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Abstract—Sparse signal recovery has become one of the pre-
ferred methods to recover signals from a set of incomplete linear
measurements. This is due both to its appealing computational
properties, as it involves solving a convex optimization problem,
and its rigorous justification by the theory of Compressed
Sensing. When the underlying signal is not sparse, but it is instead
a sparse combination of elementary building blocks called atoms,
the signal can be recovered by minimizing the atomic norm, i.e.,
the gauge associated to the convex hull of the afomic set. Although
this approach has been successfully used in several applications,
there is an implicit geometric constraint in this approach: only
the atoms that are exposed points of the convex hull will be
selected to represent the solution to atomic norm minimization.
This can be an issue when the representation of the underlying
signal is sparse when using all the atoms, but dense when using
exposed ones. In this work, we propose an approach based on
lifting that allows us to promote representations using atoms that
are not exposed. Our method is based on convex optimization,
preserving many of the computational benefits of atomic norm
minimization. We present phase diagrams derived from a suitable
signal model showing the benefits of using our approach.

Index Terms—Signal reconstruction, signal recovery, Com-
pressed Sensing, sparse signal recovery, atomic norm, atomic
norm minimization.

I. INTRODUCTION

In the last decades, ¢;-norm recovery has become the
favored approach for solving discrete signal recovery problems
when the underlying signal is sparse, i.e., when the number of
its non-zero components is small [1]], [2]. Let ® € R™*4 and
suppose that we want to recover an unknown signal x, € R?
from m < d linear measurements y = ®xy. Then ¢;-norm
recovery consists in solving

min |z|; st Pz =wy. (1)

zER?
The theory of Compressed Sensing [2], [3[] provides condi-
tions under which xq is the unique optimal solution to this
problem. If the signal xg is s-sparse, i.e., at most s of its
components are non-zero, and ® is a Gaussian matrix with
D, LS N(0,1/4/m) then only m ~ slog(d/s) measurements
are enough to ensure that xy is the unique solution to (I) with
high probability [4].
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The underlying assumption in ¢;-norm recovery is that the
underlying signal is sparse. However, in some applications
[5]-[7]], the underlying signal is not necessarily sparse, but
instead a sparse combination of elementary building blocks
called atoms. Atomic norm recovery is the natural extension
of /1-norm recovery to this case [8]]. The atomic norm induced
by a finite collection of atoms A :={a1,...,a,} is

pa(x) = inf {Z;l i oxT= Z;l cai, ¢; > 0} . @

It follows that dom(p4()) = cone(.A) and that p4(x) = co
when x is not a conic combination of atoms. Atomic norm

recovery consists on solving
palx) st dx=uy. 3)

If we let A € R?"™ be the matrix with the atoms as its
columns then the above is equivalent to solve
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min ¢ st. PAc=uy. 4
o) > y )
If ¢* is a solution to the above, then &* := Ac* is an

optimal solution to (3). It follows that ¢;-norm recovery
is a special case of atomic norm recovery when A =
{tey,...,teq}. This approach has been successfully applied
to super-resolution [9], [10] and signal processing [[11]], [12],
and presents excellent recovery guarantees [13]].

There is an implicit geometric constraint in that has
not received much attention in the literature, namely, that
not all atoms in 4 are used to represent the optimal solu-
tion «* to (). If we let A* = AU {04} and denote as
Cy4 = conv(A*) its convex hull, then it is apparent that
p() coincides with the gauge of C'4 [14]. Hence, the optimal
solution «* will always lie in the boundary of p4(x*)C 4.
As a consequence, when x( is a sparse linear combination
of atoms a;,,...,a;, € int(C,), atomic norm recovery will
attempt to represent x( as a sparse linear combination of the
exposed points E 4 of C 4. We call these exposed atoms and
masked atoms all the remaining ones. Since by the Krein-
Milman theorem conv(A*) = conv(FE 4~), the atoms lying
on the interior of C 4 may as well never have been included
in the signal model! This may have practical implications as a
representation of xy using exposed atoms may require a large
number of them compared to using masked atoms.



A. Previous work and contributions

A popular approach to mitigate the effect of masked atoms is
to construct an atomic set A of normalized atoms [15] to then
solve (3). In this case A is a subset of the unit sphere in R? and
all the atoms become exposed. However, normalizing atoms
removes all the information about their magnitude, which may
be itself important in applications. To our knowledge, the
impact of this approach on the performance of the method
has not been compared to alternatives.

In this work, we propose an alternative approach that
does not involve normalizing and is based on a lifting to a
higher-dimensional space. All the atoms become exposed in
the lifted space and thus may be selected to represent the
optimal solution to atomic norm recovery. We show how this
lifted atomic set can be used to improve the reconstruction
performance for a simple signal model with exposed and
masked atoms over using normalized atoms.

II. PRELIMINARIES

The canonical inner product between two vectors x,y is
denoted as = " y. The vector in R? with all components equal
to one is denoted as 1, and the zero vector as 04. The
restriction of a function f : R — R to a set S C R? is
denoted as f|s. We assume that the atoms in A are non-zero.

III. LIFTING THE ATOMIC NORM

To unmask the masked atoms, we propose to /ift the atomic
set to a higher-dimensional space. For our purposes, it suffices
to map the atomic set to R4t Let A : RY — R, be the lifting
coordinate and define the lifting map A : R? — RI*! ag

Az) = [z )\(CL')]T.

We let A = A(A*) be the lifted atomic set and we denote
C; = conv(A*). We have the following proposition. We
omit its proof for brevity.

Proposition 1. If A\|c, : C4 — Ry is concave then every
element in A is in the bgundarjy of C 3. If it is strictly concave,
then every element in A is an extreme point of C 3.

If @ € A is a lifted atom then Gg1 = A(a) for some
ac .A.AWe call agyq the lifted coordinate. From now on we
write A = {@1,...,8,11} where @, 1 = A(04). The lifted
atomic norm is

n+1 n+1
pi(@) = inf{z:;1 T = Z~_1 cia;, c; > 0}. 5)
The magnitude of the lifted coordinate should reflect the
degree of masking of the atom, e.g., A(a) = 0 if a is an
exposed atom in C4 and A(04) = 1. We consider lifting
coordinates of the form

Az) = ((pa(®))
where ¢ : [0,1] — [0, 1] is strictly concave with ((0) =1 and
¢(1) = 0. From now on, we let A € R™ be the vector of lifted
coordinates for all the atoms in .A and we let

~ A o,
a=[3 %]

be the matrix associated to the lifted atomic set. It will be
useful to decompose any ¢ € R"*! from now on as

~ T

¢=[c cnq]
Although Proposition [I]does not ensure that all the lifted atoms
will be exposed for this choice, they are for the signal model
we introduce in Section

IV. RECOVERY WITH THE LIFTED ATOMIC NORM

The lifted atomic norm is defined on R%! and it cannot
be directly used in to replace the atomic norm. Roughly
speaking, this is because there is an additional degree of
freedom that needs to be accounted for. For instance, if we
write R

3=[® 0,] and Z=[c Zan]

then the optimal solution Z* to

min  pa(Z) st T =y. (6)

TeRI+!
is such that zj; ; = 0 and =* is an optimal solution to (3).
This follows from the fact that the constraint

Hp ={z eR"*': &z =y} 7

is a vertical affine space in R4+, For this reason, we propose
one strategy to use the lifted atomic norm for signal recovery.

A. Recovery by signal lifting

By fixing the lifting coordinate of the optimization variable
to a value o > 0 we can solve

min dxr =y, Tg1 = . 8)

+(Z) st
SRt p A( )
This is equivalent to minimizing the lifted atomic norm on
the intersection between the affine space Hp in and the

horizontal slice

H, ={z eR¥": 24,1 =a}.

In practice, this strategy can be implemented by combining (3]
with (8] to solve

min (1, —A) ¢ st

PAc =y, Ae < a.
cERi

©))
If ¢* is an optimal solution to the above, then * = Ac* is
an optimal solution to (8). See Appendix [A] for details.

The following proposition shows that under mild conditions,
by selecting a suitable value of a, we can indeed promote
representations of the optimal solution with masked atoms.

Proposition 2. Let S C {1,...,n} be such that a; is masked
for every i € S. Let g = Acy with supp(co) = S and let

A+ = max;es Aa;) and M- =mines A a;)
If ¢* is an optimal solution to @), and both

T %
n

1
1/ ¢y < and 1]co < —1

1—XA_ At
hold, then both ¢y and c* are feasible for Q) but cq attains

a strictly lower objective than c*.



Proof of Proposition [2] Tt follows from our previous argu-
ments that ¢* only selects atoms in the boundary, i.e., a; is
exposed for i € supp(c*). As A(a) = 0 if a is an exposed
atom, it follows that A ¢e* = 0 whence ¢ is feasible for @])
From the hypothesis, we have that

Aley < Arlpe < a
whence ¢ is also feasible for @]) Finally,
(1, =N <(1-XA )1 ep<1) e =1, -N"¢
from where the claim follows. O

V. NUMERICAL EXPERIMENT
A. Atomic set

We first generate an atomic set using the following model.
Let Ac = {ei1,...,eq}, let £ € N be a number of layers, and
let p1,...,p¢ € (0,1] be sparsity parameters. We generate
the sets A’, ..., A, as follows. For every k € {1,...,(} we
generate d random vectors zi, ...,z with support of size
s = [prd] selected at random. The non-zero entries are drawn
independently from an Exp(1) distribution. The elements of
Aj, are then

ie{l,...,d}.

1 ] k 1
a; = - Zi
t Ve C+1) Jlzill2 ™"
This normalization ensures that A}, is a collection of masked
atoms, and that the degree of masking increases with k. The
atomic set is then A = A.UA; U...UAj. By construction, the
atomic norm is the ¢1-norm restricted to the positive orthant.

B. Atomic signal model

We generate signals using the following atomic signal
model. Fix parameters 0 < v_ < v; < 1. Define

Iv_,vy)={ie{l,....,n}: v_ < pala;) <vy}

and let n* = |I(v_,v4)|. For a given sparsity parameter
p € (0,1], we select a random subset S C I(v_,vy) with
|S| = [pn*] and we draw a vector ¢y with support S such that
its non-zero entries are drawn independently from an Exp(1)
distribution. We then let £y = Acp and let (xg,cp) be a
sample from this model. This ensures that we are always taking
a combination of a fraction of p atoms with a fixed degree of
masking. The generated signals belong to the positive orthant.

C. Phase diagram

To evaluate the performance of different recovery methods
using the atomic signal model, we estimate their phase dia-
grarrﬂ We choose d = 256, £ =2, p; = 0.1 and ps = 0.2 so
that the atoms reduce their sparsity as their degree of masking
increases. Observe that they cluster in 3 layers (Fig. [Ta). We
select v = 0.4 and v, = 0.6. For the atomic set we use
in our experiments, we have that n = 768, 512 atoms are

IThe code to reproduce the results can be found in the GitHub repository
csl-lab/liftedAtomicNormRecovery

masked, and n* = 248. We use ((s) = v/1 — s? to compute
the lifting coordinate.

In Figwe see samples for (1,,—\) T cg when ¢ is drawn
from the atomic signal model whereas in Fig. [Ic| we show the
corresponding samples of (1,, — X) "¢} where ¢} a minimum
£1-norm representation of xy. Comparing both figures suggests
that ¢y often achieves a lower objective in (9) than cj.

We select the sparsity parameter p and the sampling param-
eter § from 10 equispaced values in [0, 1]. For each value of
the pair (p,d) we draw a sample x from the atomic signal
model and we generate the measurements y = ®x( using a
random matrix as described in Section[l] A recovery method
is applied to obtain an estimate x of xy. We repeat the process
20 times and we assume that the recovery is exact when
lx — xoll2 < 1072||xg]|2, i.e., if the recovery error is less
that 1%.

D. Discussion

In Fig. [1d| we show for reference the phase diagram for ¢;-
norm recovery using a sparse signal model, i.e., the atomic
signal model when A = A, and v_ = v, = 1. In Fig. [Te] we
show the phase diagram for atomic norm recovery using the
atomic signal model. The performance degrades substantially,
as only the extremely sparse signals can be recovered with
a substantial number of measurements. Remark that this also
reflects the performance of ¢;-norm recovery for this model.
In Fig. we show the phase diagram for atomic norm
minimization with normalized atoms. Observe that in this case
the method is unable to succeed as it completely destroys
the information encoded in the norms of the masked atoms.
Finally, the phase diagram for lifted atomic norm recovery
for « = 50, a = 100 and o = 150 shows a substantial
improvement. Although it is not able to reproduce the diagram
in Fig. [Id] it substantially improves over Figs. and [Tf]
Finally, it shows how the parameter « impacts the phase
diagram.

VI. CONCLUSION

In this work we addressed an implicit geometric constraint
in atomic norm minimization, namely, that only exposed atoms
are selected to represent the solution. By lifting the atomic
set, we were able to propose a method based on convex
optimization that is able to selected masked atoms to represent
the optimal solution. The computational burden compared to
atomic norm minimization seems to be minimal, while our
numerical results show that the performance of our method
can improve over atomic norm minimization in the atomic
signal model that we used.

As future research directions, we will develop alternative
strategies to use the lifted atomic norm for signal recovery. In
light of our numerical results, we will also focus on developing
a general atomic signal model to derive guarantees for exact
signal recovery.


https://github.com/csl-lab/liftedAtomicNormRecovery
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Fig. 1: (a) Atomic norms of the atoms. (b) Samples of (1,, — /\)Tco for ¢y drawn from the atomic signal model. (c) Samples
of (1,, — A) "¢y associated to the minimum ¢;-norm representation of (. (d) Phase diagram using a sparse signal model for
£1-norm recovery. (e-i) Phase diagram using the atomic signal model for: (e) Atomic norm recovery; (f) Normalized atomic
norm recovery; (g, h, i) Lifted atomic norm with (g) a = 50, (h) @ = 100 and (i) o = 150.

APPENDIX
A. Equivalence between (8) and (9)
From (6) and (8) we can solve

min PAc=y, A c+cnpr =a. (10)

T -~
1 c s.t
eeRrnt! et
i
From the second constraint we have ¢, 11 = a — A" ¢ whence
T = T
1, ,c=1ct+chp1 =1, - )cta.

We relax the constraint ¢,+1 = o — AMctoa—-ATe > 0.
This yields (9). Now, let €* be a solution to (T0). Then c* is

feasible for (9). If there exists ¢ attaining a lower objective
in Q) then -

c=[c a- )\Tc]
is feasible for (I0) and

Ly =1c+(a-ATe) =1, —A)Tc+a
<(1,-AN'c+a=1c"+c =1 ¢
contradicting the optimality of ¢*. Consequently c* is optimal

for (9). A similar argument proves the converse, showing the
equivalence. We omit the details for brevity.
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