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Abstract

This paper addresses the problem of inverse covariance (also known as precision ma-
trix) estimation in high-dimensional settings. Specifically, we focus on two classes
of estimators: linear shrinkage estimators with a target proportional to the identity
matrix, and estimators derived from data augmentation (DA). Here, DA refers
to the common practice of enriching a dataset with artificial samples—typically
generated via a generative model or through random transformations of the original
data—prior to model fitting. For both classes of estimators, we derive estimators
and provide concentration bounds for their quadratic error. This allows for both
method comparison and hyperparameter tuning, such as selecting the optimal
proportion of artificial samples. On the technical side, our analysis relies on tools
from random matrix theory. We introduce a novel deterministic equivalent for
generalized resolvent matrices, accommodating dependent samples with specific
structure. We support our theoretical results with numerical experiments.

1 Introduction

In this work, we consider the problem of estimating the inverse covariance matrix, also known as the
precision matrix, of a random vector from i.i.d. zero-mean samples [X1, · · · , Xn] ∈ Rd×n with true
covariance ΣX = E

[
X1X

>
1

]
. Here, n denotes the number of samples, and d is the dimensionality

of the data. This problem has important applications in statistics and signal processing (see, e.g.,
[FLL16, Car88]).

We are particularly interested in the high-dimensional regimes, where the data dimension d and
the number of samples n are of the same order. In this setting, the sample covariance matrix
CX = n−1XX> may be non-invertible or poorly-conditionned. As a result, using its inverse
as an estimator can lead to numerical instability and high estimation error. To address this issue,
shrinkage estimators for the covariance matrix have been proposed as a regularization method
[BGP16, LW04, SS05, LSW03], which involve adding a target matrix to CX . The simplest and
most common choice for the target is a multiple of the identity matrix, which effectively shifts
the eigenvalues above a threshold λ > 0, improving stability. In addition to linear shrinkage and
even more importantly, this paper also explores the use of data augmentation (DA) as an alternative
strategy.

Data augmentation (DA) involves increasing the size of a dataset by incorporating additional artificial
samples. The underlying intuition is that, in many cases, it is possible to artificially replicate the
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data distribution, thereby reducing the variance of the model while maintaining relatively low bias.
Due to its effectiveness in low-data regimes and its ability to mitigate overfitting, DA has become
increasingly popular and is now widely used in machine learning and data science [SK19, GSK18,
CKNH20, GSA+20]. It finds applications across a variety of fields, including computer vision
[SK19], natural language processing [FGW+21], and neuroscience [LLM20].

Two main types of data augmentation (DA) can be distinguished. The first is Transformative Data
Augmentation (TDA), where original samples are transformed through a random mapping—for
example, by adding Gaussian noise or applying a random mask. The second is Generative Data
Augmentation (GDA), in which artificial samples are generated using a generative model and added
to the training dataset. In the case of GDA, we assume that the generative model has been pre-trained
on the original samples X .

In both cases, the artificial samples are dependent on the original data. Although TDA and GDA
differ conceptually, our framework and results encompass both approaches. More precisely, we
consider the inverse of the empirical covariance matrix associated with the augmented dataset
X̃ = [X1, . . . , Xn, G1, . . . , Gm] as an estimator of Σ−1

X , where each Gi ∈ Rd is an artificial sample.
That is, we study the estimator which consists of the inverse of (n+m)−1X̃X̃> + λ Id, for some
regularization parameter λ > 0.

Although there is extensive empirical evidence that DA improves the performance of machine learning
models, the theoretical literature on the subject remains relatively limited. In this work, our goal
is to establish performance guarantees that enable meaningful comparisons between different DA
strategies and, as a by-product, allow for the optimization of certain associated hyperparameters.
To this end, we leverage tools from random matrix theory to construct estimators of the quadratic
error for DA-based estimators, which, under mild assumptions, satisfy exponential concentration
inequalities. Our analysis can also be adapted—and in fact simplifies—to cover linear shrinkage
estimators with a target proportional to the identity matrix. To summarize, our main contributions are
as follows:

• In Section 2, we focus on the estimator of Σ−1
X given by the inverse of a linear shrinkage estimator,

where the shrinkage target is a scalar multiple of the identity matrix. Specifically, we derive estimators
for the quadratic error and show that they satisfy non-asymptotic exponential concentration bounds.
Our results hold under standard assumptions from random matrix theory—namely, the Lipschitz
concentration property for X .

• In Section 3, we extend our analysis to data-augmented estimators under appropriate conditions on
the DA procedure, which we show hold true for common DA.

• Finally, for both scenarios, we show how our estimators for the quadratic error can be used to
compare and tune their corresponding methods with respect to key hyper-parameters such as the
nomber of additional samples m for DA. These conclusions are illustrated numerically on real data in
Section 4.

Notation and convention. Motivated by high-dimensional statistics, we will consider that n, d and
m are variables, yet for notation simplicity, we will most often not reflect dependancies in n, m or
d in our notations. Additionally, we write, x . y (resp x & y) whenever x ≤ Cy (resp x ≥ Cy)
for a universal constant C that neither depends on the model’s parameters, nor on the parameters
n, m, d. For any matrix H ∈ Rd×k, we denoted by CH = k−1HH> the corresponding covariance
matrix. For any symmetric matrix Σ ∈ Rd×d, we denote by λd(Σ) ≤ . . . ≤ λ1(Σ) its eigenvalues.
The Frobenius and operator norms are denoted ‖·‖F and ‖·‖op respectively. Random variables will
be referred to by capital letters X , G, Z, and we will denote by Ber(p), N(m,Σ) and Unif(E)
the Bernoulli distribution of parameter p ∈ [0, 1], the Gaussian distribution of mean m ∈ Rd and
covariance Σ ∈ Rd×d, and the uniform distribution over a discrete set E. Furthermore, we introduce
the p-Wasserstein metric, W p

p (ν1, ν2) = infγ∈Γ(ν1,ν2)

∫
‖x− y‖pF dγ(x, y) for any distributions ν1

and ν2 on Rd×k, and where γ ∈ Γ(ν1, ν2) if and only if for any E ∈ Rd×k, γ(Rd×n,E) = ν1(E),
and γ(E,Rd×n) = ν2(E).
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1.1 Related work

Data Augmentation. Numerous empirical studies have demonstrated the benefits of using DA
when training machine learning models [MM22b, MMN22, vDM01]. Among popular DA schemes,
we can mention AutoAugment [CZM+19, LKK+19, ZWZZ20], which aims to learn an optimal
augmentation policy from data by combining a set of sub-policies. In addition, significant works
have also explored the incorporation of knowledge about the distribution invariances directly into the
training procedures [CDL20].

However, DA does not always lead to a systematic improvement in test error [KIB+23, HGK20,
CL25], and very little theoretical understanding backs-up the improvement observed empirically. An
early analysis by [Bis95] showed that adding Gaussian noise to data points is equivalent to applying
Tikhonov regularization. Building on this seminal work—and given the practical importance of DA
for machine learning practitioners—a few studies have sought to develop a theoretical understanding
of its effects.

In the context of kernel methods, [DGR+19] showed that DA can be approximated by a combination
of first-order feature averaging and second-order variance regularization. Similarly, in the context of
linear and logistic regressions, [LKDM22] revealed that DA induces implicit spectral regularization
in two ways: first, by adjusting the relative proportions of the eigenvalues of the data covariance
matrix in a training-dependent way; and second, by uniformly shifting the entire spectrum via ridge
regression.

Taking a different perspective, [WZVR20] consider a family of linear transformations and study their
effects on the ridge estimator in an over-parametrized linear regression setting. First, they show that
transformations that preserve the labels of the data can improve estimation by increasing the span of
the training data. Second, they show that transformations that mix data can improve estimation by
playing a regularization effect. They proposed an augmentation scheme that searches over the linear
span of a set of transformations, aiming to maximize model uncertainty on the transformed data.

Recently, studies have shown that even small amounts of artificial data can lead to model collapse
[SSZ+24, DFK24, DFSK25], a phenomenon where the performance of generative models deteriorates
when recursively trained on synthetic data.

Precision Matrix Estimation. In a high-dimensional settings—where the number of covariates is
comparable to or exceeds the number of observations—traditional covariance estimation methods
often suffer from poor conditioning, making the estimation of the precision matrix particularly
challenging. To address this, [LW04] introduced linear shrinkage methods, which involve forming
a convex combination $CX + (1 − $)T of the sample covariance matrix CX with a shrinkage
target T, where $ ∈ [0, 1]. [LW03, LW04] derived the optimal value of $ that minimizes the mean
squared error between the shrinkage estimator and the true covariance matrix ΣX .

Extending this work, [LW12, LW22, BGBP23] proposed and analyzed non-linear shrinkage estima-
tors of the form Uf(D)U>, where CX = UDU> is the eigenvalue decomposition of CX and f is a
suitably chosen function applied to the eigenvalues.

Fewer works have addressed shrinkage methods specifically designed for precision matrix estimation.
Among them, [BGP16] studied estimators of the form (1−$)C−1

X +$Π, where Π is a deterministic
shrinkage target, and derived the optimal shrinkage intensity $. In addition, [WPTZ15] considered
estimators of the form ΩX($) = ((1−$)CX +$ Id)

−1 and derived the optimal $ to minimize
the objective function ‖ΩX($)ΣX − Id‖F in the high-dimensional regime where d/n→ γ > 0.

An independent line of research, motivated by Gaussian graphical models [YL07], has focused on
estimating sparse precision matrices. In particular, [MH12, CLL11] introduced the Graphical Lasso
method, which has become widely used for this purpose.

Random Matrix Theory. Since the pioneering work of [Wis28], numerous studies have investigated
the behavior of the eigenvalues and eigenvectors of the sample covariance matrix CX in the high-
dimensional regime where d/n→ γ > 0; see, for example, [MP67, Sil89]. More recently, [AEK+14]
first demonstrated that, in the isotropic setting, the resolvent (CX + λ Id)

−1 converges weakly to a
scalar multiple of the identity matrix as d/n → γ > 0. This was later extended to the anisotropic
case by [KY17], who established so-called deterministic equivalent results for (CX + λ Id)

−1. These
results have been further generalized to settings with more complex dependency structures. In
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particular, [Cho22, LC23] showed that deterministic equivalents continue to hold under weaker
assumptions.

Building on these foundational results, several studies have established connections between
classical random matrix theory—particularly the results of [MP67, Sil89]—and the behavior
of modern machine learning models. In particular, random matrix theory has proven in-
strumental in explaining the double-descent phenomenon, initially observed in linear models
[HMRT22, DLM20, MVSS20, BLLT20, DKT21], and later extended to certain classes of shallow
models, such as random feature models [MM22a, LCM21, GLK+21, DRBK20]. Complementing
these works, [SDCL24, SCDL24] provided a sharp asymptotic characterization of the test error
in deep random feature models—representing a significant step toward understanding generaliza-
tion in deeper architectures. Finally, [ITL+24] leveraged random matrix theory to develop precise
performance estimates for multi-task learning across a variety of statistical models.

2 Inverse covariance estimation using shrinkage method

We consider here the following estimator RX(λ) of the precision matrix, and its squared error:

RX(λ) = (CX + λ Id)
−1 , EX(λ) :=

1

d
‖RX(λ)− Σ−1

X ‖
2
F . (1)

Here, λ > 0 is a hyperparameter that controls the strength of the regularization. Note that this
estimator is not per se a shrinkage estimator, but it is the inverse of a shrinkage estimator of the
covariance matrix. In addition, RX(λ) is also referred to as the diagonal loading estimator in the
signal processing community; see e.g., [LSW03]. Furthermore, note that our result can be readily
applied to an estimators of the form ((1−α)CX +ασ Id)

−1 = (1−α)−1(CX +ασ Id /(1−α))−1,
for any σ ∈ R+ and α ∈ (0, 1).

This estimator does not rely on any data augmentation procedure. However, as we will see, applying
data augmentation leads to results that are closely related to this regularization approach. This is not
surprising, as it is relatively well known that data augmentation induces an implicit regularization
effect [Bis95, LKDM22]. For this reason, we present this simple case in detail as a preliminary step,
which will allow us to transition more smoothly to the data-augmented case in Section 3. As already
emphasized in the introduction, our main goal is to derive a data-centric estimate for the error EX(λ).
To this end, we introduce two assumptions.

H1 (Concentration of X). The random matrix X ∈ Rd×n writes Σ1/2Z, where Z ∈ Rd×n has
independant sub-Gaussian entries with parameter σX .

H1 is standard in the random matrix theory literature, yet one can employ a more general framework,
as in [Cho22, ITL+24, LC18] by introducing the notion of Lipschitz concentration (H6), we detail
this generalization throughout the appendix and stick to this simpler framework in the main body
for the sake of simplicity. In addition, we expect our results to remain valid under a finite-moment
assumption on the entries of X , albeit with weaker—typically polynomial—concentration bounds, as
done in [LP11]. We leave a detailed investigation of this extension for future work.

We next suppose that with high probability the leave one-out covariance matrix C−X is well-
conditionned. This matrix is defined for any X ∈ Rd×n as the covariance matrix

C−X = CX− , X− = [0,X2, . . . ,Xn] .

More formally, for any η > 0 define

Aη = {X ∈ Rd×n : λd(C
−
X) ≥ η} . (2)

H2 (Model conditionning). There exist η > 0 and cX > 0 such that P (X /∈ Aη) . e−cXn.

We highlight in Appendix A that H2 holds provided H1 holds and n ≥ KX(d + η + 1) for some
constant KX depending only on σX .
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We are now ready to present our estimator for EX(λ) and to state its concentration properties. The
estimator is given by:

ÊX(λ) :=
1

d

(
tr
(
RX(λ)2

)
− 2(1− d/n) tr (RX(0))

λ
1Aη (X) +

2tr (RX(λ))

λb(λ)
+ tr

(
Σ−2
X

))
(3)

b(λ) :=
1

1− d/n+ (λ/n) tr (RX(λ))
.

Note that for a fixed η > 0, ÊX(λ) is computable from the data X only, up to an additive constant.

Theorem 1. Assume H1 and H2. Then, it holds for all t ≥ 0 and λ > 0,

P
(∣∣∣EX(λ)− ÊX(λ)

∣∣∣ ≥ t+ ∆X(λ)
)
. exp

(
−cλd(ΣX)2σ2

Xndη
3t2
)

for a universal constant c > 0 and where

∆X(λ) :=
C1σ

2
X

√
d‖ΣX‖3op

nλd(ΣX)η6
+ C2e−cXn +

1

λ3nd
.

Here C1, C2 > 0 are explicit polynomial functions of ‖ΣX‖−1
op , λd(ΣX), (η + λ) and c−1

X , see (B).

From a practical standpoint, the previous result can be used to optimize the hyperparameter λ by
minimizing the function λ 7→ EX(λ), using ÊX as a proxy. Moreover, it is worth noting that the
derivative of λ 7→ ÊX depends only on the data matrix X , and not on the true covariance ΣX . As
a result, ÊX can be minimized using a gradient descent scheme, provided that the parameter η > 0
satisfies H2. We illustrate these applications on real data in Section 4.

Although the full proof of Theorem 1 is deferred to Appendix B, we provide here a sketch of its
derivation. We highlight the main ideas and technical challenges, and note that the proof of our result
on estimation using data augmentation, Theorem 2, shares several of these steps.

First, expanding the Frobenius norm in (1), we have,

EX(λ) = (1/d) tr
(
RX(λ)2

)
− (2/d) tr

(
Σ−1
X RX(λ)

)
+ (1/d) tr

(
Σ−2
X

)
.

The first term in the previous expansion is directly computable from the data matrix X , while the last
term is constant with respect to λ and can be ignored when the goal is to optimize λ. Therefore, it
suffices to establish a deterministic equivalent for RX(λ) and thus of tr

(
Σ−1
X RX(λ)

)
. To this end,

we rely on the following result, whose proof is postponed to appendix B.

Proposition 1. Assume H1 and H2. Let B ∈ Rd×d be a deterministic matrix, then we have for all
λ ≥ 0,

P
(∣∣∣∣1d tr

(
B
{

RX(λ)1Aη (X)− E
[
RX(λ)1Aη (X)

]})∣∣∣∣ ≥ t) . exp
(
−c(η + λ)3σ2

Xndt
2
)
.

Furthermore, defining fλ(b) = 1 + n−1 tr
(
ΣX(ΣX/b + λ Id)

−1
)

and b∗ := b∗(λ) as the unique
fixed point of fλ on [1,∞), we have∥∥∥E [{RX(λ)− R̄

b∗

X (λ)
}
1Aη (X)

]∥∥∥
F
.
C1σ

2
X

√
d‖ΣX‖3op

nλ1(ΣX)(η + λ)6
+ C2e−cXn ,

R̄
b∗

X (λ) =

(
ΣX
b∗

+ λ Id

)−1

,

where C1, C2 are defined as in Theorem 1.

Proposition 1 shows that RX(λ) concentrates around R̄
b∗

X (λ), which we refer to as a deterministic
equivalent of RX(λ). Our result extends that of [Cho22] by covering the case of vanishing regular-
ization (λ→ 0). This extension constitutes the main technical innovation required for the proof of
Theorem 1.
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We can now leverage the deterministic equivalent of Proposition 1 to rewrite (1/d) tr
(
Σ−1
X RX(λ)

)
.

Informally, it holds with high probability that

1

d
tr
(
Σ−1
X RX(λ)

)
≈ 1

d
tr

(
Σ−1
X

(
ΣX
b∗(λ)

+ λ Id

)−1
)
1Aη (X)

=
1

λdb∗(0)
tr
(

R̄
b∗(0)
X (0)

)
1Aη (X)− 1

λdb∗(λ)
tr
(

R̄
b∗(λ)
X (λ)

)
1Aη (X)

where the last equality follows from the identity A−1 −B−1 = A−1{B−A}B−1. Finally, using
Proposition 1 again, and that b∗(0) = (1− d/n)−1 is the fixed point of f0 : b 7→ 1 + bd/n, we get

1

d
tr
(
Σ−1
X RX(λ)

)
≈ 1− d/n

λd
tr (RX(0))1Aη (X)− 1

λdb∗(λ)
tr (RX(λ)) . (4)

Finally, by the definition of b∗(λ) and through straightforward algebraic manipulations, we obtain

b∗(λ) = 1 +
1

n
tr
(

ΣXR̄
b∗(λ)
X (λ)

)
= 1 + b∗(λ)

{
d

n
− λ

n
tr
(

R̄
b∗(λ)
X (λ)

)}
.

Therefore, applying Proposition 1 again yields

b∗(λ) =
1

1− (d/n) + (λ/n) tr
(

R̄
b∗(λ)
X (λ)

) ≈ 1

1− (d/n) + (λ/n) tr (RX(λ))
= b(λ) ,

Plugging this estimate in (4), we identify ÊX(λ) (3) and it completes the proof of Theorem 1. The
formal proof is postponed to Appendix B in the supplement.

3 Precision matrix estimation using generic data augmentation

In this section, we investigate a data augmentation strategy to improve the estimation of the inverse
covariance matrix of X . Specifically, we consider an additional set of artificial samples G =
[G1, · · · , Gm], which may depend on X and are typically generated using either TDA or GDA
techniques; see Table 1. More precisely, given X , we assume that G is drawn from a known regular
conditional distribution (X,A) 7→ νX(A), meaning that for any measurable set E ⊂ Rd, we have
P (Gi ∈ E | X) = νX(E). Then, we consider the following new estimator and define its quadratic
error as:

RAug(λ) :=
(
(n+m)−1{XX> +GG>}+ λ Id

)−1
, EAug(λ) := (1/d)‖RAug(λ)− Σ−1

X ‖
2
F .

In the following, in addition to H1 and H2, which pertain to X , we introduce further assumptions
on G. These are organized into three categories: a concentration assumption on G, a smoothness
assumption on νX , and a stability assumption on νX .
H3 (Concentration of G). The random matrix G ∈ Rd×m has i.i.d centered columns conditionally
on X , i.e., E[Gj |X] = 0 for any j ∈ {1, . . . ,m}. In addition,

(i) The columns of G are sub-Gaussian, with parameter σG

(ii) There exist 0 ≤ β ≤ 1, and ΛG : Rd×n → Rd×d such that almost surely

E [CG | X] = βCX + ΛG(X) ,

and ΛG(X) is a positive definite matrix satisfying for some κ > 0, κ−1 ≤ λd(ΛG(X)) ≤
λ1(ΛG(X)) ≤ κ almost surely on Aη defined in (2).

Part (i) of H3 is a concentration assumption on G conditional on X , similar to H1.

Regarding the second part (ii), it can be interpreted as a structural assumption. In most cases, the
parameters β and ΛG can be directly derived from the definition of the augmentation process. Table 1
provides values of β and ΛG for a range of common DA schemes. As an example, consider the case
where G is drawn from a TDA procedure of the form Gj = g(XIj , Zj), where {Zj}mj=1 are i.i.d. and
1-Lipschitz concentrated (Definition 1), and (Ij)

m
j=1 are i.i.d, with I1 ∼ Unif({1, · · · , n}), we also
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Augmentation Name Description ΛG β

G
D

A Fixed Gaussian GDA Gj ∼ N(0,Λ) Λ 0

Gaussian mixture GDA Gj ∼
∑k

i=1 wiN(µi,Λi)
∑k

i=1 wi{Λi + µiµ
>
i } 0

T
D

A
Fixed Gaussian TDA XIj + Zj , Zj ∼ N(0,Λ) Λ 1

Random mask TDA XIj � Zj , Zj ∼ Ber(ρ)⊗d ρ(1− ρ) diag(CX) ρ

Salt & Pepper TDA XIj � Zj + (1− Zj)�N(0, σ2) ρ(1− ρ) diag(CX) + (1− ρ)σ2 Id ρ

Table 1: Various augmentation procedures and corresponding β and ΛG. We used the notation
Ij ∼ Unif({1, · · · , n}). For more details, we refer to Appendix A.

assume that for any x ∈ Rd, EZ [g(Z1, x)] =
√
β(e)x for some β(e) ≥ 0. Then, it is straightforward

to verify that H3-(ii) is satisfied with β ← β(e) and Λ(X)← Λ(e)(X) where

Λ(e)(X) =
1

n

n∑
i=1

E
[
{g(Z1, Xi)−

√
β(e)Xi}{g(Z1, Xi)−

√
β(e)Xi}>

∣∣∣ Xi

]
. (5)

Table 1 below, shows the value of β and ΛG(X) for a variety of common data-augmentation scheme.

Our second assumption on G suppose that X 7→ νX and X 7→ ΛG(X) are Lipschitz. More precisely:

H4 (Smoothness of the artificial distribution). There exist LG ≥ 0 and LΛ ≥ 0 such that for any
X,Y ∈ Rd×n, and m ∈ N,

W1(ν⊗mX , ν⊗mY ) ≤
√
mLG‖X−Y‖F , ‖ΛG(X)− ΛG(Y)‖F ≤ LΛ‖X−Y‖F .

Note that the DA examples Table 1 all satisfy this assumption provided X has compact support.
Otherwise, we believe that our results are robust enough to hold only when ΛG and X 7→ νX are
locally Lipschitz, albeit with slightly weaker convergence guarantees.

H5 (Stability of the artificial distribution). (i) The map X 7→ νX is invariant under permutation
of the columns of X, i.e., for any permutation ς : {1, . . . , n} → {1, . . . , n}, νX = νXς

where
Xς = [Xς(1), . . . ,Xς(n)].

(ii) Furthermore, we assume that there exists K ≥ 0, such that for any m ∈ N,

W1(ν⊗mX , ν⊗mX− ) ≤
√
mK , a.s.

Typically, K should remain bounded with respect to both n and d. H5 can be interpreted as a condition
ensuring that the data augmentation procedure used to generate the {Gj}mj=1 does not depend on any
specific individual sample. It is met by various data augmentation procedures found in the literature.
We provide in our next result a condition on νX and νX− only, which implies H5-(ii). It proof is
postponed to Appendix A.

Proposition 2. Suppose that W2(νX , νX−) ≤ K. Then, H5-(ii) holds.

Remark 1. As a non-trivial example of a DA scheme that satisfies H4 and H5, let us consider
the Random mask TDA, described in Table 1. We further illustrate our assumptions on other DA
strategies in Appendix A. Let X,Y ∈ Rd×n, and consider the coupling of νX and νY, defined as for
j ∈ {1, . . . ,m}, Gj = Zj �XIj , G′j = Zj �YIj , where Ij ∼ Unif({1, · · · , n}), Zj ∼ Ber(ρ)⊗d,
and � is the elementwise multiplication. Then we have by the Cauchy-Schwarz inequality,

W1(ν⊗mX , ν⊗mY ) ≤
√
mW2(νX, νY) ≤

√
m
√
E [‖(XI1 −YI1)� Z1‖22] ≤

√
mρ‖X−Y‖F .

Furthermore, from Table 1, we know that ΛG(X) = 1−ρ
ρ diag(CX), therefore it is locally-Lipschitz

only. However, assuming that X is bounded, we can always find another function Λ̃G satisfying H
3-(ii) and which is Lipschitz.

We show through similar computations and using Proposition 2 that H5 is satisfied

W2(νX, νX−) ≤
√
E
[
‖(XI1 −X−I1)� Z1‖22

]
≤ ρ
√
n−1E [‖X1‖22] = ρ

√
n−1 tr (ΣX) .
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We are now ready to introduce our estimate of EAug(λ). To this end, for any a ≥ 1,

R̄
a
G|X(λ) :=

(
(1− α)CX + α

E [CG | X]

a
+ λ Id

)−1

. (6)

where α = m/(n+m). In addition, we also consider the quantities

ax(X) = 1 +
1− (1− β/ag(X))α

n
X>1 E [RX−tG(λ) | X]X1 ,

ag(X) = 1 +
α

m
tr (E [CG | X]E [RXtG(λ) | X]) ,

(7)

and the two functions

Φ1(X) =
(1− d/n)

d
tr

(
RX(0)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
1Aη (X) ,

Φ2(X) =
1− (1− β/ag(X))α

dax(X)
tr

(
R̄

ag(X)

G|X (λ)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
,

(8)

Finally, we set

ÊAug(λ) :=
1

d
tr
(
RAug(λ)2

)
− 2(Φ1(X)− Φ2(X)) +

1

d
tr
(
Σ−2
X

)
, (9)

and we emphasize that ÊAug(λ) is computable from X alone, provided we can sample from the
distribution of G conditionally on X . Our main result below states conditions under which ÊAug(λ)
concentrates around EAug(λ), for λ arbitrarily small.

Theorem 2. Assume H1 to H5. Let ÊAug(λ) be defined in (9). Denoting ε = min{η, λ}, for two
scalars τ1 and τ2, (also independant of n, d and m, and depending polynomially on ε) defined in
(78), it holds

P
(∣∣∣ÊAug(λ)− EAug(λ)

∣∣∣ ≥ t+ ∆Aug

)
. n exp

(
−k(n+m) min{ε9t2/τ2, ε

7t/τ1}
)
,

where

∆Aug := C̃1

(σ2
X + σ2

G)(1 + c−1
X )(‖ΣX‖4opκ+ ‖ΣX‖opκ

4)

(1− α)nλd(ΣX)2ε7
+ C̃2

E [‖ΛG(X)− E [ΛG(X)] ‖F]

ε3
√
d

+
‖ΣX‖2op√

dε2
‖ΣXE [ΛG(X)]− E [ΛG(X)] ΣX‖F .

and the constants C̃1 and C̃2 depend polynomially on λd(ΣX), ‖ΣX‖−1
op , κ−1, n/m, K, LG and ε.

In the statement above, the three contributions to ∆Aug are small under natural conditions. The first
term decays like n−1 provided the covariance matrices ΣX and ΛG(X) remain well-conditioned
and the fraction of artificial samples stays bounded away from one. The second term vanishes
if the fluctuations of ΛG(X) are adequately controlled. Finally, the third term is negligible only
when E [ΛG(X)] approximately commutes with ΣX , for instance, when the eigenvectors of ΣX are
known, when the augmentation is isotropic on average (so that E [ΛG(X)] is a scalar matrix), or
more generally when E [ΛG(X)] splits into a low-rank component plus a multiple of the identity (as
in Gaussian mixture augmentations with few components relative to d, c.f. table 1).

4 Numerical experiments

In this section, we illustrate Theorem 1 and Theorem 2 on real datasets. We use MNIST and CIFAR10,
consisting of 70,000 labeled 28× 28 images and 60,000 labeled 32× 32 images, respectively, with
the following preprocessing:

MNIST. We discard the labels, normalize pixel values to [0, 1], and add pixel-level Gaussian noise
with standard deviation σ = 0.1 to ensure that the covariance matrix ΣX is well-conditioned.
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CIFAR10. We discard the labels and convert images to grayscale.

For both datasets, we denote by X = [X1, . . . , Xn] ∈ Rd×n the matrix formed by the first n samples,
for varying n > 0. To approximate EX(λ) and EAug(λ), we use the sample covariance matrix Σ̂X
computed from all available samples (70,000 for MNIST, 60,000 for CIFAR10), and consider the
proxies

EDX (λ) :=
1

d

∥∥RX(λ)− Σ̂−1
X

∥∥2

F
and EDAug(λ) :=

1

d

∥∥RAug(λ)− Σ̂−1
X

∥∥2

F
, (10)

which are expected to closely approximate EX(λ) and EAug(λ) since the sample size greatly exceeds
the data dimension.

Figure 1 summarizes our results for MNIST. In particular, figure 1a reports λ 7→ ÊX(λ) for various
γ = 784/n over λ ∈ [10−3, 1], and compares it with the proxy above. Figure 1b and Figure 1c
present ÊAug(0) as a function of α = m/(n+m) under two data-augmentation schemes. The first is
a k-centroid Gaussian-mixture GDA,

Gj = mIj (X) + σN(0, Id),

where the centroids {mi}ki=1 are estimated via EM on X and Ij ∼ Unif({1, . . . , k}). The second is
a Gaussian-noise TDA,

Gj = XIj + σN(0, Id),

with Ij ∼ Unif({1, . . . , n}). In both cases, the minimizers of λ 7→ ÊX(λ) and λ 7→ ÊAug(λ) are
consistently close to those of the proxies EDX (λ) and EDAug(λ), which should very closely approximate
the true errors.

Symmetrically, for CIFAR10 (after grayscale conversion, so d = 1024), figure 2a reports λ 7→ ÊX(λ)
for various γ = 1024/n over λ ∈ [10−3, 1] and compares it with the proxy in (10). Figures 2b and 2c
present ÊAug(0) as a function of α = m/(n + m) under the same k-centroid Gaussian-mixture
GDA and Gaussian-noise TDA schemes as above. In all cases, the minimizers of λ 7→ ÊX(λ) and
λ 7→ ÊAug(λ) closely match those of the proxies EDX (λ) and EDAug(λ).
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Figure 1: Numerical results on MNIST for ÊX(λ) and ÊAug(λ), compared with (10).
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Figure 2: Numerical results on CIFAR-10 for ÊX(λ) and ÊAug(λ), compared with (10).
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5 Conclusion

In this paper, we established new results based on random matrix theory that allow one to quantify
from data only the impact of the regularization effect induced by data augmentation on a common
class of precision matrix estimates. In the meantime, we presented a formula that allows one to
compute from data only the error of a non-augmented "Ridgelike" precision matrix estimator. From
a practical point of view, our results might allow one to optimally tune the hyperparameters of a
data augmentation scheme for estimating the bottom eigenvalues and eigenvectors of the covariance
matrix of the data, provided the data augmentation scheme satisfies a strict commutativity condition.
Furthermore, it is well understood that the precision matrix is a fundamental object in many statistical
models; hence, a natural extension of this work would be to study the generalization error of various
machine learning models, such as linear regression, kernel regression, or some class of shallow
networks.
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A In-depth justification of the hypothesis

This appendix provides detailed justifications for the technical assumptions introduced in the main
text. In Appendix A.1, we analyze the concentration of the smallest eigenvalues of empirical
covariance matrices under mild conditions, thereby establishing H2 for standard random matrix
models commonly studied in the literature. Subsequently, in Appendix A.2, we focus on data
augmentation schemes and identify natural conditions for TDA and GDA under which Assumptions H
3–H5 are satisfied.

A.1 Discussions on H2

In this subsection, we establish explicit conditions under which H2 holds and provide closed-form
expressions for the parameters η and cX . These expressions are not directly estimable from data,
as they depend on structural properties of the population covariance ΣX , in particular its smallest
eigenvalue λd(ΣX). Nonetheless, they yield useful theoretical insight into the regimes where our
results are applicable. Formally, we obtain the following result:
Proposition 3. Assume that X satisfies H1, and that λd(ΣX) > 0. There exists a universal constant
c such that whenever n > d > 0, H2 is guarenteed to hold for any choice of η and cX satisfying:

η < λd(ΣX)
(√

n−1
n −

√
d
n

)
, and cX = c

(√
n−1
n −

√
d
n −

√
η

λd(ΣX)

)2

.

To support the previous claim, we introduce a standard non-asymptotic result from random matrix
theory. For a rectangular matrix A ∈ Rd×n, we denote by smin(A) its smallest singular value. The
following theorem, due to Rudelson and Vershynin [Ver11, Theorem 5.39], provides a sharp lower
bound on smin for random sub-Gaussian matrices.
Theorem 3 (Rudelson–Vershynin [Ver11, Theorem 5.39]). Let Z be a d × n random matrix with
n ≥ d, whose columns are independent, identically distributed, mean-zero, isotropic sub-Gaussian
random vectors in Rd. Then there exist absolute constants c > 0 such that, for all t ≥ 0,

P
(
smin(Z) ≥

√
n−
√
d− t

)
≥ 1− 2e−ct

2

.

Observing that X− = Σ
1/2
X Z− where Z has isotropic and independant columns (under H1) and

applying Theorem 3 to Z, we obtain the following bound on the probability of encountering small
eigenvalues in the leave-one-out covariance matrix C−X .
Corollary 1. Assume that X satisfies H1. Then, for every ε > 0,

P
(
λd(C

−
X) ≤ η

)
. exp

(
−c
(√

n−1
n −

√
d
n −

√
η

λd(ΣX)

)2

n

)
,

where c > 0 is the same absolute constants as in Theorem 3. In particular, Proposition 3 follows
directly.

Proof. Let Z = Σ
−1/2
X X . Then Z is a random matrix with i.i.d. isotropic sub-Gaussian columns,

since X satisfies H1 and,

E
[

1
nZZ

>] = Σ
−1/2
X E[CX ] Σ

−1/2
X = Id .

Using the inequality smin(AB) ≥ smin(A)smin(B), we obtain

λd(C
−
X) = 1

nsmin(X−)2 ≥ 1
nλd(ΣX) smin(Z−)2 , where Z− = [Z2, . . . , Zn]

Hence, for any 0 ≤ t ≤
√
n− 1−

√
d, we have

P

(
λd(C

−
X) ≥ λd(ΣX)

(
√
n− 1−

√
d− t)2

n

)
≥ P

(
smin(Z−) ≥

√
n− 1−

√
d− t

)
.

Applying Theorem 3, we deduce that for all t ≥ 0, we have,

P

(
λd(C

−
X) ≥ λd(ΣX)

(√
n−1
n −

√
d
n −

t√
n

)2
)
≥ 1− 2e−ct

2

. (11)
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Now fix any 0 < η ≤ λd(ΣX)
(√

(n− 1)/n−
√
d/n

)2
and define

tη =

(√
n−1
n −

√
d
n −

√
η

λd(ΣX)

)
√
n .

By construction, tη ≥ 0. And substituting t = tη into (11) yields

P
(
λd(C

−
X) ≥ η

)
≥ 1− 2e−ct

2
η ,

which is the desired bound.

A.2 Discussions on H3, H4, H5

In this section, we demonstrate that several common data augmentation (DA) schemes satisfy
Assumptions H3–H5. We also discuss the limitations of these assumptions and identify scenarios
in which they hold exactly, thereby clarifying the regimes where our results apply. We begin by
introducing a generalization of H1 which will help us achieve more general statements, as well as
simplify the proofs. To this end, we introduce the following definition of Lipschitz concentrated
random vectors:

Definition 1 (Lispchitz concentration). We say that,

(i) The random vector X1 ∈ Rd is Lispchitz concentrated with parameter σ if and only if for any
1-Lipschitz function f , and any s ≥ 0, we have,

E [exp (s{f(X1)− E [f(X1)]})] ≤ exp
(
σ2s2

)
(ii) The probability distribution µ ∈ P(Rd) has the Lispchitz concentration property of paramet σ

if and only if for X1 ∼ µ, X1 is Lipschitz concentrated with parameter σ.

and we replace H1 by the following assumption:

H6 (Lipschitz concentration of the data). The columns X1, . . . , Xn ∈ Rd of the data matrix X ∈
Rd×n are independent random vectors, each of which is Lipschitz concentrated with parameter
σX > 0 in the sense of Definition 1. Equivalently, for every 1-Lipschitz function f : Rd → R and
every s ≥ 0,

E[exp(s{f(Xi)− E[f(Xi)]})] ≤ 2 exp
(
σ2
Xs

2

2

)
, for all i ∈ {1, . . . , n}.

One can easily check H1 implies H6, furthermore the class of matrix satifying H6 being stable
by Lispchitz transformations (up to a rescaling of a concentration parameter), will turn out very
convenient for the proofs of our main results.

We now provide a set of simple sufficient conditions under which H3 is satisfied, we believe that the
vast majority of common data augmentation scheme satify this condition. First, in the case of GDA
schemes, we show that under an almost sure smoothness property of the sample generation process
Item (i) is satisfied:

Proposition 4. Let X ∈ Rd×n be a random matrix. Assume that for each j ∈ {1, . . . ,m}, Gj =
f(Zj , X), where Zj are i.i.d. random vectors with the σZ-Lipschitz concentration property, and
where f(·, X) : Rd → Rd is almost surely Lf -Lipschitz. Then G = [G1, . . . , Gm] satisfies Item (i)
of H3, with parameter

σG ← LfσZ .

Proof. Let µ denote the distribution of Z, so that for any measurable set E ⊂ Rd, µ(E) = P(Z ∈ E).
Since Gj = f(Zj , X), the conditional law of Gj given X is the pushforward measure of µ under
f(·, X):

νX = f(·, X)#µ ,

where for a measurable map ϕ : A → A and a measure µ on A, we recall the notation ϕ#µ(E) =
µ(ϕ−1(E)).
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To show that G satisfies Item (i), we set h : Rd → R to be any 1-Lipschitz function such that
E [h(G1)] = 0. Consider, for s ≥ 0,

E [exp (sh(G1)) | X] = E [exp (sh(f(Z1, X))) | X] .

The mapping
z1 7→ h

(
f(z1, X)

)
is centered with respect to µ⊗m by the assumption on h, and it is Lf -Lipschitz almost surely, since it is
the composition of a 1-Lipschitz map and an Lf -Lipschitz map. Because Z ∼ µ has the σZ -Lipschitz
concentration property we thus obtain

E [exp (sh(G1)) | X] ≤ exp
(
s2L2

fσ
2
Z

)
.

This establishes that νX has the σG-Lipschitz concentration property with σG = LfσZ , and completes
the proof.

Similarly, in the case of TDA schemes, we have highlight the following sufficient condition for
Item (i) of H3:
Proposition 5. Let X ∈ Rd×n be a random matrix. Assume that Gj = f(Zj , XIj ) where:

• f is a Lf -Lipschitz function w.r.t its first argument.

• Ij ∼ Unif({1, . . . , n}), and Zj has the σZ-Lipschitz concentration property.

• The augmented samples lie in a compact, for all i, ‖E [f(Z,Xi) | X] ‖2 ≤ K.

Then G = [G1, · · · , Gm] satisfies Item (i) of H3 for

σ2
G ← L2

f + cK2 + cL2
fσ

2
Z ,

where c > 0 is a universal constant.

Proof. Note that under the assumptions of Proposition 5, we have,

νX =
1

n

n∑
i=1

f(·, Xi)
#µ ,

where µ is the distribution of Z, such that P (Z ∈ E) = µ(E), for any E ⊂ Rd, and we used the
notation ϕ#µ for the pushforward measure, ϕ#µ(E) = µ(ϕ−1(E)), for any E ⊂ Rd.

We show that νX has the Lipschitz concentration property, to this end, let h : Rd → R be a
Lipschitz function (X-measureable) such that h(0) = 0 (note that this can be assumed without loss
of generality). For notation simplicity, we further define h̄ = h− E [h(G1) | X], then we have for
any s ≥ 0,

E [exp (s{h(G1)− E [h(G1) | X]}) | X] = E
[
exp

(
sh̄(G1)

)
| X
]

=
1

n

n∑
i=1

E
[
exp

(
sh̄(f(Zi, Xi))

)
| X
]

Denote by mi = E
[
h̄(f(Zi, Xi)) | X

]
= E [h(f(Zi, Xi)) | X]− E [h(G1) | X], we further write,

E [exp (s{h(G1)− E [h(G1) | X]}) | X] =
1

n

n∑
i=1

exp (smi)E
[
exp

(
s
{
h̄(f(Zi, Xi))−mi

})]
≤ exp

(
s2L2

f

) 1

n

n∑
i=1

exp (smi) ,

where we have used the Lipschitz concentration of µ, and the Lipschitz property of h in the last
bound. We now denote π as the following measure,

π =
1

n

n∑
i=1

δmi ,

24



where δmi is the Dirac measure at mi. Remarking that n−1
∑n
i=1mi = 0, and that π has bounded

support (because the Xi’s are boudned and the maps f and h are Lipschitz). We further write,

E [exp (s{h(G1)− E [h(G1) | X]}) | X] ≤ exp
(
s2L2

f

)
Eπ [exp(s{M − E [M ]})] . (12)

to conclude the proof, note that M ∼ π has bounded support in R, as so it is necessarly sub-Gaussian,
with sub-Gaussian norm,

‖M‖Ψ2 ≤
1

ln(2)
sup
i
|mi| ,

which follows from [Ver09], Example 2.5.8. Thus, we have for a universal constant c > 0,

Eπ [exp (s {M − E [M ]})] ≤ exp

(
cs2 sup

i
|mi|2

)
. (13)

Finally, we bound |mi| independantly of i, leveraging the boundedness of X . We have,

|mi| = |E [h(f(Zi, Xi)) | X]|
= |h(f(0, Xi))|+ |E [h(f(Zi, Xi))− h(f(0, Xi)) | X]|
≤ |h(f(0, Xi))|+ LfE [‖Zi‖2]

≤ sup
i≤n
|h(f(0, Xi))|+ Lf

√
E
[
Z>i Zi

]
sup
i
|mi| = sup

i
|E [h(f(Zi, Xi)) | X]− E [f(G1) | X]|

≤ 2 sup
i
|E [h(f(Zi, Xi)) | X]|

≤ 2 |h(0)|+ 2 sup
i

E [|h(f(Zi, Xi))− h(0)| | X]

≤ 2 |h(0)|+ 2 sup
i

E [‖f(Zi, Xi)‖2 | X]

≤ 2 |h(0)|+ 2 sup
i
‖E [f(Zi, Xi) | X]‖2 + 2 sup

i

√
E [‖f(Zi, Xi)− E [f(Zi, Xi) | X] ‖2 | X]

≤ 2 sup
i
‖E [f(Zi, Xi) | X]‖2 + 2LfσZ .

Where in the last line, we have used the Lipschitz concentration property of Zi (as well as f(·, Xi)
being Lf Lispchitz), and the fact that h(0) = 0. We conclude the proof by using the boundedness
assumption on E [f(Z,Xi) | X], which yields,

sup
i
|mi|2 ≤ (2K + 2LfσZ)2 ≤ 4K2 + 4L2

fσ
2
Z ,

plugging this back into (12) and (13), we obtain,

E [exp (s {h(G1)− E [f(G1) | X]}) | X] ≤ exp
(
s2
{
L2
f + cK2 + cL2

fσ
2
Z

})

As consequences of Propositions 4 and 5, a broad class of commonly used data-augmentation (DA)
schemes satisfy Item (i) from H3. In particular:

(1) Deep generative models. Consider a generative mapping

f(z,X) = θ
(L)
X σL

(
· · · σ1

(
θ

(1)
X z

))
,

where L ≥ 1. Let d` denote the width of layer ` (so d0 = dZ and dL = d). For each ` = 1, . . . , L,
assume σ` : Rd`→ Rd` is a non-linear, 1-Lipschitz activation and θ(`)

X ∈ Rd`×d`−1 is a (possibly
X-dependent) weight matrix. Suppose further that the operator norms are a.s. bounded by a
constant K, i.e., ‖θ(`)

X ‖op ≤ K for all `. Then, by Proposition 4, the matrix

G = [G1, . . . , Gm], Gj = f(Zj , X), Zj ∼ N(0, IdZ ),

satisfies Item (i). Indeed, the network f(·, X) is
∏L
`=1 ‖θ

(`)
X ‖op-Lipschitz, hence KL-Lipschitz

a.s., from Proposition 4 it results that G satisfies Item (i) of H3 with concentration parameter KL.
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(2) Transformative data augmentation. Likewise, Proposition 5 provides mild conditions under
which Item (i) holds for transformative DA schemes. Consider

G = [G1, . . . , Gm], Gj = f(XIj , Zj), Ij ∼ Unif({1, . . . , n}), Zj ∼ µ ,

i.e. we randomly select the sample to be deformed, and the deformation is smooth w.r.t. some
parameter Z. Numerous standard transformative DA mechanisms use smooth, small-amplitude
perturbations; later in this section we detail the cases of Gaussian noise and random masking.

The second part Item (ii) of H3 is not always theoretically guaranteed, yet in the case of an unbiased
TDA it is an immediate consequence of the law of total variance. Indeed, assuming Gj = f(XIj , Zj)
as in Proposition 5, and that ∀x, E[f(x, Z)] = x, one can write

E[CG | X] =
1

n

n∑
i=1

E[f(Xi, Z) | X]E[f(Xi, Z) | X]
>

+
1

n

n∑
i=1

E
[{
f(Xi, Z)− E[f(Xi, Z) | X]

}{
f(Xi, Z)− E[f(Xi, Z) | X]

}> ∣∣∣X]
= CX +

1

n

n∑
i=1

E
[{
f(Xi, Z)−Xi

}{
f(Xi, Z)−Xi

}> ∣∣∣X] ,
where Ij ∼ Unif({1, . . . , n}) and Zj ∼ µ are independent.

In the case of GDA, the decomposition in Item (ii) of H3 holds trivially, yet no simple expression of
ΛG(X) exists.

We now spell out conditions under which H5 holds. To this end, we introduce the following upper
bound:
Lemma 1. Let µ1 and µ2 be two probability measures on Rd. Then, for any m ≥ 1,

W1

(
µ⊗m1 , µ⊗m2

)
≤
√
mW2(µ1, µ2) .

Proof. Recall that

W1

(
µ⊗m1 , µ⊗m2

)
= infγm∈Γ(µ⊗m1 ,µ⊗m2 )

∫
‖x− x′‖F dγm(x, x′) ,

where Γ(·, ·) denotes the set of all couplings and ‖ · ‖F is the Euclidean/Frobenius norm on (Rd)m.
Let γ∗ ∈ Γ(µ1, µ2) be an optimal coupling for W2, so that

W2(µ1, µ2)2 =

∫
‖u− v‖22 dγ∗(u, v) .

Consider γm := γ⊗m∗ ∈ Γ(µ⊗m1 , µ⊗m2 ). Then, by the definition of W1 and Cauchy–Schwarz,

W1

(
µ⊗m1 , µ⊗m2

)
≤
∫
‖x− x′‖F dγ⊗m∗ (x, x′) ≤

(∫
‖x− x′‖2F dγ⊗m∗ (x, x′)

)1/2

=
( m∑
i=1

∫
‖xi − x′i‖22 dγ∗(xi, x

′
i)
)1/2

=
√
mW2(µ1, µ2) .

The previous result is particularly convenient for demonstrating that H4 and H5 hold, which will be
done in full detail for all DA scheme presented in Table 1. Towards a full justification of Table 1, we
show that (5) holds. In particular, we establish that the following is true:
Lemma 2. Assume that

Gj = f(XIj , Zj), j = 1, . . . ,m,

where Ij ∼ Unif{1, . . . , n} and Z1, . . . , Zm are i.i.d. random variables. Further suppose that for
each i ≤ n,

E
[
f(Xi, Z1) | Xi

]
=
√
β Xi, β ∈ [0, 1].
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Then

E
[
CG | X

]
= β CX +

1

n

n∑
i=1

E
[(
f(Xi, Z1)−

√
β Xi

)(
f(Xi, Z1)−

√
β Xi

)> ∣∣∣ X],
and Item (ii) of H3 holds.

Proof. We use the notation

E[G | X] =
[
EZ [f(X1, Z) | X] , . . . , EZ [f(Xn, Z) | X]

]
∈ Rd×n.

By the law of total variance,

E[CG | X] = E
[
G1G

>
1 | X

]
=

1

n

n∑
i=1

E
[
f(Xi, Z)f(Xi, Z)> | X

]
= CE[G|X] +

1

n

n∑
i=1

E
[(
f(Xi, Z)− E[f(Xi, Z) | X]

)(
f(Xi, Z)− E[f(Xi, Z) | X]

)> ∣∣∣ X]
= β CX +

1

n

n∑
i=1

E
[(
f(Xi, Z)−

√
β Xi

)(
f(Xi, Z)−

√
β Xi

)> ∣∣∣ X] ,
which concludes the proof.

Relying on the above results Lemma 1 and Lemma 2, we now justify the results presented in Table 1.

Fixed Gaussian GDA: Consider the Gaussian GDA scheme where, for all j ∈ {1, . . . ,m}, we have
Gj ∼ N(0,Λ), for some fixed positive semi-definite matrix Λ.

We recall from [LC18, Theorem 2.19] that the standard Gaussian distribution N(0, Id) in Rd satisfies
the 1-Lipschitz concentration property. Moreover, the mapping Z 7→ Λ1/2Z is ‖Λ1/2‖op-Lipschitz
(with respect to the Frobenius norm), which, by the same result, implies that G is ‖Λ1/2‖op-Lipschitz
concentrated.

Furthermore, we have
E[CG | X] = E

[
G1G

>
1

]
= Λ ,

which shows that the Gaussian GDA scheme satisfies H3, with β ← 0, ΛG ← Λ, and σG ←
‖Λ1/2‖op.

Finally, note that νX = N(0,Λ) is constant (i.e., independent of X), and therefore trivially satisfies
both H4 and H5.

Gaussian GDA: In the more general and realistic case where the covariance matrix of the artificial
distribution depends on X , we assume that Gj ∼ N(0,Λ(X)) for all j ≤ m, such that Λ is LΛ-
Lipschitz (with respect to the Frobenius norm), and that K−1 ≤ λd(Λ(X)) ≤ · · · ≤ ‖Λ(X)‖op ≤ K
almost surely. These assumptions directly ensure that both parts of H3 are satisfied: indeed G is
guaranteed to be K-Lipschitz concentrated conditionally on X for the same reason as in the fixed
Gaussian case, and Item (ii) holds with ΛG(X)← Λ(X) by definition. Similarly, the second part of
H4 is satisfied by the hypothesis on Λ(X).

To show the first part of H4, we use an equivalent “Procrustes” form of 2-Wassertein for zero-mean
Gaussians with covariances:

W2

(
νX, νY

)
= min

U∈O(d)

∥∥Λ(X)1/2 − Λ(Y )1/2U
∥∥

F

= tr
(

Λ(X) + Λ(Y )− 2(Λ(X)1/2Λ(Y )Λ(X)1/2)1/2
)
,

which follows by expanding ‖A1/2 −B1/2U‖2F and maximizing tr(A1/2B1/2U) over orthogonal U
via von Neumann’s trace inequality. This yields

W2(νX, νY) ≤ ‖Λ(X)1/2 − Λ(Y )1/2‖F. (14)

To further bound the above W2 metric, we need to prove that spectral transformations of large
symmetric matrices are Lipschitz. To this end, we introduce the following lemma:
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Lemma 3. Let A and B be two symmetric matrices in Rd×d, with respective eigenvalues λ1(A) ≥
· · · ≥ λd(A) and λ1(B) ≥ · · · ≥ λd(B). Let f : R→ R be Lf -Lipschitz on an interval containing
[λd(A), λ1(A)] ∪ [λd(B), λ1(B)]. Then

‖f(A)− f(B)‖F ≤ Lf ‖A−B‖F ,

where for any symmetric matrix M = P diag(d1, . . . , dd) P>, we define f(M) =
P diag

(
f(d1), . . . , f(dd)

)
P>.

Proof. Define the path W (t) = B + t(A−B) for t ∈ [0, 1]. Note that each W (t) is symmetric, and

f(A)− f(B) =

∫ 1

0

d

dt
f
(
W (t)

)
dt .

By the triangle inequality,

‖f(A)− f(B)‖F ≤
∫ 1

0

∥∥∥∥ d

dt
f
(
W (t)

)∥∥∥∥
F

dt =

∫ 1

0

∥∥f ′(W (t)
)

(A−B)
∥∥

F
dt ,

where f ′
(
W (t)

)
denotes the (matrix) derivative coming from the spectral calculus. Since f is Lf -

Lipschitz on an interval containing the spectrum of each W (t), we have ‖f ′
(
W (t)

)
‖op ≤ Lf for a.e.

t, hence

‖f(A)− f(B)‖F ≤
∫ 1

0

Lf ‖A−B‖F dt = Lf ‖A−B‖F .

This proves the claim.

To conclude on the Lispchitz bound, apply Lemma 3 to f(t) =
√
t on the spectral interval of Λ(X)

and Λ(Y ). Recall that we have λd(Λ(·)) ≥ K−1, then ‖f ′‖∞ = supt≥K−1
1

2
√
t
≤
√
K
2 , so

‖Λ(X)1/2 − Λ(Y)1/2‖F ≤
√
K

2
‖Λ(X)− Λ(Y)‖F ≤

√
K

2
LΛ ‖X−Y‖F.

Combining the previous with (14) yields

W2(νX, νY) ≤
√
K

2
LΛ ‖X−Y‖F .

Mixture GDA (concise). We consider a DA scheme that, conditionally on X , samples from a
N -component mixture with

Gj = ΛIj (X)1/2Zj +mIj (X), Zj ∼ µ, Ij ∼ Unif{1, . . . , N},

where each Λk(X) � 0, the mixture is centered
∑N
k=1mk(X) = 0, and µ is bounded and isotropic

with E[ZZ>] = σ2 Id. Assume µ is σZ–Lipschitz concentrated and, for every k, Λk(·) and mk(·)
are bounded Lipschitz functions (with constants LΛk , Lmk ). Let u be the uniform measure on
{1, . . . , N} and define

fX(z, k) = Λk(X)1/2z +mk(X), νX = (fX)#(µ⊗ u).

Concentration and conditional covariance. Since µ⊗ u is Lipschitz concentrated and fX is Lipschitz
on Supp(µ)×{1, . . . , N}, the pushforward νX is Lipschitz concentrated, so Item (i) holds. Moreover,

E[CG | X] = E
[
G1G

>
1 | X

]
=

1

N

N∑
k=1

(
Λk(X)1/2E[ZZ>]Λk(X)1/2 +mk(X)mk(X)>

)
=: ΛG(X),

and since Λk(·), mk(·) are Lipschitz and bounded, so is ΛG(·); hence the second part of H4 and
Item (ii) of H3 follow.
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First part of H4. By Kantorovich–Rubinstein and i.i.d. structure,

W1

(
ν⊗mX , ν⊗mY

)
≤ E

∥∥∥(fX(Zj , Ij)− fY(Zj , Ij)
)m
j=1

∥∥∥
F
≤
√
m
(
E‖fX(Z, I)− fY(Z, I)‖22

)1/2

=
√
m

(
1

N

N∑
k=1

E
∥∥(Λk(X)1/2 − Λk(Y)1/2)Z + (mk(X)−mk(Y))

∥∥2

2

)1/2

≤
√
m

(
σ2
Z

N

N∑
k=1

‖Λk(X)1/2 − Λk(Y)1/2‖2F +
1

N

N∑
k=1

‖mk(X)−mk(Y)‖22

)1/2

.

If the spectra of Λk(·) are uniformly bounded below by K−1 > 0, then by Lemma 3 with f(t) =
√
t,

‖Λk(X)1/2 − Λk(Y)1/2‖F ≤
√
K

2
‖Λk(X)− Λk(Y)‖F ≤

LΛk

√
K

2
‖X−Y‖F,

and ‖mk(X)−mk(Y)‖2 ≤ Lmk ‖X−Y‖F. Thus

W1

(
ν⊗mX , ν⊗mY

)
≤
√
m

(
σ2
ZK

4N

N∑
k=1

L2
Λk

+
1

N

N∑
k=1

L2
mk

)1/2

‖X−Y‖F,

which proves the first part of H4. Stability follows similarly.

Fixed Gaussian TDA. Consider the TDA scheme
Gj = XIj + Λ1/2Zj , Zj ∼ N(0, Id), Ij ∼ Unif{1, . . . , n} .

By Lemma 2 with β = 1 (unbiasedness), we obtain
E[CG | X] = CX + Λ .

Moreover, the augmentation noise law is fixed:
νX = N(0,Λ) ,

hence it does not depend on X and therefore H3, H4, and H5 are satisfied trivially in this setting.
(Equivalently, since the standard Gaussian is 1-Lipschitz concentrated and the map z 7→ Λ1/2z is
‖Λ1/2‖op-Lipschitz, G is ‖Λ1/2‖op-Lipschitz concentrated conditionally on X .)

Random masking TDA. Consider the augmentation
Gj = bj �XIj , Ij ∼ Unif{1, . . . , n}, bj ∼ Bernoulli(1− ρ)⊗d (i.i.d.),

where � denotes elementwise product. Assume X is bounded, i.e., ‖Xi‖2 ≤ K a.s.

Concentration and conditional covariance. Writing
νX = (fX)#

(
Bernoulli(1− ρ)⊗d ⊗Unif{1, . . . , n}

)
with fX(b, i) = b�Xi, the map fX is Lipschitz on the compact domain (with a constant independent
of X by boundedness of X). Hence, by Proposition 5, G is Lipschitz concentrated conditionally on
X , i.e. Item (i) holds. Moreover, Lemma 2 with β = 1− ρ yields

E[CG | X] = (1− ρ)CX + ΛG(X), ΛG(X) = ρ(1− ρ) diag(CX),

so Item (ii) also holds.

Smoothness. Since ΛG(X) is a composition of Lipschitz maps on the bounded set [−K,K]d×n, it is
Lipschitz; this proves the second part of H4. For the first part, couple (ν⊗mX , ν⊗mY ) by using the same
(Ij , bj) on both sides. Then

W1

(
ν⊗mX , ν⊗mY

)
≤ E

∥∥∥(bj �XIj − bj � YIj
)m
j=1

∥∥∥
F

≤
√
m
(
E‖b1 � (XI1 − YI1)‖22

)1/2

=
√
m
( 1

n

n∑
i=1

E‖b1 � (Xi − Yi)‖22
)1/2

=
√
m(1− p)

( 1

n

n∑
i=1

‖Xi − Yi‖22
)1/2

≤
√
m(1− p) ‖X−Y‖F ,

since E[b21,k] = E[b1,k] = 1 − p for each coordinate k. This proves the first part of H4. Stability
follows by the same argument.
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B Proof of theorem 1

This appendix provides the proof of Theorem 1. Along the way, we introduce several auxiliary
lemmas on concentration for transformations of X under H 6. appendix B.1 establishes concentration
bounds for random variables of the form f(X)1E(X) when f is Lipschitz only on a subset E ⊂
Rd×n (not necessarily on all of Rd×n). We show that the Lipschitz concentration of X still yields
sharp control of f(X)1E(X). appendix B.2 then analyzes quadratic forms X>1 M(X−)X1, where
M : Rd×n → Rd×d and X satisfies H 6. The derivations rely on the Hanson–Wright inequality (see
[LC18, Remark 2.31]). Building on these results, appendix B.3 derives a deterministic equivalent,
in the spirit of [Cho22, Thm. 6.16], under H 2, which allows regularizations arbitrarily close to 0.
Finally, appendix B.4 combines the above ingredients to complete the proof of theorem 1.

For simplicity, throughout this section we set σX = 1.

B.1 Some sub Gaussian concentration bounds

In this section we study random variables of the form f(X)1E(X), where f is Lipschitz only on
a subset E ⊂ Rd×n (and not necessarily on all of Rd×n). We show that f(X)1E(X) still admits
sub-Gaussian tails and we derive a tight upper bound on its sub-Gaussian norm in proposition 6.

We begin with a standard Lipschitz extension lemma (see [Kir34]); for completeness, we include a
short proof.

Lemma 4. Let f : E→ R be Lf -Lipschitz on E ⊂ Rd×n. Define

f̃(X) := infY∈E

{
f(Y) + Lf ‖X−Y‖F

}
, X ∈ Rd×n.

Then f̃ is Lf -Lipschitz on Rd×n and f̃(X) = f(X) for all X ∈ E.

Proof. Fix X,X′ ∈ Rd×n and any Y ∈ E. By the triangle inequality,

f(Y) + Lf‖X−Y‖F ≤ f(Y) + Lf‖X′ −Y‖F + Lf‖X−X′‖F.

Taking the infimum over Y ∈ E yields f̃(X) ≤ f̃(X′) + Lf‖X−X′‖F. Swapping X and X′ gives
the reverse inequality, hence f̃ is Lf -Lipschitz.

For X ∈ E, the Lipschitz property of f on E implies f(X) ≤ f(Y) +Lf‖X−Y‖F for every Y ∈ E.
Taking the infimum over Y gives f̃(X) ≥ f(X), while choosing Y = X gives f̃(X) ≤ f(X). Thus
f̃(X) = f(X) on E.

Leveraging lemma 4, we now prove the announced concentration bound for f(X)1E(X) when f is
only Lipschitz on E.

Proposition 6. Let E ⊂ Rd×n and f : E → R be Lf -Lipschitz. Assume ‖f‖∞ < ∞ and that X
satisfies H6. Then f(X)1E(X)− E[f(X)1E(X)] is sub-Gaussian with variance proxy

σ2
f,E . P(X ∈ E)2 L2

f + ‖f‖2∞ σ2
E ,

where for p ∈ (0, 1),

σ(p) =

√
1− 2p

2 ln
(
(1− p)/p

) , σE = σ
(
P(X ∈ E)

)
.

Proof. By lemma 4, extend f to f̃ : Rd×n → R with Lip(f̃) = Lf and f̃ |E = f . Define the clipped
map

g(X) = max
{

min{f̃(X), ‖f‖∞}, −‖f‖∞
}
.

Then g is Lf -Lipschitz, ‖g‖∞ = ‖f‖∞, and g = f on E, hence f(X)1E(X) = g(X)1E(X) a.s.
Write

ḡ(X) = g(X)− E[g(X)], 1̄E(X) = 1E(X)− P(X ∈ E), p := P(X ∈ E).
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A direct decomposition gives

g(X)1E(X)−E[g(X)1E(X)] = ḡ(X) 1̄E(X)− Cov(g(X),1E(X))︸ ︷︷ ︸
=:W

+p ḡ(X) +E[g(X)] 1̄E(X).

(15)
Applying Hölder with exponents (3, 3, 3) to the MGF of the sum in (15) yields

E
[
exp
{
s(g1E − E[g1E])

}]
≤ E[exp{3sW}]1/3 E[exp{3s p ḡ}]1/3 E[exp{3sE[g] 1̄E}]

1/3
. (16)

Two easy sub-Gaussian factors. Since X is Lipschitz concentrated and g is Lf -Lipschitz, there exists
a universal c > 0 such that

E[exp{3s p ḡ(X)}]1/3 ≤ exp{c s2 p2 L2
f}. (17)

Moreover, 1̄E(X) is a centered Bernoulli random variable with sub-Gaussian proxy σE = σ(p) (see
[BM13, Thm. 2.1]), and |E[g(X)]| ≤ ‖f‖∞, hence

E[exp{3sE[g] 1̄E(X)}]1/3 ≤ exp{c s2 ‖f‖2∞ σ2
E}. (18)

The product term W is sub-Gaussian (detailed ψ2 bound). We prove that W = ḡ 1̄E −Cov(g,1E) is
sub-Gaussian by exhibiting a scale S > 0 with E exp{W 2/S2} ≤ 2, i.e. ‖W‖ψ2

≤ S.

First, using (u− v)2 ≤ 2u2 + 2v2 and |ḡ| ≤ |g|+ |Eg| ≤ 2‖f‖∞,

W 2 ≤ 2 ḡ2
1̄

2
E + 2 Cov(g,1E)2 ≤ 8 ‖f‖2∞ 1̄

2
E + 2 Cov(g,1E)2. (19)

Next, by Cauchy–Schwarz,

|Cov(g,1E)| ≤
√

Var(g)
√

Var(1E).

Since ḡ is sub-Gaussian with proxy . Lf , there exists a universal constant C0 such that Var(g) ≤
C0 L

2
f ; also Var(1E) = p(1− p). Hence

Cov(g,1E)2 ≤ C0 L
2
f p(1− p). (20)

Fix α ∈ (0, 1] and set

S2 :=
8 ‖f‖2∞ σ2

E

α
=⇒ 8 ‖f‖2∞

S2
=

α

σ2
E

. (21)

Using (19)–(21),

E exp
{W 2

S2

}
≤ E exp

{8‖f‖2∞
S2

1̄
2
E

}
exp
{2 Cov(g,1E)2

S2

}
= E exp

{
α
1̄

2
E

σ2
E

}
exp
{α Cov(g,1E)2

4 ‖f‖2∞ σ2
E

}
. (22)

By the definition of the ψ2-norm of 1̄E, E exp{1̄ 2
E/σ

2
E} ≤ 2. For 0 < α ≤ 1, Lyapunov’s inequality

gives

E exp
{
α
1̄

2
E

σ2
E

}
≤
(
E exp{1̄ 2

E/σ
2
E}
)α ≤ 2α.

Using (20) in the second factor of (22),

exp
{α Cov(g,1E)2

4 ‖f‖2∞ σ2
E

}
≤ exp

{
αC1

L2
f p(1− p)
‖f‖2∞ σ2

E

}
(23)

for some absolute C1 > 0.

Combining (22)–(23) gives

E exp
{W 2

S2

}
≤ 2α exp

{
αA
}
, A := C1

L2
f p(1− p)
‖f‖2∞ σ2

E

.
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Choose
α? :=

(
1 +

A

ln 2

)−1

∈ (0, 1],

so that 2α
?

exp{α?A} ≤ 2. With S2 as in (21) at α = α? we obtain

E exp
{W 2

S2

}
≤ 2, hence ‖W‖2ψ2

≤ S2 ≤ C
(
‖f‖2∞ σ2

E + L2
f p(1− p)

)
,

for a universal constant C (use 1/α? = 1 + A/ ln 2 and the definition of A). By the standard
sub-Gaussian MGF bound, there exists a universal c > 0 with

E[exp{3sW}]1/3 ≤ exp{c s2 ‖W‖2ψ2
} ≤ exp{c s2(‖f‖2∞ σ2

E + L2
f p(1− p))}. (24)

Conclusion. Combining (16), (17), (18), and (24),

E
[
exp
{
s
(
f(X)1E(X)− E[f(X)1E(X)]

)}]
≤ exp

{
c s2
(
p2 L2

f + ‖f‖2∞ σ2
E

)}
,

for a universal constant c > 0. This is the desired sub-Gaussian MGF bound and proves the claimed
variance proxy.

B.2 Concentration bounds for random quadratic forms

We now study the concentration of random quadratic forms of the type X>1 M(X−)X1, where
M : Rd×n → Rd×d. Such quantities naturally appear in the proof of Proposition 1. We prove the
following lemma.
Lemma 5. Let X ∈ Rd×n satisfy H6. Then there exists a universal constant c > 0 such that for any
M : Rd×n → Rd×d,

Var
(
X>1 M(X−)X1

)
≤ 2

c
E
[
‖M(X−)‖2F +

2

c
‖M(X−)‖2op

]
+ Var

(
tr
(
ΣXM(X−)

))
.

Proof. By the law of total variance applied to (X1, X
−),

Var
(
X>1 M(X−)X1

)
= E

[
Var
(
X>1 M(X−)X1

∣∣X−)]+ Var
(
E
[
X>1 M(X−)X1

∣∣X−])
= E

[
Var
(
X>1 M(X−)X1

∣∣X−)]+ Var
(
tr
(
ΣXM(X−)

))
,

where we used E[X>1 M(X−)X1 | X−] = tr(ΣXM(X−)).

It remains to control the first term. Conditionally on X−, the Hanson–Wright inequality (see [LC18,
Remark 2.31]) yields, almost surely,

P
(∣∣X>1 M(X−)X1 − tr

(
M(X−)ΣX

)∣∣ ≥ t ∣∣X−) ≤ 2 exp

(
−cmin

(
t2

‖M(X−)‖2F
,

t

‖M(X−)‖op

))
.

Writing the conditional variance in integral form,

Var
(
X>1 M(X−)X1

∣∣X−) =

∫ ∞
0

P
(∣∣X>1 M(X−)X1 − tr

(
ΣXM(X−)

)∣∣ ≥ √t ∣∣∣X−) dt

≤ 2

∫ ∞
0

exp

(
−c t

‖M(X−)‖2F

)
dt+ 2

∫ ∞
0

exp

(
−c

√
t

‖M(X−)‖op

)
dt

=
2‖M(X−)‖2F

c
+

4‖M(X−)‖2op

c2
,

where we used the change of variables u = c
√
t/‖M(X−)‖op in the second integral. Taking

expectations in X− gives

E
[
Var
(
X>1 M(X−)X1

∣∣X−)] ≤ 2

c
E
[
‖M(X−)‖2F +

2

c
‖M(X−)‖2op

]
,

which, combined with the total-variance decomposition above, completes the proof.
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In the special case where the map M : Rd×n → Rd×d is Lipschitz on Aη (with Aη defined in H2),
Lemma 5 yields:
Proposition 7. Let X ∈ Rd×n satisfy H6 and H2. For any functions M1 : Aη → Rd×d and
M2 : Aη → Rd×d that are respectively L1- and L2-Lipschitz and bounded, and any B ∈ Rd×d with
‖B‖F = 1, we have

Var
(
X>1 M1(X−)X1 1Aη (X)

)
. d ‖ΣX‖2op

{
L2

1 + ‖M1‖2∞ (1 + c−1
X )
}
,

Var
(
X>1 M1(X−)BX1 1Aη (X)

)
. ‖ΣX‖2op

{
L2

1 + ‖M1‖2∞ (1 + c−1
X )
}
,

Var
(
X>1 M1(X−)BM2(X−)X1 1Aη (X)

)
. ‖ΣX‖2op

{(
‖M1‖∞L2 + ‖M2‖∞L1

)2
+ ‖M1‖2∞‖M2‖2∞ (1 + c−1

X )
}
,

where ‖Mi‖∞ =
∥∥‖Mi(·)‖op

∥∥
∞.

Proof. We treat the three cases in the same way. By Lemma 5 and since 1Aη (X) is σ(X−)-
measurable,

Var
(
X>1 M1(X−)X1 1Aη (X)

)
≤ 2

c
E
[
‖M1(X−)‖2F 1Aη (X) +

2

c
‖M1(X−)‖2op 1Aη (X)

]
+ Var

(
tr
(
ΣXM1(X−)1Aη (X)

))
≤ 2

c

(
d‖M1‖2∞ +

2

c
‖M1‖2∞

)
+ Var

(
tr
(
ΣXM1(X−)1Aη (X)

))
. d ‖M1‖2∞ + Var

(
tr
(
ΣXM1(X−)1Aη (X)

))
.

Similarly,

Var
(
X>1 M1(X−)BX1 1Aη (X)

)
≤ 2

c
E
[
‖M1(X−)B‖2F 1Aη (X) +

2

c
‖M1(X−)B‖2op 1Aη (X)

]
+ Var

(
tr
(
ΣXM1(X−)B1Aη (X)

))
≤ 2

c

(
‖M1‖2∞ +

2

c
‖M1‖2∞

)
+ Var

(
tr
(
ΣXM1(X−)B1Aη (X)

))
. ‖M1‖2∞ + Var

(
tr
(
ΣXM1(X−)B1Aη (X)

))
.

Finally,

Var
(
X>1 M1(X−)BM2(X−)X1 1Aη (X)

)
≤ 2

c
E
[
‖M1(X−)BM2(X−)‖2F 1Aη (X) +

2

c
‖M1(X−)BM2(X−)‖2op 1Aη (X)

]
+ Var

(
tr
(
ΣXM1(X−)BM2(X−)1Aη (X)

))
≤ 2

c

(
‖M1‖2∞‖M2‖2∞ +

2

c
‖M1‖2∞‖M2‖2∞

)
+ Var

(
tr
(
ΣXM1(X−)BM2(X−)1Aη (X)

))
. ‖M1‖2∞‖M2‖2∞ + Var

(
tr
(
ΣXM1(X−)BM2(X−)1Aη (X)

))
.

It remains to bound the trace-variance terms. By Cauchy–Schwarz, for all X,Y ∈ Aη ,∣∣ tr(ΣXM1(X−)
)
− tr

(
ΣXM1(Y−)

)∣∣ ≤ √d ‖ΣX‖op L1 ‖X−Y‖F ,

∣∣ tr(ΣXM1(X−)B
)
− tr

(
ΣXM1(Y−)B

)∣∣ ≤ ‖ΣX‖op L1 ‖X−Y‖F ,
and ∣∣tr(ΣXM1(X−)BM2(X−)

)
− tr

(
ΣXM1(Y−)BM2(Y−)

)∣∣
≤ ‖ΣX‖op

(
‖M1‖∞L2 + ‖M2‖∞L1

)
‖X−Y‖F .

Therefore, by Proposition 6 and standard sub-Gaussian variance bounds,

Var
(
tr
(
ΣXM1(X−)

))
. d ‖ΣX‖2op L

2
1 + d ‖M1‖2∞ + d2 ‖ΣX‖2op ‖M1‖2∞ σ2

Aη ,
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Var
(
tr
(
ΣXM1(X−)B

))
. ‖ΣX‖2op L

2
1 + ‖M1‖2∞ + d ‖ΣX‖2op ‖M1‖2∞ σ2

Aη ,

and

Var
(
tr
(
ΣXM1(X−)BM2(X−)

))
. ‖ΣX‖2op

(
‖M1‖∞L2 + ‖M2‖∞L1

)2
+ ‖M1‖2∞‖M2‖2∞

+ d ‖ΣX‖2op ‖M1‖2∞ σ2
Aη .

Finally, by H2,

σ2
Aη =

1− 2P(X ∈ Aη)

2 log
(

1−P(X∈Aη)
P(X∈Aη)

) .
1

n cX
,

since 1 − P(Aη) . exp(−cXn). We also note that H2 forces d < n (otherwise CX would be
rank-deficient a.s., yielding P(X ∈ Aη) = 0 for all η > 0). Plugging the bound on σ2

Aη
above into

the previous displays gives the stated upper bounds.

B.3 A deterministic equivalent for RX(λ), with arbitrarly small regularization parameter

We first show that the resolvent map is locally Lipschitz, and in particular Lipschitz on Aη .

Lemma 6. Let X1,X2 ∈ Rd×n and let D � 0. Assume that for i ∈ {1, 2}, λd(CXi + D) ≥ ε > 0.
Then ∥∥(CX1 + D)−1 − (CX2 + D)−1

∥∥
F
≤ 2√

n ε3
‖X1 −X2‖F .

Proof. Using A−1 −B−1 = A−1(B −A)B−1 and ‖AB‖F ≤ ‖A‖op‖B‖F,∥∥(CX1 + D)−1 − (CX2 + D)−1
∥∥

F
=
∥∥(CX1 + D)−1

(
CX2 − CX1

)
(CX2 + D)−1

∥∥
F

=
1

n

∥∥(CX1
+ D)−1

(
X1(X1 −X2)> + (X1 −X2)X>2

)
(CX2

+ D)−1
∥∥

F
.

Using ‖UV >‖F ≤ ‖U‖op‖V ‖F and the triangle inequality,

· · · ≤ 1

n

(
‖(CX1 + D)−1X1‖op ‖(CX2 + D)−1‖op + ‖(CX2 + D)−1X2‖op ‖(CX1 + D)−1‖op

)
‖X1 −X2‖F.

Since λd(CXi
+ D) ≥ ε, we have ‖(CXi

+ D)−1‖op ≤ ε−1. Moreover,

1√
n
‖(CXi

+ D)−1Xi‖op =

√
λd

(
(CXi

+ D)−1
XiX>i
n

(CXi
+ D)−1

)
=
√

λd((CXi
+ D)−1CXi

(CXi
+ D)−1) ≤

√
λd((CXi

+ D)−1) ≤ ε−1/2 ,

where we used CXi
� CXi

+ D. Plugging these bounds into the previous display yields∥∥(CX1 + D)−1 − (CX2 + D)−1
∥∥

F
≤ 2√

n
ε−1/2 ε−1 ‖X1 −X2‖F =

2√
n ε3
‖X1 −X2‖F,

as claimed.

In particular. On Aη = {X : λd(CX) ≥ η} (take D = 0), the map X 7→ (CX + λ Id)
−1 is

Lipschitz with constant 2/
√
n(η + λ)3, for all λ ≥ 0.

Define, for any b ∈ [1,∞) and any matrix D ∈ Rd×d,

R̄
b
X(D) :=

(
ΣX
b + D

)−1

.

We provide two choices of the parameter b for which R̄
b
X(D) is a deterministic equivalent of RX(D).

Precisely:
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Proposition 8. Assume X satisfies H6 and H2 for some η > 0. Let B ∈ Rd×d and let D � 0 be
positive semidefinite. Define

a∗ = 1 +
1

n
tr
(
ΣX E

[
RX(D)1Aη (X)

])
,

and b∗ be the unique fixed point of

fD : b 7→ 1 +
1

n
tr
(

ΣX R̄
b
X(D)

)
.

Then, for an absolute constant k > 0 and all t > 0,

P
(∣∣∣∣1d tr

(
B
{

RX(D)1Aη (X)− E
[
RX(D)1Aη (X)

]})∣∣∣∣ ≥ t) . exp

(
− k cX (η + λd(D))3 n t2

‖B‖2op

(
η + λd(D) + cX/d

)).
Furthermore, define the polynomial Q : R5 → R by

Q(X,Y, Z, U, V ) = (1 + UX + V X) (X3Z +X2 + Y X2Z + Y X) + Y X2Z + Y X4Y 2 ,

and set q = Q
(
η + λd(D), λd(ΣX), ‖ΣX‖−1

op , c
−1
X , n−1

)
. Then∥∥∥E[{RX(D)− R̄

a∗

X (D)
}
1Aη (X)

]∥∥∥
F

.
q
√
d ‖ΣX‖3op

n λd(ΣX) (η + λd(D))6
,

and∥∥∥E[{RX(D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F

.

(
1 +

d ‖ΣX‖op

n λd(ΣX)

)(
q
√
d ‖ΣX‖3op

n λd(ΣX) (η + λd(D))6

+

(
d ‖ΣX‖op

n
+

d2 ‖ΣX‖2op

(η + λd(D))n2

)
e−cXn

)
.

Remark. This result generalizes those of [Cho22]. Firstly, under H2 one may take an arbitrarily
small regularization D � 0 and still retain favorable concentration properties for the resolvent
(even D = 0), secondly we provide fully explicit bounds which allow to understand deeper the
dependancies to all the parameters. Our proof follows [Cho22] closely.

Proof. The proof procees in two parts, first we derive the claimed concentration bound for terms of
the form d−1 tr (B RX(D)), which follows from concentration of Lipschitz transformations of X (H
6), as well as Proposition 6. Then we will derive the claimed bias bound, using the Shermann-Morison
formula.

Concentration of d−1 tr (B RX(D))1Aη (X) We mainly rely on Proposition 6, first note that the
map

hB,D :

{
Aη → R

X 7→ 1

d
tr (B RX(D))

,

is 2‖B‖op(η+λ1(D))−3/2n−1/2d−1/2-Lipschitz from Lemma 6. Moreover ‖hB,D‖∞ ≤ ‖B‖2op(η+

λ1(D))−1, we have from Proposition 6 that hB,D(X)1Aη (X) is sub Gaussian, with parameter,

σ2
hB,D(X) . P(X ∈ Aη)2

‖B‖2op

(η + λd(D))3nd
+
‖B‖2opσ(P(X ∈ Aη))2

(η + λd(D))2
,

and, remarking that by definition of σ given in Proposition 6, since η satisfies H 2, we have,

σ(P(X ∈ E))2 .
1

ncX
,

which implies that

σ2
hB,D

.
‖B‖2op

nd(η + λd(D))3
+

‖B‖2op

cXn(η + λd(D))2
=

‖B‖2op

cXn(η + λd(D))3

(cX
d

+ (η + λd(D))
)
,

35



hence, using the variance bound for sub Gaussian random variable, we have for a universal constant
k,

P
(∣∣tr (B RX(D))1Aη (X)− E

[
tr (B RX(D))1Aη (X)

]∣∣ ≥ t) . exp

(
−k t2cX(η + λd(D))3nt2

‖B‖2op(η + λd(D + cX/d))

)
,

First equivalent for E
[
RX(D)1Aη (X)

]
Recall the notation R−X(D) = RX−(D) where X− =

[0, X1, · · · , Xn], we have from the Shermann-Morison formula [SM50],

RX(D)1Aη (X) =

{
R−X(D)− 1

n

R−X(D)X1X
>
1 R−X(D)

1 + n−1X>1 R−X(D)X1

}
1Aη (X) . (25)

hence, multiplying both sides by X1, we obtain,

RX(D)X11Aη (X) =
R−X(D)X1

1 + n−1X>1 R−X(D)X1

1Aη (X) .

Denoting aX = 1 + n−1X>1 R−X(D)X11Aη (X), we simplify the above expression to,

RX(D)X11Aη (X) =
R−X(D)X1

aX
1Aη (X) . (26)

We now focus on bounding the bias of RX(D)1Aη (X). First, using the identity A−1 − B−1 =

A−1(B−A)B−1, we have,

E
[{

RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]
= E

[
RX(D)

{
ΣX
a∗
− CX

}
R̄

a∗

X (D)1Aη (X)

]
= E

[
RX(D)

{
ΣX
a∗
−X1X

>
1

}
R̄

a∗

X (D)1Aη (X)

]
= E

[{
1

a∗
RX(D)ΣXR̄

a∗

X (D)− 1

aX
R−X(D)X1X

>
1 R̄

a∗

X (D)

}
1Aη (X)

]
where, in the last equality, we have used (26). Further rearranging the terms, we get,

E
[{

RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]
= E

[
1

a∗
{RX(D)− R−X(D)}ΣXR̄

a∗

X (D)1Aη (X) +

(
1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

]
,

Hence, by applying the triangle inequality to bound the bias, we obtain,∥∥∥E [{RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]∥∥∥
F

≤

∥∥∥∥∥E [{RX(D)− R−X(D)}1Aη (X)
] ΣXR̄

a∗

X (D)

a∗

∥∥∥∥∥
F

+

∥∥∥∥E [( 1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

]∥∥∥∥
F

(27)

Controlling each term individualy, we first use ‖AB‖F ≤ ‖A‖op‖B‖F to get,∥∥∥∥E [{RX(D)− R−X(D)}1Aη (X)
] ΣXR̄X(D)

a∗

∥∥∥∥
F

≤
∥∥E [{RX(D)− R−X(D)}1Aη (X)

]∥∥
F

∥∥∥∥∥ΣXR̄
a
X(D)

a∗

∥∥∥∥∥
op

≤
∥∥E [{RX(D)− R−X(D)}1Aη (X)

]∥∥
F
,

From (26),∥∥E [{RX(D)− R−X(D)}1Aη (X)
]∥∥

F
=

1

n

∥∥∥∥E [ 1

aX
R−X(D)X1X

>
1 R−X(D)1Aη (X)

]∥∥∥∥
F

,

In order to easily bound the riht-hand side of the previous inequality, we introduce the Lowner order
on symetrix matrices. We say that A � B if and only if B − A is a PSD matrix, then we have
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a−1
X R−X(D)X1X

>
1 R−X(D)1Aη (X) � R−X(D)X1X

>
1 R−X(D)1Aη (X) almost surely. It is clear that

this ordering is preserved when averaging the matrices, we get

E
[

1

aX
R−X(D)X1X

>
1 R−X(D)1Aη (X)

]
� E

[
R−X(D)X1X

>
1 R−X(D)1Aη (X)

]
and, using the fact that the Frobenius norm is non-decreasing w.r.t. the Lowner order on PSD matrices,
we deduce,∥∥E [{RX(D)− R−X(D)}1Aη (X)

]∥∥
F

=
1

n

∥∥∥∥E [ 1

aX
R−X(D)X1X

>
1 R−X(D)1Aη (X)

]∥∥∥∥
F

≤ 1

n

∥∥E [R−X(D)X1X
>
1 R−X(D)1Aη (X)

]∥∥
F

≤ 1

n

∥∥E [R−X(D)ΣX R−X(D)1Aη (X)
]∥∥

F

≤
√
d‖ΣX‖op

n(η + λd(D))2
.

Plugging the previous computations in (27), we get∥∥∥E [{RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]∥∥∥
F

(28)

≤
∥∥∥∥E [( 1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

]∥∥∥∥
F

+

√
d‖ΣX‖op

n(η + λd(D))2
.

It remains only to bound the second term in the right hand side of (27), recalling the dual representation
of the Frobenius norm,

‖A‖F = sup
‖B‖F≤1

tr(B>A) ,

we define for any B of unit Frobenius norm, the random variable ζB,X =

X>1 R̄
a∗

X (D)B R−X(D)X11Aη (X), we have∥∥∥∥E [( 1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

]∥∥∥∥
F

= sup
‖B‖F=1

E
[
tr

(
B>

(
1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

)]
= sup
‖B‖F=1

∣∣∣∣E [tr(B

(
1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

)]∣∣∣∣
= sup
‖B‖F=1

∣∣∣∣E [( 1

a∗
− 1

aX

)
ζB,X

]∣∣∣∣
To conclude the proof, we use proposition 7 to bound the variances of aX as well as ζB,X , to bound
the above term uniformly over all the possible choices of B. Using the triangle inequality, we have,∣∣∣∣E [( 1

a∗
− 1

aX

)
ζB,X

]∣∣∣∣ ≤ ∣∣∣∣( 1

a∗
− 1

E [aX ]

)
E [ζB,X ]

∣∣∣∣+

∣∣∣∣E [( 1

E [aX ]
− 1

aX

)
ζB,X

]∣∣∣∣ (29)

We further rewrite the first term by remarking that aX ≥ 1 almost surely, and similarly a∗, we get:∣∣∣∣( 1

a∗
− 1

E [aX ]

)
E [ζB,X ]

∣∣∣∣ ≤ |a∗ − E [aX ] |E [ζB,X ]

a∗
.

Now, observe that |E [ζB,X ] | may be explicitly controlled by,

|E [ζB,X ] /a∗| =
∣∣∣∣E [tr(ΣX

a∗
R̄

a∗

X (D)B R−X(D)1Aη (X)

)]∣∣∣∣
≤

√
d

η + λd(D)
. (30)
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Where we have used the fact that ΣXR̄
a∗

X (λ)/a∗ � Id. Secondly, the bias of aX can be bounded
using (25) as,

|a∗ − E [aX ] | =
∣∣∣∣ 1n tr

(
ΣXE

[
R−X(D)− RX(D)

])∣∣∣∣ =
1

n2
tr

(
ΣXE

[
1

aX
R−X(D)X1X

>
1 R−X(D)

])
≤ 1

n2
tr
(
ΣXE

[
R−X(D)X1X

>
1 R−X(D)

])
≤ 1

n2
E
[
tr
(
(ΣX R−X(D))2

)]
≤

d‖ΣX‖2op

(η + λd(D))2n2
.

Which implies the following bound on the first term in (29),∣∣∣∣( 1

a∗
− 1

E [aX ]

)
E [ζB,X ]

∣∣∣∣ . d3/2‖ΣX‖2op

(η + λd(D))3n2
. (31)

Now dealing with the second term in (29), using the Cauchy-Schwarz inequality, as well as E[aX ] ≥ 1,
we have,∣∣∣∣E [( 1

E [aX ]
− 1

aX

)
ζB,X

]∣∣∣∣ =

∣∣∣∣E [(aX − E [aX ])
ζB,X

aXE [aX ]

]∣∣∣∣ ≤√Var (aX) Var (ζB,X/aX)

We write ζB,X/aX = (ζB,X − E [ζB,X ])/aX + E [ζB,X ] /aX , and using Var(a+ b) ≤ 2 Var(a) +
2 Var(b), we have,

Var (ζB,X/aX) ≤ 2 Var ((ζB,X − E [ζB,X ])/aX) + 2 Var (E [ζB,X ] /aX)

≤ 2E
[
((ζB,X − E [ζB,X ])/aX)

2
]

+ 2E [ζB,X ]
2

Var
(
a−1
X

)
≤ 2E

[
(ζB,X − E [ζB,X ])

2
]

+ 2E [ζB,X ]
2

Var
(
a−1
X

)
≤ 2 Var(ζB,X) + 2E [ζB,X ]

2
Var(a−1

X ) .

Furthermore, Var(a−1
X ) = infm E

[
(a−1
X −m)2

]
≤ E

[
(a−1
X − E [aX ]

−1
)2
]
≤ Var(aX), which

follows from aX ≥ 1 again, we get,

Var (ζB,X/aX) ≤ 2 Var (ζB,X) + 2E [ζB,X ]
2

Var(aX) ,

which results in,

E
[(

1

E [aX ]
− 1

aX

)
ζB,X

]2

≤ 2 Var (aX) Var (ζB,X) + 2E [ζB,X ]
2

Var (aX)
2 (32)

We conclude by bounding Var(aX) and Var(ζB,X), using Proposition 7 and the Lipschitz property
of X 7→ R−X(D) on Aη (which results from Lemma 6), we have,

Var (aX) =
1

n2
Var

(
X>1 R−X(D)X11Aη (X)

)
.
d‖ΣX‖2op

n2

{
1

(η + λd(D))3n
+

1 + c−1
X

(η + λd(D))2

}
=

d‖ΣX‖2op

n2(η + λd(D))3

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
,

similarly,

Var (ζD,X) . X>1 R̄
a∗

X (D)B R−X(D)X11Aη (X)

.
‖ΣX‖2op‖R̄

a∗

X (D)‖2op

(η + λd(D))3

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
,
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it results from the two previous upper bounds, as well as (30) and (32), that

E
[(

1

E [aX ]
− 1

aX

)
ζB,X

]
.

√
d‖ΣX‖2op‖R̄

a∗

X (D)‖op

n(η + λd(D))3

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
(33)

+
d‖ΣX‖2opE [ζB,X ]

n2(η + λd(D))3

{
1

n
+

(
1 +

1

cX
(η + λd(D))

)}
.

√
d‖ΣX‖2op‖R̄

a∗

X (D)‖op

n(η + λd(D))3

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
+

a∗d3/2‖ΣX‖2op

n2(η + λd(D))4

{
1

n
+

(
1 +

1

cX
(η + λd(D))

)}
.

Finally, we bound ‖R̄a∗

X (D)‖op and a∗ by writing

a∗ = 1 +
1

n
tr
(
ΣXE

[
RX(D)1Aη (X)

])
≤ 1 +

d‖ΣX‖op

n(η + λd(D))
,

and

‖R̄a∗

X (D)‖op ≤
(
λ1(ΣX)

a∗
+ λ1(D)

)−1

≤ a

λ1(ΣX)
≤

1 +
d

n
‖ΣX‖op(η + λd(D))−1

λ1(ΣX)
. (34)

We conclude from (33),

E
[(

1

E [aX ]
− 1

aX

)
ζB,X

]2

.

√
d‖ΣX‖2op

nλd(ΣX)(η + λd(D))3

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
(35)

+
d3/2‖ΣX‖3op

n2λd(ΣX)(η + λd(D))4

{
1

n
+

(
1 +

1

cX

)
(η + λd(D))

}
+

d3/2‖ΣX‖2op

n2(η + λd(D))4

{
1

n
+

(
1 +

1

cX
(η + λd(D))

)}
+

d5/2‖ΣX‖3op

n6(η + λd(D))5

{
1

n
+

(
1 +

1

cX
(η + λd(D))

)}
.

We slighly simplify the previous upper bound by remarking that H2 implies that d < n, hence:

d5/2

n3
≤ d3/2

n2
≤
√
d

n
,

Using this in (35), we obtain,

E
[(

1

E [aX ]
− 1

aX

)
ζB,X

]2

.

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
(η + λd(D))2

n‖ΣX‖op
+

(
1 +

1

cX

)
(η + λd(D))3

‖ΣX‖op

}
+

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
η + λd(D)

n
+

(
1 +

1

cX

)
(η + λd(D))2

}
+

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
λd(ΣX)(η + λd(D))

n‖ΣX‖op
+

(
1 +

1

cX

)
λd(ΣX)(η + λd(D))2

‖ΣX‖op

}
+

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
λd(D)

n
+

(
1 +

1

cX

)
λd(ΣX)(η + λd(D))

}
.

Defining the polynomial P1 as:
P1(X,Y, Z) = X3Z +X2 + Y X2Z + Y X , p1 = P1(η + λd(D), λd(ΣX), ‖ΣX‖−1

op ) ,

we can rewrite the previous upper bound as,

E
[(

1

E [aX ]
− 1

aX

)
ζB,X

]2

(36)

.

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5
p1

(
1

n(η + λd(D))
+ 1 +

1

cX

)
.
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Plugging (31) and (36) in (29), we get,∥∥∥∥E [( 1

a∗
− 1

aX

)
R−X(D)X1X

>
1 R̄

a∗

X (D)1Aη (X)

]∥∥∥∥
F

.
d3/2‖ΣX‖2op

(η + λd(D))3n2
+

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5
p1

(
1

n(η + λd(D))
+ 1 +

1

cX

)
.

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
p1

(
1

n(η + λd(D))
+ 1 +

1

cX

)
+

λd(ΣX)(η + λd(D))2

‖ΣX‖op

}
Where, once again, we have used the fact that d < n from H2.

Finally, from (28), we have,∥∥∥E [{RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]∥∥∥
F

.

√
d‖ΣX‖op

(η + λd(D))2n
+

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))5

{
p1

(
1

n(η + λd(D))
+ 1 +

1

cX

)
+

λd(ΣX)(η + λd(D))2

‖ΣX‖op

}
.

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6

{
(η + λd(D))p1

n
+ (η + λd(D))p1

(
1 +

1

cX

)

+
λd(ΣX)(η + λd(D))3

‖ΣX‖op
+

λd(ΣX)(η + λd(D)4)

‖ΣX‖2op

}
.

Defining Q as,

Q(X,Y, Z, U, V ) = XV P (X,Y, Z) + (1 + U)XP (X,Y, Z) + Y X3Z + Y X4Y 2 , (37)

We have shown that:∥∥∥E [{RX(D)− R̄
a∗

X (D)
}
1Aη (X)

]∥∥∥
F
≤

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
Q(η + λd(D), λd(ΣX), ‖ΣX‖−1

op , c
−1
X , n−1) ,

(38)

This concludes the proof for the first deterministic equivalent.

Second equivalent for E [RX(D)1E(X)]

Now, we show that:∥∥∥E [{RX(D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F

.

(
1 +

d‖ΣX‖op

nλd(ΣX)

)(
q
√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
+

(
d‖ΣX‖op

n
+

d2‖ΣX‖2op

(η + λd(D))n2

)
e−cXn

)
,

where b∗ is defined as the only positive solution to equation b = 1 + n−1 tr
(

ΣXR̄
b
X(D)

)
. Recall

the definition of fD, for any b ∈ [1,∞),

fD(b) = 1 + n−1 tr
(

ΣXR̄
b
X(D)

)
.

For notation simplicity, we introduce q ∈ R defined as:

q = Q(η + λd(D), λd(ΣX), ‖ΣX‖−1
op , c

−1
X , n−1) ,

where Q is defined in (37).

First, using (38), we have,∥∥∥E [{RX(D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F

(39)

≤
∥∥∥E [{RX(D)− R̄

a∗

X (D)
}
1Aη (X)

]∥∥∥
F

+
∥∥∥E [{R̄

a∗

X (D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F

.
q
√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
+
∥∥∥E [{R̄

a∗

X (D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F
,
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Then, using the identity A−1 −B−1 = A−1(B−A)B−1 we deduce∥∥∥E [{R̄
a∗

X (D)− R̄
b∗

X (D)
}
1Aη (X)

]∥∥∥
F

=

∣∣∣∣ 1

a∗
− 1

b∗

∣∣∣∣P(X ∈ Aη)
∥∥∥R̄

a∗

X (D)ΣXR̄
b∗

X (D)
∥∥∥

F
(40)

. |a∗ − b∗| ‖R̄a∗

X (D)‖F/a∗

. |a∗ − b∗|
√
d

λd(ΣX)
,

Furthermore, we remark that a∗ is almost a fixed point of fD from the first deterministic equivalent,
indeed,

|a∗ − fD(a∗)| = n−1
∣∣∣tr(ΣX

{
E
[
RX(D)1Aη (X)

]
− R̄

a∗

X (D)
})∣∣∣

≤
√
d‖ΣX‖op

n

∥∥∥E [RX(D)1Aη (X)
]
− R̄

a∗

X (D)
∥∥∥

F

≤
√
d‖ΣX‖op

n

∥∥∥E [RX(D)− R̄
a∗

X (D)1Aη (X)
]∥∥∥

F
+
d‖ΣX‖op‖R̄

a∗

X (D)‖op

n
(1− P(X ∈ Aη))

Recalling (34), and using H 2, we have,

d‖ΣX‖op‖R̄
a∗

X (D)‖op

n
(1− P(X ∈ Aη)) ≤

(
d‖ΣX‖op

n
+

d2‖ΣX‖2op

(η + λd(D))n2

)
e−cXn ,

Now, using equation (38), we have,

|a∗ − fD(a∗)| .
q
√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
+

(
d‖ΣX‖op

n
+

d2‖ΣX‖2op

(η + λd(D))n2

)
e−cXn .

Furthermore, we show that fD is a contraction mapping around b∗, indeed we have for any b ∈ [1,∞),

|fD(b)− fD(b∗)| = 1

n

∣∣∣tr(ΣX

{
R̄

b
X(D)− R̄

b∗

X (D)
})∣∣∣ =

1

n

∣∣∣tr(ΣXR̄
b
X(D)ΣXR̄

b∗

X (D)
)∣∣∣ ∣∣∣∣1b − 1

b∗

∣∣∣∣
=

1

n
tr

({
Id−DR̄

b
X(D)

} ΣX
b∗

R̄
b∗

X (D)

)
|b− b∗|

≤ 1

nb∗
tr
(

ΣXR̄
b∗

X (D)
)
|b− b∗|

≤ fD(b∗)− 1

fD(b∗)
|b− b∗| = b∗ − 1

b∗
|b− b∗| ,

where in the last line, we have used the fact that b∗ is the only fixed point of fD. We conclude that
fD is contractive around b∗. We conclude on the distance between a∗ and b∗ by writing,

|a∗ − b∗| ≤ |a∗ − fD(a∗)|+ |fD(a∗)− fD(b∗)| ≤ |a∗ − fD(a∗)|+ b∗ − 1

b∗
|a∗ − b∗| ,

which implies,
|a∗ − b∗| ≤ b∗|a∗ − fD(a∗)| .

To conclude the proof, we need to bound b∗. To this end, write

b∗ = 1 +
1

n
tr
(

ΣXR̄
b∗

X (D)
)
≤ 1 +

1

n
tr
(

ΣXR̄
1
X(D)

)
≤ 1 +

d‖ΣX‖op

nλd(ΣX)
,

which followed from R̄
b∗

X (D) � R̄
1
X(D), we obtain from (40),∥∥∥E [{R̄

a∗

X (D)− R̄
b∗

X (D)
}
1E(X)

]∥∥∥
F

.

(
1 +

d‖ΣX‖op

nλd(ΣX)

)(
q
√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
+

(
d‖ΣX‖op

n
+

d2‖ΣX‖2op

(η + λd(D))n2

)
e−cXn

)
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Finally, from (39), we have,∥∥∥E [{RX(D)− R̄
b∗

X (D)
}
1E(X)

]∥∥∥
F

.

(
1 +

d‖ΣX‖op

nλd(ΣX)

)(
q
√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D))6
+

(
d‖ΣX‖op

n
+

d2‖ΣX‖2op

(η + λd(D))n2

)
e−cXn

)
.

This concludes the proof.

B.4 Conclusion on the proof of theorem 1

We leverage proposition 1, to prove that ÊX(λ) approximates EX(λ). In all this proof, we set
X ∈ Rd×n and η > 0, such that H 6 and H 2 are satisfied. We first recall,

EX(λ) = ‖RX(λ)− ΣX‖2F , for λ > 0 ,

and

ÊX(λ) :=
1

d
tr
(
RX(λ)2

)
− 2(1− d/n)

λd
tr (RX(0))1Aη (X)+

2

λb(λ)d
tr (RX(λ))+

1

d
tr
(
Σ−2
X

)
,

where

b(λ) :=
1

1− d/n+ λ/n tr (RX(λ))
.

We will write ∆EX(λ) = ÊX(λ)− EX(λ), and we remark that,

∆EX(λ) = −2(1− d/n)

λd
tr (RX(0))1Aη (X) +

2

λb(λ)d
tr (RX(λ))− 1

d
tr
(
Σ−1
X RX(λ)

)
.

We derive the claimed concentration bound by applying proposition 1, first noting that ∆EX(λ) is
close to the following quantity with high probability,

∆EX(λ) = −2(1− d/n)

λd
tr (RX(0))1Aη (X) +

2

λb(λ)d
tr (RX(λ))1Aη (X)− 1

d
tr
(
Σ−1
X RX(λ)

)
1Aη (X)

indeed, we have for all ε > 0,

P
(∣∣∆EX(λ)−∆EX(λ)

∣∣ ≥ ε) ≤ P (X /∈ Aη) . e−cXn .

Furthermore, we show that each term in ∆EX(λ) concentrates around its expectation. We have,

∣∣∆EX(λ)− E
[
∆EX(λ)

]∣∣ ≤ 2(1− d/n)

λd

∣∣tr (RX(0))1Aη (X)− E
[
tr (RX(0))1Aη (X)

]∣∣
+

2 tr (RX(λ))

λd

∣∣∣∣ 1

b(λ)
− E

[
1

b(λ)

]∣∣∣∣
+ E

[
2

λb(λ)d

] ∣∣tr (RX(λ))1Aη (X)− E
[
tr (RX(λ))1Aη (X)

]∣∣
+

∣∣∣∣1d tr
(
Σ−1
X RX(λ)

)
1Aη (X)− E

[
1

d
tr
(
Σ−1
X RX(λ)

)
1Aη (X)

]∣∣∣∣
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Remarking that η > 0 implies that d < n hence, 0 ≤ 1− d/n ≤ 1, as well as RX(λ) � λ−1 Id and
b(λ) ≥ 1, we bound the various multiplicative term in the previous inequation as,

∣∣∆EX(λ)− E
[
∆EX(λ)

]∣∣ ≤ 2

λd

∣∣tr (RX(0))1Aη (X)− E
[
tr (RX(0))1Aη (X)

]∣∣
+ 2λ

1

n
|tr (RX(λ)− E [tr (RX(λ))])|+ 2

λd
|tr (RX(λ))− E [tr (RX(λ))]|

+

∣∣∣∣1d tr
(
Σ−1
X RX(λ)

)
− E

[
1

d
tr
(
Σ−1
X RX(λ)

)]∣∣∣∣
≤ 2

λd

∣∣tr (RX(0))1Aη (X)− E
[
tr (RX(0))1Aη (X)

]∣∣
+ 2

{
λ+

1

λ

}
1

d

∣∣tr (RX(λ)1Aη (X)− E
[
tr (RX(λ))1Aη (X)

])∣∣
+

1

d

∣∣tr (Σ−1
X RX(λ)

)
1Aη (X)− E

[
tr
(
Σ−1
X RX(λ)

)
1Aη (X)

]∣∣

Hence, from a union bound argument, we have,

P
(∣∣∆EX(λ)− E

[
∆EX(λ)

]∣∣ ≥ t) ≤ P
(

1

d

∣∣tr (RX(0)1Aη (X)− E
[
RX(0)1Aη (X)

])∣∣ ≥ λt

6

)
(41)

+ P
(

1

d

∣∣tr (RX(λ)1Aη (X)− E
[
RX(λ)1Aη (X)

])∣∣ ≥ t

6(λ+ λ−1)

)
+ P

(
1

d

∣∣tr (Σ−1
X {RX(λ)1Aη (X)− E

[
RX(λ)1Aη (X)

]
}
)∣∣ ≥ t

3

)
.

We now control each of these term, by using the concentration statement of proposition 1 every time.
We denote,

ξX(t) =
cXη

3nt2

max{‖ΣX‖op, 1}2(η + cX/d)
.

Then, Proposition 1 and (41) implies that,

P
(∣∣∆EX(λ)− E

[
∆EX(λ)

]∣∣ ≥ t) . e−kξ(λt/6) + e−kξ(t/(6(λ+λ−1))) + e−kξ(t/3) ,

for a universal constant k > 0. Now remarking that ξ(λt/6) ≥ ξ(t/(6(λ+ λ−1))), we have,

P
(∣∣∆EX(λ)− E

[
∆EX(λ)

]∣∣ ≥ t) . ek
′ξ(tmin{1/(λ+λ−1),1}) ,

for a universal constant k′. And, we conclude,

P
(∣∣∆EX(λ)− E

[
∆EX(λ)

]∣∣ > t
)
. exp

(
−k′

cXη
3nmin{1, λ+ 1

λ}
2t2

max{‖ΣX‖op, 1}(η + cX/d)}

)
+ exp (−cXn) .

(42)
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We now bound E
[
∆EX(λ)

]
, to this end, write,

E
[
∆EX(λ)

]
= −2(1− d/n)

λd
tr
(
E
[
RX(0)1Aη (X)

])
+ E

[
2

λb(λ)d
tr (RX(λ))1Aη (X)

]
− 1

d
tr
(
Σ−1
X E

[
RX(λ)1Aη (X)

])
= −2(1− d/n)

λd
tr
(
E
[
RX(0)1Aη (X)

])
+ E

[
2

λb(λ)d

]
tr
([

RX(λ)1Aη (X)
])
− 1

d
tr
(
Σ−1
X E

[
RX(λ)1Aη (X)

])
+

2

λ
Cov

(
1

b(λ)
,

1

d
tr (RX(λ))1Aη (X)

)
.

{
−2(1− d/n)

λd
tr
(

R̄
b∗(0)
X (0)

)
+

2

λb∗(λ)d
tr
(

R̄
b∗(λ)
X (λ)

)
− 1

d
tr
(

Σ−1
X R̄

b∗(λ)
X (λ)

)}
P (X ∈ Aη)

+
2

λ
Cov

(
1

b(λ)
,

1

d
tr (RX(λ))1Aη (X)

)
+

(
1 +

d‖ΣX‖op

nλ1(ΣX)

)(
q
√
d‖ΣX‖3op

nλ1(ΣX)η6
+

(
d‖ΣX‖op

n
+
d2‖ΣX‖2op

ηn2

)
e−cXn

)
where the last line followed from applying the second deterministic equivalent presented in Proposi-
tion 1.

Recalling the definition of b(λ), we have,

2

λ
Cov

(
1

b(λ)
,

1

d
tr (RX(λ))

)
=

2λd/n

λ
Cov

(
1

d
tr (RX(λ)) ,

1

d
tr (RX(λ))

)
≤ 2 Var

(
1

d
tr (RX(λ))

)
,

which is controlled using H 1, from the fact that X 7→ d−1 tr (RX(λ)) is 2λ−3/2n−1/2d1/2-lipschitz
(from lemma 6), hence H 1 ensures that d−1 tr (RX(λ)) is sub Gaussian, and has variance bounded
as,

Var

(
1

d
tr (RX(λ))

)
.

1

λ3nd
,

which implies,

E
[
∆EX(λ)

]
.

{
−2(1− d/n)

λd
tr
(

R̄
b∗(0)
X (0)

)
+

2

λb∗(λ)d
tr
(

R̄
b∗(λ)
X (λ)

)
− 1

d
tr
(

Σ−1
X R̄

b∗(λ)
X (λ)

)}
P (X ∈ Aη)

+

(
1 +

d‖ΣX‖op

nλ1(ΣX)

)(
q
√
d‖ΣX‖3op

nλ1(ΣX)η6
+

(
d‖ΣX‖op

n
+
d2‖ΣX‖2op

ηn2

)
e−cXn

)
+

1

λ3nd
.

Now, we remark that by definition b∗(0) is the unique fixed point of f0(b) = 1 + bd/n, which gives,
b∗(0) = (1− d/n)−1, hence,

E
[
∆EX(λ)

]
≤
{
− 2

λd
tr
(
Σ−1
X

)
+

2

λb∗(λ)d
tr
(

R̄
b∗(λ)
X (λ)

)
− 1

d
tr
(

Σ−1
X R̄

b∗(λ)
X (λ)

)}
P (X ∈ Aη)

+

(
1 +

d‖ΣX‖op

nλ1(ΣX)

)(
q
√
d‖ΣX‖3op

nλ1(ΣX)η6
+

(
d‖ΣX‖op

n
+
d2‖ΣX‖2op

ηn2

)
e−cXn

)
+

1

λ3nd
,

Finally, using the identity A−1 −B−1 = A−1{B−A}B−1, we get,

1

b∗(λ)
R̄

b∗(λ)
X (λ)− Σ−1

X = λR̄
b∗(λ)
X (λ)Σ−1

X ,

we thus conclude on the bias of ÊX(λ) as,

E
[
∆EX(λ)

]
.

(
1 +

d‖ΣX‖op

nλ1(ΣX)

)(
q
√
d‖ΣX‖3op

nλ1(ΣX)η6
+

(
d‖ΣX‖op

n
+
d2‖ΣX‖2op

ηn2

)
e−cXn

)
+

1

λ3nd︸ ︷︷ ︸
B(n)

.
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and, merging the previous equation with (42), we get a universal constant k, and the function B(n)
defined above,

P (|∆EX(λ)| > t+B(n)) ≤ P
(
|∆EX(λ)| > t+ E

[
∆EX(λ)

]
|
)
≤ P

(∣∣∆EX(λ)− E
[
∆EX(λ)

]∣∣ ≥ t)
. exp

(
−k

cXη
3nmin{1, λ+ 1

λ}
2t2

max{‖ΣX‖op, 1}(η + cX/d)}

)
+ exp (−cXn) .

which terminates the proof of theorem 1.
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C A deterministic equivalent for resolvent matrices of augmented sample
covariances

In this section we generalize Proposition 1 to the setting where a non-negligible proportion of
the dataset is produced by a data-augmentation scheme. We consider the augmented dataset
[X1, . . . , Xn, G1, . . . , Gm], where the two blocks [X1, . . . , Xn] and [G1, . . . , Gm] satisfy H2–H
6. The proof follows the non-augmented case presented in Appendix B.

We begin with the following technical lemma, which will be used to derive concentration for the
augmented resolvent matrix RAug(D).

Lemma 7. Assume X and νX satisfy H6 and H4, let f : Rd×n × Rd×m → R be a Lf -Lispchitz
function on Aη × Rd×m. Then for any X,Y ∈ Aη ,∣∣∣∣∫ f(X, g)ν⊗mX (dg)−

∫
f(Y, g)ν⊗mY (dg)

∣∣∣∣ ≤ Lf
(
1 +
√
mLG

)
‖X−Y‖F .

i.e, X 7→
∫
f(X, g)dν⊗mX (dg) is Lf (1 + LG) Lispchitz on Aη .

Proof. Using H1 and H4, we have∣∣∣∣∫ f(X, g)ν⊗mX (dg)−
∫
f(Y, g)ν⊗mY (dg)

∣∣∣∣
≤
∣∣∣∣∫ f(X, g)ν⊗mX (dg)−

∫
f(Y, g)ν⊗mX (dg)

∣∣∣∣+

∣∣∣∣∫ f(Y, g)ν⊗mX (dg)−
∫
f(Y, g)ν⊗mY (dg)

∣∣∣∣
≤ Lf ‖X−Y‖F + LfW1(ν⊗mX , ν⊗mY )

≤ Lf ‖X−Y‖F + Lf
√
mLG‖X−Y‖F

= Lf
(
1 +
√
mLG

)
‖X−Y‖F .

Where the last upper bound followed from H 4.

We further recall the following notation for any positive semi-definite matrix D ∈ Rd×d, and two
dilation factors ax and ag .

RAug(D) := (CAug + D)
−1

= ((1− α)CX + αCG + D)
−1

,

and,

R̄
(ax,ag)
Aug (D) :=

(
1− (1− β/ag)α

ax
ΣX +

α

ag
Λ̄G + D

)−1

,

where Λ̄G = E [ΛG(X)].

We prove the following result,

Theorem 4. Assume that H 2 to H6 hold. Let B ∈ Rd×d, and let D be a positive semi-definite
matrix. We define (a∗x, a

∗
g) as,

a∗x = 1+
1− (1− β/a∗g)α

n
tr
(
ΣXE

[
RAug(D)1Aη (X)

])
, a∗g = 1+

α

m
tr
(
E
[
{βCX + ΛG(X)}RAug(D)1Aη (X)

])
,

Then, we have for a universal constant k,

P
(∣∣∣∣1d tr

(
B
{

RAug(D)1Aη (X)− E
[
RAug(D)1Aη (X)

]})∣∣∣∣ ≥ t)
≤ 2 exp

(
−k n(η + λd(D))3t2

α(1 +
√
mLG)2/d+ (1− α)σ2

G/d+ (η + λd(D))σ2
G

)
.
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And,∥∥∥E [{RAug(D)− R̄
(a∗x,a

∗
g)

Aug (D)
}
1Aη (X)

]∥∥∥
F

.
α5(κq1 + q2)

√
d
{
σ2
G(β3‖ΣX‖3op + κ3) + σ12

X ‖ΣX‖opλd(ΣX)−1n−1/2d−1
}

n((1− α)η + λd(D))6

+
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

αβ
√
d‖ΣX‖op

(η + λd(D))3/2m

{ √
d√

n+m
(1 + u(n)) +

1√
n+m

+
√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}

+
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

+
1

1− α′
q3

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D)/(1− α′))6

where α′ = α − αβ/a∗g, q1, q2 and q3 are polynomials in η + λd(D), λd(ΣX), ‖ΣX‖−1
op , c

−1
X , and

n−1.

Proof. Following the proof of proposition 1, we consider only the simpler case of σX = 1 (the
general case readily follows by considering X/σX and G/σX .) we prove the two statements of the
theorem independantly. First focusing on the concentration of d−1 tr (B RAug(D)).

Proof of the concentration inequality.

Let B ∈ Rd×d be any squared matrix, for notation simplicity we will denote hB : X,G 7→
d−1 tr (B RXtG(D))1Aη (X) as well as X̃ = X tG (for t being the column-wise concatenation
operator), so that we simply need to bound the cumulative probality function of hB(X̃)− E[hB(X̃)].
To do so, we first bound its moment generating function, for any scalar s ∈ R,

E
[
exp

(
s
{
hB(X̃)− E

[
hB(X̃)

]})]
= E

[
exp

(
s
{
hB(X̃)− E

[
hB(X̃) | X

]})
· exp

(
s
{
E
[
hB(X̃) | X

]
− E

[
hB(X̃)

]})]
= E

[
E
[
exp

(
s
{
hB(X̃)− E

[
hB(X̃) | X

]}) ∣∣∣X] · exp
(
s
{
E
[
hB(X̃) | X

]
− E

[
hB(X̃)

]})]
Note that the random function G 7→ hB(X tG) is almost surely 2‖B‖op(n+m)−1/2d−1/2(η +

λd(D))−3/2-Lispchitz on Aη from Lemma 6, hence, relying on the σG-Lipschitz concentration
property of G conditionally to X , and applying Proposition 6, we get

E
[
exp

(
s
{
hB(X̃)− E

[
hB(X̃) | X

]}) ∣∣∣X] ≤ exp

(
−cs2σ2

G

{
1

(n+m)d(η + λd(D))3
+ ‖hB‖2∞σ2

Aη

})
.

Finally, remarking that under H2, we have σ2
Aη

. n−1, as well as using ‖hB‖∞ . (η + λd(D))−1,
we have,

E
[
exp

(
s
{
hB(X̃)− E

[
hB(X̃) | X

]})]
≤ exp

(
−cs2σ2

G

{
1

(n+m)d(η + λd(D))3
+

1

n(η + λd(D))2

})
= exp

(
−cs2 σ2

G

n(η + λd(D))3

{
1− α
d

+ η + λd(D)

})
.

Now, we will leverage Proposition 6 to bound the remaining term, writting E [hB(X) | X] =
gB(X)1Aη (X), where for any X ∈ Aη ,

gB(X) =

∫
1

d
tr (BRXtg(D)) dν⊗mX (g) .

We know from Lemma 7 that gB is LgB-Lispchitz on Aη, with LgB = 2(1 +
√
mLG)(n +

m)−1/2d−1/2(η + λd(D))−3/2. Hence, using Proposition 6, we prove the existence of a numerical
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constant c, such the following bound holds,

E
[
exp

(
s
{
gB(X)1Aη (X)− E

[
gB(X)1Aη (X)

]})]
≤ exp

(
−c2s2 (1 +

√
mLG)2

d(n+m)(η + λd(D))3

)
,

Putting the previous bounds all together, we have shown that the moment generating function of
hB(X) is bounded for a universal constant c by,

E
[
exp

(
s
{
hB(X̃)− E

[
hB(X̃)

]})]
≤ exp

(
−cs2

{
(1 +

√
mLG)2

d(n+m)(η + λd(D))3
+

σ2
G

n(η + λd(D))3

(
1− α
d

+ η + λd(D)

)})
= exp

(
−cs2 1

n(η + λd(D))3

{
α

d

(
1 +
√
mLG

)2
+

(1− α)σ2
X

d
+ σG(η + λd(D))

})
.

Relying on the Chernoff’s bound, and usual computations, the claimed concentration bound follows.

A first equivalent for E
[
RAug(D)1Aη (X)

]
.

We now focus on the bias of RAug(D)1Aη (X). We will show that R̄
(a∗x,a

∗
g)

Aug (D) is close to
E
[
RAug(D)1Aη (X)

]
.

As a first step, let us notice that conditionally to X , G satisfies all the assumptions of Proposition 8,
hence for any σ(X)-measurable matrixDX , RG(DX) admist a deterministic equivalent conditionally
to X . We will through a slight abuse of notation denote R̄

ag(X)

G|X (DX) the equivalent of RG(DX)

conditionally to X . It is given by Proposition 8, i.e,

R̄
ag(X)

G|X (DX) =

(
E [CG | X]

ag(X)
+DX

)−1

1Aη (X) =

(
βCX
ag(X)

+
ΛG(X)

ag(X)
+DX

)−1

1Aη (X) ,

ag(X) = 1 +
1

m
tr (E [CG | X]E [RG(DX) | X])

= 1 +
1

m
tr ({βCX + ΛG(X)}E [RG(DX) | X]) .

Writting for simplicity, α′ = (1 − β/a∗g)α, and α′(X) = (1 − β/ag(X))α, we will rely on the
following upper bound which follows from the triangle inequality,∥∥∥E [{RAug(D)− R̄

(a∗x,a
∗
g)

Aug (D)
}
1Aη (X)

]∥∥∥
F

≤
∥∥∥∥E [{RAug(D)− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

+

∥∥∥∥E [{ 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)
− 1

1− α′
RX

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)}
1Aη (X)

]∥∥∥∥
F

+

∥∥∥∥E [{ 1

1− α′
RX

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)
− R̄

(a∗x,a
∗
g)

Aug (D)

}
1Aη (X)

]∥∥∥∥
F

and, remark that we can rewrite,

RAug(D) = ((1− α)CX + αCG + D)
−1

=
1

α
RG

(
(1− α)

α
CX +

1

α
D

)
,

1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)
1Aη (X) =

1

α

(
E [CG | X]

ag(X)
+

1− α
α

CX + D

)−1

1Aη (X)

=

((
1−

(
1− β

ag(X)

)
α

)
CX +

αΛG(X)

ag(X)
+ D

)−1

1Aη (X)

=

(
(1− α′(X))CX +

αΛG(X)

ag(X)
+ D

)−1

1Aη (X) ,
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1

1− α′
RX

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)
1Aη (X) =

(
(1− α′)CX +

αΛ̄G
a∗g

+ D

)−1

1Aη (X) ,

and,

R̄
(a∗x,a

∗
g)

Aug (D)1Aη (X) =
1

1− α′
R̄

a∗x
X

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)
1Aη (X) .

Using these equalities, we rewrite the previous bound as,∥∥∥E [{RAug(D)− R̄
(a∗x,a

∗
g)

Aug (D)
}
1Aη (X)

]∥∥∥
F

(43)

≤
∥∥∥∥E [{ 1

α
RG

(
(1− α)CX

α
+

1

α
D

)
− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

+

∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛ̄G
ag

+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

+

∥∥∥∥E [{ 1

1− α′
RX

(
αΛ̄G
a∗g

+
1

1− α′
D

)
− 1

1− α′
R̄

a∗x
X

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)}
1Aη (X)

]∥∥∥∥
F

The first and third terms in (43) are bounded by Proposition 8, whereas the second term is controlled
from the fact that ag(X) and ΛG(X) have small deviations. We deal with each of the terms in the
right hand side of the previous upper bound one by one, first using the Jensen’s inequality,∥∥∥∥E [{ 1

α
RG

(
(1− α)CX

α
+

1

α
D

)
− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

≤ 1

α
E
[∥∥∥∥E [{RG

(
(1− α)CX

α
+

1

α
D

)
− R̄

ag(X)
G

(
1− α
α

CX +
1

α
D

)}∣∣∣∣X]∥∥∥∥
F

1Aη (X)

]
Remarking that for all X ∈ Aη , we have λd((1−α)/αCX + D/α) ≥ α−1((1−α)η+ λd(D)). We
set ε = (1− α)η/α+ λd(D)/α, we have from the previous remark and using proposition 8,∥∥∥∥E [{ 1

α
RG

(
(1− α)CX

α
+

1

α
D

)
− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

≤ 1

α
E
[∥∥∥∥E [{RG

(
(1− α)CX

α
+

1

α
D

)
− R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}∣∣∣∣X]∥∥∥∥
F

1Aη (X)

]
.
σ2
G

α
E

[{
Q(ε, λd(E [CG | X]), ‖E [CG | X] ‖−1

op , 0, n
−1)

√
d‖E [CG | X] ‖3op

nλd(E [CG | X])ε6

}
1Aη (X)

]
,

where Q is the polynomial function defined in Proposition 8. In order to integrate the above error
over the distribution of X , one needs to ensure that this random quantity doesn’t blow up. We deal
with this, first by using the fact that Q is non-decreasing with respect to it’s third entry, and we recall
the notation κ, such that,

Sp(ΛG(X)) ⊂ [κ−1, κ] a.s ,
and using ‖E [CG | X] ‖op ≥ infX ‖ΛG(X)‖op ≥ κ, we write,

Q(ε, λd(E [CG | X]), ‖E [CG | X] ‖−1
op , 0, n

−1) ≤ Q(ε, λd(E [CG | X]), (infX ‖ΛG(X)‖op)−1, 0, n−1)

≤ Q(ε, λd(E [CG | X]), κ, 0, n−1)

and, remarking that there exists two polwnomials q1 and q2 (polynomials in ε, κ, n−1) such that,

Q(ε, λd(E [CG | X]), κ, 0, n−1) = q1 + λd(E [CG | X])q2 ,

which is trivial from the definition of Q in Proposition 1. We write,

E

[{
Q(ε, λd(E [CG | X]), ‖E [CG | X] ‖−1

op , 0, n
−1)

√
d‖E [CG | X] ‖3op

nλd(E [CG | X])ε6

}
1Aη (X)

]

= q1E

[
q1

‖E [CG | X] ‖3op

nλd(E [CG | X])
1Aη (X)

]
+ q2

√
dE
[
‖E [CG | X] ‖3op1Aη (X)

]
nε6

,
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and, we control the remaining λd(E [CG | X]) term by remarking that λd(E [CG | X]) = λd(βCX +
ΛG(X)) ≥ infX λd(ΛG(X)) ≥ κ−1, hence,

E

[{
Q(ε, λd(E [CG | X]), ‖E [CG | X] ‖−1

op , 0, n
−1)

√
d‖E [CG | X] ‖3op

nλd(E [CG | X])ε6

}
1Aη (X)

]

= (κq1 + q2)

√
dE
[
‖E [CG | X] ‖3op1Aη (X)

]
nε6

,

It remains only to control the term E
[
‖E [CG | X] ‖3op1Aη (X)

]
. Recall from H3 that E [CG | X] =

βCX + ΛG(X), which thanks to (a+ b)3 . a3 + b3 implies,

E
[
‖E [CG | X] ‖3op1Aη (X)

]
. β3E

[
‖CX − ΣX‖3op

]
+ ‖βΣX + ΛG(X)‖3op

. β3E
[
‖CX − ΣX‖3op

]
+ β3‖ΣX‖3op + κ3 .

hence, ∥∥∥∥E [{ 1

α
RG

(
(1− α)CX

α
+

1

α
D

)
− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

(44)

. (κq1 + q2)

√
dσ2

G(β3E
[
‖CX − ΣX‖3op

]
+ β3‖ΣX‖3op + κ3)

nαε6
.

It remains only to handle the deviation of CX in operator norm. To this end, we rely on [Ver18] result
9.2.5, which states that for a universal constant K,

P

(
‖CX − ΣX‖op ≥ Kσ4

X

(√
r + u

n
+
r + u

n

)
‖ΣX‖op

)
≤ 2e−u , r =

tr (ΣX)

‖ΣX‖op

Note that [Ver18] states this result in the case of X having sub-Gaussian columns, which in our
setting is a direct consequence of Definition 1. In particular, we write,

ϕ(u) = Kσ4
X

(√
r + u

n
+
r + u

n

)
‖ΣX‖op , thus ϕ′(u) = Kσ4

X

(
1

2
√
n(r + u)

+
1

n

)
‖ΣX‖op .

and, by the change of variable t = ϕ(u), we have,

E
[
‖CX − ΣX‖3op

]
=

∫ ∞
0

P
(
‖CX − ΣX‖3op ≥ t

)
dt =

∫ ∞
0

P
(
‖CX − ΣX‖op ≥ t1/3

)
dt

=

∫ ∞
0

P
(
‖CX − ΣX‖op ≥ ϕ(u)

)
3ϕ(u)2 ϕ′(u) du

≤ 2

∫ ∞
0

e−u 3ϕ(u)2 ϕ′(u) du ≤ 6ϕ′(0)

∫ ∞
0

e−u ϕ(u)2 du

≤ 6ϕ′(0)
K2σ8

X

n

∫ ∞
0

e−u(r + u) + 12ϕ′(0)
K2σ8

X

n2

∫ ∞
0

e−u(r + u)2

≤ 6K3σ12
X

(
1

2
√
nr

+
1

n

)(
r + 1

n
+

2(r2 + 2r + 2)

n2

)
,

recalling that r = tr (ΣX) /‖Σx‖op, and noticing dλd(ΣX)/‖ΣX‖op ≤ r ≤ d, it results that

E
[
‖CX − ΣX‖3op

]
. σ12

X

(
‖ΣX‖op√
ndλd(ΣX)

+
1

n

)(
d+ 1

n
+
d2 + d+ 2

n2

)
. σ12

X

(
‖ΣX‖op√
ndλd(ΣX)

+
1

n

)
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where we have used d < n, garenteed by H2. We plug this into (44), and we get,∥∥∥∥E [{ 1

α
RG

(
(1− α)CX

α
+

1

α
D

)
− 1

α
R̄

ag(X)

G|X

(
1− α
α

CX +
1

α
D

)}
1Aη (X)

]∥∥∥∥
F

(45)

. (κq1 + q2)

{√
dσ2

G(β3‖ΣX‖3op + κ3)

nαε6
+

√
dσ12

G

nαε6

(
‖ΣX‖op√
ndλd(ΣX)

+
1

n

)}

.
(κq1 + q2)

√
d
{
σ2
G(β3‖ΣX‖3op + κ3) + σ12

X ‖ΣX‖opλd(ΣX)−1n−1/2d−1
}

nαε6

.
α5(κq1 + q2)

√
d
{
σ2
G(β3‖ΣX‖3op + κ3) + σ12

X ‖ΣX‖opλd(ΣX)−1n−1/2d−1
}

n((1− α)η + λd(D))6

This concludes our analysis of the first term in (43). We now focus on the second term in Equation (43),
which is controlled, provided E

[
‖ΛG(X)− Λ̄G‖F

]
is small.

First, we check that,

ag(X) = 1 +
1

m
tr ({βCX + ΛG(X)}E [RG ((1− α)CX/α+ D/α) | X])

= 1 +
1

m
tr
(
{βCX + ΛG(X)}E

[
α ((1− α)CX + αCG + D)

−1 | X
])

= 1 +
α

m
tr ({βCX + ΛG(X)}E [RAug(D) | X])

From this, one can hope that ag(X) concentrates around a∗g = E [ag(X)], hence, we write,

∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛ̄G
a∗g

+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

≤

∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

+

∥∥∥∥∥E
[{(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛ̄G
a∗g

+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

furthermore, relying on the identity A−1 −B−1, we write,∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

=

∥∥∥∥∥E
[

(α′(X)− α′)

{(
(1− α′(X))CX +

αΛG(X)

ag(X)
+ D

)−1

CX

(
(1− α′)CX +

αΛG(X)

ag(X)
+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

≤ E

[
|α′(X)− α′|

∥∥∥∥∥
(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

CX

(
(1− α′)CX +

αΛG(X)

ag(X)
+ D

)−1
∥∥∥∥∥

F

1Aη (X)

]
,

Now, remarking that∥∥∥∥∥CX
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1
∥∥∥∥∥

op

1Aη (X) ≤ 1

1− α′
,

and,∥∥∥∥∥
(

(1− α′(X))CX + α
ΛG(X)

ag(X)
+ D

)−1
∥∥∥∥∥

op

1Aη (X) ≤ 1

(1− α′(X))η + λd(D)
≤ 1

(1− α)η + λd(D)
.
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Similarly,∥∥∥∥∥E
[{(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛ̄G
a∗g

+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

≤ αE

[∣∣∣∣ 1

ag(X)
− 1

a∗g

∣∣∣∣
∥∥∥∥∥
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1

ΛG(X)

(
(1− α′)CX +

αΛ̄G
a∗g

+ D

)−1
∥∥∥∥∥

F

1Aη (X)

]

+
α

ag
E

[∥∥∥∥∥
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1 {
ΛG(X)− Λ̄G

}(
(1− α′)CX +

αΛG(X)

ag(X)
+ D

)−1
∥∥∥∥∥

F

]

≤
E
[∣∣ag(X)− a∗g

∣∣]
(1− α)η + λ1(D)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

,

which results in∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

(46)

≤ E [|α′(X)− α′|] (1− α′)−1

(1− α)η + λd(D)
+

E
[∣∣ag(X)− a∗g

∣∣]
(1− α)η + λ1(D)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

≤
αβE

[∣∣ag(X)− a∗g
∣∣] (1− α′)−1

(1− α)η + λd(D)
+

E
[∣∣ag(X)− a∗g

∣∣]
(1− α)η + λ1(D)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

≤ αβ(1− α′)−1 + 1

(1− α)η + λd(D)
E
[∣∣ag(X)− a∗g

∣∣]+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

.

From the previous, one can see that controlling E
[
‖ΛG(X)− Λ̄G‖F

]
and E

[∣∣ag(X)− a∗g
∣∣] is

sufficient in order to control the second term in decomposition (43). While the first needs to be
assumed small, we can show that E [|ag(X)− ag|] is small under quite general conditions, to this
end, we write,∣∣ag(X)− a∗g

∣∣
≤ αβ

m

∣∣tr (E [CX RAug(D)1Aη (X) | X
]
− E

[
CX RAug(D)1Aη (X)

])∣∣
+
α

m

∣∣tr (E [ΛG(X) RAug(D)1Aη (X) | X
]
− E

[
ΛG(X) RAug(D)1Aη (X)

])∣∣
≤ αβ

mn

n∑
i=1

∣∣tr (E [XiX
>
i RAug(D)1Aη (X) | X

]
− E

[
XiX

>
i RAug(D)1Aη (X)

])∣∣
+
α

m

∣∣tr (E [ΛG(X) RAug(D)1Aη (X) | X
]
− E

[
ΛG(X) RAug(D)1Aη (X)

])∣∣ .
Now remark that the distribution of

∣∣tr (E [XiX
>
i RAug(λ) | X

]
− E

[
XiX

>
i RAug(λ)

])∣∣ doesn’t
depend on i , by exchangeability of the columns of X and H5, we thus focus only on the term i = 1,
by writting,

E
[∣∣ag(X)− a∗g

∣∣] ≤ αβ

m
E
[∣∣E [X>1 RAug(D)X11Aη (X) | X

]
− E

[
X>1 RAug(D)X11Aη (X)

]∣∣]
+
α

m
E
[∣∣tr (E [ΛG(X) RAug(D)1Aη (X) | X

]
− E

[
ΛG(X) RAug(D)1Aη (X)

])∣∣]
≤ αβ

m
E
[∣∣E [X>1 RAug(D)X11Aη (X) | X

]
− E

[
X>1 RAug(D)X11Aη (X)

]∣∣]
+
α

m
E
[∣∣tr ({ΛG(X)− Λ̄G}E [RAug(D) | X]1Aη (X)− E

[
{ΛG(X)− Λ̄G}RAug(D)1Aη (X)

])∣∣]
+
α

m
E
[∣∣tr (Λ̄G{E [RAug(D) | X]1Aη (X)− E

[
RAug(D)1Aη (X)

]
}
)∣∣]

where the last inequality followed from using the triangle inequality. To bound the above quantity,
we first focus on the second and third terms, which are notably less technical, it holds from Cauchy-
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Schwarz inequality and remarking that ‖RAug(D)1Aη (X)‖F ≤
√
d(η + λd(D))−1 that

α

m
E
[∣∣tr ({ΛG(X)− Λ̄G}E [RAug(D) | X]1Aη (X)− E

[
{ΛG(X)− Λ̄G}RAug(D)1Aη (X)

])∣∣]
≤ 2

α
√
d

m(η + λd(D))
E
[
‖ΛG(X)− Λ̄G‖F

]
.

Furthermore, the function X 7→ tr
(
Λ̄G
∫

RXtg(D)
)
dν⊗mX (g) is 2

√
d‖Λ̄G‖op(1 +

√
mLG)(η +

λd(D))−3/2(n + m)−1/2-Lipschitz, from lemma 6 and lemma 7. Hence, we have that
tr
(
Λ̄GE [RAug(D) | X]

)
1Aη is sub-Gaussian (which follows from H1 and proposition 6), and

we have,

α

m
E
[∣∣tr (Λ̄G{E [RAug(D) | X]1Aη (X)− E

[
RAug(D)1Aη (X)

]
}
)∣∣]

≤ α

m

√
Var(tr

(
Λ̄GE [RAug(D) | X]

)
1Aη (X))

.
α

m

(√
d‖Λ̄G‖op(1 +

√
mLG)√

(η + λd(D))3(n+m)
+

d‖Λ̄G‖op

η + λd(D)
σAη

)
,

Recalling that σAη . n−1 from H2, and using that d < n (which also follows from H2), we simplify
the previous bound

α

m
E
[∣∣tr (Λ̄G{E [RAug(D) | X]1Aη (X)− E

[
RAug(D)1Aη (X)

]
}
)∣∣]

.
α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
1 +
√
mLG√

n+m
+

√
η + λd(D)

n

)
.

α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
√
αLG +

1 +
√
η + λd(D)√
n

)

Plugging the previous calculation back into (C), we find,

E
[∣∣ag(X)− a∗g

∣∣] . αβ

m
E
[∣∣E [X>1 RAug(D)X11Aη (X) | X

]
− E

[
X>1 RAug(D)X11Aη (X)

]∣∣](47)

+
α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)

It remains only to bound the expected deviation of E
[
X>1 RAug(D)1Aη (X) | X

]
. Using the

Shermann-morisson’s formula, we first write,

X>1 RAug(D)X11Aη (X) =

{
X>1 RX−tG(D)X1 −

1

n+m

X1 RX−tG(D)X1X
>
1 RX−tG(λ)X1

1 + (n+m)−1X>1 RX−tG(D)X1

}
1Aη (X)

=
X1 RX−tG(D)X1

1 + (n+m)−1X>1 RX−tG(D)X1
1Aη (X)

=

{
(n+m)− (n+m)

1 + (n+m)−1X>1 RX−tG(D)X1

}
1Aη (X) ,

hence, writting f : x 7→ (n+m)/(1 + (n+m)−1x) (note that f is 1-Lipschitz), we have,

E
[
X>1 RAug(D)X11Aη (X) | X

]
= (n+m)P (X ∈ Aη)− E

[
f(X>1 RX−tG(D)X1)1Aη (X) | X

]
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which allows to rewrite,

E
[
X>1 RAug(D)X11Aη (X) | X

]
=

{
(n+m)−

∫
f(X>1 RX−tg(D)X1)dν⊗mX (g)

}
1Aη (X)

= (n+m)1Aη (X)−
∫
f(X>1 RX−tg(D)X1)1Aη (X)dν⊗mX− (g)

+

∫
f(X>1 RX−tg(D)X1)1Aη (X)d{ν⊗mX− − ν

⊗m
X }(g)

= (n+m)1Aη (X)− f
(∫

X>1 RX−tg(D)X11Aη (X)dν⊗mX− (g)

)
−
(∫

f(X>1 RX−tg(D)X1)1Aη (X)dν⊗mX− (g)− f
(∫

X>1 RX−tg(D)X1dν
⊗m
X− (g)

))
1Aη (X)

+

∫
f(X>1 RX−tg(D)X1)1Aη (X)d{ν⊗mX− − ν

⊗m
X }(g) ,

which ensures,

E
[∣∣E [X>1 RAug(λ)X11Aη (X) | X

]
− E

[
X>1 RAug(λ)X11Aη (X)

]∣∣] (48)

. E
[∣∣∣∣f (∫ X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)− E

[
f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)

]∣∣∣∣]
+ E

[∣∣∣∣∫ f
(
X>1 RX−tg(D)X1

)
1Aη (X) dν⊗mX− (g)− f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)

∣∣∣∣]
+ E

[∣∣∣∣∫ f
(
X>1 RX−tg(D)X1

)
1Aη (X) d{ν⊗mX− − ν

⊗m
X }(g)

∣∣∣∣] ,
and we once again bound each term in the previous upper bound (48), starting with the last term,
we notice that the function G 7→ f(X>1 RX−tG(D)1Aη (X)X1) is 2X>1 X1(η + λd(D))−3/2(n+

m)−1/2 from Lemma 6 (almsot surely). Hence, using H5, we have,

E
[∣∣∣∣∫ f

(
X>1 RX−tg(D)X1

)
1Aη (X) d{ν⊗mX− − ν

⊗m
X }(g)

∣∣∣∣] . E
[
X1X

>
1

]
(η + λd(D))3/2(n+m)1/2

u(n)

=
tr (ΣX)

(η + λd(D))3/2(n+m)1/2
u(n) .

Furthermore, using the Jensen’s inequality, we have,

E
[∣∣∣∣∫ f

(
X>1 RX−tg(D)X1

)
dν⊗mX− (g)− f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)∣∣∣∣1Aη (X)

]

≤ E

[∫ ∣∣∣f(X>1 RX−tg(D)X1

)
− f
(∫

X>1 RX−tg(D)X1 dν
⊗m
X− (g)

)∣∣∣ dν⊗mX− (g)1Aη (X)

]

≤ E

[∫ ∣∣∣tr(X1X
>
1

{
RX−tg(D)−

∫
RX−tg(D) dν⊗mX− (g)

})∣∣∣ dν⊗mX− (g)1Aη (X)

]
.

Relying on the σX -Lipschitz concentration property of ν⊗mX− , we can bound the previous term using
the fact that G 7→ tr

(
X1X

>
1 RX−tG(D)

)
is Lipschitz (from Lemma 6). We get,

E
[∣∣∣∣∫ f

(
X>1 RX−tg(D)X1

)
dν⊗mX− (g)− f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)∣∣∣∣1Aη (X)

]
.

E
[
X>1 X1

]
(η + λd(D))3/2(n+m)1/2

=
tr (ΣX)

(η + λd(D))3/2(n+m)1/2
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Now, focusing on the first term in (48), we write using the Jensen’s inequality as well as leveraging
the Lipschitz property of f ,

E
[∣∣∣∣f (∫ X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)− E

[
f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)

]∣∣∣∣]
≤ E

[∣∣∣∣f (∫ X>1 RX−tg(D)X1 dν
⊗m
X− (g)

)
1Aη (X)− f

(
E
[∫

X>1 RX−tg(D)X1 dν
⊗m
X− (g)

])
1Aη (X)

∣∣∣∣]
+ E

[∣∣∣∣f (E [∫ X>1 RX−tg(D)X1 dν
⊗m
X− (g)

])
1Aη (X)− E

[
f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)

]∣∣∣∣]
≤ E

[∣∣∣∣∫ X>1 RX−tg(D)X1 dν
⊗m
X− (g)1Aη (X)− E

[∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)1Aη (X)

]∣∣∣∣]
+ E

[∣∣∣∣E [∫ X>1 RX−tg(D)X1 dν
⊗m
X− (g)1Aη (X)

]
−
∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)1Aη (X)

∣∣∣∣]
.

√
Var

(
X>1

∫
RX−tg(D)dν⊗mX− (g)1Aη (X)X1

)

Now, we remark that
∫

RX−tg(D)dν⊗mX− (g)1Aη (X) is σ(X−) measureable, our Proposition 7
applies, and we get,

Var

(
X>1

∫
RX−tg(D)dν⊗mX− (g)1Aη (X)X1

)
. d‖ΣX‖2op

{
(1 +

√
mLG)2

(η + λd(D))3(n+m)
+

1 + c−1
X

(η + λd(D))2

}
Which implies,

E
[∣∣∣∣f (∫ X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)− E

[
f

(∫
X>1 RX−tg(D)X1 dν

⊗m
X− (g)

)
1Aη (X)

]∣∣∣∣]
.
√
d‖ΣX‖op

{
(1 +

√
mLG)

(η + λd(D))3/2
√
n+m

+
1 + c

−1/2
X

(η + λd(D))

}

Putting all these bounds together, and plugging them back in (48), we find that,

E
[∣∣E [X>1 RAug(D)X11Aη (X) | X

]
− E

[
X>1 RAug(D)X11Aη (X)

]∣∣]
≤
√
d‖ΣX‖op

{
(1 +

√
mLG)

(η + λd(D))3/2
√
n+m

+
1 + c

−1/2
X

(η + λd(D))

}

+
tr (ΣX)

(η + λd(D))3/2(n+m)1/2
(1 + u(n))

≤
√
d‖ΣX‖op

(η + λd(D))3/2

{ √
d√

n+m
(1 + u(n)) +

1√
n+m

+
√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}

We conclude on the second term in (43) by plugging the above bound into (47),

E [|ag(X)− a∗x|] .
αβ
√
d‖ΣX‖op

(η + λd(D))3/2m

{ √
d√

n+m
(1 + u(n)) +

1√
n+m

+
√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}

+
α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)
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Hence, using (46), we have,

∥∥∥∥∥E
[{(

(1− α′(X))CX +
αΛG(X)

ag(X)
+ D

)−1

−
(

(1− α′)CX +
αΛG(X)

ag(X)
+ D

)−1
}
1Aη (X)

]∥∥∥∥∥
F

(49)

.
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

αβ
√
d‖ΣX‖op

(η + λd(D))3/2m

{ √
d√

n+m
(1 + u(n)) +

1√
n+m

+
√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}

+
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

Which conclude our analysis of the second term in (43).

Finally, we turn to the third and final term in (43), which is controlled using Proposition 8. First note
that λd(αΛ̄G/a

∗
g + D/(1− α′)) ≥ λd(D)/(1− α′), hence Proposition 8 ensures that there exists a

constant q3 that depends polynomially on · · · , such that,

∥∥∥∥E [{ 1

1− α′
RX

(
αΛ̄G
a∗g

+
1

1− α′
D

)
− 1

1− α′
R̄

a∗x
X

(
αΛ̄G

(1− α′)a∗g
+

1

1− α′
D

)}
1Aη (X)

]∥∥∥∥
F

(50)

.
1

1− α′
q3

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D)/(1− α′))6

Now putting our computations all together, in particular plugging (45), (49) and (50), in (43) we have
shown,

∥∥∥E [{RAug(D)− R̄
(a∗x,a

∗
g)

Aug (D)
}
1Aη (X)

]∥∥∥
F

.
α5(κq1 + q2)

√
d
{
σ2
G(β3‖ΣX‖3op + κ3) + σ12

X ‖ΣX‖opλd(ΣX)−1n−1/2d−1
}

n((1− α)η + λd(D))6

+
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

αβ
√
d‖ΣX‖op

(η + λd(D))3/2m

{ √
d√

n+m
(1 + u(n)) +

1√
n+m

+
√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}

+
αβ(1− α′)−1 + 1

(1− α)η + λd(D)

α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

+
1

1− α′
q3

√
d‖ΣX‖3op

nλd(ΣX)(η + λd(D)/(1− α′))6
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To simplify the above upper bound, we use the fact that 1 − α′ ≥ 1 − α, α ≤ 1 as well as d < n,
which yields,∥∥∥E [{RAug(D)− R̄

(a∗x,a
∗
g)

Aug (D)
}
1Aη (X)

]∥∥∥
F

.
α5(κq1 + q2)

√
d
{
σ2
G(β3‖ΣX‖3op + κ3) + σ12

X ‖ΣX‖opλd(ΣX)−1n−1/2d−1
}

n((1− α)η + λd(D))6

+
αβ(1− α)−1 + 1

(1− α)η + λd(D)

αβ
√
d‖ΣX‖op

(η + λd(D))3/2m

{
(1 + u(n)) +

√
αLG + (1 + c

−1/2
X )

√
η + λd(D)

}
+
αβ(1− α)−1 + 1

(1− α)η + λd(D)

α
√
d‖Λ̄G‖op

(η + λd(D))3/2m

(
E
[
‖ΛG(X)− Λ̄G‖F

]√
η + λd(D)

‖Λ̄G‖op
+
√
αLG +

1 +
√
η + λd(D)√
n

)

+
E
[
‖ΛG(X)− Λ̄G‖F

]
((1− α)η + λd(D))2

+
(1− α)5q3

√
d‖ΣX‖3op

nλd(ΣX)((1− α)η + λd(D))6

.

√
dσ2

G(β3‖ΣX‖3op + κ3)

nλd(ΣX)((1− α)η + λd(D))6
(κq1 + q2)

{
λd(ΣX) +

σ10
X ‖ΣX‖op

d(β3‖ΣX‖3op + κ3)
√
n

}
+

(
αβ

1− α
+ 1

)
αβ
√
d(‖ΣX‖op + q3‖Λ̄G‖op)

((1− α)η + λd(D))5/2m

{
(1 + u(n)) +

√
α LG + (1 + c

−1/2
X )

√
η + λd(D)

}
+

(
αβ

1− α
+ 1

)(
1

((1− α)η + λd(D))2
+

αβ
√
d

((1− α)η + λd(D))5/2m

)
E
[
‖ΛG(X)− Λ̄G‖F

]
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D Proof of theorem 2

This section of this Appendix details the proof of theorem 2. First recall the definition of ÊAug(λ),
for all λ > 0:

Φ1(X) =
(1− d/n)

d
tr

(
RX(0)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
1Aη (X) ,

Φ2(X) =
1− (1− β/ag(X))α

dax(X)
tr

(
R̄

(ag(X))

G|X (λ,X)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
,

(51)

Where we have used the three notations,

ax(X) = 1 +
1− (1− β/ag(X))α

n
X>1

∫
RX−tg dν

⊗m
X (g)X1 ,

ag(X) = 1 +
α

m
tr

(
{βCX + ΛG(X)}

∫
RXtg(λ)dν⊗mX (g)

)
,

(52)

and, for any a ≥ 1,

R̄
(a)
G|X(λ,X) :=

(
(1− α)CX +

αΛG(X) + αβCX
a

+ λ Id

)−1

.

Finally, we set,

ÊAug(λ) :=
1

d
tr
(
RAug(λ)2

)
− 2(Φ1(X)− Φ2(X)) +

1

d
tr
(
Σ−2
X

)
,

Firstly, in appendix D.1 we detail the concentration of ax(X) and ag(X) defined in (52). Secondly,
in appendix D.2, we show that Φ1(X) and Φ2(X) (defined in (51)) essencially have sub-Exponential
tail, we provide an upper bound on their sub-Exponential norm. We then conclude on the proof of
theorem 2 in the last part of the Appendix.

D.1 Concentration of ag(X) and ax(X)

Proposition 9. Assume that X and G satisfy assumptions H1 to H2. Let ag(X) and ax(X) defined
as in (52), we set,

ζx(t) := min

{
λ2t2

(1− α)
, λt,

λ3t2

σ2
G(
√
αLG + 1/

√
n+m)2

, ζx

(
λt

β‖ΣX‖op

)}

ζg(t) = min

λ
2t2

β2
,
λt

β
,
λ3(n+m)t2

β2(σG + u(n))2
,

√
λ3t

β(σG + u(n))
,

λ3(n+m)2t2

α2
(
LΛ/
√
λ+
√
ακLG + κ/

√
n+m

)2 +
ln(n)

n+m


as well as,

δg :=
αβ

m

(
4(σG + u(n)) tr (ΣX)√

λ3(n+m)
+

(1 + LG)√
λ3(n+m)

)
,

δx := δg +
‖ΣX‖op√

n

(
2u(n)

λ3/2
+

tr (ΣX)

λ(n+m)

)
.

then the following holds for a universal constant c > 0,

P
(∣∣ag(X)− a∗g

∣∣ ≥ t+ δx
)
. exp (−c(n+m)ζx(t)) ,

and,
P (|ax(X)− a∗x| ≥ t+ δg) . exp (−c(n+m)ζg(t)) .
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Proof. We first recall that λ > 0 and from (52),

ag(X) = 1 +
αβ

m
tr (CXE [RAug(λ) | X]) +

α

m
tr (ΛG(X)E [RAug(λ) | X])

and from Theorem 4,

a∗g = 1 +
αβ

m
tr (E [CX RAug(λ)]) +

α

m
tr (E [ΛG(X) RAug(λ)])

we can thus write,∣∣ag(X)− a∗g
∣∣ (53)

≤ αβ

m
|tr (E [CX RAug(λ) | X]− E [CX RAug(λ)])|+ α

m
|tr (E [ΛG(X) RAug(λ) | X]− E [ΛG(X) RAug(λ)])|

≤ αβ

mn

n∑
i=1

∣∣tr (E [XiX
>
i RAug(λ) | X

]
− E

[
XiX

>
i RAug(λ)

])∣∣
+
α

m
|tr (E [ΛG(X) RAug(λ) | X]− E [ΛG(X) RAug(λ)])| .

Now remark that the distribution of
∣∣tr (E [XiX

>
i RAug(λ) | X

]
− E

[
XiX

>
i RAug(λ)

])∣∣ doesn’t
depend on i, by exchangeability of the columns of X , we thus focus only on the term i = 1. Using
the Shermann-morisson’s formula, we have,

X>1 RAug(λ)X1 = X>1 RX−tG(λ)X1 −
1

n+m

X1 RX−tG(λ)X1X
>
1 RX−tG(λ)X1

1 + (n+m)−1X>1 RX−tGX1

=
X1 RX−tGX1

1 + (n+m)−1X>1 RX−tG(λ)X1

= (n+m)− (n+m)

1 + (n+m)−1X>1 RX−tG(λ)X1
,

hence, writting f : x 7→ (n+m)/(1 + (n+m)−1x) (note that f is 1-Lipschitz), we have,

E
[
X>1 RAug(λ)X1 | X

]
= (n+m)− E

[
f(X>1 RX−tG(λ)X1) | X

]
In order to derive the concentration of E

[
X>1 RAug(λ)X1 | X

]
, we mostly rely on the use of

the Hanson-Wright inequality, which applies to quadratic forms of the shape X>1 M(X−)X1

with M(X−) being a σ(X−) measureable random matrix. To this end, we show that
E
[
X>1 RAug(λ)X1 | X

]
is close to being of this form. We have,

E
[
X>1 RAug(λ)X1 | X

]
= (n+m)−

∫
f(X>1 RX−tg(λ)X1)dν⊗mX (g)

= (n+m)−
∫
f(X>1 RX−tg(λ)X1)dν⊗mX− (g)

+

∫
f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν

⊗m
X }(g)

= (n+m)− f
(∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

)
−
(∫

f(X>1 RX−tg(λ)X1)dν⊗mX− (g)− f
(∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

))
+

∫
f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν

⊗m
X }(g) ,

Similarly, we write,

E
[
X>1 RX̃(λ)X1

]
= (n+m)− f

(
E
[∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

])
−
(
E
[∫

f(X>1 RX−tg(λ)X1)dν⊗mX− (g)

]
− f

(
E
[∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

]))
+ E

[∫
f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν

⊗m
X }(g)

]
,
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which ensures,∣∣E [X>1 RAug(λ)X1 | X
]
− E

[
X>1 RAug(λ)X1

]∣∣
≤
∣∣∣∣f (∫ X>1 RX−tg(λ)X1dν

⊗m
X− (g)

)
− f

(
E
[∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

])∣∣∣∣
+

∣∣∣∣∫ f(X>1 RX−tg(λ)X1)dν⊗mX− (g)− f
(∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

)∣∣∣∣
+

∣∣∣∣E [∫ f(X>1 RX−tg(λ)X1)dν⊗mX− (g)

]
− f

(
E
[∫

X>1 RX−tg(λ)X1dν
⊗m
X− (g)

])∣∣∣∣
+

∣∣∣∣∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν
⊗m
X }(g)

∣∣∣∣+

∣∣∣∣E [∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν
⊗m
X }(g)

]∣∣∣∣ ,
Now, using the Jensen’s inequality, as well as the 1-Lispchtiz property of f , the previous equation
implies,∣∣E [X>1 RAug(λ)X1 | X

]
− E

[
X>1 RAug(λ)X1

]∣∣
≤
∣∣∣∣X>1 ∫ RX−tg(λ)dν⊗mX− (g)X1 − tr

(
ΣX

∫
RX−tg(λ)dν⊗mX− (g)

)∣∣∣∣
+

∫ ∣∣∣∣tr(X1X
>
1

{
RX−tg(λ)−

∫
RX−tg(λ)dν⊗mX− (g)

})∣∣∣∣ dν⊗mX− (g)

+ E
[∫ ∣∣∣∣tr(X1X

>
1

{
RX−tg(λ)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ dν⊗mX− (g)

]
+

∣∣∣∣∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν
⊗m
X }(g)

∣∣∣∣+

∣∣∣∣E [∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν
⊗m
X }(g)

]∣∣∣∣ .
To bound the above, first remark that the map g : XtG 7→ tr

(
X1X

>
1 RX−tG

)
is 2‖X1‖22λ−3/2(n+

m)−1/2 conditionally onX1 (as a consequence of lemma 6), we have from H3, thatX>1 RX−tg(λ)X1

is sub-Gaussian conditionally to X , for g ∼ ν⊗mX− , and from the moment bounds for sub-Gaussian
random variables,∫ ∣∣∣∣tr(X1X

>
1

{
RX−tg(λ)−

∫
RX−tg(λ)dν⊗mX− (g)

})∣∣∣∣ dν⊗mX− (g)

≤

√∫ (
tr

(
X1X>1

{
RX−tg(λ)−

∫
RX−tg(λ)dν⊗mX− (g)

}))2

dν⊗mX− (g)

≤ 2σGX
>
1 X1√

λ3(n+m)
,

Similarly, and using a triangle inequality, we have,

E
[∫ ∣∣∣∣tr(X1X

>
1

{
RX−tg(λ)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ dν⊗mX− (g)

]
≤ E

[∫ ∣∣∣∣tr(X1X
>
1

{∫
RX−tg(λ)dν⊗mX− (g)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ dν⊗mX− (g)

]
+

2σGE
[
X1X

>
1

]√
λ3(n+m)

and, using Lemma 7, we have that and the variance bound for sub-Gaussian random variables, we
have,

E
[∫ ∣∣∣∣tr(X1X

>
1

{
RX−tg(λ)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ dν⊗mX− (g)

]
≤

2(1 +
√
mLG) + 2σGE

[
X>1 X1

]√
λ3(n+m)

=
2(1 +

√
mLG) + 2σG tr (ΣX)√
λ3(n+m)
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Furthermore, using H4, and recalling that G 7→ f(X>1 RXtG(λ)X1) is 2‖X1‖22λ−3/2(n+m)−1/2-
Lispchitz, the two final terms are bounded as,∣∣∣∣∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν

⊗m
X }(g)

∣∣∣∣ ≤ 2‖X1‖22λ−3/2(n+m)−1/2W1(ν⊗mX , ν⊗mX− )

≤ 2‖X1‖22λ−3/2(n+m)−1/2
√
mu(n) ,

and,

E
[∣∣∣∣∫ f(X>1 RX−tg(λ)X1)d{ν⊗mX− − ν

⊗m
X }(g)

∣∣∣∣] ≤ 2 tr (ΣX)λ−3/2α1/2u(n) ,

Merging all these together, we have shown,∣∣E [X>1 RAug(λ)X1 | X
]
− E

[
X>1 RAug(λ)X1

]∣∣
≤
∣∣∣∣∫ X>1 RX−tg(λ)X1dν

⊗m
X− (g)− E

[∫
X>1 RX−tg(λ)X1dν

⊗m
X− (g)

]∣∣∣∣
+ (σG + αu(n))

2X>1 X1√
λ3(n+m)

+ (σG + u(n))
2 tr (ΣX)√
λ3(n+m)

+
2(1 + LG)√
λ3(n+m)

≤
∣∣∣∣X>1 ∫ RX−tg(λ)dν⊗mX− (g)X1 − tr

(
ΣX

∫
RX−tg(λ)X1dν

⊗m
X− (g)

)∣∣∣∣
+

2(σG + u(n))√
λ3(n+m)

∣∣X>1 X1 − tr (ΣX)
∣∣+

4(σG + u(n)) tr (ΣX)√
λ3(n+m)

+
2(1 + LG)√
λ3(n+m)

Finally, putting back the previous upper bound in (53), we have,

∣∣ag(X)− a∗g
∣∣ ≤ αβ

nm

n∑
i=1

∣∣tr (E [XiX
>
i RX̃(λ) | X

]
− E

[
XiX

>
i RX̃(λ)

])∣∣
+

2αβ(σG + u(n))√
λ3(n+m)mn

n∑
i=1

∣∣XiX
>
i − tr (ΣX)

∣∣+
4αβ(σG + u(n)) tr (ΣX) + 2αβ(1 + LG)√

λ3(n+m)m

+
α

m
|tr (E [ΛG(X) RAug(λ) | X]− E [ΛG(X) RAug(λ)])| ,

Applying a union bound, we have,

P

(
|ag(X)− a∗g| ≥ t+

αβ

m

(
4(σG + u(n)) tr (ΣX)√

λ3(n+m)
+

(1 + LG)√
λ3(n+m)

))
(54)

≤ nP
(∣∣∣∣X>1 ∫ RX−tg(λ)dν⊗mX− (g)X1 − tr

(
ΣX

∫
RX−tg(λ)X1dν

⊗m
X− (g)

)∣∣∣∣ ≥ mt

3αβ

)
+ nP

(
|X1X

>
1 − tr (ΣX) | ≥

√
λ3(n+m)mt

6αβ(σG + u(n))

)

+ P
(
|tr (ΛG(X)E [RAug(λ) | X])− E [tr (ΛG(X) RAug(λ))]| ≥ mt

3α

)
.

We now bound each term that appears in the left side of the previous equation, beginning with the
third term, remark that the function g : X 7→ tr

(
ΛG(X)

∫
RXtg(λ)dνX⊗m(g)

)
is Lipschitz, and,

P
(
|tr (E [ΛG(X) RAug(λ) | X]− E [ΛG(X) RAug(λ)])| ≥ mt

3α

)
= P

(
|g(X)− E [g(X)]| ≥ mt

3α

)
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indeed, writting for X,Y ∈ Rd×n,

|g(X)− g(Y)| ≤
∣∣∣∣tr({ΛG(X)− ΛG(Y)}

∫
RXtg(λ) dνX⊗m(g)

)∣∣∣∣
+

∣∣∣∣tr(ΛG(Y)

{∫
RXtg(λ) dνX⊗m(g)−

∫
RYtg(λ) dνY⊗m(g)

})∣∣∣∣
≤

(
LΛ

√
d

λ
+

2‖ΛG(Y)‖op(1 +
√
mLG)

√
d

λ3/2
√

(n+m)

)
‖X−Y‖F

≤

(
LΛ

√
d

λ
+

2κ(1 +
√
mLG)

√
d

λ3/2
√

(n+m)

)
‖X−Y‖F .

where the last bounds were derived by using H4, Lemma 7, and the fact that ‖ΛG(Y)‖op ≤ κ (as
well as the fact that X tG 7→ RXtG(λ) is 2λ−3/2(n+m)−1/2-Lispchitz). Furthermore, note,

3α

m

(
LΛ

√
d

λ
+

2κ(1 +
√
mLG)

√
d

λ3/2
√

(n+m)

)
≤ 3√

λ3(m+ n)

(
LΛ√
λ

+
2κ(1 +

√
mLG)√

n+m

)
.

1√
λ3(m+ n)

(
LΛ√
λ

+
√
ακLG +

κ√
n+m

)
,

Hence, the third term in (54) is bounded by applying H1, we get for a universal constant k,

P
(∣∣∣tr(E[ΛG(X) RAug(λ) | X

]
− E

[
ΛG(X) RAug(λ)

])∣∣∣ ≥ mt

3α

)
≤ 2 exp

−k λ3(n+m)3t2(
LΛ/
√
λ+
√
ακLG + κ/

√
n+m

)2

 .

We now focus on the first term in (54), by using the Hanson-Wright inequality, we have for a universal
constant k,

P
(∣∣∣∣X>1 ∫ RX−tg(λ)dν⊗mX− (g)X1 − tr

(
ΣX

∫
RX−tg(λ)X1dν

⊗m
X− (g)

)∣∣∣∣ ≥ mt

3αβ

)
≤ 2 exp

(
−kmin

{
λ2(n+m)2t2

dβ2
,
λ(n+m)t

β

})
≤ 2 exp

(
−k(n+m) min

{
λ2t2

β2
,
λt

β

})
,

where we have used the fact that m/α = (n+m), as well as ‖RXtG(λ)‖op ≤ λ−1. Similarly for
the second term in (54),

P

(∣∣X1X
>
1 − tr (ΣX)

∣∣ ≥ √
λ3(n+m)mt

6αβ(σG + u(n))

)
≤ 2 exp

(
−cmin

{
λ3(n+m)3t2

β(σG + u(n))2d
,

√
λ3(n+m)3t

β(σG + u(n))

})

≤ 2 exp

(
−c(n+m) min

{
λ3(n+m)t2

β2(σG + u(n))2
,

√
λ3(n+m)t

β(σG + u(n))

})
.

We conclude, by merging the three previous bounds in Equation (54), it holds for a universal constant
k > 0,

P

(∣∣ag(X)− a∗g
∣∣ ≥ t+

αβ

m

(
4(σG + u(n)) tr (ΣX)√

λ3(n+m)
+

(1 + LG)√
λ3(n+m)

))

≤ 2n exp

(
−k(n+m) min

{
λ2t2

β2
,
λt

β

})
+ 2n exp

(
−k(n+m) min

{
λ3(n+m)t2

β2(σG + u(n))2
,

√
λ3(n+m)t

β(σG + u(n))

})

+ 2 exp

−k(n+m)
λ3(n+m)2t2

α2
(
LΛ/
√
λ+
√
ακLG + κ/

√
n+m

)2


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Thus, only keeping the dominant term, define

ζg(t) = min

λ
2t2

β2
,
λt

β
,
λ3(n+m)t2

β2(σG + u(n))2
,

√
λ3t

β(σG + u(n))
,

λ3(n+m)2t2

α2
(
LΛ/
√
λ+
√
ακLG + κ/

√
n+m

)2 +
ln(n)

n+m


− ln(n)

n+m
,

we have shown, for a universal constant c,

P

(∣∣ag(X)− a∗g
∣∣ ≥ t+

αβ

m

(
4(σG + u(n)) tr (ΣX)√

λ3(n+m)
+

(1 + LG)√
λ3(n+m)

))
≤ 6P (−c(n+m)ζg(t)) ,

(55)

We now turn to the concentration of ax(X), we have from (7) and the triangle inequality,

|ax(X)− a∗x| ≤
∣∣∣∣1− (1− β/ag(X))α

n
tr

(
{X1X

>
1 − ΣX}

∫
RX−tg(λ)dν⊗mX− (g)

)∣∣∣∣
+

∣∣∣∣1− (1− β/ag(X))

n
tr

(
ΣX

{∫
RX−tg(λ)dν⊗mX− (g)− E [RAug(λ)]

})∣∣∣∣
+ βα

∣∣∣∣ 1

ag(X)
− 1

a∗g

∣∣∣∣ 1

n
tr (ΣXE [RAug(λ)])

≤
∣∣∣∣1− αn tr

({
X1X

>
1 − ΣX

}∫
RX−tg(λ)dν⊗mX− (g)

)∣∣∣∣
+

∣∣∣∣1− αn tr

(
ΣX

{∫
RX−tg(λ)dν⊗mX− (g)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣
+

∣∣∣∣1− αn tr

(
ΣX

{
E
[∫

RX−tg(λ)dν⊗mX− (g)

]
− E [RAug(λ)]

})∣∣∣∣
+
βα‖ΣX‖opd

nλ

∣∣ag(X)− a∗g
∣∣

where we have used the fact that ag(X) ≥ a∗g , and a∗g ≥ 1, as well as the Cauchy-Schwarz inequality.
Similarly as previously, we bound the deviation probability of each term independantly then use a
union bound argument to conclude. First,

P
(∣∣∣∣1− αn tr

({
X1X

>
1 − ΣX

}∫
RX−tg(λ)dν⊗mX− (g)

)∣∣∣∣ ≥ t)
= E

[
P
(∣∣∣∣tr({X1X

>
1 − ΣX

}∫
RX−tg(λ)dν⊗mX− (g)

)∣∣∣∣ ≥ nt

1− α

∣∣∣∣X−)]
≤ 2 exp

(
−kmin

{
λ2n2t2

(1− α)2d
,

λnt

(1− α)

})
≤ 2 exp

(
−k(n+m) min

{
λ2t2

1− α
, λt

})
,

which followed from the Hanson-Wright inequality. The second term is controlled by remarking that,

P
(∣∣∣∣1− αn tr

(
ΣX

{∫
RX−tg(λ)dν⊗mX− (g)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ ≥ t)
= P

(∣∣g(X−)− E
[
g(X−)

]∣∣ ≥ (n+m)t
)

where g : X 7→ tr
(
ΣX

∫
RXtg(λ)dν⊗mX (g)

)
is 2
√
d‖ΣX‖op(1 +

√
mLG)λ−3/2(n + m)−1/2-

Lispchitz, and so does X 7→ g(X−) by composition of Lispchitz maps. It resutls from H1,

P
(∣∣∣∣1− αn tr

(
ΣX

{∫
RX−tg(λ)dν⊗mX− (g)− E

[∫
RX−tg(λ)dν⊗mX− (g)

]})∣∣∣∣ ≥ t)
≤ 2 exp

(
−k (n+m)3λ3t2

d‖ΣX‖2op(1 +
√
mLG)2

)
≤ 2 exp

(
−k (n+m)λ3t2

‖ΣX‖2op(
√
αLG + 1/

√
n+m)2

)
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The third term is bounded by using the Caucy-Schwarz inequality,∣∣∣∣1− αn tr

(
ΣX

{
E
[∫

RX−tg(λ)dν⊗mX− (g)

]
− E [RAug(λ)]

})∣∣∣∣
≤ (1− α)‖ΣX‖op

√
d

n

∥∥∥∥E [∫ RX−tg(λ)dν⊗mX− (g)

]
− E [RAug(λ)]

∥∥∥∥
F

and, using the shermann-Morisson’s formula, it results,∥∥∥∥E [∫ RX−tg(λ)dν⊗mX− (g)

]
− E [RAug(λ)]

∥∥∥∥
F

≤
∥∥∥∥E [∫ RX−tg(λ)d{ν⊗mX− − ν

⊗m
X }(g)

]∥∥∥∥
F

+

∥∥∥∥E [∫ {RX−tg(λ)− RXtg(λ)
}
dν⊗mX (g)

]∥∥∥∥
F

=

∥∥∥∥E [∫ RX−tg(λ)d{ν⊗mX− − ν
⊗m
X }(g)

]∥∥∥∥
F

+
1

n+m

∥∥∥∥E [∫ RX−tg(λ)X1X
>
1 RX−1tg(λ)

1 + (n+m)−1X>1 RX−tg(λ)X1
dν⊗mX (g)

]∥∥∥∥
F

remarking that, for the Lowner order �, we have,

RX−tg(λ)X1X
>
1 RX−1tg(λ)

1 + (n+m)−1X>1 RX−tg(λ)X1
� RX−tg(λ)X1X

>
1 RX−1tg(λ) ,

further using the facts that the Lowner order is preserved when integrating over the distribution of the
random matrices, and that the Forbenius norm is increasing for the Lowner order on PSd matrices,
we have,∥∥∥∥E [∫ RX−tg(λ)X1X

>
1 RX−1tg(λ)

1 + (n+m)−1X>1 RX−tg(λ)X1
dν⊗mX (g)

]∥∥∥∥ ≤ ∥∥∥∥E [∫ RX−tg(λ)X1X
>
1 RX−1tg(λ)dν⊗mX (g)

]∥∥∥∥
≤ E

[∫
‖RX−tg(λ)X1‖22dν⊗mX (g)

]
≤ E

[
‖X1‖22
λ

]
≤ tr (ΣX)

λ
,

Thus,∥∥∥∥E [∫ RX−tg(λ)dν⊗mX− (g)

]
− E [RAug(λ)]

∥∥∥∥
F

≤
∥∥∥∥E [∫ RX−tg(λ)d{ν⊗mX− − ν

⊗m
X }(g)

]∥∥∥∥
F

+
tr (ΣX)

λ(n+m)
,

Finally, using the dual representation of the Frobeniusn norm, H5, and the Lispchitz property of
g 7→ RX−tg(λ) we have,∥∥∥∥E [∫ RX−tg(λ)d{ν⊗mX− − ν

⊗m
X }(g)

]∥∥∥∥
F
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E
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)
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2E
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]
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√
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=

2
√
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λ3/2

we conclude on the third term by,∣∣∣∣1− αn tr

(
ΣX

{
E
[∫
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]
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})∣∣∣∣
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√
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n
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]
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∥∥∥∥
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√
d

n

(
2u(n)

λ3/2
+
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)
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n

(
2
√
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λ3/2
+

tr (ΣX)
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finally, the deviation probability of ag(X) that appears in (55) was already controlled in the first part
of the proof, we thus conclude throuh a union bound argument that,

P
(
|ax(X)− a∗x| ≥ t+

‖ΣX‖op√
n

(
2
√
αu(n)

λ3/2
+

tr (ΣX)
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)
+ δg
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≤ P

(∣∣∣∣1− αn tr
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X1X
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1 − ΣX
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3

)
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RX−tg(λ)dν⊗mX− (g)
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3

)
+ P

(
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nλ

∣∣ag(X)− a∗g
∣∣ ≥ t

3
+ δg
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≤ 2 exp

(
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(
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σ2
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√
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√
n+m)2

)
+ 6 exp

(
−c(n+m)ζg

(
nλt

βα‖ΣX‖opd

))
≤ 2 exp

(
−c(n+m) min

{
λ2t2

(1− α)
, λt

})
+ 2 exp

(
−k (n+m)λ3t2

σ2
G(
√
αLG + 1/

√
n+m)2

)
+ 6 exp

(
−c(n+m)ζg

(
λt

β‖ΣX‖op

))
defining,

ζx(t) := min

{
λ2t2

(1− α)
, λt,

λ3t2

σ2
G(
√
αLG + 1/

√
n+m)2

, ζx

(
λt

β‖ΣX‖op

)}
the claim follows.

D.2 Proof of Theorem 2

This section is dedicated to the proof of Theorem 2. To this end, we define ∆EAug(λ) = EAug(λ)−
ÊAug(λ), and we notice that

∆EAug(λ) = 2

{
−1

d
tr
(
Σ−1
X RAug(λ)

)
+ (Φ1(X)− Φ2(X))

}
, (56)

where Φ1 and Φ2 are defined in (8). The proof of Theorem 2 goes in several step that we hereby
describe. In the first step (Appendix D.2.1), we provide tight concentration bounds for Φ1 and Φ2.
In a second step (Appendix D.2.2), we shall bound E [∆EAug(λ)]. Finally, in the third and last step
(Appendix D.2.3), we deduce the concentration property of ∆EAug(λ)

D.2.1 Concentration of Φ1 and Φ2

First recall the definitions of Φ1(X) and Φ2(X) from (8),

Φ1(X) =
(1− d/n)

d
tr

(
RX(0)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
1Aη (X) ,

Φ2(X) =
1− (1− β/ag(X))α

dax(X)
tr

(
R̄

(ag(X))

G|X (λ,X)

(
αΛG(X)

ag(X)
+ λ Id

)−1
)
,

We begin by introducing the auxilary functions Ψ1, Ψ2 defined as follows,

∀X ∈ Rd×n ,

Ψ1(X) =
1− (d/n)

d
tr

(
RX(0)

(
αΛG(X)

a∗g
+ λ Id

)−1
)
1Aη (X) ,

Ψ2(X) =
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da∗x
tr

(
R̄

(a∗g)

G (λ)

(
αΛG(X)

a∗g
+ λ Id

)−1
)
,

(57)
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where (a∗x, a
∗
g) were defined in Theorem 4.

This first part of the proof consists in showing that Φ1(X) and Φ2(X) are respectively close to
Ψ1(X) and Ψ2(X), and then showing that the functions Ψ1 and Ψ2 are Lipschitz, which will results
in sub-Gaussian concentration bounds from H1.

Concentration bounds for Φ1(X)−Ψ1(X) and Φ2(X)−Ψ2(X)

We now show that Φ1(X)−Ψ1(X) has sub-exponential tail, to do so, write the following almost
sure decomposition,

|Φ1(X)−Ψ1(X)|

=
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d
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=
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∣∣ ≥ ηλt

α

)
,

Leveraging Proposition 9, the previous implies in a straightwordard way that,
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)
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α
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)
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(
ηλt

α
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,

(58)

where ζg was defined in (9).

Similarly, we write for Φ2(X)−Ψ2(X),

|Φ2(X)−Ψ2(X)| ≤
∣∣∣∣ 1

a∗g
− 1
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Recalling that R̄
(a∗g)

G|X(λ,X) was defined in (6), we further get, from A−1−B−1 = A−1(B−A)B−1,
that,

|Φ2(X)−Ψ2(X)|

≤
∣∣∣∣ 1
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(
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and, applying Cauchy-Schwarz inequality, as well as using that all dilation factors are greater than 1,
we get,
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|ax(X)− a∗x|

≤ 1

λ2
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1
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It results, from a unoin bound argument, that,

P
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. exp
(
−c(n+m) min

{
ζx(λ2t), ζg(λ

2t)
})

,

where the last line (as well as the definitions of δx, δg , ζx and ζg) followed from Proposition 9.

Concentration bounds for Ψ1(X) and Ψ2(X)

As previously discussed, the concentration of Ψ1(X) and Ψ2(X) follows from the Lipschitz proper-
ties of Ψ1 and Ψ2, as well as H1. Starting by the concentration of Ψ1(X), we recall that d < n from
H2 and we write for any X,Y ∈ Aη ,
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Using the Cauchy-Schwarz inequality, as well as H4, we get

|Ψ1(X)−Ψ1(Y)| ≤ 1

λ

1√
d
‖RX(0)−RY(0)‖F

+
α

ηλ2
√
d
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λη3/2
√
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+
αLΛ
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√
d

)
︸ ︷︷ ︸

LΨ1

‖X−Y‖F.

Where, we used Lemma 6 and H4 in the last bound. We have proved that Ψ1 is LΨ1
-Lispchitz on Aη ,

and ‖Ψ1|Aη‖∞ ≤ η−1λ−1, we have from Proposition 6 that Ψ1(X) is σ1-sub-Gaussian, with

σ1 . L2
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Aη .
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Hence, there exists a constant k > 0 such that,

P (|Ψ1(X)− E [Ψ1(X)] | ≥ t) ≤ 2 exp
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−k t2
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√
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√
d)2

)
, (60)

Similarly for Ψ2(X), we write for any X,Y ∈ Rd×n,

|Ψ2(X)−Ψ2(Y)| ≤ 1
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tr

({
R̄

(a∗g)

G|X(λ,X)− R̄
(a∗g)

G|X(λ,Y)
}(αΛG(X)

a∗g
+ λ Id

)−1
)

+
1

a∗xd

∣∣∣∣∣tr
(

R̄
(a∗g)

G|X(λ,Y)

{(
αΛG(X)

a∗g
+ λ Id

)−1
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and, using the Cauchy-Scharz inequality, we get,
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where we used the Lipschitz property of X 7→ R̄
(a∗g)

G|X(λ,X), which follows from Lemma 6. Remark
further that,

LΨ2
. LΨ1

.
1
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√
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,

thus, we get from H1, the existence of a constant k such that,

P (|Ψ2(X)− E [Ψ2(X)] | ≥ t) ≤ 2 exp
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√
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√
d)2

)
,

(61)
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D.2.2 An upper bound on the asymptotic bias of ÊAug(λ)

Let us denote for sake of notational simplicity,

δAug =

√
dσ2

G(β3‖ΣX‖3op + κ3)
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√
n

}
+

(
αβ

1− α
+ 1

)
αβ
√
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+
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+
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]
≤
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}
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+
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(62)

such that it holds from Theorem 4,∥∥∥E [{RAug(λ)− R̄
(a∗x,a

∗
g)

Aug (λ)
}]∥∥∥

F
. δAug . (63)

Let us first recall from (56),

∆EAug(λ) = 2

{
−1

d
tr
(
Σ−1
X RAug(λ)

)
+ (Φ1(X)− Φ2(X))

}
,

We have shown in Appendix D.2.1 that Φ1(X) and Φ2(X) respectively concentrate around E [Ψ1(X)]
and E [Ψ2(X)]. In this section, we derive an upper bound for the aboslute value of

E
[
∆EΨ
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]

= 2

{
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d
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,

First relying on (63), we write,
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√
d
, (64)

and, we remark that in the case where ΣX and Λ̄G commute, then the first term in the right-hand side
can ’linearize’, in the general case, we use the notation [A,B] = AB−BA for the commutator of
two matrices, and we write,
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(65)

We now bound the second term and provide a new expression for the first one.
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Using the identity [A−1,B−1] = A−1B−1[A,B]B−1A−1, the Cauchy-Schwarz inequality, and
‖·‖F ≤

√
d ‖·‖op, we can bound the term involving the commutator as∣∣∣∣∣1d tr
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F
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(66)
Furthermore, using A−1 −B−1 = A−1(B−A)B−1 we get,
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∗
g)

Aug (λ) . (67)

Plugging (66)-(67) in (65), we get,
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Plugging the previous equation in (64), we get,∣∣E [∆EΨ
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+

∣∣∣∣∣E [Ψ2(X)]−
1− (1− β/a∗g)α

a∗x
tr

(
R̄

(a∗x,a
∗
g)

Aug (λ)

(
Λ̄G
a∗g

+ λ Id

)−1
)∣∣∣∣∣

+
‖ΣX‖2op√

dλ2
‖[Λ̄G,ΣX ]‖F +

δAug

λ1(ΣX)
√
d
,

We thus simply need to bound the biases of Ψ1(X) and Ψ2(X), for notation simplicity again, we
introduce the notations,

Ψ1 =
1

d
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(69)

Ψ2 =
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Then, we have by definition of Ψ1(X) in (57)
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Thus, thanks to the triangle inequality,

∣∣E [Ψ1(X)]− Ψ̄1
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furthermore, using the Cauchy-Schwarz inequality and the Jensen’s inequality, we get

∣∣E [Ψ1(X)]− Ψ̄1

∣∣ ≤ 1

η
√
d
E

[∥∥∥∥(αΛG(X)

a∗g
+ λ Id

)−1

−
(αΛ̄G

a∗g
+ λ Id

)−1
∥∥∥∥

F

1Aη (X)

]
(70)
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Using A−1 −B−1 = A−1{B−A}B−1, we can bound the first term in (70),
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(71)
the second term in (70) is controlled by applying Proposition 8, remark that (1 − (d/n))−1 is the
fixed point of b 7→ 1 + b(d/n) (which implies that (1− (d/n))−1Σ−1
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X (0)), the second term
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for q being a polynomial function in η + λ1(D), λ1(ΣX), ‖ΣX‖−1
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Finally, the last term in (70) is controlled thanks to H2, prcesicely, it holds,
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Putting (71), (72) and (73) together in (70), we get,
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We now turn to the bias of Ψ2(X), recalling (57), and (69), we have,
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and, further using the Cauchy-Scharz inequality, as well as 1− α′ ≤ 1, we get,
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Finally, using Proposition 8, we get,∣∣E [Ψ2(X)]− Ψ̄2
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D.2.3 Conclusion on the proof of Theorem 2

To conclude on the proof of Theorem 2, we plug (68), we first show that Φ1(X) concentrates around
Ψ̄1 (resp. Φ2(X) around Ψ̄2) with a bias of order δAug (resp. δAug). Introduce the following
notations,
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From there, we bound E
[
∆EΨ

Aug(λ)
]

as,∣∣E [∆EΨ
Aug(λ)

]∣∣ . ∣∣Ψ̄1 − E [Φ1(X)]
∣∣+
∣∣Ψ̄1 − E [Φ1(X)]

∣∣
+
‖ΣX‖2op√

dλ2
‖[Λ̄G,ΣX ]‖F +

δAug

λ1(ΣX)
√
d

. δΨ1 + δΨ2 +
‖ΣX‖2op√

dλ2
‖[Λ̄G,ΣX ]‖F +

δAug

λ1(ΣX)
√
d

.
C3(1 + c−1

X )‖ΣX‖4op

nλ1(ΣX)2 min{λ, η}7
+

E
[
‖ΛG(X)− Λ̄G‖F

]
min{η, λ}3

√
d

+ +
‖ΣX‖2op√

dλ2
‖[Λ̄G,ΣX ]‖F +

δAug

λ1(ΣX)
√
d

Where the first inequality followed from (68), the second from (74) and (76), and the last one followed
from (77).

Now, recalling (62), we have,

δAug

λ1(ΣX)
√
d
.
σ2
G‖ΣX‖opκ(‖ΣX‖3op + κ3)

nλ1(ΣX)λ6
(q1 +

q2

κ
)

{
λ1(ΣX)

‖ΣX‖op
+

1

κ3

}
+
‖ΣX‖op + q3‖Λ̄G‖op

(1− α)λ1(ΣX)λ5/2m

{
(1 + u(n)) +

√
α LG + (1 + c

−1/2
X )

√
η + λ

}
+

(
λ1/2 +

√
d

m

)
E
[
‖ΛG(X)− Λ̄G‖F

]
(1− α)λ1(ΣX)λ5/2

√
d

It results that for constants C4, C5 independant of n, d, m, and that depend polynomially on λ1(ΣX),
‖ΣX‖op, κ, m/n, u(n), LG and min{λ, η}, we have,

∣∣E [∆EΨ
Aug(λ)

]∣∣ ≤ C4

(1 + σ2
G)(1 + c−1

X )(‖ΣX‖4opκ+ ‖ΣX‖opκ
4)

(1− α)nλ1(ΣX)2 min{λ, η}7
+ C5

E
[
‖ΛG(X)− Λ̄G‖F

]
min{η, λ}3

√
d

+
‖ΣX‖2op√

dλ2
‖[Λ̄G,ΣX ]‖F
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Writting δTotal = δΨ1 +δΨ2 +‖ΣX‖2opd
−1/2λ−2‖[Λ̄G,ΣX ]‖F +δAug, we write from a union bound,

P (|∆Aug(λ)| ≥ t+KδTotal) ≤ P
(∣∣∆EAug(λ)− E

[
∆EΨ

Aug(λ)
]∣∣ ≥ t)

≤ P
(
|Φ1(X)− E [Ψ(X)]| ≥ t

2

)
+ P

(
|Φ2(X)− E [Ψ2(X)]| ≥ t

2

)
≤ P

(
|Φ1(X)−Ψ1(X)| ≥ t

4

)
+ P

(
|Ψ1(X)− E [Ψ1(X)]| ≥ t

4

)
+ P

(
|Φ2(X)−Ψ2(X)| ≥ t

4

)
+ P

(
|Ψ2(X)− E [Ψ2(X)]| ≥ t

4

)
. exp

(
−k(n+m) min

{
ζx(λ2t), ζg(λ

2t), ζg

(
ηλt

α

)})
+ exp

(
−k t2

(λ−1η−3/2/
√
d(n+m) + LΛη−1λ−2/

√
d)2

)

≤ exp

(
−k(n+m) min

{
ζx(λ2t), ζg(λ

2t), ζg

(
ηλt

α

)})
+ exp

(
−k η3λ2dt2

(LΛ
√
η + 1/

√
(n+m))2

)

Where the last inequality followed from (58), (59), (60) and (61). The previous holds for large enough
K and small enough k that are both universal constants.

To conclude the proof, it remains only to simplify the quantities δTotal and ζx, ζg , in order to match
the statement of Theorem 2. We start by simplifying the exponent in the concentration statement.
First, defining ε = min{λ, η, 1}, we remark that,

exp

(
−k(n+m) min

{
ζx(λ2t), ζg(λ

2t), ζg

(
ηλt

α

)})
≤ exp

(
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ζx(ε2t), ζg(ε

2t)
})

We recall the definition of ζx(t) and ζg(t) from Proposition 9,
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
Note that in the worst case scenariom we have (n+m) = 1, hence we write,
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We From there, we define,

ξ1,x = ε2 ξ2,x = max{ε(1− α), σ2
G(
√
αLG + 1)2}

and,
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√
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√
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This ensures that,
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Defining ρ1 and ρ2 such that,

ρ1 = max
{
ε4ξ1,g, β‖ΣX‖opε

3ξ1,g, ε
4ξ1,g

}
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{
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(78)

we have shown,

exp
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≤ exp
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. ne−k(n+m)t2/ρ2 + ne−k(n+m)t/ρ1
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