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] Abstract

We consider the problem of conformalising
a fixed, pretrained predictor for deployment.
Conformal prediction ensures finite-sample
marginal coverage, but requires a labelled
calibration set exchangeable with the test dis-
tribution. When labels are expensive, cal-
ibration data must be acquired selectively
from an unlabelled pool. This creates a ten-
sion: adaptive curation policies often violate
exchangeability, while naive random sam-
pling is inefficient or miscalibrated under co-
variate shift. We propose a simple acquisi-
tion strategy under a fixed label budget using
density-ratio rejection sampling. Using only
unlabelled covariates, we estimate the target—
to—pool density ratio and sample points pro-
portional to this ratio, yielding calibration
pairs i.i.d. from the target distribution. This
enables standard conformal prediction with-
out the effective—sample—size loss associated
with weighted conformal methods. Synthetic
regression experiments on covariate—shifted
pools demonstrate valid coverage and signif-
icantly tighter prediction intervals.

1 Introduction

Conformal prediction (CP) (Vovk et al., 2005) is a
distribution—free framework for constructing predic-
tion sets C(X) C ¥ around the output of an arbitrary
black-box predictor. Assuming that the calibration
data {(X;,Y;)}"; and test point (X,41,Yn+1) are
exchangeable, CP achieves finite—sample marginal
coverage:

P{Yar1 € C(Xni1)} 2 1 a, 1)
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for a user-specified error rate @ € (0,1). In this
work, we focus on conformalising a fixed, pretrained
predictor! f : X — ). This requires a held-out cali-
bration set and a nonconformity score s : X x Y — R
which quantifies the extent to which a candidate label
y fails to conform to the prediction f(z). Writing
S; = s(X;,Y;) for the calibration scores, CP computes
the (1 — a)(1 + 1/n)-th empirical quantile ¢ of
{S1,...,Sn} and returns the prediction set:

Clz)={y €Y :s(z,y) <q}. (2)

In this context, CP relies on a separate, held—out
calibration set, which the literature typically assumes
as given. However, in many real-world applications—
particularly those where labelling is costly, such as
medical imaging or materials science—this assumption
does not hold. This creates a need for the curation of
a calibration set.

We study the problem of curating a calibration
set from a large unlabelled pool under a fixed
labelling budget.  This setting introduces a key
tension: standard data curation approaches (Settles,
2009) induce dependencies among selected samples,
breaking the exchangeability required for valid cov-
erage. Conversely, simple random sampling preserves
exchangeability when the pool matches the test dis-
tribution, but can be highly inefficient with real pools
containing irrelevant subpopulations or exhibiting
covariate shift. In such cases, random sampling
wastes the labelling budget on examples that are
uninformative for the target test distribution and
can yield unnecessarily wide prediction intervals (see
Figure 1). Moreover, while it is possible to combine
random sampling with weighted conformal prediction

!'Note that while this is similar to the split conformal
setting (Lei et al., 2015; Papadopoulos et al., 2002), we do
not assume that f is trained on samples from the same
distribution as our test. For example, f could be a large
language model used to answer multiple—choice questions
via prompting (Brown et al., 2020), or a pretrained vision—
language model such as CLIP whose outputs can be used to
produce class probabilities for the labels of interest (Rad-
ford et al., 2021).
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(Tibshirani et al., 2019) to deal with the shift induced
in the calibration set, this can significantly undermine
the effective sample size of the calibration set (see
Figure 2), leading to a loss of statistical efficiency.

Motivated by these limitations, we propose a label—
efficient rejection sampling strategy for acquiring
calibration data from an unlabelled pool that is effec-
tive both when the pool matches the test distribution
and when covariate shift is present. Our method uses
a proposal density based on the Radon-Nikodym
derivative (importance weight) of the test density with
respect to the pool density, w(z) = dPiest/dPpools
where w is estimated purely from unlabelled data via
classifier—based density ratio estimation (Sugiyama
et al., 2012). This preserves the entire labelling budget
for points that are most relevant to the test distribu-
tion, and by restoring the target covariate distribution
within the acquired calibration set, it enables the
use of standard (unweighted) CP without the loss of
effective sample size that can arise in weighted CP.

We validate the proposed approach on a synthetic
regression dataset across various labelling budgets
and levels of covariate shift. Initial results show that
our approach provides significant gains over random
sampling and weighted CP in terms of average interval
width when there exists significant covariate shift
between the pool and test distribution, and remains
competitive otherwise.

2 Curation of Calibration Data for
Conformal Prediction

2.1 Problem Setting

Let Pyoo1 and Pies; be probability measures on X' x ),
with covariate marginals Pyoo1 ,x and Pies ,.x. We
consider the setting where we are given a pretrained
predictor f : X — )Y and a nonconformity score
function s(z,y) : X x Y — R that measures the
conformity between a prediction and the true label.
Our goal is to conformalise f to produce prediction
sets C(X) satisfying the marginal coverage guarantee
in (1) with respect to a target distribution Pjegt.

We work under a fixed labelling budget constraint
and assume access to a large pool of unlabelled data
Dpool = {X1, ..., X} drawn independently and iden-
tically distributed (i.i.d.) from a source distribution
Pyoo1. We are allowed to query an oracle (e.g., a human
annotator) to obtain ground—truth labels for a budget
of B instances, where B < M. Let S C {1,..., M} be
the set of selected indices with |S| = B. The resulting
labelled calibration set is Dea = {(X;,Y:) }ies-

We assume that the pool distribution FP,o01 and the

target distribution Py may differ, but satisfy the
standard covariate shift assumption (Sugiyama et al.,
2007; Yamazaki and Watanabe, 2008) . Specifically,
the marginal distributions of the inputs may differ
(Ppool(X) # Piest(X)), but the conditional distribu-
tion of the labels given the inputs remains invariant:

Ppool(Y|X) = Ptcst(Y|X)~ (3)

We further assume absolute continuity, i.e.
Piest . x < Ppool ,x, s0 the Radon-Nikodym derivative
w(x) = dPiest, x/dPpool, x exists, and a bounded
overlap condition w(z) < Wiy for stability.

2.2 Sampling Strategies

Random sampling. A natural strategy is to con-
struct the calibration set by uniform random sampling
from the unlabelled pool. When P,oo1 = Piest, the
calibration set is i.i.d. from Pies, so the calibration
scores are exchangeable with the test score and we
obtain the standard CP guarantee. Moreover, under
Ppool = Piest and a fixed labelling budget B, random
sampling maximises the effective calibration sample
size under the target distribution and hence minimises
the variance of empirical quantile estimates of the
nonconformity scores among other i.i.d. sampling
strategies from Ppoo1. In contrast, under covariate
shift, random sampling produces calibration covariates
from Pp,oo1,x rather than Pic, x, so the induced score
distribution generally differs between calibration and
testing. Consequently, the required exchangeability
condition fails, and using the empirical quantile
of {Sga}B | can lead to systematic miscalibration
(under— or over—coverage) on Piest (see Figure 1).

Random sampling and weighted conformal
prediction. An alternative approach is to accept
the induced shift produced by random sampling and
correct for it using weighted conformal prediction (Tib-
shirani et al., 2019). Define the importance weights:

_ dPtest,X

= 4
deool,X ( )

w(z)

Weighted CP instead uses a weighted conformal rank
that assigns weights w(X;) to calibration points
and also includes the test covariate via weight
w(z) (see Appendix G for more details). With
known w, this yields the target—marginal guarantee
Px vy~ 1Y € C(X)} > 1—a under covariate shift.
However, this approach can be statistically inefficient:
under covariate shift, random sampling spends labels
on regions where w(X;) is small (i.e. unrepresentative
of Piest,x), and these points contribute little after
reweighting. A useful proxy is the effective sample
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Figure 1:

Average interval width and coverage results for different labelling budgets and levels of covariate shift for our

synthetic dataset. Results show the mean + standard err. over 250 trials.

size (ESS, Gretton et al. (2009); Kish (1965)):

(S8, wix)
il w(Xi)?

which can be much smaller than B when w is highly
variable, leading to noisier quantile estimates and
wider intervals despite using B labels. We observe
these effects in Figures 1d, 2. (When Pyool = Prest, W
is constant and weighted CP reduces to standard CP.)

Beﬁ ~ 5 (5)

3 Density—Based Rejection Sampling

We propose a simple strategy that aims to (i) retain
the unweighted split conformal guarantee by ensuring
exchangeability with the target distribution, while
(ii) spending the labelling budget primarily on co-
variates that are likely under Pies,x. We describe
our procedure below and provide the full algorithm in
Algorithm 1.

Assume that the weights w(z) in (4) are essentially
bounded, i.e. there exists a finite constant Wy, > 0
such that

0 <w(z) < Whax,

(6)

for Ppool,x—a.e. T.

We sample calibration points by sampling X ~ P01, x
and accepting with probability w(X)/Wiax; upon ac-
ceptance, we query labels Y from the oracle. This is
repeated until B covariates have been accepted and
guarantees that the accepted covariates and labelled
pairs satisfy X; d Priest, x and (X;,Y;) A P,s; TESPEC-
tively. Consequently, we can use the standard, un-
weighted CP procedure on the collected B calibration

points and obtain our desired coverage guarantee, as
stated below and proved in Appendix D.

Theorem 1 (Finite-sample, marginal coverage). As-
sume the setup in Section 2.1 and that (6) holds for
some Whax < 00. Construct a labelled calibration set
{(X;,Y:)} .| by the rejection sampling procedure above
and let (Xpy1,YB11) ~ Piest be an independent test
point. Then, applying standard conformal prediction
with any nonconformity score s to this calibration set
yields the desired finite—sample target—-marginal cover-
age guarantee:

P{YB_H S C(XB+1)} > 1—a. (7)
Theorem 1 is stated under two idealisations: (a)
we can draw proposals X ~ Ppoox, and (b) we
know the true Wi,.x and ratio w. In practice, we
instead draw proposals by resampling from the finite
pool, and we replace Wy.x and w with estimates
w and Wmax obtained from unlabelled data via
classifier—based density ratio estimation, i.e. we train
a probabilistic classifier to distinguish unlabelled co-
variates® drawn from Piest,x versus Phoo,x. Writing
flz) = P(D =1 | X = z) for the fitted probability
that = comes from the target sample (D = 1) rather
than the pool (D = 0), the density ratio is recovered
via the standard likelihood-ratio identity

o dPtcst,X —~ A L l—m ﬁ(x)
w(x) - deool)X (IE) ~ 'lU(fZ?) T T 1— 7’7((1:)’

where m = P(D = 1) is the class prior. Subsequently,
the rejection sampling envelope is estimated as

2Note that assuming access to unlabelled covariates
from our test distribution is common in various works fo-
cusing on data curation, e.g. Bickford Smith et al. (2024,
2023).
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Wax = maxgep,,, W(r). These approximations
induce deviations from exact Pt exchangeability;
we discuss the errors that they induce in Appendix E
and find empirically that they do not materially hurt
the coverage of our approach.

4 Experiments

We evaluate our approach on a synthetic 1D re-
gression problem under covariate shift induced by
contamination. We compare (i) random sampling
with standard CP (Random), (ii) random sampling
with weighted CP (Random + Weighted CP),
and (iii) our density—based rejection sampling with
standard CP (Rejection + CP). For the weighted
methods, we report results using both oracle weights
and estimated weights.

Experimental Setup. We simulate covariate shift
where the test distribution Piest, x is Gaussian and
the unlabelled pool Ppoo1,x is a mixture of Piegr, x and
a corrupted Gaussian FPeorr,x with mixing parameter
v (with v = 1 corresponding to using only Peorr,x;
details in Appendix C). Labels are generated via
Y = ¢g(X) + ¢ with heteroscedastic noise, and we
train a fixed random forest predictor f on a small
labelled set from Pie;. We use the nonconformity

score s(z,y) = |y — f(x)].

We estimate importance weights w(x) = dPrest/dPpool
by training a logistic regression classifier to distin-
guish test samples from pool samples, using the odds
ratio w(z) « 7(x)/(1 — 7A(x)) normalised over the
pool. We estimate the rejection sampling envelope
as Wipax = maXgep,,, W(r). All experiments are
repeated for 250 trials with nominal error rate of
a = 0.1; see Appendix C for full details.

Results. Figure 1 shows that our approach yields
the largest reductions in average interval width when
covariate shift is severe and the labelling budget is
small, while remaining competitive across all other
regimes. This is consistent with our intuition: under
shift, random sampling wastes labels on irrelevant
(corrupted) covariates, whereas weighted CP can
suffer from substantially reduced effective sample size
(see Figure 2).

We also find that Random + Weighted CP
significantly improves over Random + CP, showing
the benefit of correcting for the covariate shift.
Moreover, our approach attains the desired coverage
level across all settings, suggesting that the practical
approximations (finite pool resampling and estimated
weights) do not materially degrade performance in
this setting. Finally, Random + Weighted CP and
Rejection + CP behave similarly under estimated

versus oracle weights, indicating that the density ratio
is well-approximated in this synthetic setup.

5 Conclusions

In this work, we introduced a label—efficient approach
for curating conformal calibration data from an un-
labelled pool under covariate shift. By estimating a
target—to—pool density ratio from unlabelled covariates
and using it to rejection—sample which pool points to
label, we concentrate the labelling budget on target—
relevant inputs, yielding an effectively unweighted cal-
ibration set with (approximately) full effective sample
size. Under idealised assumptions, this enables CP to
retain the desired finite-sample target—marginal cover-
age guarantee, and our synthetic experiments indicate
that the practical approximations do not materially
harm coverage while improving interval width when
shift is large and budgets are small.
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A Further Discussions

Below, we describe the limitations and potential extensions of our approach.

Beyond covariate shift: messier pools. Our approach relies on the covariate shift assumption Ppoo(Y |
X) = Piest(Y | X), which ensures that once we restore the target covariate distribution Piegt, x via rejection
sampling, the accepted labelled pairs are i.i.d. from Pies. Real pools may violate this, and it is useful to
distinguish several cases.

(i) Label shift. If Pyooi(X | Y) = Pest(X | Y) but Ppooi(Y) # Prest(Y) (Lipton et al., 2018; Saerens et al.,
2002), then
dPtcst Ptcst (y)
r,y) = ——= =: p(y), depends only on y).

deool ( ) PpOOl(y) p( ) ( )
In this setting, targeting Piest,x is not sufficient: even with X ~ Piest x, the conditional YV | X differs unless
p(y) = 1. A natural extension is therefore to use joint importance weights p(Y;) inside a weighted conformal

procedure.

(ii) Mixture pools and subpopulation shift. Large pools often contain multiple latent subpopulations,
some of which are irrelevant at test time (Ben-David et al., 2010; Hoffman et al., 2018). This can be expressed
as Pyool,x = 22(:1 T Qk,x With an unknown mixture, while Piest, x concentrates on a subset of components.
A useful extension is to make the ratio estimation component-aware. Concretely, one can first identify latent
subpopulations (e.g., by clustering a representation ¢(X) or fitting a mixture density model), then estimate
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target—to—pool ratios within each component and run rejection sampling restricted to the components that
have substantial target mass. This avoids proposing many points from irrelevant components, improving the
acceptance rate, and reduces instability when global overlap is weak due to rare target-relevant components.

Estimating w(z) without unlabelled target data via exponential tilting. Our current ratio estimator
assumes access to unlabelled covariates from both P,oor,x and Piest,x. In some applications, unlabelled test
covariates are unavailable, but we may still have side information about the test feature distribution (e.g. sum-
mary statistics, published demographics, or moments of a semantically rich embedding such as CLIP, (Radford
et al., 2021)). A principled approach is to assume that Pies, x is an ezponentially tilted version of Ppool, x:

ex T x
o) = LG (@), 20 = B fexp(3T (X)) )

where ¢ : X — R? is a chosen feature map (e.g. ¢(z) could be a low-dimensional projection of a frozen CLIP
embedding), and A € R?. Then the density ratio has the closed form

_ ptcst(x) _ exp()\Tgb(:c))
Ppool (%) Z(\)

To identify A without target samples, suppose we know (or can estimate externally) a moment constraint of the
form

w(zx) (10)

Ep,.[0(X)] =m e R%. (11)

Under (9), this constraint becomes

EPyon[#(X) exp(AT ¢(X))]
Ep,ou [exp(AT ¢(X))]

m=VylogZ(\) =

Equivalently, A is the unique minimiser of the convex objective
A* € arg min {log Z(A) — )\Tm}, (12)
AERE

which is the standard maximum-entropy solution (Csiszar, 1975). Given only a finite unlabelled pool Dy =
{z;}]L,, we can approximate Z(\) by Z(X\) = 47 Zj\il exp(AT¢(z;)) and solve (12) by gradient methods. This
yields an explicit, normalised ratio estimate

_ o exp((A) To(x))
w(z) = —2(/\*) ) (13)

which can be plugged directly into our rejection—sampling acceptance probability. This extension is attractive
when target covariates are unavailable but informative target summaries are, and it naturally supports seman-
tically meaningful ¢(z) (e.g. CLIP-based) that may capture the aspects of shift most relevant for calibration.
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B Related work

Why curate calibration data? In many applications, obtaining labels for calibration can be expensive and
time—consuming. In biomolecular design, for example, validating designed sequences in the wet lab is typically
costly, and recently CP has emerged as a promising tool for quantifying the uncertainty of proposed designs
(Fannjiang et al., 2022; Laghuvarapu et al., 2023). Moreover, in medical imaging — where domain shifts between
calibration and test data are common (Matta et al., 2024; Wang et al., 2022) — practitioners have highlighted
the importance of obtaining representative calibration sets (Mehrtens et al., 2023). These constraints raise the
question studied in this paper: given a large unlabeled pool and a limited labelling budget, how should one select
which points to label so that the resulting labeled calibration set is as suitable as possible for CP?

Conformal prediction under covariate shift. A large body of work has looked at relaxing the exchange-
ability assumption of CP by explicitly accounting for covariate shift between calibration and test data (Cauchois
et al., 2024; Joshi et al., 2025; Lei and Candes, 2021; Park et al., 2022; Qiu et al., 2023; Tibshirani et al., 2019;
Wang and Qiao, 2025; Yang et al., 2024). Weighted conformal prediction (Tibshirani et al., 2019) incorporates
importance weights into the conformal quantile, yielding target—marginal coverage guarantee under covariate shift
when the weights are known. Closely related to our work is Park et al. (2022), which uses density—ratio—based
rejection sampling to construct PAC prediction sets under covariate shift. Their setting, however, is different
from ours: they assume access to a labelled source calibration set and use rejection sampling with known weights®
and Clopper—Pearson bounds to construct PAC prediction sets under covariate shift. Qiu et al. (2023) considers
a similar problem, with the difference being that they allow for unknown weights and consider asymptotic PAC
guarantees. In contrast, we study the problem of curating a labelled calibration set from a large unlabelled
pool under a fixed labelling budget. Our goal is to curate a target—distributed calibration set so that standard,
unweighted conformal prediction can be applied directly, thereby preserving finite-sample target—marginal
coverage while avoiding the effective-sample—size loss that can arise from weighted conformal prediction.

Connections to active learning. Our problem is adjacent to active learning (AL) (Settles, 2009), which
studies how to efficiently query labels under a budget to improve a downstream objective (typically model
performance). Several works combine CP with AL by using conformal uncertainty measures to decide which
instances to label (Balasubramanian et al., 2014; Corrigan et al., 2020; Kharazian et al., 2024; Matiz and Barner,
2019), with the goal being to improve the predictive performance of a learned model. Our goal, however, is
different: rather than targeting predictive performance, we focus on curating a calibration set such that the
resulting conformal prediction sets are valid at deployment.

3They also consider an extension based on high-probability sets for the weights.
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C Experimental Setup

Below, we give the full details for our experimental setup.

Data—generating process. Test covariates follow X ~ Pieg x = N(0,0.12), and corrupt covariates follow
X ~ Peorr,x = N (5,1), The unlabelled pool exhibits covariate shift via contamination:

Ppool,X - (1 - ’Y) Ptest,X + ’YPcorr,X7 Y € [Oa 1] (14)

Conditionals are shared, with the labels given by
Y=g(X)+e, e X ~N(0,0(X)?), (15)

with g(z) = sin(1.5z) 4+ 0.3z and heteroscedastic noise o(x) = 0.15 + 0.10|z|.

Pool and test sets. We draw an unlabelled pool of size M = 100,000 from Ppo01 x. We also draw a test set
of size Niest = 1000 from Pjegt.

Predictor training. We train a fixed random forest regressor f using ni.i;, = 250 labelled samples drawn
from Piesy and the default hyperparameters from scikit--learn (Pedregosa et al., 2011). The resulting f is
held fixed throughout all calibration trials.

Oracle and estimated importance weights. The oracle density ratio used throughout is

dPtest,X x) _ ptest(x) ’ (16)
deool,X (]- - 7)ptcst (.’ﬂ) + ’chorr(x)

w(z) =

where Diest, Peorr denote the corresponding Gaussian densities.

To estimate weights, we train a probabilistic discriminator using only unlabelled covariates. Specifically, we
sample 100 points from Pier,x and 100 points from Ppoor,x and fit a logistic regression classifier with the
default hyperparameters from scikit--learn (Pedregosa et al., 2011) to distinguish test vs. pool. Let 7j(x)
be the estimated probability that = came from the test distribution. With balanced class sampling, we use the
classifier-odds estimator

) A(x)
w(xr) x ———, (17)
1 —7(x)
and (when needed) rescale w so that its empirical mean over the pool equals 1, matching Ep _,  [w(X)] = 1.
Estimating the envelope Wy,,,. For rejection sampling we require an envelope Wiy such that w(z) < Wiax

(or similarly for @). In practice we estimate it from the finite pool:

Wmax = L 3 18
mgﬁﬁgﬁﬂ (18)

(and analogously Woracle = maxzep,,,, w(x) when using oracle weights).

Conformity score and prediction intervals. We use the residual score

s(z,y) = |y — f(2)| (19)

Given a labelled calibration set of size B, standard CP computes the (1 — a)(1 + 1/B) empirical quantile ¢ of
{s(X;,Y;)}B | and returns the interval

Clz) = [f(z) = ¢ flz)+4] (20)

For Random + Weighted CP, we implement weighted conformal prediction as in Tibshirani et al. (2019)
(with either oracle w or estimated ).
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D Proofs

Here, we formally state Theorem 1 and prove it.

Theorem 1 (Finite-sample target—marginal coverage under density—based rejection—sampling). Let Pyoor and
Pies be distributions on X X YV, with Ppoot(Y | X) = Piest(Y | X) and Piest,x < Ppool,x- Moreover, define the
Radon—Nikodym derivative

w(x) — dPtest,X x
deool,X ’
and suppose that there exists Winax < 00 such that 0 < w(z) < Winax for Ppooi, x —a.€. x. Fiz a label budget B € N,
sample (X;,Y:)B.| via the density—based rejection sampling procedure in Section 3, and let (Xpi1, Y1) ~ Priest
be an independent test point.

Let f : X = Y be a fized predictor, s : X x Y — R be any nonconformity score, and define S; := s(X;,Y;) for
i=1,...,B. Letk:= [(B+1)(1 —«)] and let S(y denote the kth order statistic of {S1,...,Sp}. Define the
conformal prediction set

Clz) = {yeV:s(z,y) < S}

Then C(-) satisfies the finite—sample target-marginal coverage guarantee

P{YB_H S C(XB+1)} > 1—a.

Proof. Let Q := Ppool,x and P := Pyt x -

Exchangeability. By standard rejection sampling results (Robert and Casella, 2004), if X ~ @ is accepted
with probability w(X)/Wiax, then the accepted draw X* satisfies X* ~ P. Moreover, independent repetitions
of this procedure yields i.i.d. accepted draws, so Xi,...,Xp % P. Since the accepted covariates satisfy X; $p
and labels are generated from the common conditional P(Y | X) under covariate shift, we have (X;,Y;) id Piest.
Together with an independent test point (Xp41,Ys+1) ~ Piest, the B+1 pairs are therefore exchangeable.

Conformal validity. Define scores S; := s(X;,Y;) for ¢ = 1,...,B 4+ 1. Since the underlying pairs are
exchangeable, the scores (S1,...,S5p,9p41) are also exchangeable. Let k = [(B + 1)(1 — a)] and S(), S(Z) be

the kth order statistics of {S1,...,Sg}, and {S1,...,SB, Spy1} respectively. The conformal set is C(z) = {y :
s(z,y) < S}, and the coverage event is given by:

{Yp11 € C(Xpi1)} = {Sp+1 < S }-

With randomized tie-breaking (or if the scores are a.s. distinct), the rank R of Spy; among the B + 1 scores is
uniform on {1,..., B+ 1}. Then

k
P{Sps1 < Sy} =P{R <k} = Tt
Moreover, since Sy is the kth order statistic of {S1,...,Sp}, we have Sy > S(J;W and hence
P{S < Sy} >P{S <S+}_L>1—a
B+1 S 21 Z FAPBH1 S 90y 1 = g7 2 :

This is exactly the desired finite-sample target—marginal coverage guarantee. O
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E Approximation Errors

This section analyses two independent departures from the idealised setting of Theorem 1: (i) drawing proposals
by resampling from a finite pool rather than from Pphoo1,x and (ii) using an estimated density ratio @ in place of
the true ratio w. Throughout, write

Q = PpOOI,X7 P = Ptcst,X, w(f) = ( )

dQ
E.1 Estimated Weights

In Theorem 1 we assume access to the true density ratio to perform rejection sampling from the pool covariate
marginal (Q and obtain accepted covariates i.i.d. from P. In practice, the weight function is often replaced by an
estimator w. This induces a mismatch between the distribution of accepted calibration covariates and the test
covariate distribution, breaking exact exchangeability. In this section we quantify the resulting error and obtain
an approrimate marginal coverage guarantee.

Acceptance with estimated weights. Assume we run rejection sampling with acceptance probability

agp(T) = = , where 0 < w(x) < Wnax V2, (21)

max

so that ay(x) € [0,1] without clipping.* Let X* denote an accepted proposal when X ~ @ is proposed and
accepted with probability (21). A standard calculation shows that the accepted covariate distribution Px satisfies,
for any measurable set A C X,

anw r) Q(dx) fA ()Q( )

P(X* e A 22
K= Tawaus ~ T e 22
Define the normalising constant
Z =x~q [W(X)] = /zi)(x)Q(d:v) € (0, 00). (23)
Then (22) is equivalent to the Radon-Nikodym form
dPx . (x)
w(ﬁ) =Tz (24)

In contrast, under the idealised setting of Theorem 1, gg( x) =w(x) and Z = 1.

Induced joint distribution of accepted labelled pairs. Under the covariate shift assumption, if each
accepted covariate X7 is labelled via the true conditional Y* | X* = 2 ~ Piest(Y | X = z), then the accepted
labelled pairs are i.i.d. from the joint distribution

P(dz,dy) == Px(dz) Press(dy | @), (25)
whereas the test point (Xp41,Yp+1) is distributed as

Presi(d, dy) = P(dx) Peesi(dy | x)- (26)
Thus the only source of mismatch is the marginal covariate distribution Px # P.

A distance—to—target quantity. We quantify the mismatch between Px and P using total variation:

dx = TV(Px, P) = sup |Px(A) — /]w o) Q(dx)
ACX

_ %XNQ[ @ . w(X)H. (27)

41f clipping is used, a(z) = min{1, @ (z)/M}, then the analysis below holds with @ replaced by @ (z) = min{u@(z), M}.
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Since P and Piest share the same conditional Y | X, we also have
TV(P, Piest) = TV(Px, P) = 6. (28)

The below result shows, not surprisingly, that dx can be bounded by the error resulting from the estimated
weights.

Lemma 1 (Bounding éx by weight estimation error). Let e(x) := w(z) — w(z). Then

ox <x~ [le(X)]  and  0x </x~gle(X)?]- (29)

Moreover, if there exists € € (0,1) such that

sup b(z) _ 1‘ <eg, (30)
reX ’w(.’IJ
then .
ox < 31
pP- @1

Proof. Recall Z =g [w] and g[w] = 1. Then Z — 1 =g [e] and hence |Z — 1| <g [le]]. Using the triangle
inequality,

2 | < |2 ] b~ wl = ]|~ 1| + e
- —w - —w w—wl = \|w el.
A Z

7

Taking expectations under @) and using g[w]| = Z yields

o||% —wl] < 2|7 ~ 1] +q llel = 1 - 2l +a lle] < 2]lel].

Substituting into (27) gives 0x <q [|e]]. The Ly bound follows from Cauchy—Schwarz: g[le|]] < \/g[e?].

For the uniform relative error bound, assume (30). Then w(z) € [(1 — )w(z), (1 + e)w(x)] for all z, so Z =¢
[w] € [1 —¢€, 14 ¢]. Therefore

dPx (2) = o (@) _w()/(Z) _ w(x) c [1—5 1+5}
dpP %(:];) w(x) Zw(x) 14¢e 1—¢el
Hence |dPX 1| < 25 for all z. Using TV(Px, P) = 5 f|dPX — 1‘P(dw) gives 0x <e/(1—¢). O

Approximate marginal coverage under weight estimation
We now translate the mismatch dx into an approximate coverage bound.

Let C () denote the (unweighted) split conformal prediction set built from B calibration pairs. Let A denote the
coverage event A :={Ypi; € a(XBH)} Under the assumptions of Theorem 1 (true weights w), P(A) > 1 — a.
When 0 is used, the calibration set is i.i.d. from P defined in (25), while the test point is from Pres as in (26).
Thus the joint distribution is PB g P, st instead of Pti't L

Proposition 1 (Approximate target—marginal coverage with estimated weights). Assume covariate shift and
that the calibration pairs are constructed via rejection sampling using W as in (21), yielding i.1.d. calibration pairs
(X1,Y1),...,(XB,Yg) ~ P, and let (XBi1,YB11) ~ Piest be an independent test point. Then the standard split
conformal set C(-) built from {(X;,Y;)}B., satisfies

P{Ypi1 € C(Xp1)} > 1—a-— (1 —(1- 5X)B), (32)
where §x = TV(Px, P) is defined in (27). In particular,

P{Yp;1 € C(Xpi1)} > 1—a— Béy. (33)
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Proof. Let p:= PB g Piest and v := PB @ Pioyy = Ptfst 1 For any event A, the variational characterization of
total variation yields

p(A) = v(A) = TV(u,v).

Applying this to the coverage event A = {Yp1 € 6(XB+1)} gives

Progp,. (A) = Ppoii(A) = TV(PP @ Prest, PEy ® Prest)-

test

Because the test factor Piest is identical in both product measures we have:

TV(pB & Ptcsta Pt?st & PtCS'G) = TV(pB3 Ptgst)'
Moreover, by (28) we have TV(P, Piest) = 0x. A standard tensorization bound for total variation gives
TV(PB,PE)<1—(1—TV(P,Pex))® =1—(1—6x)".

Finally, under the ideal setting (true weights w), Theorem 1 implies P pot (A) > 1 — . Combining these proves
(32). The linear bound (33) follows from 1 — (1 — dx)® < Béx for §x € [0,1]. O

Explicit coverage bounds in terms of weight estimation error. Combining Proposition 1 with Lemma 1
yields directly:
P{Yp11 € C(Xpi1)} 2 1—a— Bxollw(X) —w(X)|], (34)

and

P(Vi1 € CXp1)} > 1—a— By/xmql(@(X) — w(X))2. (35)
If the uniform relative error condition (30) holds, then (31) and (33) give

€

P{Yps1 € C(Xp1)} > 1—a—B (36)

1—¢

Connection to classifier-based ratio estimation. In our implementation we form @ via a probabilistic
classifier fj(z) ~ n(x) := P(D = 1 | X = z) that discriminates test from pool covariates. With class prior
7 :=P(D = 1), the implied ratio estimator is

W(z) = 1-m M (37)

Taking logarithms yields logw(z) = logl_T7T + logit(7j(x)). Therefore, uniform control of the logit error,
[logit(A(x)) — logit(n(x))| < t, implies a multiplicative bound e~ < w(x)/w(z) < e!, which can be plugged
into (36) (for sufficiently small ¢) to obtain an explicit coverage degradation bound.

E.2 Finite-Pool Approximations

Algorithm 1 proposes covariates by resampling from a finite unlabelled pool Dpoer = {X (m)}%:1 with
X (m) i bool, x , Tather than drawing X ~ P,oo, x directly. Here, we describe informally how this finite—pool
approximation affects the target—marginal coverage guarantee of Theorem 1.

With oracle weights w(z) = j?eistl’f((w) and 0 < w(z) < Whax, rejection sampling based on resampling from
pool,

Dpool produces accepted covariates from the weighted empirical measure:

Sy w(X ™M) 1{X ) € .}

38
S W) .

Puy() =
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Consequently, the calibration pairs are exchangeable with a test point drawn from 13M(d:1c) Piest(dy | ), whereas
the true test point is drawn from Pliest, x (dz) Piest(dy | ). Thus, the impact on coverage is determined by how

close ]3M is t0 Ppest, x , measured using an appropriate metric (e.g. an integral probability metric over a restricted
function class).”

More concretely, writing Cps(-) for the conformal set constructed from B accepted labelled pairs, the coverage
gap can be expressed as

Pixyympea{Y € Cur(X)} — P(X,Y)NﬁNI®PtSSt(~|X){Y € CM(X)}‘

= ‘EXNPtest,X [gCM (X)] - IEXNﬁM [gCM (X)} ’

where g¢,, (z) :=P{Y € Cp(x) | X = z} € [0,1]. Importantly, gc,, depends on the data-dependent prediction
set Cas, and hence on the underlying conformity score and predictor. Therefore, obtaining finite quantitative
bounds typically requires additional structure, e.g. regularity /complexity control on the induced class of functions
{g9c,, }, which is model- and score-dependent.

Nonetheless, it is straightforward to show that the finite-pool sampling step becomes asymptotically equivalent to
sampling from the true target covariate distribution as M — oo. Indeed, by standard self-normalised importance
sampling results, Py, consistently approximates Piest,x as the pool size grows:

Proposition 2 (Consistency of the weighted empirical target). Let Q := Ppool,x and P := Piege x with P < Q,
and define w = %, Let X .. xX(M) u Q and define ﬁM by (38). Then, for any bounded measurable
g: X >R,

/ o(2) Pu(dr) 22 [ g(x) P(da). (39)

M—o0

Proof. By definition,

P _ A1 L WX g(X )
galy = =i ) .
M Zm:l w(X )

Since g is bounded and w is essentially bounded, both w(X)g(X) and w(X) are integrable under Q. Hence, by
the strong law of large numbers,

M M
1 a.s. 1 a.s.
LS () g(X0) 25 Bgu(X)g(X), - 3 w(X) 25 Eglu(X)] = 1
m=1 m=1
Taking the ratio yields fgdﬁM 225 Eglw(X)g(X)] = [ gdP, which proves (39). O

Proposition 2 shows P, is a consistent approximation to Pies, x. Under additional regularity assumptions
(e.g., continuity /no-ties for the score distribution and stability of the induced prediction-set functional), one
expects the resulting loss of coverage from finite—pool resampling to vanish as M — oo. Moreover, whether the
pool is resampled with or without replacement becomes asymptotically irrelevant when M > B, since repeated
selections from the pool occur with vanishing probability.

5Note that total variation is generally not informative here when Piest,x is continuous, since Py is discrete.
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F Additional Results

Figure 2 shows the effective sample sizes for Rejection 4+ CP and Random + Weighted CP, using both
oracle and estimated weights. As expected, Random + Weighted CP suffers from a significant loss in effective
sample size as the level of covariate shift increases, whereas our approach remains stable as a result of directly
targeting the test distribution.

Random + Weighted CP Random + Weighted CP (Oracle)
—e— Rejection + CP --+- Rejection + CP (Oracle)
& 1000 £ 1000 & 1000 & 1000
© 800 ° 800 K3 800 k) 800
= =) B =)
E 600 % 600 E 600 E 600
(7] n 7] @ oo
g 00 g g 2
b= =} F=] E=]
o © 200 © 200 o 200
& 200 & & &
3} 5} S w0
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
Calibration Budget Calibration Budget Calibration Budget Calibration Budget
() y=0 (b) 7 =05 (c) y =08 (d) ¥ =09

Figure 2: Average effective sample size for different labelling budgets and levels of covariate shift for our synthetic dataset.
Results show the mean + standard err. over 250 trials.
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G Additional Details

Here, we provide full details for the weighted CP procedure described in Section 2.2.

Weighted conformal prediction. Assume the setup in Section 2.1 and define the importance weights:

_ dPtest,X

= =02 40
dppool,X ( )

Let {(X;,Y;)}2, be calibration pairs and fix a test covariate z. For any candidate label y, define the candidate
score Spy1(y) := s(x,y) and calibration scores S; := s(X;,Y;) as normal. Weighted CP (Tibshirani et al.,
2019) replaces the usual unweighted rank of Spyi(y) among {S1,...,SpB,Sp+1(y)} by a weighted rank in which
each calibration score carries weight w(X;) and the candidate score carries weight w(x). Concretely, writing
w; == w(X;) and w41 := w(x), the (randomised) weighted conformal p—value is

Ei1 w; 1{S; > Spy1(y)} + w1 U
Y wi

and the weighted conformal prediction set is Cy(z) := {y : pw(y) > «a}. With known w, this yields the
target-marginal guarantee P(x yyp,...{Y € Cw(X)} > 1 — a under covariate shift (Tibshirani et al., 2019).

pu(y) = , U ~ Unif(0, 1), (41)



H Algorithm Block

Algorithm 1 Density-Based Rejection Sampling for Calibration

Require: Unlabelled pool D, = {acj}jM:l, miscoverage level a € (0, 1), labelling budget B, fixed predictor f,
nonconformity score s(z,y), estimate of w(z)

Ensure: Conformal prediction set function C(-) with target marginal coverage

1: Initialise labelled calibration set Dea + 0

2: Set envelope Winax max,, ¢ p, max{0, w(z;)}

3: while |D..| < B do

4: Sample = ~ Unif(D,,) > sampling = ~ Unif(D,,) is with replacement
5: Sample u ~ Unif(0, 1)

6: Compute @ + max{0, w(z)} > (clip to nonnegative)
7 Set acceptance probability pacc < min{l,w/ Wmax}

8 if u < pacc then

9 Query label y ~ P(Y | X = z) and add (z,y) to Dcal

10: end if

11: end while

12: Compute calibration scores {s;}2 | where s; < s(z;,y;) for (z;,y;) € Deal

13: Let k < [(B+1)(1 — )] and gy < sk, where s() is the k—th order statistic of {s;}2,
14: Define C(z) <~ {y € YV : s(z,y) < qp}

15: return C(+)

Remark 1. Note that in typical regimes with a large pool and a small label budget (B < M), sampling with
or without replacement differs negligibly (duplicates occur with probability O(B?/M)), so the practical effect is
minimal. See also Appendix F.2.
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