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ABSTRACT

Rare cellular lineages form disconnected or weakly-connected components in
gene-expression space, yet standard active learning (AL) acquisitions concentrate
queries in dense regions and fail to sample across them. We propose Bayesian
Rips Active Learning (BRAL), which augments Gaussian process predictive en-
tropy with a topological signal: each candidate is scored by how much it would
change the Vietoris—Rips persistent Hy of the currently labeled set, favoring se-
lections that expand into disconnected regions. On Paull5 hematopoietic data
(~2.5% rare Megakaryocytes), BRAL discovers 42 of 68 rare cells at a 5%
budget—nearly twice the best baseline. On PBMC 3k, BRAL achieves the highest
rare-class F1 (0.89) with the lowest variance across seeds.

Single-cell RNA sequencing enables cell-type discovery at unprecedented resolution (Regev
et al., 2017; Luecken & Theis| 2019), but rare populations—fate-committed progenitors, disease-
associated subpopulations—remain hard to find and expensive to label (Griin et al.| 2015} [Paul et al.,
2015). Active learning (AL) reduces annotation cost by selecting the most informative cells for ex-
pert labeling (Settles} |2009)), yet recent single-cell benchmarks show that standard AL methods fail
to discover rare populations under realistic budgets (Geuenich et al., 2024).

The failure is structural. Rare lineages form disconnected or weakly-connected components in ex-
pression space—thin branches or isolated clusters separated by density gaps. Uncertainty sam-
pling (Houlsby et al.,2011;|MacKay, |1992) queries ambiguous points near existing decision bound-
aries; geometric coverage (Sener & Savaresel 2018) maximizes distances but is blind to connectivity;
gradient-based diversity (Ash et al.,|2020) operates in parameter space without tracking manifold
structure. None explicitly favor sampling patterns that reach into topologically distinct regions (ex-
tended related work in Appendix [A).

We propose to augment acquisition with a topological signal derived from the labeled set itself:
if labeling a candidate substantially changes the connected-component structure (H,) of what has
been labeled so far, that point likely lies in an unexplored region. This insight leads to Bayesian
Rips Active Learning (BRAL), which combines GP entropy with a Vietoris—Rips H( bottleneck-
distance term.

We make three contributions:

1. We introduce the use of the persistent topology of the labeled set as an acquisition signal
that encourages exploration of topologically distinct regions of the data manifold.

2. Werealize this idea in a concrete algorithm, Bayesian Rips Active Learning (BRAL), which
combines GP entropy with Vietoris—Rips persistent Hy.

3. We evaluate BRAL on synthetic data and two real scRNA-seq datasets, demonstrating that
standard baselines (including region-based topological AL) exhibit cold-start failure on rare
lineages, while BRAL achieves the most consistent performance across different topolo-
gies.
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Figure 1: BRAL acquisition pipeline. At each query step, the GP classifier produces predictive
entropy over the pool. A hybrid shortlist (180 high-entropy + 20 random) is scored by topological

impact Ap—the change in Hy Rips persistence of a context cloud C' = Xt(rz?n U X upon adding
each candidate, where X is a random subsample of 100 pool points providing manifold structure.
Dynamic Score Normalization combines both terms into the final acquisition score. The topology

of accumulated labels drives the next selection.

1 METHOD

1.1 PROBLEM SETUP

We consider pool-based binary AL with an imbalanced rare class. Let U = {x; }}¥, be the unlabeled
pool and L, = {(z;,y;)} the initial labeled set, with y; € {0,1}. At each step ¢, the acquisition
function selects x} = arg max,cy, at(x), after which (z}, y;) is added to L;.

1.2 VARIATIONAL GP CLASSIFIER

We model the labeling function with a GP prior and Bernoulli likelihood: f ~ GP(u, k), where k is
a Matérn—% kernel. Since exact inference is intractable, we use variational inference(Hensman et al.}
2014) via GPyTorch (Gardner et al., 2018): a Cholesky variational distribution with all training
points as inducing points, optimized by maximizing the ELBO. The model is retrained from scratch
after each query.

1.3 GUIDING SELECTION VIA THE TOPOLOGY OF LABELED POINTS

The key idea behind BRAL is to let the evolving topology of the labeled set itself guide which point
to query next. At iteration ¢, let S' = X, () genote the current labeled features. Its Hj Vietoris—Rips

train
persistence diagram Dy (.S) summarizes the multi-scale connected component structure of what has
been labeled so far: how many clusters exist, at what scale they merge, and where topological gaps

remain (Appendix [N).

For each candidate =, we measure how much adding it would change this topology. Because com-
puting Rips persistence on S alone is unreliable when few labels exist (the complex is too sparse
to reflect manifold structure), we augment S with a random subsample of 100 pool points to form
a context cloud C' = S U X, which provides ambient manifold scaffolding. We then define the
topological impact:
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Atopo(x; C) = dB(DO(C)a DO(CU {l‘})),

where dp is the bottleneck distance between persistence diagrams, stable under small perturba-
tions (Cohen-Steiner et all, 2007). A large Ay, indicates that x lies in a region topologically
distinct from the current context—it would create a new connected component, bridge a gap be-
tween existing clusters, or extend into a sparse branch. In contrast, a candidate near already-labeled
points barely changes Dy and receives a low score. This mechanism explicitly favors sampling pat-
terns that spread across disconnected regions of the data manifold, precisely the behavior needed to
discover rare lineages that form their own topological components.

For computational efficiency, we restrict evaluation to a hybrid shortlist ¢); of 200 candidates: 180
with the highest GP entropy plus 20 drawn uniformly at random to encourage exploration of low-
uncertainty regions (Appendix [D). The base Rips complex on C' is computed once per query; only
candidate-augmented complexes are recomputed per candidate.

1.4 BRAL: ACQUISITION FUNCTION

BRAL combines exploitation (uncertainty) with a topological signal (Figure|[I).

apraL(z) = H(z) +A- &opo(m) ) (1)
SN~ N——
exploitation topological signal

Both terms are min—-max normalized on the current shortlist (); at each iteration:
f[(m) o H(Jj) — Hpin ~ (x) N Atopo(aj) — Anin

= . = )

Hmax - Hrnin + 6, ope Amax - Arnin +e€

Here Hpin, Hmax, Amin, Amax are taken over ;. This per-iteration rescaling places both scores in
[0,1]. We fix A = 1 in all experiments (Appendix .

2

The entropy term exploits classifier uncertainty to refine the decision boundary. The topological term
prioritizes regions structurally absent from the labeled set. Each new label reshapes Dy (C'), creating
a feedback loop in which the topology of accumulated observations drives subsequent queries.

2 EXPERIMENTS

Apart from a synthetic dataset consisting of a Y-shaped trajectory (n=600, 20-dim, ~9% rare),
we evaluate on two real single-cell datasets that exemplify our two motivating topologies:
Paull5 (Paul et al., [2015): mouse hematopoietic progenitors (n~2,730, 50 PCs), where the rare
class—Megakaryocytes (~ 2.5%)—sits on a thin branch continuously connected to the main
myeloid trajectory, as confirmed by graph abstraction (Wolf et al., 2019). PBMC 3k (10X Ge-
nomics): Dendritic cells (~37 cells, ~7.2%) versus CD14+ Monocytes (~480, 50 PCs), where the
rare class forms a clearly disconnected cluster.

We compare BRAL to the following baseline methods: Random (uniform sampling),
BALD (Houlsby et al.| [2011) (GP mutual information), CoreSet (Sener & Savaresel, [2018) (max—
min distance), BADGE (Ash et al.l [2020) (gradient-embedding norm), regionPTR (Hadjadj et al.,
2023)) (region-based topological AL via persistence clustering (Chazal et al.| 2013)), and TopoOnly
(BRAL with A — 00).

The specific protocol for this comparison is as follows. We run 10 random seeds per dataset. The
labeling budget is N ~ 5% of the pool (Paull5: N = 100; PBMC and Synthetic: N = 20). Cold-
start uses 5 labeled points (2 positive, 3 negative). All methods share the same GP oracle, retrained at
each acquisition step. We report rare-class F1, cuamulative discoveries (Disc), and average precision
(AP), with significance assessed via paired Wilcoxon tests. Results are presented in Table

2.1 KEY RESULTS

Breaking the cold-start barrier. Table[I|reveals a severe cold-start failure on the branching topology:
four of six baselines obtain F1=0.00. BALD discovers 17 rare cells but fails to learn the boundary
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Synthetic (9.0%) Paull5 (Mk, 2.5%) PBMC 3k (DC, 7.2%)
Method F1 Disc AP F1 Disc AP F1 Disc AP
Random 6727 42 8 00£.00 48 36 .00£.00 30 .87
BALD 78+.13 73 93 .034+.06 17.0 75 214+.26 6.7 .99

CoreSet 85£.06 73 93 .00£.00 136 50 .024+.05 58 94
BADGE 69+£.22 109 88 .314+.16 229 .57 .62+.417 83 95
regionPTR .74+.16 89 .89 .00+.00 135 .60 .72+.257 135 .98
TopoOnly .85+.07 104 94 .00+.00 65 .64 .00£.00 29 .85
BRAL 94+.03 118 .97 .45+.07 416 .76 .89+.07 123 .99

Table 1: Comparison of active learning strategies across all datasets. F1 = F1@0.5 (mean = std),
Disc = rare-class discovery count, AP = average precision. Best results in bold. { Not significant vs.
BRAL at p < 0.05 (Wilcoxon); all unmarked comparisons are significant.

(F1=0.03); BADGE reaches F1=0.31. BRAL attains F1=0.45 and discovers ~42 of 68 rare cells
(p<0.05 vs. all baselines). The topological term detects a missing component in Dy(C'); sampling
the Megakaryocyte branch produces a large A, that overrides low entropy.

Disconnected cluster topology. On PBMC 3k, BRAL achieves F1=0.89 + 0.07 with the lowest
variance (vs. 0.41 for BADGE and 0.25 for regionPTR). RegionPTR finds more rare cells (13.5 vs.
12.3) but yields less stable classification because its region partition does not sharpen the decision
boundary (Appendix [B).

Ablations and additional results. TopoOnly (A — oo) discovers rare cells but fails on F1; con-
versely BALD discovers 17 cells on Paul15 yet attains only F1=0.03—both components are needed.
On the synthetic bifurcation, BRAL reaches F1=0.94 £ 0.03 vs. 0.85 for the next-best method.
Domain-specific baselines achieve high discovery on PBMC 3k but low F1, exposing a discov-
ery—classification gap that BRAL bridges (Appendix [G). On PBMC 3k Full (~1.4% rare), BRAL
discovers all reachable rare cells (26.0 4= 0.0); BADGE attains comparable F1 (0.69 vs. 0.64, n.s.;
Appendix. Aisstablein [0.1, 1.0] (Appendix; BRAL adds ~2.5s/query (Appendix[lE‘]). BRALis
robust to cold-start conditions, maintaining F'1 > 0.88 even with zero initial positives (Appendix [E).

3 CONCLUSION

We introduced BRAL, an acquisition function that augments GP entropy with a topological signal,
VR persistent Hy, explicitly favoring sampling across disconnected components where rare lineages
reside. On branching topologies where all six baselines achieve F1<0.31, BRAL achieves 0.45 and
discovers 42 of 68 rare cells; on disconnected clusters (PBMC 3k), BRAL achieves the highest F1
(0.89) with the lowest variance. The core principle—monitoring the topology of what has been la-
beled to decide what to label next—creates a feedback loop: each oracle label updates the persistent
Hj of the labeled set, and this updated topology directly reshapes the next acquisition step.

Future work and limitations Our current proof-of-concept method is restricted to persistent Hy,
single-point acquisitions, and binary classification, and relies on a GP oracle that limits scalabil-
ity to very large pools. Extending BRAL to batch-mode acquisition—where topological impact is
non-additive—higher-dimensional homology (e.g., HH; loops for under-sampled cycles), multi-class
settings, and integration with reference-based cell annotation tools are natural directions for future
work.
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A RELATED WORKS

A.1 BAYESIAN AND DIVERSITY-BASED ACTIVE LEARNING

BALD (Houlsby et al., [2011) selects points that maximize mutual information between predictions
and model parameters. BatchBALD (Kirsch et al.,2019) extends this principle to batch acquisition.

CoreSet (Sener & Savarese, 2018) formulates selection as a k-center problem, prioritizing geometric
coverage in feature space. BADGE (Ash et al |2020) promotes diversity via gradient embeddings
in parameter space while retaining an uncertainty bias.

These approaches primarily reason about uncertainty or geometric spread in high-density regions
of the data. They do not explicitly track the connectivity or separation structure of the underlying
data manifold. As a result, they can systematically undersample thin or isolated rare lineages when
labeling budgets are small (Ertekin et al., 2007; (Geuenich et al., 2024)).

A.2 TOPOLOGICAL DATA ANALYSIS IN LEARNING AND SINGLE-CELL BIOLOGY

In single-cell analysis, scTDA used persistent homology to study differentiation trajectories (Rizvi
et al.,|2017). PAGA builds a graph abstraction that preserves large-scale topological relations be-
tween cell populations (Wolf et al., 2019). These methods are descriptive rather than active: they
analyze topology but do not use it to decide which points to label next.

Closest to our setting, region-based topological AL (Hadjadj et al.l [2023) partitions the pool via
persistence clustering (Chazal et al.| 2013)) and samples at the region level. Because this approach
aggregates points into regions, it can collapse thin continuous branches into the main trajectory,
obscuring rare lineages as we study in Appendix [B] BRAL differs in two key ways. First, it evaluates
topological impact point-wise rather than at the level of coarse regions. Second, it measures how
each candidate would change the persistent Hy of the currently labeled set, making topology an
evolving signal that interacts with the labeling process itself.

Shiraishi et al. (Shiraishi et al.,2020) incorporate persistent homology into Gaussian-process—based
Bayesian optimization by defining kernels on persistence diagrams and using them to guide sequen-
tial experimentation. Their work shows that topological summaries can meaningfully interact with
GP uncertainty in a decision-making loop, rather than serving only as post hoc descriptors. How-
ever, their objective is function optimization over structured domains (e.g., graphs or materials), not
data acquisition for labeling, and the topology they use summarizes the input space as a whole rather
than the evolving topology of labeled observations.

HiDeF (Zheng et al.| 2021)) uses persistent H to detect cell communities that remain stable across
clustering resolutions. By tracking long-lived connected components, it reveals subtle and rare cell
populations that are missed by single-scale methods. While HiDeF demonstrates the value of Hy
persistence for rare-cell discovery, it is an offline descriptive tool rather than an acquisition strategy:
topology is analyzed after data are collected, not used to guide labeling.
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Huynh and Cang (Huynh & Cang| [2024) study local Vietoris—Rips Hj persistence on single-cell
graphs to quantify connectivity of cell states along differentiation trajectories. They show that peaks
in Hy persistence correspond to transitional or sparsely connected cell states, which are precisely
the kinds of regions that standard AL tends to undersample. However, their analysis is again retro-
spective; it does not prescribe how to actively select informative cells.

Flores-Bautista and Thomson (Flores-Bautista & Thomsonl[2023) develop TopGen, which uses per-
sistent homology (including higher homology) to detect non-tree-like structures such as loops in
developmental trajectories. This work illustrates that single-cell manifolds can possess richer topol-
ogy than simple branching trees, motivating topology-aware methods beyond graph abstractions like
PAGA. Nevertheless, TopGen focuses on understanding lineage structure rather than on reducing an-
notation cost.

Taken together, these works support the premise that persistent homology captures biologically
meaningful structure in single-cell data. BRAL differs by making persistence an active acquisi-
tion signal: instead of merely analyzing topology, it uses changes in persistent I of the labeled set
to decide which cells to query next.

B TOPOLOGICAL GRANULARITY: POINT-WISE VS. REGION-WISE

We implemented regionPTR, a baseline inspired by Proper Topological Regions methods (Hadjad;
et al.;[2023)). To ensure a fair comparison, regionPTR operates on fixed topological structures derived
from the initial data, avoiding the computational cost of re-clustering at every step.

B.1 IMPLEMENTATION DETAILS
The regionPTR acquisition function selects points in three stages:

1. Offline Topological Partitioning: Before the active learning loop begins, we partition the
entire unlabeled pool U into disjoint topological regions Ry, ..., R) using the ToMATo
algorithm (Chazal et al.l 2013 (Topological Mode Analysis Tool) from GUDHI, with
density_type="DTM", k=30 neighbors, and merge radius r=0.5. The density is es-
timated via the distance-to-measure (distance to the k-th nearest neighbor). Regions are
fixed throughout the active learning process.

2. Region Selection (Uncertainty): At each query step ¢, we model the proportion of rare-
class cells in each region R; using a Beta-Binomial conjugate prior. Let o; and j3; be
the counts of positive (rare) and negative (common) labels currently observed in region I?;
(initialized to 1). We select the target region R* that maximizes the posterior variance of
the rare-class proportion:

o5
R* = argmax AN

3
0 s 1 8% + B + 1) ©)

3. Point Selection (Geometric Score): Within the selected region R*, we select the specific
candidate =* that maximizes a geometric score combining sparsity and peripherality. The
DTM proxy is the Euclidean distance to the k-th nearest neighbor. Both terms are min-max
normalized:

x* = arg max [0.5 - Norm(DTMy(x)) + 0.5 - Norm(||z — Z||)] 4)
TER*

where DTMy, () is the distance from «x to its k-th nearest neighbor (k=30) and Z is the
pool centroid.

B.2 RESULTS

We compare BRAL and regionPTR on both the continuous branching task (Paull5, N=100) and
the discrete cluster task (PBMC 3k subset, N=20). The results are summarized in Table 2}

On Paull5, regionPTR fails (F7 = 0.00) because the unsupervised ToMATo clustering merges the
geometrically continuous rare branch into a single large region, preventing region-level uncertainty
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Table 2: Comparison of active learning strategies on real datasets. F1 = F1@0.5 (mean = std), Disc
= rare-class discovery count, AP = average precision. Best results in bold.

Paull5 (MK, 2.5%) PBMC 3k (DC, 7.2%)
Method F1 Disc AP F1 Disc AP
Random .00 + .00 4.8 .36 .00 .00 3.0 .87
regionPTR .00£.00 135+15 .60 .724+.25 13.54+1.0 .98
BRAL .45 + .07 41.6 76 .89 + .07 12.3 99

from identifying it. BRAL succeeds (F; = 0.45) because point-wise persistence detects the branch
tip regardless of cluster membership. On PBMC 3k, where the rare population forms a distinct
island, regionPTR performs competitively (F; = 0.72), confirming the failure on Paull5 stems
from the mismatch between region-based abstractions and branching manifold structures.

Paul15 (Megakaryocytes): regionPTR vs BRAL
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Figure 2: Paull5: Rare positive found comparison of regionPTR vs. BRAL over 100 queries.
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PBMC 3k Subset (Dendritic): regionPTR vs BRAL
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Figure 3: PBMC 3k subset: Rare positive found comparison of regionPTR vs. BRAL over 20
queries.

C SENSITIVITY TO HYPERPARAMETER A

BRAL(Eq. (1)) balances uncertainty and topological impact via the weighting parameter A:

aprar(z) = H(z) +X- Agpola) (5)
N~ N——
exploitation topological signal

We hypothesize that Dynamic Score Normalization (Eq. [2) renders the method robust to . We
evaluated BRAL on the Synthetic Bifurcation dataset across A € [0.1, 50].

Results: Performance is consistently high (F} ~ 0.93-0.94) for A < 1.0, confirming that dynamic
normalization brings the topological signal into a useful range. Beyond A=2.0 (F1=0.91), perfor-
mance drops gradually with increasing variance (A=>5.0: F1=0.8940.09; A=50.0: F}=0.85£0.19),
as the acquisition function increasingly ignores the classifier’s uncertainty. We fixed A = 1.0 for all
main experiments.
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Sensitivity of BRAL to A (Synthetic Bifurcation)
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Figure 4: Hyperparameter Sensitivity (\). Performance on the Synthetic Bifurcation task remains
high and stable for A < 1, confirming that Dynamic Normalization effectively scales the topological
term. Performance degrades when topology is over-weighted (A > 5).

D SHORTLIST MODE ABLATION

BRAL evaluates topological impact on a shortlist of 200 candidates to keep computation tractable.
We compare three shortlisting strategies on the Synthetic Bifurcation dataset (N=20 queries, 10
seeds):

* Hybrid (proposed): 180 points with highest GP predictive entropy + 20 drawn uniformly
at random.
* TopUnc: All 200 candidates selected by highest GP entropy.

* PureRand: All 200 candidates drawn uniformly at random.

Table 3: Shortlist mode ablation on synthetic bifurcation (mean =+ std, 10 seeds). The hybrid shortlist
achieves the best performance, confirming that both uncertainty-guided pre-filtering and random
exploration contribute to BRAL’s effectiveness.

Mode F1 Discovery AP

BRAL_Hybrid (proposed) 0.94 +0.03 11.8+0.9 0.97 +0.01
BRAL_TopUnc 0.93 £0.04 11.6 £ 1.0 0.97 £0.02
BRAL_PureRand 0.82+£0.11 11.4+1.9 0.94 £0.04
Random 0.67 £0.27 42+1.3 0.85£0.13
TopoOnly 0.85 £ 0.07 10.4£0.9 0.94 £0.03

Hybrid and TopUnc achieve nearly identical F1 (0.94 vs. 0.93), with Hybrid showing lower variance
(£0.03 vs. £0.04). PureRand drops to I} = 0.82, confirming that uncertainty-guided pre-filtering

10
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Synthetic Bifurcation: Shortlist Mode Comparison
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Figure 5: Shortlist mode comparison on Synthetic Bifurcation: F1 learning curves. Hybrid and
TopUnc perform similarly, while PureRand is substantially weaker.

is essential. All BRAL variants outperform TopoOnly (0.84). We adopt Hybrid for all main experi-
ments.

E COLD-START SENSITIVITY

We evaluate BRAL and baselines on PBMC 3k subset under three cold-start conditions: Standard
(2P + 3N), Hard (1P + 4N), and Extreme (OP + 5N, no positive examples).

PBMC 3k Subset (Dendritic): Robustness to Cold Start

Init: Standard Init: Hard Init: Extreme

1.0 | =+ Random

F1 Score

°
=

00 e N, WV i

00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200
Queries Queries Queries

Figure 6: Cold-start sensitivity on PBMC 3k subset: F1 learning curves under Standard (2P+3N),
Hard (1P+4N), and Extreme (OP+5N) initializations. BRAL maintains strong performance across
all modes.
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PBMC 3k Subset (Dendritic): Robustness to Cold Start
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Figure 7: Cold-start sensitivity on PBMC 3k subset: cumulative rare cell discoveries under each
initialization mode.

Table 4: Cold-start sensitivity on PBMC 3k subset (DC, 7.2%). Mean = std over 10 seeds. BRAL
maintains strong performance across all initialization modes, while baselines degrade severely.

Mode Method F1 Discovery

Random .00 &£ .00 3.0+1.2
BALD .21 £ .26 6.7+ 1.3
Standard (2P+3N)  CoreSet .02 £.05 5.8+ 1.4
BADGE .62 + .41 83+3.2
BRAL .89+ .07 123+0.5

Random .00 4 .00 22+1.5
BALD .03 £.09 3.6+1.9
Hard (1P+4N) CoreSet .00 £+ .00 6.0+ 1.5
BADGE .46 £+ .39 6.5+ 4.0
BRAL .88+.05 12.1+0.8

Random .00 4 .00 1.1+1.1
BALD .00 £+ .00 2.84+1.9
Extreme (OP+5N)  CoreSet .02 4+ .05 6.1+1.2
BADGE .00 £ .00 0.0+0.0
BRAL 92+.05 12.1+0.3

BRAL is robust across all cold-start conditions: F; = 0.89 (Standard), 0.88 (Hard), and 0.92
(Extreme). Under the Extreme setting, all baselines collapse to F; = 0.00; BADGE discovers zero
rare cells because its gradient-based acquisition requires at least one positive example. BRAL’s
topological component operates independently of label information, detecting structural novelty in
the data manifold regardless of whether the classifier has seen any positive examples.

F COMPUTATIONAL COMPLEXITY

We analyzed the runtime cost of each acquisition function on the Paull5 dataset (N~2,730, D=50,
N,=100). Table |§| reports the total wall-clock time for the full AL loop (100 queries), averaged
across 10 seeds.

The overhead is dominated by the Rips persistence computation over the 200-point shortlist. The
dominant cost shared by all methods is GP retraining (~0.5s per query). Table [f] reports per-query
runtimes across all datasets.

12
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Table 5: Total Runtime (seconds) for 100 queries on Paull5. BRAL is approximately 4-5x slower
than standard baselines but the absolute per-query cost (~2.7s) is negligible compared to biological
oracle time.

Method Total Time (s) Per Query (s)
Random 54 ~ 0.5
BALD 57 ~ 0.6
CoreSet 60 ~ 0.6
BADGE 62 ~ 0.6
regionPTR ~ 5d ~ 0.6
TopoOnly ~ 270 ~ 2.7
BRAL (Ours) 274 ~ 2.7

Table 6: Per-query runtime (seconds) across all datasets (10 seeds). The topological overhead is
consistent across dataset sizes.

Method Synthetic Paull5s PBMC 3k sub. PBMC 3k full

(Ng=20) (INg=100) (Ng=20) (INg=100)
Random 0.47 0.54 0.37 ~ 0.5
BALD 0.47 0.57 0.36 ~ 0.5
CoreSet 0.47 0.60 0.48 ~ 0.5
BADGE 0.47 0.62 0.36 ~ 0.5
BRAL 3.95 2.74 3.16 ~ 25

G BIO-DOMAIN BASELINES

We compare BRAL against domain-specific baselines that leverage biological prior knowledge or
specialized model architectures:

* RF_Entropy: Random Forest (100 trees, depth 10, balanced class weights) with max-
entropy acquisition (Geuenich et al., 2024)).

* MarkerExpr: Selects cells with the highest expression of known lineage markers (PF4,
PPBP, ITGA2B, GPS, TUBBI1 for Mk; FCER1A, CST3, NPC2, HLA-DRA, HLA-DRBI1
for DC).

* SIMILAR: FLQMI-based acquisition selecting points most similar to known positives via
RBF kernel (Kothawade et al., [2021)).

Table 7: Bio-domain Baseline Comparison (Mean + Std, 10 seeds). On Paull5, BRAL is the best
GP-based method. On PBMC 3k, BRAL achieves the highest F1 without requiring biological prior
knowledge.

Method Disc@ N F1 AP AUROC
Paull5 (N=100)
BRAL 416 +1.7 045+0.07 0.76+0.09 0.99+0.01

MarkerExpr  30.5+2.3 0.42+0.10 0.54+£0.09 0.96£0.01
RF_Entropy 38.1+£14 036+£0.09 0.724+0.08 0.98£0.01
SIMILAR 3.3+£13 0.00£0.00 0.28+0.14 0.93+£0.02

PBMC 3k subset (N=20)

BRAL 123+0.5 0.89+0.07 0.99+0.01 1.00+0.00
RF_Entropy 108£06 0.73£0.24 0.99+0.01 1.00 £0.00
MarkerExpr 16.9+0.7 0.27+£0.12 0.98+0.02 1.00=£0.00
SIMILAR 13.9+5.8 0.16+0.10 097£0.03 1.00+0.01
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On Paull5, BRAL is the best GP-based method (F;=0.45 which discovers the most rare cell (41.6)
with highest AP and AUROC), outperforming RF_Entropy without domain knowledge. SIMILAR
fails catastrophically (3.3 discoveries) due to exploitation of similarity to the 2 initial positives.
On PBMC 3k, BRAL achieves the highest F1 (0.89). MarkerExpr discovers the most rare cells
(16.9) but achieves low F1 (0.27), illustrating that high discovery alone is insufficient for boundary
learning.

Paul15 (Megakaryocytes): Bio Baselines Comparison
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Figure 8: Bio-domain baselines on Paull5: F1 learning curves.
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PBMC 3k Subset (Dendritic): Bio Baselines Comparison
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Figure 9: Bio-domain baselines on PBMC 3k subset: F1 learning curves.

H BUDGET SWEEP

We evaluated BRAL and baselines on Paull5 at three query budgets: N € {20,50, 100}, corre-
sponding to approximately 1%, 2.5%, and 5% of the pool.

Paul15: Performance vs. Query Budget
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Figure 10: Budget sweep on Paull5. BRAL benefits most from increased budget, while baselines
show limited improvement. Left: rare cells discovered. Center: average precision. Right: balanced
accuracy.

At N=20, all methods struggle (BRAL: F}=0.07, baselines: F} <0.03). At N=50, BRAL separates
(F1=0.48, 24.2 discoveries) while baselines remain near zero. At N=100, the gap is substantial
(F1=0.45, 41.6 discoveries vs. BADGE’s 0.31, 22.9). BRAL efficiently converts additional queries

into rare-cell discoveries.
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I MECHANISM VISUALIZATION: PERSISTENCE BARCODES

To illustrate how topological impact guides acquisition, we visualize the persistence barcodes before
and after adding candidate points to the labeled set, using a small subset of the Synthetic Bifurcation

dataset (n=100 points, 10 initial labeled).

Rare Candidate Topological Impact (Bottleneck Distance: 2.979)

Before (N=10) After (+1 Sample)

©

HO Features
£ (o2}
HO Features

N

o

3 4 5 6 7
Filtration Value

o
N

0 1 2 3 4
Filtration Value

Figure 11: Rare Candidate: Adding a point from the rare branch significantly changes the H per-
sistence barcode, creating a new long-lived connected component. The bottleneck distance (topo-
logical impact) is large, triggering BRAL acquisition.

Common Candidate Topological Impact (Bottleneck Distance: 0.997)
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Figure 12: Common Candidate: Adding a point from the common class produces minimal change
in the barcode. The bottleneck distance is small, so BRAL deprioritizes this candidate.

A rare-branch candidate (Figure [TT) lies in an isolated region and its addition creates large changes
in the H, persistence diagram. A common-class candidate (Figure [I2) lies near existing labeled
points, yielding a small bottleneck distance.

J THE COMPLEMENTARITY OF UNCERTAINTY AND TOPOLOGY

Table [§] summarizes the component ablation: neither uncertainty nor topology alone succeeds on
real datasets.

TopoOnly achieves F; = 0.00 on both real datasets despite succeeding on the synthetic data (0.85).
On real data with limited initial labels, the GP posterior is nearly flat, making the uncertainty-
based shortlist effectively random; topology evaluated on an arbitrary subset of a high-dimensional
manifold yields noisy scores. BALD discovers ~17 rare cells on Paull5 but achieves F; = 0.03,
indicating discovery without boundary learning—the discovered cells are spread too sparsely to shift
the decision boundary past the 0.5 threshold.
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Table 8: Component ablation: neither uncertainty alone (BALD) nor topology alone (TopoOnly)
succeeds on real datasets. Only the combination (BRAL) achieves strong performance across all
settings. Mean = Std, 10 seeds.

Method Synthetic Paull5 PBMC 3k sub.
Random (baseline) 0.674+0.27  0.00 £0.00 0.00 £+ 0.00
BALD (uncertainty only) 0.78+0.13  0.03 +0.06 0.21+0.26
TopoOnly (topology only)  0.854+0.07  0.00 4+ 0.00 0.00 = 0.00
BRAL (combined) 0.94+0.03 0.45+0.07 0.89+0.07

K FULL MULTI-METRIC RESULTS

Table 9] presents all five evaluation metrics for the main experiments, complementing Table[I]in the

main text.

Table 9: Full evaluation metrics across all datasets (Mean + Std, 10 seeds). BRAL achieves the best

or near-best performance on all metrics across Synthetic, Paull5, and PBMC 3k subset.

Method | Discovery@N F1 AP AUROC Balanced Acc.
Synthetic Bifurcation (N=20, ~9% rare)

Random 42+1.3 0.67+0.27 0.854+0.13 0.96 +£0.03 0.79£0.13
BALD 7.3+15 0.78£0.13 0934+0.02 0.98+£0.01 0.87 £ 0.08
CoreSet 7.3£0.9 0.854+0.06 0.934+0.02 0.98+0.01 0.87 +0.05
BADGE 10.9+ 1.6 0.69+0.22 0.88+0.15 0.95+0.06 0.85£0.10
regionPTR 8.9+0.9 0.744+0.16 0.894+0.06 0.96 +0.02 0.87£0.05
TopoOnly 10.3 +0.8 0.85+0.07 0944+0.02 0.98=+0.01 0.90 £0.03
BRAL 11.8+0.9 094+003 097+001 099+000 0.95+0.03
Paull5 — Megakaryocytes (N=100, ~2.5% rare)

Random 4.8+ 1.7 0.00+0.00 0.36+0.17 0.94+0.02 0.50 £ 0.00
BALD 17.0 +4.8 0.03+0.06 0.754+0.08 0.98+0.01 0.51 +0.02
CoreSet 13.6 £1.5 0.00+£0.00 0.504+0.17 0.814+0.14 0.50 +0.00
BADGE 229+£7.2 0.31£0.16 0.57+0.08 0.96 £0.01 0.60 £ 0.05
regionPTR 135+ 1.5 0.00+0.00 0.60+0.18 0.90+0.12 0.50 £ 0.00
TopoOnly 6.5+ 1.2 0.00£0.00 0.644+0.09 0.97£0.01 0.50 £ 0.00
BRAL 41.6+1.7 0.45+0.07 076+009 099+001 0.65=+0.03
PBMC 3k Subset — Dendritic (N=20, ~7.2% rare)

Random 3.0+1.2 0.00+£0.00 0.874+0.24 0.96+0.10 0.50 £ 0.00
BALD 6.7+ 1.3 0.214+0.26 0.994+0.02 1.0040.00 0.57 £0.09
CoreSet 5.8+ 1.4 0.024+0.05 0.944+0.08 0.99 £0.02 0.50 £0.01
BADGE 8.3+3.2 0.62+041 0.954+0.08 0.99 £0.01 0.78 £0.19
regionPTR 13.5+1.0 0.724+0.25 0.98+0.02 1.0040.00 0.93 £ 0.06
TopoOnly 2.94+0.8 0.00£0.00 0.854+0.22 0.96 £0.07 0.50 £ 0.00
BRAL 12.3+0.5 0.89+0.07 099+0.01 1.00+0.00 0.94 £ 0.06

L PBMC 3K FULL DATASET ANALYSIS

The full PBMC 3k dataset (~2,700 cells, all cell types, Dendritic cells ~1.2% of population) rep-
resents the most challenging setting. Unlike the PBMC 3k subset (2 cell types), the full dataset
collapses 8+ cell types into the “common” class. Table [I0]reports results at N=100 queries.

This is the only dataset where BRAL does not achieve the highest final F1. BADGE (0.69) out-
performs BRAL (0.64) despite BRAL discovering more rare cells (26.0 vs. 24.4). The gap is at-
tributable to majority-class heterogeneity: the “common” class contains 7+ cell types, and BRAL’s
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Table 10: PBMC 3k Full results (N=100, Mean =+ Std, 10 seeds). BADGE achieves the highest
final F1, though BRAL discovers more rare cells and achieves higher AP and AUROC.

Method Disc. F1 AP AUROC Bal Ace

Random 3.0 0.00 097 1.00 0.50
BALD 125 032 097 1.00 0.61
CoreSet 3.7 0.00 0.79 0.96 0.50
BADGE 244 069 0.99 1.00 0.77
regionPTR 5.6  0.00 0.92 0.99 0.50
TopoOnly 29 0.00 0.92 1.00 0.50
BRAL 26.0 0.64 0.99 1.00 0.74

aggressive rare-cell acquisition creates a labeled set that is ~48% rare by query 20, leaving in-
sufficient majority-class diversity for the GP to distinguish phenotypically similar sub-types from
Dendritic cells. BRAL reaches a peak F1 of ~0.93 at query 24, then declines as continued acquisi-
tion after the rare class is fully discovered dilutes the labeled set. Despite the lower final F1, BRAL
achieves perfect discovery (26/26 on all seeds) and the highest AP and AUROG, indicating the F1
gap is driven by threshold sensitivity rather than ranking quality.

M BASELINE DESCRIPTIONS
For completeness, we provide detailed descriptions of all baseline acquisition functions.
Random. Selects a point uniformly at random from the remaining pool ;.

BALD. Bayesian Active Learning by Disagreement (Houlsby et al.,|2011). We implement BALD
with the GP classifier using Monte Carlo sampling (S=25 posterior samples):

S
aparp(z) ~ H[p(z)] — 3 Hlps(x)],

where p,(z) is the predictive probability from the s-th posterior sample and p(x) is the mean pre-
diction.

CoreSet. Greedy k-center approach (Sener & Savarese} |2018) that selects the pool point maximiz-
ing distance to the nearest labeled point:

Acoreset (T) = mil(lt) |z — 2|2

z€ train

BADGE. Batch Active Learning by Diverse Gradient Embeddings (Ash et al., [2020). We adapt
BADGE to the GP setting by computing gradient norms of the variational ELBO loss with respect
to input features.

regionPTR. A region-based topological baseline inspired by Proper Topological Regions (Hadjad)
et al.}[2023). Detailed implementation in Appendix

TopoOnly. An ablation that uses only topological impact (@tepoonly (Z) = Aiopo(; S)), evaluated
on the same uncertainty-based shortlist as BRAL.

N VIETORIS—RIPS PERSISTENT H|

Given a finite point cloud S C R¢ and a scale parameter r > 0, the Vietoris—Rips complex VR,.(:S)
is the abstract simplicial complex whose k-simplices correspond to subsets of S of diameter at most
2r. Equivalently, a simplex is included whenever all pairwise distances between its vertices are
< 2r.
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As r increases from 0 to oo, the complexes VR,.(.S) form a filtration
VRo(S) € VR, (S) € VR, () C -+,

encoding the multi-scale connectivity of .S. The zeroth homology group H(VR,.(S)) records the
number of connected components at scale r. Initially, each point is its own component; as  grows,
components merge but never split.

Persistent Hy tracks these merge events across scales via a persistence diagram Dy (S). Each point
in Dy(.S) has coordinates (b, d), where b is the scale at which a component is born and d is the scale
at which it merges with another. Long-lived points (d — b large) represent robust separation in the
data, while short-lived points typically reflect noise.

To compare the topology before and after adding a candidate =, we use the bottleneck distance
dB(Do(S), Do(S U {l‘})),

which measures the largest change in birth or death times under an optimal matching of points
between diagrams. Stability results guarantee that small perturbations of S induce small changes in
Dy(S), making dp a reliable notion of topological impact. In BRAL, a large bottleneck distance
indicates that x creates or significantly shifts a connected component, suggesting that it lies in a
topologically distinct region of the data manifold.
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