary
policy problem by augmenting the state with the decision time ¢, which casts an underlying state that
is visited twice in an episode as two different states, which preserves stationarity of the policy in the
augmented state space. The resulting state and transitions of the MDP then become a directed acyclic
graph (DAG). Throughout the paper, we will assume all states in the MDP contain the timestep as
part of the representation. The objective of the agent is to find a policy 7 : S — Z?(.A), a distribution
over actions at each state, that maximizes the objective J, the expected return from the starting state
distribution p. We denote the set of all possible policies with II. This quantity can also be written as
the expected state value V™ with respect to starting states so:

H—-1
J(x) =E[V(s0) [soo] =E| 3 4're

t=0

so~p, st+1~P(s¢,at)
ay~(se), re~R(s¢,ae) |



94
95

96

97
98
99
100
101

102

103
104

105
106
107
108

109

110
111

112
113
114
115

116
117
118

119

120

121
122

123
124
125
126
127
128
129
130
131

The discount factor 0 < v < 1 is traditionally set to 1 in finite horizon MDPs. The state value V'™
can also be used to define a state-action (Q-value and vice versa, i.e. Vs € S,Va € A:

Q"(s,0) =E[r + V()

e ] V) = E[QT (s, amrto]

We refer to the optimal policy 7* = argmax, V™ and its value as V* and Q* respectively.

Policy Improvement To find 7*, many RL and Dynamic Programming (DP) approaches based in
approximate or exact Policy Iteration (Sutton & Bartol 2018]) can be cast as iterative processes that
aim to produce a sequence of policies 7, that improve over iterations such that the exact values V'™
or approximate values v™ ~ V7 satisfy V™+1 > V™ (or in the approximate case v+ Z v™
using policy improvement operators:

Definition 1 (Policy Improvement Operator). If an operator T : 11 — 11 satisfies:
vrell,Vse S: VI (s)>V7(s), VYrell,3seS: VI (s) > VT(s) (1)

(i.e. policy improvement), as long as T is not yet an optimal policy V™ # V*, we call T a policy
improvement operator.

Greedification The policy improvement theorem (Sutton & Barto, 2018)) is a fundamental result
in RL and DP theory, which connects the policy improvement optimization process to a specific
maximization problem referred to in literature as greedification (see|Chan et al.||2022)). Greedification
is the process of finding a policy 7’ which increases another policy, 7’s, evaluation Q™ (Equation :

Theorem 1 (Policy Improvement). Let 7 and 7' be two policies such that Vs € S:

> Q7 (s,a)w'(als) > Y Q (s, a)m(als) == V7™ (s). 2)
acA acA
Then: V”/(s) > V7(s). 3)

In addition, if there is strict inequality of Equation[2|at any state, then there must be strict inequality
of Equation[3|at at least one state.

See |Sutton & Barto| (2018)) for proof. Theorem [I| proves that when the evaluation Q™ is exact,
greedification with respect to m, Q™ produces an improved policy 7’. If the inequality in Equation
is strict > we call ' greedier than 7 and any policy 7’ such that } ., Q" (s,a)7’(a|s) =
maxgec 4 Q7 (s, a) a greedy policy with respect to Q7.

Greedification Operators The policy improvement theorem and greedification give rise to the
most popular class of policy improvement operators, greedification operators, which produce policy
improvement (Equation [3) specifically by greedification:

Definition 2 (Greedification Operator). If an operator L : 11 x Q — 11 satisfies:

ZI(w,q)(a\s)q(s,a) > Z m(als)q(s,a), Vmell,Vge Q,Vse S, “4)
acA acA

as well as s € S such that:

Z Z(m,q)(als)q(s,a) > Z m(als)q(s,a), Vmell, Vge Q, Q)

acA acA

unless  is already greedy with respect to q: ), 4 7(a|s)q(s,a) = max, q(s,a),Vs € S, we call
T a greedification operator.

The set Q denotes all bounded functions ¢ : S X A — R. Since practical operators are not generally
designed to distinguish between exact Q™ and approximated ¢ ~ )™, we formulate the definition
more generally in terms of ¢ € Q. Greedification operators are policy improvement operators for
g = Q7 (i.e. Theorem[I)). Although most of the analysis in this paper will focus on greedification
operators, the problem we point to in our first theoretical result is not unique to greedification and
applies to policy improvement operators in general, which motivates us to explicitly distinguish
between the two. We provide an example of a policy improvement operator that is not a greedification
operator in Appendix [A.2] to demonstrate that greedification operators are a strict subset of policy
improvement operators (when ¢ = Q™).
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Perhaps the most famous greedification operator is the greedy operator Zayg max (7, q)(s) =
arg max, ¢(s, a), which drives foundational algorithms such as Value Iteration, Policy Iteration
and Q-learning (Sutton & Barto, [2018). Many modern RL methods on the other hand are based in
the actor critic (AC) framework, which we generally refer to as the iteration of (approximate) policy
improvement (improving the actor), (approximate) policy evaluation (evaluating the actor, the critic) -
rely on variations of the policy gradient operator (Sutton et al., [1999), which is well suited for the
greedification of parameterized policies. Other popular greedification operators are deterministic
greedification operators Z;.; (Williams & Baird III}|1993)) which produce policies that are greedier
(Equation2) and deterministic, and the regularized-policy improvement operator (see|Grill et al.,[2020)
used by Gumbel MuZero (Danihelka et al., 2022) Z,,,.(, ¢)(s) = softmax(c(g(s,-)) + logm(s))
(for o a monotonically increasing transformation).

Implicit policy improvement and greedification operators Recently, |[Kostrikov et al.| (2022)
proposed that it is also possible to produce implicit greedification, by training a critic to approximate
the value of a greedier policy directly, without that policy being explicitly defined. The authors
demonstrate that by training a critic vy, with the asymmetric expectile loss £3 on a data set D drawn
with policy T,

/:(9) :E[£72—<vw(5)va(sva))’SaaND] ) £5($7y) = |T_ ]ly*a:<0| (y_‘T)Qa (6)

for 7 > % the critic vy, (s) directly estimates the value of a policy than is greedier than 7, with 7 — 1
corresponding to the value of an arg max policy. This operator is then used to drive their Implicit
Q-learning (IQL) algorithm for offline-RL, where the £} enables the critic to approximate the value
of an optimal policy without the bootstrapping of actions that are out of the training distribution.

Generalized policy iteration A popular algorithmic setup for the analysis of convergence to the
optimal policy of RL and DP algorithms is a generalized Policy Iteration algorithm (sometimes
called specifically Optimistic or Modified Policy Iteration, see Bertsekas|(2011)), which we include
in Algorithm|[I] This setup is generalized both in the greedification operator Z (Value and Policy
Iteration algorithms usually rely specifically on Z;,¢ max) as well as the update of the value, which is
a finite-number of Bellman updates k£ > 1.

Algorithm 1 Generalized Policy Iteration

1: For starting functions ¢ € Q, w € II greedification operator Z, k > 1 and € > 0

while | >, 4 (m(als)q(s,a)) — max, q(s,b)| > 0,Vs € S and |¢(s,a) — T*q(s,a)| > 0 do
q(s,a) + (T™)*q(s,a), ¥(s,a) € S x A
w(s) «+ Z(m,q)(s), Vs €S

Rl

The update ¢(s,a) < (T7)*q(s,a), ¥(s,a) € S x A denotes k repeating Bellman updates
Gi1(5,0) = T7qi(s,a) = E[R(s, )] + VEgnp[Y e (@' |s)ai(s', )i = 1,..., k. When
k > H, H < oo the evaluation is exact and the algorithm reduces to Policy Iteration. 7* denotes the
Bellman optimality operator, 7 *g;(s,a) = E[R(s,a)] + YEg ~p[maxs ec4 q(s’,a’)].

3 Value Improved Generalized Policy Iteration Algorithms

To analyze the convergence of a process underlying VIAC we begin by formulating a DP framework
that decouples the improvement of the acting policy from that of the evaluated policy in Algorithm 2]
which we call Value-Improved Generalized Policy Iteration. Modifications to the original algorithm
in blue. Since the acting and evaluated policies are improved with different operators Z; and Zo, it is
not apparent whether 7 of Algorithm 2] converges to the optimal policy, i.e. whether decoupling the
policies is sound. Therefore, our aim is to establish general pairs of operators for which this process
converges.

A fundamental result in RL is that policy iteration algorithms converge to the optimal policy for
any policy improvement operator (Definition [[]and by extension, all greedification operators) that
produces deterministic policies. This holds because a finite MDP has only a finite number of
deterministic policies through which the policy iteration process iterates (Sutton & Barto,2018). This
result however does not generalize to operators that produce stochastic policies, which are used by
many practical RL algorithms such as PPO (Schulman et al.} 2017), MPO (Abdolmaleki et al.| [2018)),
SAC (Haarnoja et al., [2018b)), and Gumbel MuZero (Danihelka et al., 2022)). Our first theoretical
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Algorithm 2 Value-Improved Generalized Policy Iteration

1: For starting vectors ¢ € Q, m € II, policy improvement operators Z1,Z,, k > 1

2: while | Y , (w(als)q(s,a)) — maxy q(s,b)| > 0,Vs € S and |q(s,a) — T*q(s,a)] > 0 do
3: q(s,a) + (TETD)kg Y(s,a) € S x A

4: w(s) < Ti(m,q)(s), Vs € S

result is that for stochastic policies, the policy improvement property (whether satisfied through
greedification or not) is not sufficient to guarantee convergence, even in the limiting case of Policy
Iteration with exact evaluation.

Theorem 2 (Improvement is not enough). Policy improvement is not a sufficient condition for the
convergence of Policy Iteration algorithms (Algorithm|l|with exact evaluation) to the optimal policy
for all starting policies my € 1l in all finite-state MDPs.

Proof sketch. With stochastic policies, an infinitesimal policy improvement is possible, which
can satisfy the policy improvement condition at every step and yet converge in the limit to policies
that are not arg max policies. Since every optimal policy is an arg max policy (note that we define
arg max policies as policies with support only on maximizing actions, not necessarily as deterministic
policies), Policy Iteration with such operators cannot be guaranteed to converge to the optimal policy.
For a complete proof see Appendix [A.T]

Why is this a problem? Many algorithms (for example, GumbelMZ Danihelka et al.|(2022))) are
motivated by policy improvement through demonstrating greedification. Theorem 2| demonstrates
that this is not sufficient to establish that the resulting policy improvement will lead to an optimal
policy. For that reason, convergence for these algorithms must generally proven individually for
each new operator (e.g., see MPO and GreedyAC [Chan et al.|(2022))), which is often an arduous and
nontrivial process.

Furthermore, Theorem [2] and its underlying intuition highlight a critical gap: we currently lack
guiding principles for designing novel greedification operators in the form of necessary and sufficient
conditions for convergence to the optimal policy. To illustrate that this can lead to problems in
practice, we show in Appendices[A.5]and[A.6|that choices of the o used by the greedification operator
Zym can render this operator either sufficient or insufficient. To address this problem, we identify a
necessary condition and two independent sufficient conditions for greedification operators, such that
they induce convergence of Algorithm [T}

Definition 3 (Necessary Greedification). In the limit of n applications of a greedification operator T
on a value estimate q € Q and a starting policy 7o € 11, the policy m,, converges to a greedy policy
with respect to q, Vs € S:

lim ™ q(s,a)m(als) = maxq(s,a),  where moi1(s) = Z(ma 0)(s). ™)

acA

Intuition. Since every optimal policy is an arg max policy (has support only on actions that
maximize Q*), if a greedification operator cannot converge to an arg max policy even in the limit
and for a fixed ¢ then this operator cannot converge to an optimal policy in general. See Appendix
[A.T]for a concrete example where such a condition is necessary for convergence of a Policy Iteration
algorithm. It is possible to formulate the same condition more specifically for the set of all )
functions {Q™ | V& € IT}. However, since we are interested in algorithms that may not have access
to exact values )™, it seems more prudent to define it more generally Vg € Q. Since practical
operators are not generally designed to distinguish between exact Q™ and approximated ¢ =~ Q™, we
formulate the definition more generally in terms of ¢ € Q. Unfortunately, the necessary greedification
condition is not sufficient, even in the case of exact evaluation. This is due to the fact that assuming
convergence to a greedy policy in the limit for a fixed ¢ function does not necessarily imply the
same when the ¢ function changes between iterations. There exist settings where the ordering of
actions a, a’, (s, a) < q(s,a’) can oscillate between iterations, preventing the convergence to greedy
policies (See Appendix for a concrete example). Below, we identify two additional conditions
which are each sufficient for convergence in finite horizon and finite action spaces. The first condition
resolves the issue by lower-bounding the rate of improvement, which guarantees that the oscillation
does not continue infinitely. The second simply augments the necessary greedification condition to
require convergence for any sequence of Q functions.
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Definition 4 (Lower Bounded Greedification). We call an operator T a lower-bounded greedification
operator if T is a greedification operator (Definition [2) and for every ¢ € Q, 3¢ > 0, such that
Vs € S and Vr € 1I:

Y I(ma)als)a(s,a) = Y wlals)a(s,a) > e

acA acA

unless ), 1 Z(m,q)(als)q(s,a) = max, q(s,a), Vs € S.

Intuition. Since the lower bound e is constant with respect to a stationary ¢, it eliminates the
possibility of infinitesimal improvements and guarantees convergence to an arg max policy in finite
iterations with respect to the stationary ¢ (See Lemma [§] and Appendix [A.12] for proof). We note
that this definition does not guarantee convergence to an optimal policy nor an arg max policy with
respect to a non-stationary qy,.

Definition 5 (Limit-Sufficient Greedification). Let qg,q1, -+ € Q be a sequence of functions
such that lim,_,, q, = q for some q € Q. Let wy,71,... be a sequence of policies where
Tnt1 = Z(Tn, Gny1) for some operator I. We call an operator T a Sufficient greedification operator
if I is a greedification operator (Definition[2)) and in the limit n — oo the improved policy 7,11
converges to a greedy policy with respect to the limiting value q, Vs € S:

lim E mn(als)gn(s,a) = maxq(s, a). 8)
n— oo a
acA

Intuition. Even in the presence of infinitesimal improvement and non-stationary estimates ¢y,
a limit sufficient greedification operator is guaranteed to converge to a greedy policy in the limit
n — 00, as long as there exists a limiting value on the sequence of value estimates lim, . ¢, = ¢.

Practical operators that are sufficient operators Lower bounded greedification is used to establish
convergence for MPO (see Appendix A.2, Proposition 3 of (Abdolmaleki et al.,|2018))). Similarly,
deterministic operators Zg.; are also lower bounded greedification operators (see Appendix
for proof). Lower bounded greedification operators however cannot contain operators that induce
convergence to the greedy policy only in the limit, because the convergence they induce is in finite
steps. Zgm. on the other hand induces convergence only in the limit, and in fact is more generally a
limit-sufficient greedification operator (see Appendix [A.5|for proof). The deterministic greedification
operator on the other hand does not converge with respect to arbitrary non-stationary sequences
lim,— gn (see Appendix , which leads us to conclude that both sets are useful in that they both
contain practical operators and neither set contain the other. The greedy operator on the other hand is
a member of both sets, demonstrating that the sets are not also not disjoint (see Appendix [A.8]for
proof).

Equipped with Definitions ] and [5] we establish our main theoretical result, convergence for both
Algorithms [T and 2| for operators in either set.

Theorem 3 (Convergence of Algorithms[T|and[2). Generalized Policy Iteration algorithms and their
Value Improved extension (Algorithms [I|and 2] respectively) converge for sufficient greedification
operators, in finite iterations (for operators defined in Definitiond) or in the limit (for operators
defined in Definition9)), in finite-horizon MDPs.

Proof sketch: Using induction from terminal states, the proof builds on the immediate convergence
of values of terminal states sz, convergence of policies at states sz —; and finally on showing that
given that ¢, ™ converge for all states s, 1, they also converge for all states s; (in finite iterations or
in the limit, respectively). The evaluation of a greedier policy (line[3]in Algorithm[2) is accepted by
the induction that underlies the convergence of Algorithm [T| which allows us to build on the same
induction to establish convergence for Algorithm 2} The full proof is provided in the Appendix.
In[A.9] for Algorithm [T] with limit sufficient operators and k& = 1, extended to £ > 1 in[A.10] to
Value-Improved algorithms in[A.TT} and to lower-bounded operators in[A.12]

A corollary of Z,,. being a limit-sufficient greedification operator along with Theorem [3]is the
convergence of a process underlying the Gumbel MuZero algorithm.

Corollary 1. The Generalized Policy Iteration process underlying the Gumbel MuZero algorithm
Jfamily converges to the optimal policy for finite horizon MDPs, for all wy € 11 such that log w(als) is
definedVs € S,a € A.
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In Algorithm 2] the acting policy is decoupled from the evaluated policy. An interesting question
is what conditions the operator Z, used to produce the evaluated policy must satisfy in terms of our
definitions so far. The following corollary establishes that Z5 does not need to be a sufficient or even
a necessary greedification operator for convergence to the optimal policy.

Corollary 2. Algorithm|2|converges to the optimal policy for any non-detriment operator L, (e.g.
operators that satisfy the non-strict inequality of Equation[d)), as long as I is itself sufficient.

For proof see Appendix [A.TT] Motivated that the Generalized Policy Iteration process underlying
VIAC algorithms converges, we proceed to evaluate practical VIAC algorithms.

4 Value Improved Actor Critic Algorithms

Value-improvement can be incorporated into existing AC algorithms in one of two ways: (i) Incor-
porating an additional explicit greedification operator to produce a greedier evaluation policy, and
use the greedier policy to bootstrap actions from which to generate value targets. (ii) Incorporating
an implicit greedification operator, for example by replacing the value loss with an asymmetric loss
(Algorithms [3] and ] respectively in Appendix [C|]and implementation details in Appendix [D). We
investigate two research questions: 1) Can the explicit greedification of the evaluated policy be
tuned to accelerate learning?, and 2) Can the incorporation of value improvement into existing AC
algorithms provide performance gains in classic domains that justify the additional compute cost?

We begin by testing the hypothesis that additional greedification of the evaluation policy (e.g. value
improvement) can directly lead to faster learning in Figure [T} We extend TD3 (Fujimoto et al., 2018)
with value improvement (VI-TD3, Algorithm [3). We choose the same improvement operator already
used by TD3 Z, = 7, the deterministic policy gradient, as a value improvement operator, in order to
decouple possible effects stemming from the combination of different operators. In order to compare
different degrees of greedification, a different number pg = n of repeating gradient steps with respect
to the same batch are applied to the evaluated policy, which is then discarded after each use. We
evaluate the performance of the agents in classic control environments from the DeepMind continuous
control benchmark (Tassa et al., [2018)). Performance increases with greedification in this domain
(Figure[T} left). As expected, greedier targets are larger targets (Figure[T] center), that is the difference
between the value bootstrap that uses the greedier policy 7’ and the baseline bootstrap increases with
greedification. An interaction with over-estimation bias (which we compute in the same manner as
Chen et al.|(2021))) exists in some environments like hopper-stand, but cannot explain the improved
performance exclusively, as shown in the hopper-hop environment (Figure ] right).

hopper-stand

- 25
5 ] 2 0.05
g 80 ) 8 201
= — el
£ 0.04
S 600 g 5 151
K @ 0.03 ®
S 400 8 £ 109
H 8 0.02 7
£ Y 54
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3 ] > 0.001 5
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c o 0-0101 34 td3
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Figure 1: Mean and one standard error in the shaded area across 10 seeds for VI-TD3 with Z, the
deterministic policy gradient and increasing number of n gradient steps (pg=n), with baseline (i.e.
pg=0) TD3 for reference.

Repeating gradient steps are very computationally expensive however, and unlikely to be the most
efficient approach to control for greedification of the evaluated policy. Implicit policy improvement
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on the other hand provides improvement for negligible compute cost and minimal implementation
cost. In addition, the greedification amount can be chosen with the greedification parameter 7 directly.
In Figure[2]we evaluate VI-TD3 with implicit value improvement (Algorithm[d) based in the expectile
loss operator of IQL and increasing values of the greedification-parameter 7. In these domains, the
increased greedification monotonically improves performance up to a point, from which performance
monotonically degrades, suggesting that greedification of the evaluated policy can be tuned as a
hyperparameter. This supports the hypothesis of previous literature that there is a tradeoff between
stability and greedification, and suggests that this tradeoff can be at least partially addressed with
value improvement.
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Figure 2: Mean and one standard error across 10 seeds for VI-TD3 with expectile loss with different
values of the expectile parameter 7. Performance increases up to 7 = (0.8 and then decays.

In Figure [3] we compare TD3 and SAC (Haarnoja et al., 2018b) to VI-TD3 and VI-SAC with
implicit value improvement (7 = 0.75) across a larger number of control environments. Across all
environments, the VI variation significantly outperforms or matches its baseline while introducing
negligible additional compute and implementation cost. We include additional results in Appendix
Bl In Figure 4 we investigate the interaction between implicit improvement and over estimation
bias, and find that the performance improvement is not generally coupled to overestimation bias. In
Figure |§] we include results for the recent algorithm TD7 (Fujimoto et al.l 2023)), which shows similar
increases to sample efficiency with value improvement.
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Figure 3: VI-TD3 and VI-SAC (ours) with expectile loss as a value improvement operator vs. TD3
and SAC respectively, on 12 DeepMind continuous control environments. Mean and two standard
errors in the shaded area of evaluation curves across 20 seeds.

In Figure [ we demonstrate that increasing the greediness of the update to a parameterized acting
policy by repeating gradient steps on the same batch does not effectively increase sample efficiency
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as discussed in Section[I} In Figure[7|we investigate the tradeoff between using additional gradient
steps for value improvement vs. to increase the replay ratio. In line with similar findings in literature
(Chen et al.,[2021)), replay ratio provides a strong performance gain for small ratios. However, as the
ratio increases, performance degrades, a result which the literature generally attributes to instability.
The VI agent on the other hand does not degrade with the same increase to compute.

5 Related Work

VIAC generalizes the underlying learning scheme of several recent methods. XQL (Garg et al.,
2023)), SQL, and EQL (Xu et al., 2023)) build on the implicit policy improvement setup of IQL to
design algorithms that iterate a value improvement — policy extraction loop, rather than the policy
improvement — policy evaluation loop of standard AC methods. When the policy extraction step
(learning a policy given a value function) can be interpreted as a policy improvement operator, these
algorithms become members of the VIAC family with specific instantiations of operators. BEE (J1
et al.,[2024)) is another recent method that explicitly considers a value target that includes its own
maximization operator, albeit from the perspective of mixing targets that take into account exploration
/ exploitation tradeoffs in the environment. Similarly, OBAC |Luo et al.|(2024)) learns a pair of value
functions, one for the acting policy and one using implicit policy improvement over data from the
replay buffer and uses both pairs of value functions to train the acting policy.

In model-based RL, it is popular to employ improvement operators for action selection and policy
improvement, and sometimes even to generate value targets (e.g. value improvement, for example see
Moerland et al.,2023)). The more common setup employs the same operator for action selection and
policy improvement (for example, AlphaZero (Silver et al.||2018))). MuZero Reanalyze (Schrittwieser
et al.| [2021)) is an example of an algorithm that considers using the same operator (tree search in this
case) to produce value targets as well, and thus can be thought of as belonging to the setup of VIAC.
These algorithms however are traditionally motivated from the perspective that the acting policy,
target policy and evaluated policy all coincide as they are all produced by the same operator.

TD3 can be thought of as an example of an agent which acts, improves, and evaluates three different
policies: The acting policy is improved using the deterministic policy gradient, during action selection
the acting policy is modified with noise in order to induce exploration, and finally the evaluated
policy is regularized with a differently-parameterized noise in order to improve learning stability.
Although only one policy improvement operator is used, TD3 can be thought of as an algorithm
which decouples the acting policy from the evaluated policy. GreedyAC (Neumann et al., 2023
inspired a family of algorithms (see Lingwei Zhu| [2025)) which share similarities with the VIAC
framework in that they explicitly maintain two different policies, although both policies are used for
policy improvement, as opposed to value improvement.

6 Conclusions

In order to better control the tradeoff between greedification and stability in AC algorithms we
propose to decouple the evaluated policy from the acting policy and apply a policy improvement step
additionally to the evaluated policy. Since this improvement is retained only in the value function
we refer to this approach as Value-Improved AC (VIAC). We identify sets of operators for which a
DP process underlying this approach, Value-Improved Generalized Policy Iteration, converges to the
optimal policy in the finite horizon domain. VIAC provides a unified perspective on recent online and
offline RL algorithms which combine different improvement operators (Garg et al.,[2023; Xu et al.|
2023 Ji et al.| 2024). We demonstrate that policy improvement itself is not a sufficient condition
for convergence of DP algorithms with stochastic policies. We identify necessary and sufficient
conditions for convergence of such algorithms, and prove that Generalized Policy Iteration algorithms
converge to the optimal policy for such sufficient greedification operators in the finite horizon domain.
We prove that the greedification operator used by the Gumbel MuZero algorithm is an example of a
sufficient greedification operator. As a corollary, this establishes that a Generalized Policy Iteration
process underlying the Gumbel MuZero algorithm family similarly converges. Empirically, VI-TD3
and VI-SAC significantly improve upon or match the performance of their respective baselines in
all DeepMind control environments tested with negligible increase in compute and implementation
costs. We hope that our work will act as motivation to design future AC algorithms with multiple
improvement operators in mind, as well as extend existing algorithms with value-improvement.
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A Proofs

A.1 Theorem2; policy improvement is not enough

Theorem 2] states: Policy improvement is not a sufficient condition for the convergence of Policy
Iteration algorithms (Algorithm[I|with exact evaluation) to the optimal policy for all starting policies
o € Il in all finite-state MDPs.

Proof sketch: We will construct a simple MDP where the Q™ values remain the same for all policies m,
and show that even in this simple example, it is possible for a Policy Iteration algorithm to converge
to non-optimal policies, with policy improvement operators that allow for stochastic policies. In
addition, while adjacent to the narrative of this paper, we demonstrate that the same problem persists
with deterministic policies in continuous action spaces in Appendix [A.T.T}

Proof. Consider a very simple deterministic MDP with starting state sp and two actions aj, as
that lead respectively to two terminal states s1,se. The reward function R(sp,a;) = 1 and
R(sp,a2) = 2 and transition function P(s1|sg,a1) = 1, P(s2|sg,a2) = 1 and zero otherwise.
We have Q™ (sg,a1) = 1 and Q™ (so, az) = 2 for all policies w € II. The optimal policy is therefor
7*(89) = ag, thatis 7*(a1|sg) = 0 and 7*(az|so) = 1.

Consider the very simple policy improvement operator Zinadequate- When Y o 4 m(als)Q™ (s, a) <
> aca Softmax(Q7 (s, -))(als)Q7 (s, a), the operator is defined as follows: Zinadequate(T)(5) =
am(s) + (1 — a)softmax(Q™(s,-))(s). Otherwise, when the policy is already greedier than the
softmax policy, the operator is defined as follows: Z;yqdequate (7)(8) = arg max, Q™ (s, a).

In natural language: when the policy is less greedy than the softmax policy, the operator produces
a mix between the current policy and the softmax policy. This is always greedier than the current
policy, and thus will act as a greedification operator for policies such policies. When the policy is as
greedy or greedier than the softmax, the operator produces directly a greedy policy.

The policy improvement theorem proves that this operator is a Policy Improvement operator, because
for every policy it greedifies the policy with respect to Q™ (that is, the policy’s evaluation is strictly
larger unless the policy is already greedy).

We now apply this operator in the Policy Iteration scheme to the simple example MDP speci-
fied above, with a starting uniform policy m(a1|sg) = m(az|so). Since this operator produces
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a mixture of the current and softmax policy, in the limit it will converge to the softmax policy
lim,, oo ™, = softmax(Q(s,-)) # argmax, Q(s,a), i.e. to a sub-optimal policy, despite being
a policy improvement operator. This proves that policy improvement operators cannot in general
guarantee convergence to the optimal policy even in the limiting setting of Policy Iteration, and thus
also not in more general setting such as Approximate Policy Iteration. O

In this example, since Q™ does not change across different iterations n of a Policy Iteration algo-
rithm, we can identify the following: For convergence to the optimal policy, it is necessary that a
greedification operator 7,1 = Z (7, ¢) will converge to a greedy policy, with respect to the same
stationary ¢ = Q™:
lim mn(als)q(s,a) = maxq(s,a), Vs € S.
a

n—oo
acA

More generally, this example shows that we can construct general operators Z that produce arbitrary se-
quences of policies 7,41 = Z(m,),n > 0 with values V™+1 such that V™+1(s) > V7 (s),Vs € S,
with a strict > in at least one state. Since this is the only condition required by policy improve-
ment, operators Z are policy improvement operators. However, since the improvement need not
be bounded it is possible to construct sequences that converge to arbitrary values in the interval
(V7™ (s),V*(s)],Vs € S. Le., because the improvement property allows for infinitesimal improve-
ments, it does not guarantee convergence to the optimal policy.

A.1.1 Policy improvement in continuous action spaces

A similar problem applies to continuous action spaces. Imagine a similar MDP as above with a
continuous action spaces A = (0, 1), reward function R(sg, a) = a,Va € A and zero otherwise and
every transition is terminal. Now imagine an operator that produces a deterministic action Z (7, ¢)(s),
such that [ Q™ (s, a)Z(m, Q™)(als)ds > [ Q™ (s,a)w(a|s)ds unless the policy is already optimal. Z
is an improvement operator and satisfies the greedification property.

Let us again choose 7 the uniform policy across actions. At the first step, Z can produce just-above
the middle action a; > 0.5. At each step, Z can produce a new action Z (71, Q*)(sg) = ma2(s0) =
as > a1. However, since the space (0, 1) is the continuum and non-countable, there are more actions
to select that any iterative process will ever have to go through. Therefor, even in the limit n — inf,
the operator will never have to choose Z(m,,, @*) = 1.

A.2 Policy Improvement operators that are not Greedification operators

Lemma 1. There exist operators T : 11 x Q — Il that are Policy Improvement operators, and
therefore fulfill Equation 3} but are not Greedification operators according to Definition 2]

Proof sketch: We will prove that a random-search operator that mutates the policy 7w randomly into a
new policy 7/, evaluates " and keeps it if V™ > V™, is not a greedification operator, even though it
is a policy improvement operator by definition. We do this by constructing an MDP and choosing
a specific initial policy my. Greedification with respect to the initial policy, at state sg, results in
m1(sp) = ai. However, the optimal policy in this state actually chooses action ag, because the
optimal policy can take better actions in the future than policy 7. Such an example proves that it
is possible to construct policy improvement while violating greedification, demonstrating that the
condition only goes one way: every greedification operator is policy improvement operator, not vice
versa.

Proof. Consider the following finite-horizon MDP: State space S = {s1,...,S10}. Action space
A = ay,as,as. States {ss,...,s10} are terminal states. Transition function: f(s1,a;) = sa,
f(s1,a2) = s3, f(s1,a3) = s4, f(s2,a1) = 5, f(52,a2) = s6, f(s3,a1) = 87, f(83,02) = ss,
f(s4,a1) = 89, f(54,0a2) = s10.

Rewards: R(s2,85) = 2, R(s2,86) = —1, R(s3,87) = 1, R(s3,88) = 0, R(s4,89) = 3,
R(84, 810) = 2.

Actions that are not specified lead directly to a terminal state with zero reward.

Let us begin by identifying the optimal policy in this MDP, in states s; and s4: 7*(s1) = a3 and
7*(s4) = a1, with a value of 3 without a discount factor.

Let us construct a starting policy 7g:
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mo(s1) = a1, mo(s2) = az, mo(s3) = ag,m(s4) = as. The other states are terminal and there are
no actions to take, and therefor no policy.

Consider the following Policy Improvement operator Zg : II x Q — II, which this example will
demonstrate is not a greedification operator. Zg takes a policy 7, and mutates it with a random
process to 7’. Zp proceeds to conduct exact evaluation of 7/, to find V™ . If V™ (s) > V7 (s) on all

states, and V™ (s) > V™ (s) in at least one state, Z outputs 7’. Otherwise, the process repeats. This
process guarentees policy improvement. However, this process may directly produce the optimal
policy in this MDP, which in states s1, s3 is 7*(s1) = a3 and 7*(s4) = a;.

Note however, that the optimal policy is not a greedier policy with respect to the value of 7. For 7,
we have: Q™ (s1,a1) = —1,Q™(s1,a2) = 0, Q™ (s1,a3) = —2. A greedier policy with respect to
these values cannot deterministically choose action a3z, which is the action chosen by the optimal
policy in this state.

Therefor, this example demonstrates that it is possible for a policy to be improved (higher value in
at least one state, and greater or equal on all states), without being greedier with respect to some
original policy’s value. In turn, this demonstrates that there exist Policy Improvement operators that
are not Greedification operators. O

A.3 Necessary greedification operators may not be sufficient

Lemma 2. Greedification operators (Definition[2)) which have the necessary greedification property
(DefinitionB) may not be sufficient for Policy Iteration algorithms to converge to the optimal policy.

Proof sketch: First, we demonstrate the problem: certain operators with the necessary property, such
as the deterministic greedification operators, may not converge to a greedy policy with respect to
non-stationary Q™. Second, we will show that in Policy Iteration it is possible to experience non
stationary evaluations Q™ that will prevent a necessary-greedification algorithm from converging
to a greedy policy. We will show this by constructing an operator that performs deterministic
greedification in some states, and greedification that converges only in the limit in other states (both
necessary-greedification operators), and show that the problem can persist in practical MDPs. This
operator is a necessary-greedification operator in all states. That is, with respect a stationary g, it
will converge to greedy policies. However, since in Policy Iteration algorithm the evaluation ¢ is not
necessarily stationary, it is possible that a Policy Iteration algorithm based in this operator will not
converge to the optimal policy.

Proof. Let A = {a1, a2, a3} and a sequence g, (a1) = (—1)"/2" +q(a1), gn(az) = (=1)""1/2" +
q(a2), and g, (as) = q(as), with a limiting value ¢ = [1, 1,2]. We omit the dependency of ¢ on a
state as it is unnecessary in this example. In this case, the optimal policy with respect to any g, is
T = as.

Take the least-greedifynig deterministic greedification operator Z,uin_det(q, T) =
MiNg(q)>q(r),ar ¢(a). This operator produces the worst action, with respect to ¢, that is
better than the current action selected by the policy, and as such, is a greedification operator by
definition, with respect to deterministic policies. Since there are finitely many deterministic policies
on a finite action space |.A| < oo, this operator will converge to lim,,_, o 7, = argmax, ¢(a) with
respect to a stationary q.

Take 7y = ag. Using the operator Zp,in_det We have m, = Znin_det(qn, Tn—1). When n is odd,
T, = a1, and when n is even, 7, = ag, without ever converging to the optimal policy m = as.

Next we will construct an example MDP and improvement operators in which this situation can
happen in practice. Consider a finite-state, finite horizon MDP with states si,...,s,. We are
interested in the behavior at state sq specifically, which similarly has actions a1, as, as, with re-
wards R(s1,a3) = 3, R(s1,a1) = R(s1,a2) = 0. The transition f(s1,a3) = s¢ is terminal and
f(s1,a1) = s2, f(s51,0a2) = s3.

Consider the following improvement operator: On state s1, this operator is Z,,;, et. However, on
all other states, this is a necessary greedification operator, which converges only in the limit, and
in a non-constant rate. It is possible to construct the rest of the MDP and starting policies g such
that the sequence alternates 1 > Q™ (s1,a1) > Q™ (s1, az) when nis odd, and 1 > Q™ (s1,az) >
Q™ (s1,a1) when n is even, while both are smaller than Q™ (s1,a3) = Q*(s1,a3) = 3. This is
possible because the policies 7, (s2), T, (s3) can be soft, and it is possible to construct an MDP
which produces arbitrary values bounded between 0,1 by setting R(s2,a1) = 1, R(s2,a2) =
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0, R(s2,a3) = 0 and R(s3,a1) = 1, R(s3,a2) = 0, R(s3,a3) = 0. In such MDP, lim,, , o, 7, (1)
will never converge to as, the optimal policy in this state. O

A.4 Deterministic greedification operators are lower-bounded greedification operators

Lemma 3. Deterministic greedification operators Lyey, i.e. greedification operators (Definition[2)
that produce deterministic policies are lower-bounded greedification operators [d|in MDPs with finite
action spaces.

Proof. Take € = MiNses,0,0/c A,q(s,a)£q(s,a’) [4(5,a) — q(s,a’)|, that is, the minimum difference
across two actions that do not have the same value (i.e. the minimum greater than zero difference).
If there is no greater than zero difference, then all actions are optimal and every policy is already
optimal. Otherwise, the greedification imposed by choosing at least one better action in at least one
state has to be greater than the minimum difference between two actions. O

A.5 The operator Z,, . is a Limit-Sufficient Greedification operator
The operator proposed by |Danihelka et al.| (2022) is defined as follows:

xp(log 7(a|s)+o(q(s,a
Ty, q)(als) = softmax(c(g(s, a)) + log m(a]s)) = y~—leErlltolalal) o (g

Lemma 4 (Z,,,, with a stationary o is a Limit-Sufficient Greedification Operator). For any starting
policy g € I such that log mo(a|s) is defined and sequences q, . . ., G, such that im,_, o ¢, =
q € Q, iterative applications Tp41 = Lgm - (Tn, ¢n) converge to a greedy policy with respect to the
limiting value q.

That is,

nl;rrgo gwn(a|s)qn(s7a) = ml?xq(s,b), Vs e S.
a

Proof sketch: We will prove that n repeated applications of the Z,,,, operator converge to a softmax
policy of the form

mn(als) o< exp(log mo(als) + no(gn (s, a))),

which itself converges to an arg max policy as lim, .. For simplicity, we will first prove for a
stationary ¢, and then repeat the same steps for a non-stationary g, lim, ., = ¢ for some limiting
value q.

Proof. We will show that the Gumbel MuZero operator Zg,,. with ¢ a monotonically increasing
transformation, is a Limit-Sufficient Greedification operator.

Danihelka et al.| (2022) have shown that this operator is a Greedification operator (Section 4 and
Appendix C of (Danihelka et al., [2022)). It remains for us to demonstrate that the sequence m,
converges for Z,,, ., such that

lim ;wn(a\sm,a) = max (s, a),
a

for any mg and Vs € S.

Step 1: Convergence with stationary ¢ For a stationary g, at any iteration n, the policy m,, can be
formulated as:

7Tn(a) = Zi GXp(O'(q(S7(l)) + IOg 7Tn71(CL|S)), Zn = Z eXp(U(Q(S7a/)) + logﬂnfl(aqs))
n a’e A
(10)
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633 Where z,, is the normalizer of the softmax operator. We can expand 7,, backwards as follows:

mala) = - explo(g(s,a)) + og o1 (als)) (1)
= Lo (ol4(s,) + log 22D a1 (12)
- %exp (o(q(s, a)) + o(g(s, @) + log mn_s(als) — log zu_1) (13)
— e (20(q(s,a)) + g mao(als)) (14)
= .. (15)
= (T, ) exp (no(g(s,0)) +log mo(als)) (16)

7

s40 As T, is a softmax policy, i.e. Y-, 4 ™ (als) = 1, the product IT?_, - must act as a normalizer:

1
H?:lz—i = ;exp (na(q(s, a)) + log 7r0(a|s)) a7

641 We can now directly take the limit lim,, oo 75, :

lim 7,(a) = lim (H?zlé)exp (no(q(s,a)) + logmo(als)) (18)

n—roo n—oo 4

s42 It is well established that as the temperature 1/n goes to zero, the softmax converges to an arg max
e43 (Collier et al.l [2020). With non-stationary ¢, we get a slightly more involved sequence, and the
e44 formulated proof that the softmax converges to an arg max will serve us to demonstrate convergence
645 with ¢,. We include the proof that the softmax converges to an arg max below in step 1.5.

s46  Step 1.5: Convergence of the softmax to an argmax Define 0,4, = max, o(q(s,a)). Let us

847 now multiply by %. We have:

exp(—nomaz)

n(als) = (H?le%) exp (na(q(s, a) + log 7r0(a|s))) P E— (19)
mo(als) n 1
= m(ni:12) exp (n(U(Q(Sa a)) - Umaz)) (20)

s4s  We now note that 0(q(s,a)) — Omaz < 0if 0(q(s,a)) # max, 0(q(s,a)) = omas and otherwise
s19 0(q(s,a)) — Omax = 0if 0(q(s,a)) = max, 0(q(s,a)) = Tmaz. In that case, exp (n(o(q(s,a)) —
650 Omaz)) = exp (0) = 1. We substitute that into the limit:

i (al) — {nmn%@ sprtde s, Lyexp (n(o(a(s, @) = Omas) ) =0, if o(a(5,0)) # Omas

r—boo im0 e (T, L)1, if o(q(s,a)) = Omas
1)
65t Note that:
652 1. The numerator where o (q(s,a)) = 0 pmas converges to e = 1
653 2. The numerator where o (q(s, a)) # 0 maz converges to lim,, o, e %" =0, > 0.
654 3. The denominator always normalizes the policy such that ) _ , m,(als) = 1,Vs € S, due
655 to the definition of the softmax.
656 As a result, we have:
0 .
lim ma(als) = {77 1o(a(5:0) 7 Omaq (22)
n—00 27 if U(Q(Sa a)) = Omaz

657 For some normalization constant z. L.e. the policy lim,,_, ., 7, is an arg max policy with respect to
es8 g, that is, the policy has probability mass only over actions that maximize o(q).
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Step 2: Convergence with non-stationary ¢,, We will now extend the proof to a non-stationary
gn that is assumed to have a limiting value, lim,,_,», g, = ¢, in line with definition of Sufficient
Greedification.

First, we have:

n(a) = inexp(a(qn(s, a)) +logm,_1(als)) (23)
- 2:i €xp (U(Qn(sv a)) + log O—(qnil(s’ C;))_—'l_ ﬂ—"*l(a|s)) (24)
=2 Zl P (o(an(s,a)) + o(qn-1(s,a)) + log Tn_2(als)) (25)

n

(H?d%) exp ((Za(qi(s,a))) + logm)(a|s)) (26)

?

=1

Based on the same expansion of the sequence as above. Multiplying by —~7=a= and formulating the
limit in a similar manner to above, we then have:

lim 7, (als) = lim olals) exp(Hﬁzlé)(Z(o(qi(&a)) — Omaz)) (27)

n—00 n—00 —NOmax —
i=

Let us look at the term Y, (6(¢i(s, a)) — Opmaz). First, where o(¢(s,a)) # Omaz, We have

n

lim. > (0(gi(s,0)) = Omaz) = Jim > (o(ails,a)) = a(q(s,a)) = (Tmaz — o(q(s,a))) (28)

i=1 i=1
n

= lim —n(omas —0(4(s,a))) + ) _(0(ai(s, a)) — o(a(s,a)) (29)

n—o0 ¢
i=1

As the term o(g,(s,a)) — o(q(s,a) goes to zero due to the definition of ¢,, the term
S 1 (o(gi(s,a)) — o(q(s,a)) goes to a constant, and the term —n(oy,q. — o(g(s,a))) goes to
—oo due to the definition of ¢,,,,,. Therefor, the limit:

n

lim Z(U(qi(s,a)) ~Omaa) = =00 = lim exp(Z(a(qi(s,a)) — Opmaz)) =0 (30)

Let us look at the second case, where o (q(s,a)) = 0maqz, the sequence converges:

n

nh_}n(go Z(a(qi(s, a)) — Omaz) = (s, a) 31

i=1

For some constant «(s, a), as lim,_co 0(¢,(8,a)) = Oymaz- Thus, we have again:

0 .
lim m,(als) = {éz&a) if o(q(s; a)) # Omax 32

n— 2 ifo(g(s,a)) = oman

Demonstrating that 7r,, converges to an arg max policy with respect to o(g). Since o is monotonically
increasing, (s, a) and o(q(s, a)) are maximized for the same action a, thus 7, is also an arg max
policy with respect to q. Therefor, Zg,;, . is a Limit-Sufficient Greedification operator. O

A.6 Z,,,. can be formulated as an insufficient-greedification operator

Lemma 5. The 1,,,. greedification operator with a non-stationary o transformation can be formu-
lated as an insufficient greedification operator.

Proof sketch: We construct a variation of the Z,,,, operator with an increasing transformation o,
which is different at each iteration. Because the transformation is not constant, it converges to some
softmax policy rather than an arg max policy.

17



680
681
682
683

684
685
686
687
688
689

690
691

692

693

694
695
696

697
698
699
700
701
702

704

711

712
713

714
715

716
77

718
719

720
721
722

Proof. The function ¢ used by Z,,. is only required to be an increasing transformation (see
Danihelka et al.| (2022), Section 3.3). That is if g(s,a) > ¢(s,a’) then we must have that
o(q(s,a)) > o(q(s,a’)). In practice, the function proposed by Danihelka et al|(2022) is of the form
o(q(s,a)) = B(N)q(s,a), where 3 is a function of the planning budget N of the MCTS algorithm.

A practitioner might be interested in running the algorithm with a decreasing planning budget over
iterations (perhaps the value estimates become increasingly more accurate, and therefor there is
less reason to dedicate much compute into planning with MCTS). In that case, we can formulate
on(qn(s,a)) = Fran(s,a). This transformation is always increasing in g(s,a), adhering to the
requirements from o. Nonetheless, the sequence 7,, will not converge to an argmax policy for this
choice of o:

1
nh_}n;O Ty = nli_)rréo(l_[?ﬂ;) exp (Z [an(qn(s, a))] + log 7r0(a|s)) (33)
v i<n
1
= nlgrgo(ﬂﬁzlz) exp (gin Z [qn(s,a)] + log mo(als)) (34)
¢ i<n

Which will converge to some softmax policy as the following limit converges to a constant:
limy, 00 4 2i<p [Gn(s,a)] = c(s,a), and thus the policy remains a softmax policy 7, (als) =
softmax(c(s, a) + log mo(als)). O

A.7 Lower Bounded Greedification operators ¢ Limit-Sufficient Greedification operators

Lemma 6. The set of all lower-bounded greedification operators (Definitiond)) is not a subset of the
set of all limit-sufficient greedification operators (Definition[5). That is, there exists a lower-bounded
greedification operator which is not a limit-sufficient greedification operator.

Proof sketch: Convergence with respect to arbitrary sequences lim, . ¢, = ¢ is a strong property,
and it is possible to come up with sequences for which specific lower-bounded greedification operator
do not result in convergence. By constructing such a sequence and choosing such an operator,
we will show that there are lower-bounded greedification operators which are not Limit-Sufficient
Greedification operators, demonstrating that lower-bounded greedification operators ¢ limit-sufficient
greedification operators.

Proof. Let A = {ay, as, a3} and a sequence q,,(a1) = (=1)"/2" +q(a1), qu(az) = (=1)"T1 /2" +
q(az), and g, (a3) = q(a3), with a limiting value ¢ = [1, 1, 2].

Let mp = a1. The minimal deterministic Greedification operator Zge: (7, ¢)(s) = argmin, ¢(s, a) >
> aeam(a's)q(s,a’), that is, the deterministic Greedification operator which chooses the least-
greedifying action at each step will not converge to the optimal policy on this sequence. At each
iteration, Zye+(q, mn) = a1 2 (as in, a; or ag), because gy, alternates ¢, (a1) > gn(az) for even n,
and ¢y, (a1) < g, (az) for odd n. Since this operator is a lower-bounded greedification operator (see
Appendix [A.4), this demonstrates that lower-bounded greedification operators ¢ limit-sufficient
greedification operators. O

A.8 The greedy operator is both a limit-sufficient as well as a lower-bounded greedification
operator

Lemma 7. The greedy operator Ly g max is both a lower-bounded greedification operator (Definition
H) as well as a limit-sufficient greedification operator (Definition[5).

Proof. The greedy operator is a greedification operator by definition. We will show that it can have
both the lower-bounded greedification property as well as the limit sufficient greedification property.

Step 1): We will show that the greedy operator is a lower-bounded greedification operator (Definition
).

The greedy operator produces the maximum greedification in any state by definition. Therefor:
Z Iargmax (Wa CI) (a|s)q(s, (l) 2 Idet(ﬂ—v q) (a|s)q(s, a’)7
acA

where I4.; is the deterministic greedification operator, Vs € S,a € A. Since the de-
terministic greedification operator is itself bounded by an e (see Appendix [A.4), we have

| 2 aeaZargmaz (T, ) (als)q(s, a) = 3 2qc 4 m(als)g(s, a)| > e.
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Step 2): We will show that the greedy operator is a limit-sufficient greedification operator (Definition

We will prove that the sequence (m,,q,) defined for Z,,s max as above converges, such that
limy, o0 | D gea Tnl(@ls)gn (s, a) — maxy q(s,b)| = 0, for any 7. That is, the policy converges to
an arg max policy with respect to the limiting value q.

For any ¢, 1in the sequence, we have by definition of the operator

> aca Largmax (@, Tn—1)(als)qn(s,a) = max, g,k(s,a). We can substitute that into the
limit:
nhﬁngo | Z mn(als)gn(s,a) — max q(s,b)] (35)
acA
= lim |maxgqy,(s,a) — maxq(s,b)| (36)
n— o0 a b
< ILm max |qn(s,a) — q(s, a)| 37
= max lim |g,(s,a) — q(s,a)| (38)
a n—o0
= max | ILm gn(s,a) —q(s,a)| =0 (39)

The first step holds by substitutions. The inequality is a well known property used to prove that the
greedy operator is a contraction, see (Blackwell, |{1965)). In Equation the limit and max operators
can be exchanged because the action space is finite, and finally the limit and absolute value can be
exchanged because the absolute value is a continuous function.

O

A.9 Proof for TheoremE]for k = 1 and Z; the identity operator

We will prove Theorem [3] first for & = 1 for improved readability, and in the following Appendix
we will extend the proof for £ > 1. In Appendix we will further extend the proof for
value-improvement.

A.9.1 Notation

We use R to denote the mean-reward vector R € RISIAI where R, , = E[R]s,a]. We use

P7 € RISIAIXISIIAL to denote the matrix of transition probabilities multiplied by a policy, indexed
as follows: PT , = P(s'|s,a)m(a’|s"). We denote the state-action value g and the policy 7 as

s,a,s’,a
vectors in the state-action space s.t. ¢, m € RISIAI. The set IT ¢ RISI4I contains all admissible
policies that define a probability distribution over the action space for every state. For convenience,
we denote ¢(s, a) as a specific entry in the vector indexed by s, a and ¢(s), 7(s) as the appropriate
| A| dimensional vectors for index s. In this notation, we can write expectations as the dot product
q(s) - m(s) = Equr(s)la(s, a)] = v(s). With slight abuse of notation, we use ¢ - 7 = v, v € RIS
to denote the vector with entries v(s). We use max, ¢ € RIS to denote the vector with entries
max, ¢(s) = max, q(s, a).

We let s; denote a state (-, t) € S, that is, a state in the environment arrived at after ¢ transitions. The
states sy are terminal states, and the indexing begins from sy. We let ¢, 7™ denote the vectors at
iteration m of Algorithm[I] We let ¢;", 7" denote the sub-vectors of all entries in ¢", 7" associated
with states s;. In this notation g}, _, is the g vector for all terminal transitions (s _1, -) after the one
iteration of the algorithm.

Proof sketch  Our proof follows induction from terminal states. For all terminal states s, the value
V™ (sg) = 0 for all policies 7. Similarly, g(sg_1,a) = Q™ (sg—1,a) = r(s,a) for all policies .
That is, the Q values converge after one update, and from then on remain stationary. Given that
the g(sg—1, a) remains stationary for all states sz _1, limit sufficient greedification guarantees that
policy 7(sg—1) at state sy_1 converges to an arg max policy, which guarantees that the state-value
estimates v(sg—1) := Y _,c 4 m(alsp—1)q(sH—1,a) converge. Finally, as the state-value estimates
converge, this process repeats backwards from states sz all the way to states sg, at which point the
value ¢ and policy 7 converge to the value of the optimal policy and an optimal policy respectively,
for all states in the MDP.

A.9.2 Complete proof

Proof. Convergence for Generalized Policy Iteration with £ = 1
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We will prove by backwards induction from the terminal states that the sequence lim,,;, o (7, ¢™)
induced by Algorithm [1| converges for any ¢°, 7°, sufficient greedification operator Z and k > 1.
That is, for every € > 0 there exists a M, such that ||¢" — ¢*|| < e and ||7™ - ¢"* — max, ¢*|| < €
forallm > M., ¢° € RISIAl and 70 € TI.
Induction Hypothesis: For every ¢ > 0 there exist M, such that for all m > My, ; we have
lgtt1 — aiall < e and |75 - ¢ty — max, gipy || < e
Base Caset = H — 1: Let € > 0. Since states sy are terminal, and have therefore value 0, we have
qY_1 = Ru—1 = ¢};_, and therefore || ¢%_; — ¢};_,|| < e trivially holds for all m > 1.
By the Sufficiency condition of the sufficient greedification operator which induces convergence of
7™ to an arg max policy with respect to g there exists My, _; such that:

7%y - -1 —maxqy || = 17—y - g1 —maxqy || < e
for all m > Mj;_,. Thus the Induction Hypothesis holds at the base case.
Case t < H — 1: We will show that if the Induction Hypothesis holds for all states ¢ + 1, it also holds
for states ¢.
Step 1: Let € > 0. Assume the Induction Hypothesis holds for states ¢ + 1. Then there exists M,
such that ||¢{"t; — ¢/ 1|l < €and |7} - ¢t — max, qfy || < eforallm > Mg, .
Let us define the transition matrix P € RISIAIXISI with P, , o = P(s's, a).
First, for all m > M, ; we have:

lg™ ™ = gl = IR +vP(nf 1" - gity) = R — yP max gy, || (40)
= ’Y||7D(7T?Hl i) — ,Pmc?‘xq:-i’lH (4D)
<Pl - gty — max g | (42)
< lmiAt - gty — max gy | (43)
<e (44)

(@0) is by substitution based on step 4 in Algorithm [T]for £ = 1. is by the definition of the
operator norm ||P||. (43) is by the fact that the operator norm in sup-norm of all transition matrices is
1 (Bertsekas, [2007). (44) is slightly more involved, and follows from the Induction Hypothesis and
the limit-sufficient greedification.

Let us show that , ie. |7 - g"y — max, ¢j, || < €holds. Under the infinity norm holds
point-wise for each state s € S:

e <t - g )(s) — maxgiy (5,0) @)

< It il (s) — max gy (s, a) (46)

< max aii(s,a") — max Gy (s,a) 47)

< max (g 1(s,a’) — qiy1(s,a")) (48)

<e. (49)

is the induction hypothesis |7} | - ¢/ | — max, ¢, || < €, which holds under the infinity norm

point wise, uses the sufficient greedification operatorproperty [} | ¢ 1](s) < [m7 g 1] (s),

the inequality [7}75" - g ](s) < maxy g% (s, a’), the inequality — max, ¢;,(s,a) <
—qf41(s,a’),Va' € A, and the induction hypothesis |l¢;,; — ¢/t ]| <.

Step 2: Pick M{ > M¢, , such that for all m > Mf we have ||7{" - ¢{" —max, ¢; || < e. Such an My
must exist because of the following: In Step 1, we proved that the first part of the inductive step holds.
That is, that ¢;"* has e-converged to the value of the optimal policy. Such g;* satisfies the conditions
of the ¢ sequence of the limit-sufficient greedification operator. For that reason, the policy 7;" must
converge (that is ||7]" - ¢* — max, ¢/ || < €), and My must exist.

Thus, the Induction Hypothesis holds for all states ¢ if it holds for states ¢ + 1.

Finally, let ¢ > 0. By backwards induction, for each ¢t = 0,..., H — 1 there exists M, et such that
for all m > M! we have ||¢/™ — ¢;|| < ¢, and |7} - ¢/* — max, ¢f|| < e. Therefore, we can pick
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Ne = maxi—o,. g1 M! such that ||¢]" — ¢f || <€, and |7} - ¢ — max, g/ || < e forall m > N,
andt =0,...,H — 1, proving that Algorithm [I]converges to an optimal policy and optimal g-values
for any 70 € II, ¢° € RISIMI k& = 1 and sufficient greedification operatorZ. O

We proceed to extend the proof for £ > 1 below.

A.10 Extension of the Proof for Theorem[3|to &£ > 1 and Z, the identity operator

In this section we will extend the proof of Theorem|[3|from Appendix[A.9|to k& > 1. Much of the proof
need not be modified. In order to extend the proof to k£ > 1, we only need to show the following:

For all k£ > 1 and every € > 0 such that the Induction Hypothesis holds, there exists an M! such that

g™t — il <

Proof. We will first extend the notation: let g;" o denote the vector ¢ at states ¢ after m algorithm

iterations and i > 1 Bellman updates, such that ¢/* = (7™1¢™"~1),, ¢/"° = ¢/ and finally
m+1 _  m,k

4y =4 -

Second, we will extend the Induction Hypothesis:

Extended Induction Hypothesis: For every € > 0 there exist M, | such that for all m > M, | and

i > 0 we have ||/ — gy | < e and 73 - gfvt — max, g7l < e

The Base Case does not change, so we will proceed to Szep I in the Inductive Step. We need to show

that there exists an My such that ||¢;""" — ¢ || < eforall i > 0 and m > M.

Lete > 0and m > M{ > My, ;4.

First, for any ¢ > 1:

m,i—1

g™ = g; || = R +vP(xidt - avi™h) — ¢
i1
<Pt gy — maxgfy |
<e€

The first equality is the application of the Bellman Operator in line 4 in Algorithm I|the ith time. The
rest follows from Proof[A.9]and the extended Induction Hypothesis.

Second, we need to show that this holds for 7 = 0 as well:

g™ = g7l = g™~ = g7 | < Iy - a7 4! — maxgi | < e

The first equality is by definition, and the the first and second inequalities are by the same argumenta-
tion as above.

The rest of the proof need not be modified. O

A.11 Extension for 7> a general improvement operator

We extend the proof from the above section for all non-detriment operators (that is, non-strict
greedification operators) Z, used for value improvement.

Proof. Similarly to the proof of Theorem [3| from Appendix (and we will prove by
backwards induction from the terminal states sy that the sequence lim,,,—, o (7", ¢"*) induced by
Algorithm converges for any ¢°, 70, sufficient greedification operator 7, greedification operator
T and k > 1. That is, for every e > 0 there exists a M, such that ||¢™ — ¢*|| < € and ||7™ -
q™ — max, ¢*|| < eforallm > M., ¢° € RISIAl and 70 € TI. The proof follows directly from
the proof in Appendix [A.9] The base case is not modified - the ¢s converge immediately and the
policy convergence is not influenced by the introduction of Z. The Induction Hypothesis need not be
modified. In the inductive step, Step I follows directly from the Induction Hypothesis, and Step 2
need not be modified for the same reason the base case need not be modified. O

A.12 Convergence of Algorithm 2] with lower bounded greedification operators

We extend the proof from Appendices[A.9and[A.10]to bounded greedification operators.
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Proof sketch The proof is almost identical to that of limit-sufficient greedification, with one major
difference. Lower-bounded greedification allows for convergence to a greedy policy in finite iterations
(see Lemma [ below) with respect to any stationary q. For that reason, the values at states sg_1
become exact in finite iterations (unlike limit-sufficient, where they converge only in the limit). As
they become exact, they also become fully stationary, and as they become stationary, lower-bounded
greedification guarantees that the values (and policy) at states sgy_o become exact and stationary in
finite iterations, and the process repeats by induction all the way back to states sg.

Below we first prove Lemma [§]and then use Lemma [§]to complete the induction proof.

A.12.1 Lower bounded greedification converges to an arg max policy in finite steps

We will begin by proving that operators with the Bounded Greedification property:

| > Z(m q)(als)a(s,a) = Y w(als)a(s,a)| >,

acA acA

unless - 4 Z(m,q)(als)q(s,a) = max, q(s,a) are guaranteed to convergence to an arg max
policy with respect to any ¢ € Q, in a finite number of steps.

Lemma 8. Let Z be a bounded greedification operator and let a sequence 11 = Z(q, ). For
any starting o € 11, q € Q, there exists an M for which:

Z mn(als)q(s,a) = maxq(s,a), Yn > M.
acA

That is, the policy m, converges to a greedy policy with respect to q in a finite number of steps
n>M.

Proof. Let 7 be a Bounded Greedification operator. At each iteration, the sequence
> aca Tn(als)q(s,a) mustincrease, i.e. > . 4 mu(als)q(s,a) > > c 4 ma—1(als)q(s,a),n >0,
for at least one state s € S. The same sequence is monotonically non-decreasing, by definition of
greedification, for all other states. Therefore, the sequence } s > ,c 4 Tn(als)q(s, a) is monotoni-
cally increasing (for each state ) . , 7, (a|s)q(s, a) is at least as large as in the past step, and in at
least one state it is distinctly higher), unless ) 4 T (als)q(s, a) = max, q(s, a).

Due to the Bounded Greedification property, the minimum increase is bounded by e, that is:

H;in | Z Z mn(als)q(s,a) — Z Z Tn—1(als)q(s,a)| >¢, n>0.

s€SacA seSacA

The sequence ) s> ,c 4 Tn(als)q(s,a) is bounded by » s max, q(s,a) from above, and by
> ses Mming q(s, a) from below. The increases between any two iterations is bounded from below by
€ by definition unless the policy is already greedy, as [ is a lower-bounded greedification operator.

Since the sequence is bounded from below and above and the increase is bounded a constant amount
€ > 0, it must converge in a finite n < oo to the maximum of the sequence | . , T, (als)q(s,a) =

max, q(s,a). Thatis, 7, converges to a greedy policy with respect to ¢ in a finite number of iterations
n. O

A.12.2 Modified Induction for Bounded Greedification

We modify the induction of the proof of Theorem [3] with finite-sufficient greedification operators,
that converge to an arg max policy in a finite number of iterations.

Proof. Modified Induction Hypothesis: There exist M, such that for all m > M;,; we have
gt = i and T - @ = max, qfy .

Modified Base Case: Because the convergence to the arg max is in finite time (Lemma [§)) there
exists Mg _1 such that:

m m _ *
TH—1 " 4g—1 = mng(IH—l

for all m > My 1. Thus the Modified Induction Hypothesis holds at the base case.
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Modified Case ¢ < H — 1 Step (1): Similarly, for all m > M;,; we have:

lg" ™ = gl = IR +vP(af 1" - qity) — R — yP max gy, || (50)
=P - gty) — P maxqry,|| (51)
<Pt - gy — max gy | (52)
=0 (53)
Since also ||¢/" ™" — ¢f|| > 0, we have ||¢/""* — ¢;|| = 0 and ¢/" ™" = ¢;.

Step (2): Pick M; > M, such that for all m > M; we have ||7]" - ¢/* — max, g;|| = 0 which
must exist due to convergence to the argmax in finite time of this operator class. Thus, the Modified
Induction Hypothesis holds for all states ¢ if it holds for states ¢ + 1. O

B Additional Results

B.1 Value improvement and over estimation

Since (explicit) value-improvement results in greedier evaluation policies, it should directly increase
the value targets (demonstrated empirically in Figure [T] center). The same can be expected to
happen implicitly when the value improvement relies on implicit improvement operators such as IQL.
Any increase to the value targets can be expected to interact with (and more specifically, increase)
value over estimation bias. It is well known that overestimation bias can induce pseudo optimistic
exploration because it is more likely to overestimate the value of unvisited state-actions. For that
reason, while it can be detrimental in certain environments (as demonstrated by [Fujimoto et al.| 2018)),
it can be beneficial in others. Although Figure[I|suggests that it is possible for value improvement to
show performance benefits that are decoupled from increase in overestimation bias, the performance
benefits observed for implicit improvement with 7 = 0.75 are much larger. We investigate the
interaction between implicit improvement and over estimation in Figure ] On the left, we plot final
averaged evaluation return after 3 million environment interactions vs. 7. On the right, we plot final
over estimation bias after 3 million environment interactions vs. 7. Generally as T increases over
estimation bias increases (Figure[d] right). On the other hand, the majority of the performance gain
(return =~ 175 vs. =~ 0 of the baseline) is observed for values of 7 < 0.6 (Figure left), for which
none to negligible over estimation bias is observed.

Final evaluation return vs. greedification T on humanoid-run Final overestimation bias vs. greedification T on humanoid-run

7

o

2R NN W
u o u

Final evaluation return
=
o
o
)

Final value estimation bias

o u

015 0?6 Ot7 0?8 019 015 0t6 0?7 018 0?9
T T
Figure 4: Mean and one standard error across 10 seeds. Left: Final evaluation vs. greedification
parameter 7 for VI-TD3 with implicit improvement after 3m environment interactions. 7 = 0.5 is
baseline TD3. Right: Final overestimation bias vs. 7 after 3m environment interactions. The majority
of the performance increases are independent from an increase in over estimation bias.
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B.2 Value Improved TD7
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Figure 5: Mean and two standard errors across 10 seeds of VI-TD7 with expectile loss vs. TD7 on
the same tasks as Figure@ Similar performance gains are observed for VI-TD7 in this domain.

Increased greedification of the acting policy

hopper-stand hopper-hop

200 1

150 +

1001

td3 (baseline)
td3 (pi=20)
— vi_td3 (pg=20)

2001 504

Average evaluation return
&
o
o
L
Average evaluation return

o
!
o
!

0.25 0.50 0.75 1.00 1.25 1.50 175 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Environment steps le6 Environment steps le6

o
oA
S]

Figure 6: Mean and one standard error across 10 seeds in evaluation of VI-TD3 with Policy Gradient
as the value improvement operator, vs. TD3 with 20 repeating policy gradient steps in each update, vs.
baseline TD3. Increasing the number of acting-policy updates on the same batch does not contribute
to performance.

B.3 Increased value improvement vs. increased replay ratio

If one is able to spend additional compute on gradient updates, an increased replay ratio is an attractive
alternative to value improvement. In Figure[7]we compare VI-TD3 with increasing number of gradient
steps to TD3 with increasing replay ratio. In line with similar findings in literature (Chen et al.,
2021)), replay ratio provides a very strong performance gain for small ratios. As the ratio increases,
performance degrades, a result which the literature generally attributes to instability. The VI agent on
the other hand does not degrade with increased compute. This suggests a reduced interaction between
greedification of the evaluated policy and instability compared to that of the acting policy.
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Figure 7: Mean and one standard errors across 10 seeds in evaluation of VI-TD3 with policy-gradient
based value improvement vs. td3 with increased replay ratio. Number of gradient steps are equated
across 1t / VI agent pairs as a pseudo metric for compute. The performance of TD3 generally degrades
with increased replay ratio, in line with the results of |(Chen et al.|(2021). In contrast, the performance
of VI-TD3 increases with compute, without access to additional mechanisms to address instability.

C Explicit and implicit Value Improved Actor Critic algorithms

In Algorithms [3]and ] on Page [25] modifications to baseline off-policy Actor Critic are marked in
blue.

Algorithm 3 Explicit Off-policy Value-Improved Actor Critic

1: Initialize policy network 7y, () network ¢4, Greedification Operators Z; and Zs, replay buffer B
2: for each episode do

for each environment interaction ¢ do

4 Act Ay ~ 7T9(St)

5: Observe sy4+1, 1

6: Add the transition (sy, at, r¢, S¢+1) to the buffer B

7.

8

Sample a batch b from B of transitions of the form (s, as, ¢, St41)
Update the policy m(s¢) <= Z1(mg, ¢ )(St), Vs¢ € b

9: Further improve the policy 7’ (s;41) < Z2(7g, Go)(St+1), VS141 € b

10: Sample an action from the improved policy a ~ 7/(s¢41),Vsi41 € b

11: Compute the value targets y (s, at) < ¢ + Vs (Si41, a), V(s¢, g, 7e, Se41) € b
12: Update g4 with gradient descent and MSE loss using targets y

D Experimental Details

D.1 Gradient-Based VI-TD3

Gradient-based VI-TD3 copies the existing policy used to compute value targets (the target policy, in
TD3) 7y into a new policy 7, . The algorithm executes N repeating gradient steps on 7j, with respect
to states sy4+1 € b with the same operator TD3 uses to improve the policy (the deterministic policy
gradient) and with respect to the same batch b. The value-improved target y(s;, a;) is computed in the
same manner to the original target of TD3 but with the fresh greedified target network 7y, . In TD3,
that summarizes to sampling an action from a clipped Gaussian distribution with mean 7, (s¢+1),
variance parameter ¢ and clipped between (—/, 3):

a' ~ N(mh (si11),0).clip(—3, ) (54)
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Algorithm 4 Implicit Off-policy Value-Improved Actor Critic

1: Initialize policy network 7y, @ network gy, Greedification Operator Z;, implicit greedification
parameter T and replay buffer B

2: for each episode do

3 for each environment interaction ¢ do

4 Actay ~ mo(sy)

5 Observe sy4+1, 1

6: Add the transition (s¢, at, r¢, S¢+1) to the buffer B

7: Sample a batch b from B of transitions of the form (s¢, as, ¢, St41)

8: Update the policy mg(s;) < Z1(mg, qe)(5¢t),Vse € b

9 Sample an action from the policy a ~ 7(s¢41),Vsi41 €0

0 Compute the value targets y(s¢, at) < 7t + Yqp(St+1,a),V(st, at, e, St41) €

1

10:
11: Update g, with gradient descent and L3 loss using targets y, see Supplement

And using the action @’ to compute the value target in the Sarsa manner:

y(se,ar) =18+ 7y eﬂ{lllg} Qd>i(3t+17 a/),V(Sta ¢, Tt Se41) € b (55)
g ’

The policy used to compute the value targets 7y is then discarded.

D.2 Sample-based arg max

The sampling based arg max (approximate) greedification operator acts as follows: First, sample N
actions from the evaluation policy aq, . ..,axn ~ 7. In TD3, we use the same policy used to compute
value targets N (mg/ (s¢11), 0).clip(— 8, ), see Appendix Second, find the action with highest
q value: apmq, = argmax; ming; qe, (s¢41, a;). Finally, the improved policy used to compute the
improved targets is N (amqz, 0)-clip(—3, 3), in the manner of TD3. In our experiments, N = 128
samples were used.

D.3 Implicit Policy Improvement with Expectile Loss

The expectile-loss L3 proposed by Kostrikov et al.|(2022) as an implicit policy improvement operator
for continuous-domain Q-learning can be formulated as follows: when y(s¢, ar) > q(s¢, at) (the
target is greater than the prediction), the loss equals 7(y(s¢, as) — q(s¢,a:))?. When y(sg, a;) <
q(st,az) (the target is smaller than the prediction) the loss equals (1 — 7)(y(s¢, ar) — q(s¢, a¢))?. If
7 = 0.5, this loss is equivalent to the baseline Lo loss. Intuitively, when 7 > 0.5 the agent favors
errors where the prediction should increase, over predictions where it should reduce. L.e. the agent
favors targets where 7/ (s;41) (the implicit policy evaluated on the next state) chooses "better" actions
than the current policy, directly approximating the value of an improved policy.

By imposing this loss on the value network, in stochastic environments the network may learn
to be risk-seeking, by implicitly favoring interactions s;, a¢, ¢, S¢+1 Where the observed r; was
large or the state s;; was favorable. This is addressed by [Kostrikov et al.| (2022) by learning an
additional v, network that is trained with the expectile loss, while the ¢ network is trained with
SARSA targets 7; + yvy(S¢+1) and the regular Lo loss, while the v,, network is trained with targets
y(st,at) = q4(s¢, ar) and the expectile loss. In deterministic environments this is not necessary
however, and in our experiments we have directly replaced the L5 loss on the value g4 with the
expectile loss.

The value target y(s;, a;) remained the unmodified target used by TD3 / SAC respectively.

D.4 Evaluation Method

We plot the mean and standard error for evaluation curves across multiple seeds. Evaluation curves
are computed as follows: after every n = 5000 interactions with the environment, m = 3 evaluation
episodes are ran with the latest network of the agent (actor and critic). The score of the agent is the
return averaged across the m episodes. The actions in evaluation are chosen deterministically for
TD3, SAC and TD7 with the mean of the policy (the agents use Gaussian policies). The evaluation
episodes are not included in the agent’s replay buffer or used for training, nor do they count towards
the number of interactions.
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D.5 Compute

The experiments were run on the internal [anonymized for review] cluster, using any of the following
GPU architectures: NVIDIA Quadro K2200, Tesla P100, GeForce GTX 1080 Ti, GeForce RTX 2080
Ti, Tesla V100S and Nvidia A-40. Each seed was ran on one GPU, and was given access to 6GB of
RAM and 2 CPU cores. Total training wall-clock time averages were in the range of 0.5 to 2 hours
per 10° environment steps, depending on GPU architecture, the baseline algorithm and VI variations.
For example, baseline TD3 wall-clock time averages were roughly 1.25 hours per 10° environment
steps on average. The total wall clock time over all experiments presented in this paper (main results,
baselines and ablations) is estimated at ~ 12000 wall-clock hours of the compute resources detailed
above: ~ 7320 for the results in the paper and ~ 4300 for the ablations in the appendix. Additional
experiments that are not included in the paper were run in the process of implementation and testing.

D.6 Implementation & Hyperparemeter Tuning

Our implementation of TD3 and SAC relies on the popular code base CleanRL (Huang et al.| 2022).
CleanRL consists of implementations of many popular RL algorithms which are carefully tuned to
match or improve upon the performance reported in the original paper. The implementations of TD3
and SAC use the same hyperparameters as used by the authors (Fujimoto et al.| (2018)) and |Haarnoja
et al.| (2018a)) respectively), with the exception of the different learning rates for the actor and the
critic in SAC, which were tuned by CleanRL.

For the TD7 agent, we use the original implementation by the authors (Fujimoto et al.}|2023)), adapting
the action space to the DeepMind control’s in the same manner as CleanRL’s implementation of TD3.
Additionally, a non-prioritized replay buffer has been used for TD7 which was used by the TD3 and
SAC agents as well. The hyperparameters are the same as used by the author.

The VI-variations of all algorithms use the same hyperparameters as the baseline algorithms without

any additional tuning, with the exception of grid search for the greedification parameters 7 presented
in Figure

D.7 Network Architectures

The experiments presented in this paper rely on standard architectures for every baseline. TD3 and
SAC used the same architecture, with the exception that SAC’s policy network predicts a mean of a
Gaussian distribution as well as standard deviation, while TD3 predicts only the mean. TD7 used the
same architecture proposed and used by [Fujimoto et al.| (2023).

TD3 and SAC:

Actor: 3 layer MLP of width 256 per layer, with ReLU activations on the hidden layers. The final
action prediction is passed through a tanh function.

Critic: 3 layer MLP of width 256 per layer, with ReLU activations on the hidden layers and no
activation on the output layer.

TD7: Has a more complex architecture, which is specified in (Fujimoto et al., 2023)).

D.8 Hyperparemeters

TD3 SAC TD7
exploration noise 0.1 exploration noise 0.1
Target policy noise 0.2 Target policy noise 0.2
Target smoothing 0.005 Target smoothing 0.005
noise clip 0.5 auto tuning of entropy True noise clip 0.5
Critic learning rate le-3 Critic learning rate 3e-4
Learning rate 3e-4 Policy learning rate 3e-4 Policy learning rate 3e-4
Policy update frequency 2 Policy update frequency 2 Policy update frequency 2
vy 0.99 vy 0.99 vy 0.99
Buffer size 10° Buffer size 10° Buffer size 10°
Batch size 256 Batch size 256 Batch size 256
learning start 107 learning start 107 learning start 107
evaluation frequency 5000 evaluation frequency 5000 evaluation frequency 5000
Num. eval. episodes 3 Num. eval. episodes 3 Num. eval. episodes 3
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