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Abstract

This paper addresses the problem of inverse covariance (also known as precision ma-
trix) estimation in high-dimensional settings. Specifically, we focus on two classes
of estimators: linear shrinkage estimators with a target proportional to the identity
matrix, and estimators derived from data augmentation (DA). Here, DA refers
to the common practice of enriching a dataset with artificial samples—typically
generated via a generative model or through random transformations of the original
data—prior to model fitting. For both classes of estimators, we derive estimators
and provide concentration bounds for their quadratic error. This allows for both
method comparison and hyperparameter tuning, such as selecting the optimal
proportion of artificial samples. On the technical side, our analysis relies on tools
from random matrix theory. We introduce a novel deterministic equivalent for
generalized resolvent matrices, accommodating dependent samples with specific
structure. We support our theoretical results with numerical experiments.

1 Introduction

In this work, we consider the problem of estimating the inverse covariance matrix, also known as the
precision matrix, of a random vector from i.i.d. zero-mean samples [X1, - - - , X,,] € R¥™ with true
covariance X x = [E [X 1 X 1T ] . Here, n denotes the number of samples, and d is the dimensionality
of the data. This problem has important applications in statistics and signal processing (see, e.g.,
[FLL16, Car88]).

We are particularly interested in the high-dimensional regimes, where the data dimension d and
the number of samples n are of the same order. In this setting, the sample covariance matrix
Cx = n~'XXT may be non-invertible or poorly-conditionned. As a result, using its inverse
as an estimator can lead to numerical instability and high estimation error. To address this issue,
shrinkage estimators for the covariance matrix have been proposed as a regularization method
[BGP16, LW04, SS05, LSWO03], which involve adding a target matrix to C'x. The simplest and
most common choice for the target is a multiple of the identity matrix, which effectively shifts
the eigenvalues above a threshold A > 0, improving stability. In addition to linear shrinkage and
even more importantly, this paper also explores the use of data augmentation (DA) as an alternative
strategy.

Data augmentation (DA) involves increasing the size of a dataset by incorporating additional artificial
samples. The underlying intuition is that, in many cases, it is possible to artificially replicate the
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data distribution, thereby reducing the variance of the model while maintaining relatively low bias.
Due to its effectiveness in low-data regimes and its ability to mitigate overfitting, DA has become
increasingly popular and is now widely used in machine learning and data science [SK19, GSK18,
CKNH20, GSA™20]. It finds applications across a variety of fields, including computer vision
[SK19], natural language processing [FGWT21], and neuroscience [LLM20].

Two main types of data augmentation (DA) can be distinguished. The first is Transformative Data
Augmentation (TDA), where original samples are transformed through a random mapping—for
example, by adding Gaussian noise or applying a random mask. The second is Generative Data
Augmentation (GDA), in which artificial samples are generated using a generative model and added
to the training dataset. In the case of GDA, we assume that the generative model has been pre-trained
on the original samples X.

In both cases, the artificial samples are dependent on the original data. Although TDA and GDA
differ conceptually, our framework and results encompass both approaches. More precisely, we
consider the inverse of the empirical covariance matrix associated with the augmented dataset

X =1[X1,...,Xn,G1,...,Gy] as an estimator of Z)}l, where each G; € R? is an artificial sample.

That is, we study the estimator which consists of the inverse of (n + m)’lj{ XT 4 Ay, for some
regularization parameter A > 0.

Although there is extensive empirical evidence that DA improves the performance of machine learning
models, the theoretical literature on the subject remains relatively limited. In this work, our goal
is to establish performance guarantees that enable meaningful comparisons between different DA
strategies and, as a by-product, allow for the optimization of certain associated hyperparameters.
To this end, we leverage tools from random matrix theory to construct estimators of the quadratic
error for DA-based estimators, which, under mild assumptions, satisfy exponential concentration
inequalities. Our analysis can also be adapted—and in fact simplifies—to cover linear shrinkage
estimators with a target proportional to the identity matrix. To summarize, our main contributions are
as follows:

e In Section 2, we focus on the estimator of E;(l given by the inverse of a linear shrinkage estimator,
where the shrinkage target is a scalar multiple of the identity matrix. Specifically, we derive estimators
for the quadratic error and show that they satisfy non-asymptotic exponential concentration bounds.
Our results hold under standard assumptions from random matrix theory—namely, the Lipschitz
concentration property for X.

e In Section 3, we extend our analysis to data-augmented estimators under appropriate conditions on
the DA procedure, which we show hold true for common DA.

e Finally, for both scenarios, we show how our estimators for the quadratic error can be used to
compare and tune their corresponding methods with respect to key hyper-parameters such as the
nomber of additional samples m for DA. These conclusions are illustrated numerically on real data in
Section 4.

Notation and convention. Motivated by high-dimensional statistics, we will consider that n, d and
m are variables, yet for notation simplicity, we will most often not reflect dependancies in n, m or
d in our notations. Additionally, we write, z < y (resp « 2 y) whenever z < Cy (resp z > Cvy)
for a universal constant C' that neither depends on the model’s parameters, nor on the parameters
n, m, d. For any matrix H € R4** we denoted by Cy = k~'HH " the corresponding covariance
matrix. For any symmetric matrix ¥ € R4, we denote by Ag(X) < ... < A(X) its eigenvalues.
The Frobenius and operator norms are denoted ||-[| and [|-[| ., respectively. Random variables will
be referred to by capital letters X, G, Z, and we will denote by Ber(p), N(m, X) and Unif(E)
the Bernoulli distribution of parameter p € [0, 1], the Gaussian distribution of mean m € R? and
covariance X € R?*?_ and the uniform distribution over a discrete set E. Furthermore, we introduce
the p-Wasserstein metric, W2 (v1,v2) = inf e, vp) [ | — 9l dy(z, y) for any distributions v
and v on R¥* and where v € T'(vy, 1) if and only if for any E € R¥*, 4 (R4X" E) = v (E),
and v(E, R4*") = vy (E).



1.1 Related work

Data Augmentation. Numerous empirical studies have demonstrated the benefits of using DA
when training machine learning models [MM22b, MMN22, vDMO01]. Among popular DA schemes,
we can mention AutoAugment [CZM™19, LKKT19, ZWZZ20], which aims to learn an optimal
augmentation policy from data by combining a set of sub-policies. In addition, significant works
have also explored the incorporation of knowledge about the distribution invariances directly into the
training procedures [CDL20].

However, DA does not always lead to a systematic improvement in test error [KIB ™23, HGK?20,
CL25], and very little theoretical understanding backs-up the improvement observed empirically. An
early analysis by [Bis95] showed that adding Gaussian noise to data points is equivalent to applying
Tikhonov regularization. Building on this seminal work—and given the practical importance of DA
for machine learning practitioners—a few studies have sought to develop a theoretical understanding
of its effects.

In the context of kernel methods, [DGR ' 19] showed that DA can be approximated by a combination
of first-order feature averaging and second-order variance regularization. Similarly, in the context of
linear and logistic regressions, [LKDM?22] revealed that DA induces implicit spectral regularization
in two ways: first, by adjusting the relative proportions of the eigenvalues of the data covariance
matrix in a training-dependent way; and second, by uniformly shifting the entire spectrum via ridge
regression.

Taking a different perspective, [WZVR20] consider a family of linear transformations and study their
effects on the ridge estimator in an over-parametrized linear regression setting. First, they show that
transformations that preserve the labels of the data can improve estimation by increasing the span of
the training data. Second, they show that transformations that mix data can improve estimation by
playing a regularization effect. They proposed an augmentation scheme that searches over the linear
span of a set of transformations, aiming to maximize model uncertainty on the transformed data.

Recently, studies have shown that even small amounts of artificial data can lead to model collapse
[SSZT24, DFK24, DFSK25], a phenomenon where the performance of generative models deteriorates
when recursively trained on synthetic data.

Precision Matrix Estimation. In a high-dimensional settings—where the number of covariates is
comparable to or exceeds the number of observations—traditional covariance estimation methods
often suffer from poor conditioning, making the estimation of the precision matrix particularly
challenging. To address this, [LW04] introduced linear shrinkage methods, which involve forming
a convex combination wCx + (1 — w)T of the sample covariance matrix C'x with a shrinkage
target T, where w € [0, 1]. [LW03, LW04] derived the optimal value of tw that minimizes the mean
squared error between the shrinkage estimator and the true covariance matrix X x.

Extending this work, [LW 12, LW22, BGBP23] proposed and analyzed non-linear shrinkage estima-
tors of the form U f(D)U T, where Cx = UDU " is the eigenvalue decomposition of C'x and f is a
suitably chosen function applied to the eigenvalues.

Fewer works have addressed shrinkage methods specifically designed for precision matrix estimation.
Among them, [BGP16] studied estimators of the form (1 — w)C;(1 + wll, where II is a deterministic
shrinkage target, and derived the optimal shrinkage intensity zw. In addition, [WPTZ15] considered
estimators of the form Qx (@) = ((1 — @w)Cx + w ;) ™! and derived the optimal = to minimize
the objective function ||Q2x (w)X x — L4|| in the high-dimensional regime where d/n — v > 0.

An independent line of research, motivated by Gaussian graphical models [YLO7], has focused on
estimating sparse precision matrices. In particular, [MH12, CLL11] introduced the Graphical Lasso
method, which has become widely used for this purpose.

Random Matrix Theory. Since the pioneering work of [Wis28], numerous studies have investigated
the behavior of the eigenvalues and eigenvectors of the sample covariance matrix C'x in the high-
dimensional regime where d/n — ~ > 0; see, for example, [MP67, Sil89]. More recently, [AEK ™ 14]
first demonstrated that, in the isotropic setting, the resolvent (C'x + AI;)~! converges weakly to a
scalar multiple of the identity matrix as d/n — ~ > 0. This was later extended to the anisotropic
case by [KY 17], who established so-called deterministic equivalent results for (C'x + AI;)~!. These
results have been further generalized to settings with more complex dependency structures. In



particular, [Cho22, LC23] showed that deterministic equivalents continue to hold under weaker
assumptions.

Building on these foundational results, several studies have established connections between
classical random matrix theory—particularly the results of [MP67, Sil89]—and the behavior
of modern machine learning models. In particular, random matrix theory has proven in-
strumental in explaining the double-descent phenomenon, initially observed in linear models
[HMRT22, DLM20, MVSS20, BLLT20, DKT21], and later extended to certain classes of shallow
models, such as random feature models [MM?22a, LCM21, GLK"21, DRBK20]. Complementing
these works, [SDCL24, SCDL24] provided a sharp asymptotic characterization of the test error
in deep random feature models—representing a significant step toward understanding generaliza-
tion in deeper architectures. Finally, [ITL"24] leveraged random matrix theory to develop precise
performance estimates for multi-task learning across a variety of statistical models.

2 Inverse covariance estimation using shrinkage method

We consider here the following estimator R x (\) of the precision matrix, and its squared error:

1
Rx(A\) = (Cx +AL))™",  Ex(N):= EHRX()\) - S5 (1)

Here, A > 0 is a hyperparameter that controls the strength of the regularization. Note that this
estimator is not per se a shrinkage estimator, but it is the inverse of a shrinkage estimator of the
covariance matrix. In addition, Rx () is also referred to as the diagonal loading estimator in the
signal processing community; see e.g., [LSWO03]. Furthermore, note that our result can be readily
applied to an estimators of the form ((1 —a)Cx +aocly) ™t = (1—a) H(Cx +acly /(1 —a))~L,
forany o € Ry and o € (0, 1).

This estimator does not rely on any data augmentation procedure. However, as we will see, applying
data augmentation leads to results that are closely related to this regularization approach. This is not
surprising, as it is relatively well known that data augmentation induces an implicit regularization
effect [Bis95, LKDM?22]. For this reason, we present this simple case in detail as a preliminary step,
which will allow us to transition more smoothly to the data-augmented case in Section 3. As already
emphasized in the introduction, our main goal is to derive a data-centric estimate for the error Ex ().
To this end, we introduce two assumptions.

H1 (Concentration of X). The random matrix X € R¥>*™ writes ¥/2Z, where Z € R**™ has
independant sub-Gaussian entries with parameter o x.

HI1 is standard in the random matrix theory literature, yet one can employ a more general framework,
as in [Cho22, ITL" 24, LC18] by introducing the notion of Lipschitz concentration (H6), we detail
this generalization throughout the appendix and stick to this simpler framework in the main body
for the sake of simplicity. In addition, we expect our results to remain valid under a finite-moment
assumption on the entries of X, albeit with weaker—typically polynomial—concentration bounds, as
done in [LP11]. We leave a detailed investigation of this extension for future work.

We next suppose that with high probability the leave one-out covariance matrix C is well-
conditionned. This matrix is defined for any X € R¢*™ as the covariance matrix

Cx = Cx-, X" =1[0,Xg,...,X,] .
More formally, for any 7 > 0 define
A, = {X e R™™:Ny(Cx) > 1} . )
H2 (Model conditionning). There existn > 0 and cx > 0 such that P (X ¢ A,) S e X",

We highlight in Appendix A that H2 holds provided H1 holds and n > Kx(d + n + 1) for some
constant K x depending only on ox.



We are now ready to present our estimator for Ex () and to state its concentration properties. The
estimator is given by:

4 1

Ex(N) = - 1—d/n)tr (Rx(0)) 2tr Rx ()

<tr (Rx(N)?) — l 3 Ia, (X) + w0y +tr (2}2)> )

1
b(A) == 17— d/n+ (A/n)tr (Rx (X))

Note that for a fixed n > 0, Ex (M) is computable from the data X only, up to an additive constant.
Theorem 1. Assume HI and H2. Then, it holds for allt > 0 and A > 0,

P (’(SX(A) —E )| >t AX(A)) < exp (—cAa(Sx )20 %ndit?)

for a universal constant ¢ > 0 and where

Crox V|| Sx |3 1
Ax()) = P | Opemexn .
x() W I R o

Here Cy,Cy > 0 are explicit polynomial functions of | Xx ||, Aa(Xx), (n+ ) and cx' see (B).

From a practical standpoint, the previous result can be used to optimize the hyperparameter A by
minimizing the function A — Ex(A), using Ex as a proxy. Moreover, it is worth noting that the
derivative of A — & x depends only on the data matrix X, and not on the true covariance X x. As
a result, £x can be minimized using a gradient descent scheme, provided that the parameter 77 > 0
satisfies H2. We illustrate these applications on real data in Section 4.

Although the full proof of Theorem 1 is deferred to Appendix B, we provide here a sketch of its
derivation. We highlight the main ideas and technical challenges, and note that the proof of our result
on estimation using data augmentation, Theorem 2, shares several of these steps.

First, expanding the Frobenius norm in (1), we have,
Ex(N) = (1/d) tr (Rx(V)?) = (2/d) tr (E5' Rx (V) + (1/d) tr (£57) -

The first term in the previous expansion is directly computable from the data matrix X, while the last
term is constant with respect to A and can be ignored when the goal is to optimize \. Therefore, it
suffices to establish a deterministic equivalent for Rx () and thus of tr (33" Ry ())). To this end,
we rely on the following result, whose proof is postponed to appendix B.

Proposition 1. Assume HI and H2. Let B € R%*? be a deterministic matrix, then we have for all
A >0,

P (‘Clltr (B {Rx (W1, (X) —E [RX(A)ILAH(X)]})‘ > t) < oxp (el 4 A okndt?)

Furthermore, defining fx(b) = 1 +n~'tr (Sx(Xx/b+ A1g)~!) and b* := b*()\) as the unique
fixed point of fx on [1,00), we have

< Cro%Vd|Zx |13,
F™ M (Ex)(n+ )8

B [{Rx) - RE 0} 1,0 | R

o » -1
RY (\) = (bX +/\Id> ,

where Cy, Cy are defined as in Theorem 1.

Proposition 1 shows that Rx (\) concentrates around Rg( (M), which we refer to as a deterministic
equivalent of Rx (\). Our result extends that of [Cho22] by covering the case of vanishing regular-
ization (A — 0). This extension constitutes the main technical innovation required for the proof of
Theorem 1.



We can now leverage the deterministic equivalent of Proposition 1 to rewrite (1/d) tr (S3' Rx (})).
Informally, it holds with high probability that

étr (' Rx(\) ~ étr (Z)—(l (bi);\) —|—)\Id)_ ) 1, (X)

1 = b*(0) 1 507 (N)
=———1tr(R 0)) 1a,(X) — ———1tr (R A)) 1a, (X

Adb*(0) (B0 1, () Adb* ()  (RE)) 1, ()
where the last equality follows from the identity A~! — B~! = A=!{B — A}B~!. Finally, using
Proposition 1 again, and that b*(0) = (1 — d/n)~! is the fixed point of fy : b — 1 + bd/n, we get
_l—d/n 1

étr(Z}lRX()\))N St (R (0) T, () = s tr (R (M) @

Finally, by the definition of b*(\) and through straightforward algebraic manipulations, we obtain
1 _p* d A e
b*(N) =1+ =t (EXR;(”(A)) =1+b6*(\) {n ~ St (R}“’(A))} .

Therefore, applying Proposition 1 again yields
1= (d/n) + (\/n) tr (Rﬁg(”u)) 1= (d/n)+ (A/n)tr Rx (X))

Plugging this estimate in (4), we identify Ex (M) (3) and it completes the proof of Theorem 1. The
formal proof is postponed to Appendix B in the supplement.

=b(A),

3 Precision matrix estimation using generic data augmentation

In this section, we investigate a data augmentation strategy to improve the estimation of the inverse
covariance matrix of X. Specifically, we consider an additional set of artificial samples G =
[G1,- - ,Gy], which may depend on X and are typically generated using either TDA or GDA
techniques; see Table 1. More precisely, given X, we assume that G is drawn from a known regular
conditional distribution (X, A)  vx(A), meaning that for any measurable set E C R%, we have
P(G; € E| X) = vx(E). Then, we consider the following new estimator and define its quadratic
error as:

Raug(\) = ((n+m) XX+ GG Y+ A1), Enug(N) = (1/d)l| Raug () — 513 -

In the following, in addition to H1 and H2, which pertain to X, we introduce further assumptions
on . These are organized into three categories: a concentration assumption on (G, a smoothness
assumption on vx, and a stability assumption on vx.

H3 (Concentration of G). The random matrix G € R¥™"™ has i.i.d centered columns conditionally
on X, i.e, E[G;|X] =0 forany j € {1,...,m}. In addition,
(i) The columns of G are sub-Gaussian, with parameter o
(ii) There exist0 < 8 < 1, and Ag : R¥*™ — R4 gych that almost surely
E[Cqe | X] = B8Cx + Ac(X) ,
and A (X) is a positive definite matrix satisfying for some k > 0, k=1 < Ag(Ag(X)) <
M(Aq(X)) < k almost surely on A,, defined in (2).
Part (i) of H3 is a concentration assumption on GG conditional on X, similar to HI.

Regarding the second part (ii), it can be interpreted as a structural assumption. In most cases, the
parameters 8 and Ag can be directly derived from the definition of the augmentation process. Table 1
provides values of 8 and A¢ for a range of common DA schemes. As an example, consider the case
where G is drawn from a TDA procedure of the form G; = g(X7;, Z;), where {Z;}7", arei.i.d. and

1-Lipschitz concentrated (Definition 1), and ()7, are i.i.d, with Iy ~ Unif({1,-- ,n}), we also



’ ‘ Augmentation Name Description Ac B
E Fixed Gaussian GDA G; ~N(0,A) A 0
O | Gaussian mixture GDA G~k wiN(ui, Ad) S wi{ Ay 4 papd } 0
« Fixed Gaussian TDA X, + 25, Zj~ N(0,A) A 1
& | Random mask TDA X1, ® Zj , Zj ~ Ber(p)®? p(1 — p) diag(Cx) p

Salt & Pepper TDA X1, © Zj+ (1 — Z;) ©N(0,0%) | p(1 — p) diag(Cx) + (1 — p)o°1La | p

Table 1: Various augmentation procedures and corresponding 5 and Ag. We used the notation

I; ~ Unif({1,--- ,n}). For more details, we refer to Appendix A.

V/B©z for some 3(®) > 0. Then, it is straightforward
and A(X) < A®)(X) where

)= VBOXAT| X

assume that for any z € R, Ez [g(Z1,2)] =
to verify that H3-(ii) is satisfied with 3 < 3(¢)

ZE [{9(21, X5) = VBOXiHg(Z1, X

Table 1 below, shows the value of 8 and Ag(X

A (X (5)

) for a variety of common data-augmentation scheme.
Our second assumption on G suppose that X — vx and X — A (X) are Lipschitz. More precisely:

H4 (Smoothness of the artificial distribution). There exist Lg > 0 and Ly > 0 such that for any
X, Y € R™™ and m € N,

Wi(vx™ ™) < VmLe|X = Yllr,  [Ac(X) = Ac(Y)[r S LAlIX - Y|r.
Note that the DA examples Table 1 all satisfy this assumption provided X has compact support.
Otherwise, we believe that our results are robust enough to hold only when A and X — vx are

locally Lipschitz, albeit with slightly weaker convergence guarantees.

HS5 (Stability of the artificial distribution). (i) The map X — vx is invariant under permutation
of the columns of X, i.e., for any permutation < : {1,...,n} — {1,...,n}, vrx = vx_where
X§ = [Xc(l): cee 7X§(n)]

(ii) Furthermore, we assume that there exists K > 0, such that for any m € N,

Wi (g™, vE™) < vmK,  as.

Typically, K should remain bounded with respect to both n and d. HS can be interpreted as a condition
ensuring that the data augmentation procedure used to generate the {G; } * , does not depend on any
specific individual sample. It is met by various data augmentation procedures found in the literature.
We provide in our next result a condition on vx and vx- only, which implies H5-(ii). It proof is
postponed to Appendix A.

Proposition 2. Suppose that Wo(vx,vx-) < K. Then, H5-(ii) holds.

Remark 1. As a non-trivial example of a DA scheme that satisfies H4 and HS5, let us consider
the Random mask TDA, described in Table 1. We further illustrate our assumptions on other DA
strategies in Appendix A. Let X, Y € R4*"™ and consider the coupling of vx and vy, defined as for
je{l,....m},G; = Z; Xy, G5 = Z; Y, where I; ~ Unif ({1,--- ,n}), Z; ~ Ber(p)®?,
and © is the elementwise multiplication. Then we have by the Cauchy-Schwarz inequality,

W™,

V™) < VmWalvx,vy) < Vim\JE (X, = Y1) © Z1[)3) < Vimpl X — Y lr -

Furthermore, from Table 1, we know that Ag(X) = 1;/ diag(Cx), therefore it is locally-Lipschitz

only. However, assuming that X is bounded, we can always find another function Ac satisfying H
3-(ii) and which is Lipschitz.

We show through similar computations and using Proposition 2 that HS is satisfied

\/E (X1, = Xp,) © Z1[5] < py/n'E[IIX1]13] = pv/nt tr (3x) -

Wa(vx, vx-



We are now ready to introduce our estimate of £ Aug()\). To this end, for any a > 1,

-1
R?;|X()\) = ((1 —a)Cx + aw + )\Id> . (6)

where & = m/(n 4+ m). In addition, we also consider the quantities

r(X) = 1 4 - LA g () | X] X

ay(X) =1+ = tr (E[Co | X]E[Rxua(V) | X)) | "
and the two functions
®y(X) = w tr (RX(O) <afgc(’§g) + >\Id> _1> 1a, (X),
o) - U0 (e (850 ) )
Finally, we set
Erug(N) = %tr (Raug(V)?) = 2(21(X) — ©o(X)) + étr (=), 9)

and we emphasize that £ Aug(A) is computable from X alone, provided we can sample from the

distribution of G conditionally on X . Our main result below states conditions under which & Aug(A)
concentrates around Ea g (), for A arbitrarily small.

Theorem 2. Assume HI to HS. Let Enng()\) be defined in (9). Denoting ¢ = min{n, \}, for two
scalars 71 and To, (also independant of n, d and m, and depending polynomially on €) defined in

(78), it holds
P (‘gAug()\) — 5Aug()\)’ >t+ AAug) 5 n exp (—k(n + m) min{59t2/72,57t/7'1}) ,

where

A (0% +02) (1 + ) UIBx ISk + [IExllops) | = E[JAc(X) — E [Ag(X)] [|¥]
Apyg =C1 - “ (1 — a)niqg(Sx)2eT +Cs v/d

PEXE[Ac(X)] - E[Ac(X)] Zx|F -

1Zx]12
Vde?

and the constants Cy and Cs depend polynomially on Aq(Xx),

+

Z)<||0_pl’ "i_lr n/m; K, LG and e.

In the statement above, the three contributions to A, are small under natural conditions. The first
term decays like n~! provided the covariance matrices ¥x and Ag(X) remain well-conditioned
and the fraction of artificial samples stays bounded away from one. The second term vanishes
if the fluctuations of Ag(X) are adequately controlled. Finally, the third term is negligible only
when E [A¢(X)] approximately commutes with X x, for instance, when the eigenvectors of ¥ x are
known, when the augmentation is isotropic on average (so that E [A¢(X)] is a scalar matrix), or
more generally when E [A(X)] splits into a low-rank component plus a multiple of the identity (as
in Gaussian mixture augmentations with few components relative to d, c.f. table 1).

4 Numerical experiments

In this section, we illustrate Theorem 1 and Theorem 2 on real datasets. We use MNIST and CIFAR10,
consisting of 70,000 labeled 28 x 28 images and 60,000 labeled 32 x 32 images, respectively, with
the following preprocessing:

MNIST. We discard the labels, normalize pixel values to [0, 1], and add pixel-level Gaussian noise
with standard deviation o = 0.1 to ensure that the covariance matrix X x is well-conditioned.



CIFAR10. We discard the labels and convert images to grayscale.

For both datasets, we denote by X = [X1,...,X,] € R¥*"™ the matrix formed by the first n samples,
for varying n > 0. To approximate Ex (A) and Eayg(A), we use the sample covariance matrix X x
computed from all available samples (70,000 for MNIST, 60,000 for CIFAR10), and consider the
proxies
1 cl1)(2 1 o

EP(\) = EHRX(/\) -5 |p and EX,(N) = gHRAug(A) -3¢
which are expected to closely approximate Ex () and Ea,g () since the sample size greatly exceeds
the data dimension.

2
’ (10)

Figure 1 summarizes our results for MNIST. In particular, figure 1a reports A — £ x () for various
v = 784/n over A € [1073,1], and compares it with the proxy above. Figure 1b and Figure Ic

present £ Aug (0) as a function of v = m/(n + m) under two data-augmentation schemes. The first is
a k-centroid Gaussian-mixture GDA,

Gj =my; (X) —+ (TN(O, Id),
where the centroids {m;}*_; are estimated via EM on X and I; ~ Unif({1,...,k}). The second is
a Gaussian-noise TDA,

Gj = X]j + O'N(O, Id),

with I; ~ Unif({1,...,n}). In both cases, the minimizers of A — Ex(\) and A — Eaug()) are
consistently close to those of the proxies £Z () and Efug (M), which should very closely approximate
the true errors.
Symmetrically, for CIFAR10 (after grayscale conversion, so d = 1024), figure 2a reports A — £ x(A)
for various v = 1024 /n over A € [10~3, 1] and compares it with the proxy in (10). Figures 2b and 2¢
present Ea,g(0) as a function of @ = m/(n + m) under the same k-centroid Gaussian-mixture
GDA and Gaussian-noise TDA schemes as above. In all cases, the minimizers of A — Ex () and
A+ Enug(A) closely match those of the proxies EX(A) and £X, ().

ER(A) Vs Ex(A) £aug(0) Vs £R,4(0) Gaussian mixture GDA £2u(0) Vs £,(0) Gaussian Noise TDA

10* — ERyl0)
N\ Y
N o=

10~ 10~ 10- 100 107 100 10- 100

(a) Non-augmented, Ridge-like esti{b) 10-centroid Gaussian mixture (c) Gaussian noise TDA.
mator. GDA.

Figure 1: Numerical results on MNIST for Ex (\) and Ea,g()), compared with (10).

£4(A) vs EQA) £25(0) Vs £8,4(0) Gaussian Mixture GDA £rug(0) VS £2,4(0) G

— &R,(0
e Bagl0)

Squared Error
Squared E;
Squared Error
5

1072 107 100 10! 102 10 10° 10 100

(a) Non-augmented, Ridge-like esti{b) 10-centroid Gaussian mixture (c) Gaussian noise TDA.
mator. GDA.

Figure 2: Numerical results on CIFAR-10 for Ex (\) and & Aug (), compared with (10).



5 Conclusion

In this paper, we established new results based on random matrix theory that allow one to quantify
from data only the impact of the regularization effect induced by data augmentation on a common
class of precision matrix estimates. In the meantime, we presented a formula that allows one to
compute from data only the error of a non-augmented "Ridgelike" precision matrix estimator. From
a practical point of view, our results might allow one to optimally tune the hyperparameters of a
data augmentation scheme for estimating the bottom eigenvalues and eigenvectors of the covariance
matrix of the data, provided the data augmentation scheme satisfies a strict commutativity condition.
Furthermore, it is well understood that the precision matrix is a fundamental object in many statistical
models; hence, a natural extension of this work would be to study the generalization error of various
machine learning models, such as linear regression, kernel regression, or some class of shallow
networks.
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of data or models that have a high risk for misuse (e.g., pretrained language models, image
generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper does not pose such risks.
Guidelines:

e The answer NA means that the paper poses no such risks.

e Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

e Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

e We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the

paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justification: Our work and experiments only rely on the MNIST dataset, which is publicly
available and was appropriately referenced in Section 4. The proofs of our results sometime rely
on existing works, which were systematically cited.

Guidelines:

The answer NA means that the paper does not use existing assets.

The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a URL.
The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a dataset.
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e For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

e If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer:
Justification: We do not release any new assets in our paper.
Guidelines:

o The answer NA means that the paper does not release new assets.

e Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

e The paper should discuss whether and how consent was obtained from people whose asset is
used.

e At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]

Justification: We do not use crowdsourcing nor human subjects in our paper.

Guidelines:

e The answer NA means that the paper does not involve crowdsourcing nor research with human

subjects.

o Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

e According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

Institutional review board (IRB) approvals or equivalent for research with human sub-
jects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA]

Justification: We do not use crowdsourcing nor human subjects in our paper.

Guidelines:

e The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

e Depending on the country in which research is conducted, IRB approval (or equivalent) may
be required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

e We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the Neur[PS Code of Ethics and the guidelines
for their institution.

e For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or non-
standard component of the core methods in this research? Note that if the LLM is used only for
writing, editing, or formatting purposes and does not impact the core methodology, scientific
rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We did not use any LLMs for this work, appart from simple writting and editing
task, such as grammar correction, which is accepted by the NeurIPS LLM policy.

Guidelines:

o The answer NA means that the core method development in this research does not involve
LLMs as any important, original, or non-standard components.

e Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for what
should or should not be described.
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A In-depth justification of the hypothesis

This appendix provides detailed justifications for the technical assumptions introduced in the main
text. In Appendix A.l, we analyze the concentration of the smallest eigenvalues of empirical
covariance matrices under mild conditions, thereby establishing H2 for standard random matrix
models commonly studied in the literature. Subsequently, in Appendix A.2, we focus on data
augmentation schemes and identify natural conditions for TDA and GDA under which Assumptions H
3—HS5 are satisfied.

A.1 Discussions on H2

In this subsection, we establish explicit conditions under which H2 holds and provide closed-form
expressions for the parameters 7 and cx. These expressions are not directly estimable from data,
as they depend on structural properties of the population covariance Y x, in particular its smallest
eigenvalue A4(Xx ). Nonetheless, they yield useful theoretical insight into the regimes where our
results are applicable. Formally, we obtain the following result:

Proposition 3. Assume that X satisfies HI, and that \y(X x) > 0. There exists a universal constant
c such that whenever n > d > 0, H2 is guarenteed to hold for any choice of ) and cx satisfying:

17<7\d(EX)(\/§— ﬁ), and cx :c(@— \/%—,/#Ex)f.

To support the previous claim, we introduce a standard non-asymptotic result from random matrix
theory. For a rectangular matrix A € RI*7_ we denote by Smin (A) its smallest singular value. The
following theorem, due to Rudelson and Vershynin [Ver11, Theorem 5.39], provides a sharp lower
bound on s,,;,, for random sub-Gaussian matrices.

Theorem 3 (Rudelson—Vershynin [Verl1, Theorem 5.39]). Let Z be a d x n random matrix with
n > d, whose columns are independent, identically distributed, mean-zero, isotropic sub-Gaussian
random vectors in R%. Then there exist absolute constants ¢ > 0 such that, forallt > 0,

]P’(smin(Z)zf—\/a—O > 1—92et’.

Observing that X~ = E¥2Z ~ where Z has isotropic and independant columns (under H1) and
applying Theorem 3 to Z, we obtain the following bound on the probability of encountering small
eigenvalues in the leave-one-out covariance matrix C'y .

Corollary 1. Assume that X satisfies HIl. Then, for every € > 0,

IP’(?\d(C’;() §77) < exp(c <ﬁ\/§ /T(gx))Qn) ,

where ¢ > 0 is the same absolute constants as in Theorem 3. In particular, Proposition 3 follows
directly.

Proof. Let Z = E;{l/ >X. Then Z is a random matrix with i.i.d. isotropic sub-Gaussian columns,
since X satisfies H1 and,
E[1227] = = ?ElCx] =X =14 .
Using the inequality Smin(AB) > Smin(A)Smin(B), we obtain
A(Cx) = 2smin(X7)? > INy(Ex) smin(Z27)?, where Z~ =[Zs,...,2Z,)

Hence, forany 0 <t <+yn—1-— \/& we have

P(Ad(cx)zxd(zx)“"_ _ﬁ_w) > P(smm(Z‘)zvn— —\/ﬁ—t) :

n

Applying Theorem 3, we deduce that for all ¢ > 0, we have,
2
1P’<?\d(0§¢) > Aa(Xx) (\/ - \/%— \}5> ) > 12" (11)
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Now fix any 0 < 7 < Ag(Ex)(y/(n—1)/n — \/d/n)2 and define

By construction, t,, > 0. And substituting ¢ = ¢,; into (11) yields

P(A(Cx) >n) > 1—2%
which is the desired bound. O

A.2 Discussions on H3, H4, H5

In this section, we demonstrate that several common data augmentation (DA) schemes satisfy
Assumptions H3—H5. We also discuss the limitations of these assumptions and identify scenarios
in which they hold exactly, thereby clarifying the regimes where our results apply. We begin by
introducing a generalization of H1 which will help us achieve more general statements, as well as
simplify the proofs. To this end, we introduce the following definition of Lipschitz concentrated
random vectors:

Definition 1 (Lispchitz concentration). We say that,

(i) The random vector X| € R® is Lispchitz concentrated with parameter o if and only if for any
1-Lipschitz function f, and any s > 0, we have,

E [exp (s{f(X1) — E[f(X1)]})] < exp (6°57)

(ii) The probability distribution i € P(R®) has the Lispchitz concentration property of paramet o
if and only if for X1 ~ p, X1 is Lipschitz concentrated with parameter o.

and we replace H1 by the following assumption:

H6 (Lipschitz concentration of the data). The columns X1, ..., X, € R? of the data matrix X €
R¥*"™ qre independent random vectors, each of which is Lipschitz concentrated with parameter
ox > 0 in the sense of Definition 1. Equivalently, for every 1-Lipschitz function f : R — R and
every s > 0,

Elexp(s{f(X;) — E[f(X))]})] < 2exp(#)7 foralli € {1,...,n}.

One can easily check H1 implies H6, furthermore the class of matrix satifying H6 being stable
by Lispchitz transformations (up to a rescaling of a concentration parameter), will turn out very
convenient for the proofs of our main results.

We now provide a set of simple sufficient conditions under which H3 is satisfied, we believe that the
vast majority of common data augmentation scheme satify this condition. First, in the case of GDA
schemes, we show that under an almost sure smoothness property of the sample generation process
Item (i) is satisfied:

Proposition 4. Let X € RY*" be a random matrix. Assume that for each j € {1,...,m}, G; =
f(Z;,X), where Z; are i.i.d. random vectors with the o z-Lipschitz concentration property, and
where f(-, X) : R* — R% is almost surely Ly-Lipschitz. Then G = [G1, ..., G.,] satisfies Item (i)
of H3, with parameter

og < Lyoz.

Proof. Let u denote the distribution of Z, so that for any measurable set E C R9, (E) = P(Z € E).
Since G = f(Z;,X), the conditional law of G; given X is the pushforward measure of ; under
f('v X)

vx = f('?X)#.u“7

where for a measurable map ¢ : A — A and a measure £ on A, we recall the notation ¢# 11(E) =
u(e™(E)).
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To show that G satisfies Item (i), we set h : R? — R to be any 1-Lipschitz function such that
E [h(G1)] = 0. Consider, for s > 0,

E[exp (sh(G1)) | X] = E[exp (sh(f(Z1, X)) | X].

The mapping
z1 h(f(th))

is centered with respect to ©®™ by the assumption on h, and it is L s-Lipschitz almost surely, since it is
the composition of a 1-Lipschitz map and an L;-Lipschitz map. Because Z ~ p has the o z-Lipschitz
concentration property we thus obtain

E [exp (sh(G1)) | X] < exp (s°L}o7) .
This establishes that vx has the og-Lipschitz concentration property with o = Loz, and completes
the proof. O

Similarly, in the case of TDA schemes, we have highlight the following sufficient condition for
Item (i) of H3:

Proposition 5. Let X € R**"™ be a random matrix. Assume that G; = f(Z;, X1,) where:
o fisaLy-Lipschitz function w.r:t its first argument.
o I; ~Unif({1,...,n}), and Z; has the o z-Lipschitz concentration property.
[£(Z,X:) | X]]2 < K.

Then G =[Gy, -+ , G| satisfies Item (i) of H3 for
O'é — L? + K%+ CL?O’% ,

where ¢ > 0 is a universal constant.

Proof. Note that under the assumptions of Proposition 5, we have,

= %Zf(?X
1=1

where 1 is the distribution of Z, such that P (Z € E) = pu(E), for any E C R, and we used the
notation 7 y for the pushforward measure, ©* 11(E) = p(o~*(E)), for any E C R

We show that vx has the Lipschitz concentration property, to this end, let h : R? — R be a
Lipschitz function (X -measureable) such that 2(0) = 0 (note that this can be assumed without loss
of generality). For notation simplicity, we further define h = h — E [h(G1) | X], then we have for
any s > 0,

E[exp (s{h(G1) = E[h(G1) | X]}) | X]

E [exp (sﬁ(Gl)) | X]

> E [exp (/% X0) | X]
Denote by m; = E [h(f(Z;, X:)) | X] =E[h(f(Z;, X;)) | X] — E[h(G1) | X], we further write,

E[exp (s{h(G1) —E[h(Gy1) | X]} Zexp sm;) E [exp (s {h(f(Z;, X;)) — mi})]

<exp s Lf Zexp smy)

where we have used the Lipschitz concentration of i, and the Lipschitz property of & in the last
bound. We now denote 7 as the following measure,

1 n
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where 6,,,, is the Dirac measure at m,. Remarking that n-t Z?:l m; = 0, and that 7 has bounded
support (because the X;’s are boudned and the maps f and & are Lipschitz). We further write,

E exp (s{A(G1) — E[h(G1) | X]}) | X] < exp (sL2) B [exp(s{M —E[M]})] . (12)

to conclude the proof, note that A/ ~ 7 has bounded support in R, as so it is necessarly sub-Gaussian,
with sub-Gaussian norm,

1
M < ——s il s
Ml < 5 sup b
which follows from [Ver09], Example 2.5.8. Thus, we have for a universal constant ¢ > 0,

E, fexp (s {M — E[M]})] < exp < sup |mi|2) . (3

Finally, we bound |m;| independantly of i, leveraging the boundedness of X. We have,
Ima| = [E[h(f(Zi, X4)) | X]]
= [h(f(0, X))l + [E[(f(Zi, X)) — h(f(0, X4)) | X]|
< [A(f(0, Xi))| + LrE[[|Zi]|2]

< sup (7 (0, X0)| + Ly B [27 2]

Slilp|mi| = SlngE[h(f(ZhXi)) | X] =E[f(G1) | X]|
< 2sup|E [h(f(Z;, Xi)) | X]|
<2|n(0)| + 2supE[|n(f(Z:, Xi)) — h(0)] | X]

< 2[h(0)] + 2sup E[|| f(Zi, Xi)ll, | X]

< 2[h(0)| + 2sup [E [f(Zi, Xi) | X]|l, + 2sup VE[[|f(Zi, Xi) —E[f(Zi, Xi) | X] |2 | X]
< 2sup [[E[f(Z;, Xi) | X]ll; +2Ljoz7 .

Where in the last line, we have used the Lipschitz concentration property of Z; (as well as f(-, X;)
being L; Lispchitz), and the fact that 2(0) = 0. We conclude the proof by using the boundedness
assumption on E [f(Z, X;) | X], which yields,

sup Im;|? < (2K +2Ljoz)? <4K? + 4L?¢‘0’% ,
plugging this back into (12) and (13), we obtain,
Efexp (s {h(G1) — E[f(G1) | X]}) | X] < exp (s* {L} + cK* + cLio% })
O

As consequences of Propositions 4 and 5, a broad class of commonly used data-augmentation (DA)
schemes satisfy Item (i) from H3. In particular:

(1) Deep generative models. Consider a generative mapping

P X) = 08 il o(602)).
where L > 1. Let dy denote the width of layer ¢ (so dy = dz and d;, = d). Foreach/ =1,... L,

assume o : R% — R is a non-linear, 1-Lipschitz activation and 6% € R%*d-1 is a (possibly
X-dependent) weight matrix. Suppose further that the operator norms are a.s. bounded by a

constant K, i.e., ||9§f) lop < K for all £. Then, by Proposition 4, the matrix
G=1[Gy,...,Gnl, G;=[f(Z;,X), Z;~N(0,14,),

satisfies Item (i). Indeed, the network f(-, X) is HeL:1 ||€gf) |lop-Lipschitz, hence K -Lipschitz
a.s., from Proposition 4 it results that G satisfies Item (i) of H3 with concentration parameter K ~.
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(2) Transformative data augmentation. Likewise, Proposition 5 provides mild conditions under
which Item (i) holds for transformative DA schemes. Consider

G:[G17...,Gm], Gj:f(X]j,Zj), IJNUnlf({l,,n}), ZJNM7

i.e. we randomly select the sample to be deformed, and the deformation is smooth w.r.t. some
parameter Z. Numerous standard transformative DA mechanisms use smooth, small-amplitude
perturbations; later in this section we detail the cases of Gaussian noise and random masking.

The second part Item (ii) of H3 is not always theoretically guaranteed, yet in the case of an unbiased
TDA it is an immediate consequence of the law of total variance. Indeed, assuming G = f(Xy,, Z;)
as in Proposition 5, and that Vx, E[f(x, Z)] = x, one can write

E[Cq | X] = ZE (Xi,2) | X|E[f(X:,2) | X]"

i=1

+ 2 S B[{f(X2) ~ B, 2) | XIHI(G, 2) - Bl 2) | X)) | ]

— C+ Y B[(00. 2) - X1 2) - x| 5]

i=1
where I; ~ Unif({1,...,n}) and Z; ~ p are independent.

In the case of GDA, the decomposition in Item (ii) of H3 holds trivially, yet no simple expression of
A (X) exists.

We now spell out conditions under which H5 holds. To this end, we introduce the following upper
bound:

Lemma 1. Let j1; and i be two probability measures on RY. Then, for any m > 1,
Wi(p$™, p$™) < VmWa(pa, po) -

Proof. Recall that
W (:ul m”u?m) = infymer‘(u‘?m,“?m) / Hl’ - xI”F d’)/m(xv*xl) 5

where T'(-, -) denotes the set of all couplings and || - || is the Euclidean/Frobenius norm on (R%)™
Let v, € T'(u1, 2) be an optimal coupling for W5, so that

Wa(jir, pi2)? /Ilu—vllzd%(u v).

Consider 7, 1= 7@™ € T'(u™, u5™). Then, by the definition of W, and Cauchy—Schwarz,
®@m ’ ' 1/2
WiluE"i5™) < [l = le dr2" (o /||x—x|\Fdw ™ (,2'))
= (3 [t x;\@dwm;)) = Vi Wa(ju o)
i=1

O

The previous result is particularly convenient for demonstrating that H4 and HS hold, which will be
done in full detail for all DA scheme presented in Table 1. Towards a full justification of Table 1, we
show that (5) holds. In particular, we establish that the following is true:

Lemma 2. Assume that
Gj:f(XIj?Zj)7 jil,...,m,

where I; ~ Unif{l,... ,n}and Z1, ..., Z,, are i.i.d. random variables. Further suppose that for
eachi <n,

E[f(X:,Z1) | Xi] =/BX:,  Be0,1].
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Then

E[Ce | X] =BCx + %ZE[(f(Xi,Zl) ~VBX)(F(Xi, 20) - VB X:) ) X}

i=1
and Item (ii) of H3 holds.

Proof. We use the notation
E[G | X] = [Ez[f(X1,2) | X], ..., Ez[f(X,, Z) | X]] € R¥*".

By the law of total variance,

E[Cs | X] =E[G:G] | X] = ZE (X, 2)f(Xi, 2)" | X]

— Cug) + - S B[(F(X,,2) ~ BIF(X,.2) | X)) (F(X,. 2) ~ ELF(X, 2) | X)) | X]

i=1

— BCx +iiE[(f(Xi,z> —VBX:) (f(X:, 2) - VB X:) ﬂ X} )

which concludes the proof. O

Relying on the above results Lemma 1 and Lemma 2, we now justify the results presented in Table 1.

Fixed Gaussian GDA: Consider the Gaussian GDA scheme where, for all j € {1,...,m}, we have
G; ~ N(0, A), for some fixed positive semi-definite matrix A.

We recall from [LC18, Theorem 2.19] that the standard Gaussian distribution N(0,1;) in R4 satisfies
the 1-Lipschitz concentration property. Moreover, the mapping Z + A'/2Z is || A1/2||,,-Lipschitz

(with respect to the Frobenius norm), which, by the same result, implies that G is || A'/?||,,-Lipschitz
concentrated.

Furthermore, we have

ElCq | X] =E[G:G]] = A
which shows that the Gaussian GDA scheme satisfies H3, with 8 < 0, Ag + A, and og «
A2 |op.

Finally, note that vx = N(0, A) is constant (i.e., independent of X), and therefore trivially satisfies
both H4 and H5.

Gaussian GDA: In the more general and realistic case where the covariance matrix of the artificial
distribution depends on X, we assume that G; ~ N(0, A(X)) for all j < m, such that A is L-
Lipschitz (with respect to the Frobenius norm), and that K ! < A4(A(X)) < -+ < [[A(X)]lop < K
almost surely. These assumptions directly ensure that both parts of H3 are satisfied: indeed G is
guaranteed to be K -Lipschitz concentrated conditionally on X for the same reason as in the fixed
Gaussian case, and Item (ii) holds with Ag(X) + A(X) by definition. Similarly, the second part of
H4 is satisfied by the hypothesis on A(X

To show the first part of H4, we use an equivalent “Procrustes” form of 2-Wassertein for zero-mean
Gaussians with covariances:

Walvx,vy) = min [ACX)"? - AY) U

=tr (A(X) +AY) - Q(A(X)I/QA(Y)A(X)1/2)1/2) 7

which follows by expanding ||A'/2 — B'/2U || and maximizing tr(A'/2B'/2U) over orthogonal U
via von Neumann’s trace inequality. This yields

Wa(vx,vy) < [AX)Y? = AY)?|p. (14)

To further bound the above W> metric, we need to prove that spectral transformations of large
symmetric matrices are Lipschitz. To this end, we introduce the following lemma:
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Lemma 3. Let A and B be two symmetric matrices in R¥%, with respective eigenvalues A1 (A) >
- > Ag(A) and My (B) > -+ > Xg(B). Let f : R — R be Ly-Lipschitz on an interval containing
Aa(A), A1 (A)] U [N(B),A1(B)]. Then

If(A) = f(B)|lr <Ly [|A-Blr,

where for any symmetric matrix M = P diag(dy,...,dq) P, we define f(M) =
P diag(f(dy), . ..7f(dd))

Proof. Define the path W (¢) = B +¢(A — B) for ¢ € [0, 1]. Note that each W () is symmetric, and

1
d
FA) = 1@ = [ o)
By the triangle inequality,

If(A) — fF(B)||r < / i = / 1/(W(1) (A= B)|dt

where [’ (W(t)) denotes the (matrix) derivative coming from the spectral calculus. Since f is L-

Lipschitz on an interval containing the spectrum of each W (t), we have || /(W (t)) ||lop < Ly for a.c.
t, hence

d

n F(W()

1
Hf(x”x)—f(B)IIFS/0 Ly [A=Bllgdt =L [[A =Bl .

This proves the claim. O

To conclude on the Lispchitz bound, apply Lemma 3 to f(¢) = v/t on the spectral interval of A(X)
and A(Y'). Recall that we have Aa(A(-) > K, then || f']|oc = supys -1 57 < YE
VK VK
JAGK)2 = ACY) 2 e < ¥ 5 JAGK) = ACY)lle < Y- L X = Y]
Combining the previous with (14) yields
VK
2

Wg(l/x,yy) < La ||X—Y||F .

Mixture GDA (concise). We consider a DA scheme that, conditionally on X, samples from a
N-component mixture with

Gj=Ar,(X)"2Z; + mp,(X),  Zj~p, I; ~Unif{l,..., N},
where each Ay (X) > 0, the mixture is centered Zgﬂ my(X) = 0, and  is bounded and isotropic
with E[ZZ 7] = 02 14. Assume p is 0z—Lipschitz concentrated and, for every k, A(-) and my(+)
are bounded Lipschitz functions (with constants L, , L,,, ). Let u be the uniform measure on
{1,..., N} and define
fx(zk) = A(X) 22 +mi(X), vx = ()F (@ u).

Concentration and conditional covariance. Since 1 ® w is Lipschitz concentrated and fx is Lipschitz
on Supp(u) x{1,..., N}, the pushforward vx is Lipschitz concentrated, so Item (i) holds. Moreover,

E[Cq | X] =E[G:G] | X] NZ< X)V2E[ZZT]A,, (X)1/2—|—mk(X)mk(X)T) = A¢(X),

and since Ak (-), my(-) are Lipschitz and bounded, so is Ag(+); hence the second part of H4 and
Item (ii) of H3 follow.
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First part of H4. By Kantorovich—Rubinstein and i.i.d. structure,

m 1/2
WA vg") éEH(fij,fj)—fY<Zj,fj>)j=1HF < v (Ellfx(2.1) - fv(2.1)]3)

1/2
( Z]EH X)V2 — A(Y)Y?) Z + (mi(X) —mk(Y))H;)
1/2

9 N N
o 1
< Vi <NZ AKX = A0+ D e (0 = (V)

If the spectra of A (+) are uniformly bounded below by K ~! > 0, then by Lemma 3 with f(t) = v/,
VK Lo VK
[AR(X)Y? = AR ()2 ||e < — (X)) = Ax(Y)]lr < A"T

and ||m(X) — me(Y)|l2 < Ly, || X — Y||. Thus

1/2
W(l/geém ng) (UZK ZL%’“ —&-*ZL ) IIX =Y,

which proves the first part of H4. Stability follows similarly.

Fixed Gaussian TDA. Consider the TDA scheme
G; = X1, + Az, Z; ~N(0,14), I ~Unif{l,...,n}.
By Lemma 2 with $ = 1 (unbiasedness), we obtain
E[Cs | X] = Cx + A.
Moreover, the augmentation noise law is fixed:
Vx = N(O,A),
hence it does not depend on X and therefore H3, H4, and HS are satisfied trivially in this setting.

(Equivalently, since the standard Gaussian is 1-Lipschitz concentrated and the map z — A'/22 is
| AY/2||,p-Lipschitz, G is ||A*/?||,p-Lipschitz concentrated conditionally on X.)

N——

X =Y,

Random masking TDA. Consider the augmentation
G; = b0 Xy, I; ~ Unif{1,...,n}, b; ~Bernoulli(l1 — p)®¢ (i.i.d.),
where © denotes elementwise product. Assume X is bounded, i.e., || X;|2 < K as.
Concentration and conditional covariance. Writing
x = (fx)#(Bernoulli(1 — p)®? @ Unif{1,...,n})

with fx(b,7) = b® X, the map fx is Lipschitz on the compact domain (with a constant independent
of X by boundedness of X). Hence, by Proposition 5, G is Lipschitz concentrated conditionally on
X, i.e. Item (i) holds. Moreover, Lemma 2 with § = 1 — p yields

ElCc | X]=(1-p)Cx +Ac(X),  Ac(X)=p(l - p) diag(Cx),

so Item (ii) also holds.

Smoothness. Since Ag(X) is a composition of Lipschitz maps on the bounded set [ K, K], it is

Lipschitz; this proves the second part of H4. For the first part, couple (Vx , VY ™) by using the same
(I;,b;) on both sides. Then

W™, ™) < BJ| (b © X, — b 0 v1) T

< v (Ellbr © (%, ~ vi)13)”
= v (£ 308l o (- l) " = Vit (5 21— vig)

i=1

<vm(l=p) X =Y,

since E[b} ;] = E[b1 1] = 1 — p for each coordinate k. This proves the first part of H4. Stability
follows by the same argument.
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B Proof of theorem 1

This appendix provides the proof of Theorem 1. Along the way, we introduce several auxiliary
lemmas on concentration for transformations of X under H 6. appendix B.1 establishes concentration
bounds for random variables of the form f(X) 1g(X) when f is Lipschitz only on a subset E C
R¥*"™ (not necessarily on all of R?*™). We show that the Lipschitz concentration of X still yields
sharp control of f(X) 1g(X). appendix B.2 then analyzes quadratic forms X; M (X ~) X, where
M : R¥" 5 R4*d and X satisfies H 6. The derivations rely on the Hanson-Wright inequality (see
[LC18, Remark 2.31]). Building on these results, appendix B.3 derives a deterministic equivalent,
in the spirit of [Cho22, Thm. 6.16], under H 2, which allows regularizations arbitrarily close to 0.
Finally, appendix B.4 combines the above ingredients to complete the proof of theorem 1.

For simplicity, throughout this section we set ox = 1.

B.1 Some sub Gaussian concentration bounds

In this section we study random variables of the form f(X) 1g(X), where f is Lipschitz only on
a subset E C R4*™ (and not necessarily on all of R?%™). We show that f(X) 1g(X) still admits
sub-Gaussian tails and we derive a tight upper bound on its sub-Gaussian norm in proposition 6.

We begin with a standard Lipschitz extension lemma (see [Kir34]); for completeness, we include a
short proof.

Lemma 4. Let f : E — R be L-Lipschitz on E C R¥*". Define
FX) = infyee {f(V) + L X = Yr}, X R
Then f is Ls-Lipschitz on R¥™™ and f(X) = f(X)forall X € E.

Proof. Fix X, X’ € R?™ and any Y € E. By the triangle inequality,
FO) 4L IX = Yp < f(Y) +Ls X =Yg + L[| X = XI|r.

Taking the infimum over Y € E yields f(X) < f(X’) +L;||X — X'||r. Swapping X and X’ gives
the reverse inequality, hence f is Lz-Lipschitz.

For X € E, the Lipschitz property of f on E implies f(X) < f(Y)+L||X—Y]||p forevery Y € E.
Taking the infimum over Y gives f(X) > f(X), while choosing Y = X gives f(X) < f(X). Thus
f(X) = f(X)onE. O

Leveraging lemma 4, we now prove the announced concentration bound for f(X) 1g(X) when f is
only Lipschitz on E.

Proposition 6. Let E C R™" and f : E — R be Ly-Lipschitz. Assume | f||oo < oo and that X
satisfies H6. Then f(X) 1g(X) — E[f(X) 1e(X)] is sub-Gaussian with variance proxy

ofe S P(X €E)’L} + |IflI% 0,
where for p € (0, 1),

1—-2p

)

O = O’(P(XE E))

Proof. By lemma 4, extend f to f : R — R with Lip(f) = Ly and fle = f. Define the clipped
map

9(X) = max{min{f(X), [Ifloc}, = flloc}-

Then g is Ly-Lipschitz, ||g]|cc = ||floc, and g = f on E, hence f(X) 1g(X) = ¢g(X) 1g(X) as.
Write

9(X) =9(X) -E[g(X)], 1e(X)=1g(X)-P(X €E), p:=PX€eE).
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A direct decomposition gives
9(X) 1e(X) — E[g(X) 1e(X)] = g(X) 1e(X) — Cov(g(X), 1e(X)) +p g(X) + E[g(X)] Te(X).

=W

15)
Applying Hélder with exponents (3, 3, 3) to the MGF of the sum in (15) yields

E[exp{s(gle — E[gle])}] < Elexp(3sW}]'/* Elexp(3sp g}]'"/* Elexp{3s E[g] 1e}]/*.  (16)
Two easy sub-Gaussian factors. Since X is Lipschitz concentrated and g is L g-Lipschitz, there exists
a universal ¢ > 0 such that

Ilil[exp{?»spg(X)}]l/3 < exp|cs? p? L?c} (17)

Moreover, 1g(X) is a centered Bernoulli random variable with sub-Gaussian proxy og = o(p) (see
[BM13, Thm. 2.1]), and |E[g(X)]| < || ]|, hence

Elexp{3s Elg] Te(X)}]/* < expfes? || f]|% o2} (18)
The product term W is sub-Gaussian (detailed 1p3 bound). We prove that W = g 1g — Cov(g, 1g) is
sub-Gaussian by exhibiting a scale S > 0 with Eexp{W?/S5?} < 2,i.e. [|[W|[y, < S.
First, using (u — v)? < 2u? + 2v2 and |g| < |g] + |Eg| < 2||f]]o0>
W? < 2g°1¢ +2 Cov(g, 1g)* < 8] f|I% 18 + 2 Cov(g, 1g)>. (19)

Next, by Cauchy—Schwarz,

| Cov(g, 1g)| < v/Var(g) \/Var(1g).

Since § is sub-Gaussian with proxy S Ly, there exists a universal constant Cj such that Var(g) <
Co L%; also Var(1g) = p(1 — p). Hence

Cov(g,1g)*> < CoLip(1l —p). (20)
Fix a € (0, 1] and set
8I£11% o 8IIFI% _ o
52 = oo Y E © _ 21
a = 52 ot @D

Using (19)-(21),

Eexp{%} < EGXP{SHfHZO TlEQ} exp{w}

52 S2
B 12 a Cov(g, 1g)?

By the definition of the ¢2-norm of Ig, Eexp{12/0Z} < 2. For 0 < a < 1, Lyapunov’s inequality
gives
]]-E2 72/,20\% o
Eexp{a ?} < (Eexp{Ig/og})" <2

E
Using (20) in the second factor of (22),
a Cov(g, 1g)? L?r p(1—p)
exp 7} <expyaCi; ————5— (23)
{ 4| flI%, o8 { 1f1IZ o8 }

for some absolute C; > 0.

Combining (22)—(23) gives

Eexp{gf—j} §20‘exp{aA}, A= (1 m.

31



Choose

so that 22" exp{a* A} < 2. With S? as in (21) at o = o* we obtain

W2
Bexp{-gr} <2, hence W, < 5% < C(|fI% R +13p(1—p)),

for a universal constant C' (use 1/a* = 1+ A/In2 and the definition of A). By the standard
sub-Gaussian MGF bound, there exists a universal ¢ > 0 with

Elexp{3sW}]""* < exples” [[W3,} < exples” (|1 f1% o2 + L7 p(1 = p))}- 24)

Conclusion. Combining (16), (17), (18), and (24),

E[exp{s(f(X) 1e(X) — BIf(X) 1e(X)])}] < exp{cs?(pL3 + £ 02) |,

for a universal constant ¢ > 0. This is the desired sub-Gaussian MGF bound and proves the claimed
variance proxy. O

B.2 Concentration bounds for random quadratic forms

We now study the concentration of random quadratic forms of the type X|' M (X ~)X;, where
M : R¥™ 5 R¥*4_Such quantities naturally appear in the proof of Proposition 1. We prove the
following lemma.

Lemma 5. Let X € R¥™ satisfy H6. Then there exists a universal constant ¢ > 0 such that for any
M - Rdxn — Rdxd

Var(X] M(X7)%2) < 2| M)+ 2 1M, |+ Var(ie(Sx M (X))

[

Proof. By the law of total variance applied to (X, X ),
Var(X{ M(X7)X;) = E[Var(X, M(X )X, | X7)] + Var(E[X] M(X )X | X))
=E[Var(X, M(X7)X1 | X7)] + Var(tr(SxM(X7))) ,
where we used E[ X, M (X)X, | X7] = tr(Sx M (X7)).

It remains to control the first term. Conditionally on X —, the Hanson—Wright inequality (see [LC18,
Remark 2.31]) yields, almost surely,

2
P(|X, M(X7)X; —tr(M(X7)Ex)| >t|X7) < 2exp<cmin(”M(§(_)%, IIM(;—)OPD'

Writing the conditional variance in integral form,

Var (X, M(X )X, | X7) = /OOJP’(’XITM(X*)Xl —tr(SxM(X7))| > \/E‘X’ dt
0

<2 exp| - ¢c ———~ dt—|—2/ ex (—c) det
/o p( ||M<X—>||%> o TP\ M) oy

_2AMEOIR | AME)IE,
2 i

Cc c

where we used the change of variables u = cv/t/||M (X ~)|lop in the second integral. Taking
expectations in X ~ gives

B [Var (T M(X )% | X)) < 2B IMCOIE + 2301, .

which, combined with the total-variance decomposition above, completes the proof. O
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In the special case where the map M : R — R%*4 js Lipschitz on A,, (with A,, defined in H2),
Lemma 5 yields:

Proposition 7. Let X € R¥*" satisfy H6 and H2. For any functions My : A, — R and
My : Ay — R4 that are respectively L, - and Lo-Lipschitz and bounded, and any B € R ? with
IBllr = 1, we have

Var(X{ My(X7) X114, (X)) S dlZx 3, {1 + M)l (1 + e}

Var (X, My (X7)B X1 1a,(X)) S I5x 12, {LT + IM1]12, (L+ D)}

Var (X[ My (X7)B Ma(X ) X1 1a, (X)) $ Ix02{ (1M1 llocLe + |1 Mallacls) + 1M D211 (L + D
where | Milloo = ([ op | -

Proof. We treat the three cases in the same way. By Lemma 5 and since 1, (X) is o(X™)-
measurable,

Var (X, M1(X7)X1 1a,(X))

IN

2 IOV 1, () + 21O, T, (0] + Vo (tr(Ex M1 (X ) 1, ()

IN

i<d||M1||§o + i||M1||§O> + Var(tr(Sx M1 (X 7) 1a, (X)) S d|[Mi]|2 + Var(tr(Sx M (X ) La, (X))).

Similarly,

Var (X, Mi(X7)BX; 1a, (X))

IN

25| 1B CCBIR 1a, (X) + 213 (X )BIE, T, (X)) + Var(on (S 33 (X )BT, (X))

IN

i(Mlnio + iMﬂIio) + Var(tr(Sx M1 (X 7)B1a, (X)) S || M2 + Var(tr(Sx M (X 7)B 1a, (X))).

Finally,
Var (X, M1 (X7)B Ma(X ") X1 1a, (X))

< iE[an(X—)B Ma(X ) L, (X) + 2 [ M (X B Mp(X )2, 1, (X)

+ Var (tr(Sx M1 (X 7)B Ma(X ) 1a, (X))
< 2 (1Nl + 2RI MR, ) + Var (er(5x My (X)B Ma(X ) 1, (X))
< M2 M2, + Var (b (Sx M (X 7)B Ma(X7) 1, (X))

It remains to bound the trace-variance terms. By Cauchy—Schwarz, for all X, Y € A,,

[ tr(Ex M (X7)) — tr(Sx M1 (Y 7)) < VA |[Exlop L1 [ X — Y5 ,

|tr(Sx M1 (X7)B) — tr(SxM1(Y7)B)| < [|Sxlop L1 [|X = Y|p ,
and
|tr(Sx M1 (X7)BMa(X7)) — tr(Sx M1 (Y7 )BMy(Y 7))
< [1Zx[lop (1M ]JocLz + [ Ma]lsLi) X — Yl .
Therefore, by Proposition 6 and standard sub-Gaussian variance bounds,

Var (tr(Sx My (X7))) S dIISx 5,15 + dIMAIE, + d* [IZx |13, [IMAIE o4,
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Var(tr(Sx M1 (X 7)B)) < [|Zx(2, L7 + [[M]1% + d[[2x 12, 1M, o3,
and
Var (tr(Sx M1 (X 7)B M2(X 7)) < IS )12, (I Mi oLz + [ Mal|ocLe)® + | My |12 1Mz,
+d[|Ex 5, [1M]1% 0F, -

Finally, by H2,
s 1-2P(X €A, < 1

TA, = 921 1-P(XeA)\ ~ ney
08\ “P(xeaA,)

since 1 — P(A,) < exp(—cxn). We also note that H2 forces d < n (otherwise C'x would be

rank-deficient a.s., yielding P(X € A,}) = 0 for all > 0). Plugging the bound on 0/2%7, above into

the previous displays gives the stated upper bounds. O

B.3 A deterministic equivalent for R x (\), with arbitrarly small regularization parameter

We first show that the resolvent map is locally Lipschitz, and in particular Lipschitz on A,,.

Lemma 6. Let X1, Xy € R*™ and let D = 0. Assume that fori € {1,2}, Ay(Cx, + D) > € > 0.
Then

||(CX1 + D)_l - (sz + D)_IHF |X1 - X2||F .

2
< ﬁ'
Proof. Using A= — B~ = A=1(B — A)B~" and | AB||r < ||Allop| Bl
[(Cx, + D)™ = (Cx, + D)7, = [|(Cx, + D) (Cx, — Cx,)(Cx, + D)7'||5
_ % (Cx, + D)~ (X (X = X) T+ (X1 — X0)X] ) (Cx, + D),
Using |[UV " ||lr < ||U||op ||V ||F and the triangle inequality,
- < %(H(Cxl + D) X [lop [(Cx; + D) Hlop + [(Cx, + D)™ Xalop [I(Cx, + D)_1||op) X1 — Xo[r.

Since A4(Cx, + D) > ¢, we have ||(Cx, + D)7 !|op < e~ *. Moreover,

L ek, £ D)Xl = 1Al (0x, + D)1 X 0y + DY
\/ﬁ Xi ZOp_ d Xi n Xi

— VAd(Cx, 7 D) 0%, (Cx, +D) 1) < v/Au((Cx, + D)) < /2

where we used Cx, < Cx, + D. Plugging these bounds into the previous display yields
_ B 9 . 9
1(Cx, + D)™ = (Cx, + D) < N V2 e Xy — Xollp = o X4

as claimed. ]

- Xo|lm

In particular. On A, = {X : A\4(Cx) > n} (take D = 0), the map X — (Cx + AI;)~!is
Lipschitz with constant 2/+/n(n + A)3, for all A > 0.
Define, for any b € [1, 00) and any matrix D € R?*9,

R% (D) := (ZTX+D)_1.

We provide two choices of the parameter b for which Rﬁ( (D) is a deterministic equivalent of Rx (D).
Precisely:
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Proposition 8. Assume X satisfies H6 and H2 for some ) > 0. Let B € R?*¢ and let D > 0 be
positive semidefinite. Define

1
at = 1+ E tI‘(ZX E[Rx(D) ]]‘An(X)]) s
and b* be the unique fixed point of
1 _
fo: b 14 ﬁtr<2X RX(D)) .

Then, for an absolute constant k > 0 and all t > 0,

]P’(’(litr(B{Rx(D)]lA,,(X)—E[RX(D)]IAT,(X)]})’>t>Sexp(—k ex (n -+ Aa(D))*n ¢ )

IBII3, (7+Aa(D) + ex/d)
Furthermore, define the polynomial Q : R> — R by

QX,Y,Z,UV) = 1+ UX+VX)(X*Z+X?*+YX?’Z+YX) + YX?Z + YX*V?,

and set g = Q(11+ a(D), Aa(Ex), [Sx 5, ey n~"). Then

qVd|Sx3,
nAq(Xx) (n+Aa(D))8

[E[{Rx(D) - RE @)} 1a,0)] | 5

and

[E[(Rs @) - R5 @)} 10, 0] |, % (14

d”EX”Op) qVd|Sx|3,
nAa(Xx) ) \ nAi(Ex) (n +Aa(D))°

4 d”EXHop_'_ dQHEXng e—cxn
n (n+ Aq(D)) n? '

Remark. This result generalizes those of [Cho22]. Firstly, under H2 one may take an arbitrarily
small regularization D > 0 and still retain favorable concentration properties for the resolvent
(even D = 0), secondly we provide fully explicit bounds which allow to understand deeper the
dependancies to all the parameters. Our proof follows [Cho22] closely.

Proof. The proof procees in two parts, first we derive the claimed concentration bound for terms of
the form d~! tr (B Rx (D)), which follows from concentration of Lipschitz transformations of X (H
6), as well as Proposition 6. Then we will derive the claimed bias bound, using the Shermann-Morison
formula.

Concentration of d~! tr (BRx (D)) 1a, (X) We mainly rely on Proposition 6, first note that the

map
A, —R
hep : 1 ;
PX oS u(BRx(D)

is 2[|Blop (n+A1 (D)) 3/2n=1/24=1/2 Lipschitz from Lemma 6. Moreover ||hg p||oo < B2, (n+

A1(D))~*, we have from Proposition 6 that hg p (X )1, (X) is sub Gaussian, with parameter,
IBIIZ, N IBIIS, o (P(X € Ap))?

(n+Aa(D))*nd (n+Aa(D))> ~

and, remarking that by definition of o given in Proposition 6, since 7 satisfies H 2, we have,

T n(x) SP(X € A,)?

o(P(X €E)’ < —

nex
which implies that
B|? BJ|? B|?
< IBEE, B, B fex )
BP ™ nd(n+Aa(D))?  exn(n+Ai(D))?  cexn(n+Aa(D))? \ d
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hence, using the variance bound for sub Gaussian random variable, we have for a universal constant
k:’

P (|tr (BRx (D)) 1a, (X) — E [tr (BRx (D)) Ia, (X)]| > 1) < exp (—k tex (i + Aa(D))"nt” ) ,

IBIIZ, (1 + Aa(D + ex/d))

First equivalent for E [Rx (D)1, (X)] Recall the notation Ry (D) = Rx- (D) where X~ =

[0, X1, -, X,], we have from the Shermann-Morison formula [SM50],

_ 1 Ry(D)X:1X{ Ry (D) } ()
n1+n1X; Ry(D)X, ) ™

Rx(D)1a,(X) = {R)_{(D) (25)

hence, multiplying both sides by X, we obtain,

_ Ry (D)X,
1+n X Rx(D)X;

Rx(D)X;1a,(X) I, (X) .

Denoting ax =1+ n~'X{ Ry (D)X;1a,(X), we simplify the above expression to,

_ Rx(D)X,

Rx (D) X114, (X) ox

1a,(X) . (26)

We now focus on bounding the bias of Rx (D)1a, (X). First, using the identity A~' — B~! =
A~1(B - A)B!, we have,

B [{Rx(D) - RE )} 14, (0] =8 |rr() { X - 0 | RE )1, 00)
— & [Re(0) {25 - x0xT b RS )1, ()]

(1 _ 1 _ _
— 5 |{ £ Re(DIEXRS (D) - = Ry (D)X XTRE (D) } 1, ()]
where, in the last equality, we have used (26). Further rearranging the terms, we get,
E[{Rx(D) - R% (D) } 1, (X))

= &1 {Rx(D) - Ry (D)}SRE (D)1, 00+ (o — o ) RS (DXL X RE (D)1, ()]

a* ax

Hence, by applying the triangle inequality to bound the bias, we obtain,

o v 1} 10,00,

~xRY (D)

< B [(rx() - R, (0] ZEER (L L) R XTRE (D)1, ()

a* ax

F

F
27)

Controlling each term individualy, we first use || AB||r < ||A||op||B]|r to get,

xR (D)

SxRy (D)
* a*

HIE [{Rux(D) — Ry (D)} L, (X)] ==

HF < ||E [{Rx(D) -~ Rx(D)}1a, (X)]

< ||E [{Rx (D) = Rx(D)}1a, (X)]|| »
From (26),

[ [{Rx (D) - Rx (D)} 1a, (X)] ] = -

)

E le Ry(D)X1X, Ry(D)la, (X)}

F

In order to easily bound the riht-hand side of the previous inequality, we introduce the Lowner order
on symetrix matrices. We say that A < B if and only if B — A is a PSD matrix, then we have
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ax Ry(D)X1X{ Ry(D)1a, (X) X Ry (D)X1X{ Ry (D)1a,(X) almost surely. It is clear that
this ordering is preserved when averaging the matrices, we get
1 _ 1 _ _
E ERX(D)XlXir Ry (D)1a,(X)| < E[Ry(D)X1X] Rx(D)Ia,(X)]

and, using the fact that the Frobenius norm is non-decreasing w.r.t. the Lowner order on PSD matrices,
we deduce,

[E [{Rx (D) = Rx (D)} 1A, (X)] [ = % ]E le Rx (D)X1X{ Ry(D)Ia, <X>] )
< T{[B [Rx (D)X, X[ Ry(D)1a, (X)),
< L |[E [Rx(D)Sx R (D)1a, (X)),
V[ Sx lop
~ n(n+M(D))?
Plugging the previous computations in (27), we get
B [{Rx D) - RY (D)} 1a,(0)] | ©8)

V[ Sx lop

<

B (5 - o ) RE DX (D)1, ()]

a*  ax po n(n+Ag(D))?

It remains only to bound the second term in the right hand side of (27), recalling the dual representation

of the Frobenius norm,
|Allg = sup tr(BTA) ,
IBllr<1

we define for any B of unit Frobenius norm, the random variable (g x =
X/ R (D)BRy(D)X;1a,(X), we have

B ]( - o ) REDIXUXTRS (D)1, ()]

a* ax F
1 1 _ >
= sup E [tr (BT ( - ) Ry(D)X1X{ R (D)1a, (X))}
(IBllr=1 a ax
1 1 B S
= sup |E|tr (B —— Ry(D)X1X; Ry (D)1a,(X)
(IBllr=1 a ax
1 1
A (EE
(IBllr=1 a ax

To conclude the proof, we use proposition 7 to bound the variances of ax as well as (g, x, to bound
the above term uniformly over all the possible choices of B. Using the triangle inequality, we have,

‘E (& o) @)= (5 ) 2o+ 2| (i~ a) ] ’ @

We further rewrite the first term by remarking that ax > 1 almost surely, and similarly a*, we get:

'<a1* - E[ix]) E (B, x] Ele.x]

a*
Now, observe that |E [(g, x] | may be explicitly controlled by,

il /o' = 2 [ (R DIBRA(D)18, () |

< Vi
~ n+Aq(D)

+

< la* —Efax]|

(30)
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Where we have used the fact that ¥ x R;‘; (N)/a* < I4. Secondly, the bias of ax can be bounded
using (25) as,

o = Blax] | = |t (248 [R5 (D) - R (D)) = o o (58 | - R ()30 x7 R5 D))

IN

%tr (SxE [Rx (D) X1 X{ Ry (D)]) < %IE [tr ((Ex Rx(D))?)]
d|Zx |13,
~ (n+Aa(D))*n?

Which implies the following bound on the first term in (29),

1 1 42| Ex] 12,
Ka* "E [ax1> E KB’X]‘ S i AD)n? GD

Now dealing with the second term in (29), using the Cauchy-Schwarz inequality, as well as E[ax] > 1,
we have,

‘E [( L ! ) CB,X:l ’ = ’E {(ax —E[GX])CB’XJ ’ < \/Var(aX)Var (CB,x/ax)

Elax] ax axElax

We write (g x/ax = ((B,x — E[(B,x])/ax + E[(B x] /ax, and using Var(a + b) < 2 Var(a) +
2 Var(b), we have,

Var ((B,x /ax) < 2Var (((B,x — E[(B,x])/ax) + 2 Var (E[(B x] /ax)
< 2 [((¢nx — E[Gnx])/ax)?] + 2E g x] Var (ax")
<2E [(CB,X —E [CB,X])2:| +2E [(g,x]* Var (ay')
< 2Var(( x) + 2E (s x]* Var(ay') .

Furthermore, Var(ay') = inf,, E [(ay' —m)?] < E {(a;{l -E [aX]71)2} < Var(ax), which
follows from ax > 1 again, we get,

Var (CB.x /ax) < 2 Var ((s.x) + 2E [(g.x]* Var(ax)

which results in,

2
E {(1 _ > CB,X:| < 2Var (ax) Var ((g,x) + 2E [CB,X]2 Var(ax)2 (32)
]E[ax] ax

We conclude by bounding Var(ax) and Var({g x ), using Proposition 7 and the Lipschitz property
of X — Ry (D) on A, (which results from Lemma 6), we have,

1 o d||x]3 1 1+ ey
Var (ax) = ﬁVar (X{ Ry(D)X;14,(X)) S — L (D) + TESYIE

d|Isx|2, 1 1
== J_ 4 (14 = Aa(D)) b,
n2<n+xd<D>>3{n+( +cx>(”+ l ))}
similarly,
Var ((p.x) S X/ R (D)BRy (D)X, 1a,(X)

I5x[12, IR (D)2, | 1 !
S T+ A {H (HCX) WHd(D))} :
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it results from the two previous upper bounds, as well as (30) and (32), that

(i) R

d|Xx|IZE[Cs,x] [ 1 1
+ n2(n + Ag(D))? {n <1+ (77+)\d(D)))}

_ VAR (D) [ 1 |
<n+xd< >>3 {+ (”cx> (””‘I(D”}

Finally, we bound ||R% (D)||op and a* by writing

L dl|Zx]lop
@’ =1+ - tr (SxE [Rx(D)Ls, (X)]) < 1+ 228

and

IRS (D)]lop <
We conclude from (33),

#(sr o) ] = s o {a (1455 o rao) e

|| Zx I3, 1 .
n?Aq(2x)(n + Aa(D))* {n + (1 + CX) (n+ Ad(D))}

P (L (1 L))

d
-1 1+ = Zx]lop(n + Aq(D))~*
<)\1(§X)+)\1(D)> < @ !XT ‘ (34)

- /\1(2){) < /\1(2)()

n%(n +Aa(D
PPRTx|l3, [ 1 )
+716(th?\C¢(I)))5{n <1+ (77+?\d(D)))}.

We slighly simplify the previous upper bound by remarking that H2 implies that d < n, hence:
5/2 3/2
A Vd

)

nd — n?2 T n
Using this in (35), we obtain,

L 2 ValEx]?, (1 + Aa(D))? 1\ (74 Aa(D))?
EKE[aX]w)(B’X} 5nxd<zx><n+xd<n>>5{ Al xlop *(”a) 1=xllop }

\/aHZXng N+ Aa(D) 1 )
nAa(Xx) (1 + Aa(D))° { w7 (1 + CX) (1 +Aa(D)) }

Vd||Ex|3, {?\d(Ex)(n+7\d(D)) N (1+ >?\d(zx)(n+?\d(D))2}
nAa(Ex)(n +Aa(D))° nf|Xx [lop cx Xx]lop
Vd||Zx ][} Aq(D) 1
+ - + {1+ — ) AT +Ag(D)) ¢ .
A (1 ) e
Defining the polynomial P; as:
P(X,Y,Z2)=X*Z+X*+YX’Z+YX, p1=Pi(n+MD),\Ex),[IExop)

we can rewrite the previous upper bound as,

1 1 2
B [(E [ax] ﬂX) ‘s X} (36)
\/>||EX||gp

~ mAa(Sx) (1 + Aa(D)) (n(n+7\d(D)) i CX) '
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Plugging (31) and (36) in (29), we get,

B |(5 - o ) R3 (D)X XTRS (D)1, ()]

F
P2k |2, NI (
S+ AaD)Pn? T ana(Sx) (i + Aa(D))P \n
1 ) N }\d(EX)(n+)\d(D))2}

Vd|Zx|13, 1
= |y Tl —
nAa(Xx)(n + Aa(D)) n(n +Aq(D)) cx 1Xxlop
Where, once again, we have used the fact that d < n from H2.

Finally, from (28), we have,
| [{Rx(D) = RY D)} 14, (x)]

I,
V|| op Vd|[Ex |13, 1Y | Aa(Sx) (0 +Aa(D))?
S+ AD)2n T mAa(Sx) (0 + Aa(D))? {pl <n(77+7\d(D)) . CX) T =l }

Vd||Ex ]2, (0 + Aa(D))py .
S nxd(zx)(nmd(D))ﬁ{ " + (1 +Aa(D))p1 (1 + CX)

Aa(Ex)(n+Aq(D))3 N Aa(Ex)(n + Aq(D)?)
12 [lop 12x 112, '

Defining @ as,
QX,Y,Z,UV)=XVP(X,Y,2)+ 1+ U)XP(X,Y,2)+ YX3Z +YX'YV?, (37)
We have shown that:
o Vd||Sx |3
E D)~ R% (D)} 1a (X H op
H HRX( )~ R ( )} A )} F = nAa(Xx)(n+ Aa(D))

Q1+ Aa(D), \a(Ex), [Bxllop x>
(38)

This concludes the proof for the first deterministic equivalent.

Second equivalent for E [R x (D)1g(X)]

Now, we show that:

o {01 0} 10,00,

< (1+d||zx||op> V|| Ex|I3, o[ Exlop C||Zx |3, o—cxn
~ 77,7\(1(2)() n)\d(zx)(T]+7\d(D))6 n (77+}\d(D))Tl2 ’

where b* is defined as the only positive solution to equation b = 1 +n~! tr (Z XR; (D)) Recall
the definition of fp, for any b € [1, 00),

fo(®)=1+n"ltr (EXR;(D)) .
For notation simplicity, we introduce ¢ € R defined as:
¢ = Q(n+M(D), Ma(Ex), [Ex 55, ex'n ")
where () is defined in (37).
First, using (38), we have,
e {2~ 55103} 1,
B [{Rx (D)~ RS @)} 1a,(X)] | +[|E [{RS ) —RE D)} 14, ()] |

Vd||Ex]2,
~ nAa(Xx) (0 + Al

(39)

IN

o+ = (01~ 01} ]
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Then, using the identity A= —B~! = A~1(B — A)B_1 we deduce

[ {85 (0) =R 0} 1, ()] | =

P(X €A,) HRX ZXRS;(D)HF(KK))

a* *
< Ja* = b*| R (D) [[r/a”
< |Cl* _ b*| \/&

Furthermore, we remark that a* is almost a fixed point of fp from the first deterministic equivalent,
indeed,

la* — fp(a)] = n~" |t <2X {E [Rx (D)1, (X)] — Rg‘;(D)})‘
< YlExop |

[Rx (D)L, (X)] - R} (D)

F
d”EXHOPHR; (D)HOP

n

< L”%‘”OD (1-P(X €A,))

E [Rx(D) - Ry (D)14,(X)] |+

Recalling (34), and using H 2, we have,

dHZX”OD”Rg; (D)”Op d”EXHop d2HZX||c2>p —
_ < cxn
- 1-PX eA))) < . + (7% Aa(D))n? e ,

Now, using equation (38), we have,

(_Z\/EHEXHEP + <d||ZXop + d2||ZX||c2)p ) e—CXT

|U.* - fD(a*ﬂ S./ n?\d(ZX)(n+7\d(D))6 n (n+7\d(D))n2

Furthermore, we show that fp is a contraction mapping around b*, indeed we have for any b € [1, 00),
1 ~p _p* 1 _p _p* 1 1
~Jor (2x {RX(D) ~RY D)})| = - |tr (SxRE(D)=xR (D)) |

= l tr <{Id —DRE}(D)} ZXRY (D)> b — b

/o (b) — fp(b7)]|

b b*
b*

1
gnb*tr(EXRX( ))\b—b*\

fD( *) = 7 b* —1 e
< Bl vl= el

where in the last line, we have used the fact that b* is the only fixed point of fp. We conclude that
fp is contractive around b*. We conclude on the distance between a* and b* by writing,

* * * * * * * * b* —1 * *
la* —b*| < |a* — fp(a®)[ + [fp(a®) — fO(b7)] < [a* — fp(a®)] + - a® —b*[,
which implies,
la® —b*[ < b*[a” — fp(a”)|.
To conclude the proof, we need to bound b*. To this end, write
1 _p* 1 _1 d”szo
£ —t(E D)<1 —t(Z D)) <14 A=Xop
b" =1+ —tr (SxRY (D)) <1+~ tr (SxRy(D)) < oS

which followed from R (D) < R (D), we obtain from (40),
. -
[E[{r% @) -RE @)} 1e(x)] |

<(lerannop) odlExls, | (dlSxlep ,  PIEXIG ) ey
~ nAa(Ex) /) \ nAa(Xx)(n + Aa(D))5 n (1 + Aa(D))n?
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Finally, from (39), we have,

|E [{rx (D) - RS @)} 1e(x)] |

<<1+d||EX||op> dZxls,  (dlSxlloy  PUExIR, ) een)
~ T nA(Ex) ) mAa(Ex) (0 + (D)) n (7 + Aa(D))n?

This concludes the proof. [

B.4 Conclusion on the proof of theorem 1

We leverage proposition 1, to prove that £x (\) approximates Ex ()). In all this proof, we set
X € R¥*" gpd n > 0, such that H 6 and H 2 are satisfied. We first recall,

Ex(\) = [[Rx(\) — Sx|2, forA>0,

and
Ex(\) = étr (Rx(N)?) - Wtr (Rx(0)) Ta, (X) + AB(QA)d tr (Rx(A) + = tr (£32)
where

b(\) - !

T 1—d/n+ Mntr(Rx(V)

We will write AEx (\) = Ex (A) — Ex (), and we remark that,

2(1 — d/n) 2

A () =~ b (R (0) L, () + 7 1 (Rx () = étr (S5 R () -

We derive the claimed concentration bound by applying proposition 1, first noting that AEx (\) is
close to the following quantity with high probability,

88 = -2 b (R (0) 1, () + 777

tr (Rx (A)) 1a, (X) — %tr (2% Rx (V) 1a,(X)

indeed, we have for all € > 0,
P(|AEX(N) —AEX(N)| =€) SP(X ¢ A,) Se ™",
Furthermore, we show that each term in A€ x (\) concentrates around its expectation. We have,

B8 () ~ B BE ]| < X fir (Rac(0)) 1, (X) — E [ir (R (0)) 1a, (X)]|
2tr (Rx(A) | 1 1
+ 2 o -2 )|

+E [/\bé)d} |tr (Rx (V) 1a, (X) — E [tr Rx () La, (X)]|

+ ‘Clltr (5% Rx (V) 1a,(X) —E le tr (S%' Rx(N)) La, (X)} ’
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Remarking that > 0 implies that d < n hence, 0 < 1 —d/n < 1, as well as Rx(\) < A~ ' I; and
b(A) > 1, we bound the various multiplicative term in the previous inequation as,
AEx(\) — E [AEx (V]| < % [tr (R (0)) 1, (X) — E [tr (Rx (0)) La, (X)]|
20 tr (R (3) — Eftr (R (D)D) + 5 for (Ror () — B fir (R (V)]
- ’;tr (' Rx(\) —E [2‘51" (=% RX(A))} ’
< % [or (Rx (0)) 1, (X) — E [tr (Rx (0)) La, (X)]|
2 a5} 3l R )L, 00) ~ B for (R () 1, ()|
+ % |tr (5% Rx(A)) 1a,(X) —E [tr (S5 Rx(A)) 1a, (X)]]

Hence, from a union bound argument, we have,

P ([SEx() ~ & [SEx()]] 2 1) <P (i (R(0)1a, 00 ~ B [Re(0)16, (X)])| 2 5 Jo

+P (Cli [tr (Rx (M1, (X) — E [Rx(N)1a,(X)])| > W)

+P (61[ |tr (S {Rx (W1, (X) —E [Rx (V) 1a,(X)]})| > ;) _

We now control each of these term, by using the concentration statement of proposition 1 every time.
‘We denote,

cxnint?
max{||Zx lop, 1}2(n + cx/d) -

Ex(t) =
Then, Proposition 1 and (41) implies that,
P (|AEx(\) —E[A&x(V)]| > ) £ e REA/6) 4 o—kE(t/(6AFAT))) 4 o—kE(t/3)
for a universal constant k > 0. Now remarking that £(At/6) > £(t/(6(A + A71))), we have,
P (|T&(A) _E [E()\)H > t) < ek’s(tmin{1/(/\+,\*1)71}) ’
for a universal constant £’. And, we conclude,

cxnPnmin{l, A + §}%
max{|[Xxlop, 1} (1 + ex/d

P (JAEx(A) —E[AEX(N)]] > t) Sexp (—k’ )}> +exp(—cxn) .

(42)
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We now bound E [A&x (A)], to this end, write,

E E(A)} = 7W tr (E [RX(O)]]-AW(X)]) +E |:

~2(1-d/n)

2
b(\)d "

>

tr (Rx()\)) 1a (X):| — étr (Z)_(lE [RX(A)]]-A,?(X)])

= tr(E[RX(O)]lAn(X)])+E[ 2 }tr([RX()\)]lAn(X)])—Clltr(E;(lE[RX()\)]lAn(X)]]

Ad Ab(\)d

+ %COV (l](l)\), % tr (Rx (M) 1a, (X>>

< {_2(1;;1/”) tr (Rﬁg@ (0)) n Ab%)d tr (Rgg‘“)(x)) - étr (zglﬁﬁg(”(/\)) } P(X €A,)

+ %Cov (E)(l)\), é tr (Rx (M) La, (X)>

d|=x ], V|| Zx |3 d|Sxllop | PlIEx3 .
+(1+ [ xnp) (q H xllp+<ll xlop , PIEXIE | (exn

nA(Xx) nA1(Xx)ns n nn?

where the last line followed from applying the second deterministic equivalent presented in Proposi-
tion 1.

Recalling the definition of b(\), we have,

;COV (b(l)\) é fr (RX(A))> - QAi/” Cov (Cll fr (Rx (V) | étr (RX(/\))>

<ovar (AR )

which is controlled using H 1, from the fact that X ~ d=' tr (Rx (\)) is 2A~3/2n~1/24"/2lipschitz
(from lemma 6), hence H 1 ensures that d ! tr (Rx (\)) is sub Gaussian, and has variance bounded
as,

1 1
which implies,

E[ASx(N)] < {—W tr (Rﬁ;(o) (0)) + /\b*i\)d tr (Rﬁ;m()\)) - étr (E}IR_[;;(’\)()\)) } P(X €A,)

N (1 N dIIExllop) (q\/ﬁEXHf;p N <d||EX||Op N d2|2X||<2)p> eCX"> i 1

nA (Zx) nA1 (Zx)n n nn? Adnd

Now, we remark that by definition b*(0) is the unique fixed point of fo(b) = 1 + bd/n, which gives,
6*(0) = (1 — d/n)~L, hence,

E[AEx(N)] < {—fd tr (95) + )\bf()\)dtr (R_‘;g(”(A)) - étr (leﬁﬁg(”(A))}P(X €A,

X (1 X d||EX||op) (m/&zxngp N <d||2x||op N d2|2x||§p> eCX"> N %

nA (Zx) nA1 (X x)n n nn? 3nd’
Finally, using the identity A~! — B! = A=1{B — A}B~!, we get,
1 —er(a _ =6% (A _
RX( )()\) - le = )‘RX( )(/\)le )

b*(A)

we thus conclude on the bias of £x () as,

[AEx d|[Sxllop | [ aVllZx |13 d|=xllop | ClExNZ,) - 1
EA N < (1 P P P P cxmn .
ExW] 5 ( * nA(Zx) nA1 (Xx)n * n * nn? ¢ * A3nd

B(n)
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and, merging the previous equation with (42), we get a universal constant k, and the function B(n)
defined above,

P(JAEx(N)| > t+ B(n)) <P (JAEx(N)| >t + E[AEx (V)] |) S P (|AEx(N) —E [AEx (V]| > 1)

cxnPnmin{l,\ + 1}*?
Sexp | —k
max{[|Zxllop, 1}(n + ex/d)}

)+ exp (—exn)

which terminates the proof of theorem 1.
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C A deterministic equivalent for resolvent matrices of augmented sample
covariances

In this section we generalize Proposition 1 to the setting where a non-negligible proportion of
the dataset is produced by a data-augmentation scheme. We consider the augmented dataset
[X1,...,Xn,G1,...,Gp], where the two blocks [X1,...,X,] and [Gy,...,G,,] satisfy H2-H
6. The proof follows the non-augmented case presented in Appendix B.

We begin with the following technical lemma, which will be used to derive concentration for the
augmented resolvent matrix Raug (D).

Lemma 7. Assume X and vx satisfy H6 and H4, let f : R¥*™ x R¥™ — R be a Ls-Lispchitz
Sfunction on A, x RI*™  Then for any X, Y € A,

‘/fXg m(dg) — /ng (dg)‘<Lf(1+\/%LG)||X—Y||F.

iie, X — [ f(X, g)dvg™(dg) is Ly (1 + L) Lispchitz on A,
Proof. Using H1 and H4, we have

\ [rxangman - [ f(&g)v%?"(dg)\

’/fXg "(dg) — /ng dg’ ‘/ng "(dg) — /ng (dg)’

<Ly | X =Yy + LW (g™ ve™)
SLp X =Yg + LyvmLal|X = Ye
=L; (14+vVmle) X =Y .

Where the last upper bound followed from H 4. O

We further recall the following notation for any positive semi-definite matrix D € R4*4, and two
dilation factors a, and a,.

Raug(D) == (Caug + D) " = (1 - a)Cx + aCq + D) "
and,

1—(1- . -t
Rl (D) = <( " Ploa)s s %AG + D) ,
£ 9

where Ag = E [Ag(X)].

We prove the following result,

Theorem 4. Assume that H 2 to H6 hold. Let B € R%¥? and let D be a positive semi-definite
matrix. We define (a}, a;) as

= 1t I (5 (R (D)1, (X)]) 5 = 14 % b (B [(50x + A (X)) Raus(D)1a, (X)])

Then, we have for a universal constant k,

(|50 (B {Raus(D)1, () ~ B [RasD)1s, (X)) })] > 1)

n(n + Aq(D))>t )
a(l+ vmLe)?/d+ (1 — a)oZ/d+ (n + Aa(D)o2 )

< 2exp (—k
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And,

7(‘1;’“;)
|E [{Raue@) =R @)} 14, 0] |
_ (51 + @)V {ad, (B 5x 13, + £%) + 2] Bx lopra(Ex) ~'n~1/2d 1}

~ n((1 —a)n +Aq(D))S
af(l—a) ' +1 afVd|Sx]op Vd 1 —1/2
T =)+ Aa(D) (7 + (D)) 2m {m(l tulm) + o T Vele H (b e v+ Ad(D)}
af(l1—ao)'+1 aVd|Agllep [ E[llAc(X) = Aclr] /1 +Aa(D) . 14+ /n+ Ay(D)
(1 —a)n+ (D) (n+Aa(D))3/2m ( I1Aclop +valet vn )

E [|Ac(X) — Ac|lr] 1 g3Vl xI2,
(1=a)n+M(D))? 1 —a' nAg(Ex)(n+Aa(D)/(1—a))b

!

where o = a — af/al, qi,q2 and g3 are polynomials in 1 + Aa(D), Aa(Xx), [Ex o5 ¢y, and

n=L

Proof. Following the proof of proposition 1, we consider only the simpler case of ocx = 1 (the
general case readily follows by considering X /o x and G/ox.) we prove the two statements of the
theorem independantly. First focusing on the concentration of ! tr (B Raug(D)).

Proof of the concentration inequality.

Let B € R be any squared matrix, for notation simplicity we will denote g : X,G
d='tr (BRxuc(D)) 1a,(X) as well as X = X UG (for L being the column-wise concatenation

operator), so that we simply need to bound the cumulative probality function of hg(X) — E[hg(X)).
To do so, we first bound its moment generating function, for any scalar s € R,

E [exp (s {nn(X) ~ E [ns(X)]})]
~ & [exp (s {nn(%) ~ B [a (%) | X]}) -exp (s {E [ (%) | %] ~E[1(5)]})]
5 [E [oxp (s {hn () - E [ha(0) | X]}) [ X] -exp (s {E [ha(D) | X] - B [1a(D)] })]

Note that the random function G + hg(X U G) is almost surely 2||B||op (n 4+ m)~1/2d=/2(n +

Aq(D))~3/2-Lispchitz on A, from Lemma 6, hence, relying on the og-Lipschitz concentration
property of G conditionally to X, and applying Proposition 6, we get

E {exp (8 {hB(f() —E {hB(X) \ X} }) ‘X} < exp <—c520é { (n+m)d($+?\d(D))3 + ||hB|goain}> )

Finally, remarking that under H2, we have Jin <n~1 as well as using ||hBlloc S (7 + Aa(D)) 71,
we have,

& [exp (5 {#B(X) & [nn(X) | X] })] < exp (‘“2"?’ { (n+ m>d($ D) nln Ald<D>>2 }>
0%

=ow (et S T e )

Now, we will leverage Proposition 6 to bound the remaining term, writting E [hg(X) | X] =
gB(X)1a, (X), where for any X € A,

9m(X) = [ 5 tr (BRxw, (D) b (9)

We know from Lemma 7 that gg is Lgg-Lispchitz on A,, with L,, = 2(1 + /mLg)(n +
m)~Y2d=1/2(n 4+ Ag(D))~3/2. Hence, using Proposition 6, we prove the existence of a numerical
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constant c, such the following bound holds,

Putting the previous bounds all together, we have shown that the moment generating function of
hi(X) is bounded for a universal constant ¢ by,

E {exp (s {hB(X') _E [hB(X)} })}

<ew (e { B T (5 +oenm) )
= o (et {8 (o vante) + 0T e )

Relying on the Chernoff’s bound, and usual computations, the claimed concentration bound follows.
A first equivalent for E [Ra,(D)14, (X)].

We now focus on the bias of Raug(D)1a,(X). We will show that RA”’%)(D) is close to
E [RAug(D)]lAn (X)]

As a first step, let us notice that conditionally to X, G satisfies all the assumptions of Proposition 8,
hence for any o (X )-measurable matrix Dx, Rg(Dx ) admist a deterministic equivalent conditionally
to X. We will through a slight abuse of notation denote Rqu(;() (Dx) the equivalent of Rg(Dx)

conditionally to X. It is given by Proposition 8, i.e,

Rej (Dx) = <E[acﬁ)l>X ] *DX> 12, (X) = <ag<x>+ 35(X)

0(X) =1+ - tx (E[Cq | X]E[Ra(Dx) | X))

-1

ﬂCX AG(X) +DX> IlAn(X) ,

= 14 = ({80x + AG(X)} B [Ra(Dx) | X))

Writting for simplicity, o’ = (1 — 3/aj)a, and o/ (X) = (1 — 8/ay4(X))a, we will rely on the
following upper bound which follows from the triangle inequality,

[ [{Raus®) - RE 01} 10,000

< HE HRAug(D) - éﬁa(}?) (1;QCX * clyD) } Ia, (X)] F

u(X) 11—« 1 1 Ot]\G 1
g —-D) - D Ia (X
H H Relx ( S0 D) - e (2 D)

F
alg 1 = (a%,a})
and, remark that we can rewrite,
_ 1 1-— 1
Raug(D) = (1 — a)Cx +aCs + D)™ = ~ Rg <( Doy D) ’
« (0% [e%
lsa,x) (11—« l _l E[Cs|X] 1-a -1
aRGlX < o X o )]lAn(X)—a< ag(X) + o Cx+D ]lAn(X)
I af(X) D\
= ((1 <1 ag(X)> a) Cx + 2 (%) +D]  1a,(X)

= ((1 —o/(X))CX + aﬁi +D>_ ]lAn(X) )
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1 ke 1 alg o
R D|)Is(X)=((1-0a")C D 1a, (X
T—o X((l—a’)a;+1—0¢’ > () (( Gt ) wX)
and, _
(az,ay) 1 Saz alg 1
R D)la (X) = Ry D) 1a (X).
A ( ) A'r,( ) 1 _ 0/ X <(1 _ Oé/)a; + 1 _ Oé, An( )
Using these equalities, we rewrite the previous bound as,
[ [{Rawe(0) - R @)} 10, (0] “)

o (052 o)L (5 o) onc]

F

+|E { ((1 —d(X))Cx + O‘Agc(*')(;)() + D) o <(1 —d)Cx + actG + D)l} ]lAn(X)] )
e [{ e me (5 - o) - e (g + ) e

The first and third terms in (43) are bounded by Proposition 8, whereas the second term is controlled
from the fact that a,(X') and Ag(X) have small deviations. We deal with each of the terms in the
right hand side of the previous upper bound one by one, first using the Jensen’s inequality,

ellane (=% op) gl (S oo pawcn]|,

Aol (42 ) (5o S]]

Remarking that for all X € A, we have A4((1 — @) /aCx + D/a) > a1 ((1 — a)n + As(D)). We
sete = (1 — a)n/a + Ag(D)/a, we have from the previous remark and using proposition 8,

[ (22 o) -t (e o) ]
bl ) e

o2 dIE[Ce | X2,
g EGE [{Q(€7Ad(E [CG | X])7 ||E [CG | X] |(:p1707n_1);l/7;|l|(E[[CGG|| )(]]|)66 } ]]'AW(X)‘| )

1a, (X)}

where (@ is the polynomial function defined in Proposition 8. In order to integrate the above error
over the distribution of X, one needs to ensure that this random quantity doesn’t blow up. We deal
with this, first by using the fact that ) is non-decreasing with respect to it’s third entry, and we recall
the notation «, such that,
Sp(Ag(X)) C [k 1 K] as,
and using ||E [Cq | X]|lop > infx |Ac(X)|lop > &, we write,
Q(e.M(E[Cq | X)), [E[Ca | X]llgp,0,n7") < Q(e, Ma(E[Cg | X]), (infx [[Ac(X)lop) ™1, 0,n7")
< Q(e, \(E[Cq | X)), 5,0,n71)
and, remarking that there exists two polwnomials ¢; and ¢y (polynomials in €, £, n~1) such that,
Q(€7 AdOE [CG | X])7 R, 07 nil) =q1 + }\d(E [CG ‘ X])(D 3

which is trivial from the definition of Q) in Proposition 1. We write,

d|E[Cq | X]2
E {dea@ (e | XD, 8105 | X110, S0 € | X]}')'gg} I <X>]
IECe | XI5, VA [IE[Ce | X) 14,1n, (X)]
=B B e | X)) | T ’
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and, we control the remaining A4(E [C | X]) term by remarking that A4(E [Cq | X]) = Aa(B8Cx +
AG (X)) > infx Ad(AG (X)) > Iiil, hence,

E

nAi(E [Cq | X])

3
{dea@ (Co | X1 [E(Co | X1 152,0,n~) LAE G 1 ] ”Zé’} Ia, <X>]

VdE [||E [Co | X] |31, (X)]

neb

= (kq1 + ¢2)

)

It remains only to control the term E [||E [C¢ | X] 13,1a, (X)]. Recall from H3 that E [Cq | X] =
BCx + Ag(X), which thanks to (a + b)? < a® + b® implies,

E[IE[Ca | X]13,1a,(X)] S B°E [ICx — Ex3] + 18Ex + Ac(X)[13,
SBE[I0x — Exl5) + Bl o + #°

e (5  20) Lo (5 )]

VdoZ(B°E [ICx — Sx|13,] + B IZx (5, + +7)
noed '

It remains only to handle the deviation of C'x in operator norm. To this end, we rely on [Ver18] result

9.2.5, which states that for a universal constant i,

r+u  r4+u —u tr (X2
B (Cx - Sxllop > Kot 4 ISxflop | <267, 7= LX)
Vo T Sl

Note that [Ver18] states this result in the case of X having sub-Gaussian columns, which in our
setting is a direct consequence of Definition 1. In particular, we write,

r+u r+u
‘P(U)ZKUEL( (\/ " + n >||2X||0p> thus WI(U)ZKU.%((Q\/i >||2X||0p-

and, by the change of variable ¢t = ¢(u), we have,

hence,

(44)

F

S (kg1 + g2)

B[l - Sxly] = [ PICx - Exl, 2 0 dt = [T P(ICx - Sl 2 0)
= [T B Sl 2 o) 3t ' 0)du
<2 [Tt et < 6p/0) [ et o du

Kok /Ooo e 4 u) +124/(0) 20X /OOO e(r + u)?

n

1 1\ (r+1 , 20r2+2r+2)
< 6K 3012 4
- ox 2\/nr T n n? ’

recalling that 7 = tr (Xx) /||24|lop, and noticing dAg(Xx)/[|Zx [lop < r < d, it results that

Syl 1\ (d+1  d*+d+2
E CyeB ] < ol HX70P -
[ICx = 2xl5,] < ox (ﬁd?\d(zx) T TR

< 12 1Exlop l
~ X (ﬁdxd(zx) T
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where we have used d < n, garenteed by H2. We plug this into (44), and we get,

1 1-— 1 1-q 1-— 1
o [{ame (B0 2m) gt (s 2n) )
«a « «a o « o

\/&Ué(ﬂ?’lllelgp+ﬁ3)+\/aag< [Sxler +1>}

B -
S (kg1 + @) { b naed \ Vnd\g(Xx) n

_ (51 + @)V {og (8|13, + 5*) + o [|Ex lopAa(Xx) " 'n”1/2d !}

~

(45)

F

noed
o’ (kg1 + @)V {o& (B Ex I3, + £°) + 0 ZIZx opAa(Sx) ~InH/2d 1}
n((1 —a)n + Aq(D))°

<

This concludes our analysis of the first term in (43). We now focus on the second term in Equation (43),
which is controlled, provided E [[|A¢(X) — Ag|r] is small.

First, we check that,
ay(X) = 1+ tr ({3Cx + Aa(X)}E [Re (1~ a)Cx /0 + D/a) | X))
— 14 %tr (18Cx + A(X)IE[a (1~ a)Cx +aCe +D) | X])
— 14 %tr({ﬂCX +Ac(X)} E[Raug(D) | X])

From this, one can hope that a,(X) concentrates around a; = [E [a,(X)], hence, we write,

—1 n -1
E { ((1 —d(X))Cx + O‘:L\gc(")(? + D) — ((1 —a)Cx + aﬁf + D) } 1a, (X)]
<|E OzAg(X aAG(X)

{ ((1 —d(X))Cx + ag(X)) + D) - - ((1 —a)Cx + o () + D)l} 1a, (X)}

+ ||E {((1 —a)Cx + afe(X) +D>1 - ((1 —a)COx + aﬁc +D)1} ]lAn(X)]

ag(X) g

furthermore, relying on the identity A~! — B~1, we write,

1 -1
E { ((1 —d(X)Ox + CY?G)(?)() ¥ D) - ((1 —d)Cx + ‘?ng) + D) } Ia, (X)}
g9 g F
= ||E (O/(X)a/){((la/(X))Cx+CZXC(;)(?§)+D> Cx <(1OL/)C)(+O:/‘\C<¥§?§)+D) }IAW(X)]
) g F
<E ||o/(X) - o] ((1 — o/ (X))Cx + O‘aAC(’%) n D> e <(1 —d)Ox + afc(’%) n D> || 1w, (X)] ,
9 ) F

Now, remarking that

Cx ((1 —a)Cx +

and,

H <(1 ~d(X)Cx Mf&()) +D>_

op
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Similarly,

E {((1—a’)CX+O‘£L]C(’)(?+D)_ —((1—a’)0x+a%G+D } ]
—1 —1
< aE Clg(lX) —alz ‘((1—@’)CX—|-0%+D> Ag(X) ((1—a)CX—|— a; +D> F]lAn(X)‘|
a alg(X) -t _ , a(X) -1
“r;g]E ’(( )CX'i‘m-i-D) {Ag(X)—Ag} ((l—a)CX—l— g( ) —|—D> F‘|
E[Jag(X) —a;|] | E[JAc(X) — Agllr]

T (I=ap+ D) (1 -a)y+r(D))?’

which results in

1 -1
E { <(1 —d(X))Cx + Cﬁxggj(;)() + D) — ((1 —a)Cx + Oﬁj)%() + D) } HA,,(QXQ)]
Efl'(X) o[l —a)7h E [Jag(X) —ag[] | E[lAc(X) — Ac|r]
- *04)77+7\d(D) (1 a)n+A1( ) (L= a)n+Aq(D))?
afE [|ag(X) — *H (1-a)™"  E[|ag(X al] | E[llAc(X) - Ag|r]
- (1 —a)77+7\d(D) (1- )n+A1(D) (1= a)n+Aq(D))?
< aB(l — ) Ha *H [HAG(X)*]\GHF}
- (1—0<)n+7\d ! (1 —a)n+Aq(D))?

From the previous, one can see that controlling E [|[A¢(X) — A¢|lr] and E [|ay(X) — a;H is
sufficient in order to control the second term in decomposition (43). While the first needs to be

assumed small, we can show that E [|a,(X) — a,|] is small under quite general conditions, to this
end, we write,

|ag(X) —aj|
< % |tr (]E [CX Raug(D)1a, (X) |X] —E [C’X RAug(D)]]-An(X)]”

+ % |tr (E [Ac(X) Raug(D)1a, (X) | X] — E [Ac(X) Raug(D)1a, (X)])]
fi Z [t (B [XiX," Raug(D)1a, (X) | X] = E [X;X;" Raug(D)1a, (X)])|
i=1

+ % |tr (E [Ac(X) Raug(D)1a,(X) | X] — E [A¢(X) Raug(D)1a,(X)])] -
Now remark that the distribution of [tr (E [X; X, Raug(A) | X| — E [X; X, Raug(A)])| doesn’t

depend on i , by exchangeability of the columns of X and HS, we thus focus only on the term ¢ = 1,
by writting,

E [|ag(X) —a}|] < %ﬁE [|E [X{ Raug(D)X11a,(X) | X] — E[X{ Raug(D)X11a,(X)]|]

+ %E [|tr (E [Ac(X) Raug(D)1a, (X) | X] — E [Ag(X) Raug(D)1a, (X)])]]
B

—E|

< |E [X{ Raug(D)X11a,(X) | X] —E[X{ Raug(D)X11a,(X)]|]

+ EE [[6r ({AG(X) = AGYE [Raug(D) | X] 1a,(X) ~ E [{Ac(X) — Ac} Raug(D)1a, (X)])]]
+ 2 [|tr (A{E [Raug(D) | X]1a,(X) — E [Raug(D)1a, (X)]})]]

where the last inequality followed from using the triangle inequality. To bound the above quantity,
we first focus on the second and third terms, which are notably less technical, it holds from Cauchy-

52



Schwarz inequality and remarking that || Raug(D)1a, (X)|r < Vd(n + Aa(D)) ™" that

%E [[tr ({Ac(X) = AGIE [Raug(D) | X]1a,(X) — E[{Ac(X) — A} Raug(D)1a,(X)])|]

avd -
<2————— E|[[Ag(X) — A .
Furthermore, the function X — tr (Ag [ Rxuy(D)) dvg™(g) is 2vVd||Ag|lop(1 + v/mLg)(n +

Aa(D))~%/2(n + m)~Y/2-Lipschitz, from lemma 6 and lemma 7. Hence, we have that

tr (AGE [Raug(D) | X]) 14, is sub-Gaussian (which follows from H1 and proposition 6), and
we have,

B [Jir (AG{E[Raus(D) | X] 1, (X) ~ E [Raus(D) 1, (X)]})]]

< & \Var(tr (AGE [Raug(D) | X]) 1a, (X))
_a (ﬁnﬁcnopu +me) | el )

~m\ i+ raD)Pn+m)  n+AD)"

Recalling that oa, < n~! from H2, and using that d < n (which also follows from H2), we simplify
the previous bound

E [|tr (]\G{]E [Raug(D) | X] Ia,(X)-E [RAug(D)ILAn (X)]})|]
oV/d|[Agop (1 il | n+Ad<D>> - avd|Ag]lep ( Va4 LEV +7\d(D)>
vn

N 3

(n+Aa(D)?m \ Va+m n )~ i+ Aa(D)m

Plugging the previous calculation back into (C), we find,

E [|ag(X) —ai]] < %ﬁE [|E [X{ Raug(D)X11a,(X) | X] — E [X{ Raug(D)X11a,(X)]H@7)

aVd||Ag|lop (E A (X) — Acllr] v/n+Aa(D) ¢ VaLe+ 1+ 0+ M(D) «/77+7\d(D)>
n

(1 +Aa(D))*/2m 1AG lop

It remains only to bound the expected deviation of E [X|" Raug(D)1a,(X) | X]. Using the
Shermann-morisson’s formula, we first write,

1 Xi;Rx-,c(D)X1X] Ry-,6(N)X;

X, Raue(D)X 1 (X -
1 Ag( ) ! A"( ) n-+m 1+(n+m)_1X1TRX—|_|G(D)X1

{XI Ry ue(D)X: } 1, (X)

X1 Rx-e(D)X,

= TIa (X
1+ (n+m)' X Rx-,c(D)X, A (X)

{(n+m)—

(n+m)
14+ (n+m) X Rx-ye(D)X1

} 1a,(X) .

hence, writting f : x — (n +m)/(1 + (n +m)~1x) (note that f is 1-Lipschitz), we have,

E [X] Raug(D)X11a,(X) | X] = (n+m)P(X € A)) — E [f(X] Rx-u(D)X1)1a,(X) | X]
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which allows to rewrite,
B X Raue(D)Xi1a, (X) | X] = {00 0) = [ FOX] Ry (D) X0)0§™(0) | 1, ()
= ()1, () = [ FOET R (D) X)L, (X))
[ FOT Ry (D)X, (X)L = 577 9)
= ()1, (0) = 1 ([ X7 R (D)1, (00057(0) )
- ([ 10T Ry D)X, ) )~ 1 ([T Ry X057 ) ) )
[ FOT R (D)X, (X0 = 127} g)
which ensures,

E [|E [X] Raug(N) X114, (X) | X] = E [X] Raug(A) X114, (X)]|] 48)
£([ X7 R0 s du;‘?t"(g)) 1, (X) ~ E [f ( [T R0 X, dv;%mg)) 1, <X>} H

+E | [ 1T Rar-0D) X1, (0) a0 0) — (] XT o y(D) X0 057() 1, ()|

SE[

+E H/f(X1 Ry 1y(D) X1)1a, (X) d{v&™ —V?ém}(g)H :

and we once again bound each term in the previous upper bound (48), starting with the last term,
we notice that the function G — f(X{ Rx-g(D)1a, (X)X1) is 2X{ X1 (n + Aa(D))~3/2(n +
m)~1/2 from Lemma 6 (almsot surely). Hence, using H5, we have,

E [X1X] ]
(n+Aa(D))*2(n + m)!/?
_ tr (Xx)
(n+Aa(D))*/2(n + m)/?

H [ O8] R0y (D) X0) 1, () 002 — 187 >H u(n)

u(n) .

Furthermore, using the Jensen’s inequality, we have,
B {| [ £OT Ry D) 60) v 0) = ([ XT R0(D) X: 00(0) 1, (30
<El/’f X1 Rx- ug(D)Xl /X1 Rx- ug(D)deV ))‘dng(g)]lA,,(X)]

SEV

Relying on the o x-Lipschitz concentration property of V%T, we can bound the previous term using
the fact that G + tr (X, X{ Rx-,g(D)) is Lipschitz (from Lemma 6). We get,

(XX R 1y(D) ~ [ R 1,(D) 57 (0)}) | 7 )1, <X>] .

B || [ £OT R0y (D) 50) v 9) = ([ XT Ra00) X3 0087(0)) 1, ()
E X[ X,] tr (Sy)

> 0+ AD)+m) P (4 MDY 0+ m) P
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Now, focusing on the first term in (48), we write using the Jensen’s inequality as well as leveraging
the Lipschitz property of f,

E Hf (/Xf Rx-1y(D) X1 dug?m(g)> 1a,(X) —E [f (/ X| Rx-,(D) X3 dy?;M(g)) Ta, (X)} H
<E Hf (/ X[ Rx-14(D) X, du;‘?m(g)> Ia,(X) — f (E U X[ Rx-1,(D) Xy dy?;m(g)D 1a, (X)H
v || (] [ 67 ReuyD) 50057 0)] ) 10,00~ B 1 ([ 3T R0 31 0§7(0)) 10,30
<8 [| [ X7 Rty D) X001, (00~ B | [ XT Ry 0) X011, (00

+E HE UXI Rx-1y(D) X; dl/%m(g)]lAn(X)] —/X1T Rx-uy(D) X3 dv;eém(g)llAn(X)H

< \/Var (XI [ R D) (o)1, <X>X1)

Now, we remark that [ Rx-,,(D)dv$™ (9)1a, (X) is o(X ™) measureable, our Proposition 7
applies, and we get,

(1+/mLg)? 1+ eyt }

T m 2
Var (X1 /Rxfug(D)du?g_ (9)1a, (X)X1> S dEx]5 { (1% Aa(D) P (n + m) + (7 + Aa(D)2

Which implies,

E Hf (/ XJ Ry-1y(D) X, dyg?ﬁl(g)) Ia,(X) —E [f (/ X7 Rx-y(D) X, dyﬁ?T(Q)) la, (X)} H

(L+ ViiLg) Ly
S \/gHzan { (n+Aa(D))32/n+m * (n+ Aj(D)) }

Putting all these bounds together, and plugging them back in (48), we find that,

E [|E [X{ Raug(D)X11a,(X) | X] — E [X{ Raug(D)X11a,(X)]|]

(14 y/mLg) 14 cy/?
< \/aHEX”Op { (n+Aa(D))32/n +m + (n+ }\:(D)) }

tr (Ex)
T T AD)P 20+ m)i2 (1+u(n))
) ("igﬂiﬁ)ﬁm { W”:Cim(l Fu \/n1+im +VaLe + (1+¢x*)V/n+ ?\d(D)}

We conclude on the second term in (43) by plugging the above bound into (47),

* aﬁ\/aHZXHOp \/g 1 _1/2
aVd||Ag|lop E[[[Ac(X) — [}G”F] V1 +Aq¢(D) +ale + 1+ y/n+Aq(D)
(n+ Aq(D))3/2m IAGlop ¢ Jn
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Hence, using (46), we have,

1 -1
E {(u—a%X»cx+ﬁg§§)+D) —(u—«00X+ﬁ$§§>+D) }HM@®4F
aB(l—a)" P+ 1 aBVd|Zx]op Vd 1 1/
S =)+ 7D) (0 + Ma(D))2m {m(l tulm)t oy TYeke H A+ eV “d(D)}

LoBl-a) 1 aVilAcly  (E[IA() ~ Aalle] VIFAD) | o 14 /it A(D)
(1— a)n + Aa(D) (7 + Aa(D))32m A op ¢ NG

E [[[Ac(X) — Acllr]
(1 = a)n +Aa(D))?

Which conclude our analysis of the second term in (43).

Finally, we turn to the third and final term in (43), which is controlled using Proposition 8. First note
that Ag(aAg/a; +D/(1 — a')) > Ag(D)/(1 — '), hence Proposition 8 ensures that there exists a
constant g3 that depends polynomially on - - -, such that,

1 alg 1 1 g alg 1
E D) - D) la (X
| { e (S om) - o (2 + ) oo

o V| Sx 3,
~ T= o/ mha(Ex) (7 + Ma(D) /(1 — )8

Now putting our computations all together, in particular plugging (45), (49) and (50), in (43) we have
shown,

[ [{RauD) - B @)} 1a, 0]
o® (kg1 + @)Vd {o&(B3IZx 13, + £°) + o[ Sx [lopra(Ex) ~tn~1/2d "1}
n((1—a)n+Aq(D))S

+ Zﬂ(la_)najr);\dg;) (naf\;j(llfgy/?m { \/7%(1 +u(n)) + \/nl+7m +vale + L+ ")+ Ad(D)}
af(l—a )t +1  avd||Aglop E [[Ac(X) — Aclr] v/ + Aa(D) 1

- (1 —a)n+Aa(D) (n+ Aa(D))3/2m ( [AGlop *vola+ Vn
E [[Ac(X) — Allr] 1 g3V Sx |3,
(I=a)n+Aa(D))? 1 —a' nA(Ex)(n+Aa(D)/(1—a'))b

<

+ n+Ad(D)>
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To simplify the above upper bound, we use the fact that 1 — o’ > 1 —a,a < laswellasd < n,
which yields,
E[{RawD) - RS D) 1, (X
aue(D) = R{ (D)} 1a, ()] |

_ (sgr + @)Va{oB (B 1Sx 3, + #7) + o [Sxllopha(Ex) " n2d )
~ n((1— @) + Aa(D))?

af(l—a) ' +1 aBVd|Sx|lop {(1 +u(n)) + VaLe + (14 ¢x*)/n+ )‘d(D)}

(1 —a)n+Aa(D) (n 4+ Aa(D))3/2m
af(l—a) ' +1  aVd|Ag|lop (E [[[Ac(X) = Aglle] \/n+ Aa(D) 1+n+ 7\d(D)>
T

(1= a)n +Aa(D) (n+ Aa(D))*/*m IAcllop
E [ Ac(X) — Acllr] (1 - a)°qsVd|[Sx|I3,
(T =a)n+A(D))?  nAa(Ex)((1 = @)n + Aa(D))°
Vdod (58| 2x|ls, + #°)
T nAa(Ex)((1 = a)n + Aa(D))°

(B3[Ex 3, + K3)v/n
ap afVd(|Zx llop + g3llAc]lop) ~
" (1—a +1> ((1—a));+xd(133))5/im {4+ um) + vate + (1+ ) Vi + Aa(D) }

N (aﬂH) <((1_a) ! + afvVd )E (I1A6(X) = Ac|r]

+alg +

10 b
(Hq1+q2){?\d(zx)+d % [Zx]lop }

l-a n+Aa(D))? (1= a)n+A(D))>>m

O
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D Proof of theorem 2

This section of this Appendix details the proof of theorem 2. First recall the definition of £ Aug(A),
for all A > 0:

o)~ L= (RX@ (o)) ) in (X)

d ag(X)

1—(1-B/ay(X)) Ac(X) - ey

—lu=p0/a o 5 (ag(X)) alG
Py (X) = g g X) | ————= I
2(X) da, (X) tr (RGX (A, )( ay(X) + A d) > ;
Where we have used the three notations,
1—-(1-08/a,(X))
az(X) =1 + ( i/ g( )) Xir /RX_ug dl/%m'(g)Xl s
(52)

a,(X) =1+ % tr ({BCX + AG(X)}/qug(A)dug%m(g)) )

and, for any a > 1,

-1
R&)x (A, X) = ((1 —a)Cx + O‘AG(X)a+ abCx | )\Id> .

Finally, we set,
R 1 1
Enus(N) = =t (Raug(V)?) = 2(21(X) = @2(X)) + - tr (577

Firstly, in appendix D.1 we detail the concentration of a,(X) and a,(X) defined in (52). Secondly,
in appendix D.2, we show that ®; (X') and ®(X) (defined in (51)) essencially have sub-Exponential
tail, we provide an upper bound on their sub-Exponential norm. We then conclude on the proof of
theorem 2 in the last part of the Appendix.

D.1 Concentration of a,(X) and a,(X)

Proposition 9. Assume that X and G satisfy assumptions HI to H2. Let a,(X) and a,(X) defined
as in (52), we set,

Cu(t) := min{ A At AN ¢ ( Al )}
e (1—=a)""7 o (VaLg +1/vn+m)? > \ BlZx]lop

(y(t) = min A I ) VARt X (n+m)*t? T In(n)
! B2 B B oc +u(n)? Blog +u(n)) » (LA/ﬁﬁ-\/ang—i-n/\/m)Z I
as well as,

P 4(0G+u(n))tr(2x)+ (1+Llg)
om L VRBmtm) mrm) )

IZxllop (2u(n) | tr(Sx)
v (W U(nffn)) ‘

then the following holds for a universal constant ¢ > 0,

P (|ag(X) —ag| >t +05) < exp (—c(n +m)C(t)) |

0z 1= 04 +

and,
P (Jaz(X) —az| =t +6g) < exp (—c(n +m)Gy(t)) -
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Proof. We first recall that A > 0 and from (52),

0(X) =1+ 2t (OB [Raug) | X)) + & tr (A(XE [Raug (V) | X))

and from Theorem 4,

a; =1+ % tr (E[Cx Raug(N)]) + % tr (E [Aq(X) Raug(N)])
we can thus write,

|ag(X) — a} (53)

< 2 i (£ Cx Rawg V) | X] = E[Cx Raaug W)+ = o (E [AG(X) Raug ) | X] = E[AG(X) Raug (W)

IN

TS Jir (B (XX Raus() | X] B [XX] Baus (V)]
=1

+ % [tr (B [Ac(X) Raug(A) | X] = E[Aq(X) Raug(M])] -

Now remark that the distribution of |tr (]E [Xl-XiT Raug(A) | X] —E [XiXiT RAug(A)} )’ doesn’t
depend on ¢, by exchangeability of the columns of X, we thus focus only on the term ¢ = 1. Using
the Shermann-morisson’s formula, we have,

1 X, Rxfuc()\)XleT Rx-uc(A\)Xa

n+m 1+ (m+m)1X] Rx-ug X1

B X1 Rx-ue Xi

C 1+ (n4+m) X Rx-ue(N) X
(n +m)

1+ (n+m) 11X Rx-ue(M\)X; '

hence, writting f : x — (n +m)/(1 + (n +m)~1x) (note that f is 1-Lipschitz), we have,
E [X) Raws(N) X1 | X] = (n+m) —E[f(X] Rx-uc(V)X1) | X]

X{ Rawg(N) X1 = X{ Ry-Lc(\) X1 —

=(n+m)—

In order to derive the concentration of E [XlT Rauwg(M) X1 | X ] , we mostly rely on the use of

the Hanson-Wright inequality, which applies to quadratic forms of the shape X' M (X)X
with M(X~) being a o(X ) measureable random matrix. To this end, we show that
E [X] Raug(A)X1 | X] is close to being of this form. We have,

B [X] Rang() X | X] = (0 +m) = [ FOXT Ry () X002 (0)
= (et m) — [ T Ry X))
+ [ FOT Ry VXA 127} o)
— (ntm)— f ( [ Rx-ungldv;@;m(g))
- ([ 10T R sy x0angno) - 1 ([ X R w0570 ) )

+ / FXT R g WX)A2™ — w27 (g)

Similarly, we write,

E[X] RgNX1] =(n+m)—f (E [/XT Rx—ug(A)dev;‘?m(g)D
~ (IE [/f(XlT RXHQ(A)Xl)dy;‘?T(Q)} —f (E [/Xf qug(A)deV??T(g)D)

+E| [ ST Ry X005 ~ 127 a)]
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which ensures,

|E [X] Raug(N) X1 | X] = E [X] Raug(N)X1]|
< ’f (/ X7 RXUQ(A)deygm(g)) _f (E Uxf RXUQ(A)deV;%M(g)D’

+

+

+

[ 16T R sy x5 ([ X R xiag o) )|
B | 10T Reyx0ai @) - 1 (2] [ 4T Rexiag o) )

[T Ry Xt - u;‘?m}@\ " ]E [ 1T Ry X0 - v o) ' |

Now, using the Jensen’s inequality, as well as the 1-Lispchtiz property of f, the previous equation

implies,

[E[X)

RaugN) X1 | X] = E [X] Raug(N)X1]]

< ’X:/RXHQ()\)dug?m(g)Xl —tr (EX/qug(A)dv;?m(g))’

of
+]E{/

tr (XlXI {Rx-ugu) - / Rx—ug@)dv;@;m(g)}) v (9)

o (XleT {RXHQ(A) ~E U qug(k)dV?éT@] })

dyﬁ?l"(g)]

¥ ] [T Ry X0 u;‘?mxg)\ ¥ ]E [T Ry X087 157 )] | .

To bound the above, first remark that the map g : XUG — tr (X1.X; Rx-1,q) is 2] X1 [3A =22 (n+
m)~1/2 conditionally on X (as a consequence of lemma 6), we have from H3, that X" R x| (M) X1

is sub-Gaussian conditionally to X, for g ~ v®™ and from the moment bounds for sub-Gaussian
random variables,

/

(0T R0 [ Ry} )| v

<\ (s (07 {rcsn- [rciangro))) wgm

QUc;XTXl

= Bmim

Similarly, and using a triangle inequality, we have,

il

<E

t

(06T {Ro o)~ B[ [ Ry a)] ) v o]

[ / r <X1X1T { / Rix-1y(\)dr2™(g) — E [ / RXug(/\)dVE?T(g)}}>

dv;‘?"_”(g)}

206E [X, X[ ]

A3(n 4+ m)

and, using Lemma 7, we have that and the variance bound for sub-Gaussian random variables, we

have,

B[ [ i (0] {Re sy £ [ [ Ra cuangmio)] }) | 7o)

< 2(1 + \/EL(;) + 20¢E [X;Xl] _ 2(1 + \/EL(;) + 20¢ tr (Zx)

A3(n+m) A3(n+m)
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Furthermore, using H4, and recalling that G +— f(X," Rxyua (M) X1) is 2| X1 (3N 73/2(n 4+ m)~1/2-
Lispchitz, the two final terms are bounded as,

‘/f(XlT Rx-ug (V) X1)d{v™ — g™ (9)‘ < 20X 3AY 2 (n - m) T AW (T V)
<2 X13A2 (0 + m) 2 ma(n)

and,
B || [ AT R sy WA0I0R2 =370 | < 20 () 4520 (o),
Merging all these together, we have shown,

|E [X] Raug(N)X1 | X] = E[X; Raug(A)X1]]

< ‘/Xf Ry, X1dvE™(g) — E [/ X' RX-UQ(A)deVE?m(g)H

2X1TX1 2131‘(2)() 2(1+Lg)
oot e ) e Vet m
< ‘Xf Rxfug()\)dz/;‘?’,”(g)Xl —tr (EX / qug(A)deu;‘?M(g))
2(cq + u(n }XTXl (=x)| + 4(og +u(n))tr (Xx) n 2(14+Lg)
VA3 (n+m ! VA3 (n+m) /A3 (n+m)

Finally, putting back the previous upper bound in (53), we have,

|ag (X fa]<—Z|tr E[X;X] Rg(\) | X] —E[X; X Rg(V)])]

206(0¢ + u(n)) — 3 daf(og +u(n))tr(Zx) + 2a8(1 + Lg)
/0 ;’XX (@l + o+ mm

+ E [tr (E [Ac(X) Raug(A) | X] = E[Aq(X) Raug(M])]

Applying a union bound, we have,

ap [ 4(og +u(n))tr (Ex) (I+Lg)
P(Iag() a>t+m< NoucET) +\/m>> (54)

< nP <‘X1T /Rxfug()\)dyﬁ?T(g)Xl Ctr <2X /RXHQ(A)deV;%?L(g))‘ § ;Z;)

E ¢
+nP <|X1X1T—tr(EX)| > YA+ mm )

6afB(oa + u(n))

]P’(tr(Ag(X)E Raug(A) | X]) = Eftr (Aa(X) Rawg(V)]] = ;Zf) ‘

We now bound each term that appears in the left side of the previous equation, beginning with the
third term, remark that the function g : X — tr (Ag(X) [ Rxug(A)drxen (g)) is Lipschitz, and,

P (1t (B A0(X) Raws(X) | X] ~ EAGCO RausDI > 1 ) = (19(3) ~ELs0)] 2 52 )
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indeed, writting for X, Y € R,

l9(X) —g(Y)| <

tr({AG(X) — Ag(Y)} / Rixug() dv;;@m(g))’

+

(260 { [ Ry W i (9) = [ Rycy(3) doyon )} ) ‘
- (LA\/E L 2AaW)llop(1 + vmLe)Vd

) X372 /(n + m)

LA\/E n 25(1 + \/TTLLG)\/(E
A A3/2,/(n + m)

) IX = Y]r

<

> X =Yl -

where the last bounds were derived by using H4, Lemma 7, and the fact that ||Ag(Y)|lop < & (as
well as the fact that X U G +— Rxy g () is 2A73/2(n + m)~/2-Lispchitz). Furthermore, note,

M<LA¢8+QH(1+¢MLG)¢&>< 3(3 (LA 2/<;(1+\/MLG)>
=V

+
m A X372, /(n 4 m) m+n) \VA Vn+m
1 La K
S ——— (A 4 Varlg + —— ) ,
N,/A3(m+n)(ﬁ vanle \/n—&-m)

Hence, the third term in (54) is bounded by applying H1, we get for a universal constant k,

7

We now focus on the first term in (54), by using the Hanson-Wright inequality, we have for a universal
constant k,

P (’X?/qug(x)dug?mg)xl —tr (ZX/Rng(A)deygm(g)N y ;;Z;)

) 2,9 242
< 2exp (—kmin{)\ (”;'672”) t 7/\(”;m)t}> < 2exp (—k(n—s—m)min{/\ﬁz,);}) ;

where we have used the fact that m/a = (n 4+ m), as well as || Rxiug (M) [lop < A™1. Similarly for
the second term in (54),

P (\Xle —tr (2x)| > A?’(’”m)mt> < 2exp (_Cmin{ A3 (n +m)*t A3(n+m)3t}>

A3(n + m)3t?

(LA/ﬁJr VarLg + K/m)Q

tr(E[A6(X) Raws) | X] = E[A6(X) Raug(V)] )| > ;”i) < 2exp| —k

6aB(og + u(n)) Blog +u(n))?d’ Blog + u(n))

< 2exp <—C(n+m)min{ )\3(n+m)t2 )\3(n+m)t}> .

B2(oa +u(n))?’ Blog + u(n))

We conclude, by merging the three previous bounds in Equation (54), it holds for a universal constant
k>0,

P(Iag<X>a;|zt+a5 <4<ffa+u<n>>tr<zx>+ (1+Lg) ))

m\ Batm)  Nntm)
242 3 n m 2 n m
< 2nexp (k(ner) min{)\ t M}) 2 exp (k(ner) min{ A’ (n+m)t A3(n + )t})

BB B*(oc +u(n))?’ Blog + u(n))
A3(n +m)?t?

a? (LA/\/X + VakLg + &/\/m)Q

+2exp| —k(n+m)
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Thus, only keeping the dominant term, define

Cg(t) = min A2 & A (n o+ m)t? VA3 A3 (n 4 m)*t? 4 In(n)
’ B> B B oc +u(n)? Bloc +un) (La/VA+ VarLa + n/m)Q e
In(n)
Cn+m’

we have shown, for a universal constant c,
af (4 og +u(n)) tr (Xx) (1+Lg)

Plla,(X)—al| >t+—
(1m0 182 (Moot @), Gte)
We now turn to the concentration of a, (X ), we have from (7) and the triangle inequality,

o,(3) — ) < [F OO0 o (T - 20 [ Ry (g0 )

N ‘ 1 (1= B/ay(X)) (EX {/qug()\)dy;‘?m(g) ~E [RAug(A)]})‘

n
L
ag(X) ag

<[ (o -2 [ Re-, e )|

; ‘ S (zX {/Rx-ug(A>du§m(9) ~E [/ qug(w”gm(g)} }> ‘

. ‘ Loy, <zX {E [ / Rx—ug(wvﬁ?m(g)] ~ERaus(V)] }> ‘

4 BalEx opd
nA
where we have used the fact that a, (X) > a;, and az > 1, as well as the Cauchy-Schwarz inequality.
Similarly as previously, we bound the deviation probability of each term independantly then use a
union bound argument to conclude. First,

IP( 1 ;atr ({XleT ~ Sy} /qug(x)duﬁm(g))’ > t)
— [F ([ (07 -2} [ Ry syiario))| >

<96 kmin A2n2t? nt
= Sexp 1-a)2d 1-a

A%t?
< 2exp (—k(n + m) min {1,)\15}) )
-«

which followed from the Hanson-Wright inequality. The second term is controlled by remarking that,

P (| (3x {  Rewairo - B | [Res,agn] )| 2 ¢)

=P (|g(X7) —E[g(X7)]| > (n+m)t)

where g : X — tr (Zx [Rxug(Ndvg™(9)) is 2vd||Sx |lop(1 + v/mLa)A™3/2(n + m)~1/2-
Lispchitz, and so does X — ¢(X ™) by composition of Lispchitz maps. It resutls from Hl1,

P (| (o { R s - 5 | [, agra] )] 27

n
(n +m)3X3¢2 ) (n+m)\3¢t2
<2exp|—k <2exp | —k
- p( dISx 2,1+ VimLa)? ) =~ 7P\ TSR, (VaLe + 1/ + m)?

>> < 6P (—c(n+m)y(t)) ,
(55)

% tr (XxE [RAug(/\)D

+ fa

| (X) — ag|
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The third term is bounded by using the Caucy-Schwarz inequality,

1 = (EX {IE U RXUQ(A)dVﬁ?m(ﬂ)} —E [RA“g(A)]D ‘

< 0= )|[Zx flopvd ‘]E {/qug(/\)dy;‘?’_”(g)} — E [Raug(N)]

and, using the shermann-Morisson’s formula, it results,

| [ R syNav(0)| - ERaus V)]

n F

F

F+HE [/ {RXHQW—RXug(A)}dv%”(g)} )

H [ 1{X—I_lg()‘)‘X1‘X£r RX—lug()‘)
1+ (n + m)_leT RX*Ug()\)Xl

H [ R - 7o)

H [ Ry >d{v®’"—v§?m}<g>]

remarking that, for the Lowner order <, we have,
Rxfug()\)XleT Rx-14(N)

L+ (n+m)~1X] Rx-1,,(M) X0

further using the facts that the Lowner order is preserved when integrating over the distribution of the

random matrices, and that the Forbenius norm is increasing for the Lowner order on PSd matrices,
we have,

HE U 1 iﬁf%ﬁﬁé{fifgﬁ dV?’ém(g)} H < H]E Uqug(A)Xle RxlUg(A)dy;G;m(g)] H

™ (g)]

F n-—+m

= I%X*ug(/\))(l)(lT RX*1UQ(>‘) ’

<E U [ RX_ug(A)X1||§dV§?m(g)}
<[
Lo (fx) ’

Thus,

H { Rx-1g( )duﬁ?m(g)} —E[Raug(N)] Fg E URX“Q( Y™ — 2 (g )] m

Finally, using the dual representation of the Frobeniusn norm, HS, and the Lispchitz property of
g+ Rx-4(A) we have,

H [ Ry (2™ — u;‘?m}@)}

— sup ]1«:[ / tr (BRx-y(\)) d{v¥™ — VS‘?—’”}(Q)}

F o IBle=1
< swp 2E (W1 (v V™))
Bllr=1 A3/2(n +m)1/2

2v/mu(n) _ 2\/au(n)
— )\3/2(n—|—m)1/2 2\3/2

we conclude on the third term by,

i (o fB[ [ R )] - B Rawo} )|

< Lo g [ [y ) (0)] ~ B R a0

F
(1-a)|ExllopVd (2u(n)  tr(Sx)

< (el (200 00 )
HZ ||0p 2\/571(”) tr (Xx)

<A ( RE U(nﬁn))
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finally, the deviation probability of a,(X) that appears in (55) was already controlled in the first part
of the proof, we thus conclude throuh a union bound argument that,

P <ax(X) —a >t ”Ejﬁ"p (2@%”) - At(l;l(i);i)) + ag)

<P (’ 1 ;04 b ({XleT ~ Sy} /qug(A)du;%m(g))‘ > ;)

+P (‘ 1 ;a tr (ZX {/qug(x)du;%m(g) ~E [/ RXUQ(A)du;G;m(g)] })’ > ;)

Bal| Sy Lot
w2 (PN ) 5| 2

< 2exp (—C(n -+ m) min { (1)\?2@) ) M}) 2exp <_kag(\/o’fsa++ﬂ?/A\jiW)2>

+ 6 exp <—c(n +m)¢y (Ba;))\(tHoPcl>>
< 2exp (—C(n -+ m) min { (ﬁi) ’ At}) 2 exp (_kag(\/affciml)/iiﬂ)2>

At
oo (‘c(" Tl (mmxn ))
op
defining,

Cu(t) := min{ Ak At A ¢ ( At )}
e (1-a)"" 7 o(VaLg + 1/vn+m)? > \ BlZx]lop

the claim follows. O

D.2 Proof of Theorem 2

This section is dedicated to the proof of Theorem 2. To this end, we define A€a () = Eaug(A) —
Eaug(A), and we notice that

Alpug(A) =2 {—Clltr (X" Raug(V)) + (@1(X) — %(X))} : (56)

where ®; and ®, are defined in (8). The proof of Theorem 2 goes in several step that we hereby
describe. In the first step (Appendix D.2.1), we provide tight concentration bounds for ®; and ®-.
In a second step (Appendix D.2.2), we shall bound E [A&x,(A)]. Finally, in the third and last step
(Appendix D.2.3), we deduce the concentration property of AEayg(A)

D.2.1 Concentration of ®; and &,
First recall the definitions of ®;(X) and ®5(X) from (8),

() = L), (Rx(O) (0;?6(’)(5){) +Ald) ) 1, (X) .

We begin by introducing the auxilary functions W1, Vo defined as follows,

d *

g

wy(x) = LU B (Rg;)(k) <QAG(X) + Ald) 1) :

000 = 8 (s (4280 1)) 1,00,

VX e R (57)

da *

z g
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where (a3, a;) were defined in Theorem 4.

This first part of the proof consists in showing that ®;(X) and ®5(X) are respectively close to
Uy (X) and U5 (X), and then showing that the functions ¥y and W are Lipschitz, which will results
in sub-Gaussian concentration bounds from HI.

Concentration bounds for ®,(X) — ¥;(X) and ®5(X) — U5(X)

We now show that ®;(X) — ¥y (X) has sub-exponential tail, to do so, write the following almost
sure decomposition,

|P1(X) — Wy (X)]
_ #tr(RX(O))tr (Rx(o){<o‘AGm +Md>_ - (aAG(X) +Md>_ }) Ia,(X)

ay(X) a
B ag(l)() - a1; 0‘“%””” o <RX<0> (w + Md) B Ac(X) (aAGg(X) + Md> _1> L, (X)
< Jay(X) — a: a(ig(—X(%;z)) aAEZ(X) (aA;;Z(X) Hld)l
< |ag(X)—a;{7%\ "
This implies,

P(|2:1(X) -0 (X)[2t) <P <|ag(X) —ag| > 77:) :

Leveraging Proposition 9, the previous implies in a straightwordard way that,

P <|<I>1(X) -0 (X)| >t + 07;5)\9) <P (|ag(X) —aj| > %M +6g) < exp <c(n+m)<g <W)> ,

a
(58)

where (; was defined in (9).

Similarly, we write for ®o(X) — ¥o(X),

|Po(X) — TUy(X)] <

i 1 604 = (ay(X)) M -1
al B ag(X)‘ day (X) tr (RgX (A X) ( ay(X) —i—)\Id) >
1 1 1—o ~ (ay(X)) O[AG(X) -1

/ . (@ Ag(X -
(RGO, X) - R0, X)) (O‘ ol )+)\Id> )‘

11—«

|
(

ag(X)
Rey (A X) { (O‘ﬁjg) + )\Id> . (O‘Aj*(X) + )\Id> i }) ‘
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(ag)

Recalling that RG‘X (A, X) was defined in (6), we further get, from A=1 -B~1 = A"1(B—A)B~ 1,
that,

|Po(X) — Vo (X))
-1
1 ‘ oo (Rg‘ﬁ,gX”(A,X) (O‘AG(X) T )\Id> )

- CTZ ay(X) | dag(X) 0y (X)
1 1 1—a (0, (X)) ahe(X) -1
+ g_m d tr (RGX ()\7X) <Clg()()+)\1d) >

’ * -1
e et <{Rg|§x))(A’X) (08Cx + ko (X)) Reix (1, X) } (Oﬁc(;)(g)Jer) )

and, applying Cauchy-Schwarz inequality, as well as using that all dilation factors are greater than 1,
we get,

, Ba
|[@2(X) — Uo(X)| < |a; — ag(X) 2
. 1-d
+|%-%~(X)|T
g 1—a [|aBCx + alg(X) 5 (a2)
+ag(X) — a5 —5 - Riy (0, X)
Clg op
1—o ||aAa(X) [aAe(X -1
+Jag(X) — af| —— ||Z Gf )(O‘ Gf )+)\Id>
A ay ay op
Ba+2(1 —a) S .
< PO ZEZ 0 o) — e+ T e (X) — a3
1 . 1 .
§§|ag(X)—ag|+ﬁ\az(X)—%|-

It results, from a unoin bound argument, that,

5z + 6,
>\2

> Nt +3g) + P (Jag(X) — al| X9t + 0,)

]P’<|<I>2(X)—‘112(X)| >t + )gP(|ag(X)—a;

< exp (—c(n + m) min {Cg; (\%t), ¢, ()\Qt)}) ,
where the last line (as well as the definitions of 0, d4, (, and () followed from Proposition 9.

Concentration bounds for ¥, (X) and ¥, (X)

As previously discussed, the concentration of ¥ (X) and W5 (X) follows from the Lipschitz proper-
ties of ¥y and o, as well as HI. Starting by the concentration of ¥y (X), we recall that d < n from
H2 and we write for any X, Y € A,,

02 (X) 0 (%) < | 5 o {x(0) — By ()3 (PRER) 1 31,) T

Lm0 ) (20 )

< étr({Rx(O) — Ry(0)} (CJM\;;;X) + /\Id)il)

# o g ) {e) - 4} (FE A1) )
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Using the Cauchy-Schwarz inequality, as well as H4, we get

[W1(X) = W (Y )I_ [Bx(0) — Ry (0)|[r

f

ey 1460 — AWl

2 ala
< + X =Y.
o <)\7]3/2\/dn 77/\2\/&> | e

Lo,

Where, we used Lemma 6 and H4 in the last bound. We have proved that ¥, is Ly, -Lispchitz on A,;,
and [|[Wy)a, loo <7~ 'A7", we have from Proposition 6 that Wy (X) is o -sub-Gaussian, with

1 ala

A3/2\/dn nv\/& ’

o1 SLy, + ||‘1’1|A,,HooUAn N
Hence, there exists a constant & > 0 such that,

B UTA(X) B[ (0] 2 1) < 2000 (b ) (@

Similarly for ¥ (X), we write for any X,Y € R4xn

* a —1
B(X) ~ a(¥)| < o ({Rgﬁi(k,x) RERO} (2R ) )

g9

|t (Rg‘;(x Y) (O‘AE’(X) +)\Id) (Ac(X) — Ag(Y)} (aAj‘(Y) +>\Id> )‘

and, using the Cauchy-Scharz inequality, we get,

(ag)

|\112(X) - \IJZ(Y” ||Rg\x()‘ X) G|X(>‘ Y)”F

- *A\f

+ A A (Y
Q*WMH &(X) — Ac(Y)lr
2

< , + X
a2\ /d(n+m)  arai\*nVd I

-Y|F.

=Ly,
where we used the Lipschitz property of X — R(G‘ ))( (A, X), which follows from Lemma 6. Remark
further that,

1 La
An3/2y/d(n +m) 77)\2[

thus, we get from HI, the existence of a constant £ such that,

Ly, S Ly, S/

t2
B (Wa(X) ~ E[¥5(X)]| > 1) < 2exp (%-In_m N CETOFEa=Yey ﬁ)?) ,
(61)
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D.2.2  An upper bound on the asymptotic bias of £ Aug(A)

Let us denote for sake of notational simplicity,

Vdo(B%5x |3, + K%) 1Zx [lop
(B ((1— o)y 1 A T ) {“EX) JFTExE, sz}

(1) ) (1 0+

af 1 apVd _
i <1—o< ! 1) (((1 YR oz)n+)\)5/2m> E [ Ac(X) ~ Aclr]

\/ﬁa?;llExllop(IIExllﬁp+H")(Kq1+q2){M(EX) +1}
- nA1 (Ex)A 1% llop
\/g”EXHop"‘%”AGHop 1/2
+ - a)o2m {(1+u( )) +Valg+ (1+cx )\/n+/\}

(w Vi ) [1A6(X) — Ag|¥] )

5Aug =

(1 — a)\5/2
such that it holds from Theorem 4,
D (a;»u;)
e [{na - R )],
Let us first recall from (56),
1
Agnus() = 2{ =515 (55" RaselV) + (21) - 22}

We have shown in Appendix D.2.1 that ®; (X ') and ®5(X) respectively concentrate around E [¥ (X)]
and E [U5(X)]. In this section, we derive an upper bound for the aboslute value of

B[22, 00] = 2 {1 tr (SE [Raus W) + E[0200)] (120}

First relying on (63), we write,

6Aug

_OAws ey
)\1(2){)\/& 9

B (A8 ]| % |-G or (ERRET00) + B ()] - B0 +

and, we remark that in the case where ¥ x and A commute, then the first term in the right-hand side
can ’linearize’, in the general case, we use the notation [A, B] = AB — BA for the commutator of
two matrices, and we write,

étr( R O) :étr<R§;* “*)(A)(a::G AId)(a::G L) 12;(1)

L, A A -1
_ (Rf: ) () (O‘ G+>\Id> P (O‘ G—H\Id) )
d ay ag
1 (az,a7) Oé[_\G CY]\G -t 1
— =t — 4+ A Al % .
p r(RA (A )( @ + ) < o + ALy DI

(65)
We now bound the second term and provide a new expression for the first one.
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Using the identity [A~1, B7!] = A~'B~![A, B]B~!A~!, the Cauchy-Schwarz inequality, and
Il < V|- op+ We can bound the term involving the commutator as

1 (a2,al) alg alg - 1
R A + A1 Al b
d ( Aug ( ) ( a* d) ( ag + d s X

g

—1
; (Rfj‘ ) () D5 [a;\G+>\Id7EX] el <O‘;\G+A1d> )’

g g9

-1
1 (ay,a7) 11T OzAG
5y Mg, x| Xy A
da; (RA ()X[GvX} <a+d

g9

=

A -
e <aa S )\Id) R ()

ug
g _
<a “[Ac, 2x]llr <

B \/ga;

2113,

Va2

liAe. =x]]le

(66)
Furthermore, using A~! — B~! = A=}(B — A)B~! we get,

-1 - o %
R () (O‘f‘; + Md) Sy = Ryn™ (0 (O‘fG + )\Id> ((1 — - ﬂ/a;)a)ZX> il Gt/

*
g g 0z

:2}1_(1—(1;*6/ﬂ;) RAa ,ay)

(A) - (67)
Plugging (66)-(67) in (65), we get,

_ _1 _ 1
1 _1g(aial) 1 L (A 1—(1-B/ay)a = (a%,a%) Ag
S (SRR ) £ S (Ex ( i) ) - R e (R () Ry

g x

||EXng [\ »
NGE IlAc, Ex]lle

Plugging the previous equation in (64), we get,

étr <2X (/c\lj +>\Id>_ ) —E [T (X)]

+

IE[A&x (V]| £ (68)

— — * A -1
+ E[@Q(X)]_% (RX‘ a)(/\) (ﬁf—&-)\ld) >|
x g
[p25q s OAug
+ NZIY I[Ac, Ex]llr + m )

We thus simply need to bound the biases of ¥ (X) and ¥4 (X), for notation simplicity again, we
introduce the notations,

1 AG -1

—_ 1—(1-8/a* A -1

g, - LAl (Rffz’“ ' (AG + )\Id> )
ak ay

Then, we have by definition of ¥y (X) in (57)

E[\Ifl(X)]:WE{U(RX(O){(M?(MLMCJ) L (O‘aAG AId) 1}) ]lAn(X)]

+%tr(ﬂ3 {{RX(O) - %}HAU(X)} (Oéﬁkc +)\Id)—1)

+ T, P(X €A,).
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Thus, thanks to the triangle inequality,

IE [0 (X)] — 0| < ‘;E [tr(RX(O) {(M n AId)A - (O“SG + /\Id)il}) Ia, (X)} ‘

* *
Clg g

o] {meo - ] (R 0) )
+ 01 (1 -P(A))) .

furthermore, using the Cauchy-Schwarz inequality and the Jensen’s inequality, we get

OLAG
*

g9

+%\/a HIE HRX(O) - 1_25/@}11%()()}
+ (1= P(A)) T, .

+)\Id)_1

B [0 (X)) - 0y | < ml/&E WaA%(X) +)\Id>_1 L |

1a, (X)] (70)

F

Using A~ —B~! = A~1{B — A}B~!, we can bound the first term in (70),

s a0 - (2

*

g9

o _
lAn(X)] < FE [[Ac(X) — Acll¥] ,
F
(71
the second term in (70) is controlled by applying Proposition 8, remark that (1 — (d/n))~! is the
fixed point of b ~ 1+ b(d/n) (which implies that (1 — (d/n)) 'S5 = Rﬁ( (0)), the second term
is bounded as
et
————1a (X
o,

< <1+||EX||Op> q\/EIIEx\Iip+ 1=l +H2X||c2>p eexn)
~ A (Ex) nAy(Ex)n° P 7

HE [RX(O) _ (72)

for ¢ being a polynomial function in n + A1 (D), A1 (Sx), [Sx |0, ¢ and n 2.
Finally, the last term in (70) is controlled thanks to H2, prcesicely, it holds,

= =X lon - 1
_ < cxn o _ cxn .
(1-P(A,))T; < =572 TR (73)

Putting (71), (72) and (73) together in (70), we get,

O S A N AN A D 1 |22
Bl 0] - ] $ 1 (14 X”p)< 2+ (s + Bl + 2

)

~ \d AM(Xx) nA1(Xx)n° 1(Xx)
+ ma—ﬁE [IAG(X) — Ac]le] (74)
< <1+ 7\1(EX)> QHEXng
T Exllop ) nA(Ex)2 A0
. Z 3 e(:xn
* (1 ’ Aé(jfii) (z;ngp * wﬂgf ﬁjjA’n} T X)) Mmz'X));kn{A,n}\/&
+ ma—ﬁﬁ [AG(X) — Aclle] -
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We now turn to the bias of ¥5(X), recalling (57), and (69), we have,

To(X) By = (RS‘%@(M){(M?) *“d)l - (aﬁf “Id>1}>

g9

1—-do uJC,u) OéAG -t
+— ({RGlX(A X) - Ry }( - +/\Id>

x

thus, using the triangle inequality yields,

(o (24 o) - (g o) )|
Lot (e o 0] - R} (222 40 )

and, further using the Cauchy-Scharz inequality, as well as 1 — o/ < 1, we get,
F]

ahe(X) g\ O‘AG+A1 N
a d ax d
( (az.a3)
Rgx (A X)] = Ry 0

/

—
|E [W2(X)] fo2|— o E

b

1

B [Ws(X)] - To| < %E ; g
[Reix (0] =R 0

A\E
E [ Ac(X) - Aglle] + H\E[

P .

>\3f
Now, using that RS‘Q(A,X) =(1—a/) ' Rx (aAa(X)/((1 — a)b%) + A/(1 — /) 1), we write,
|]E[‘I’2(X)} — Uy
< 57 [1A6(X) = Acls
1 A - Aa(X -
+ L e ((10/)0X+0‘G()+A1> ((1a')cx+°‘c()+nd>
\d g o F
1 OzAG A 5(aX) Oé[\G A
— | I, )| - R I
+(1O¢’))\\/Z73H [RX ((l—o/)a;—’_l—o/ d)} Rx ((l—a’)a2+1—a’ d) -
_ 1 _(a%)
A A + — = ||E[Rx (D)] — Ry*' (D
S 5w [1Ae() —Rele] + o [ R () - R )
Where, we have used the notation,
OZAG A
D= I
(1—a’)a;+1—a’d’
Finally, using Proposition 8, we get,
|E[@2(X)] — T2 (75)
1 gVd||Sx ||} 1 .
oy s LB (106 (x) ~ Kall] -

: (1 —a)MWdnM(Zx)(n+A(D))° ~ A3y/d

And, remarking that A; (D) > A\/(1 — '), we finally get,

_ Txl? _
B wa(x)) s § A L o)~ Rell] . 6)

72



D.2.3 Conclusion on the proof of Theorem 2

To conclude on the proof of Theorem 2, we plug (68), we first show that ®; (X ') concentrates around
Wy (resp. $o(X) around Uy) with a bias of order daye (resp. dayg). Introduce the following
notations,

o o= (1 2By By

HZX”OP nAl(EX)2)‘776
7\1(2X)) ( 1 A1 (Zx) min{, 7} > 12 x |2 ex™
+ (1 + A (2x) :
< 1Zxllop /) \IIZx13, 12 llop ! M1 (Zx)2 min{\, n}Vd
[0 _
+ ———E |[|[Ag(X) — A
eV [IAc(X) — Acll¥]
QHZXH(?S 1 _
Sy, = P + E [|Ac(X) — Ac|F]

nAL (2N —a)n+ A6 A\3/d

and, we make the preliminary remark that, for some C', C; and C5 independant of n, d, m, and that
depend polynomially on A1 (Xx), ||Zx|lop and min{\, n}, we have,

CrlZx s, Co||Zx]3,ex™ E [[[Ac(X) - /_XGIIF],W)
nh(Sx)2min{A 0} A (Sx)2min{Ap2Vd T min{g,\}3Vd
< Cs(1+cx)IZxl8,  E[lAc(X) — Aclle]
~ nAi (Xx)? min{A, 7}7 min{n, \}3v/d

dw, + 0w, S

From there, we bound E [Aé'gug(/\)] as,

|E[AER(N)]| £ [¥1 —E[@1(X)]] + |¥1 — E[@1(X)]]

1Exllop ) 5 5 4+ —Shus
VN2 ’ M (Sx)Vd
T e R T P
~ VN2 M (Sx)Vd
o+ DISxly | E (1A — Aallr] . ISxlZy, -
5 2 s 7 . ||[AG72X]HF+
nAi (Xx)? min{A, n} min{n, A}3vd Vdx?

Where the first inequality followed from (68), the second from (74) and (76), and the last one followed
from (77).

Now, recalling (62), we have,

Saug <Jé”lelopﬁ(lllelgp+f€3)(q1 qQ){M(Ex) 1}
M (Ex)Vd ™ nAy (Xx)A® £ UIExllop  K?

Exllon + a3l Ac|lo _
ksl (1 i 1+ )

Vd\ E[A¢(X) - Ag|F]
/ ye
+ ()\1 L - ) (1 — a)M (Sx)N/2Vd

It results that for constants Cyy, C independant of n, d, m, and that depend polynomially on A1 (X x),
I xlop, & m/n, u(n), Lg and min{\, n}, we have,

(1+02) (1 + cx)[Zx llgpr + [Ex lopr™) E [[[Ac(X) — Ac|lr]

6Aug

IZx |3

M(Ex)Vd

+Cs

(1 = a)nA (Zx)2 min{\, n}7 min{n, \}3v/d
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Writting 0ol = 6w, + 0w, + | Sx [|2,d/2A72||[Ac, Zx]||F + 6 Aug, We write from a union bound,

P (|Aaug(N)] >t + Korotal) < P (|Alaug(A) — E [AEY (V]| > 1)
t
)

P (12:(X) - B0 2 £ ) + P (12200) - E[w(X))
)
)

Y

N

<P (1000 - 01| 2 § ) + P (10200 - B[] 2

P

P (1200 - 9001 2 ) +2 (1800 - B0 2
S exp (—k(n+m)min{§$()\2 ), Co(A21), (n/\t>}

e <_k<A—1n—3/Q/W LA W>
< exp (k(n +m)min {CE(AQt),Cg()\Q )G (m:&) })

n3\2dt?
+ exp
LA\f +1/y/(n+m)

Where the last inequality followed from (58), (59), (60) and (61). The previous holds for large enough
K and small enough k that are both universal constants.

To conclude the proof, it remains only to simplify the quantities droa1 and (s, (g, in order to match
the statement of Theorem 2. We start by simplifying the exponent in the concentration statement.
First, defining e = min{\, n, 1}, we remark that,

exp <k(n + m) min {gx(/\%), Co(N2), ¢, (77215) }) < exp (—k(n + m) min {, (%), (,(7t) })

We recall the definition of (;(¢) and (,4(¢) from Proposition 9,

Ce(t) == min{ A P\ AN q ( A ) }

e (1—a)"7oZ(VoLg +1/vn+m)? > \ BZx llop

N2 At N (n4m)t? V4 A3 (n 4+ m)2t? L In(n)
B Poe Tl Ble Fu) o (L4 yavante + Vi)

(g(t) = min

Note that in the worst case scenariom we have (n 4+ m) = 1, hence we write,

Cg(t) > min ﬁ et e¥(n + m)t? et e%(n+m)*t? + In(n)
7T B2 B B oc +u(n)?’ Blog +un)” o (LA oV nle + ﬁﬁ/\/mf ntm
> i L L £ t i
- B’ Be?’ BP(oa +u(n))?’ Pe(og +u(n))’ , (LA + VavAkLg + mﬂ)z
and

X ) t2 t t2 et
Gl() 2 mm{s(l —a) 2 oZ(VoLg + 1)27@; <5||EX||OP>}
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‘We From there, we define,

bio=¢ &9 = max{e(l — ), 04 (VaLg +1)%}

and,
619 = max{B%. fe(og T u()} oy = max{8%, B2(o6 + u(m)?a? (Ly + VaVArLe + xVA) '}
This ensures that,

t ot ¢ 2
¢y(e%t) > " min { } > % min { }

€21,y &2 41,4 €260,

and,

2 4,2 3 642
et e*t et et
Co(E%t) > &3 min{ }

&g b BlExllopbry’ BlTx (12062,

o 9 { ¢ ¢ t t2 }
> &” min , , ,

e41,9" €282,9" BlZx llope361,e” B2 Ex 12582,
Defining p; and ps such that,

pP1 = Mmax {5451,97ﬂ||EXH0p53£1,g754€1,g} pP2 = mMax {8252’9,52”2)(”3})62’9,5252’9}
(78)

we have shown,

exp <k<n+m> min{cxwt),cg(vt),cg (”f) }) < exp (—k(n + m) min {¢,(21), &y (c*0)})

< ne—ktm)t?/ps 4 o —k(ntm)t/p

75



	Introduction
	Related work

	Inverse covariance estimation using shrinkage method
	Precision matrix estimation using generic data augmentation
	Numerical experiments
	Conclusion
	In-depth justification of the hypothesis
	Discussions on ass:ProbaSmallEigenvalues
	Discussions on ass:GLipschitzConcentratedcondX, ass:Smoothness, ass:Stability

	Proof of thm:NonAugmentedRidgeErrorEstimation
	Some sub Gaussian concentration bounds
	Concentration bounds for random quadratic forms
	A deterministic equivalent for RX(), with arbitrarly small regularization parameter
	Conclusion on the proof of thm:NonAugmentedRidgeErrorEstimation

	A deterministic equivalent for resolvent matrices of augmented sample covariances
	Proof of thm:ConcentrationHatEAugmented
	Concentration of ag(X) and ax(X)
	Proof of thm:ConcentrationHatEAugmented
	Concentration of 1 and 2
	An upper bound on the asymptotic bias of Aug()
	Conclusion on the proof of thm:ConcentrationHatEAugmented



