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Abstract

We investigate the composition of diffusion models as combinatorial operations
on their underlying probability distributions. Theory from fuzzy logic allows us
to define a class of score-composition operators that follow DeMorgan’s law. We
reframe Mixture of Experts in this context to obtain the class of Dombi operators,
which provide a parametrised tradeoff between smoothness and precise combinato-
rial reasoning. We show that score-composition with Products of Experts (PoE) can
lead to unstable behaviour and implicit temperature rescaling. In preliminary exper-
iments on SAT problems in continuous settings, we show that Dombi composition
enables combinatorial reasoning and does not suffer from the bias of PoE.

1 Introduction

We investigate compositions of diffusion models from the viewpoint of fuzzy set theory and fuzzy
logic. We propose a procedure to derive sets of well-behaved composition operators, and among
them, propose Dombi operators, which extend the commonly used mixture of experts [Jordan and
Jacobs, 1994] (MoE) to allow modelling of conjunction, disjunction, and explicit negation.

The high fidelity and flexibility of diffusion models have led to widespread use. As they, in essence,
just sample from probability distributions, recent research efforts focus on using ensembles of
diffusion models to encode constraints or enable precise steering of the diffusion process [Ho and
Salimans, 2021, Du et al., 2020, Liu et al., 2022, Garipov et al., 2023, Du and Kaelbling, 2024, Skreta
et al., 2025a,b, Hasan et al., 2025, Thornton et al., 2025]. In the context of energy-based models
(EBMs), compositional generation has long been explored [Jordan and Jacobs, 1994, Hinton, 1999,
2002, Du et al., 2020] via algebraic manipulation of learned energy functions. In this prior work,
different connectives to imitate unions and intersections have been proposed, although products and
mixtures of experts (PoE, MoE) are most commonly used.

We show that existing operators, and especially the used sets of operators, do not carry the well-
understood and favorable properties of fuzzy set operators. These missing properties make them
ill-equipped to deal with more complex compositions of models or to encode model constraints
without introducing biases. Specifically, in Appendix A, we provide a definition for a general class
of DeMorgan dual operators for score models, and show that operators based on the Dombi t-norm
generalize the classical mixture and can be tuned to approximate idempotent and distributive behavior.
In Section 4, we motivate the advantages of these operators and illustrate pathologies that are avoided.
In Section 5, we show as proof of concept that ensembles of models can be composed to allow
combinatorial reasoning and compare the Dombi operators against PoE.
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2 Background & Related Work

2.1 Fuzzy Logic

Fuzzy logic relaxes classical logic from a binary domain to the reals in [0, 1]. We follow the
definitions and notation from Klement et al. [2013] for the following concepts. We define a t-
norm, a generalization of conjunction or intersection operations as a function T : [0, 1]2 → [0, 1]
which is commutative, associative, monotonously increasing, and fulfills the boundary condition
∀x ∈ [0, 1] : T (x, 1) = x. Under the standard negation N(x) = 1 − x, we can define the dual
t-conorm S : [0, 1]2 → [0, 1], the corresponding disjunction, via DeMorgan’s law as

S(x, y) = N(T (N(x), N(y))).

T-norms that are strict, i.e., continuous and strictly increasing, can be generated [Dombi, 1982,
Klement et al., 2013] by a continuous, strictly decreasing function f : [0, 1] → [0,∞] with f(1) = 0,
as so-called additive generator, i.e., T (x, y) := f−1 (f(x) + f(y)) . For this work, the parametrised
Dombi t-norm is the most important representative, generated by fλ(x) = ( 1x − 1)−λ, it is defined as

Tλ(x, y) =
1

1 +

((
1
x − 1

)λ
+

(
1
y − 1

)λ
)1/λ

. (1)

A favorable property of the Dombi t-norm, is that limλ→∞ Tλ = TM = min. The minimum t-norm
TM together with SM = max forms the only DeMorgan dual that is continuous, idempotent with
TM (x, x) = x and that is distributive with TM (x, SM (y, z)) = SM (TM (x, y), TM (x, z)) and is the
basis for Gödel logic [Klement et al., 2013].

2.2 Score-Based Models

We want to generate samples x ∈ X , following some unknown distribution represented by a score-
model. A score model parametrised by θ allows us to draw samples according to the density function

pθ(x) =
exp(−Eθ(x))

Zθ
.

Here Eθ(x) (the energy) represents the unnormalized negative log-likelihood, and Zθ is the (unknown)
normalizing constant

Zθ =

∫
exp(−Eθ(x))dx.

Diffusion models then learn the score function sθ(x) = ∇x log pθ(x) = −∇xEθ(x). Our target
distribution, however, is not static: we first consider a family of perturbed distributions {pt(x)}t∈[0,1],
defined by a forward diffusion process. Starting from the data distribution p0(x), we gradually add
Gaussian noise according to the Itô SDE

dxt = f(xt, t) dt+ g(t) dwt, x0 ∼ p0,

where f(t) is the drift coefficient, g(t) the diffusion coefficient, and wt a standard Wiener process
[Ho et al., 2020, Song et al., 2021]. This defines a Markov chain with marginal densities pt(x) that
interpolate between the data distribution (t = 0) and an easy-to-sample prior such as N (0, I) (t = 1).
This construction is linear: applying the noising operator Nt to a mixture of distributions is equivalent
to mixing the individually perturbed distributions, Nt

(∑
i λip

(i)
)
=

∑
i λiNt

(
p(i)

)
. To sample, we

simulate the backward process

dxt =
[
f(xt, t)− g2(t)∇x log pt(xt)

]
dt+ g(t)dw.

As the focus of this work is not on the dynamics of this process, we write our results for t = 0 unless
explicitly mentioned otherwise.
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2.3 Composition of Score Fields

A rapidly growing body of work exists on the compositions, mixtures, and products of EBMs, flow,
and diffusion models. We explicitly focus on training-free mixtures of score functions in diffusion.
Prior work [Du et al., 2020, Skreta et al., 2025b] mainly bases composition on probabilistic operations
on the underlying distributions. As the interpretation of these operations is often logical or set-
theoretic, we will use the symbols {∨,∧,¬} to denote them, for both probability densities and their
scores. In score-based modelling, conjunctions are then represented by products

p1(x) ∧× p2(x) := p1(x)p2(x) =⇒ s1(x) ∧× s2(x) = s1(x) + s2(x) (2)

and disjunctions by mixtures

p1(x) ∨+ p2(x) :=
1

2
p1(x) +

1

2
p2(x) =⇒ (3)

s1(x) ∨+ s2(x) =
∑

i∈{1,2}

exp(−Ei(x))∑
j∈{1,2} exp(−Ej(x))

si(x), (4)

where the required energies, i.e., the negative log-likelihoods, can be estimated during inference with
Itô’s lemma [Karczewski et al., 2025, Skreta et al., 2025b]. It is to note that for t ̸= 0, nonlinear
compositions do not commute with the noising operator, i.e., Nt(p1)∨+ Nt(p2) = Nt(p1 ∨+ p2) but
Nt(p1) ∧× Nt(p2) ̸= Nt(p1 ∧+ p2). This means that naive composition of perturbed score models
leads to a bias that can be corrected with methods like sequential Monte Carlo [Skreta et al., 2025a,
Thornton et al., 2025].

To avoid samples from certain distributions, EBM’s and score models are often negated relative to
others [Vedantam et al., 2018, Garipov et al., 2023, Skreta et al., 2025a], as also done in classifier-
free guidance [Ho and Salimans, 2021] (CFG), e.g., for γ ∈ R>0 p1(x)/p2(x)

γ . This and similar
operations make implicit use of the reciprocal as pseudo-inverse

∼¬ p2(x) = 1/p2(x), but to the
best of our knowledge, explicit negations in score-models are not often explored. Two noteworthy
exceptions from product-based conjunctions are Garipov et al. [2023], who model conjunctions with
the harmonic mean

p1(x) ∧H p2(x) =
p1(x)p2(x)

p1(x) + p2(x)
,

but do not define disjunctions, and Skreta et al. [2025b], who reweigh individual scores at each time
(even negatively) to approach a region of equal density in all distributions.

3 Dombi Density Operators

We can extend the definition of T-norm and conorm pairs to obtain DeMorgan dual density and score
operators. Appendix A describes the exact requirements to generate a set of operators. As a special
class we propose and investigate the DeMorgan operators generated by fλ(x) =

(
1
x − 1

)−λ
and

ϕc(x) =
x

x+c for λ, c ∈ R≥0. This choice of f not only recovers the Dombi t-norm, but ϕc expresses
negation with reference to c. This helps stabilize the behaviour of the operator in practice, and shows
that our formalism is fully compatible with Garipov et al. [2023].
Definition 3.1 (Dombi Operators). Choose λ ∈ R≥0 and a fixed continuous function c : X → R≥0.
With fλ(x) =

(
1
x − 1

)−λ
and ϕc(x)(x) = 1

1+
c(x)
x

for λ ∈ R>0, where sc = ∇x log c. Then the

Dombi operators are defined as

¬cp(x) =
c(x)2

p(x)
=⇒ ¬cs(x) = 2sc(x)− s(x) (5)

p1(x) ∧λ p2(x) =
p1(x)p2(x)

(p1(x)λ + p2(x)λ)
1/λ

=⇒ s1(x) ∧λ s2(x) =

∑
i∈{1,2} exp(λEi(x))si(x)∑

i∈{1,2} exp(λEi(x))

(6)

p1(x) ∨λ p2(x) =
(
p1(x)

λ + p2(x)
λ
)1/λ

=⇒ s1(x) ∨λ s2(x) =

∑
i∈{1,2} exp(−λEi(x))si(x)∑

i∈{1,2} exp(−λEi(x))

(7)
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This definition bears multiple remarkable properties. First, we can note that p1(x) ∨1 p2(x) =

p1(x) + p2(x) and p1(x) ∧1 p2(x) = p1(x)p2(x)
p1(x)+p2(x)

, the harmonic mean operator used by Garipov
et al. [2023] Further, using a probability distribution as a reference allows us to recover the contrast
operator of Garipov et al. [2023] as well:

p(x) ∧ ¬p(x)q(x) =
p(x)2

p(x)2

p(x) + q(x)
=

p(x)2

p(x) + q(x)
= q(x) p(x).

Besides the connection to prior work, the parameter λ from the Dombi operators naturally appears as
inverse temperature in the score composition. For λ → ∞, the Dombi operators recover the exact
{min,max} lattice, along with its distributive and idempotent behavior. For finite λ, the following
simple bounds can be used to quantify biases in density compositions.

This means that for high values of λ, we can recover an exact lattice structure, and with it, obtain
idempotent and distributive laws. For a given value of λ, the maximal difference between the Dombi
operators and the min /max functions can be easily bounded as an additive term in log-likelihood:
Proposition 3.2. Let ∧λ,∨λ be the Dombi density operators. Then it holds that

∀x, y ∈ R≥0 :
min{x, y}

21/λ
≤ x ∧λ y ≤ min{x, y} (8)

∀x, y ∈ R≥0 : max{x, y} ≤ x ∨λ y ≤ max{x, y}21/λ (9)

Proposition 3.2 gives us a constant additive error-bound on energies, which we can easily propagate
through formulas to gauge the maximal density bias we can introduce when applying distributive
laws.
Corollary 3.3 (Idempotency Bias). Let ∧λ,∨λ be the Dombi density operators. From the proof of
Proposition 3.2 it follows that

∀x ∈ R≥0 : x ∨λ x = 21/λx (10)

∀x ∈ R≥0 : x ∧λ x = 2−1/λx (11)

Corollary 3.4 (Distributivity Bias). Let ∧λ,∨λ be the Dombi density operators. From Proposition 3.2
it follows that formulas distribute with bounded bias, i.e.,

∀x, y, z ∈ R≥0 : x ∨λ (y ∧λ z) ∈ ((x ∨λ y) ∧λ (x ∨λ z))2±2/λ (12)

∀x, y, z ∈ R≥0 : x ∧λ (y ∨λ z) ∈ ((x ∧λ y) ∨λ (x ∧λ z))2±2/λ (13)

4 Properties of Combinatorial Operators

In the previous section, we introduced DeMorgan density and score operators. As a specific example,
we demonstrated that the Dombi operators enable a tradeoff between smoothness, distributivity,
and idempotence. While the smoothed lattice formed by these operators facilitates a combinatorial
interpretation of composition, it sacrifices a clear probabilistic interpretation. In this section, we
provide an overview of how DeMorgan duality, idempotency, and distributivity facilitate ensemble
settings to motivate this trade-off. For each of these properties, we illustrate how its absence leads to
failure modes, or “intuition pitfalls.”

4.1 Bounded Negation

While negation is a well-defined concept in fuzzy logic, it cannot be defined as a pointwise operator on
probability densities. As a proxy for a proper negation, reciprocals of distributions are commonly used
to discourage the generation of points from their high-density regions. Using reciprocals carelessly is
problematic, even if, in terms of scores, only a sign flip is needed. In settings with unbounded support,
for a given density function p(x), in general 1/p(x) blows up at the tails and is non-normalizable, i.e.,∫
1/p(x)dx = ∞. Garipov et al. [2023] observe that the harmonic mean can still utilize “negated”

distributions safely, as the result of their contrast operator is always bounded. Similarly, for the
Dombi operators, we can use reciprocals of distributions safely as 1. Proposition 3.2 guarantees that
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Figure 1: Failure Modes of PoE/MoE composition in combinatorial settings.
Figure 1a illustrates that direct fractions such as p1(x)/p2(x)

γ can lead to unstable behaviour,
compared to Dombi operators with constant reference c as fraction of Ep1(x).
Figure 1b shows an intersection, where the product can lead to locally underscaled and overscaled
temperatures simultaneously (green), in contrast to the convex score combinations of Dombi operators.
Figure 1c shows that logically equivalent formulas result in different PoE/MoE compositions.

any nonnegative function q(x), under conjunction with a density p(x), yields a normalizeable density.
2. If q(x) models a subpopulation of some distribution p(x), we can assume p(x)2

q(x) has a finite upper
bound, so referenced negation is stable in isolation here. 3. Under finite support, the reciprocal of any
density is finite; we can use, e.g., a uniform density over the support to reference negation. Figure 1a
illustrates the formula p(x) ∧ ¬q(x) with different operators to compare their parameter sensitivity.

4.2 Implicit Temperature Rescaling

In the context of probability densities, idempotent behavior ensures that scores remain stable. In the
case of Dombi operators, we are guaranteed a convex combination of scores. This means that the
effective temperature of our composition is bounded above by the temperatures of the individual
models. For higher λ, the composite score will converge to one of the components, which also
prevents reductions in effective temperature.

If our operators do not respect idempotency, we might end up with locally temperature-scaled
behavior, which is difficult to control. For example for p ≈ q ≈ r it holds that p ∧× q ∧× r ≈ p3,
while p ∧λ q ∧λ r ≈ p, for high enough λ, as per Proposition 3.2. This difference in behaviors is
illustrated in Figure 1b.

4.3 Equivalent Formula Rewriting

The DeMorgan laws allow us to freely move negations across disjunctions and conjunctions while
not changing the result of our score composition. Formulas can then be expressed in negation
normal form, ensuring that negations are applied only to individual score models and preventing the
arbitrary and numerically challenging nesting of negations. If we can further assume distributivity
(approximately, Corollary 3.4), we can apply factoring to reduce the size of compositions. Similarly,
we can rewrite it in disjunctive normal form to represent compositions as mixtures, which speeds up
sampling.

Finally, we argue that DeMorgan’s Law prevents unintuitive behavior. If we want to sample from p, but
steer away from distributions q and r, DeMorgan duality can prevent modelling mistakes (Figure 1c):

p∧×
∼¬ q∧×

∼¬ r = p∧×
∼¬ (p ∧× q) =

p

qr
̸= p∧×

∼¬ (p ∨+ q) =
p

q + r
.
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5 Experiments

5.1 Setup

We illustrate the capability of Dombi compositions to adhere to combinatorial constraints by sampling
uniformly from satisfying variable assignments of propositional formulas. For a formula with k
propositional variables Pi, for i ∈ [1, k], we set up our diffusion ensemble as follows: In Rk, we
place 2k Guassian modes, one for each possible variable assignment. Then, in our ensemble, each
of k score models simulates one propositional variable. For i ∈ [1, k], we have access to si, which
defines a denoising process to a uniform mixture of the 2k−1 Gaussian modes, where the Pi is true.
Additionally, a reference model defines a denoising process uniformly to all 2k Gaussian modes. For
k = 2, this setup is visualized in Figure 2a.

4 2 0 2 4
4
3
2
1
0
1
2
3
4

P1 P2

initial
Dombi
Product

4 2 0 2 4
4
3
2
1
0
1
2
3
4

P1 XOR P2

initial
Dombi
Product

(a) SAT experiment in R2.

k = 2 k = 5 k = 10

Formula Method ηcorr ηall PPL↑ ηcorr ηall PPL↑ ηcorr ηall PPL↑

Majk
Dombi 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98
Prod 1.00 1.00 0.82 1.00 1.00 0.09 0.00 0.00 0.00

XORk
Dombi 0.97 1.00 1.00 0.95 1.00 1.00 0.91 1.00 0.98
Prod 1.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00

OneHotk
Dombi 0.97 1.00 1.00 0.59 1.00 1.00 0.09 1.00 0.99
Prod 1.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00

(b) Overview of SAT experiment for three formulas.

Figure 2: Figure 2a shows the SAT experiment in R2, with squares corresponding to satisfying
assignments. The corresponding numerical overview for k ∈ {2, 5, 10} in Figure 2b. Best are bold.

Our objective is then to use score-composition to uniformly sample from all satisfying variable
assignments. We repeat this setup for the Dombi operators, as well as PoE/MoE composition for
three formulas for k ∈ [1, 10], and report mode coverage, uniformity, and stability of the composition.
For further details of the experimental setup and detailed experimental results, refer to Appendix C.

5.2 Results

Figure 2a shows samples of formulas in R2. An overview of the experimental results is provided
in Figure 2b. We can see multiple shortcomings of products in our experimental results. On the
negation-free Majk, PoE drastically reduces the per-mode variance, as seen in Figure 2a, drops most
of the modes for k = 5, and completely breaks down for k = 10. In contrast, the dombi Operators do
not drop modes and maintain a close-to-uniform distribution over modes in high dimensions. For
XORk and OneHotk, PoE breaks down for k = 2 already, due to the negated literals. In Figure 2a,
the modes of the PoE sample appear drastically biased by the negated clause. Somewhat surprisingly,
the Dombi composition can sample comparatively well from the exponentially sized XOR10, and
struggles much more for OneHot, which is comprised of many purely negative clauses.

6 Discussion and Limitations

This work investigates composition methods for score-based models that improve combinatorial
reasoning. It advocates for a clearer distinction between probabilistic and combinatorial arguments,
highlighting the shortcomings of probabilistic operators in combinatorial settings. The Dombi
operators in particular re-ground MoE in Fuzzy logic and allow us to obtain guarantees about their
behavior in the context of temperature scaling.

For the practical evaluation of this work in realistic settings, more and larger-scale experiments are
required. While toy experiments on SAT reflect differences in the behaviour of Dombi composition
and PoE, practical differences in suboptimal settings, and in complex models need to be explored
further. Promising directions for future research include highly constrained neurosymbolic diffusion
tasks, such as Sudoku [Avdeyev et al., 2023], where ensembled models have much simpler learning
tasks. Similarly, the exploration of unlearning or shielded generation [Kirchhof et al., 2025] might be
an application where the combinatorial approach be favorable to probabilistic methods.
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A DeMorgan Dual Fuzzy Logic Operators

In this section, we define the class of DeMorgan dual density and score operators, and investigate one
example, the Dombi operators, in detail. We show that they generalize probabilistic mixtures and the
harmonic mean, and discuss methods to stabilize explicitly used negations with these operators. We
first extend the definition of fuzzy logic operators to the domain of probability densities.

Definition A.1 (DeMorgan Density Operators). Let ϕ : [0,∞] → [0, 1] be an order-isomorphism
and f : [0, 1] → [0,∞] be a continuous, strictly decreasing function with f(0) = ∞. For g = f ◦ ϕ,
we define

¬p(x) := ϕ−1(1− ϕ(p(x)) (14)

p1(x) ∧ p2(x) := g−1(g(p1(x) + g(p1(x)) (15)
p1(x) ∨ p2(x) := ¬(¬p(x) ∧ ¬p(x)) (16)

As f , by definition, generates a strict t-norm, the resulting set of operators is well-behaved, as we
illustrate in Section 4. For differentiable f and ϕ, the application to scores follows directly:

Lemma A.1 (DeMorgan score calculus). Let ϕ and f be fully differentiable functions that generate the
DeMorgan density operators {∧,∨,¬}. Then with g = f ◦ϕ, h : x 7→ f(1−ϕ(x)), w(x) := x g′(x)
and w(x) := xh′(x) the corresponding operations on the energies and scores are defined as

¬s(x) =− ϕ′(p(x))p(x)

ϕ′(¬p(x))¬p(x)
s(x) (17)

s1(x) ∧ s2(x) =
w(p1(x))s1(x) + w(p2(x))s2(x)

w(p1(x) ∧ p2(x))
(18)

s1(x) ∨ s2(x) =
w(p1(x))s1(x) + w(p2(x))s2(x)

w(p1(x) ∨ p2(x))
. (19)

Proof. See Appendix B.

B Proofs

Lemma A.1 (DeMorgan score calculus). Let ϕ and f be fully differentiable functions that generate the
DeMorgan density operators {∧,∨,¬}. Then with g = f ◦ϕ, h : x 7→ f(1−ϕ(x)), w(x) := x g′(x)
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and w(x) := xh′(x) the corresponding operations on the energies and scores are defined as

¬s(x) =− ϕ′(p(x))p(x)

ϕ′(¬p(x))¬p(x)
s(x) (17)

s1(x) ∧ s2(x) =
w(p1(x))s1(x) + w(p2(x))s2(x)

w(p1(x) ∧ p2(x))
(18)

s1(x) ∨ s2(x) =
w(p1(x))s1(x) + w(p2(x))s2(x)

w(p1(x) ∨ p2(x))
. (19)

Proof of Lemma A.1. ¬

¬s1(x) = ∇x log¬p(x) (20)

=
∇x¬p(x)
¬p(x)

(21)

=
∇xϕ

−1(1− ϕ(p(x)))

ϕ−1(1− ϕ(p(x)))
(22)

=
∇x(1− ϕ(p(x)))

ϕ′(ϕ−1(1− ϕ(p(x))))ϕ−1(1− ϕ(p(x)))
(23)

=
−ϕ′(p(x))p(x)

ϕ′(ϕ−1(1− ϕ(p(x))))ϕ−1(1− ϕ(p(x)))
s(x) (24)

=
−ϕ′(p(x))p(x)

ϕ′(¬p(x))¬p(x)
s(x) (25)

∧

s1(x) ∧ s2(x) = ∇x log(p1(x) ∧ p2(x)) (26)

=
∇x(p1(x) ∧ p2(x))

p1(x) ∧ p2(x)
(27)

=
∇xg

−1
(
g(p1(x)) + g(p2(x))

)
p1(x) ∧ p2(x)

(28)

=
g′(p1(x))p1(x)s1(x) + g′(p2(x))p2(x)s2(x)

g′(p1(x) ∧ p2(x))
(
p1(x) ∧ p2(x)

) (29)

∨ Symmetric derivation with h instead of g.

We note that, if we can relate the ratios of the weights, we can give upper and lower bounds on the
norm of the scores of compositions.

Proposition 3.2. Let ∧λ,∨λ be the Dombi density operators. Then it holds that

∀x, y ∈ R≥0 :
min{x, y}

21/λ
≤ x ∧λ y ≤ min{x, y} (8)

∀x, y ∈ R≥0 : max{x, y} ≤ x ∨λ y ≤ max{x, y}21/λ (9)

Proof. We show the case for p ∨λ q =
(
pλ + qλ

)1/λ
first. The definition of ∨λ is equivalent to that

of a P-norm over two components. We have the standard inequality (w.l.o.g. for p ≥ q)

p ∨λ q =
(
pλ + qλ

)1/λ ≤
(
2pλ

)1/λ
= 21/λ max{p, q} (30)

The lower bound similarly follows from

p ∨λ q =
(
pλ + qλ

)1/λ ≥
(
pλ

)1/λ
= max{p, q} (31)

For ∧λ, we can use DeMorgan to obtain the symmetric bounds. We can note that the upper bound is
tight for p = q and the lower bound is tight for q = 0.
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C Experiments

C.1 SAT Formulas

We use three different propositional formulas: majority, xor, and one-hot. The formulations of these
formulas are designed to test different aspects of the score composition.

Majority We define the formula over k variables as

Majk(P1, . . . , Pk) ≡
∧

S⊆{P1,...,Pk}
|S|=⌈k/2⌉

∨
P∈S

.

This formula is negation-free, but might lead to mode dropping for variable assignments with fewer
positive variables.

One-Hot We define a formula where exactly one variable has to be true as

OneHotk(P1, . . . , Pk) ≡
( k∨
i=1

Pi

)
∧

( ∧
1≤i<j≤k

(¬Pi ∨ ¬Pj)
)
.

It is only quadratic in the length of the variables, but it contains many clauses without positive literals,
requiring precise handling of explicit negation.

Exclusive Or We define xor as a parity function over k variables as

XORk(P1, . . . , Pk) ≡
∧

v∈{0,1}k∑
i vi≡0 (mod 2)

k∨
i=1

(
vi?¬Pi : Pi

)
.

This formula can only be expressed in exponential length with 2k−1 clauses, which explicitly exclude
one assignment with even parity.

C.2 Score Model Setup

We translate each of the 2k propositional variable assignments to a Gaussian mode in Rk as

p(x) =
1

2k

∑
v∈{0,1}k

Nk(x|4v − 2, σ2).

We then define “directional” diffusion models

∀i ∈ [1, k] : pi(x) =
1

2k−1

∑
v∈{0,1}k

vi=1

Nk(x|4v − 2, σ2).

In this setup, each distribution plays the role of one propositional variable. The distributions pi can
then be composed to mirror a propositional formula, with the goal that particles converge only to
modes that correspond to satisfying variable assignments. We use p as an additional stabilizing model
to guide particles to any location that corresponds to an assignment.

As these models are mixtures of Gaussians, we derive optimal scores and energy functions from the
standard Gaussian to our distributions in closed form.

We then model each type of formula for k ∈ [1, 10] as direct composition and simulate 214 particles
over 100 denoising steps.

For each mode, when then check a L∞ bounding box around its mean of sidelength 3σ and consider
all particles within that radius to be valid assignments.
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In Figure 2b we show the most important metrics: ηcorr, the fraction of particles within bounding
boxes of satisfying modes, ηall, the fraction of particles converging to any mode. Additionally, we
measure the normalized perplexity in the particle distributions across as PPL. In this experiment, PPL
measures mode uniformity, where a higher number indicates more uniform samples from satisfying
modes of the formula. In a formula with K satisfying variable assignments, for a batch of n particles,
with nηcorr particles within satisfying modes, we denote the fraction of particles within the bounding
box of the assignment index i ∈ [1,K] as ηi with

∑
i ηi = ηcorr. We then calculate PPL for mode

confusion as

PPL = 2(−
∑K

i=1
ηi

ηcorr
log2

ηi
ηcorr )/K.
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