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ABSTRACT

Variational inequalities have gained significant attention in machine learning
and optimization research. While stochastic methods for solving these
problems typically assume independent data sampling, we investigate an
alternative approach - the shuffling heuristic which involves permuting the
dataset before sequential processing and ensures equal consideration of all
data points. Despite its practical utility, theoretical guarantees for shuffling
in variational inequalities remain unexplored. We address this gap by
providing the first theoretical convergence estimates for shuffling methods in
this context. Our analysis establishes rigorous bounds and convergence rates,
extending the theoretical framework for this important class of algorithms.
We validate our findings through extensive experiments on diverse benchmark
variational inequality problems, demonstrating faster convergence of shuffling
methods compared to independent sampling approaches.

1 INTRODUCTION

Variational inequalities (VIs) have been attracting researchers’ attention in various fields
for more than half a century (Browder, 1965). In this work, we investigate the variational
inequality problem in the following form:

find z* € Z such that Vz € Z — (F(z"),z — ") + g(z) — g(z") > 0, (1)

where F' is a monotone operator and ¢ is a proper convex lower semicontinuous function,
which plays the role of regularizer. Variational inequalities serve as a universal tool for
addressing particular problems, such as minimization, saddle point problems, fixed point
problems, and others (Facchinei and Pang, 2003; Kinderlehrer and Stampacchia, 2000). We
give some examples to provide intuition about VlIs.

Example 1 (Convex optimization). We consider the following convex reqularized optimization

problem:
min [(2) + g(2)]. )
z€R4
In this example, f is a smooth data representative term, and g is probably a mon-smooth
regularizer. In this setting, we define F(z) = Vf(z). Then z* € dom g is the solution of
(1) if and only if z* € dom g is the solution of (2). In this way, the problem (2) can be
considered as a variational inequality.
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Example 2 (Convex-concave saddles). We consider the following convez-concave saddle
point problem:

min max [f(z,y) + g1(z) — g2(y)] - 3)
wGRdlyERdy
There, f has the same interpretation as in Example 1, and g1, g2 can also be perceived as
regularizers. In this setting, we define F(z) = F(z,y) = [Vaf(z,y), —Vyf(z,y)]. Then
z* € dom g1 x dom go is the solution of (1) if and only if z* € dom g1 x dom ga is the
solution of (3). In this way, the problem (3) can be considered as a variational inequality.

There are multiple practical reasons to focus on this formulation. Firstly, for numerous
non-smooth problems, solutions are often more efficiently obtained when the former are
formulated as saddle point problems (Nesterov, 2005; Nemirovski, 2004; Chambolle and Pock,
2011; Esser et al., 2010). Secondly, recent studies have found new links between VIs and
reinforcement learning (Omidshafiei et al., 2017; Jin and Sidford, 2020), adversarial training
(Madry et al., 2017), and GANs (Goodfellow et al., 2014). In particular, consideration of
monotone and strongly monotone inequalities provides useful methods and recommendations
for the GAN community (Daskalakis et al., 2017; Gidel et al., 2018; Mertikopoulos et al.,
2018; Chavdarova et al., 2019; Liang and Stokes, 2019; Peng et al., 2020). VIs also have
extensive applications in various classical problems, including discriminative clustering (Xu
et al., 2004), matrix factorization (Bach et al., 2008), image denoising (Esser et al., 2010;
Chambolle and Pock, 2011), robust optimization (Ben-Tal et al., 2009), economics, game
theory (Von Neumann and Morgenstern, 1953), and optimal control (Facchinei and Pang,
2003).

Solving the problem (1) requires specialized methods, as traditional optimization techniques,
e.g. the gradient method, often fall short when applied to VIs and saddle point problems
(Harker and Pang, 1990). These classical methods not only struggle with efficiency but
also offer weak theoretical convergence guarantees in the VI context (Beznosikov et al.,
2023). Among the various approaches developed for VIs, the EXTRAGRADIENT method
(Korpelevich, 1976; Mokhtari et al., 2020) stands out as one of the most fundamental and
effective techniques.

While variational inequalities provide a powerful framework for addressing a wide range of
problems, recent trends in machine learning and data science present new challenges. The
exponential growth in dataset sizes and increasing complexity of models have created a
pressing need for more efficient computational approaches (Bottou, 2010; Dean et al., 2012;
Medyakov et al., 2023). To address these challenges in the context of VIs, we reformulate
the problem by considering the operator F' as the finite sum of operators Fj:

P =+ 3" F(), (4)

n

where each F; corresponds to an individual data point. This decomposition allows us to
tackle large-scale problems more effectively.

In this paper, we explore stochastic algorithms which are particularly suitable for practical
extensive applications. As mentioned before, in such cases, the number of operators n
is typically large, making the computation of the full operator value at each iteration
computationally expensive. Instead, stochastic algorithms randomly select F; at each
iteration. The stochastic version of the EXTRAGRADIENT method (Juditsky et al., 2011)
select random independent indexes ¢, j; at iteration ¢t and performs the following updates:

1
2TE = — 4 F (2,
2T =t vth(zH%).

Just as deterministic EXTRAGRADIENT is the modification of the classical gradient method
with an additional step, similarly the stochastic EXTRAGRADIENT is the same modification
of SGD (Robbins and Monro, 1951). Although this method performs well on the variational
inequalities, it encounters a significant issue with its properties and performance thoroughly
studied: the variance of its inherent stochastic estimators of operators remains high through-
out the learning process. Hence, EXTRAGRADIENT with a constant learning rate converges
linearly only to a neighborhood of the optimal solution, the size of which is proportional

(5)



to the step size and variance (Juditsky et al., 2011). This problem is also characteristic of
classical SGD (Bottou, 2009; Moulines and Bach, 2011; Gower et al., 2020).

To address this limitation, the variance reduction (VR) technique was developed for a classical
finite-sum minimization task (Johnson and Zhang, 2013). The method involves the following
steps: at the ¢-th iteration, an index 4, is selected along with a reference point w?, which is
updated once per epoch or selected probabilistically (as in loopless versions, e.g., (Kovalev
et al., 2020)). Considering convex optimization problem (see Example 1), we can formally

write the stochastic reduced gradient at the point 212 as
Vii(245) = Vi, (24%) = Vi, (o) + V(o).

The objective of the variance reduction mechanisms is to overcome the limitations of naive
gradient estimators. The former employ an iterative process to construct and apply a gradient
estimator with progressively reduced variance. This approach allows for the safe use of larger
learning rates, thereby accelerating the training process.

Besides, along with aforementioned SVRG, some of the most popular methods for solving
the classical finite-sum problem based on this technique are SAG (Roux et al., 2012), SAGA
(Defazio et al., 2014a), FINITO (Defazio et al., 2014b), SARAH (Nguyen et al., 2017; Hu
et al., 2019), and SPIDER (Fang et al., 2018). The technique of variance reduction is
used not only in methods that solve the minimization problem. It is also applicable in the
methods for the problem (1). Examples are variance reduced versions of EXTRAGRADIENT,
MIRROR-PROX (Alacaoglu and Malitsky, 2022), GRADIENT METHOD (Palaniappan and Bach,
2016), and FORWARD-REFLECTED-BACKWARD (FORB) (Alacaoglu et al., 2021).

In addition to stochastic methods, various heuristics exist for selecting the i;-th index
at each iteration of algorithms. Thoroughly examining these heuristics could lead to the
development of more stable and efficient algorithms in the future. In this paper, we explore
the shuffling heuristic (Mishchenko et al., 2020a; Safran and Shamir, 2020; Koloskova et al.,
2024; Malinovsky et al., 2023). Unlike the random and independent selection of the index i; at
each iteration, which is common in classical stochastic methods, this heuristic adopts a more
practical approach. Specifically, it involves permuting the sequence of indexes {1,...,n},
where n is the number of data samples (4), and then selecting the index corresponding to
the iteration number during the algorithm’s execution. It guarantees us that at one epoch of
training we make a step for each operator, and once. This property seems important and
finds its application in many practical tasks (Chambolle and Pock, 2011; Xu et al., 2004;
Bach et al., 2008). There are several shuffling techniques available. Among the most popular
are Random Reshuffling (RR) (Giirbiizbalaban et al., 2021; Haochen and Sra, 2019; Nagaraj
et al., 2019), where data is shuffled before each epoch; Shuffle Once (SO) (Safran and Shamir,
2020; Rajput et al., 2020), where shuffling occurs once before the start of training; and Cyclic
permutation (Mangasarian and Solodov, 1993; Bertsekas and Tsitsiklis, 2000; Nedic and
Bertsekas, 2001; Li et al., 2019), where data is accessed deterministically in a cyclic order.

Related works. There are many methods available to solve the problem of variational
inequalities. As we mentioned above, the standard deterministic choice for solving the problem
(1) is EXTRAGRADIENT (Korpelevich, 1976). This method deals with variational inequalities
in the Euclidean setup. Later, MIRROR-PROX (Nemirovski, 2004), which exploits the Bregman
divergence, was proposed. This approach allowed to take into account generalized geometry
that could be non-Euclidean. Besides, there are a set of deterministic methods for solving Vls:
FORWARD-BACKWARD-FORWARD (FBF) (Tseng, 2000), DUAL EXTRAPOLATION (Nesterov,
2007), REFLECTED GRADIENT (Malitsky, 2015), FORWARD-REFLECTED-BACKWARD (FORB)
(Malitsky and Tam, 2020).

For the first time, the stochastic version of algorithms for solving VIs was proposed in the
work (Juditsky et al., 2011). Later, to reduce the variance inherent in these stochastic
methods, researchers turned to the variance reduction technique. The first works in this field
are (Palaniappan and Bach, 2016; Chavdarova et al., 2019). In particular, the stochastic
GRADIENT METHOD with variance reduction was studied in (Palaniappan and Bach, 2016).
The method was based on SVRG (Johnson and Zhang, 2013) and added the Catalyst
envelope acceleration. The combination of EXTRAGRADIENT and SVRG was considered
in (Chavdarova et al., 2019), which also utilizes the VR technique and achieves better



Table 1: Comparison of the convergence results for the methods for solving VI.

i i Strongly Monotone
Algorithm Sampling VR? Monotone ;
. Complexity
Complexity
Extragradient (Korpelevich, 1976; Mokhtari et al., 2020) Deterministic X o (%) @) (%)
Mirror-prox (Nemirovski, 2004) Deterministic X \ O (%)
FBF (Tseng, 2000) Deterministic X \ o (=L)
FoRB (Malitsky and Tam, 2020) Deterministic X \ (@] ("T)
Mirror-prox (Juditsky et al., 2011) Independent X \ (@] (% + é)
. . . A (L 1 L 1
Extragradient (Beznosikov et al., 2020) Independent X [@] (I + u2€) (@] (; + ?)
REG (Mishchenko et al., 2020b) Independent X 9] (% + “55) o (% + s%)
Extragradient (Carmon et al., 2019) Independent v \ o (n + ‘/Z'T)
Mirror-prox (Carmon et al., 2019) Independent v \ 0] (n + \/;Tf)
~ — . — (1)
FBF (Palaniappan and Bach, 2016) Independent v o (77 + \/EL) o (TL + ‘/fL ‘
. ~ 2 ~ 22\ (D)
Extragradient (Chavdarova et al., 2019) Independent "4 (@] (n + .2 ) @] (n + E—)
FoRB (Alacaoglu et al., 2021) Independent v \ (@) (n + "El)
Extragradient (Alacaoglu and Malitsky, 2022) Independent v o (n + ﬁf) O (n + @7)
Mirror-prox (Alacaoglu and Malitsky, 2022) Independent v \ (@) (n, + ‘/fi)
~ = 1
Extragradient (this paper) RR / SO X [6) (n + % + :225) o (n + % i :732)( )
— = 1
Extragradient (this paper) RR / SO v 0 (nt3) o (ng—j)( )

Columns: Sampling = Deterministic, if considered non-stochastic method, Independent, if method uses independent choice of
operator’s indexes, RR / SO if method uses shuffling heuristic, Assumption = assumption on operator F', VR? = whether the
method uses variance reduction technique.

Notation: pu = constant of strong monotonicity, L = Lipschitz constant of F, L = Lipschitz in mean constant, i.e.
Yn 37 |Fi(21) — Fi(z2)|| < Lllz1 — z2|| V21,22 € Z, n = size of the dataset, e = accuracy of the solution.

(1): This result is obtained with regularization trick: pu ~ ¢/D2.

convergence rate. However, only strongly monotone VIs were considered in these works.
Consequently, a notable paper in which the authors considered monotone operators was
presented (Carmon et al., 2019). This work also falls under the Bregman setup but requires
additional assumptions on the operator F' and considers the matrix games setup. The current
state-of-the-art in this area is the article (Alacaoglu and Malitsky, 2022), which improves the
convergence estimates of previous studies. This work addresses various scenarios, including
generally monotone and strongly monotone operators, as well as the Bregman and Euclidean
setups. Convergence results from the papers highlighted above are summarized in Table 1.

In all these papers, the estimates were obtained in the formulation with an independent
choice of the indexes of the operator at each step of the algorithm. As for the shuffling
heuristic, there are many papers that explore methods suitable for solving classical finite-sum
minimization problems. In the work (Mishchenko et al., 2020a), the authors proposed a
classical SGD algorithm, and, by introducing a new notion of variance specific to RR/SO,
they were able to match the lower bounds in such cases. In the work (Malinovsky et al.,
2023), the SVRG method with RR was considered. The authors actively used results of the
work (Mishchenko et al., 2020a) and obtain better rates. Besides, there are a set of works,
that considered methods uses the VR technique in the shuffling setup (Huang et al., 2021;
Mokhtari et al., 2018; Ying et al., 2020). However, so far there are no papers where the
shuffling setting would be used to solve variational inequalities. We are filling this gap.

Contributions. Our main results can be summarized as follows.

e Nowel approach to proof. Since shuffling methods do not have the property of unbiasedness
of stochastic operators, it is necessary to propose new approaches to prove convergence. In
this paper, we present a technique that allows us to "return" to the starting point of an
epoch in which there is a property of unbiasedness.

o Convergence estimates. We provide the first theoretical convergence rates for shuffling
methods applied to the finite-sum variational inequality problem. We consider two algorithms:
EXTRAGRADIENT and EXTRAGRADIENT with variance reduction. Our comprehensive analysis
establishes upper bounds on convergence rates, extending the theoretical framework to
encompass this important class of algorithms. In the case of EXTRAGRADIENT, our estimate



on the linear term coincides with that for the method without shuffling, and in the case
of EXTRAGRADIENT with VR, we are the first to obtain a linear convergence estimate for
methods with shuffling in the VI problem.

e Fxperiments. We conduct comprehensive experiments, which emphasize the superiority
of shuffling over the random index selection heuristic. We consider two classical practical
applications: image denoising and adversarial training.

2 SETUP

Assumptions. Now we present a list of assumptions within which we obtain the main
statements.

Assumption 1. Fach operator F; is L-Lipschitz, i.e., it satisfies |F;(z1) — Fi(z2)]] <
L||z1 — z2|| for any z1,22 € Z.

Assumption 2. Fach operator F; is u-strongly monotone, i.e., it satisfies (F;(z1) —
Fi(22),21 — 22) = pllz1 — 22||*> for any 21,20 € Z.

Assumption 3. FEach stochastic operator F; and full operator F is bounded at the point of
the solution z* € dom g, i.e. E||F;(2%)||? < o2, ||F(2%)]]? < o2.

Proximal Algorithm. Earlier, we gave examples of the application of variational inequalities
(Examples 1, 2). In many optimization problems, particularly in machine learning and signal
processing, we often encounter the need to minimize the function of the same form, i.e.
decomposed it into two parts: a smooth differentiable function f : R™ — R and a possibly
non-smooth function g : R™ — R. To solve this problem, we can utilize the proximal gradient
method. The core idea is to iteratively update the solution by combining gradient descent on
the smooth part f and the proximal operator for the probably non-smooth part g. We also
assume that g is proximal friendly, i.e. the computation of the proximal operator is done for
free or costs very little. The proximal operator of the function g at a point x is defined as:

1
pros, ) = ang i {o(0) + gy — =17}

where || - || denotes the Euclidean norm. Using the proximal operator, the update step for
solving the optimization problem can be written as:

PR prox,,, (' —a;Vf(z')).

For us, the proximal operator plays a role, since (1) also uses a regularizer.

3 ALGORITHMS AND CONVERGENCE ANALYSIS

3.1 EXTRAGRADIENT

The setting of shuffling lies in the fact that we do not choose stochastic operator independently
at each step of the method. Instead, we permute the sequence of indexes and, at each iteration,
of the algorithm we choose operator according to the new sequence. In this work, we pay
attention to the Random Reshuffling and Shuffle Once techniques and provide appropriate
EXTRAGRADIENT methods (Algorithms 1, 2).

The analysis of shuffling methods has some specific details. The key difference between
shuffling and independent choice is that shuffling methods do not have one essential feature —
unbiasedness of stochastic operators:

Eog [Py (2] # -3 Fau(a1) = F(:0),

This restriction leads us to a more complex analysis and non-standard techniques to prove
convergence of the shuffling methods. Nevertheless, at two points — 2¥ and z*, this equality
is true. Indeed, the point 20 is the first point of the epoch and there we choose one random
index out of n, and the point z* does not depend on ¢t. Thus, we can "go back" at the
beginning of the epoch and take advantage of the unbiased operators. This technique is



Algorithm 1 RR EXTRAGRADIENT Algorithm 2 SO EXTRAGRADIENT

1: Input: Starting point zJ € R? 1: Input: Starting point zJ € R?
2: Parameter: Stepsize 7 2: Parameter: Stepsize 7y
3: for s=0,1,2,...,5—1do 3: Generate a permutation g, 71, ..., Tn—1 Of se-
4: Generate a permutation 7o, 71, ..., Trn—1 quence {1,2,...,n}
of sequence {1,2,...,n} 4: for s=0,1,2,...,5—1do
5: fort=0,1,2,...,n—1do 5: fort=0,1,2,...,n—1do
1 1
6: P prox.,, (zﬁ — Y (zﬁ)) 6 2T = prox., (zz — Y (zg))
1 1
7 2t = prox.,  zt — YFre (zé+2 )) 7: 2t = prox., (zﬁ =y Fn (z:+2 ))
8: end for 8 end for
9: zg = z2+1 9 20 =20,
10: end for 10: end for
11: Output: zg 11: Output: zg

interesting not only in relation to shuffling methods. For example, it is applicable to methods
that use Markov chains to select indexes, because there is also no unbiased property anywhere
except at the correlation point of the chain. This is the key point of our analysis, and now,
having shown it, we present the main result of this section.

Theorem 1. Suppose Assumptions 1, 2, 8 hold. Then for Algorithms 1, 2 with v <
min {2#, é} after S epochs,
n_ % RTINS . 256yn20?
25 = 2" < (1= )"l = 2" 17 + =——
1
Corollary 1. Suppose Assumptions 1, 2, 3 hold. Then Algorithms 1, 2 with v <

2,0 %2
pollzg—2" 17T
1 1 210g<max{2,w}>

2un’ 6L’ uT

. L 1 2.2
@) <(n + > log < ) + n J*> iterations and oracle calls.
7

5 u2e

min , to reach e-accuracy, where € ~ ||2% — z*||2, needs

Remark 1. We can transform the obtained estimation for the case of monotone stochastic

operators. To do this, we use a regularization trick with pu ~ 5. Thus, solving the problem

with the operator F(z) = F(z) + u(z — 23) with the accuracy 5, we solve the problem (1)

with the accuracy € and obtain @) (n—l— % + Z—j) iteration and oracle complexity. This is

convergence in argument, it differs from the classical form.

Let us explain the result of the theorem. The form of the estimate is classical and appears
in all stochastic methods for strongly convex minimization (Moulines and Bach, 2011; Stich,
2019) and strongly monotone VIs (Beznosikov et al., 2020; Mishchenko et al., 2020b). Let us
compare it with the results of related works. Our method is based on REG (Mishchenko

et al., 2020b). In this work, authors obtain O (% + ﬁ) oracle complexity. Therefore, our

result is a great achievement in the shuffling theory, since despite the deterioration on n in
the sublinear term, the estimation on the linear term coincides with that in the classical
setting with independent choice of stochastic operators. Let us also compare the result with
the work (Juditsky et al., 2011). The authors obtain O (£ + 2 ). However, uniform bounds
on the variance were required in this work, and we bound the variance only at the optimum.
Note that, according to current theory, shuffling methods are no more effective than methods
with independent sampling for the classical minimization problem (Mishchenko et al., 2020a;
Koloskova et al., 2024).

Let us pay attention to the second term in the estimation. In general, the sublinear term
with o2 is not improved. However, for the finite-sum problem, this term can be eliminated
by using additional techniques, such as variance reduction.



3.2 EXTRAGRADIENT WITH VARIANCE REDUCTION

Now we use the variance reduction technique, which improves the convergence of the
algorithms by reducing the influence of random fluctuations. This approach was not used in
the previous algorithms presented. We introduce a version of the RR/SO EXTRAGRADIENT
with variance reduction algorithm (Algorithm 3) and the convergence results for this method.
Note the peculiarity in Line 11 of this algorithm. In the work (Malinovsky et al., 2023),
where shuffling is investigated in variance reduction methods, the authors use a more classical
version and compute F(w!) at the beginning of each epoch. We consider another option
and compute this full operator randomly with probability p. We put p = + not to increase
the oracle complexity and obtain that on average we also update the full operator once per
epoch.

Theorem 2. Suppose that Assumptions 1, 2 hold. Then for Algorithm 3 with v < UgTaz)u’p =

Land VI =E||z! — 2*||? + E|jw! — 2*||? after T iterations,

ve<(1- %)T VP

Corollary 2. Suppose that Assumptions 1, 2 hold. Then Algorithm 3 with v < ugLC;)“,p ==

and V! = E||zL — 2*||2 + E||w! — 2*||?, to reach e-accuracy, where € ~ VI, needs

|=

L? 1
O <n2 log ()) iterations and oracle calls.
I €

Remark 2. Similarly to Remark 1, we can use our result in the monotone case by the
~ 2
reqularization trick and obtain O(n’;—z)

Algorithm 3 RR/SO EXTRAGRADIENT with variance reduction

1: Input: Parameters: zJ,w
2: Parameter: Stepsize v, a € (0,1)

3: Generate a permutation 7o, 71, .. ., mn—1 of sequence {1,2,...,n} // SO heuristic
4: for s=0,1,... do

5: Generate a permutation o, 71, ..., Tn—1 of sequence {1,2,....n} // RR heuristic
6: fort=0,1,...,n—1do

7 7L =zl + (1 — a)wl

8: z§+1/2 = prox., (E@ —~F (wé))

9: F(2?) = Fru (2877%) = Fry (wh) + F(wl)

10: 2l = prox. (Ei —~F (z§+1/2))

11: Wit — zﬁ, with probability p
° w!  with probability 1—p

12: end for

13: 22+1 = zy
14: Wi = wy
15: end for

16: Output: zg

We remove the variance that arose in Theorem 1 and obtain the linear convergence. Even
though we get worse estimates than in the works that also use variance reduction tech-
nique, such as (Alacaoglu and Malitsky, 2022; Alacaoglu et al., 2021; Chavdarova et al.,
2019; Palaniappan and Bach, 2016) (see Table 1), there is a distinct explanation for this.
According to current theory, methods with the shuffling heuristic are worse than methods
with independent sampling for the variance reduction methods (Malinovsky et al., 2023).
Thus, we were unable to obtain theoretical convergence estimates for methods using shuffling
heuristics that are equivalent to those for methods with independent index selection for the
VI problem. Additionally, in the course of the work, no theoretical differences were revealed
in the SO and RR techniques in relation to the problem (1).



4 EXPERIMENTS

In this section, we evaluate the proposed algorithms to demonstrate their practical applications
by conducting experiments in two cases: image denoising and adversarial training.

4.1 IMAGE DENOISING

To formulate the image denoising problem (Chambolle and Pock, 2011), we consider the
classic saddle point problem as we did in Example 2:

iréi/g mex (K, y) + Gi(z) — G2(y)]

where regularizers G; and Gg are proper convex lower semicontinuous functions, and K is a
continuous linear operator. To proceed to image denoising, we consider ¢ is a given noisy

image and wu is a solution we seek. We use the Cartesian grid with the step h: {(i - h,5 - h)}.
Thus, specifically for the image denoising, we consider:

: 2
minmax [(Vu, p)y +*/2llu = gllz = 6p(p)] ,
where p is a dual variable, 0p(p) is the indicator function of the set P defined as: P = {p €
Y :|lp(z)|| < 1}. The indicator function dp(p) is defined as zero if p belongs to the set P, and
infinity otherwise. We define operator Vu as the difference between neighboring pixels in
the grid horizontally and vertically, normalizing by the step of the grid h. This formulation
represents a saddle point problem, where we seek to minimize the first term with respect to
u while simultaneously maximizing the second term with respect to p. Using duality, we can
write the final formulation of considering problem as

i e [ (u, div )+ V2l = gl3 = p(p)]. (6)

To bring the problem to the form of a finite sum (4), we divide images into batches — equal
squares. We consider two options — batches of size 4 and 8, according to the grid. Since
the images are black and white, they are single-channel, which means that each batch is a
square matrix with non-negative integers. It is also important to note that when calculating
the gradient, the edges of the batch are processed according to the rule of adding a number
equal to the nearest neighbor.

We compare the RR/SO EXTRAGRADIENT with variance reduction (Algorithm 3) with
EXTRAGRADIENT with variance reduction (Alacaoglu and Malitsky, 2022). Analogically we
compare the RR/SO EXTRAGRADIENT (Algorithms 1, 2) and EXTRAGRADIENT (Juditsky
et al., 2011). We select two images with different levels of additive zero-mean Gaussian
noise: 0 = 0.05 and o = 0.1. Figures 1 and 2 provide a comparison of the proposed methods.
Additional results for all considered methods on another image are presented in Figures 4, 5

in A.
|
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Figure 1: EXTRAGRADIENT convergence on image with o = 0.05 on the problem (6).



Independent Cholce s Shuttiog eaut
"

ﬁ.ﬂ

Shuttiogrezat
P —

a0 2
Epochs

Figure 2: EXTRAGRADIENT with VR convergence on image with ¢ = 0.05 on the problem
(6).

Comparing the images, it is evident that algorithms incorporating shuffling perform better
than those that do not, even if the difference in the line graphs is subtle. Thus, using
shuffling techniques allows us to achieve better results in solving such an important practical
application as image denoising.

4.2 ADVERSARIAL TRAINING

Next, we address an adversarial training problem. We can formulate it in the following way:

N
) 1 T 2 A 9 B9
a il . N s 2 _E 7 7
min | 5> (7 ) =) Gl = 7)
where the samples corresponds to features z; and targets y;. We evaluate this issue across
several datasets: mushrooms, a9a, and w8a, sourced from the LIBSVM library (Chang and
Lin, 2011). A brief description of these datasets is provided in Table 2, A. The results are
presented in Figure 3.

mushrooms a%a wsa

fx) = fix")

60 40 60
Epochs Epochs Epochs

Figure 3: Extragradient with and without VR compared using various shuffling heuristics on
mushrooms, a9a and w8a datasets on the problem (7).

As shown on plots, EXTRAGRADIENT and EXTRAGRADIENT with the VR algorithms using
the independent choice of indexes demonstrate worse performance compared to those using
shuffling methods. In these series of experiments, the RR exhibits better performance than
other shuffling methods and significantly outperforms the non-shuffled versions.
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A  ADDITIONAL EXPERIMENTS

In this section, we present additional experiments that have been performed. Similar to
the previous experiments, we observe a consistent pattern: methods incorporating shuffling
techniques outperform those without shuffling. These results further confirm the effectiveness

of shuffling techniques in solving the denoising problem on another image with higher o.
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Figure 4: EXTRAGRADIENT convergence on image with o = 0.1 on the problem (6).

batch size=4

—— RRVR
—o— SO VR
—+— ICVR

o 20

40 60
Epachs

batch size=8

a0 60
Epochs

___Independent Choice result

Shuffling result

__Shuffling result

Original Image

- Y

Figure 5: EXTRAGRADIENT with VR convergence on image with o = 0.1 on the problem (6).

The datasets used for the experiments on the adversarial training include mushrooms, a9a,
and w8a. These datasets vary in size and complexity, providing a comprehensive evaluation

of our proposed algorithms in the context of adversarial training.

N Number of Number of Number of
ame Instances Features Classes

mushrooms 8,124 112 2

a9a 32,561 123 2

w8a 49,749 300 2

Table 2: Summary of Datasets
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B BaAsIC INEQUALITIES

For all vectors z,y, {z;}"; in R? with a positive scalar «, the following holds:

Izl allyll®

<
(z,y) < %0 5 (Scalar)
20,y) = lle+yl* = lll® ~ llyl?, (Norm)
=20zl* < = llz+yl* + 2yl (CS)
n 2 n
S < 3l (Sum)
i=1 i=1
2 2
prox, . (z) — prox.,w)> < llz - I (Prox)

C EXTRAGRADIENT

Theorem 1. Suppose Assumptions 1, 2 hold. Then for Algorithms 1, 2 with v <
min {2#%”, é} after S epochs,

0 Vs a2, 256yn*a}
28 = 2" < (1= )"l = 2" 17 + =——
Proof. We start with the standard prox-inequality:
Z2=prox,(z) <= (£ —z,u—2) 2 g(2) —g(u), Yue2Z. (8)

Substituting both steps of Algorithm 1 (Algorithm 2) into (8), we derive:

(9(zE) — g(2")),

(2! = 2y P (1), 2 = 20 z
(9(=aF%) = g(=)).

(U2 2h 4 gy (21), 2L — 5

ARV

Y
Y
Summing inequalities, we get:

Vg = g(z%) < (& = 2l 2" = 2l 4 (P2 = 22— 2

S
+ (B (25777), 25 = 200) oy (Fra (20), 251 = 2077%).
Now, we add and subtract zﬁJrl/ ® to the right part of the third scalar product. Thus,
rearranging terms, we arrive at:

’y(g(Z§+1/2) _ g(z*)) < <z§+1 _ zg,z* _ zi“) + (z§+1/2 o Z;Z;—O—l - Z§+1/2>
+ Y (Fre (25177), 2% = 2LF77)
Y (Bt (2572) = Fre (2), 2172 — 211,

S

We want to rewrite two first scalar products. We use (Norm). Thus, we come to:

22" —2g 2" — ) = llag — 2N Nl — 2l — Nl - TP,

222 — 2L 2 — 2 = |l = 2 (| = R A - 2R
Substituting this, we get:
29— 207 < 12— 21 = 2y (P (2720, 2 — %) g () — ("))
+ 29 (Fre (251Y7) — Froe(2), 2tHY/2 — ot
7< Ti\*s Te\%s/)1~s s

L P 2

- ||Zs
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Now, applying (Scalar) and Assumption 1 to the second scalar product, we obtain:

2Ett — 212 < |12t — 21 - 2»7(<Fﬂ2(22+1/2),22+1/2 — 2"

g = g(=) + 22N Fet (1) = Frg ()]
= PP s SR a2

Ass.1
<zt = 2P+ (PP - 1) [l = 2P

= 2y | (Ft (277), 27 = 27) 4 g(27?) — 9(27)

T

To estimate the T} term, we take the expectation:

ETy

E(Frt (277), 2072 = 2%) + g(277%) — g (")
E(Fre (277) = Fre (%), 272 = 27)
+ E(Fre(27), 2 ”1/2 2) +9(z77) — g(27)

Ass.2

> B = 2P B (27), 27 - 20)
+ E(Fre(2%),20 = 2%) + g(27%) — g(2).

Now we pay attention to the second scalar product. Using tower property and unbiasedness
of stochastic operator at the points 20 and z*, we have E [Eq [Fre (2*)]20 — 2*]] = F(2%).

Thus, we continue the estimation of ET7:

(Scalar)
BT 2 Bt = | - LB Fay (O - SBl —
° Y

(), 20— %) + g(HP) — g(a)
N 0 . B
— W = 2 = LB )P - et - )2

H(F(27), 20 = 2082) 4 (F(2), 2077 = 2%) + g(20?) — g(=)

>0 (1)

(Scalar) 1 2 Y 2
> MIE||,2'~'/2 2" —%EHFTH('Z*)H

0 * 2_@ t+1/2 _ 012
251G~ ZElz z 1%

Here we introduced § > 0, which we will define later. Substituting this inequality into (9),

we obtain:

* * t+ *
Ell25 — 252 < Eflet = 2F|? - 2yuE||2e - 2|2
2
+ (2L - )MV“—%W+%MmﬂfW

2
v t+ 3
+§IIF( N? +28E|z 2 — 20|12

(Ass.3,C'5)

2
< (=Bl — 22 + To? 4 28R - 20|

2y

B
1

+ (L2 + 2y — DE||z077 = 222,

17

(10)



Now, we evaluate the ||z2" P _ 22||? term:

1 1 1
I 0P < (1+ ) 12E 2P 4 (1t @)t — 202

1 _1
< (1 D) I P a0 (14 7) Bt - A

_ 1
+ (14 a)(1+0b)|zs % =29

2 _1
= prox, (247 = P () [T+ (1 @)1 pE -2

2
) "YF %)—VFW;(Zﬁ_l)H
+(1+a)(1+b)]2t2 = 222
1
< (1 n ) EA T
a
1 272 t—% t—1)12
Fta) (147 ) 2L -2

(L4 a)(1+b)|z 2 - °||2

1 )
< (1 3)hetr -t Z AR

.((1+i)a+ax1+w+(1+@(1+2)fLﬂ

0+ a)(1+B)

1 t.3 02
+{A+a) {1+ ) +1) (L +a)L+0)] |28 — =]
We choose a = b = % and consider coefficients before all three terms.
1
1+-=1+4mn,
a
1 L 5.9 t—i 272 1) 2
1+£ —&-57[/ (I+a)(14+D)] '=Q+n+ny°L?) 1+£ ;
1
((1 +a) (1 + b) + 1) [(1+a)(1+b)]"
i=0

1 1\ 2=
=(3+=+n)(1+=
n n

We can evaluate the smaller terms from above by the biggest one and write them into one
sum:

i=0

t o ‘ 1) 209
ot =202 < D e tE = P (14 n 4+ my?L?) (1 + n) :
1=0
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Let us substitute the obtained inequality into (10).

* * t+3
Ellzs = 2% < (1 = yw)E|lze = 21> + (V2 L? + 2yp — DE[|z5" 2 — 2{|?
9 2 t il ) 1 Q(t—i)
+gaz+2@z;1@zjz — 22 (1 41+ ny2L?) (1+n) . (11)
=

Now we define new sequence that contains iteration points in all epochs:
zk = Zt4sn-

Thus, additionally considering (1 + %)Q(tﬂ-) < (1 + %)271 < e? < 8, we can rewrite (11) in
the following form:

E|Zkt1 — 2*[1P < (1 = yw)E| 2 — 2*1* + (V2 L? + 2yu — DE|Zy 1 — Z||”
2v2

+ 703 + 164 ZEH%_H% — Zo—il? (1 + n+ny?L?).
i=0

n
Let us pay attention to the > E[Z, ;1 — Zk—i||? term in the obtained inequality. For the
i=0
original sequence, this term represented the sum of the norms from the beginning of the
current epoch to the current iteration ¢ and could contain a maximum of n terms. Thus, a
new expression that contains the sum of n norms up to the current iteration k is an upper

. . —k .
bound and our expression is correct. Now we define pj, = p* = ( — %) and summarize
both sides over all iterations with coefficients py:

Sn—1 Sn—1
> kElZ — 2P < (=) Y puBlZ — 2|
k=0 k=0
Sn—1
+(PLP+ 22— 1) > prBlZ — Z|°
k=0
Sn—1 n

+ Z Dk ZEH%@—H% = Z—ill?
k=0 =0

2 2 Sn—1

2v4o;
2168 (1+n+ny>L?) + Vﬂ > i (12)
k=0
Now we need to estimate the following term:
Sn—1 n Sn—1 n
Yook d ElFivr =GP <o Y Y ok iElE i — Zl?
k=0 =0 k=0 i=0
Sn—1
<pan Y peBlIZ s — 2|
k=0
Note that we define points z_,, EfnJr%, cee 57% by shifting the sequence {Zj} on n points.
Since p, = (1 — %)ﬂl =(1- %)ﬂl < e, we choose v < 2# and obtain p, < et < 2.
Substituting this into (12), we obtain:
Sn—1 Sn—1 27202 Sn—1
> piElF 1P < =) Y piBlE -2+ T Y
k=0 k=0 k=0
Sn—1
+ (VL 42y —1) Y piE[Zps —
k=0
Sn—1

+328 (L+n+ny°L%)n Y phB[Z,0 — %%
k=0
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Sn—1
We consider the coefficient before > ppE|[|z) 1 — % |2 and we make it negative by selecting

k=0
~ and fS.
326(1 +n+ny L*)n 4+ ~+*L* + 2y — 1 <0
We need v < &, 8= @. Then to satisfy the previous estimate on gamma we finally put
v < min {zl%n, é} and, assuming n > 3, have
1 1 1 1 1

R R R )
om T2t T3 T3 0

In this way,
Sn—1 Sn—1 o 9 Sn—1
-~ * 12 ~ * (12 2/7 U*
> ez — 2P < (1 —p) > Bz — 27|° + 3 > pre
Thus, substituting definition of p;, we obtain:
Sn—1 Sn—1
—k —k+1
> (1-F) ElEa-s1P< Y (1-8)  EE -
k=0 k=0
20202 "y
+ 1- 5 )
B k=0
—(8n—1) ~ * *
(1-%) E|Zsn — "2 < (1 - 2°) Ellz — |1
20202 "y
+ 1- - )
B k=0
=~ * (12 TH Sn ~ * |12
ElZsn — "2 < (1= ) Elfo — 7|
2y%0% Y Skl
+ 1-— o5
B k=0
Sn
=(1-%) Eln-=P
24202 S Y\ F
+ 1- 5
B k=0
Finally, estimati i ion in the 1 ML
mally, estimating geometric progression in the last term as sz:o ( — 7) S 5, We can
write the final statement of the theorem:
Sn 402
En_*2<(1_w> EO_*Q *
25 — 2" < 5 Iz — 2"[I” + B
Sn 256yn20?
= (1 - %) E|lzd — 2*||* + neaaliaiiy

O
Corollary 1. Suppose Assumptions 1, 2 hold. Then Algorithms 1, 2 with v <

20,0 _ 2
pollzg—=" 17T
1 1 210g<max{2,mr}>

2un’ 6L’ uT

- L 1 2 2
@ ((n + > log () + L 20*> iterations and oracle calls.
I € ée

20

min , to reach e-accuracy, where € ~ ||2% — 2*||2, needs




Proof. For the result obtained in Theorem 1, we utilize Lemma 2 from (Stich, 2019) and,

2,0 %2
pllzg—2" 17T
1 1 210g<max{2,w}>

2un’ 6L’ wT

using special tuning of ~y, such as v < min , we obtain

~ 2 _2
that we need O ((n + %) log (1) + ”“,fs *) iterations and oracle calls to reach e-accuracy,

where € ~ [|22 — 2*||%. O

D EXTRAGRADIENT WITH VARIANCE REDUCTION

Theorem 2. Suppose that Assumptions 1, 2 hold. Then for Algorithm 8 with v < %,p =
Loand V} = E||zt — 2*||? + E|lw} — 2*||?, after T iterations we have

T
Ve < (1 - %) Vo,

Proof. We start with substituting both steps of Algorithm 3 to (8):
(2 =Ly PETP), 2 = 2 2 (9 () — 9(27),
(22 =2 by F(wl), 2 = 2 2y (g(277) — (=),

S

Let us summarize this two inequalities:

Y(9(z77) = g(z7) < (= =20, 2 = 2+ (T -2 2 = )

S

), 27 = ) A (Fwh), 27 = 2,
Now, we add and subtract z§+1/ ® to the right part of the third scalar product. Thus,
rearranging terms and utilizing the definition of F' (z§+1/ %), we arrive at:

t+1 =t % t+1 t41/2 =t Jt+1 t41/2
<Zs T Rk T R >+<Za / T R ks T R />

7 T
+ Y (Fr(wh) = Fra (20777), 20 = 21077)
T
F AP (L), 2% = 20+ y(g(z") — g(2ET7)) = 0. (13)
T

We defined terms as 11, Ts, T3, Ty, respectively. Let us estimate them separately. We start
with Ty and Ty. To estimate them, firstly, we use the definition of z% and, secondly, use
(Norm). Thus, we obtain:

oy = 2(zIT — 7t 2% — i)

=20(2tt — 2t 2* — 2N 4 2(1 — ) (2P — Wi, 2F — 2T

s
= a(]l2" =z = 27 — 2] = ||l2" = 207
+ (1= a)(llz" —well® = [l = will? = [l2" = zFH1%)
= allzs =212 = [l = 272+ (1 = @) Jwy — 2"
—allz = 2P = (1= @)l - wi
The same holds for T5:
Oy = (2 — gt St _ ey
=2a(e P — 2l 2 = ) 2(1 - @) (T -l 2T - 2

e e A e EAnEr e[

+ (1= a)(lzgt! = wlll? — [l2et2 — Wl — [loet - 27 2)%)

= a2t — )P = 2 = 2R (L - )l - Wl

S S

— a2l = 27 = (L)l w2,

= o]z
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Now, we moving to the estimate of T3:

My =
(Scalar) ~2
< TllFr )

(Sum)

X

2(Frt (W) — Fre (,zéJrl/Q)7 z

s s

41 _
S

2L2
L ot 4 ratH = 2

Here we introduced 7 > 0,

= Frt (2 PP+ 7|2t -

21

2

t+1/2H2_
s bl

which we will define later. Last, we do the same for Ty:

2Ty = 2P, = ) 29(g(27) — g(L)
= FEM) P2 ?1/2)72* -2
+ 20 F(277) = F(27), 2% = 27'7%)
+2y | (F(), 2" = 27 + g(2") — g(=L7?)
<0 (1)
(Scalar,Ass.1) 4~2]2
S R i ARG
- 27<F( ) = F(z), 2 - 2
(Ass.2) 47 . .
< 7” WP Tl = 2P 2y 2
Substituting all the obtained estimates into (13), we arrive at:
0 < aflzg — 27| = [l = 2711 + (1 — a)flwg — 27| — afl 2" — 22
— (L=l = Wil + alltt = 2 2t
+ (1= )l = wllf® = a2 = 2P - (1 - )||Zt+l/2 —wil?
27
4
T T R e PP
+ 7|2 = 2| = 2yl 2 - )2

By grouping the coefficients of the same terms, we get:

2" = 2II” < allzg — 2I1° + (1 — a)flwg — 2|
5y2L?
+ ( 1
-
= @y =) = 2P - |2 -
Now, we want to estimate the —(2yu — 7)|| 25" /2

two equal parts. To the first part we add and subtract w?,

that we use (CS) for both terms:

t+1/2 _

— @ =) | =P = = (-

= (o= ) -

zI*.

T et - 2 -

t
ws+ws—

-(1- >)zf+1/2—w§|2—<1 |2l — 222

(14)

— 2% term. To do this we split it into
and to the second — 2!

. After

(= ) et = 2

2

— (= DY Nt g ot
< (=) I =t = (3 = ) et = =12
+ (yu— ) Nt = 22 = (= ) llst = =%
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Substituting this into (14),

T T
ot =2 < (a = 4 D)t =22+ (1—a = B 2t — =2

572L2 T
(T - - ) I -2

2
(= = (g = a) T

We want to choose parameters such that coefficients before the last three terms would be

L . t41
non-positive. Let us start with ||z5" /2 _ wi||? term.

We pick 7 = ypu;

5~ L2
We want 1 — a > i +ﬂ;
" 2
- (1—a)u
It h fi that v < .
is enough for us that ~y N

Obviously, with this choice of v and «, the last two terms are less than zero. In that way,
we obtain:

* TH * TH *
o =22 < (o= ZE) et =202+ (1= = ) = 7)1

According to the condition for updating the point w?,
Ellwi™ — 25|12 = pll2t — 21> + (1 = p) |l — 2*|1%.

In that way:

4
1
+ <(1 — Q) (1 + o 1) - Vf) E|lwitt — 2%|2.

1—
Bl = 2"+ SR — 2 < (1= ) Bl - 2P

Now we put p = 1 — a and obtain:

BJls - 2*|? + Efwft! — 2| < (1- 28) (Ellef — "2 + Eflwt - 2*|%)
Denoting V! = E||2! — 2*||* + E||w! — 2*||? and going into recursion over all epochs and
iterations, we get:

T
ve<(1-2) W,
where T is the total number of iterations. O
Corollary 2 Suppose that Assumptions 1, 2 hold. Then Algorithm 3 with v < (16_;“2)“,1) = %
and VI = E||zL — 2*||2 + E||w! — 2*||?, to reach e-accuracy, where € ~ VI, needs

L? 1
@) <n2 log <>> iterations and oracle calls.
I €

Proof. Substituting estimation of « to the result of Theorem 2 we obtain, that method to

converge to e-accuracy, where € = V¢, needs O (% log (é)) iterations. At the same time
each iteration costs pn + 2 calls to F;. Thus, we obtain O ((nﬁ—z + %) log (%)) oracle

complexity. Finally, the optimal choice p = % gives O (nﬁ—z log (%)) iteration and oracle

complexity. This ends the proof. O
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