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Abstract

Stochastic second-order methods achieve fast local convergence in strongly convex
optimization by using noisy Hessian estimates to precondition the gradient. How-
ever, these methods typically reach superlinear convergence only when the stochas-
tic Hessian noise diminishes, increasing per-iteration costs over time. Recent work
in [1]] addressed this with a Hessian averaging scheme that achieves superlinear
convergence without higher per-iteration costs. Nonetheless, the method has slow
global convergence, requiring up to O(k?) iterations to reach the superlinear rate of
O((1/t)t/?), where £ is the problem’s condition number. In this paper, we propose
a novel stochastic Newton proximal extragradient method that improves these
bounds, achieving a faster global linear rate and reaching the same fast superlinear
rate in O(k) iterations. We accomplish this by extending the Hybrid Proximal
Extragradient (HPE) framework, achieving fast global and local convergence rates
for strongly convex functions with access to a noisy Hessian oracle.

1 Introduction

In this paper, we focus on the use of second-order methods for solving the optimization problem

min, f(x), )]
where f : R? — R is strongly convex and twice differentiable. There is an extensive literature
on second-order methods and their fast local convergence properties; e.g., [2H5]. However, these
results necessitate access to the exact Hessian, which can pose computational challenges. To address
this issue, several studies have explored scenarios where only the exact gradient can be queried,
while a stochastic estimate of the Hessian is available—similar to the setting we investigate in this
paper. This oracle model is commonly encountered in large-scale machine learning problems, as
computing the gradient is often much less expensive than computing the Hessian, and approximating
the Hessian is a more affordable approach. Specifically, consider a finite-sum minimization problem
min,cga » . fi(x), where n denotes the number of data points and d denotes the dimension of
the problem. To achieve a fast convergence rate, standard first-order methods need to compute one
full gradient in each iteration, resulting in a per-iteration computational cost of O(nd). In contrast,
implementing a second-order method such as damped Newton’s method involves computing the
full Hessian, which costs O(nd?). An inexact Hessian estimate can be constructed efficiently at a
cost of O(sdz), where s is the sketch size or subsampling size [[1}6]. Hence, when the number of
samples n significantly exceeds d, the per-iteration cost of stochastic second-order methods becomes
comparable to that of first-order methods. Moreover, using second-order information often reduces
the number of iterations needed to converge, thereby lowering overall computational complexity.

A common template among stochastic second-order methods is to combine a deterministic second-
order method, such as Newton’s method or cubic regularized Newton method, with techniques such
as Hessian subsampling [7H12] or Hessian sketching [4} |6, [13]] that only require a noisy estimate
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Table 1: Comparison between Algorithm and the stochastic Newton method in [[1], in terms of how
many iterations it takes to transition to each phase, and the convergence rates achieved. We drop
constant factors as well as logarithmic dependence and 1/4, and assume 1/poly(x) < T < O(k).

Methods Weights Linear phase Initial superlinear phase Final superlinear phase
T rate ¢ Ta rate 0§1> T3 rate 6,&2)
Stochastic Uniform T2 1-k2% & "73 ;—Z T/ o)
Newton [} Non-uniform Y2 1—-x"2 &2 7'{4:5;('1))“ K2 T%
Stochastic Uniform ?22 1—x"1 K2 % % T log(t
NPE (Qurs) Non-uniform ?2 11—k Y 4k (@2 gnos O T2+ 5 TM

tlog(t)

Vi

of the Hessian. We refer the reader to [14} [15] for recent surveys and empirical comparisons. In
terms of convergence guarantees, the majority of these works, including [4, |6, (8511} [13]], have shown
that stochastic second-order methods exhibit a global linear convergence and a local linear-quadratic
convergence, either with high probability or in expectation. The linear-quadratic behavior holds when

%1 — x| < erllxe — x¥|| + callx: — x*||%, ()

where x* denotes the optimal solution of Problem (I)) and ¢y, co are constants depending on the
sample/sketch size at each step. In particular, the presence of the linear term in () implies that the
algorithm can only achieve linear convergence when the iterate is sufficiently close to the optimal
solution x*. Consequently, as discussed in [9,[10], to achieve superlinear convergence, the coefficient
c1 = c1,; needs to gradually decrease to zero as ¢ increases. However, since c; is determined by the
magnitude of the stochastic noise in the Hessian estimate, this in turn demands the sample/sketch
size to increase across the iterations, leading to a blow-up of the per-iteration computational cost.

The only prior work addressing this limitation and achieving a superlinear rate for a stochastic
second-order method without requiring the stochastic Hessian noise to converge to zero is by [1]. It
uses a weighted average of all past Hessian approximations as the current Hessian estimate. This
approach reduces stochastic noise variance in the Hessian estimate, though it introduces bias to the
Hessian approximation matrix. When combined with Newton’s method, it was shown that the pro-
posed method achieves local superlinear convergence with a non-asymptotic rate of (Y+/log(t)/t)*
with high probability, where T characterizes the noise level of the stochastic Hessian oracle (see
Assumption[d). However, the method may require many iterations to achieve superlinear convergence.
Specifically, with the uniform averaging scheme, it takes O(x?) iterations before the method starts
converging superlinearly and @(H6 /Y?2) iterations before it reaches the final superlinear rate. Here,
k = L1/ denotes the condition number of the function f, where L is the Lipschitz constant of the
gradient and g is the strong convexity parameter. To address this, [[1] proposed a weighted averaging
scheme that assigns more weight to recent Hessian estimates, improving both transition points to
O(T? + ) while achieving a slightly slower superlinear rate of O(Y log(t)/v/%).

Our contributions. In this paper, we improve the complexity of Stochastic Newton in [1] with a
method that attains a superlinear rate in significantly fewer iterations. As shown i 1n Table [T} our
method requires fewer iterations for linear convergence, denoted as 77, by a factor of x2 compared to
(1. Addltlonally, our method achieves a linear convergence rate of (1 — O(1/x))*, outperforming
the (1 — (1 /k?))t rate in [1]. Thus, our method reaches the local neighborhood of the optimal
solution x* and transitions from linear to superlinear convergence faster. Specifically, the second
transition point, 73, is smaller by a factor of « in both uniform and non-uniform averaging schemes
when T = O(y/k). Similarly, our method’s initial superlinear rate has a better dependence on &,
leading to fewer iterations, 73, to enter the final superlinear phase. To achieve this result, we use the
hybrid proximal extragradient (HPE) framework [[16} [17] instead of Newton’s method as the base
algorithm. The HPE framework provides a principled approach for designing second-order methods
with superior global convergence guarantees [3,17420]. However, [16] and subsequent works focus
on cases where f is merely convex, not leveraging strong convexity. Thus, we modify the HPE
framework to suit our setting. Specifically, we relax the error condition for computing the proximal
step in HPE, enabling a larger step size when the iterate is close to the optimal solution, crucial for
achieving the final superlinear convergence rate.



2 Preliminaries

In this section, we formally present our assumptions.

Assumption 1. The function f is twice differentiable and p-strongly convex.

Assumption 2. The Hessian V2 f satisfies |V? f(x) — V2 f(y)|| < M.

Assumption 3. The Hessian V2 f is Lo-Lipschitz, i.e., |V2f(x) — V2f(y)|| < L2|x — y|l2-

Assumption [2]is more general than the assumption that V f is L;-Lipschitz. In particular, if the latter
assumption holds, then M; < L;. Moreover, we define £ M, /v as the condition number.

To simplify our notation, we denote the exact gradient V f(x) and the exact Hessian V2 f(x) of the
objective function by g(x) and H(x), respectively. As mentioned earlier, we assume that we have
access to the exact gradient, but we only have access to a noisy estimate of the Hessian denoted by
fI(x) In fact, we require a mild assumption on the Hessian noise. We define the stochastic Hessian

noise as E(x) £ H(x) — H(x), where it is assumed to be mean zero and sub-exponential.
Assumption 4. If we define E(x) 2 H(x) — H(x), then E[E(x)] = 0 and E[|| E(x)||?] < p!T% /2
for all integers p > 2. Also, define Y = Y g/ 1 to be the relative noise level.

Assumption 5. The Hessian approximation matrix is positive semi-definite, i.e., I:I(X) =0, Vx € R%

Stochastic Hessian construction. The two most popular approaches to construct stochastic Hessian
approximations are “subsampling” and “sketching”. Hessian subsampling is designed for a finite-sum
objective of the form f(x) = £ Y% | fi(x), where n is the number of samples. In each iteration,

T n

asubset S C {1,2,...,n} is drawn uniformly at random, and then the subsampled Hessian at x
is constructed as H(x) = ﬁ > ies V2 fi(x). In this case, if each f; is convex, then the condition

in Assumption [3|is satisfied. Moreover, if we further assume that || V2 f;(x)|| < c¢M; for some
¢ > 0 and for all 4, then Assumptionis satisfied with T = O(\/crlog(d)/|S| + cklog(d)/|S])
(see [, Example 1]). The other approach is Hessian sketching, applicable when the Hessian H
can be easily factorized as H = MM, where M € R**? is the square-root Hessian matrix, and
n is the number of samples. This is the case for generalized linear models; see [1]]. To form the
sketched Hessian, we draw a random sketch matrix S € R$*? with sketch size s from a distribution
D that satisfies Ep[STS] = I. The sketched Hessian is then H = MSTSM. In this case,
Assumption[5]is automatically satisfied. Moreover, for Gaussian sketch, Assumption [4]is satisfied
with T = O(k(\/d/s + d/s)) (see [1, Example 2]).

Remark 1. The above assumptions are common in the study of stochastic second-order methods,
appearing in works on Subsampled Newton [[7H10, [12]], Newton Sketch [4} 16} [13], and notably, [[1]].
The strong convexity requirement is crucial as stochastic second-order methods have a clear advantage
over first-order methods like gradient descent when the function is strongly convex. Specifically,
stochastic second-order methods attain a superlinear convergence rate, as shown in this paper, which
is superior to the linear rate of first-order methods.

3 Stochastic Newton Proximal Extragradient

Our approach involves developing a stochastic Newton-type method grounded in the Hybrid Proximal
Extragradient (HPE) framework and its second-order variant. Therefore, before introducing our
proposed algorithm, we will provide a brief overview of the core principles of the HPE framework.
Following this, we will present our method as it applies to the specific setting addressed in this paper.

Hybrid Proximal Extragradient. Next, we first present the Hybrid Proximal Extragradient (HPE)
framework for strongly convex functions. To solve problem (I, the HPE algorithm consists of two
steps. In the first step, given x;, we find a mid-point X; by applying an inexact proximal point update
X; &= xy — 0V f(%X¢), where 7, is the step size. More precisely, we require

1% = x¢ + V(&) < ay/ell%e — %], (©)
where v; = 142, 1 is the strong convexity parameter, and o € (0, 1) is a user-specified parameter.
Then, in the second step, we perform the extra-gradient update and compute x;,; based on

1 1
X1 = %(Xt — eV f(Xe)) + (1 - %>>A<t7 4)



The weights % in the above convex combination are chosen to optimize the convergence rate.

Remark 2. When p = 0, the algorithm outline above reduces to the original HPE framework studied
in [[16}[18]. Our modification in (3)) is inspired by [21]] and allows a larger error when performing
the inexact proximal point update, which turns out to be crucial for achieving a fast superlinear
convergence rate. Moreover, the modification in (4) has been adopted in [22]].

Stochastic Newton Proximal Extragradient (SNPE). The HPE method described above provides a
useful algorithmic framework, instead of a directly implementable method. The main challenge comes
from implementing the first step in (3)), which involves an inexact proximal point update. Specifically,
the naive approach is to solve the implicit nonlinear equation x — x; + 1V f(x) = 0, which can be
as costly as solving the original problem in (I). To address this issue, [18] proposed to approximate
the gradient operator V f (x) by its local linearization V f (x;) + V2 f(x;)(x — X; ), and then compute
X; by solving the linear system of equations x; — x; + 7¢(V f(x¢) + V2 f(x¢)(X; — x¢)) = 0. This
leads to the Newton proximal extragradient method that was proposed and analyzed in [18].
However, in our setting, the exact Hessian V2 f(x;) is not available. Thus, we construct a stochastic
Hessian approximation H; from our noisy Hessian oracle as a surrogate of V2 f(x;). We will
elaborate on the construction of H; later, but for the present discussion assume that this stochastic
Hessian approximation H, is already provided. Then in the first step, we will compute X; by

% = x¢ — e (VF(xe) + Hy (R — x0)), (5)

where we replace V f(%X;) by its local linear approximation V f (x;) + H (X, — x;). Moreover, @) is
equivalent to solving the following linear system of equations (I + 7, H;)(x — x;) = —1: V f(x¢).
For ease of presentation, we set X; as the exact solution of this system, leading to

)A(t = Xt —nt(1+ﬂtﬁt)_IVf(Xt). (6)

However, we note that an inexact solution to this linear system is also sufficient for our convergence

guarantees so long as ||(I + 1H,) (X, — x;) + 7,V f(x,)]| < S1%x: — x¢||; We refer the reader to
Appendlx@]for details. Additionally, since we employed a linear appr0x1mat10n to determine the
mid-point X;, the condition in (3)) may no longer be satisfied. Consequently, it is crucial to verify
the accuracy of our approximation after selecting X;. To achieve this, we implement a line-search
scheme to ensure that the step size is not large and the linear approximation error is small.

Next, we discuss constructing the stochastic Hessian approximation H,. A simple strategy is using
H(x;) instead of V2 f(x;), but the Hessian noise would lead to a highly inaccurate approximation of
the prox operator, ruining the superlinear convergence rate. To reduce Hessian noise, we follow [1] and
use an averaged Hessian estimate H( +). We consider two schemes (1) uniform averaging; (ii) non-
uniform averaging with general weights. In the first case, H, = 7 +1 Zl 0 H(xf)umforrnly averages
past stochastic Hessian approximations. Motivated by the central limit theorem for martingale
differences, we expect Ht to have smaller variance than H(xt) It can be implemented online as
H, = ; +1Ht 1+ 7 +1H(xt) without storing past Hessian estimates. However, H(xt) is a biased

estimator of V2 f(x;), since it incorporates stale Hessian information. To address the bias-variance
trade-off, the second case uses non-uniform averaging to weight recent Hessian estimates more.
Given an increasing non-negative weight sequence {w;}$°_; with w_; =0, the running average is:

JHGx). ™

Wr—1

I:It = 711:It71+ (1—
Wi Wt

w;

Equivalently, with z;; = wl%f”l H, can be written as ZE:O zztI:I(xz) We discuss uniform

averaging in Section @] and non-uniform averaging in Section 3

Building on the discussion thus far, we are ready to integrate all the components and present our
Stochastic Newton Proximal Extragradient (SNPE) method. The steps of SNPE are summarized in
Algorithm|[I] Each iteration of our SNPE method includes two stages. In the first stage, starting with
the current point x;, we first query the noisy Hessian oracle and compute the averaged stochastic
Hessian H, from (7)), as stated in Step 4. Then given the gradient V f(x;), the Hessian approximation
H,, and an initial trial step size o, we employ a backtracking line search to obtain 7, and X, as stated
in Step 6 of Algorithm[I} Specifically, in this step, we set 7, < o, and compute X, as suggested



Algorithm 1 Stochastic NPE Subroutine 1 (7, %) = BLS(x, g, H,«, 5, o)

1: Input: xo € R, weights {w;}{2, line-search |
parameters «, 8 € (0, 1), initial step size o9 > 0

: Input: current iterate x € R?, gradient g € R,
Hessian approximation H ¢ R%*? line-search
- Initialize: H_, = Oand w1 =0 parameters «, 3 € (0,1), initial trial step size o >0
:fort:'O,L...do. o . : Setn <+ ocandx « x —n(I+nH) 'g
Obtain a st~ochast11Hc Hessian H; = HU(th) X Sety < 1+ 2nu
Compute Hy = == H; 1 + (1 - =~ )H. while [|X — x + nV f(X)| > a\/7]I% — x| do
(e, %¢) = BLS (x4, V.f (x¢), Hy, o, 8, 04) Setn « Anand X + x — n(I+nH)'g
Let v = 1 + 2n:p and compute Sety + 14 2nu
Xt41 = %(xt —neVf(xe))+ (1 — %)fct end while
8: Setoit1=n:/8 : Output: 7 and X
9: end for

AN A S

A

in (6). If x; and its corresponding step size 7, satisfy (3), meaning the linear approximation error is
small, then the step size 7; and the mid-point X; are accepted and we proceed to the second stage
of SNPE. If not, we backtrack the step size 7; and try a smaller step size 57, where 5 € (0,1) is a
user-specified parameter. We repeat the process until the condition in (3)) is satisfied. The details of
the backtracking line search scheme are summarized in Subroutine [I] After completing the first stage
and obtaining the pair (7, X;), we proceed to the extragradient step and follow the update in (@),
as in Step 7 of Algorithm[I] Finally, before moving to the next time index, we follow a warm-start
strategy and set the next initial trial step size o441 as 7;/3, as shown in Step 8 of Algorithm

Remark 3. Similar to the analysis in [22]], we can show that the total number of line search steps after
t iterations can be bounded by 2¢ — 1 + log(n‘t’—fl). Moreover, when ¢ is large enough, on average the
line search requires 2 steps per iteration. We defer the details to Appendix[A.4]

Remark 4. Our motivation behind the choice 0,41 = 7/ is to allow the step size to grow, which

is necessary for achieving a superlinear convergence rate. Specifically, as shown in Proposition [I]

below, we require the step size 7, to go to infinity to ensure that lim;_, HI}IC;:E%;XHH = 0. Note
that this would not be possible if we simply set 041 = 14, since it would automatically result in
N1 < 0441 < 1. Moreover, this condition 4.1 = 1,/ is explicitly utilized in Lemmas [8]and[16]
in the Appendix, where we demonstrate that 7, can be lower bounded by the minimum of o /3! and
another term. We should also note that this more aggressive choice of the initial step size at each
round could potentially increase the number of backtracking steps. However, as mentioned above,
this does not cause a significant issue, since the average number of backtracking steps per iteration

can be bounded by a constant close to 2.

3.1 Key properties of SNPE

This section outlines key properties of SNPE, applied in Sections ff]and [5]to determine its convergence
rates. The first result reveals the connection between SNPE’s convergence rate and the step size 7.

Proposition 1. Ler {x;}:>0 and {X:}>0 be the iterates generated by Algorithm Then for any
t >0, we have ||x;41 — x*||2 < [|x¢ — x*||2(1 + 2mep) L.

Proposition [I] guarantees that the distance to the optimal solution is monotonically decreasing, and it
shows a larger step size implies faster convergence. Hence, we need to provide an explicit lower bound
on the step size. This task is accomplished in the next lemma. For ease of notation, we let I3 be the
set of iteration indices where the line search scheme backtracks, i.e., B £ {t : m+ < o¢}. Moreover,
we use g(x) and H(x) to denote the gradient V f(x) and the Hessian V? f(x), respectively.
Lemma 1. Fort ¢ B, we have n, = oy. Fort € B, let iy = n:/B and X = x; — (I +
7 H,) "IV f(xy). Then, ||%; — x| < %cht — X¢||. Moreover,

af|x —f<t|| 207 Bpu|x thH2 }
Ig(%:) — g(xe) — Hi (% — xo)|| [lg(%e) — g(xe) — Hy(%e — )2

ne > max{

As Lemmademonstrates, in the first case where ¢ ¢ B, we have 1, = ;. Moreover, since we set
oy = m—1/0 fort > 1, in this case the step size will increase by a factor of 1/8. In the second case



that t € 3, our lower bound on the step size 7, depends inversely on the normalized approximation

& = Hg(it)*gl(‘?ft)*ﬁ"‘c(it*Xt)H

error . Also, note that & involves an auxiliary iterate X, instead of the
actual iterate X; accepted by our line search. We use the first result to relate ||x; — x¢|| to [|X — x¢]|-

To shed light on our analysis, we use the triangle inequality and decompose this error into two terms:

& < llg(x:) — g(x:) — Hi(X — x4)||

[[%: — x|

+ || H, — Hy|. ®)

The first term in (8] represents the intrinsic error from the linear approximation in the inexact proximal
update, while the second term arises from the Hessian approximation error. Using the smoothness
properties of f, we can upper bound the first term, as shown in the following lemma.

Lemma 2. Under Assumptions[2|and[3| we have

lg(x:) — g(x¢) — Hy (X — x¢)|| . {M L2||xt—x*||}
1% — ] R N e ©)

Lemma 2] shows that the linear approximation error is upper bounded by M;. Moreover, the second
upper bound is O(||x; — x*||). Thus, as Algorithm|I|converges to the optimal solution x*, the second
bound in (9) will become tlghter than the first one, and the right hand side approaches zero.

To analyze the second term in (§]), we isolate the noise component in our averaged Hessian estimate.
Specifically, recall Ht Zz —o i, tH and H = H; + E;. Thus, we have Ht H, + E,, where
H, = Zf o %,tH; is the aggregated Hessian and E, = ZZ o %t B is the aggregated Hessian noise,

and it follows from the triangle inequality that || H, — H|| < ||[H; — Hy|| + ||Eq||. We refer to the
the averaged
stochastlc error. There is an intrinsic trade-off between the two error terms. For the fastest error
concentration, we assign equal weights to all past stochastic Hessian noises, i.e., z; s = 1/(¢ + 1) for
all 0 < ¢ < ¢, corresponding to the uniform averaging scheme discussed in Section To eliminate
bias, we assign all weights to the most recent Hessian matrix Hy, i.e., 2z, = 1 and z;; = 0 for all
1 < t, but this incurs a large stochastic error. To balance these, we present a weighted averaging
scheme in Section[5] gradually assigning more weight to recent stochastic Hessian approximations.

4 Analysis of uniform Hessian averaging

In this section, we present the convergence analy51s of the uniform Hessian averaging scheme, where
wy = t + 1. In this case, we have Ht = t+1 ZZ o H As discussed in Section L our main

task is to lower bound the step size 7;, which requires us to control the appr0x1mat10n error £; by
analyzing the two error terms in (§). The first term is bounded by Lemma[2] and the second term can

be bounded as ||H; — H,|| < ||H; — H,|| + ||E;||. Next, we establish a bound on ||E, ||, referred to
as the Averaged Stochastic Error, and a bound on ||H; — H,||, referred to as the Bias Term.

Averaged stochastic error. To control the averaged Hessian noise || E¢||,
of sub-exponential martingale difference, as shown in [1]].

Lemma 3 ([1, Lemma 2]). Let 6 € (0,1) with d/5 > e. Then with probability 1 — 672 /6, we have

|E:|| <8Yp \/wforanyt > 4log(d/$).

Lemmashows that, with high probability, the norm of averaged Hessian noise || E;|| approaches zero

at the rate of @(T £/Vt). As discussed in Section this error eventually becomes the dominant
factor in the approximation error £; and determines the final superlinear rate of our algorithm.

Remark 5. Our subsequent results are conditioned on the event that the bound on ||E,|| stated in
Lemmais satisfied for all ¢ > 41og(d/d). Thus, to avoid redundancy, we will omit the “with high
probability” qualification in the following discussion.

Bias. We proceed to establish an upper bound on ||H; —Hy||. The proof can be found in Appendix

Lemma 4. IfH, = t—i—% ZE:O H,, then |H, — H,| < t—t%l ZE:O |H; — H;||. Moreover, for any
i >0, we have |H; — H;|| < max{M;,2Ls||x; — x*||}.




The analysis of the bias term is more complicated. Specifically, to obtain the best result, we break
the sum in Lemmainto two parts, 2 S°7 V| H, — H;| and + S°'_, [|[H, — H;|, where Z is an
integer to be specified later. The first part corresponds to the bias from stale Hessian information and
converges to zero at O(M;Z/t), as shown by the first bound in Lemmad] The second part is the bias
from recent Hessian information when the iterates are near the optimal solution x*. Using the second
bound in Lemma[d] we show this part contributes less to the total bias and is dominated by the first

part. Thus, we can conclude that |[H; — Hy|| = O(%lz)

Based on the previous discussions, it is evident that the terms contributing to the upper bound of &; all
converge to zero, albeit at different rates. Furthermore, the linear approximation error and bias term
display distinct global and local convergence patterns, depending on the distance ||x; — x*||. Hence,
this necessitates a multi-phase convergence analysis, which we undertake in the following section.

4.1 Convergence analysis

Similar to [1]], we consider four convergence phases with three transitions points 77, 72, and 7s,
whose expressions will be specified later. Due to space limitations, in the following we provide an
overview of the four phases and relegate the details to Appendix

Warm-up phase 0 < ¢ < 77. At the beginning of the algorithm, the averaged Hessian estimate is
dominated by stochastic noise and provides little useful information for convergence. Thus, there
are generally no guarantees on the convergence rate for 0 < ¢ < 7;. However, due to the line search
scheme, Proposition [I|ensures that the distance to x* is non-increasing, i.e., ||x;+1 —x*|| < [lx; —x*||
for all t > 0. During the warm-up phase, the averaged Hessian noise ||E;||,
the approximation error &, is gradually suppressed. Once the averaged Hessian noise is sufficiently
concentrated, Algorithm [I]transitions to the linear convergence phase, denoted by 77.

Linear convergence phase T1 <t < Ts. After Ty iterations, Algorithm I|starts converging linearly
to the optimal solution x*. Moreover, during this phase, all the three errors discussed in Section
continue to decrease. Spemﬁcally, Lemma [2] shows the linear approximation error is bounded by

O(||x¢ — x*||), which converges to zero at a linear rate. Furthermore, Lemma [3| implies that the

averaged Hessian error ||E,|| diminishes at a rate of (9( £ ). Finally, regarding the bias term, it can

be shown | H; — H,|| = O(*1£) following the dlscusswns after Lemma@ Thus, once all the three
errors are sufficiently small, Algorithm [T|moves to the superlinear phase, denoted by 75.

Superlinear phases 75 <t < T3 and T3 < t < Ty. After 7 iterations, Algorlthmlconverges at
a superlinear rate. Moreover, the superlinear rate is determined by the averaged noise ||E;||,

decays at the rate of O( ) and the bias of our averaged Hessian estimate H,, which decays at the

rate of O( Mtl ). Hence, as the number of iterations ¢ increases, the averaged noise will dominate and

the algorithm transitions from the initial superlinear rate to the final superlinear rate.
We summarize our convergence guarantees in the following theorem and the proofs are in Appendix B}

Theorem 1. Suppose Assumptlons [113] hold and the weights for Hessian averaging in SNPE are
uniform, and define C' := \/— + 5 Then, the followings hold:

2
=0(3z)-
(b) Linearconvergencephase If Ty <t < Ta then ||xp01 —x*[|? < th —x*|?(1+ 2a6) ,
where Ty = (max{ L ,T2}) = O(Y? + K2).
(c) Initial superlinear phase: For T, < t < T3, we have ||x;41 — x*|| < Cp(l)Hx —x*,

where p(l) a\/@(IHl =0 (M) with T defined in 28)) and T3 = (M)

(d) Final superlinear phase: Finally, for t > T3, we have ||x;11 — x*|| < C,ot

where p{?) = 8!% log(dtED/3) _ ¢ (T log(0) )

(a) Warm-up phase: If 0 <t < Ty, then ||x;11 — x*|| < [|x¢

Comparison with [1]. As shown in Table[l} our method in Algorithm [I| with uniform averaging
achieves the same final superlinear convergence rate as the stochastic Newton method in [1]. However,
it transitions to the linear and superlinear phases much earlier. Specifically, the initial transition point



7T; is improved by a factor of 2, and our linear rate in Lemma@ is faster. This reduces the 1terat10ns
needed to reach the local nelghborhood cutting the time to reach 7 and T3 by factors of x and x?

S Analysis of weighted Hessian averaging

gence. However, as per Theorem |1} it requ1res (9( 1z ) iterations to reach this rate. To achieve a faster
transition, we follow [[I]] and use Hessian averaging with a general weight sequence {w; }. We show
this method also outperforms the stochastic Newton method in [1]]. Specifically, we set w; = w(t) for
all integer ¢ > 0, where w(-) : R — R satisfies certain regularity conditions as in [I, Assumption 3].

Assumption 6. (i) w(-) is twice differentiable; (ii) w(—1) = 0, w(t) > 0, Vt > 0; (iii) w'(—1) > 0;

(iv) w"(£) = 0,V > —1; (v) max { 20 U < 0,9 > 0 for some 0 > 1.

Previously, we showed Algorith with uniform averagmg eventually achieves superlinear conver-

Choosing w(t) = t? for any p > 1 satisfies Assumption@ Additionally, as discussed in [[1], a suitable
choice is w(t) = (t + 1)!°8(¢+4)  allowing us to achieve the optimal transition to the superlinear
rate. Since the analysis in this section closely resembles that in Section 4 on uniform averaging, we
will only present the final result here for brevity. The four stages of convergence are detailed in the
following theorem, with intermediate lemmas and proofs in the appendix. To simplify our bounds,
we report results for non-uniform averaging with w(t) = (¢ 4 1)'°g(t+4),

Theorem 2. Suppose Assurzlpn)ons 5] hold and the welghts for Hesstan averaging in SNPE are
log(t+4 !
defined as w(t) = (t + 1) and define C' : (105 \/W ) Then, the following hold:

(a) Warm-up phase: If 0 <t < Uy, then ||x¢11 — x*|| < [|x¢ = O(Z—j)
(b) Linearconvergencephase If Uy <t < Us, then ||x;11 —x*[|? < [|x¢ —x*||2(1+%)*1,

where Uy = (max{ X4k, T2}) = O(T2 + k).

(c) Initial superlinear phase: If Us <t < Us, then ||x;41 — x*|| < C’Ht(l)th — x*||, where

9(1 j”\/ﬂ(u{()t) = @(K(T2+H)log”2+”)/tl°gt) with J defined in @9) and Us = O(T?+ k).

(d) Final superlinear phase: Finally, if t > Us, then ||x;11 — x*|| < C”@t@)th -x

(2) _ 827 [w!(t)log(d" ) T log(t)
9 av/B w(t) O( Vi )

In the weighted averaging case, similar to the uniform averaging scenario, we observe four distinct
phases of convergence. The warm-up phase for SNPE, during which the distance to the optimal
solution does not increase, has the same duration as in the uniform averaging case but is shorter
than the warm-up phase for the stochastic Newton method in [T]] by a factor of 1/x2. The linear
convergence rates of both uniform and weighted Hessian averaging methods are 1 — x~!, improving
over the 1 — k2 rate achieved by the stochastic Newton method in [I]]. The number of iterations to
reach the initial superlinear phase is O (Y2 + x), smaller than the O(x?) needed for uniform averaging
in SNPE when we focus on the regime where T = O(y/k). The non-uniform averaging method in [1]]
requires 2 iterations to achieve the initial superlinear phase, whereas the non-uniform SNPE achieves
an initial superlinear rate of O(x'°8(*)1 /¢t improving over the rate of O(x*'°8(<)+1 /¢log(t))t i [T]).
Finally, while the ultimate superlinear rates in all cases are comparable at approximately O((1/v/1)?),
the non-uniform version of SNPE requires @(T2 + k) iterations to attain this fast rate, whereas [1]’s

non-uniform version requires O(x?) iterations, which is less favorable.

Remark 6. As discussed in [1, Example 1], with a~subsamp1ing size of s, we have Y = @(H /s) for
subsampled Newton. This implies that when s = £2(y/k), we achieve T = O(\/k).

6 Discussion and complexity comparison

In this section, we compare the complexity of our method with accelerated gradient descent (AGD),
damped Newton, and stochastic Newton [[1]] methods. The iteration complexities of these methods
are summarized in Table 2] which we use to establish their overall complexities. Note that since
both stochastic Newton and our proposed SNPE method achieve superlinear convergence, their



Table 2: Comparisons in terms of overall iteration complexity to find an e-accurate solution.

Methods AGD Damped Newton Stochastic Newton [[1]] SNPE (Ours)
Iteration O(y/klog(1/€)) O(x*+loglog(l/e)) O(Y? x>+ %) O(Y%+ K+ %)

complexities depend on the target accuracy e in the form O(M), which is provably better

loglog(1/€)
than the complexity of AGD by at least a factor of loglog(e~!). Further details are provided in
Appendix To better compare them, we focus on the finite-sum problem with n functions:

min,era y ., fi(z). Let € be the target accuracy, ~ the condition number, and Y the noise level
in Assumption In this case, computing the exact gradient and Hessian costs O(nd) and O(nd?),
respectively. Thus, the per-iteration cost for AGD is O(nd). Each iteration of damped Newton’s
method requires computing the full Hessian and solving a linear system, resulting in a total per-
iteration cost of O(nd? + d®). For both stochastic Newton in [1]] and our SNPE method, the
per-iteration cost depends on how the stochastic Hessian is constructed. For example, Subsampled
Newton constructs the Hessian estimate with a cost of O(sd?), where s denotes the sample size.
Newton Sketch has a similar computation cost (see [6]). Additionally, it takes O(nd) to compute the
full gradient and O(d?) to solve the linear system. Since the sample/sketch size s is typically chosen
as s = O(d), the total per-iteration cost is O(nd + d*).

» Compared to AGD, SNPE achieves better iteration complexity. Specifically, when the noise level
T and target accuracy € are relatively small (T = O(y/k) and log 1 = Q(y/k)), SNPE converges

in fewer iterations. Additionally, when n > d? (indicating many samples), the per-iteration costs
of both methods are O(nd), giving our method a better overall complexity.

* Compared to damped Newton’s method, our method’s iteration complexity depends better on the
condition number «, while damped Newton’s depends better on e. However, when n > d?, the
per-iteration cost of damped Newton is O(nd?), significantly more than our method’s O(nd).

* Compared to the stochastic Newton method in [[L], the per-iteration costs of both methods are
similar. However, Table [2] shows that our iteration complexity is strictly better. Specifically,
when the noise level is relatively small compared to the condition number, i.e., T = O(y/k), the
complexity of SNPE improves by an additional factor of x over the stochastic Newton method.

7 Numerical experiments

While our focus is on improving theoretical guarantees, we also provide simple experiments to
showcase our method’s improvements. All simulations are implemented on a Windows PC with
an AMD processor and 16GB Memory. We consider minimizing the regularized log-sum-exp

16
objective f(z) = plog(>_i_; exp(* ’;_bi )) + 5 Ix[|%, a common test function for second-order

methods [23| 24]] due to its high ill-conditioning. Here, A > 0 is a regularization parameter, p > 0
is a smoothing parameter, and the entries of the vectors ay, . ..,a, € R? and b € R? are randomly
generated from the standard normal distribution and the uniform distribution over [0, 1], respectively.
In our experiments, the regularization parameter A is 1073, the dimension d is 500, and the number
of samples n is chosen from 50,000, 10,000, and 150,000, respectively.

We compare our SNPE method with the stochastic Newton method in [1]], using both uniform
Hessian averaging (Section ) and weighted averaging (Section [3)). In addition, we evaluate it against
accelerated gradient descent (AGD), damped Newton’s method, and Newton Proximal Extragradient
(NPE), which corresponds to our SNPE method with the exact Hessian. For the stochastic Hessian
estimate, we use a subsampling strategy with a subsampling size of s = 500. Empirically, we found
that the extragradient step (Line [7]in Algorithm [I)) tends to slow down convergence. To address this,
we consider a variant of our method without the extragradient step, modifying Line[7]to x;11 = Xy.
In Figure 3] of the Appendix, we further explore the effect of the extragradient step. We also note that
similar observations were made in [19], where the simple iteration x; 1 = x; — 1; (I + 1, H;) " 'g;
outperformed “accelerated” second-order methods. From Figures [T]and 2] we have the following
observations:
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Figure 1: Iteration complexity comparison for minimizing log-sum-exp on a synthetic dataset.
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Figure 2: Runtime comparison for minimizing log-sum-exp on a synthetic dataset.

Comparison with stochastic Newton. In all cases, our SNPE method outperforms stochastic Newton
in both the number of iterations and runtime, due to the problem’s highly ill-conditioned nature and
our method’s better dependence on the condition number.

Comparison with AGD. From Figure E], we observe that our SNPE method, with either uniform or
weighted averaging, requires far fewer iterations to converge than AGD due to the use of second-order
information. Consequently, while SNPE has a higher per-iteration cost than AGD, it converges faster
overall in terms of runtime, as demonstrated in Figure

Comparison with the damped Newton’s method and NPE. As expected, since both damped
Newton and NPE use exact Hessian, Figure [T|shows that they exhibit superlinear convergence and
converge in fewer iterations than the other algorithms. However, since the exact Hessian matrix is
expensive to compute, they incur a high per-iteration computational cost and overall take more time
than our proposed SNPE method to converge (see Figure[2). Moreover, the gap between these two
methods and SNPE widens as the number of samples n increases, demonstrating the advantage of
our method in the large data regime.

8 Conclusions and limitations

We introduced a stochastic variant of the Newton Proximal Extragradient method (SNPE) for min-
imizing a strongly convex and smooth function with access to a noisy Hessian. Our contributions
include establishing convergence guarantees under two Hessian averaging schemes: uniform and
non-uniform. We characterized the computational complexity in both cases and demonstrated that
SNPE outperforms the best-known results for the considered problem. A limitation of our theory is
the assumption of strong convexity. Extending the theory to the convex setting would make it more
general. This extension is left for future work due to space limitations.
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Appendix

A Missing proofs in Section 3]

A1 Proof of Proposition 1]

In this section, we prove Proposition In fact, using the same proof, we can also show an additional
result that upper bounds ||x; — X||, which will useful in the proof of Lemma 2] Therefore, we present
the full version below for completeness.

Proposition 2 (Full version of Proposition . Let {x; }1>0 and {X¢ }+>0 be the iterates generated

by Algorithm(l| Then for any t > 0, we have ||xj11 — x*||2 < [x — x*||2(1 + 2nxp) ~* and
o 1 *

l[xe = %¢l| < =5 Ix¢ — 7.

Proof. Our proof is inspired by the approach in [22}, Proposition 1]. For any x € R9, we first write
ne(VIf(Xe), Xt —x) = (X — % + 0V F(Xe), X — X) + (X — X4, % — X). (10)
To begin with, we bound the first term in (I0) by
(e =%+ V f(Xe), % — %) < [0 — % + 0V (X[ = %]

< o/ 14 2mepul|%s — xo[[|%e — x|
2 1+ 2n,p
2
where the first inequality is due to Cauchy-Schwarz inequality, the second inequality is due to the
condition in (@), and the last inequality is due to Young’s inequality. Moreover, for the second term in
(10), we use the three-point equality to get

« ~ ~
< Sl —xl” + I — x|, (11)

PN 1 1 . 1, .
(xe = %e, % — %) = Sllxe — x|* ~ o llxe = *||* — 2 lIxe = x|%. (12)
By combining (10), (TT) and (12)), we obtain that
SN 1 1-a
m(Vf(%e), % — x) < §||Xt—XH2— 5

Moreover, it follows from the update rule in @) that 7,V f(X¢) = x¢ — Xeq1 + 20ep(Xe — Xet1)-
This implies that, for any x € R4,

2

136 = el * + mell%e — x| (13)

NV f(Xe), Xt 41 — %) (14)
= (Xt — X1, Xe 1 — X) + 200Xt — X1, Xe g1 — X)
e = xI? e = xea | 1+ 20

xer1 — xII* + mepllxe — x[1* = nepellxe — xea[]?,

15)
where we applied the three-point equality twice in the last equality. Thus, by combining (I3) with
x = xy41 and ([3) with x = x*, we get

ne(V f(%xe), % — x*)
=V f(Xe), Xep1 — X7) +m(V f(Xe), X — Xp11)

[Ixe —x*|2 —xe1]® 14 2np .
< e oD ot dial LM sl — I~ TRl

2 2 2

—X 2 1—a? .
+‘H%¢\2t+1H - th*XtHQJrﬁtH % 2.
(16)
Since V f(x*) = 0 and f is p-strongly convex, we further have
(VF(%e), ke — xX*) = (Vf(%¢) = VF(XF), & — x*) > pl|%e — x¥|2. (17)
Combining (T6) and (I7) and rearranging the terms, we obtain that
142 . 1 . 1—a? .
e =P < Sl = x| = = = (8)

Since o < 1, the last term in (T8)) is negative and we immediately obtain that ||x; 1 — x*||? < |x; —

x*||2(1 + 2n,) "' . Moreover, since %thﬂ —x*||2 > 0, it follows that 1_2“2 lx: — %12 <

]l%¢ — x*||?, which leads to [|x; — %] < \/%th — x*||. The proof is complete. O

1—a?
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A.2  Proof of Lemmalll

Recall that in our backtracking line search scheme in Algorithm ] the step size n, starts from o, and
keeps backtracking until the condition in (3) is satisfied. Hence, by the definition of B, it immediately
follows that n; = oy if t ¢ 3. Moreover, if t € B, then the step size 7; = 1,/ and the corresponding
iterate X; must have failed the condition in (3) (Otherwise, our line search scheme would have
accepted the step size 7, instead). This implies that

||)~(t *Xt+7~]tVf()~{t)H > Oé\/1+2’l7}t/,LH)~(t*XtH. (19)
Since it = Xt — 77]15 (I + ﬁtI:It)_IVf(Xt), we have
Xy — X+ f)tﬁt(it —x) = - Vf(x) & X —x¢= i (Vf(xt) + I:It(it - Xt))~

and hence the left-hand side in (I9) equals to 7|V f(X:) — V f(x:) — Hy (% — x;)||. Thus, we

obtain from (T9) that
- a\/1+2ﬁt,u||)~(t —Xt”

Ne > = . ) (20)
IV f(xe) = Vf(xe) = Hi (% — x4) |
By substituting 7; = 7, we further have
n > a1+ 2n/B|% — x|
V(%) = Vf(xe) — He(% — x4)|
Using the fact that 1 + 2n, /8 > 1, we get
> aBlI%: — x| 1)

IV f(%e) = VF(x0) = He(%e = x2)|
Moreover, using the fact that 1 + 2n.u/8 > 21/ 5, we can also conclude that

afy/ 277tu//3||5<t~— X¢|| IS 20 Bp|xe — zitHQ _
V(%) = Vf(xe) = He(Xe — x4) || IVf(x:) = Vf(xe) — Hy(%s — Xt)\(\zz

By combining (21)) and (22), we obtain the lower bound in Lemmal I

ne >

Finally, when H, = 0, it holds that I + 7,H, = I + n,H; > 0 and thus (I + n,H,)"! >
(I+ 7:H;)~! = 0. This further implies that ||(I + 7, H;) "'V f(x,)|| > |(T + 7.H:) "V f(x4)]]-
Hence, we can conclude that

- _ T = 1.
1% = x¢|| = 7] [ (T + 7 H) 7'V f (x| < %H(I +nHy) TV (x| < BHXt —x¢.
This completes the proof.

A.3 Extension to inexact linear solving

In this section, we extend our convergence results to the case where the linear system in (6] is solved
inexactly, i.e., we find X; such that

(X 4+ neHy) (ke — x0) + 0V (%) < %Hfit — Xy (23)

In this case, since the proof of Proposition [2]does not rely on the update rule in (6), Proposition 2]
continues to hold. However, we need to modify the proof of Lemma|[T]and replace it by the following
lemma. We note that the two results differ only by an absolute constant.

Lemma 5 (Extension to Lemmall). Fort ¢ B, we have n, = oy. Fort € B, let ij; =
be the corresponding iterate rejected by our line search scheme. Then, ||X; — x| < %th — x¢|.
Moreover,

e max{ oB|%: — x| 02 Bl — x| |
- 2llg(%:) — (%) — Hi(xe — x0)|” 2llg(%e) — (%) — Hi(%e — x0)|2
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Proof. We follow a similar argument as in the proof of Lemmall} If ¢ ¢ B, it immediately follows
that 77 = 0. Further, if ¢ € B, then 7, and the corresponding iterate z; must fail to satisfy the
condition in (3). This implies that

%6 = x¢ + 3V f (Xe)l| > /T + 2p ]| %e — %e- (24)
Moreover, by our inexactness condition in @ X; satisfies
T+ L) (e — o)+ iV Fxo)]| < 55—
Hence, by using triangle inequality, we have
TV f(%e) = Vf(x0) = He (% — x|

= H(fit =Xt + 7tV f(%Xe)) — ((I + 7 H) (e — %) + ﬁtvf(xt)) H

> 1% =% + V(&) = [T+ 7He) (R — %) + 5V f(x1)
> %\/ L+ 20 pl|%e — e -

Thus, we obtain that

V

S /T + 27| X — x|

2V f(%e) = Vf(xe) = He(%e — %)
Combining this with (20), we observe that these two bounds differ only by a constant factor of 2.
Hence, the rest of the proof for the lower bound follows similarly as in Lemmal[I]

Mt

Next, we prove the inequality ||X; — x| < %Hf(t — x||. Define X = x; — (I + n,H,) "'V f(x/)

and X} = x; — (I + ﬁtICIt)_IVf(xt), i.e, they are the exact solutions to the corresponding linear
systems. By the argument in the proof of Lemma we have ||X} — x¢|| < %Hf{f — x¢||. In the
following, we first prove that

1. . 3. 1, - 3 -
Slxe = xefl <% —xell < Sli%e —xell and - S — x| < [1%F = x| < Sl1%e = xef]. (25)

It suffices to prove the first set of inequalities, since the second one follows similarly. To see this,
note that the condition in (23) can be rewritten as

~ R . o
I+ 7 He) (e = %) < 5 l1%e — xel.

Since H, > 0, this further implies that ||, — x| < ||(T+ n,H,) (%, — x7)|| < S 1I%¢ — x¢||. Hence,
by the triangle inequality, we obtain that

N . . . AN 3.
I = xell < 1155 = %ell + % = xall < (14 5 ) 1% = xall < S1% = ],
- o o . ay 1.
I = xell = 1155 = %ell = % = xall = (1= 5 ) I%e = xall = 5% — ],

which lead to (23). Finally, we conclude that [|%; — ;|| < 2[|%} —x¢[| < F[I%; — x| < 3% —x]].
This completes the proof. O

A.4 The total complexity of line search

Let I, denote the number of line search steps in iteration ¢. We first note that 7, = ;3% by our
line search subroutine, which implies I; = log; ,3(0¢/m:) + 1. Moreover, recall that oy = 1,1/
for ¢ > 1. Hence, the total number of line search steps after ¢ iterations can be bounded by (cf. [22,
Lemma 22]):

t—1 t—1

ag; g0
E L:E lo — +1}_2t—1+10 < >
i—0 ' i—0 [ B1/p <77i> & Nt—1

Moreover, it can be shown that n,_; > «f/(3M;) when t = Q(Y2/k?) in both the uniform
averaging and the non-uniform averaging cases (cf. Corollaries[2]and[3)). This implies that the total
number of line search steps can be bounded by 2t — 1 + log(3My00/af3).
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A.5 Proof of Lemmal[2

Recall that we use g(x) and H(x) to denote the gradient V f (x) and the Hessian V2 f (x), respectively.
We first consider the inequality in (9). By the fundamental theorem of calculus, we can write

1
V(&) - V(x) = / V2 f (x4 7(%e — x2)) (Rs — x2) -
0
Therefore, we can further use the triangle inequality to get
IVF(%e) = V() = V2 f () (e = x0) |

1
= ‘ /0 (V2F(xe 4+ 7(%e — x1)) = VAf(x0)) (R — %) dr

1
= / (V2 f (ke + (% — 1)) — V2f(x0)) (ke — x1)|| dr
0

1
< / V2 f (xe 4+ 7(%e — x4)) — V2 f(x0) | |1%e — x| dr. (26)
0

Moreover, we have ||V? f(x¢ + 7(%;: — x¢)) — V2 f(x¢)|| < My forany 7 € [0,1] by Assumption
Together with (26), this further implies that 1Y/ =V/ (ﬂ‘;z ZtHf () =x)l < A, | which proves
the first bound in (9).
Next, we consider the second bound in (9). By Assumption 3] it follows from standard arguments
that ||V f(%¢) — Vf(x¢) — V2 f(x4) (R — %) || < 22]|%¢ —x¢]|? (e.g., see [25| Lemma 1.2.4]). This
leads to
IVF(%e) = Vf(xe) = V2F(x0) (R = xa)[| _ Lol|%e = xell _ Loll%e — x¢]] _ Lolxe — x
[[%e = x| - 2 - 26 T 28V1i-a?’

where we used ||X; — x| < %Hf{t — x¢|| from Lemmaand |%: — x| < ﬁ”xt — x*|| from
Proposition[2] This completes the proof.

il

B Missing Proofs in Section 4]

B.1 Proof of Lemmald|

Recall that in the case of uniform averaging, we have H; = -5 S¢_, H;. Hence, it follows from

Jensen’s inequality that [|H, — Hy|| < ; +1 Zi o IH; — Hy||. To prove the second claim, note that
Assumption [2] directly implies |[H; — H,|| < M;. Moreover, we can use Assumptlon Bl and the
triangle inequality to bound || H, — H|| < La|[x; — ]| < Lo([lx¢ —x*|| + [|x; —x*|). Since i < ¢
and ||x; — x*|| is non-increasing in ¢ by Proposmon we further have lx: —x*|| < |lxi — x*]|,
which proves |[H;, — H;|| < 2Ls||x; — x*||.

B.2 Proof of Theorem/[]

Warm-up phase. To determine the transition point 77, recall that both the linear approximation
error and the bias term can be bounded by M according to Lemmas[2]and[4 Since Lemma [3]shows

that | E|| = O(Tg/Vt), we will have |[E;|| < M; when t = Q(Y%/M?) = Q(Y?/k?). More
specifically, the transition point is given by
25672 8dY d af
— 2 log = 4log < log), ——— 1, 27
T max{ 2 8T 0850085 B 3Miog @7

where § € (0,1) satisfies d/d > e, a, § € (0, 1) are line-search parameters, and oy is the initial step
size.

Linear convergence phase. In the following lemma, we prove the linear convergence of Algorithm T
with uniform averaging.
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Lemma 6. Assume that 8 < 1/2 and recall the definition of Ty in (Z7). For any t > Ty, we have

—1
2

e — 3 < fxe — x| (1 L 2B ) ,
3K

where k = M [ is the condition number.
Proof. See Appendix [B.3] O

Now we discuss the transition point 75. At a high level, the algorithm transitions to the superlinear
phase if all three errors discussed in Section are reduced from O(M) to O(u). For this to
happen, first the iterate x; needs to reach a local neighborhood satisfying ||x; — x*|| = O(u/L2).
As a corollary of Lemma@ this holds at most after an additional O(k) iterations. Specifically, let
v € (0,1) be a parameter and define

3K )1 LQ.D’ (28)

T=Ti+2(1+

I + 208

where D = ||x¢ — x*|| is the initial distance to the optimal solution. Then Lemma [6]implies that
we have ||x; — x*|| < vu/Ls for all ¢ > Z. Moreover, Lemma [3|implies that the averaged Hessian

noise satisfies |E;|| = O(u) when t = Q(Y%/u?) = Q(Y?). Finally, regarding the bias term,

following the discussions after Lemma W4} it can be shown that |H; — H;|| = O (%f ) Thus,

|H; — Hy|| = O(u) when t = Q(xZ). Combining all pieces together, we formally define the second
transition point by

og "

(29)

Sv v

2
T = max{%GzT log —SdT g - 1}.
v

Since T = O(T1+r) = O(T?/k2+k), we note that T = O(max{ Y2, T2 /k+r2}) = O(T24k2).

Superlinear phase. In the following theorem, we show that after 75 iterations, Algorithmﬂ] with
uniform averaging converges at a superlinear rate. See Appendix [B.4]for proof.

Theorem 3. Let v € (0, 1) be a parameter satisfying <
the definition of Tz in @29). Then for any t > Ta,

e — ) < (

5 25
2ap(1—aD)p + a\/ﬁ) v < 1. and recall

1
———+95 x; — X*|,
28vI— a2 )Pt” t |

where
4T [log(d(t +1)/9) 3kT

"= oy tr1  2ayBi+1)

In TheoremE], we observe that the rate p; in (30) goes to zero as the number of iterations ¢ increases,
and thus it implies that the iterates converge to x* superlinearly. Moreover, the rate p; consists of two
terms. The first term comes from the averaged noise ||E; ||, which decays at the rate of O(Y/v/%).
In addition, the second term is due to the bias of our averaged Hessian estimate H;, which decays
at the rate of O(xZ/t). Hence, when ¢t is sufficiently large, the averaged noise will dominate and
the superlinear rate settles for the slower rate of @(T /\/t). Specifically, the algorithm transitions
from the initial superlinear rate to the final superlinear rate when the two terms in (30) are balanced.
Hence, we define the third transition point 73 as the root of

(30)

9Kk2T?
T2
Since T = O(T?/k% + k), Ts = O((T?/k + £2)2/Y?). We summarize our discussions in the
following corollary.
Corollary 1. For 75 <t < T3 — 1, we have

64(75 + 1) log(d(T3 + 1)/0) =

. 1 (1)
Xep1 — X || < +5
It =] (25 — )pt |

17
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1) _ _ 6sz
where Pt = m

e — x°)) < (

(2) _ 8v2r [log(d(t+1)/9)
t = oJB t+1 .

Moreover, fort > T3, we have

2 *
P [1xe — x|,

1
28v1 — a? * 5)

where p

B.3 Proof of Lemmal6l

We divide the proof of Lemmal6]into the following three steps. First, in Lemmal[7} we provide a lower
bound on the the step size 7; in those iterations where our line search scheme backtracks the step
size, i.e., t € 3. Building on Lemma we use induction in Lemma@]to prove a lower bound for all
t > 0. This allows us to establish 7y = Q(1/M;) forall ¢ > 77 in Corollary from which Lemma@
immediately follows.

To simplify the notation, we define the function

o(t) = 8Tp log(dit—:-ll)/é).

Then Lemmacan be equivalently written as ||E;|| < ¢(t) for all t > 4log(d/&). We are now ready
to state our first lemma.

Lemma 7. Ift € B, then we have n, > o8/(2M1 + ¢(t)).

3D

Proof. If t € B, by Lemmal[I] we can lower bound the step size 7, by
ne = ~ aﬂ”xtiz(t't = O;ﬁ,
lg(x¢) — g(xe) — He(xe — x4 t

) —g () —Hy (% —x)|| - . N .
where &, 2 18&1) gﬁ;’t’lxi ﬁ’(xt 0l i5 the normalized approximation error. Moreover, as outlined

in Section[3.1] we can apply the triangle inequality to upper bound &;. Specifically, we have
g < lg(x¢) — g(’ft) — Hy (% —x) |

% — x|
By @) in Lemma [2] the first term in (33) is upper bounded by M;. Moreover, it also follows
from Lemmathat IH, — Hy| < 25 >0 IHy — H;|| < M;. Hence, we further obtain & <
2M; + | E¢|| < 2M7 + ¢(t). Combining this with (32), we obtain the desired result. O

(32)

+ || H — Hy|| + | B¢ |- (33)

Lemmal(7] provides a lower bound on the step size 7, but only for the case where ¢ € B. In the next
lemma, we further use induction to show a lower bound for the step sizes in all iterations.

Lemma 8. Assume that < % For any t > 0, we have

. af 2]
mZmln{M,ﬁt} 34

Proof. We prove this lemma by induction. For the base case ¢ = 0, we consider two subcases. If
0 € B, then by Lemmawe obtain that 79 > ﬁfqﬁ(o)‘ Otherwise, if 0 ¢ B, we have 1y = oy. In
both cases, we observe that (34) is satisfied for the base case ¢t = 0.
Now assume that (34)) is satisfied for ¢ = s where s > 0. For t = s + 1, we again distinguish two
subcases. If s + 1 € B, then by Lemmawe obtain that s > which implies that
(34) is satisfied. Otherwise, if s + 1 ¢ B, then we have
UB 1. af o} . « o)
541 = Ogi1 = — > —min ——, — » = min , , 35

Ns+1 +1 3 3 {2M1—|—¢(8) ﬂs} {2M1+¢(5) Bs+1} (35)
where we used the induction hypothesis in the last inequality. Furthermore, note that ¢(s)/¢(s+1) <
2 <9 < %, which implies that ¢(s) < ¢(s + 1)/3. Hence, we have

s+1
o - af S af
2My + ¢(s) — 2B8My +d(s+1) — 2My + (s + 1)

ap
M1 +(s+1)°
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Therefore, (33) implies that 111 > min {WM, 77%r ¢ and thus (34) also holds in this
subcase. This completes the induction and we conclude that (34) holds for all ¢ > 0. O

As a corollary of Lemma we obtain the following lower bound on 7); for ¢ > 7.
Corollary 2. Recall the definition of Ty in 7). For any t > T, we have 0y > a8/(3My).

Proof. As shown in [IL Lemma 2], we have ¢(t) < M; when ¢ > max {256%; log 8dY log %}

KO 7
Moreover, we have % > % when ¢ > log% % Hence, by Lemma |8 we conclude that

ntng whent > T;. O

Now we are ready to prove Lemma 6]

Proof of Lemmal6] By Proposition|[1] we have ||x;11 — x*||? < [|x¢ — x*||2(1 + 2mep) 7 By usmg
Corollary we obtain that [|x;1+1 — x*||* < [lx; — x*[|2(1 + 228/ (3M;)) "1 = ||xt —x*[|2(1 +
203/ (31))

B.4 Proof of Theorem[3

In this section, we present the proof of TheoremE} The proof consists of four steps. To begin with, in
Lemma@] we show that the iterate x; stays in a local neighborhood of x when ¢ > 7, where 7 is

defined in (28)). Next, we use this result in Lemma |10|to upper bound F in those iterations where

our line search scheme backtracks the step size, i.e., t € B. Then we use induction in Lemma [ T]to
prove an upper bound for all t > 0. Furthermore, we agam use induction in Lemma@]to establish an
improved upper bound on ﬁ when ¢ > Ta, where 73 is defined in (29). After proving Lemma

Theorem [3then follows from Proposition|[T}
Lemma 9. We have ||x; — x*|| < vu/Lao forall t > T, where T is given in (28).

Proof. By applying Lemma@ we have ||x7; 1 — x*||? < ||lx7, — x*||? (1 + 2aﬁ Moreover,
since ||x; — x*|| is non-increasing in ¢, we have ||x7; — x*|| < ||xo — x*|| = D. Thus, we have
N Vi af V22 ( 3K ) LoD
_ <2 = D214 =2 < < u>2(14+—)log .
rere w2 0 (14 200) T e a1 210 (12
This completes the proof. O

Note that by Proposition|[1] we have ||x;+1 —x*[|2 < [|x; —x*||2(1+2m:p) ™1 < [|xe —x*[|2/ (20 0),

which further implies that

[[x: — x|
20 p

Hence, to characterize the convergence rate of our method, it is sufficient to upper bound the quantity

1/4/2m; 1. We achieve this goal in the subsequent lemmas.

Lemma 10. [ft € Bandt > Z, then
D 7 s I |1 3kT

[x¢41 —x*|| < (36)

< + + . (37)
V2~ daB/(1—a?)Bu - 204/Bp - 2a/B(t +1)
Moreover, it also holds that
1 t 3kT
< v LU n . (38)
V2 T daBy/(1—a2)3  200/Bu 2ay/B(t+1)
Proof. By using the second bound in Lemma(T] we obtain that
1 g (%) — g(xe) — Hi (% — x| __ & (39)
V2 20/ Bul%e — x| 200/
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Furthermore, by combining (33) and (9) in Lemma 2] we further have

Lo|x: — x|
&< ——+|H - H +|E 40

It remains to bound the bias term ||H, — H;||. By Lemma[d] we have

H, -H| < — H; -H, H, - H, — H, - H,.
I, t||_t+1ZHt L ||+t+12||t [

1=0

Fori=0,1...,7— 1 we use the first upper bound on ||H; —H;|| in Lemma]to bound || H, —H,|| <

M, and thus ZZ o '||H; — H;|| < MyZ. Moreover, fori = Z,Z + 1,...,t, we use the second
upper bound in Lemmalto get |H;, — H;|| < 2Ls]|x; — x*||. Moreover note that X; converges
linearly to x* when i > Z by Lemma[6} Hence, we further have

t t

1 2L, o 2halxz — x| & 2a5 —i/2
— ) |H;—H;| < D llxi —x*|| < Z 1+ —=

t+1 t+1 t+1

i=T i=T
< dvp 14 3K .
t+1 2a8
In the last inequality, we used the fact that ||xz — x*|| < vu/Ls and Y50 (1 + ¢)"/2 = 1/(1 —

(1+¢)72) = (L+ ) 2/(L+ )2 1) = (1+¢)2((1+¢)'/2 + 1)/ < 2(1+1/9),
where ¢ = 2a/(3k). Moreover, since Z > 2 (1 + %) and v < 1, from (@I)) we further have

(41)

H% S, |H: — Hy|| < 22 Combining the above inequalities, we arrive at

1
©M\ZT  2uT  3MLT

H, - H,| < < : 42
[ H, t||_t+1+t+1_t+1 (42)
Combining (39), (@0), and @2) leads to the first result in (37). Finally, (38) follows from the fact that
|E:|| < ¢(t) and ||x; — x*|| < vpu/Ly forallt > T. O
Lemma 11. Assume that § < 1/2. For any t > T, we have

1 v o(t) 3w

v
VI = daby T —aB | 20vBr T 2avBGTY)  dapyi—anp 0 P

where py is defined in (30).

Proof. We shall use induction to prove Lemma|[I1] For ¢ = Z, note that by Corollary [2] we have
nz > af/(3Mjy). Thus, this implies that

1 < V3K < 3k
V2nzpe ~ V2B T 200/B(Z+1)
where we used the fact that k > 1, « < 1, 8 < 1/2 and Z > 4. This proves the base case where
t=1.

Now assume that (3] holds for ¢t = s, where s > Z. For t = s + 1, we distinguish two subcases. If
s+ 1 € B, then by Lemmal[T0] we obtain that (@3) is satisfied for ¢ = s + 1. Otherwise, if s + 1 ¢ B,
then we have 7,11 = 0511 = 1s/. Hence, by using the induction hypothesis, we have

1 _ VB < v N VBb(s) N 3v/BKI .
V2nspip V2nsp T daB/(1—a?)B  2a/Bu 2a/B(s+1)
Since 8 < 1/2and Z > 2, we have (s +2)/(s+1) < (T+2)/(Z+1) <14 < 1/4/B and
#(s) < ¢(s+ 1)/+/B. Thus, we further have
1 < v n d(s+1) n 3kT '
V20stipt T daB/(1—a?)B  204/Bp 2a4/B(s +2)

This shows that (@3] also holds in this subcase. This completes the induction and we conclude that
@3) holds for all t > 7. O
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Before proving Lemma|[I2] recall the definition of ¢ in (3T) and first define
z
T =sup{t:¢(t) >vu} and T, =max {I’, i 1} . (44)
t v

Note that we have ¢(t) < vy when t > 255—32 log %. Hence, by the definition of (29)), it holds that
T2 >T5.
Lemma 12. Recall the definition of py in (30). For any t > T, we have

Lo||x¢ — x*||

2a/Bu

Proof. By Lemmal[I0] if ¢ € B, then
1 Lo||x¢ — x*||

e 2a84/2(1 — a?)Bu

(45)

<p: and

1 1
< +5
V2pume (25\/1 —a? ) &

JFPt-

We shall prove (@3] by induction. First c0n51der the base case where t = T4, where T3 is defined
in @4). To begin with, we will show that 7272 < p7y < ﬁ Since 75 is the maximum of
7' and 2=, we have either 7, = Z' or T3 = “I — 1. In the former case, we can lower bound

3T 3v
= 2aVB(Ty+1) — 2aVB
Combining both cases leads to the lower bound on p7;. Furthermore, note that both two terms in p;
are a decreasing function in terms of ¢, and hence we have

1 , 3KZL 2 , 3v ov
pry = 204\/B,u¢(z)+ 20/ B(KZ V) = Qa\/Buqs(I D+ 20/ = 2a+/B°

This proves the upper bound on p7;.

Ty 2 34 fugb(I’ ) > 7 f In the latter case, we can lower bound p7; >

Now we return to the proof in the base case where t = T3 since ||x77 — x*|| < vu/L2 by Lemma@
Lol —x"|]

we obtain that I/ < QaV\/B < Py Moreover, by Lemma , we have

1 512
< /
\/W 4a5\/1—a2 = I 5\/1—042 204\/5_(2&/1— )pT
This shows that {@3) holds for t = 75

Now assume that (3]) holds for ¢ = s > T;. For t = s + 1, by using the induction hypothesis and
(36), we obtain that

Loflxsp1 = x*|| _ Loflxe x| _ 1 ( 1 >p
200/Bp T 200/Bu/2nsp ~ V2 \28V1 — a2 *

Moreover, since ps/2 < psy1, it suffices to show that f (wm + 5) pg < ps/2, which is

equivalent to V2 (m + 5) ps < 1. Furthermore, since p; is non-increasing, we further have

1 1 1 Sv
—— 5 Sgﬁ(+5) ,gx/ﬁ( +5) <1
26v1 — a2 ) p 26V1 — a2 e 26v1 — a? 20/B
where we used the condition on v stated in Theorem [3]in the last inequality. This proves the first
inequality in (43).

To prove the second inequality in for t = s+ 1, we distinguish two subcases. If s + 1 € B, then
by Lemma[T0] we have

i Lalxon = x| IBenl | 3sT 1
< < Ps+1 + Pst1
V2Ns+1it T daf/ (1 — a?)Bu 20/Bp - 2a/B(s+1) ~ 28V1—a?

2

1
< | ———= +5 ps+1-
> (25 1—oZ >P+1
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Otherwise, if s + 1 ¢ B, then we have 7,1 = 75/ and hence

1 VB
V2siiph V20 = (25\/1 - +5> VBps.

Since T4 > 7 > 2 andﬂ < 1/2, we have ps/psi1 < (Z+2)/(Z+1) < 1.4 < 1/+/B. Thus, we

also proved that m < ( 25 \/}7(12 + 5) ps+1- This completes the induction. O
Proof of Theorem 5] It immediately follows from ([36) and Lemma[12] O

C Missing Proofs in Section

In this section, we will present the formal version of Theorem [2] Our proof largely mirrors the
developments in Section 4]

C.1 Approximation error analysis

Averaged stochastic error. Similar to Lemma[3] we can use tools from concentration inequalities to
prove the following upper bound on the averaged stochastic error.

Lemma 13 ([1, Lemma 6]). Let 6 € (0,1) with d/§ > e. Then with probability 1 — é7% /6, we have,
foranyt >0,

|E:|| < 8¥Y g max {\/log(d(t + 1))15}'(15) log(d(t a 1)) Z/(t) } . (46)

6 (t)’ ¢ (t)

C.2 Convergence analysis

Warm-up phase. Similar to the case of uniform averaging, we can only ensure that the distance
to x* is monotonically non-increasing by Proposition I during this phase. Moreover, Algorlthml
transitions to the linear phase when ||E;|| < Mj. Specifically, the transition point {; is given by

af o (d(t—i—l))w’(t) (
3M10'0 8 0 w(t)
When w(t) = (t + 1)log(t+4) we have w'(t)/w(t) = O (log(t)/t). Thus, we conclude that I, =
O(Y?/k?).

Linear convergence phase. In the following lemma, we prove the linear convergence of Algorithm T]
with weighted averaging.

Lemma 14. Assume that 3 < 1/9? and recall the definition of Uy in @1). For any t > Uy, we have

Ll1:sup{t>log1 1A—) }+1. (47)
t

8T

* N 2¢
s = < s =P (14 35) ,
K
where k £ M, /1 is the condition number.
Proof. See Appendix [C.3] O
Superlinear convergence phase. Define
d(t+ 1)\ w'(t) 1\2
"= sup ¢+ log ) >(1ngr) p+t 48
J Sltlp{ og 3 () > ST + (48)
Moreover, let v € (0,1) be a parameter and define
2 LoD
j:max{u1+2(1+“) 1og2,j2’}. (49)
ap Vi
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Finally, let
K

Uy = sttlp {t cw(t) < w(j)f} . (50)

v
When w(t) = (t + 1)°80¢+4) | we remark that 7' = O(Y?) and thus J = O(k + T?). Moreover,
similar to the derivation in []], it can be shown that Uy = O(J) = O(k + Y?).

Theorem 4. Let v € (0, 1) be a parameter satisfying

1 5 1
+ v< —, 51
<2a6\/(1a2)6 04\/3) 4 Gh
and recall the definition of Uy in (30). For any t > Us, we have
e E .
Xip1 — X B T——— x; — x*|,
o “\1s20 -2 v2)
where
8UYTp d(t+ 1)\ w'(t) S5kw(J)
0, = 1 . 52
PGP \/ os(“5—) w(t) | av/2Buw(D) 52)
Proof. See Appendix [C.4] O

C.3 Proof of Lemma (14|

To simplify the notation, define the function

S(6) — SUTp e { \/bg(d(t; 1)) 1;,}/((;)) , 1Og(d(t;r 1) ) qz}’((;)) } .

Then we can rewrite #6) as | E|| < ¢(t) for all ¢ > 0. Similar to Lemma[7} we have the following
result.

Lemma 15. Ift € B, then we have 0, > a3/ (2M; + | E¢||) > aB/(2M; + ¢(t)).

Lemma 16. Assume that § < 1/U. For any t > 0, we have

. af 90
nthm{QMlJrqb(t)’ﬂt} (53)

Proof. We prove this lemma by induction. For ¢ = 0, we distinguish two subcases. If 0 € B, then by
Lemma We obtain that ny > ﬁ_@m). Otherwise, if 0 ¢ 3, we have 1y = 0. In both cases, we
observe that (53) is satisfied for the base case ¢t = 0.

Now assume that is satisfied for ¢ = s. For ¢t = s 4 1, we again distinguish two subcases. If
s5+1 € B, then by Lemmawe obtain that 541 > which implies that (33) is satisfied.
Otherwise, if s + 1 ¢ B, then we have

D/ SR 7~ I N a o0
m“_%“_ﬂ>ﬁmmh%+MWﬁJ_mmh%+w$W”&’ GY

where we used the induction hypothesis in the last inequality. Furthermore, note that

b(s) _ wlshuls+1) 1
Hs+1) = wis+ Duls) = =

af
M +o(s+1)°

)

|

and hence

=

« S af S «
My +¢(s) ~ BMy+¢(s+1) = My +o(s+ 1)

Therefore, (54) implies that 7741 > min {W@H), %} and thus (53) also holds in this case.
This completes the induction and we conclude that holds for all ¢ > 0. O

—~
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Corollary 3. Recall the definition of Uy in @T). For any t > Uy, we have 1y > a3 /(3M7).

.- af el af
Proof. By definition, we have U/, > log% Iioo and thus 5701 > 305 - Moreover, we also have

o(t) < M. Hence, by Lemmawe conclude that r; > % when t > U;. O
Now we are ready to prove Lemma|T4]
Proof of Lemma It follows from Proposition[TJand Corollary 3] O

C.4 Proof of Theorem[d

Lemma 17. We have ||E;|| < vy and ||x; — x*|| < v/ Lo forall t > J.

Proof. This follows from Lemmas[T3|and [T4] O
Lemma 18. Ift € Bandt > J, then
1 < Lo|lx; — x*|] L+ 1| rw(J — 1) n 2v (55)
e~ 2aB/2(1 —a2)Bu o/28p av2Bw(t)  a/28
and also
1 v 3v rw(J — 1) (56)

< + + .
VET:E T 2a6:/2(1 —a2)f o288 an/2Buw(t)
Proof. Similar to the proof in Lemma[I0] note that
L Lol —xt M —H B
une — 2a64/2(1 — a2)Bu a/26u ay28u

For the second term, note that

t
_ w
H, = g 1 H;, h = —.
+ 2 2t where z; ¢ w(t)

Hence, by Jensen’s inequality, we have

t T—1 t
B, — H (| < 2ifl[Hy = H[| = Yz [Hy — H |+ )z [H — .
i=0 i=0 i=J
When 0 < i < J — 1, we use Assumptionto bound ||H; — H;|| < M; and thus
J—-1 J-1 . .
w(i) —w(i —1) w(J —1)

i He — Hyl| < M =M .

; z ,t” t || = 1 Zz:% U)(t) 1 ’LU(t)

Moreover, for J < i < t, we use Assumption@to get
[He — Hyl| < Loflx¢ — x| < Lo ([[x¢ — x*[| + [|x — x"|) < 2La[[x; — x| < 2vp.
Thus, ZEZJ zid|Hy — Hy|| <2vp ZE:I zip < 2vp.

Combining the above inequalities, we arrive at

_ —1
(TSP WP VA O P
)

This leads to the first result in (53)). To show (56), we note that | E;|| < ¢(¢) and ||x; —x*|| < vp/La
forallt > 7. O

Lemma 19. Assume that 5 < 1/\112. For any t > J, we have

1 3v V2kw(T)

v . 57
VI = 2a84/2(1 — a2)8 * an/2(3 + av/Buw(t) 57
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Proof. We shall use induction to prove Lemma|[I9] For ¢t = 7, note that by Corollary [3] we have
N7 > af/(3My). Thus, this implies that

1 \/7\f/<;
VG = VaB = avB

where we used k > 1, a, 8 < 1 and Z > 2. This proves the base case where t = 7.

Now assume that (57) holds for ¢ = s, where s > J. Fort = s + 1, we distinguish two cases. If
s+ 1 € B, then by Lemma|[18|we obtain that (57) is satisfied for t = s + 1. Otherwise, if s + 1 ¢ B,
then we have 511 = o511 = 7s/. Hence, by using the induction hypothesis, we have

1 \/B 3v +\ﬁmw( )
VITst1  +/Is 2015\/ 1—a2 av/Buw(s)

Since 8 < 1/¥2, we have w(s + 1) /w(s) < ¥ < 1/+/B. Thus, we further have

1 3v + V2kw(T)
Vs +1 2016\/ 1—a?)p av/Buw(s+1)
This shows that (57) also holds in this case. O

Recall that w(Uz) = w(J) 2. Then by Lemma for t > U, we have

1 3V \fﬁw( J) < 3u \fu
N 2aﬁ\/ﬁ afw( h) T Qaﬁ\/w a\f

51/

gaﬁm " av2B

We will choose v such that

v < l (58)

1 )
+ <
(2@5\/(1—042)5 ou/B) NG
Therefore, this further implies that ||x;41 — x*|| < ||x: — x*||/(29) for t > Us.
Lemma 20. Ift € Bandt > Us, then

1 Dofx— x| (1) 5rw(J)

< + . (59)

wne — 2aB84/2(1 —a?)Bu a/2Bp ay/2Bw(t)

Proof. Recall that we have
U Laflx =X P, —H | B
wne — 2ab+4/2(1 — a?)Bu av/28u av/2Bu

For the second term, we can write

B t J—-1 U t
[H—H | <)z [He—H | = Y 2 [[H—Hi [+ zig[Hi—Hi |+ >z |[H—Hy .
i=0 i=0 i=J i=Us+1

For the first part, Z 0 z”HHt —H;|| < M “’(‘7( )1) < M % (t)) For the second part,

i IH, — H;|| <2 f: <o ) oy
Zi — || = 4V Zit S &l = s
£ “htE L= )
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where we used the fact that w(lfz) = w(J)~£. For the third part,

: : w(i) — w(i —1) )
Z zi¢|[He — Hi|| < Z 2L2THXZ. — x|

i=Uz+1 i=Us+1 ( )

wls +j) —wle +j — 1) [|xe, —x7|
<D 2L w(®) (20)

wtls +3) s~ <]
S2BTuG ey

Therefore, we conclude that

IH, - | <

w(t) w(t) w(t)
This completes the proof. O
Lemma 21. Recall the definition of 0, in (52). For any t > 0, we have
5Lo||xu, 1+t — x| 1 ( 1 )
<0; and < +1) 06, (60)
av2Bu NIz 106V1 — a2

Proof. Note that by Proposition[T} we have

- ”XZ/I +t X*”
XU 1—X* < Xu. —x* 1—|—2’(]u 1 1/2<72 .
” 2+t+ H H 2+t H( 2+t ) /72772/{2 ;

By Lemma([T8] if U, + ¢t € B, then
1 < Lol — x|

VEMU+t — 2a84/2(1 — a2)Bu N

We will prove by induction. First consider the base case ¢ = 0. We note that 6 > —=2()

n | SV
v . % . 5Lo||xu, —x* v
a?/ﬁ' On the other hand, since ||xy;, — x*|| < vu/ Lo, we obtain that 2C¥\/L;%H < af’/ﬁ < bp.
Moreover, by Lemma|[I9] we have

1 3v \@mu(j ) 5v

v v
NI = 2a8+/2(1 — a?)8 * av28 * ay/Bw(Us) = 2a8+/2(1 — a?)B N a2

1
<| ——=+1) 6.
= (105\/1 — 2 ) 0
This shows that (60) holds for ¢t = 0.

Now assume that holds for t = s > 0. For ¢t = s + 1, by using the induction hypothesis, we
obtain

SLo|[Xutps41 = X"|| _ SLefXps —x"| 1 ( 1 1) 02
/2B T o2Bu 2y skt~ V2 \10B8V1 — a? )

26



Note that 05/¥ < 6,,1. Thus, it suffices to show that % (mﬁﬁ + 1) 6% < 0,/¥, which
v

is equivalent to 7 (mﬁ + 1) 0s < 1. Furthermore, note that 6 is non-increasing and

0 < a\;ﬁ + a\5/VT5 = a\6/1/273' Thus, we only need to require

v 1 6v 3 3 1

+1 <1l & + v< —,
V2 (105\/1 —a? ) /2P <10aﬁ,/(1 —a2)B aﬁ) v
which is satisfied due to (31). This proves the first inequality in (60).

To prove the second inequality in (60) for ¢ = s + 1, we distinguish two cases. If s + 1 € B, then by
Lemma 20, we have

1 < Lo|%uy 1541 = X*|| | [ Ergqspll 5kw(T)

VI +s+1 ~ 2a8+/2(1 — o2)Bpu aV/28u av2BwUs + s+ 1)

<

1 1
< b <[ — 1) 6.
S 108V1 — a2 P TeH (105\/1 — a2 ) i

Otherwise, if s + 1 ¢ B, then we have 11,4+ 511 = Tu,+s/0 and hence

=~ v = (i ) VP
VMU +s+1 \/unu2+s§ 108 1—042+1 V38

Since 0, /W < 0,11 and VB < 1/, this implies that L < (10 e 1) 0,+1. This
completes the induction. O

Proof of TheoremH] By Proposition[I] we have

)12 < [x7z+¢ — x|
T V2N
The rest follows from Lemma 211 O

X741 — X" || < [Ix7ppe — X |(1+ 20754010

D Additional discussions

D.1 Iteration complexity of SNPE

Note that for t > Us = O(Y? + k), we have ||x;41 — x*|| = (7)(%)th —x*|| by Theorem By
unrolling the inequality, this implies that

t t
* * (| /A T * 11 /A T
[xt1 — x| < [Jxe, — %[O (JJS \/§> < lxo =x*[O <51=_[u$ \/§> :

% as follows: (i) —:/fg < TZ/T3 < 1forany s € [Us,t/2],
.o T < ‘I‘
(i1) %<7 for any s € [t/2,t]. Thus, we have

Further, for ¢ > 2U3, we can upper bound

To derive a complexity bound, we upper bound the required number of iterations ¢ such that
t

3
(#) = €. Taking the logarithm of both sides and with some algebraic manipulation, we
obtain

t t 2 1

' og —— = = Jog .
272 B 9ye T vz %8
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Figure 3: The effect of the extragradient step in stochastic NPE.

Using the Lambert W functiorﬂ the solution can be expressed as log # = W(% log %) =t=

272" (52196 2)  Finally, by applying the bound " (*) < #&il) for any 2 > 0, we conclude

thatt = O (%) . Note that in the above derivation, we ignore the additional logarithmic

factor log(t) in our superlinear convergence rate. However, a more careful analysis will show that it
does not affect the final complexity bound. We also refer the reader to a similar derivation in [22,
Appendix D.2], where the authors provide the same complexity bound for a similar convergence rate

of (1+O(Vt))™.
D.2 The effect of the extragradient step

In Figure[3] we test the effect of the extragradient step in our proposed SNPE method. We observe
that in all cases, the variant without an extragradient step outperforms the original version, suggesting
that the extragradient step may not be beneficial for minimization problems. Nevertheless, the SNPE

method with the extragradient step, which is the one analyzed in our paper, still outperforms the
stochastic Newton method in [[1].

1https ://en.wikipedia.org/wiki/Lambert_W_function
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes], ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: In the abstract and introduction of the paper, we claim that we can improve the
complexity of the stochastic Newton method presented in [[1], and this is exactly what we
demonstrate. This improvement is achieved by introducing a novel stochastic variant of the
Newton HPE framework, as promised in the abstract and introduction.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section 8] we explicitly mentioned the limitation of our paper. Specifically,
we noted that our theory assumes strong convexity. Extending the theory to the convex
setting would make it more general. This extension is left for future work due to space
limitations. We also highlighted in the introduction of our paper that we focus solely on the
setting where the Hessian oracle is noisy, and the gradient can be queried without error.
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Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All the theorems, formulas, and proofs in the paper are numbered and cross-
referenced. All assumptions for each presented result are clearly stated or referenced in the
statements of the lemmas, propositions, or theorems. The proofs of all results are presented
in the supplemental material. High-level ideas of the proofs are included in the main text
whenever possible.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.
* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The experimental results and the implementation details are included in
Section[7]
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Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The code and data are attached in the supplementary material.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.
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* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We explained how we performed the experiments and included the implemen-
tation details in Section [7}

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: The compute resources are reported in Section
Guidelines:

* The answer NA means that the paper does not include experiments.
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9.

10.

11.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
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12.

13.

14.

Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
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Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

¢ Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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