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Abstract

Schrodinger-Follmer sampler (SFS) (Huang et al.l 2021) is a novel and efficient approach
for sampling from possibly unnormalized distributions without ergodicity. SF'S is based on
the Euler-Maruyama discretization of Schrédinger-Follmer diffusion process

dX; = —VU (X, t)dt +dB;, t€[0,1], Xo=0

on the unit interval, which transports the degenerate distribution at time zero to the target
distribution at time one. In Huang et al. (2021), the consistency of SFS is established
under a restricted assumption that the potential U(z,t) is uniformly (on t) strongly convex
(on z). In this paper we provide a non-asymptotic error bound of SFS in Wasserstein-2
distance under some smooth and bounded conditions on the density ratio of the target
distribution over the standard normal distribution, but without requiring strong convexity
of the potential.

1 Introduction

Sampling from possibly unnormalized distributions is an important task in Bayesian statistics and machine
learning. Ever since the Metropolis-Hastings (MH) algorithm (Metropolis et al., [1953; [Hastings| [1970) was
introduced, various random sampling methods were proposed, including Gibbs sampler, random walk sam-
pler, independent sampler, Langevin sampler, bouncy particle sampler, zig-zag sampler (Geman & Geman,
1984; |Gelfand & Smith) [1990; Tierneyl 1994} [Liul 2008; Robert et al., |2010; Bouchard-Coté et al., [2018;
Bierkens et al.,[2019), among others, see Brooks et al.| (2011)); Dunson & Johndrow]| (2020) and the references
therein. The above mentioned sampling algorithms generate random samples by running an ergodic Markov
chain whose stationary distribution is the target distribution.

In|[Huang et al.| (2021)), the Schrodinger-Follmer sampler (SFS), a novel sampling approach without requiring
the property of ergodicity is proposed. SFS is based on the Schrédinger-Follmer diffusion process, defined
as

dX; = b(X,,t)dt+dB,, te[0,1], Xo=0, (1)

where the drift function

Ezno.1,)[Vf(z+V1—1tZ)]
Ezno,0)[f(x +V1—tZ)]

with f(-) = #&Ip)(-). Here, we assume that f(-) is twice differentiable.  According to [Léonard| (2014)
and Eldan et al.| (2020), the process {X;};e[o,1] in was first formulated by Follmer (Follmer) (1985; [1986;
1988) when studying the Schrodinger bridge problem (Schrodinger, [1932)). The main feature of the above
Schrodinger-Follmer process is that it interpolates §p and the target p in time [0,1], i.e., X7 ~ pu, see
Proposition SFS samples from p via the following Euler-Maruyama discretization of ,

b(z,t) = —VU(x,t) = :RP x [0,1] — R*

Vi = Yi, 4+ sb (Ve ti) + Vs€py1, Yy =0, k=0,1,..., K — 1, (2)
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where s = 1/K is the step size, t;, = sk, and {€k}§:1 are independent and identically distributed from
N(0,1I,). If the expectations in the drift term b(z,¢) do not have analytical forms, one can use Monte Carlo
method to evaluate b (Y3, ,tx) approximately, i.e., one can sample from p according

ﬁk+1 :ﬁk +SB7TL (ﬁkvtk> +\/§6k+17 }72-50 :07 k:()’l,...,K_l,

;s & D V(Y VI Z;)]
here b,, (Y, ,tk) = =t =

where ( tg k) %Zjd[f(y,k.;_wﬂ—tkzj)]

Huang et al.| (2021) demonstrate that SFS outperforms the existing samplers based on ergodicity including

Langevin-based samplers, see (Huang et al., 2021, Section 3) for a detailed discussion on the comparison

with Langevin-based samplers.

with Z1,...,Z,, ii.d N(0,I,). The numerical simulations in

In Section 4.2 of Huang et al.| (2021)), they prove that
Wo(Law(Yy, ), 1) — 0, as s — 0,m — oo
under a restricted assumption that the potential U(x,t) is uniformly strongly convex in z, i.e.,
Ulz,t) = Uly,t) = VU(y, 1) (& — y) = (M/2) |2 - yll3 . Y2,y € R, V¢ € [0,1], (3)

where M is a positive constant. In this paper we provide a new analysis of the above SFS iteration. We
establish a non-asymptotic error bound on W (Law(Y%,. ), ) under the condition that f and V f are Lipschitz
continuous and f has positive lower bound, but without using the uniform strong convexity requirement

(3)-

The rest of this paper is organized as follows. In Section [2] we recall the SFS method. In Section [3] we
present our theoretical analysis. We conclude in Section [d] Proofs for all the theorems are provided in
Appendix.

2 Schrodinger-Follmer sampler

In this section we recall the Schrodinger-Féllmer sampler briefly. More background on the Schrodinger-
Follmer diffusion process please see|Dai Pra| (1991)); Léonard| (2014)); Chen et al.| (2021); [Huang et al.| (2021]).

Let p € P (RP) be the target distribution and absolutely continuous with respect to the p-dimensional
standard normal measure G = N (0, I,,), where P(R?) refers to the probability measures defined on the Borel
space (R, B(R?)). Let
dp
fl@) = @(ff)-
We assume that

(A1) f,Vf are Lipschitz continuous with constant -,
(A2) There exists £ > 0 such that f > &.

Define the heat semigroup Q,t € [0,1] as
Qif(z) = Eznglf(z + ViZ)].
Proposition 2.1. Define a drift function
b(z,t) = Viog Q1 f ().
If f satisfies assumptions (A1) and (A2), then the Schridinger-Follmer diffusion
dX; =b (X4, t)dt +dBy, te€][0,1], Xo=0, (4)

has a unique strong solution and X1 ~ pu.
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Remark 2.1.

(i) (A1) and (A2) directly follow from Assumption 1 of|Tzen & Raginsky (2019), Definition 5 and Lemma
6 of |Lehed (2013).

(ii) From the definition of b(z,t) in Proposition[2.1] it follows that U(x,t) = —log Q1—¢f(z).

(iii) If the target distribution is p(dz) = exp(=V(z))dx/C with the normalized constant C, then f(x) =
(v2r) exp (—V(x) + %) If V(x) is twice differentiable and

[¢]

lim sup exp( V(z) + ||x||§/2) |z — VV(2)|2 < oo,
R=00 |1z);>R

lim sup exp( Vix) + ||ac\|%/2) I, — VQV(J})HQ < 00,
R=0 |z, >R

then both f and Vf are Lipschitz continuous, i.e., (A1) holds. (A2) is equivalent to the growth condition

2
on the potential that V(z) < @ — log & + constant. In this case, any potential V' taking in the quadratic
form can be considered to satisfy conditions (A1) and (A2), since its corresponding random variable can be
transformed into the standard Gaussian random variable by scaling.

(iv) Under (A1) and (A2), some calculation shows that

sup [|Vf(z)ll2 <, sup [V*f(2)ll2 <,
zERP z€ERP

and
sup  IVQi—if(@)[2 <7, sup  [[VH(Qi—tf(2))]|l2 <,
z€RP,t€[0,1] z€RP,t€[0,1]
and )
VQi—f(x) VA (Qi—tf(x)) T
b(x,t) = ————2, Vb(a,t) = —————2 — b(x,t)b(x,t) .
(z,1) 0@ (z,1) @) (z,t)b(z, 1)
We conclude that
<2 195G, B)lls < 2+ 2
sup b(x,t — sup T —.
2€RP t€[0,1] b6 Dl < £ were teo,1] 2= 5 52

Proposition [2.1] shows that the Schréodinger-Follmer diffusion will transport g to the target p on the unite
time mterval Since the drift term b(z,t) is scale-invariant with respect to f in the sense that b(z,t) =
Vieg Q1-+Cf(x),YC > 0. Therefore, the Schrodinger-Follmer diffusion can be used for sampling from
wu(dx) = exp(=V (z))dx/C, where the normalizing constant of C' may not be known. In that case, we use
the Euler-Maruyama method to discretize the Schrodinger-Follmer diffusion . Let

t,=%k-s, k=0,1,...,K, with s=1/K, Y;, =0,
the Euler-Maruyama scheme reads , among which the drift term is explicitly expressed as

Ez[ViVe +VI-tZ)]  Ez[Zf(Yy, + V1 —tkZ)] 5)
Ez[f (Yo +VI—102)]  Ezg[f(Ye, + VI =G Z)VT— 1
In , the second equality follows from Stein’s lemma (Stein et al., [1972; |Stein, |1986; Landsman & Neslehoval

2008). From the definition of b(Y3, , 1) in 7 we may not get its explicit expression. Here, we can get one
estimator b,, of b by replacing Ez in b with m-sample mean, i.e.,

o ZTII[Vf(}/tk +VI—=11.Z;)]
% Z;nzl[f(ytk +VI=1Z;)] ]

b(Yy,, tk) =

b (Vi o ) = k=0,...,K -1, (6)
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or

1 m
Py N m Ej:1[ij(Ytk + V1= thj)] _

where Z1,...,Z,, are ii.d. N(0,I,). The detailed description of SF'S is summarized in following Algorithm
below, which is Algorithm 2 in Huang et al.| (2021)).

Algorithm 1 SFS for p = exp(—V (z))/C with Monte Carlo estimation of the drift term

Input: m, K. Initialize s = 1/ K, }N/to =0.
for k=0,1,...,K —1 do

Sample €541 ~ N(0, I,).
Sample Z;,1,...,m, from N(0, I,).
Compute Bm according to @ or @

i;tlwrl = Z}c + ng (Zwtk) + \/§6k+1.

end for
Output: {Y;, }E .

In Section 4.2 of Huang et al.| (2021)), they proved that
Wo(Law(Y;,. ), 1) — 0, as s — 0,m — 0o
under the uniform strong convexity assumption . However, is not easy to verify. In the next section,

we establish a nonasymptotic bound on the Wasserstein-2 distance between the law of ZK generated by
SFS (Algorithm (1) and the target p under smooth and bounded conditions (A1) and (A2) but without

using .
3 Bound on Wy(Law(Y;, ), z) without convexity

Under conditions (A1) and (A2), one can easily deduce the growth condition and Lipschitz/Holder continuity
of the drift term b(x,t) (Huang et al., 2021, Remark 4.1), i.e.,

Ib(z, )5 < Co(1 + [l]3), (C1)

and
16(z,t) = b(y, t)ll2 < Cullz — yll2, (C2)

and
Iz, t) = by, s)ll> < s (lle — yllo + It — %) (C3)

where Cjy and C are two positive constants. See Section A.3 inHuang et al.|(2021)) for the detailed derivations
of ([C1)- (3.

Remark 3.1. and are the essentially sufficient conditions such that the Schrodinger-Follmer
SDE admits a unique strong solution. has been introduced in Theorem 4.1 of |Tzen € Raginsky
(2019), and it is also similar to the condition H2 of |Chau et al.| (2021) and Assumption 3.2 of |Barkhagen)
et al| (2021]). Obviously, implies and hold if the drift term b(z,t) is bounded over RP x [0, 1].
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Let D(v1,1v2) be the collection of coupling probability measures on (Rzp ,B(R2p)) such that its respective
marginal distributions are v; and v;. The Wasserstein-2 distance with which we measure the discrepancy
between Law(Y;,.) and p is defined as

1/2
Wa(vi, 1) = inf 01 — 0o]|5 dv (61,0 :
)= it ([ -l o)
Theorem 3.1. Assume (A1) and (A2) hold, then

WalZau(Ti).) < OV +0 ([P,

where s = 1/K is the step size.

Remark 3.2. This theorem provides some guidance on the selection of s and m. To ensure convergence of the
distribution of Y, , we should set the step size s = o(1/p) and m = exp(p/o(1)). In high-dimensional models
with a large p, we need to generate a large number of random vectors from N(0,I,) to obtain an accurate
estimate of the drift term b. If we assume that f is bounded above we can improve the nonasymptotic error

bound, in which O ( p/ log(m)) can be improved to be O (\/p/m).
Theorem 3.2. Assume that, in addition to the conditions of Theorem[3.1], f has a finite upper bound, then

Waltau(Ti,0.) < 0 +0 (1 2).

m

where s = 1/K is the step size.

Remark 3.3. With the boundedness condition on f, to ensure convergence of the sampling distribution, we
can set the step size s = o(1/p) and m = p/o(1). Note that the sample size requirement for approzimating
the drift term is significantly less stringent than that in Theorem[3.1].

Remark 3.4. Langevin sampling method has been studied under the (strongly) convex potential assumption
(Durmus & Moulines, |2019;|2016;|2017; Dalalyan|, [2017d}b;|Cheng & Bartletd,[2018; [Dalalyan & Karagulyan)
2019); the dissipativity condition for the drift term (Raginsky et al., |2017; |Mou et all, |2022; | Zhang et al.
2019); the local convezity condition for the potential function outside a ball (Durmus € Moulines, |2017;
Cheng et all, [2018; |Ma et all, (2019; |Bou-Rabee et all, (2020). Moreover, the constant in the log Sobolev
inequality depends on the dimensionality exponentially (Wang et al) (2009; Halé, [2010; [Menz et all [2014);
[Raginsky et all, |2017), implying that the Langevin samplers suffers from the curse of dimensionality. SFS
does not require the underlying Markov process to be ergodic, therefore, our results in Theorems [3.1{3.2
are established under the smooth and bounded assumptions (A1) and (A2) on f but do not need the above
mentioned conditions used in the analysis of Langevin samplers.

In Theorems [3.153.2] we use (A2), i.e, f has positive lower bound, however, (A2) may not hold if the target
distribution admits compact support. To circumvent this difficulty, we consider the regularized probability
measure

pe = (1 —e)u+eG, €€ (0,1).
The corresponding density ratio is
- dpe
dG
Obviously, f. satisfies (A1) and (A2) if f and V[ are Lipschitz continuous. Since p. can approximate to
u well if we set € small enough, then we consider sampling from p. by running SFS (Algorithm (1)) with f
being replaced by f.. We use ?;i{ to denote the last iteration of SFS.

Theorem 3.3. Assume (A1) holds and & = (log(m))~'/°, then

=(1-¢)f+e.

Wa(Law(Y5, ). 1) < O(/ps) + Gy - O (M) ,
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where s = 1/K is the step size, @, is a constant depending on p. Moreover, if f has a finite upper bound
and £ = (log(m))~Y/®%, then

WalLau(T5,).) < OV + G- 0 i ).

4 Conclusion

In Huang et al.|(2021)), Schrodinger-Follmer sampler (SFS) was proposed for sampling from possibly unnor-
malized distributions. The key feature of SFS is that it does not need ergodicity as its theoretical basis. The
consistency of SFS proved in [Huang et al.| (2021)) relies on a restricted assumption that the potential function
is uniformly strongly convex. In this paper we provide a new convergence analysis of the SFS without the
strongly convexity condition on the potential. We establish a non-asymptotic error bound on Wasserstein-2
distance between the law of the output of SFS and the target distribution under smooth and bounded
assumptions on the density ratio of the target distribution over the standard normal distribution.

References

Mathias Barkhagen, Ngoc Huy Chau, Eric Moulines, Miklés Résonyi, Sotirios Sabanis, and Ying Zhang. On
stochastic gradient langevin dynamics with dependent data streams in the logconcave case. Bernoulli, 27
(1):1-33, 2021.

Joris Bierkens, Paul Fearnhead, Gareth Roberts, et al. The zig-zag process and super-efficient sampling for
bayesian analysis of big data. The Annals of Statistics, 47(3):1288-1320, 2019.

Nawaf Bou-Rabee, Andreas Eberle, Raphael Zimmer, et al. Coupling and convergence for hamiltonian monte
carlo. Annals of Applied Probability, 30(3):1209-1250, 2020.

Alexandre Bouchard-Cété, Sebastian J Vollmer, and Arnaud Doucet. The bouncy particle sampler: A nonre-
versible rejection-free markov chain monte carlo method. Journal of the American Statistical Association,
113(522):855-867, 2018.

Steve Brooks, Andrew Gelman, Galin Jones, and Xiao-Li Meng. Handbook of markov chain monte carlo.
CRC press, 2011.

Ngoc Huy Chau, Eric Moulines, Miklos Résonyi, Sotirios Sabanis, and Ying Zhang. On stochastic gradient
langevin dynamics with dependent data streams: The fully nonconvex case. SIAM Journal on Mathematics
of Data Science, 3(3):959-986, 2021.

Yongxin Chen, Tryphon T Georgiou, and Michele Pavon. Stochastic control liaisons: Richard sinkhorn meets
gaspard monge on a schrodinger bridge. SIAM Review, 63(2):249-313, 2021.

Xiang Cheng and Peter Bartlett. Convergence of langevin mcmec in kl-divergence. Proceedings of Machine
Learning Research, Volume 83: Algorithmic Learning Theory, pp. 186-211, 2018.

Xiang Cheng, Niladri S Chatterji, Yasin Abbasi-Yadkori, Peter . Bartlett, and Michael I Jordan. Sharp
convergence rates for langevin dynamics in the nonconvex setting. arXiv preprint arXiv:1805.01648, 2018.

Paolo Dai Pra. A stochastic control approach to reciprocal diffusion processes. Applied mathematics and
Optimization, 23(1):313-329, 1991.

Arnak Dalalyan. Further and stronger analogy between sampling and optimization: Langevin monte carlo
and gradient descent. pp. 678-689, 2017a.

Arnak S Dalalyan. Theoretical guarantees for approximate sampling from smooth and log-concave densities.
Journal of the Royal Statistical Society: Series B (Statistical Methodology), 79(3):651-676, 2017b.

Arnak S Dalalyan and Avetik G Karagulyan. User-friendly guarantees for the langevin monte carlo with
inaccurate gradient. Stochastic Processes and their Applications, 129(12):5278-5311, 2019.



Under review as submission to TMLR

David B Dunson and JE Johndrow. The hastings algorithm at fifty. Biometrika, 107(1):1-23, 2020.

Alain Durmus and Eric Moulines. Sampling from a strongly log-concave distribution with the unadjusted
langevin algorithm. arXiv: Statistics Theory, 2016.

Alain Durmus and Eric Moulines. Nonasymptotic convergence analysis for the unadjusted langevin algorithm.
The Annals of Applied Probability, 27(3):1551-1587, 2017.

Alain Durmus and Eric Moulines. High-dimensional bayesian inference via the unadjusted langevin algorithm.
Bernoulli, 25(4A):2854-2882, 2019.

Ronen Eldan, Joseph Lehec, Yair Shenfeld, et al. Stability of the logarithmic sobolev inequality via the
follmer process. In Annales de I’Institut Henri Poincaré, Probabilités et Statistiques, volume 56, pp. 2253—
2269. Institut Henri Poincaré, 2020.

Hans Follmer. An entropy approach to the time reversal of diffusion processes. In Stochastic Differential
Systems Filtering and Control, pp. 156-163. Springer, 1985.

Hans Follmer. Time reversal on wiener space. In Stochastic processes—mathematics and physics, pp. 119-129.
Springer, 1986.

Hans Follmer. Random fields and diffusion processes. In Ecole d’Eté de Probabilités de Saint-Flour XV-XVII,
1985-87, pp. 101-203. Springer, 1988.

Alan E Gelfand and Adrian FM Smith. Sampling-based approaches to calculating marginal densities. Journal
of the American statistical association, 85(410):398-409, 1990.

Stuart Geman and Donald Geman. Stochastic relaxation, gibbs distributions, and the bayesian restoration
of images. IEEE Transactions on pattern analysis and machine intelligence, (6):721-741, 1984.

Jack K Hale. Asymptotic behavior of dissipative systems. Number 25. American Mathematical Soc., 2010.
W Keith Hastings. Monte carlo sampling methods using markov chains and their applications. 1970.

Jian Huang, Yuling Jiao, Lican Kang, Xu Liao, Jin Liu, and Yanyan Liu. Schrédinger-féllmer sampler:
Sampling without ergodicity. arXiv preprint arXiv: 2106.10880, 2021.

Zinoviy Landsman and Johanna Neslehova. Stein’s lemma for elliptical random vectors. Journal of Multi-
variate Analysis, 99(5):912-927, 2008.

Joseph Lehec. Representation formula for the entropy and functional inequalities. In Annales de I'IHP
Probabilités et statistiques, volume 49, pp. 885-899, 2013.

Christian Léonard. A survey of the schrodinger problem and some of its connections with optimal transport.
Discrete & Continuous Dynamical Systems-A, 34(4):1533, 2014.

Jun S Liu. Monte Carlo strategies in scientific computing. Springer Science & Business Media, 2008.

Yi-An Ma, Yuansi Chen, Chi Jin, Nicolas Flammarion, and Michael I Jordan. Sampling can be faster than
optimization. Proceedings of the National Academy of Sciences, 116(42):20881-20885, 2019.

Georg Menz, André Schlichting, et al. Poincaré and logarithmic sobolev inequalities by decomposition of the
energy landscape. Annals of Probability, 42(5):1809-1884, 2014.

Nicholas Metropolis, Arianna W Rosenbluth, Marshall N Rosenbluth, Augusta H Teller, and Edward Teller.
Equation of state calculations by fast computing machines. The journal of chemical physics, 21(6):1087—
1092, 1953.

Wenlong Mou, Nicolas Flammarion, Martin J Wainwright, and Peter L. Bartlett. Improved bounds for
discretization of langevin diffusions: Near-optimal rates without convexity. Bernoulli, 28(3):1577-1601,
2022.



Under review as submission to TMLR

Maxim Raginsky, Alexander Rakhlin, and Matus Telgarsky. Non-convex learning via stochastic gradient
langevin dynamics: a nonasymptotic analysis. In Conference on Learning Theory, pp. 1674-1703. PMLR,
2017.

Christian P Robert, George Casella, and George Casella. Introducing Monte Carlo methods with R, vol-
ume 18. Springer, 2010.

Erwin Schrodinger. Sur la théorie relativiste de 1’électron et U'interprétation de la mécanique quantique. In
Annales de linstitut Henri Poincaré, volume 2, pp. 269-310, 1932.

Charles Stein. Approximate computation of expectations. IMS, 1986.

Charles Stein et al. A bound for the error in the normal approximation to the distribution of a sum of
dependent random variables. In Proceedings of the Sizth Berkeley Symposium on Mathematical Statistics
and Probability, Volume 2: Probability Theory. The Regents of the University of California, 1972.

Luke Tierney. Markov chains for exploring posterior distributions. The Annals of Statistics, 22(4):1701-1728,
1994.

Belinda Tzen and Maxim Raginsky. Theoretical guarantees for sampling and inference in generative models
with latent diffusions. In Conference on Learning Theory, pp. 3084-3114. PMLR, 2019.

Feng-Yu Wang et al. Log-sobolev inequalities: different roles of ric and hess. The Annals of Probability, 37
(4):1587-1604, 2009.

Ying Zhang, Omer Deniz Akyildiz, Theo Damoulas, and Sotirios Sabanis. Nonasymptotic estimates for
stochastic gradient langevin dynamics under local conditions in nonconvex optimization. arXiv preprint
arXiv:1910.02008, 2019.

A Appendix

In this appendix, we prove Proposition and Theorems [3.1

A.1 Proof of Proposition [2.]

Proof. This is a known result, see [Dai Pra| (1991); [Lehec| (2013)) for details. O

A.2 Preliminary lemmas for Theorems [3.11{3.2]
First, recall that the Schrodinger-Follmer diffusion in is defined as
dX; =b(Xs,t)dt+dB;, tel0,1], Xo=0, X1~ p.

Then we introduce Lemmas [A-IJA'H| in preparing for the proofs of Theorems [3.113.2]
Lemma A.1. Assume (A1) and (A2) hold, then

E[||X¢[I3] < 2(Co + p) exp(2Cot).
Proof. From the definition of X; in , we have || X¢[]2 < fg |6(X, w)|l2du + || Bt||2. Then, we can get
¢ 2
<2 ([ aulean) + 20503
:
<2t [ X -+ 20 Bl

t
g%/@M&@+WWMWM,
0
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where the first inequality holds by the inequality (a+b)? < 2a?+2b?, the second inequality holds by Jensen’s
inequality, and the last inequality holds by (C1)). Thus,

t
EIXIE <2t | ColBIX.l} + 1)du-+ 2B| B}
0

t
< 200/ E|| X, |/2du 4 2(Co + p).
0

By Bellman-Gronwall inequality, we have

E[|X:[3 < 2(Co + p) exp(2Cot).

[
Lemma A.2. Assume (A1) and (A2) hold, then for any 0 <t <ty <1,
E[[| Xe, — X, [13] < 4C0 exp(2C0)(Co + p)(t2 — t1)? +2Co(t2 — t1)* + 2p(ta — t).
Proof. From the definition of X; in , we have
ta
X, = Xulla < [ 16X 0)ladu + By — By
t1
Then, we can get
to 2
1% = Xl <2 ([ 10t wllde) 205, - B3
t
1 N
<2t 10) [ IOt Bdu+ 20 B, — B
t
s
<2(ta —t1) | ColllXull3 + 1du+2[| By, — B, |3,

ty

where the last inequality holds by (C1f). Hence,
to
B X, — Xu [ <2(t2 1) | ColBIX. + 1du+ 2B| By, — By,
ty
< 400 eXp(2CO)(Co +p)(t2 — t1)2 + QCo(tg — t1)2 + 2p(t2 — tl),

where the last inequality holds by Lemma [A1] O

Lemma A.3. Assume (A1) and (A2) hold, then for any R > 0,
- pexp(R?
sup B [Ibent) ~ (0] < 0 (22D,
llz]l2<R,t€[0,1] m

Moreover, if f has a finite upper bound, then

sup B [||b(e, 1) — bu(t,)||2] < O (2.
s Eflbed) - bnto)lE] <O (1)

Proof. Denote two independent sets of independent copies of Z ~ N(0,1,), that is, Z = {Z;,...,Z,,} and
Z'={Zi,...,Z] }. For notation convenience, we denote

A = S Vi +V1—1tZ)

d=EzVf(z+vV1—1t2)

m
¢ = Bzf(a+ VI=IZ), e — 2=t - ViZiz)
g - ST V(x4 VI —tZ)) g S e+ V1 —tZ))
m m s m - )
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Due to d — d,, = E[d], — dy|Z], then ||d — d,,||3 < E [||d], — din||3]Z]. Then,
Elld - dw|* < E [E[lld},, — dml|3]Z]] = Elld;,, — dll3
2
_Ez, 7 Vi +VI—=tZ) =V +vVI—-tz))|,

m

(1-1)

o 2
!
s Ez, .z 1721 — Z1|5

e ®

< ;
m

where the second inequality holds by (A1). Similarly, we also have

Ele — en]? < Elel, — em|?

2

Bz [fla+ VT —120) — fla+ VT~ t27)]
o m

(1-t)7° 2
S Bzz 12, — Z11l;

2py?
< 9
<= (9)

where the second inequality holds due to (A1). Thus, by and @D, it follows that

2 2
sup  E|ld—dn|? < 2L, (10)
z€RP,t€(0,1] m
2 2
sup  Ele —en|* < L (11)
z€ERP,tE[0,1] m

Then, by (A1) and (A2), through some simple calculation, it follows that
d dn

e  em

b(, 1) = b (2, t)|2 =

2
< ldll2lem — e[ + lld = dml2]e|

leem |
Ylem —e| + ||d — dp|2]e
Let R > 0, then
sup f(x) < O (exp(R?/2)). (13)

lzll<R

Therefore, by —, it can be concluded that

7 pexp(R?
sup B [[[b(z,t) = b (z,)[3] <O (<>> .
lz]l2<R,te[0,1] m

Moreover, if f has a finite upper bound, that is, there exists a positive constant  such that f < {. Then,
similar to , it follows that for all x € RP and t € [0, 1],

VPlem — e’ + lld — dmll3

Hb(l‘,t) - Em(x7t)||§ <2 54 (14)
Then, by (10)-(11) and (14]), it follows that
7 D
sup  E[|[b(x,t) — b (t,2)]|2] <O ().
s Bl t) -~ bu(ta)lE) <O ()
L]

10
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Lemma A.4. Assume (A1) and (A2) hold, then for k=0,1,..., K,

~ 672
E[[[Yz,]13) < @ + 3p.

Proof. Define Oy, = ik + (t — tk)i)m(f/tk,tk) and Y; = Ok + By — By, where t, < t < tgyq with k =
0,1,...,K — 1. By (A1) and (AZ2), it follows that for all x € R” and ¢ € [0, 1],

s 7 s
1b(z, )[lz < =ZE [[bm (2, )12 < o (15)
Then, by , we have
195,613 = Ve I3 + (¢t = 1) 1B Ve, tr)[3 + 208 — )Yy, b (Ve )
~ s+ s2)2
< (49T I+ 5T
where the inequality by using (a + b)? < 2a? + 2b%. Further, we can get
E[[|Y:lI51Yz,] = E[llO,cll51Yz,] + (£ — ti)p
~ s+32 72
< (14 9)E||Y;, |12 + (52) + sp.
Therefore,
> > (s +5°)7°
E[|[Yery 13] < (1+ 9)E[Y,, 13 + et
Since 37,50 = 0, then by induction, we have
- > s+ s%)y? s+ s%)y?
ElIFi 3] < 1+ 9B T, 8+ (149) | S5 ] 4 B2
_ + 52)v?
<((+s)f+Q+s)k 4. +1) [(Séersp}
6 2
< giz + 3p.
O
Lemma A.5. Assume (A1) and (A2) hold, then for k=0,1,..., K,
E b, b (Vi) <0 (—2
tx) — bm , T < .
H (Ve ) (Y, k)Hz <log(m)>
Moreover, if f has a finite upper bound, then
- - 2 P
oo <0 (2).
Proof. Let R > 0, then
~ -~ 2 ~ . 2
B T, t0) ~ b (T )], = B, Bt | [T t0) = B Fat) [ 1Tz < )]
(16)

~ ~ ~ 2 ~
# 8y, B |[Finst0) = B it [ 10Fi e >

11
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Next, we need to bound the two terms of . First, by Lemma we have

~ -~ 2= exp(R?
By, Bz |[3(Fit) ~ b Fa )| 10Fa e < 1) < 0 (222,

Secondly, combining and Lemma with Markov inequality, it follows that
~ -~ 2
E; Ez [Hb(nk,tk) = b (Vo) | 11T 2 > R)] <0 (p/R?).
Thence

BT t0) — b ), < 0 (222 ) 4 0 o).

1/2
Set R = (w) in 7 then we have

~ ~ ~ 2 P
B (T, t) ~ b T, < 0 ().

Moreover, if f has a finite upper bound, then by Lemma we can similarly get

E 5 t0) = b (T 0) [, = B, Bz | [oFa) ~ buFa]] <0 ().

m

This completes the proof.

A.3 Proof of Theorem [3.1]

Proof. From the definition of }Zk and X, , we have

Hi;tk - th Hg

2
< Fos — X B+ ( / 1b(X.0, w) bmmwtk_l)nQdu)
te—1

k—1

tr _ .
+ 2H)/tk—1 - th71 ”2 (/ ||b(Xu,U) - bm(}/tkwtk—l)”Qdu)
t

< (14 9)| Vs — Ko I3+ (L +9) / 16(X s ) = B (Vi i) [3clu

th—1

- 23 -
<A+ ) Ve, — Xep 15 +2(1+ 5) / 16(Xu,w) = b(Ye, s tr—1)ll5du

tr—1

+25(1+ ) [D(Ve s trm1) = b (Ve B 113

~ tk .
< (1 + S)HY;fk—l - th—l Hg + 4012(1 + S)/ [HXU - Y;fk—l ||g + |’LL - fk71|]du

th—1

+25(1+ )bV, trm1) = b (Ve tra) 113

~ tk
< (4 9Ty = X [F+8C31+5) [ 11X = X B

te—1
F8CEs(L+8) | Xpy, — Yoo, |3 +4C2(1 + 5)52
+25(1+ 8)[b(Ye 1 s tre1) — b (Ve to1) |13
~ tk
S (1 + s+ 8012(8 + SQ))H}/;IC—I - th—l ||§ + 8012(1 + S) / ||XU - th—l ”%du

th—1

+ 4012(1 + 5)82 + 23(1 + S)Hb(i;tk—l ) tk—l) - B"L(ik—l ) tk—1)||§7

12
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where the second inequality holds due to 2ab < sa®+ %2 with a = ||?tk—1 — X |2 and b= ::_1 16( Xy, u) —
Bm(}zkfl,tk_l)ﬂgdu and b2 < s- tt:il [[6( Xy, u) — l;m(f’tkfl,tk_l)ﬂgdu , the fourth inequality holds by 1)
Then,

EHfftk - th H% < (1 +s5+ 8012(8 + 82))]E||i;tk—1 - th—l Hg

ty
+8CF(1 + s) / E|| X, — Xy, ,[I3du +4CF(s* + s°)

tp—1
+25(1 + )E[Ib(Ye,_, tho1) — bm (Ve te-1)|3]
< (1+5+8C%(s+ s2)E|Ys,_, — Xo,_, |2+ h(s)
+4C3(s? + 5) + 25(1 + 8)E[||b(Ye,_, the1) — b (Yo, s ti1)|I3]
< (1+5+8C%(s+ s2)E|Ys,_, — Xe,_, |2+ h(s)

FAC2 (s + %) + 25(1 + )0 <1Og1(’m)> , (18)

where h(s) = 8C%(s + 52)[4Co exp(2Cy)(Co + p)s? + 2Cys? + 2ps], and the last inequality holds by Lemma
Owing to Y;, = X3, = 0, we can conclude that

]E”}/tK 7XtKH%
(14 s+8C%(s+s2)K -1
- s+ 8C%(s + s2)

< Olps) +0 (logzzm)) '

[h(s) +4CF(s* + s*) + 2(s + s*)O (logz()m))]

Therefore,

WalLaw (T < O + 0 ([ R

log(m)
[
A.4 Proof of Theorem
Proof. This proof is same as that of Theorem Similar to (18)), by Lemma it follows that
Elli;tk - th ||§ < (1 +5+ 8012(3 + 82))E||ﬁk—l - th—l ”% + h<s)
+4C3(s* + 5%) +25(1 4 5)O (%) )
where s = % is the step size and t; = ks. Then, we also have
E”Ytl{ - XtK H%
(1+s+8CF(s+5*)" —1 2.2, .3 2 1
h 4C 2 ol —
- s+ 8C%(s + s?) (8) +4CL(s™ +57) +2s +57) m
< Ops) + 0O (ﬁ) .
m
Hence, it follows that
Wa(Lau (T ) < 0) +0 (12
[

13



Under review as submission to TMLR

A.5 Preliminary lemmas for Theorem [3.3]

To prove Theorem we first prove the Lemmas
Lemma A.6. Assume (A1) holds, then for any R > 0,

sup B [[[b(x,t) — (. 1)[|2] < O <pexp(RW) +0 (p(cp)2> ,

4 2
|z]l2<R,t€[0,1] me me

where C, = (271’)1)/2071, Moreover, if f has a finite upper bound, then

sup  E[||b(z,t) — Bm(t,w)llg] <0 (p;i;) ) +0 (

z€RP,t€(0,1]

p(Cp)2> .

me2

Proof. Denote two independent sets of independent copies of Z ~ N(0,I,) by Z = {Zi,...

Z'={Z,...,Z! }. For notation convenience, we denote
m V1-—1tZ;
0= E V(e + VI 12), dy, = 2= VIO T ),
m
5 gl +V1—12;) €

=E VI—tZ)+ |, em = == ,
¢ =Bz |9(x+ taa—a ¢ m Toa-9
J - S Ve(z + V1 —tZ)) oo Srigle+V1—-tZ)) N 5

m m om m Cp(l—¢)’

, Zm} and

where g(z) = exp(||z]|3/2 — V(2)). Since d — d,,, = E[d},, — dn|Z], we have ||d — d,,[|3 < E[||d), — din3|Z].
By (A1), it follows that g and Vg are Lipschitz continuous. Thus there exists a positive constant -y such

that for all z,y € RP,
lg(z) — g(W)| < ~llz — yll2,

Vg(z) = Va2 < vz -yl

Therefore,

Eld — dp|* < E[E[||dy, — duli3|Z]] = Elld;, — dml13

2
Bz, 2 |Vyle + VT —21) = Vg(z + VT = 127)|
o m
(1-t)y° 2
< Es 2 - 71,
2
< 2py

9

m
where the second inequality follows from . Similarly, we also have
Ele — em|? < Ele), — eml|?
9z +VT=12)) — gz + VT =12
m

(1—t)? 2
—En 2 120 - Zill

Bz z

IA

2
< 2pry
m

where the second inequality follows from .Hence7 by and , we have

b

sup EHd*deg <

2py?
z€RP,t€[0,1] m

14
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2 2
sup  Ele —ep|* < v
z€RP,t€[0,1] m

Then, by and , through some simple calculation, it follows that
d dn

e em

6(x,t) = b (2,1)]]2 =

2

ldllz2lem — €| + [ld = dm||2e]
leem|

_ e — el + l1d — dulale

T (/G =Cpe))r

Let R > 0, then

” SHI}IiRg(w) < O (exp(R?/2)) . (26)

Therefore, by —, it can be concluded that

e pexp(R?) )
el LG %“WMSOQWWQQWJ+OCWﬂ@@mJ

<o (PRGN o (MG

met me2

Moreover, f has a finite upper bound so does g. Then there exists a positive constant ¢ such that g < (.
Similar to (25)), it follows that for all z € R? and ¢ € [0, 1],

"/2|em - €|2 + (¢ + 5/(017 - Cp€))2||d - dm”%

b(x,t —Bmx,t 2<9 27
|| ( ) ( )H2 (8/(Cp—0p5))4 ( )
Then, by — and , it follows that
7 D p
sup E|||b(x,t —bmt,x2§(9< >+(’)< )
e et = bt )] < O\ e = 51 ) O\ e, - 6o
4 2
<0 p(Cp) + 0 P(Cp) .
me? me2
O

Lemma A.7. Assume (A1) holds, then for k=0,1,...

Bl <0 (Y50 ) +ow),

where C, = (2m)P/2C~1.

Proof. Define ©5, = Y + (t — t)by (Y7, tx) and Y7 = ©5, + By — By,, where t; < t < tyqq with
k=0,1,...,K — 1. By (A1), then there exists a positive constant v such that g is 7-Lipschitz continuous.

Then, for all x € R? and t € [0, 1], we have
2 2

- v
om0 < e, e

v

||b(x,t)||§ < m7

(28)

By , we have
1854115 = 1Y 115 + (¢t = t)?[1bm (Y, t) 13 + 2t — ) (Ve) Tom (Y, )

(s +5*)7?

<L+ 9V I3+ (E/(Cy —Cpe))?

15
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Furthermore, it can be shown that
E[IY7I31Y5] = E[IO5F, 31V ] + (t — to)p

(s + 5%)7

< QU+ 9BV + e~ P

+ sp.

Therefore,
E[|V,, [I3] < (1 + )E[|Yz (3] +

Since l~/tf) = 0, then by induction, we have

62

(e/(Cp = Cpe))?

BE <0 (%) rop).

Y.,

Lemma A.8. Assume (A1) holds, then for k=0,1,..., K andt € [0, 1],

(b7 1) — bVt <o<ﬁ))+0(%>+@(%>

where Cp, = (277)"/20_1. Moreover, if f has a finite upper bound, then
Ve 7 (ve 2 p Cp)* p Cp)?
IEHb(Ytk,tk)—bm(Ytk,tk)HQg(’)(Engpz Lo (PO

Proof. Let R > 0, then

~ 2 ~ ~
E||b(¥i 1) ~ Bn(¥i 1), = By B2 [Hbm‘z,tk)—b Tt 1075 ||2<R>]
(29)
+Ey. Bz {Hb(Yti,tk)—b Y t) H (Y5 ||2>R)]

Next, we need to bound the two terms on the right hand of (29)). First, by Lemma we have

E;. E {Hb(ffti,tk) — b (VE 1) H (|15 |2 < R)] <0 (peXp(RW) +O <W> .

me# me2

Second, by combining and Lemma with the Markov inequality, we have

e . (Cp)* p(Cp)?
Ep. E {Hb(Ytk,tk) b (V1) H 172 2 >R)] < 0<R2€4 +0 (Tt )-

Therefore,

B30 b (700 < 0 (PSS 4 o (MG

me?

Lo ((Cp)4> Lo (p(Cp)2> . (30)

R2e4 R2g2

Setting R = (%)1/2 in , we have
-l = (4GE) o (46) o (A1)

16
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Moreover, if f has a finite upper bound, then by Lemma we can similarly get
~ .~ 2 ~ o~ 2
B 5t — T 0 = B B [0 — BTt

<o (M) o (MG,

met me?

This completes the proof. O

A.6 Proof of Theorem 3.3

Proof. By triangle inequality, we have W5 (Law(fffk),u) < Wy (Law(f’ti(),ug) + Wa(u, te), then we obtain
the upper bound of two terms on the right hand of this inequality, respectively.

First, similar to the proof of Theorem by Lemma and ?tf) = X, = 0 and through some calculation,
we can conclude that

Wa(Law(YE,), pue) < O(V/ps) + O (%) +0 (%) +0 (%) . (31)

Second, we need to get the upper bound of Wa(u, pe). Let Y ~ p and Z ~ N(0,1I,), 6 is one Bernoulli
random variable satisfying P(§ = 1) =1—¢ and P(6 =0) =e. Assume Y, Z and 6 are independent of each
other. Then (Y, (1 — 6)Z 4 0Y") is one coupling of (u, u), and denote its joint distribution by 7. Therefore,
we have

[ eyl =By - (- 0)2 +6)]3
RP XRP

=E[E[|Y — (1 -0)Z+6Y)|3]0]]

=E[E[|Y - ((1-0)Z+06Y)|3/6=1]] P(6 =1)
+E[E[|Y - ((1-6)Z+6Y)|3]60 =0]] P(6 =0)

=E[|Y - Z|)30 = 0]P(6 = 0)

= ¢E[|Y - Z|I3
< O(pe).
Then we have
Wa(p, pe) < O(y/pe). (32)

Combining with , it follows that

Wa(Law (Y[, ), 1)

2 2
< O(Vpe) + O(y/ps) + O (m) +0 <\/1£+;)€2> +0 (%) : (33)

Set € = (log(m))~/% in , then there exist one constant C, depending on p such that
- ~ 1
WalLauw(T5)) < Gy O (o ) + OW).

Moreover, if f has a finite upper bound, then similar to the proof of Theorem and by and Lemma
we have

Wa(Lau(T5) ) < O(E) +0pm) + 0 (VD) 4 o (V2 (34)

17
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Set e =m~/5 in , then there exists one constant CN'p depending on p such that

WalLaw(Ve, ). < Gy -0 (i ) + O

18
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