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Sequential learning with Gaussian processes

(GPs) is challenging when access to past data Z
is limited, for example, in continual and active ;
learning. In such cases, errors can accumulate

over time due to inaccuracies in the posterior,
hyperparameters, and inducing points, making
accurate learning challenging. Here, we present
a method to keep all such errors in check using
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the recently proposed dual sparse variational nducing oS 0 _

GP. Our method enables accurate inference for 5 @_ reprntpastdata i
generic |Ik.e|I.hOOdS and improves learning by % _/‘_/ . _/\:/_ RN
actively building and updating a memory of past 2 [ 2 M NEREN \/\

data. We demonstrate its effectiveness in several s |* (/ # (K:\ # /’{? N # /4—?\ .
applications involving Bayesian optimization, “

active learning, and continual learning. Figure 1.0ur sequential learning method provides an accurate

posterior (top), kernel hyperparameters (middle), and sparse rep-
resentation (bottom). A key contribution is to add memory of
relevant past data (shown in the bottom row wihin addition to
inducing inputs (shown with +).

Sequential decision-making requires uncertainty esti-

mates that can be used to plan for the future. For th'%vrong hyperparameter values, or poor sparse representa-

reason, .Gaussuan process .(GP) models are popular ]:%Ens. Various techniques can be used to control such errors,
seguenhal problem§ n appllcatlons such as model-bas t past attempts struggled to nd a coherent solution to the
relnforceme_nt Iear_nm_g[lglsenroth & Rasmussef01]) problem. Initially,Csat6é & Oppe(2002) used expectation
and Bayesian opfimizationGarneff 2023. However, $ropagation (EP) for inference and a projection method

exact online inference in GPs requires access to all pa Br sparsity but did not estimate hyperparameters. More

data, which becomes infeasible over time as the amou% . . .

’ , cently,Bui et al. (2017 did estimate hyperparameters
of data grows €sato & Opper2002. Sparse GP methods q t found EP to perform worse than variational inference.
can reduce this cost, but they too assume access to }X

t al(2027) di t optimize h t
past data. For example, the popular sparse variational G adt(:]ox e_da( 0 I]) did tTO odp 'énLlé% y%_erp:trargetgrstord
(SVGP) and variational free energy (VFHEisias 2009 se the evidence lower bound ( ) objective but instea

thod . itin| th h the data duri thresorted to a Laplace approximation for non-Gaussian
methods require mulliple passes through e data dunng tg. i o0ds. Their method to obtain sparse representation
stochastic traininglfensman et al2013. This can lead to

; . . . . uses a gradient method combined with pivoted Cholesky.
inaccuracies for continual or active learning, where acces

¢ t data is limited and lat i Rapoor et al.(2021) attempt to improve performance by
0 past data Is imited and errors can accumuiate over 'mqjsing a structured covariance during inference, but the cost

Errors can arise from multiple sources: inaccurate posteriorgrows with tasks which is due to the increasing size of the
—_ _ sparse representation. These attempts use a mix of methods
Equal contribution” Department of Computer Science, Aalto 4 conrol various errors, which all lead to complications.
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adding a memory set of past examples. A suf ciently large(denoted byn). We can see this by expressing the posterior
memory can achieve arbitrarily close performance to the(fijy) as follows Csaté & Opper2002 Lemma 1),
batch case, and the performance loss can be minimized by

choosing the set carefully. For such selection, we propose a Eprr, iy [fil = K5 @
new score called thBayesian leverage scovehich uses the Varys, ipylfil= i Ky(Kw + diagl ) 1) 'kyis

dual parameters of the dual-SVGP posterior to characterize

relative importance of past examples. Overall, our memorywhere and are vectors oh dual parameters,

based SVGP enables us to tackle the various errors arising in .

sequential learning. It also avoids the complications arising i = Epet,jy)[r 1 logp(yi jfi)l; @)
in previous work on sequential learning, as discussed below: i = Eptijyy 1§ logp(y: jfi)l;

. . . L respectively; a derivation is given iypp. A.1. Here, we
1. Unlike Csat6 & Oppe(2002), we aim to minimize the useK . to denote the  n matrix with (x;:x;) as the

ELBO which aligns better witlBui et al.(2017) who .. . ' .
also found the ELBO to give better results than EP. OurIJ entry. Similarly,ky; denotes a vector where each

dual parameters can be seen as an estimate of thoSiementiis (x;;x;),and j = (Xi;Xi). The parameters
: . i; i) are the dual parameters that arise in the dual for-
used inCsat6 & Oppe(2002 Lemma 1). e% ual p I5€ | u

mulations used in, for example, support vector machines
2. Similarly toBui et al.(2017), we obtain a pseudo-data (COrtes & Vapnik 1993, whose origins are found in work
interpretation but it is derived from the dual parame-2Y Kimeldorf & Wahba(1971). The posterior holds for

terization. Our approach directly addresses the issuedeneric I_'ke“hOOd,s’ even a non-Gaussian one, and no ap-
they aim to solve and is more straightforward. proximations are involved.

More importantly, the expressions Eqg. (1)andEg. (2)
clearly show the challenge of sequential learning, where
as data grows, so do ; ), and naive computation of the

4. Unlike Kapoor et al(2021), we use a xed number posterior is NOWO((Nola + Nnew)?) due to the matrix inver-

of nccing s and insead ncresse the memorg 0 110K makng nieence nieashlosao & ooner
size. The cost grows linearly as opposed to a cubicalbﬁ0 reduceggtihe com utagt]ion The gestixr/net ) usirr: a
increasing cost of their method. We also do not nee(JG P ’ y & i 9

any regularization for hyperparameters aussian approximation (f; jy), obtained by EP, but
' did not consider updating the hyperparameters.

3. Unlike Maddox et al(2021), we estimate hyperparam-
eters and use a variational method for inference.

Our use of memory is similar to recent continual learning!n the full-batch case, scaling can be improved using the
methods Klguyen et al.2018 Titsias et al.202Q Pan etal. SVGP methodTitsias 2009 Hensman et 812013, which
202Q Khan & Swaroop2021), but we select the memory Optimizes an ELBO to select hyperparametersiducing

via an extension of leverage scor€mpk & Weisberg198q  inputsZ = (z1;:::;zn) withm  n, and the posterior
Alaoui & Mahoney 2015. We demonstrate effectiveness % (U) = N(ujm;V) de ned over functionsu; = f (z;)

of our approach on several applications involving Bayesiarftzi. The ELBO is given by

optimization, active learning, and continual learning. X )
L batch = Ea ryllogp(yijfi)] Dy lau(u) kp (u)l;
i2D old[D new

2. Sequential Learning with a GP (3)

We consider sequential learning in models with a GP prio?Nthh uses the following posterior predictive distribution,

over functionsf GP (0; ). The prioris characterized ¢ (f;)=N(f;ja’m; § a Kpa +a’Vaj); (4)

by a covariance (kernel) function (x;x9%, wherex; x%are

input vectors and denotes the hyperparameters. Observawherea;” = k3;K,,}, andp (u) is the GP prior oveu.
tions(x;;y;) are modeled by the likelihogaly; jfi) given  The last term in the bound is the Kullback—Leibler diver-
a function valud; = f (xj). In the sequential setting, we gence (KLD). The method assumes that all data is available
rst compute the posterior oDqg = ( X o} Yoig) Where  throughout training, so it does not directly apply in the

X oid IS @ matrix containing all the past inputs as rows sequential setting.

andy oiq is a vector ci)ntammg all thg past outpyts Then, Bui et al. (2017 extend the SVGP method in an ad-hoc way

when new dat® new = ( X new; Y new) 1S Observed, our goal by addi dditional h th :

is to update the posterior and hyperparameters y adding two a : itional KLD te_rms tp ma_ltc the previous
’ posterior and prior at the old inducing inputs. L&fq4

The posterior inference in the sequential setting is challengdenote the old inducing inputs witlgy = f (Zoq) and

ing because the cost grows cubically in the size of datgosterior predictivey, ,(fi). Also, letp _,(fi) denote the

2
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prior for the old hyperparametersyy. Given the new data whereg0'd = A 0ld="0ld ;. 3> mold s 5 *pseudo’ output, and

Dnews Bui et al. modify the ELBO as follows, (~old: Moldy are de ned as
P . old — -
120 o Eau (10 (0GP 1 T] - Dy [ (W) kp (u)] "= Eagerolr o logR(y TR ©
+ Dy [6 (Uola) KP 5 (Uoia))] P4 = Eqorolr 7 logp(yi jfil:
D [ (Uold) K G g (Uota)]; (5)  The result follows from Eq. (21) iddam et al(2027). A

proof is given inApp. A.2where we also derive a dual-form
where the last two KLD terms are the newly added termdor the predictive distribution(f;):

which are meant to penalize deviations from both the old £ f 1= KoK L o 10
prior and posterior. This is an indirect way to keep the aen) [Fi] = KziK g i (10)
solutions close to the full-batch case, but it does not a|Way9\/arqo|d(f)[fi] = i k3 K,! Kg,+Bo ! Kyi:

work well (we give empirical evidence iBec. 4.

Maddox et al(2021) revisit the approach dui et al.(2017) The form is strlklngly.3|.m|lar toEq. (1) but it us;?ds two
. . AN : dual parameters consisting of anlength vector §° and
in the context of Bayesian optimization and active learn-

_ai iR old
ing. They simplify the derivation for the Gaussian case viam m-size matrixB j°, de ned as

pseudo-data. They resort to a Laplace approximation to han- 3'd = P 120 o Kzi nold,
dle non-Gaussian likelihoods. Laplace approximation is a B ol ’ o Aold > - 11)
more “local' one than those obtained by variational methods u T i2Dgg 2 i Rai

and it can give worse result®pper & Archambeal2009.  The pair( 9 B °) can be seen as ‘amortized' dual pa-
In addition, they do not optimize hyperparameters. rameters which do not depend on the data sizeut rather

We will now show that the above dif culties can be alle- Provide a distilled compact summary throughinducing
viated by using the method @fdam et al(2021): we can  inputs. Similarly, the pai¢"?'%; ") can be seen as an esti-
estimate the parameterization@$até & Oppe(2002, im-  mate of( i; i) in Eq. (2)obtained by using}“(f;) instead
prove the ELBO oBui et al.(2017), improve over Laplace Of the exact posterigo(fjy °).

approximation oMaddox et al(2021), and, unlikeKapoor  The posterior can also be expressed in a form where likeli-
et al.(2021), keep the computational cost from exploding. poods are replaced by their Gaussian approximations,

old u> (V uld) 1mold ;u> (V D|d) 1u
3. A Memory-based Dual-SVGP Method 4 )/ e ’
We adapt the dual-SVGP method Aflam et al.(2021) .
to enable accurate inference in the sequential case. We I'p () "ip,© 2RO At w)? (12)
rst describe the dual form of the SVGP solution and then L . . .

the second line is obtained by adding and subtracting

use it to derive a new memory-based objective to perforn{’nere h IS obtall _ _
u=2 and the third line is obtained by usifs. (7)

sequential learning. Then, we optimize the new objectiveU 2z X >
by using the dual-SVGP algorithm to update the posterioﬁ;‘”d(s) and then completing the squares. Previous works

hyperparameters, and inducing inputs. Finally, we preseH’fSecj EP, to obtain such site pargmet@sa(.tc') & Opper
the new Bayesian leverage score to select the memory. 2002 Bui etal, 2017), but we obtain them with SVGP too.

Adam et al.(2021) further show that the dual form can be

3.1. The Dual Form of the SVGP Solution used to improve hyperparameter optimization. The idea is to
x the dual parameters iiq. (12)and treat botlp (u) and
a; = k3K ;! as functions of . Then, plugging=q. (12)
into Eq. (6)gives rise to an objective which, compared to
the ELBO, is better aligned with the marginal likelihood,;
) see App. B ofAdam et al(2021). They propose a stochastic
Loa = Eq[logp(yijfi)l Dy [qu(u)kp (u): expectation-maximization procedure in which the posterior

12D oig is updated by maximizingq. (6)and hyperparameters are
updated using the new objective.

>(Vo\d) 1mold %u> ((Vold) 1 Kzzl)u

! p (u)e"

The dual form of the sequential SVGP solution has a strik
ingly similar form to the full-GP case given Eq. (1) Con-
sider the following ELBO de ned over the old data,

Adam et al.(2021) show that a stationary poing'd(u) =
N(u j m°ld; v 29 has a dual form for its natural parameters:In the next section, we will derive a new objective for se-
guential learning where memory is used to mimic the batch-
(v oldy tmold = P 12D o "ioldyiold; (7)  SVGP ofEq. (3) Similarly toBui et al.(2017), we also use
° the pseudo-data idea, but our approach is more straightfor-

oldy 1 _ Nold 5> 1. s : .
(V) 7= i @i ey + Ky (8)  ward and directly addresses the issues they aim to solve.
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3.2. Memory-based Objective for Sequential Learning ~ Why do we expect the new objectiveiy. (21)to be more
accurate? One explanation is to see the new objective as an
improved version of variational continual-learning (VCL)
(Nguyen et al.2018, by rewriting it as

X

Our goal is to closely mimic the batch-SVGP objective
given inEqg. (3) We make two modi cations to the batch

objective. First, instead @4, we use a subset of examples
stored in a memory séd : Ld&q=  Eqanlogp(yijfi)] Dy o (u) ka(u)]

i2D new
Ea (ryllogp(yi jfi)] Dy [au(u) kp (W)]: (13) _
20 M + Eq)logp(yiifi)]  Eq,qwllogpu (W)]: (22)
i2M

ForM = Dgg, we exactly recovel pacn and, for small I
memory size, the error can be minimized by carefully choos;-l;]he r?t tW? ;err::js aretequql to thz VCl_hobJectlvg thlrgL
ingM as a representative setDfq. the estimated old posterior is used as the new prior.

is exact only when the old posterior is exact, which, as
Second, we reuse the old postergdf(u) which contains a  discussed before, is unlikely in practice. To address
distilled summary of the old data in its dual parameters. Outhis issue, in the third term we add a few representative
key idea is to express the prior in terms of the old posteriokexamples 0D usingM . The fourth term is subtracting
by usingEq. (12) the pseudo-data to avoid double-counting the contributions
(u) ©(u) | of the examples iM .

ol ol > 1 (14)
12D 44 © 27 a2 o Pp g, (u)

P/ Q The new objective directly addresses the issues raised by

Bui et al.(2017) regarding hyperparameter learning, who
where we rewrite the denominator as a Gaussian: add two KLD terms (see the last two lines@d. (5). This
_ . old. ~old, essentially uses the ratip, ,(Uold)=P ,4(Uola), Which is
Poog(U) = NCujy™ ); (15) proportional to the pseudo-dh:'ita. In conkirast, in our objective,
¥ = K, (B 1 g+ moe; (16)  we use the exact likelihood (the third termE. (22) in
~old _ K, (B 1K ,,: 17) addition to the pseudo-data (the fourth term). The two terms
u 2 are added on top of the VCL objective wheéf¥!(u) is used.
A derivation is inApp. A.3. The denominator can be seen
as pseudo-data, similar to those derive®in et al.(2017).
Eqg. (14)is exact whenever2'd(u) is an exact stationary
point of Eq. (6) for example, in the very rst update. How-
ever, in sequential learningd'®(u) is almost never exact be-

In the limit of M = Dgjq, We havel deq= L patch (ASSUMINg

Z and to be the same): In this case, the rst terms of
bothEq. (21)andEg. (3)are equal; the second terms can
also be seen to be equal usigg. (14) By using a good
representative memory of the past data, we expect to mimic
[ﬁe batch-SVGP objective. Using memory to improve se-

at subsequent updates. To handle this, we re\dte(15) quential learning is unique to our approach.

where only examples iM are used in the denominator:

fu) Q). 18)

Pooe(U)  Pu (U) We will optimize the new objective iEq. (21)by using
where@®? is an estimate of'%u) (seeSec. 3.3. The the Bayesian learning rule (BLR) ¢fhan & Rue(202])
denominator is de ned in similar ways but using omlly. ~ Which is a natural-gradient descent algorithm. This method

We will use this as our new prior which can be obtainedis also used byadam et al (2021 who write the update in
from the dual parameters by removing Contributionybf a natural-parameter form. We will instead use a form where

3.3. Inference using the Memory-Based Objective

v g P e Aol (19) we update the estimate of the dual q_aiﬂ)g B{") ateach
u = i2m “zii iterationt. A detailed derivation is given iApp. A.4and
B JldM = poid om Kz "k (20)  below we give the nal update, «
Here, for notational simplicity, we uge 9'; B 2!9) to denote ® @ )y Y+ ol ., Al
the dual parameters ¢f'(u). A derivation is inApp. A.3 12D new
along with expressions for the mean and covariance. Bl(f) 1 )Bl(lt 1) 4 Bﬁlan + Kyi /\i(t)k;i
Replacingp (u) in Eq. (13)with the new prior Z denotes i2D new
the normalizing constant), we arrive at (23)
X » The update adds the contribution of the new data using
Lgeq: Eq ¢ llogp(yijfi)]  Dki G (u)kM . the dual paramete(é‘i(t); "i(t)) which are de ned similarly
12D neulM Zpm (u) to Egs. (7)and (8) but by using the most recent poste-

(21)  rior qff b (fi). The mean and covariance of the posterior
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Figure 2.Ablation study orsplit MNISTto explore the bene ts of memory and Bayesian leverage score (BLS). (a) Evolution of test set
accuracy of our method as we move data from training set to test set based on BLS ranking vs. randomly. (b) Digits from the training set
with lowes® highest BLS, high BLS digits are more unusual and more dif cult to learn than digits with low BLS score. (c) Evolution of
test set accuracy as the memory size is increased; memory size 8¥jasthieves satisfactory performance.

needed to compute the expectations are obtained as followapproximate it by usingyl and scale it to get an unbiased
estimate of the gradient,

1
m® O vO K IBOK K T (24) _
Eq(r,; [logp(yi jfi)l
3.4. Learning of Hyperparameter and Inducing Inputs 2D n;wom X
. . + — Eqcti; y[logp(yi jfi)l:
For hyperparameter learning, we will use the new ELBO M om

derived byAdam et al(2021) who show faster convergence;
also see the recent work hyet al. (2023. As before, we  Here,nqq andny, are the size oD g andM respectively.
will derive it by assuming thaD 4 is available and then we This is similar to the approach ditsias et al(2020).

will make approximations to handle the sequential case. To update the inducing inputs, we use the pivoted-Cholesky

We follow the procedure given ikdam et al(2021, App. B).  method ofBurt et al.(2020. A similar method is used by
Let ¢}*"(u) denote the solution obtained by maximizing Maddox et al(2021) but in combination with gradient based
Eq. (3) The idea is to take its dual form and ®{"*"; "i“ew) optimization. We nd that our framework gives much better
while treating bottp (u) anda; as functions of : performance using the pivoted-Cholesky alone, and we do
not need any gradient based optimization of inducing points.
Aq™u; )/ p (u) QiZD e 1™ uTa)?. (25)  We concatenatf oi; X new] @and use pivoted-Cholesky to
get the new inducing pointg,e,. Having moved the in-
whereD = D™"[D % and we have indicated explicit ducing points toZ e, We now need to adjust the varia-
dependency on by denotinga; andq}®(u; ). Then, tional parameters which are still de ned over the old induc-

pluggingEqg. (25)in Eq. (6)gives the following objective NG pointsZqq. We adjust this using a projection matrix

(see App. B inAdam et al, 2021, for details): P = Kz,z.K21 - togetthe new dual parameters,
Lseqzlg)(g Z( )+ c(); (26) w P 4 and B, PByP”: 27)
c )= Eqt: )[IOQ pyi jfi)l Equ: )[IngD (wl; . ) .
i2D 3.5. Memory Selection using Bayesian Leverage Score
logZ( )= =log K,, (B K, +K,, Another key contribution of our work is to sel_ect and update

2 a memory of the past data to improve learning. We present

}b> Bnew K Yy + const a new score called the Bayesian leverage score (BLS) to

2 ! “ actively build and update the memory. The score extends

the classical ridge leverage score (RIE&Roui & Mahoney
2019, which is commonly used to select subsets for linear
regression. We generalise it to the SVGP case, and use it
to build a memory for sequential learnin§ig. 2b gives

For the sequential setting, we modify the rstterntin ) by  an example of ranking data instances by BLS (details in
using a stochastic approximation for the sum dvgg. We  Sec. 4.3.

Here, we keeB " xed, and treat everything else as a
function of . Wedeneb=(B ™) ! 1®+ m""which
contains the part ig"®" that are xed.
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Algorithm 1 Dual-SVGP with memory 4. Experiments
1: Initialize ;By;Zoqg; ;M
2: for each new datdo
3: Observe new dat@y new; X new)
: UpdateZ using pivoted-Cholesky OfZ oig; X newl

We perform a range of experiments to show the capability
of the proposed method on various sequential learning
problems. For sequential decision-making tasks, we apply
4 X - our method to Bayesian Optimization (BO) and Active
S Project old( u;Bu) to.neWZ usingEq. (27) Learning (AL) Sec. 4.]). Building onChang et al(2022,

6:  Update( u;B\) by usingEgs. (23)and(24) we show how fantasy'batch acquisition functions can be

72 Update by optimizingEq. (26) built for simple acquisition functions and demonstrate the
8:  Update memory using the method frorBec. 3.5 gftectiveness on the “lunar landing' BO problem and the
9: end for “hotspot modelling' AL problem.

In streaming tasks, data comes in small batches, where

eter vector, and;  N(O; 2). If we consider Bayesian the methods byMaddox et al.(202]) and Kapoor et al.

linear regression in this modele. we place a prior over the (202). Therefore, we compare the proposed method against
weightsN(u; 0; K ,,), then Bui et al. (2017 on streaming UCI tasks and on a real-

world robot task $ec. 4.2. Finally, we consider theplit-
MNIST continual learning problem, where the data is non-
stationary, but the total number of tasks and data points
are known beforehand. Thus, $ec. 4.3ve compare the
proposed method t&apoor et al.(2021) and Bui et al.
(2017. Additionally, we include a study on the bene ts of

1 our BLS score over a random selection of memory.

1
h¥S=a7 SAA~ +Kz) ' a; (29

BUiy) /| N(O;K ) 2n, e 200 a7w®, (g

highlighting the similarity taEq. (12) The ridge leverage
score for thé™ example is de ned as

4.1. Bayesian Optimization and Active Learning

whereA = (ai;:::;an). Examples with high leverage Thelunar lander problemis a challenging optimization
scores are often far away from other observations and haveroblem that aims to successfully land a vehicle inside a
high predictive uncertainty. speci ¢ region of a lunar surfacéoss et al.2020. Here,

. i every action performed by the lander results in a reward.
Comparing the above linear modelEg. (12) we see that  The aim s to optimize the total reward. Various environ-

the SVGP posterior is equivalent to the posterior of a liny,ena| components add to the model's stochasticity, making
ear model with a major difference: the noise is now het

T ; Arew h "=t a challenging problem. The setup with the sources of
eroscedastic with variande= " for thei™ example. This g4 chasticity and the multiple states of the lander is shown
motivates the following Bayesian generalisation of RLS

g : in Fig. 3. The search space spanning o®f is high-
which we refer to as the Bayesian leverage score (BLS),

1
hBS=a> Adiag"™)A” +K,} a: (30)

§7 Random initial state
©
We do not have to inverK ;, explicitly. The score can o = T state variables:
be computed without any additional cost by rewriting itin _¥ § Eﬁlegnctita){;:r;jyyl
terms of predictive variancg of g, (f;), that is, g z indicator variables
&:’ 57 E thruster states
<
hpes = “evgpe (31) |
7 gg;gﬂ Elcﬁ);rr:I)lel Kriging) F /.\ r ‘\'
For Gaussian likelihoods, BLS qg. (31)reduces to RLS — Without Batch
becaus€; = 1= 2, but unlike RLS, the BLS also applies to 0 20 60 %
non-Gaussian likelihoods. When selecting the memory, we Function Evaluations

want representative examples. We achieve this by samplingigure 3.Bayesian optimization on a lunar landing setup. The goal
memory points from the new batch weighted by the BLSis to successfully land on the surface between the ags. Compared
score. This biases our memory towards more dif cult exam-against the non-batch solution and a batch solution using parallel
ples whilst covering the typical set, which we nd improves Kriging (Ginsbourger et al2010, the proposed approach achieves
performance. The nal algorithm is given ilg. 1. higher reward in less function evaluations.
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dimensional, making the task challenging. However, buildTable 1.UCI data sets: negative log predictive density, mean (stan-
ing a batch based on fantasy points can help overcomeard deviation) over 10-fold cross-validation, lower is better.

the dif culty in BO. These fantasy points are simulated pata set Of ine Ours Bui et al.
points(x;;yi) obtained from the aC'C]UISItIOI’l functior{ )_ ELEVATORS 50(01) .57(02) .57(02)
by x; = argmaxx (x) and sampling the corresponding pgke 24 (.03) .44(03) .49 (.03)
yi from the current model. We then condition the fanta- MamMMoGRAPHIC .40 (.04) .41 (.05) .42 (.05)
sized point into the posterior using our dual updates, and BANK -(2)3 E-gg; -gg g-ggg -(2)2 E-gll‘rg
; USHROOM .00 (. .02 (. .08 (.
repeat the procedure for subsequent query points, thereb)}X'DULT 32(00) 35(01) 36(00)

constructing a batch of query points (3dg. 2in App. A.5).

We model the problem using a regression model that aims
to maximize the reward and a classi cation model that mod-

els whether the landing was successful. The acquisitiof€ing faster. On the same GPMaddox et als online vari-
function is a product of the Expected Improvement of the@tional conditioning (OVC) method took on averafes
regression model and the predictive mean of the classi cal€" Step (standard deviatidd §; ours took on averagé2 s
tion model. In both the models, we make a batch of fantasyStandard deviatiof s).

points. For details se&pp. B.4
o ) 4.2. Streaming Tasks
The presence of the non-Gaussian likelihood in the classi-

cation model prevents the use of many advanced batctnder streaming scenarios, where data comes in small
acquisition functions which exploit properties unique to batches and the total number of data points is unknown,
Gaussian likelihoods, such as g-K®/( & Frazier, 2016.  we include two different experiment setups: UCI tasks and

Our method is agnostic to the likelihood and also allowsthe so-called banana data set, as well as a real-world robot
batching of fantasy points in this challenging setup. We rurdata set for mapping magnetic anomalies in an indoor space.

two baselines: a non-batch version of the proposed methogcI and Banana We consider a setup where the-
and a standard batch BO method propose@bsbourger 4 gata set and UCIHua & Graff, 2017) data sets are

etal.(2019. Each method gets the same set of 24 initial ;. erteq into streaming setups by splitting them into sets,
data points and optimizes over 90 function evaluatlonsD:fD 1:D5::::g. The model at each step has access only
Both batch methods build batches of three query points. We, 1o current seD,. For UCI data sets, we sort with re-
run the experiment with ve random initial observations spect to the the rst input dimensiofig. 1 (top) shows the
and visualize individual and average reward curves OVehosterior obtained by the proposed method on the banana

the BO iterations irFig. 3 Our method improves over the 5 set. Details about the setup and comparison with other
non-batch setting and over the batch methoGwisbourger | 1h0ds can be found inpp. B.1 In UCI data sets, we

etal.(2010, showing the usefulness of our batch methodg, e riment with both regression and classi cation setups.
and robustness to the non-Gaussian likelihood. The of ine model has access to the whole data and can take

We also consider thechistosomiasis hotspot modelliag-  Multiple passes. Therefore, the of ine model is used as a
tive learning problem fronMaddox et al(2021) (originally ~ gold-standard baseline and we compare our method with
based orAndrade-Pacheco et a2020. In the same SVGP Bui et al.(2017). Table 1shows the mean test negative log
model and setup (we uséaddox et als code, though we predictive density (NLPD) over 10-fold cross-validation,
turn off their tempering, which improves all methods), ourwhereZ; ; , andB are optimized. Other evaluation
method for updating the posterior leads to clear improvemetrics, setup, and implementation details are available in
ment of MSE and slightly improved accuradyig. 4 whilst ~ App. B.5 In the streaming setting, the proposed method

10 2 performs comparable Bui et al.(2017).

Random

- Entropy (OVC) Sequential Learning of Magnetic Anomalies We con-
i Entropy (Ours) . . . . .
] sider the task of online mapping of local anomalies in the
\M ambient magnetic eld. We follow the experiment setup
W € and data provided i5olin et al.(2018, where a small
1 wheeled robot equipped with a 3-axis magnetometer moves

100 15 200 100 150 200 arouer |2n b rslat :6 m indoor space. We assign a GP prior

Steps Steps GP(O; §+ M2 (x;x9) to the magnetic gld strength

over the space under the presence of Gaussian measurement

noise with variance 2.

|
14

Hotspot Accuracy
0:82 0:84 0:86 0:88
| |
Prevalence MSE
2
|

Figure 4.Schistosomiasis hotspot modelling experimentiafd-
dox et al.(202])'s online variational conditioning method (OVC).
We report mean standard error over 50 seeds, showing betteAVe include two experiments: IRig. 53 we simultaneously
performance of the proposed method. learn the hyperparameters3( 2;°; 2)and a representa-



Memory-Based Dual Gaussian Processes for Sequential Learning

Magnetometer
eryﬁfi(/ ; . —
S ; . o o3 o, 3 h:‘ <
o 55 & . . ‘ - . . ‘
w2 o - g o

After path 1 After path 2 After path 3 After path 4

(a) Experiment #1: Sequential estimation of magnetic eld anomalies in a xed-size domain with multiple observation paths

RMSE: Ours vsBui et al. 7.79vs. 8.31 7.75vs. 10.9 7.40vs. 9.90 7.38vs.9.79
e = - R
Step #0 Step #5 Step #10 Step #15 Step #20

(b) Experiment #2: Maintaining representation in a sequential setting in an ever-expanding domain

Figure 5.Sequential estimation of anomalies by the proposed method in the local ambient magnetic eld sttépdtimgE = 90uT)
as mapped by a small wheeled robot. Two experiments for learning the hyperparameters and representation: (a) Complete trajectories are
received and the model does not have access to the previous trajectories. (b) Data is received during the exploration of the space requiring
the method to spread out a xed number of inducing points. Each step shows RMSE values comparing our nithetao(2017).

tion in terms of inducing points and memory. Our methodmetric to characterise and determine the dif culty of input

is able to form a representation by spreading inducingpoints. We consider continual learning split MNISTas
points and learning the hyperparameters progressively. Thisefore, but now we select data points from our training set
has practical importance in real-world robot estimationand move them to the test set. Points are chosen either
tasks, where the robot is not constrained to a prede ned

area_ (a Weakness_Bnlln etal, 2.018' In Fig. .Sh we now_ Table 2.Test accuracy (and standard deviation over different ran-
receive data continuously during exploration. The visu-

- . ) . . dom seeds) oaplit MNISTover all tasks thus far for the proposed
al'zat'on.ShOWS the mean eSt'ma.te with marginal vananCe,ethog. High accuracy over all previous tasks shows that the
(uncertainty) controlling the opacity. We recover the saMenethod does not suffer from forgetting.

local estimate as in experimelig. 5aand outperform the Task @, 2 @, = —_
baseline given bui et al.(2017). See details ii\pp. B.3

#1 :98(:005)
. . . #2 :68(:029) :95(:003)
4.3. Continual Learning on Split MNIST #3 :88(:005) :87(:004) :98(:002)

. . . . #4 :86(:006) :89(:004) :94(:007) :97(:004
Split MNIST(Zenke et al.2017 is a continual learning #5 :95E;014g 287E1011; ;goE;ong ;93%:005% :90(:014)
benchmark and a variant of MNIST where training data
comes in ve batches of two digits eache. @ and@,

and@, ...,® and@. Performance is measured by multi- ~ 100%

class classi cation accuracy on all digits seen thus far. The g | / ) "/(— /
model at each step has access only to the current batch of ’/" / /4 ours

the classi cation task and thus should learn incrementally .. 60%-
on different tasks without forgetting previous ongégj. 6 e .
compares the accuracy during the training on each task, sub§ 40%-) /
divided into batches. Our sequential model does well at& 2go
remembering previous tasks (only marginal drops in accu- -
racy in each column ofable 9, while the model oBui Tl’ain(i)r(l)/()i o @ 5
; . | @@ 2,3 ) , @ )
et al. (2017 forgets the previous tasks. We also slightly Testin%: o @ @ @ @
outperformKapoor et al(2021), for whom compute scales | | | |
cubically with the number of tasks and who need an addi- 125k #1 #2 #3 #4 #5
tional hyperparameter regularization term. Therefore, werigure 6.Accuracy onsplit MNISTover training with different
distinguish it from other baselines which do not suffer from random seeds. The training starts wihvs. @ and each task

the same complexity with the number of tasKalgle 3. introduces new digits while testing on all classes thus far. The

. . . overall accuracy (mean over tasks) drops when introducing a new
We include an experiment to show that our BLS is a usefulask byt recovers and does not suffer from forgetting over tasks.

©
©

8



Memory-Based Dual Gaussian Processes for Sequential Learning

Table 3.Test nal accuracy and NLPD (standard deviation over &

Ours

different random seeds) of various methods ongpié MNIST © Bui etal.
task. We includé&apoor et al(202]) as a baseline. S \
Method Accuracy NLPD eI
)
SVGP (Baseline) :962(:001) 0:155(0:002) Z o \
Bui et al.(2017) :200(:001) 2:150(0:019) ° NS

Ours (without memory) :208(:007) 68038(2:830)
Ours (Wlth memory) 909(001) 0316(0010) TTTTTT T T TTTT T T TTTTT T T TTTTT T T TTTT T T TTTTI L

Kapoor et al(2021) :905(:010)  0:324(0:018) 1o 102 10t 10° 10t 102

Wall-clock time (s) inlog scale

0:2

Figure 7.NLPD against wall-clock time of the proposed method
randomly or based on the BLS score. We then retrain thendBui et al.(2017) on "adult' UCI data set when only variational
model on the reduced training set and test on the increasdiirameters are optimized. At the same performance, the proposed
test setFigure 2ashows the performance of the selection Mmethod is signi cantly faster thaBui et al.(2017).
methods. Random selection of the points has a small nega-
tive effect on performance. However, using the BLS score

is detrimental, showing the importance of the examples fofve introduce the concept of memory, a technique shown to
the model that are moved to the test dagure 2bshows  have success in deep learniRp( et al.2020. We nd
digits with the highest BLS score. We also study the effecthat a small amount of memory can dramatically improve
of the size of the memory, and show how it affects the modeperformance by replicating the of ine ELBO solution.
accuracy. We train our sequential model with different mem- ) ) )
ory sizes using BLS and report test accuracy (§ge2g. ~ OUr memory approach is novel and different from previ-
As expected, the accuracy increases with memory size, b@US WOrk, which attempts to replace missing data with
remarkably a memory size of just 5% achieves satisfactortdditional regularization terms in the ELB@(i et al,
performance. Experiment details can be foundjp. B.2 2017 Kapoor et al.202]). Our nal method manages to

and further evaluation of the BLS score on UCTable 7  control the error that come from inference, learning and
representation (memory and inducing points). Furthermore,

our method can be applied to a variety of sequential
learning tasks. Given the importance of memory to our
Finally, to show the bene t of natural gradient optimization method, a good selection technique is paramount. We
for variational parameters, we perform a timing experimentderive a new Bayesian leverage score, given its connection
againstBui et al. (2017 in Fig. 7 in a streaming setting to Bayesian approximate inference. The score generalizes
on the “adult' UCI data set. We see speed improvementthe prevalent RLS score used for kernel sampling methods
in inference wall-clock timings with the same performance(Alaoui & Mahoney 2015. We nd the importance of the

4.4. Timing Experiment

(note the x-axis is in log-scale). dual parameters again, as they are a crucial component of
the BLS. We demonstrate the applicability of our method
5. Discussion and Conclusions to a complex combined batch Bayesian optimization and

active learning problem, and continual learning problem.
The dif culty in building a sequential sparse GP model is reference implementation of the methods presented
due to the lack of access to previous data. Approaches th?'?]t this paper is available ahttps://github.com/
do not consider the dual parameter perspective fail to see th altoML/sequential-gp ' ' '
essence of the inference problem; how to accurately infer
the dual parameters in a sequential manner. The problem
formulation was presented @sat6 & Oppe2002, but  Acknowledgements
there an EP inference scheme was used. This paper sho
how to update parameters sequentially using variation
approximate inference.

Ris work was supported by funding from JST CREST
Grant ID JPMJ CR2112), the Academy of Finland (grant id
339730 and 324345), and the Finnish Center for Arti cial
Furthermore, we use natural gradient updates which commtelligence (FCAI). We acknowledge the computational re-
easily in the dual parameter formulation allowing for a sources provided by the Aalto Science-IT project and CSC
method (.e., few inference step iterations) that works with — IT Center for Science, Finland. We thank Rui Li, Riccardo
general likelihoods. Lack of access to past data also makddereu, Henry Moss, Thomas Méllenhof, Gianma Marconi,
it challenging to learn hyperparameters The problem and Victor Picheny for helpful discussions. We also ac-
worsens in the non-stationary continual learning settingknowldge the input from Dharmesh Tailor, Siddharth Swa-
Here, to counter the problem of forgetting previous dataroop, and Eric Nalisnick related the BLS score derivation.
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Appendix

We include technical details of the methods that were omitted for brevity in the main paper. Additionally, we provide details
on the experiments and evaluation setup for reproducing the results in the main paper, and include further results, gures,
and tables that extend the evaluation.

A. Method Details
A.1. Equivalence to Csat6 and Opper

The result fromCsaté & Opper(2002) (cf. Lemma 1) assumes a Gaussian ppf) with a mean functiomm(x) and

case, they use the following two parameterization,

g 0
= r¢+p(Djf a df;
G 1, p(Djf) oD 1)p(r) df
Z o(f) (32)
T 2 ' ;
Ri; ri, P(Djf) o(D] F)p(f) df G
For the case whep(Dj f) = Q iN:1 p(yi jfi), we can show the following,
_ o i, wheni=j |
6= iandRyj = 5" henis |

where ; and ; are as de ned irEq. (2) We rst show the proof foig,

z

r+p(Djf)
z

RPOINPMN
P(DIT) PO} NP df

r, logp(Djf)p(fjD)df

W Z
= r 1, logp(y; jfj)p(f jD)df
'Z=1

r 1, logp(yi jfi)p(fjD)df
Z

r ¢ logp(yijfi)p(f; jD)df;
= Epit, jyn)[r £, logp(yi jfi)l: (33)

o)
|

Here, the rst line is obtained by simply multiplying and dividing b{D j f), and we get the second line by using the
de nition of the posteriop(f jD) and the fact that logp(Djf)=[r p(Djf)]=p(Djf). The third line follows from the
assumption that the likelihood factorizes over data examples, and the fourth line obtained by noting tbgip(y; j ;) is
non-zero only whein = j. The fth line follows by marginalizing out alf; other tharf;, and the nal line is just a different
way to write the expectation.

ForR;; , we proceed in a similar fashion. We will use the following identity to write.+, p(D ] f) intermsr ¢, logp(Dj f):

1 . . . .
ROIDN 7, p(Djf)y=rF logp(Djf)+[r ¢ logp(Djf)] r ¢, logp(Djf) : (34)
This can be proved by rearranging the derivativeroﬁifJ logp(Djf) by using the fact thar logp(Djf) =

12
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[r p(Djf)]=p(Djf) (which we also used in the derivationgfabove). Using this we can simplify;; ,
z .
1 L pDjf)p(f)

o= 2 i
s, PO n Tpoinanar ¢ 9
|
= r{, logp(Djf)+[r ¢ logp(Djf)] r ¢, logp(Djf) p(fjD)df qg
Z n i y4
= r{ logp(Djf) p(fiD)df + [r ¢ logp(Djf)] r ¢, logp(Djf) p(fjD)df qg
z : z
X h [ X
= r ¢ logp(ykifc) p(fjD)df + [r ¢ logp(yijfi)l r ¢ logp(ymjfm) p(fjD)df qggq;
]
k=1 I;m

(35)

where in the rst line we multiply and divide bg(D j f) and useEq. (34)and de nition of the posterior to get to the second
line. The third line is a rearrangement, and the last line is obtained by using the factorial property of the likelihood.

For the second term we get it to be non-zero whenl andj = m, and then integrating over all function values, exdept
andf;, the term reduces g g , which can be cancelled out. This gives us the following expression,

x £ h i
Rij = r 7.¢, logp(ykjfx) p(fjD)df
k=1 (36)
Eor iy fir, logp(yi jfi)l;  wheni = j;
0; wheni 6 j:

This is because the derivative inside is only nonzero whern = k, and we can express the integral only olerThis
proves the required result.

A.2. Derivation of the Dual-form of the SVGP Stationary Point

We will derive the dual-form of the stationary point of the following SVGP objective:
X
L= Eq)l0gp(ijf)] D lai(u)kp (u)]: (37)
i2D

Derivation simpli es by using natural and expectation parametegg @) = N( ujm;V), denoted by and respectively,

=( @ @)y=(v m; %V o =( @ @)=(m; mm” +V);
Taking the gradient with respect toof Eq. (37)at a stationary poirng (u), we get
X
0= 1 Eqqllogp(yijfi)] r  Dyla,(u)kp (u)];

gD

= r Equ (fi) logp(yijfi)l ( prior);
i2D X .

=) = piort T Eqr[logp(yiifil; (38)

i2D

where pior = (0; K ,,'=2) is the natural parameter of the prior(u).

We can expand this equation and write two equations corresponding to the two natural par@vneters; Vv 1=2).
We get the following for the rst natural parameter,

V Im = 1 wEq,logp(yijfi)l
%° . X , o
= aiEq, (r)[r logp(yijfi)l aiEq, (r)[r “logp(yijfi)lai m
2o i2D
= ai(h + Ai arm) (39)
i2D
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In the second line we used the identity giverkinan & Rue(2021, Eq. 10) which uses chain-rule and Bonnet's result. This
gives ustq. (7) This also matches with Eq. 21 8lam et al(202) whodene ,; =", + Ai a’m .

Similarly for the second natural parameter,

1, ,_ 1, ., X .
SV = oK h oo @ Eq, ¢t [logp(yi jfi)l
i2D
1, 1X 2 s
= 3Kz + 5 aiEqulr “logp(yijfila;
i2D
1 1
= EK Zzl > a; Ai ai> (40)
i2D

Here again, in the second line we used the identity givefhian & Rue(2021, Eq. 11) which uses chain-rule and Price's
result. This gives ukq. (8) This too matches with Eq. 21 éfdam et al.(2021).

We will now derive the dual-form similar t&q. (1) Rearranging and substitutirigy. (40)in to Eq. (39) we get,

v ' oa Ai arlm = p i’ =) K,'m =K, | i2D szi A}
1_ 1 1 P N> 1 — 1_ 1 1|_:) ) N> 1
\ =K+ Ky, ( i2D Kzi ikzi)Kzz =) V =K, + Ky, | i2D i(ZZi ikz' Kz (41)

Now substituting these results infm. (4) we get the results:
Equ(f)[fi]: k;iKzzlm = k;iKzzl us ;
> 1 1 1 > h 1 lI (42)
Varqu(f)[fi] = i kzi Kzz Kzz \ Kzz Kzi = i kzi Kzz (KZZ + Bu) Kzi

Thus proving that we can rewrite the posterior process in terms of the sparse dual parameters.

A.3. Derivation of the Pseudo-Data and New Prior
We rst derive the distribution form used i&qg. (14)for the following,
Y A N
Po(u)/ e PO AT =N(ujy ;T ); (43)
i2D
where( "i ;' ) are obtained by training on the ddda We start by writing the product in a matrix form,
1
logpp (u) = §u>(~ ) tu+u”(~) ly+ const
Y A > 1 (44)
log e z 1 alw’ = §u>A>diaq’\ JAu + u” A”diag” )¢ + const.
i2D
whereA = K, K}, andy and” are vectors of aly; and Ai respectively. Then, we simply match the termsiinFirst,
by matching the quadratic term, we get,

(7)) Y= A7diag” )A = KK xdiag" )Kx Kt = KB Kt (45)
which gives us the third equation Eqg. (15) Next, by matching the linear term in, we get,
y =~ A”diag" )y

= Kz[B,] *KzK K ydiag”™ )y

= K5 [B,] Kxdiag” )diag" ) *» + Am ]

Kz[B,l Ky n o+ KzI[B,] 1szdiaq" )szKzzlm

Kz [B,] 1 st Kz[B,] lBuKzzlm

Kz [B,] 1 gt m; 46)
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which recovers the second equatiorEig. (15) Note that we can use different forms as well. For example, an equivalent
way to writeEq. (15)is
. _old __old
Poa(U) = N(uj = (VoY) tmod =), (47)
__old
y,“Old — (V Old) lm Old; (48)
_old 1,
- (V 0|d) 1 K zzl :
which is in terms of the mean and covariance of the posterior. This expression is similar to the oneBisesd al. (Eq. 7

2017. All such forms are equivalent. We uke. (15)because it uses dual parameters which are readily obtained through
the natural-gradient method Aflam et al.(2021).

We can writepy (u) in a similar way,

1 ’\old(yold a>
i

Y 2 M
Pu (u) / e FOT=N(ujyY ) (49)

i2M

The expressions foeV and ~M are derived by repeating the same derivation but now only involvidd¢/l . For example,

X P
M
(~ ) t= ai ’\Iolda_> = Kzzl i2M Kzi Aitjldk;i Kzzl
i2M {z
:BL’\"‘
yM = m X a; "09god = K L, [BM ] X Kyi (A0 4 Moldg> mold)
i2Mm " i2Mm 4
X X N
= Kz[BY']* kz-A°"’+ Kzz[By' ] * kai Pz Kgt m
i2Mm
= KZZ[BL’}A] ! L’\JA +m: (50)

Next, we derive the mean and covariance of the new mﬂ'é(u)—p,v. (u) /' N(ujm prior; V prior). Let us denote the current

estimate of the dual pair by 9% B ') as de ned inEq. (11) There, the whol®,4 is used but, in reality, the dual pairs

are learned sequentially and may not represent the exact dual parameters. Still, we use the same notation for convenience.
The current natural-parameters of the posterior can be then written by reviEgeg7)and(8) in terms of the dual pairs,

ldy 1 Id — 1 old 1 Id 1 Id.
(\I)O) mo - Kzz 8 +KZZBS Kzz mo '

(51)
(V) 1= K, "B, + Kyt
Similarly, we can write the natural parameterggf (u) in terms (of the current estimate) of M ;B M ),
OM) M= (M) M= G M KB K (52)

~M .
(OM) =(77) T= KB K,
The natural parameters of the new prior are simply obtained by subtracting the natural parameters given above,

(Vprior) 1mprior:(\’)old) 1mold (\/)M) 1mM - K 1 oIan + K lBSIan KzzlmOId;
(Vprior) 1:(\70Id) 1 (\/)M) 1: 1Bolan K 1+ K 1.

zz

(53)

where( 9™ - B %M ) are de ned inEgs. (19)and(20).

A.4. Derivation of the Natural-Gradient Descent Algorithm

We will optimize the new objective ikq. (21)by using the Bayesian learning rule (BLR)Khan & Rue(2021) which is
a natural-gradient descent algorithm. We start by denoting the natural and expectation parameters of acﬁésme)rior
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obtained in the'th iteration by ) and () respectively. We denote the natural parameters of the @ff{u)=py (u) /
N(ujm prior; V prior) DY priors @N expression is given i&g. (53) With these, the BLR update can be written as the following,

(t) (t 1 X i
a ) + r Eqollogp(yiif)l - o+ prior : (54)
12D new

To simplify the implementation, we will write the updates in terms of the estimate of the dudl ;:{HirB ff)) at iterationt.
We make use of the fact that each iteratél has the same dual form ask. (52) This is written below,

(V) tmO =Kyt D+ Ky BIK,m

(55)
(V (t)) ! = K ZZlB L(,It) K ZZl + K ZZl:
As shown inEq. (53) the prior o too has the same form written in terms of the dual param¢tef€™ ; B %™ ).
Finally, as shown irfEgs. (39)and(40), the natural-gradients too can be written in the same form,
P _ P P
12D now r EQu (f‘)[log p(y| J f|)] - =K ZZl i2D newkZi /\i(t) + K Zzl i2D neWkZi I\i(t)k;i K Zzlm(t); (56)
P ) P
i2D rew r o ECIu (f‘)[|Og plyi jfi)l - =K Zzl 12D now Ki /\i(t)k;i K Zzl; 57)
wherer" and " are de ned similarly toEqgs. (7)and(8), but now by usingy’ ¥ (),
MY = EgowyIrnlogpiifi)li 1= Egeon[r 7 logp(yijfil: (58)
We can use these to simply write the update in terms of the dual pair. Essentially, we use the following equivalent update,
P
&t) @ ) &t 4 Slan + newkZi /\i(t) :
1 IdnM P A(t) (59)
BY @ B Y+ BJM 4+ i20 e Kzi i K3
This is followed by an update of the mean and the covariance given below,
1
m () . v ® K, BOK L+ K, (60)

This is derived by usingq. (55)and simplifying similarly to the rst equation i&q. (41)

A.5. Bayesian Optimization / Active Learning Algorithm

In Alg. 2, we include the algorithm that is used in the Bayesian optimization experiment in the main pape4.(, where
we fantasize a batch with dual conditioning. The algorithm uses the method outlined in the paper combined with any simple
acquisition function ().

Algorithm 2 Fantasizing a batch with Dual Conditioning.
Input: current model parameters Z, ( ;B ), acquisition function (), batch sizek

Initialize: Xy = ;
1: foriinl;2;:::;kdo . k is desired number of query points
2: Xj =arg maxy (Xx) . Calculate (x) using prediction functioiq. (4)atx
3: yi = E[f (xi)] . Fantasized is mean of the GP at;
4: Dnew = (Xi; Vi) . The fantasized data point is treated as new data
5: Compute( ;B ) usingDpey using method ilAdam et al.(2027) . Dual conditioning
6: Xp  Xp[ Xj . X;i is added to the current batch points
7: end for

Return: X, . Xy is the chosen batch of points.
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1}.. §J

(a) Of ine SVGP model (b) Streaming dual SVGP (c)ove
(baseline) (ours) (Maddox et al.2021)

Figure 8.Conditioning on streaming banana data set; Batgppears batch by batch (1-4). The plot shows the decision bourédargind

the predictive class probability, with colour shad” g and # increasing the more certain the model is about the class. The inducing
points are overlaid as black dots. (a) Of ine SVGP model trained with full data. (b) Dual SVGP model conditioned on the data appearing
in batches. (c) Online Variational Conditioning (OVKladdox et al.2021) model on batched data.

B. Experiment Details

In Sec. 4 we performed a series of experiments and ablation studies to showcase the capability of our proposed method in
various setups. We also compared against other methods, in parBeulatrral. (2017 andMaddox et al(2021). Here, we
provide further details regarding the setup and the experiments performed.

B.1. Streaming Banana Data Set

The streaming banana classi cation experiment was used bytgtat al. (2017 andMaddox et al(2021). The data set is
divided into four batches df00points each. First, we compare within the setupafddox et al(2021), who focused on fast
conditioning, but kept the hyperparameters xed. Second, we compareBwitét al.(2017), who address hyperparameter
learning without considering the speed of conditioning.

Fast Conditioning For a fair comparison againktaddox et al(2021) in this experiment we also keep the hyperparameters

xed. The problem's challenge is that previous batches are not accessible; only the inferred variational parameters are
available. Therefore, online models are needed to condition on new data. As an oracle baseline, we trained an of ine SVGP
model on the full data (seféig. 89. All three models are intialized witB5 inducing points and a Matérie-kernel. The
hyperparameters for our streaming dual SVGP lsiadidox et al(2021)'s OVC model are taken from the full of ine model:

only conditioning is performed when the batches of data are received.

We compare decision boundary and predictive class probability of the three moBas@& The OVC method as introduced

by Maddox et al(2021) essentially initializes new models on each batch and then combines them, hence the increasing
number of inducing points for this model. The evolution of the class probability of dual SVGP and OVC is sheign8ib

andFig. 8¢ respectively. The class probability obtained by the dual SVGP model after seeing the nal batch closely matches
that of the of ine SVGP model. In contrast, the OVC method does not recover the full-data decision boundary, and its
uncertainty does not match the of ine baseline well.

Hyperparameter Learning Next, we conduct an experiment in which we learn all the hyperparametgrd ,; ;Z),in
contrast to the previous experiment where the hyperparameters were xed. We comparetal.(2017), who previously
considered a similar test setup. Again, as an oracle baseline, an of ine SVGP model is trained on the full datp ¢sge
All three models are intialized witB5inducing points and Matérfz kernel. The hyperparameters for the dual SVGP are
optimized using Adam optimizeK{ngma & Ba, 2015 with learning ratel0 2 and forBui et al.(2017 we use L-BFGS.
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(a) Of ine SVGP model (b) Streaming dual SVGP (c) Bui etal.(2017)

Figure 9.Streaming banana data set wh{en,; B ,; ;Z) are learnt; daté appears batch by batch (1-4). The plot shows the decision
boundary=— and the predictive class probability, with colour shac” ;gand # increasing the more certain the model is about the
class. The inducing points are overlaid as black dots.

(for Bui et al.(2017's model, we tried both Adam optimizer and L-BFGS optimizer; L-BFGS gave better results).

We compare the decision boundary and predictive class probability of the three moiglsdnThe evolution of the class
probability of our dual SVGP anBui et al.(2017) is shown inFig. 9bandFig. 9¢

B.2. Split MNIST

For split MNIST (seeSec. 4.3, we use the standard MNIST data provided by TensorFlow. We concatenate the standard
train and test set provided and spliBid : 20for training and testing. Each task is sub-divided into batche9066

Both the models, our proposed model andBuget al. model, use a Matérhkz kernel initialized with unit variance and
lengthscale. We use 10 latent GPs which matches the number of classe2Q@itHucing variables, and use a softmax
likelihood.

For hyperparameter learning in our proposed model, we use the Adam optiKizgma & Ba, 2015 with learning rate

10 2 for 100iterations for each set of data. The number of memory points for each set of tasks id@@t\tée also found

that for this task the removal of memory set from the variational parameters actually gave worse performance for split
MNIST so do not perform the removal the last terntamf. (13) we suspect this is due to the highly non-stationary nature of

the problem and how double counting dual variables alleviates the dif culty.

For Bui et al, we experiment with the L-BFGS optimizer as well as Adam optimizer ®ftland100iterations; in this case
we found that Adam works better (L-BFGS fails to learn subsequent tasks). The accuracy over tasks for different numbers
of iterations can be seenrables 4and>5.

B.3. Magnetic Anomaly Modelling

For the robot experiment for learning magentic eld anomalies, we use the datsSiobmet al.(2018 that is available at
https://github.com/AaltoML/magnetic-data . The exact metric position of the robot is provided time-synced

to magnetometer samples from a low-cost/high-noise Invensense MPU-9150 magnetometer sampled at 50 Hz. As discussed
in Solin et al.(2018, GPs provide a principled approach for modelling smooth anomalies in the magnetic vector eld.

We consider the task of online mapping of local anomalies in the ambient Earth magnetic eld. These anomalies are induced
by the bedrock and magnetic material in the building structure indoors. We follow the experiment setup and data provided in
Solin et al.(2018, where a small wheeled robot equipped with a 3-axis magnetometer moves around in an indoor space
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measuring roughlgm 6 m. We consider a simpli ed model, where we assign a GP prior to the magnetic eld strength
kHk GP (0; 32+ Mf‘;ﬁi(x; x9) (in uT) over the space under presence of Gaussian measurement noise with vagiance

We include two separate experiments with different data paths in the same space. The rst expé&iignéat (ses four

separate paths of the robot that cover slightly different parts of the space. Under the sequential learning framework, we
simultaneously learn the four hyperparametefs (?;"; 2) and the representation in terms of inducing points and memory.

The high measurement noise renders the value of single data points small and stresses the importance of the sparse approach.
The problem is sequential, as we only receive information as the robot moves through the input space and do not have access
to all previous data. Our sequential method is able to form a representation by spreading inducing points and learning the
hyperparameters progressively. Showing the method has practical importance in real-world robot estimation tasks, where
the robot is not constrained to a prede ned area. This has been a weakness in previous approaches that have considered a
xed domain to form an ef cient sparse basis function decomposition of the problem in that domdiig. I8k the set

up of the second experiment is similar, but now we receive data during each robot path instead after one exploration. The
visualization shows the mean estimate with marginal variance (uncertainty) controlling the opacity. We recover the same
local estimate as in experimelig. 5a

The data is a set & trajectories out of which we udgfor the experiments. For Experiment #ig. 53 we use trajectory 1,
2,4, and 5 (witm = 8875; 9105 7332 8313 respectively) and for Experiment #2ig. 5b we use trajectory 3= 9404).

For both the experiments, we use a sum of two kernels: constant kernel and a Btdtérnel. For the constant kernel,
we set the initial variance &0 The number of inducing variables is setli@0in both the experiments, and we use a
Gaussian likelihood initialized with a noise varianceOdf. For optimization of the hyperparameters, we use the Adam
optimizer with learning rat@0 2 for 20;,000iterations. For Experiment #2, we split trajectory 3 into 20 sets, thus each set
has aroundt70data points.

B.4. Lunar Landing

For the lunar landing experiment (s8ec. 4.}, we use a combination of two models: a regression model with the aim to
increase the reward and a classi cation model for success or failure. Both the models are the proposed dual SVGP model
with Gaussian likelihood and Bernoulli likelihood, respectively. For the regression model, we use an ARD Higmme|

with initial variance calculated from the initial observation data and the lengthscale initialize@:@ittWe use a Gaussian
likelihood with an initial unit noise variance. For the classi cation model, we use an ARD squared exponential kernel with
the magnitude initialized with0Oand lengthscale with:2. For the classi cation model, we x the magnitude. Both models
usel00inducing points. The acquisition function is the product of Expectedlmprovement from the regression model and
the ProbabilityOfValidity from the classi cation model. Initial data for both the batch version and the non-batch version is
the same set &4 points. For the batch models, we use a batch-size of 3 and both the models are optim@t=uifiation
evaluations. We run the experiment with 5 random initial observations and plot the mean and individual rewards along with
the BO iterations irFig. 3.

B.5. UCI Data Sets

We benchmark on UCI data sets both for regression and classi cation taskSdseé.2. We report negative log predictive
density (NLPD), root mean square error (RMSE) for regression tasks, and classi cation error for classi cation tasks in

Table 4.Test accuracy (and standard deviation over different Table 5.Test accuracy (and standard deviation over different
random seeds) ogplit MNISTover all tasks thus far fdBui random seeds) asplit MNISTover all tasks thus far fdBui
et al. (2017. Low accuracy over all previous tasks shows et al.(2017. Low accuracy over all previous tasks shows that
that the method suffers from forgetting. (Adam optimizer, 50 the method suffers from forgetting. (Adam optimizer, 100
iteration loops) iteration loops)
Task (@, @, @, ®), @ Task (@, @, @, ®, @, @

#1 :72(:01) #1 :99(:00)

#2 :11(:01) :36(:26) #2 :01(:00) :96(:00)

#3 :04(:02) :02(:00) :95(:01) #3 :02(:04) :02(:04) :80(:40)

#4 :02(:01) :01(:00) :03(:01) :98(:00) #4 :00(:00) :00(:00) :00(:00) :99(:00)

#5 :06(:04) :06(:04) :05(:04) :10(:04) :55(:34) #5 :00(:00) :00(:00) :00(:00) :00(:00) :97(:00)
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Table landTable 6over 10-fold cross-validation. We run three modeisine model and two online model©(rs, and
Bui et al.). The of ine model has access to the whole data and is used as bag@lireis our proposed method where all
the parameteré ,;B; ;Z) are learntBui et al. is the model proposed Bui et al.(2017).

All the models use a Matéri kernel with lengthscale and variance initializedLtd, a Gaussian likelihood with initial

noise varianc@:1, and100inducing points. For converting the data sets into a streaming setting, we sort the data on the
rst dimension and split the data set ins® subsets for all data sets apart frdfammographig20 subsets). For variational
parameter$ ;B ) of our proposed model, we use natural gradient updates, with learning rate 0.8 and 2 update steps for
regression and learning rate 0.5 and 4 update steps for classi cation. For learning hyperparaméjesse use the Adam
optimizer Kingma & Ba, 2015 with learning ratel0 ? and100update steps. For optimizing the parameterBuwifet al's

model, we tried both Adam and second-order optimization using L-BFGS. In our experiments, we found that L-BFGS with
100 iteration steps or until the default convergence condition is met works the best, and used this for the nal results. The
of ine model is trained using Adam optimizer with learning rde 2.

Table 6.Root mean square error (RMSE) (for regression tdsksnd classi cation error (for classi -
cation tasks® ) on 10-fold cross-validation for UCI data sets, lower is better.

Data set DimensionN,D)  Ofine Ours Bui et al.
Elevator§ (16599 18) :39(:00) :142(:01) 142(:01)
Bike® (17379 17) :29(:01)  :37(:01) :38(:01)
Mammographi€  (961;6) :18(:01)  :81(:03)  :81(:04)
Bank (4521;17) :11(:01) :88(:01) :89(:02)
Mushroon® (8124; 22) :00(:00) :97(:03) :99(:01)
Adult® (48842 15) :16(:00) :82(:01) :83(:01)

B.6. UCI Data sets: BLS and Random

We experiment with two different techniques for updating memory: random and the proposed Bayesian leverage score
(BLS). We report the negative log predictive density (NLPDglfle 7 and showcase BLS outperforming random memory
technique.

All the models use a Matéri kernel with lengthscale and variance initializedLtd, a Gaussian likelihood with initial

noise varianc®:1, and100inducing points. For converting the data sets into a streaming setting, we sort the data on the

rst dimension and split the data set int® subsets for all data sets. For variational paramétegs B ) of our proposed

model, we use natural gradient updates, with learning rate 0.8 and 2 update steps for regression and learning rate 0.2 and
10 update steps for classi cation. For learning hyperparamétes), we use the Adam optimizeK{ngma & Ba, 2015

with learning ratel0 2 and100update steps. For optimizing the parameterBwifet al's model, we tried both Adam and
second-order optimization using L-BFGS. In our experiments, we found that L-BFGS with 100 iteration steps or until the
default convergence condition is met works the best, and used this for the nal results. The of ine model is trained using
Adam optimizer with learning rat&0 2.

Table 7.Negative log predictive density (NLPD) on
5-fold cross-validation for UCI data sets, lower is
better, for both random and Bayesian leverage score.

Data set Random BLS

Adult :35(:01)  :34(:01)
Bank :29(:03)  :27(:03)
Mushroom :03(:00)  :03(:00)
Mammographic :45(:03) :43(:02)
Elevators :63(:02)  :63(:04)
Bike 147(:05)  :46(:03)
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