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ABSTRACT

Risk-sensitive linear quadratic regulator is one of the most fundamental problems
in risk-sensitive optimal control. In this paper, we study online adaptive control
of risk-sensitive linear quadratic regulator in the finite horizon episodic setting.
We propose a simple least-squares greedy algorithm and show that it achieves

O(log N) regret under a specific identifiability assumption, where N is the total
number of episodes. If the identifiability assumption is not satisfied, we propose
incorporating exploration noise into the least-squares-based algorithm, resulting

in an algorithm with O(v/N) regret. To our best knowledge, this is the first set
of regret bounds for episodic risk-sensitive linear quadratic regulator. Our proof
relies on perturbation analysis of less-standard Riccati equations for risk-sensitive
linear quadratic control, and a delicate analysis of the loss in the risk-sensitive per-
formance criterion due to applying the suboptimal controller in the online learning
process.

1 INTRODUCTION

In classical reinforcement learning (RL), one optimizes the expected cumulative rewards in an un-
known environment modeled by a Markov decision process (MDP, [Sutton & Barto| (2018))). How-
ever, this risk-neutral performance criterion may not be the most suitable one in applications such
as finance, robotics and healthcare. Hence, a large body of literature has studied risk-sensitive RL,
incorporating the notion of risk into the decision criteria, see, e.g., [Mihatsch & Neuneier| (2002);
Shen et al. (2014)); |Chow et al.|(2017); [Prashanth L & Ful(2018)).

In this paper, we study online learning and adaptive control for a risk-sensitive linear quadratic
control problem, referred to as the Linear Exponential-of-Quadratic Regulator (LEQR) problem.
The LEQR problem is one of the most fundamental problems in risk-sensitive optimal control, and
there is extensive literature on this topic (Jacobson, 1973} Whittle, |1990; Zhang et al.,|2021a). In this
control problem, the system dynamics is linear in the state and control variables, and it is disturbed
with additive Gaussian noise. The cost in each period is convex quadratic in both the state and
the control/action variables, and the performance criteria is the logarithm of the expectation of the
exponential functions of the cumulative costs. When the system parameters are known, the optimal
control at each stage is linear in state with the coefficient determined by certain Riccati equation.
Different from the risk-neutral setting, the solution to the Riccati equation for LEQR explicitly
depends on the risk parameter and the covariance matrix of the additve Gaussian noise in the system
dynamics (Jacobson, |1973). For general risk-sensitive nonlinear control, one does not have such
closed-form solutions. However, one can use LEQR as a local approximation model and solve
risk-sensitive control problems by iteratively solving LEQR problems, see e.g. Roulet et al.| (2020).

We consider the standard finite-horizon episodic RL setting, where the system matrices of LEQR
are unknown to the agent. The learning agent repeatedly interacts with the unknown system over
N episodes, the time horizon of each episode is fixed, and the system resets to a fixed initial state
distribution at the beginning of each episode. We focus on the finite horizon LEQR model because
it is widely used as a model of locally linear dynamics. The performance of the agent or the online
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algorithm is often quantified by the total regret, which measures the cumulative suboptimality of the
algorithm accrued over time as compared to the optimal policy. We seek algorithms with (finite-
time) regret that is sublinear in /N, which means the per episode regret converges to zero and the
agent can act near optimally as N grows.

Regret bounds for the risk-neutral linear quadratic regulator (LQR) in the infinite-horizon average
reward setting have been extensively studied in the literature, see e.g. |Abbasi-Yadkori & Szepesvari
(2011));/Mania et al.|(2019));/Cohen et al.|(2019);/Simchowitz & Foster| (2020). It has been shown that
in this average reward setting, the certainty-equivalent controller where the agent selects control
inputs according to the optimal controller for her estimate of the system, together with a simple
random-search type exploration strategy, is (rate-)optimal for the online adaptive control of risk-
neutral LQR (Simchowitz & Foster, 2020). However, non-asymptotic regret analysis of the finite-
horizon episodic LQR has received much less attention, though some applications, especially in
finance, naturally fall into the episodic setting. For example, a common task faced by a financial
institution is to liquidate a large position of assets, e.g., a stock, in a finite amount of time, e.g.,
in one day. With a linear price impact, such problems can be formulated as a stochastic control
problem with linear dynamics and quadratic cost functions; see Section 1.5 of |Almgren & Chriss
(2001)). One can consider optimizing the expected utility of the total cost of trading and with an
exponential utility function (see e.g. |Schied et al.| (2010)), the problem becomes an episodic LEQR
problem. In different days, the institution may need to liquidate different assets, so the initial state of
this problem, which represents the initial position of the asset that the institution needs to liquidate
during the day, resets at the beginning of each day, resembling the episodic setting. [Basei et al.
(2022) is among the first to establish regret bounds for the risk-neutral continuous time finite-horizon
LQR in the episodic setting. They proposed a greedy least-squares algorithm and established a regret
bound that is logarithmic in the number of episodes N under a specific identifiability condition. By
contrast, we study finite-horizon LEQR, which is a risk-sensitive model, in a discrete-time setting.

On the other hand, there is a surge of interest recently on studying finite-time regret bounds for
risk-sensitive RL. The first regret bound for risk-sensitive tabular MDP is due to [Fei et al.| (2020),
who study episodic RL with the goal of optimizing the exponential utility of the cumulative rewards.
There is now a rapidly growing body of literature on this topic, see, e.g. (Fei et al.,[2020; 2021} |Du
et al.| 2022} Bastani et al., [2022; [Liang & Luol 2022} |Xu et al., 2023 [Wang et al.} 2023} |Wu & Xu,
2023; (Chen et al., 2024). Most of the studies consider learning in risk-sensitive MDPs with finite
state and action spaces.

Inspired by these studies, in this paper we study regret bounds for online adaptive control of the
(discrete-time) risk-sensitive LEQR in the finite-horizon episodic setting, where both the state and
the action spaces are continuous. In particular, we obtain two main results:

* First, we propose a simple least-squares greedy algorithm without exploration noise (Al-
gorithm [I]), and show that it achieves a regret of order log N under a certain identifiability
condition (Assumption|I) on the LEQR model.

* Second, without Assumption[I} we propose another algorithm with actively injected explo-
ration noise (Algorithm , and show that it achieves a regret of order v V.

To the best of our knowledge, this is the first set of regret bounds for finite-horizon episodic LEQR.
In the learning theory community, there has been a significant interest in the questions of whether
logarithmic regret is possible for what type of linear systems and under what assumptions. See
e.g. |Agarwal et al.| (2019); [Cassel et al.| (2020); |[Faradonbeh et al.| (2020); |[Foster & Simchowitz
(2020); [Lale et al.| (2020). Our first result provides an answer to these questions in the setting of
risk-sensitive LEQR models. In addition, our second result complements the first result by showing
that v/ N-regret bounds can be established for risk-sensitive LEQR models without the identifiability
assumption.

We briefly discuss the technical challenges and highlight the novelty of our regret analysis. Even
though our proposed algorithms are fairly simple, the analysis is nontrivial and it builds on two
new components: (a) perturbation analysis of Riccati equation for LEQR; and (b) analysis of risk-
sensitive performance loss due to the suboptimal controller applied in the online control process. For
the perturbation analysis in (a), we cannot use the existing techniques from the literature on online
learning in risk-neutral LQR (Mania et al. 2019} |Simchowitz & Foster, [2020; [Basei et al., [2022).
This is because the Riccati equation for LEQR is less standard and more complicated: there are some
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extra parameters (see P;,t =0, --- ;T — 1in ) involved in the equation, and the risk-sensitive
parameter impacts the solution to the Riccati equation. To overcome this challenge, we first analyze
one-step perturbation bound for the solution to Riccati equation, and then leverage the recursive
structure of Riccati equation from our finite-horizon LEQR problem to establish a bound on the
controller mismatch in terms of the error in the estimated system matrices. For the performance loss
in (b), we can not employ the existing approach in online control of risk-neutral LQR as well. This
is because the performance objective in LEQR is nonlinear in terms of the random cumulative costs
(unlike the expectation which is a linear operator). Indeed, this type of non-linearity has been one
of the key challenges in regret analysis for risk-sensitive tabular MDPs (Fei et al.,|2021). To address
this challenge, we leverage results from Jacobson| (1973) for LEQR to express the performance loss
in terms of the controller mismatch (i.e. the gap between the executed controller and the optimal
controller). Due to these two new technical components, our analysis is substantially different from
the proof in the closely related work Basei et al| (2022). In addition, Basei et al. (2022) did not

analyze the case when the identifiability condition does not hold and provide v/N-regret bound.

There are several recent studies on RL for LEQR. |Zhang et al.| (2021a) proposes model-free policy
gradient methods for solving the finite-horizon LEQR problem and provides a sample complexity
result. Sample complexity is another popular performance metric for RL algorithms in addition to
the regret. Note that the controller in |Zhang et al|(2021a) is assumed to have simulation access to
the model, i.e., the controller can execute multiple policies within each episode. By contrast, our
work considers online control of LEQG with regret guarantees, where we do not assume access to
a simulator and the agent can only execute one policy within each episode. Other related works
include |Zhang et al.|(2021b)), which proposes a nested natural actor-critic algorithm for LEQR with
the average reward criteria, and |Cut et al. (2023), which proposes a robust policy optimization
algorithm for solving the LEQR problem to handle model disturbances and mismatches. These
studies do not consider regret bounds for LEQR, and hence are different from our work.

Finally, we comment that an alternative approach to considering risk sensitive LQR is H.-optimal
adaptive control (Hassibi et al., [1999). This approach takes a different perspective from LEQR: it
considers deterministic, unknown noise and, instead of taking expectation with respect to random
noise as in LEQR, it considers the H, norm of the cost with respect to the deterministic, unknown
noise. Thus, in the presence of system noise, H..-optimal adaptive control takes the robust control
approach to consider the worst case performance while LEQR assumes a probabilistic model for
the noise and a degree of risk aversion. Regret bounds for H, control have been studied in e.g.
Karapetyan et al.|(2022). Because of different settings and objective functions in LEQG and H .-
optimal control, the regret bounds in these two problems are not directly comparable.

2 PROBLEM FORMULATION

2.1 THE LEQR PROBLEM

We first provide a brief review of the LEQR problem (Jacobson, [1973). We consider the following
linear discrete-time dynamic system:

(Et+1:A.’I)t+BUt+U}t, tZO,l,"',T—]., (l)
where the state vector z; € R", the control vector u; € R™, the matrices A € R"*" B € R"*™,
and the process noise w; € R" form a sequence of i.i.d. Gaussian random vectors. For the simplicity
of presentation, we assume the noise w; ~ N (0, ) where I is the identity matrix. The goal in

the finite-horizon LEQR problem is to choose a control policy @ = {ug, u1,- - ,ur_1} so as to
minimize the exponential risk-sensitive cost given by

1 T—1
J™(20) = ; log E exp (; (Z ce(xg,ug) + cT(xT)>> , 2)

t=0

where ¢; (74, u) = 7] Q¢ + uf Ruy, er(vr) = 27.Qrar, Q = 0,Qr = 0 (i.e. positive semidefi-
nite), R > 0 (i.e. positive definite), and -y is the risk-sensitivity parameter.

Note that when ~ is small, we have by Taylor expansion:

1
S logEexp(vZ) = E[Z] + %Var(Z) +0(v%),
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for a random variable Z with a finite moment generating function. It is well understood in the
economics literature that v measures the risk aversion degree, and a positive (negatively, respec-
tively) ~ stands for risk-averse (risk-seeking, respectively) attitude; see for instance Pratt| (1964).
When v — 0, the LEQR problem reduces to the conventional risk-neutral linear quadratic control
where one minimizes the expected total quadratic cost and the controller becomes risk-neutral. For
concreteness, we focus on the case where v > 0 (our analysis extends to v < 0). The optimal
performance is denoted by

J*(xo) = ir;f J™(xo). 3)

When the system parameters are all known, Jacobson| (1973) shows that under the assumption that
I —~Piyy > 0forallt =0,1,---,7 — 1 (Note that if - is too large, we have J" (zg) = oo for all
policies), the optimal feedback control for (3)) is a linear function of the system state
uy = Ky, t=0,1,---,T—1, (G))
where (K;) can be solved from the following discrete-time (modified) Riccati equation:
PT = QT)
Pii1 = Py +vPit (I — vPis1) ' Piga,
Kt == —(BT.ﬁt+1B + R)ilBTﬁt+1A7
P, =Q+ K RK; + (A + BK;)" P,.1(A + BK,),
t=0,1,---, 7T -1 &)

One can see that scaling all the cost matrices @), @7, and R does not change the optimal controller,
and hence we assume R > I,,, without loss of generality. Note that in the risk-neutral setting where

v = 0, we have ﬁt = P, in the Riccati equation . However, in the risk-sensitive setting, we have

extra matrices (F;) in the Riccati equation. This is one of the difficulties we need to overcome when
we study perturbation analysis of Riccati equations for the LEQR problem.

2.2 FINITE-HORIZON EPisoDIC RL IN LEQR

In this paper, we consider the online learning/control setting for LEQR, where the system matrices
(A, B) are unknown to the agent. The learning agent repeatedly interacts with the linear system
over N episodes, where the time horizon of each episode is 7'. In each episode : = 1,2,--- , N, an
arbitrary fixed initial state § = o € R" is picked An online learning algorithm executes policy
7 throughout episode i based on the observed past data (states, actions and costs) up to the end of
episode 7 — 1. The performance of an online algorithm over N episodes of interaction with the linear
system (1)) is the (total) regret:

Regret(N) = Z (J’Ti (zh) — J*(%)) )
i=1

where the term J™' (zh) — J*(x}) (see (2) and ) measures the performance loss when the agent
executes the suboptimal policy 7 in episode 4.

3 A LOGARITHMIC REGRET BOUND

In this section, we propose a simple least-squares greedy algorithm and show that it achieves a regret
that is logarithmic in N, under a specific identifiability assumption.

3.1 A LEAST-SQUARES GREEDY ALGORITHM

We now present the details of the least-squares greedy algorithm, which combines least-squares
estimation for the unknown system matrices (A, B) with a greedy strategy.

!"The results of the paper can also be extended to the case where the initial states are drawn from a fixed
distribution over R™.
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We divide the N episodes into L epochs. The [-th epoch has m; episodes, thus Zle m; = N.
At the beginning of the [-th epoch, we estimate the system matrices (A, B) by using the data from
the (I — 1)-th epoch, and the obtained estimator is denoted by (A', B'). Then we select the control
inputs according to the optimal controller for the estimate (A’, B!) of the system, and execute such
a policy throughout epoch I. The feedback control K/ is obtained by replacing (A, B) in with
th(;, estim(ﬁlt)e (A', BY). Then, in the k-th episode of epoch [, we play the greedy policy uik by taking
K into

It remains to discuss the estimation procedure for (A!, B') which is conducted at the beginning of
epoch [. Within the [-th epoch, we note that the same policy is executed in each episode. Because
we consider the episodic setting where the system state reset to the same state at ¢ = 0, we obtain
that the state-action trajectories across different episodes are i.i.d within the same epoch. Note that
the random linear dynamical system in epoch [ is given by

xh, = Az} + Buj +w}, t=0,1,---,T -1, (6)
where ul = K!x!. For simplicity of notation, we denote by 2! = [x{r QT} T

action random vector at step ¢ in epoch [. We also denote by # = [A B]T for the system matrlces
Taking the transpose of (6) and multiplying z} on both sides of (6), we can get zfa} |, = z}2/T6 +

zith Summmg over T steps and takmg the expectation, we obtain E [Y'] = E [V'] §, where

Zt o Ziztl and Y! = Zt o zixtly. It follows that

, which is the state-

0=[AB]" = (E[V]) " (E[']), 7

provided that the matrix E[V'!] is invertible. The formula and the fact that state-action tra-
jectories across different episodes are i.i.d. within the same epoch provide the basis for our es-
timation procedure. Given the data in epoch [, we now discuss the construction of the estimator

Qi+l .— [AlJrl’BlJrl]T

Consider the sample state process in the k-th episode of epoch I:

bk = Azbh 4 Bubt p bt =01, T -1, 8)
Lk LET  LET] T .
Denote the sample state-action vector by z," = {xt’ Uy } . Then, we can design the [»-

regularized least-squares estimation for 6 by replacing the expectation in (7) with the sample average
over the m; episodes in epoch [ and adding the regularized term 1 I ntmt

-1
1 _
+1 l l
6+ - (V n+7n Y, (9)
my
—1 1 m, T-1 Ik _LkT =1 T-1 Ik LkT
where Vi = =300, 50 5 2 2yt and YU = - L > o 2 -

We now summarize the details of the least-squares greedy algorithm in Algorithm [T] Note that the
input parameter 6! denotes the initial guess of the true system matrices (A, B).

Algorithm 1 The Least-Squares Greedy Algorithm

Input: Parameters L, T, m1,0%, Q, Qr, R
for/=1,---,Ldo
my = 2 1my
Compute (K}) for all ¢ by (5) using 6"
fork=1,--- ,ml do

fort=0,---,T—1do
Play ul® « Klazb",
end for
end for
Obtain 6/ from the lo-regularized least-squares estimation @)
end for
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3.2 LOGARITHMIC REGRET

In this section, we state our first main result. We first introduce the following assumption.
Assumption 1. For the sequence of the controller (K;) defined in @) we assume that

{veR“m‘[I,LKJ}U:O,\ﬁ:o,---,T—1}:{0}. (10)

Assumption || is essentially Assumption H.1(2) in |Basei et al. (2022) for learning finite-horizon
continuous-time risk-netural LQR, and it is referred to as the self-exploration property therein (i.e.,
exploration is ‘automatic’ due to the system noise and the time-dependent optimal feedback matrix
(Kt)¢=0,... 7—1 ). One can show that Assumptionis equivalent to the condition (see Lemma i

T—1 T-1r ;
Zztzj]:Z{I&}E[%xﬂ[@f(ﬁho, (11)
t=0 t=0
which resembles the persistence of excitation assumption in adaptive control (Astrom & Witten-

mark, [2008| Definition 2.1, Chapter 2).

E

In view of (7) and (TT)), Assumption[T|essentially guarantees the identifiability of the true system ma-
trices when the time-dependent optimal control in (5) is executed. This is important for the proposed
greedy least-squares algorithm to achieve a logarithmic regret bound. Assumption[T|can be satisfied
under various sufficient conditions. We provide one set of sufficient conditions in Proposition [ in
the appendix.

We now present our first main result, which provides a logarithmic regret bound of Algorithm|[I] We
denote || - || as the spectral norm for matrices.

Theorem 1. Suppose Assumptionholds and assume the optimal controller for the initial estimate
0" also satisfy . Fix § € (0,:%). Then we can choose m; = Co(—1logd) for some positive

constant Cy such that with probability at least 1 — %25, the regret of Algorithm|l|satisfies

T—1
Regret(N) <C <Z 7/1t> {10g <m+n) L+LlogL] , (12)
= Vo

where C is a constant independent of N and () is a sequence recursively defined by

g =208, gy = 2D3(10V2LTH)2 (=00 L 19T %,y te [T —2),

with
Iy = mHLX{IIAII ABIL QI Qe (1R ([Pl (|2 IIKt—lll} o D=1+maxly,

- (13)
VoL ), Lo — 1
(1 —~o2l)?

Because ZzL:1 m; = N and m; = 2'~'my, we infer that L = {logg (% + 1)—‘ < log N, where <
means the inequality holds with a multiplicative constant. Hence, Theorem|[I]implies that the regret
of Algorithm|[l|satisfies Regret(N) = O (log N - loglog(V)) , where O hides dependency on other
constants. In Appendix [C] we provide some further discussions on the dependency of the regret
bound on other problem parameters, including the horizon length 7', and the risk parameter y of the
LEQR model. Note that Algorithm [T|requires L, or equivalently N (the total number of episodes)

as input. For unknown N, one can use the doubling trick (Besson & Kautmann, 2018]). Specifically,

consider an increasing sequence {nk}z‘;o where n = 22" for k > 1 and ng = 0. For each k, one
restarts Algorithm [T] at the beginning of episode n;, + 1, and run the algorithm until episode 71
with the input N = ng1 — ng. One can readily verify that this leads to an anytime algorithm which
still achieves a logarithmic regret bound.

3.3 PROOF SKETCH OF THEOREMII]

In this section, we provide the proof sketch of Theorem|[I] The full proof is given in Appendix [A]

Step 1: We adapt the analysis in Basei et al.| (2022)) and use Bernstein inequality for the sub-
exponential random variables to derive the following bound on estimation errors of system matrices.
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Proposition 1 (Informal). Fix § € (0,-%). Let & = 6/1%. For m; 2 log ((m;”)Q), we have with
probability at least 1 — 20,

m-+n)?2 m+n)? m+n)?
) () v ()
+ + .

my my m?

67 o]l <

For a complete rigorous statement, see Proposition [3]in Appendix.

Step 2: We recursively carry out the perturbation analysis of less-standard Riccati equation (5)) and
prove that the perturbation of the controller AK! := K! — K; is on the order of O(¢;), where
e, = max {||A' — A||, || B — B||}. The formal statement is presented in Lemma

Step 3: We use a result of Jacobson| (1973)) (see Lemma[I0)) and the proof technique in Fazel et al.
(2018)) to prove that

T-1
wk Lk Lk 1 LoikT 0 1k
I (") — T (xg") = 5 Z log (det (1, — ’yDi)) + %0 Dixg”,

t=1
where D! is a function of AK}, - ,AKL |, with | D}|| < ¥ V?%e? + o(e?). See Proposition
Here, "'* is the sub-optimal controller ""F executed in the k-th episode of the I-th epoch.

Step 4: We can then bound the regret: Regret(N) = ZzL:1 S (J”l’k (xf)’k) - J*(xf)’k)> <
S me < log(l) < O(log N - loglog(N)).

4 A SQUARE-ROOT REGRET BOUND

Theorem [I] shows that the logarithmic regret bound is achievable for episodic LEQR under As-
sumption |[I} One may wonder how does the regret bound changes after removing Assumption
In particular, is v/N regret achievable without Assumption [I? This section provides an affirmative
answer to this question, by proposing and analyzing a least-squares-based algorithm with actively
injected exploration noise.

4.1 A LEAST-SQUARES-BASED ALGORITHM WITH EXPLORATION NOISE

We now introduce the algorithm (Algorithm 2], which is is different from Algorithm[I} We no longer
divide the N episodes into epochs of increasing lengths to estimate the system matrices. Instead, in
the k-th episode, the algorithm updates the estimation of the system matrices (A, B) by using the
data from the previous k — 1 episodes, which is denoted by (A*, B¥). Similar to K! in Section 3.1}
we can obtain the feedback control KF by replacing the true system matrices in (5) with (A, BF).
Then, we execute the control with exploration noise (g~) that follows a Gaussian distribution in the
k-th episode. The design of Algorithm [2]is inspired by (Mania et al., |2019; [Simchowitz & Foster,
2020) that establish /T regret bounds for risk-neutral LQR in the infinite-horizon average reward
setting, where 7' is the number of time steps.

The estimation of system matrices (A, B) in Algorithm is different from that in Algorithm|l] In
Algorithm the estimator (A*+!, B¥+1) is obtained by solving the following l»-regularized least-
squares problem (based on the linear dynamics (I):

Kk T-1
ok ¢ argmin{)\||y||2+zz [ yTz}:HQ}, (14)
Y i=1 t=0
where 0! = [AFFL, B’“"’l]T 28 = [zi7, wiT]T and A > 0 is the regularization parameter. By

solving (T4), we can get
T

1
gh+1 — (1‘/’?)‘1 (Z Z z§x§L> , (15)

i=1 1=0
. koo~T—1 i
where VF = AT+ Y70 S0 ) zizdT
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Algorithm 2 The Least-Squares-Based Algorithm with Exploration Noise

Input: Parameters T, N, 0, Q, Qr, R, A
fork=1,---,Ndo
Compute (Kk) for all t by using 0%,

fort=0,---, T —
Play uf + Kfl‘f + gf, gt ~ N0, =Im).
end for
Obtain 6%+ from (15).
end for

4.2 SQUARE-ROOT REGRET

In this section, we present the second main result of our paper, which demonstrates that Algorithm

can attain O (v/N)-regret (ignoring logarithmic factors). This is the first (5(\/N )-regret for online
learning in risk-sensitive LEQR models.

Theorem 2. Fix§ € (0,1). When N > 200 (3(n + m) + log (X)), with probability at least 19,
the regret of Algorithm 2] satisfies

T-1
Regret(N) < C Z (a:Cn + Bt) VN,
=0

where C is a constant independent of N, Cy exhibits a logarithmic dependence on N and depends
on A, and (a), (B¢) are two sequences recursively defined by

~3 ~ 9 A4 2(T—t—1) ~4
ary =20%, o, = 2T (10v2£T") + 120,

Bri=0, B =12I" 41216, 4,
with f, V, L defined in .

4.3 PROOF SKETCH OF THEOREM 2]

We provide a proof outline for Theorem 2] The complete proof is given in Appendix

Step 1: We adapt the self-normalized martingale analysis framework (Abbasi-Yadkori et al., 2011}
Cohen et al.,|2019; Simchowitz & Foster, 2020) to derive the following high probability bound for
the estimation error. See Proposition [6]for the complete statement.

Proposition 2 (informal). When k is large enough, with probability at least 1 — 0,

2t <ol 5 s (e (). "

Step 2: We conduct perturbation analysis of the Riccati equation (5) and show that AK} := K} —
K, is on the order of O(eg), where ¢, denotes the estimation error of system matrices, i.e. right-
hand-side of (I6). This step is essentially the same as Step 2 in Section[3.3]

Step 3: Because of the additional exploration noise added to the online control, we show that the
loss in the risk-sensitive performance becomes

T-1 T-1
1 1
J (x§) — J*(zf) = 2 logdet (I, — vFf) — — Z log det (I, — YUF) + ZEO TUkat,
t=0
where F and UF are functions of AKF = KF — K;,i =t,--- ,T — 1, with F} < % + o(€?)

and Uf < ayV?el + &\/W + o(€). See Pr0p0s1t10n

Step 4: Finally we can bound the regret: Regret(N) = Zk 1 (JTr kY — J*(x )) S ij:l e <
PO TR = log (1+ Nlog (§)) < O(VN).
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5 SIMULATION STUDIES

We perform simulation studies to illustrate the regret performances of Algorithms[T]and 2] Note that
our paper is the first to obtain regret bounds for episodic risk-sensitive LEQR and there are currently
no other existing algorithms with sublinear regret for this problem. Our experiments are conducted
on a PC with 2.10 GHz Intel Processor and 16 GB of RAM. We consider the following three LEQR
systems for illustrations:

System 1. We use the system matrices and cost matrices in Section 6.1 of Dean et al.| (2020) with
the following minor change: we set Qp = QQ = %I instead of Q = 1031 as in their paper because
the effect of risk parameters is difficult to visualize when () has small eigenvalues.

System 2. We generate non-positive-semidefinite, non-symmetric random system matrices A €
R™7 and B € R7** with all entries sampled from the uniform distribution U(0,1). The cost
matrices () and R are randomly generated positive definite matrices, and we set Q7 = 0.

System 3. We consider a flying robot problem in Section IV of Tsiamis et al.| (2020) with the
following minor change: we set Q7 = 0 instead of Q7 = diag{1,0.1,2,0.1} as in their paper so
that the effect of risk parameters is easier to visualize.

We implement Algorithms [T]and 2]in all the systems and compute the expectation and 95% confi-
dence interval of the regret of each algorithm using 150 independent runs. In both algorithms, we
randomly generate the initial guess §* = (A!, B') with all entries of A' and B! sampled from the

uniform distribution. In Algorithm we set m; = 500 and L = {log2 (% + 1)—‘ . In Algorithm
we set A = 0.8.

Because the simulation results for Systems 1, 2 and 3 are similar, we only present those for System
1 here and make the results for System 2 and system 3 available in Appendix [D] Figures [Ia] [Tb] and
show the average regret of Algorithm [I]in System 1 using 150 independent runs and Figures [Id]
and [Tf] show the average regret of Algorithm [2]in the same system. The two blue dotted lines
in Figures |la| and |1d| depict the 95% confidence interval of the regret when v = 0.1 and 7" = 3.
We observe that Algorithm [I] incurs a large regret in the initial learning process, and as a result,
the actual performance of Algorithm [I]is worse than that of Algorithm [2] on this instance. This
is because Algorithm |I|updates parameter estimations less frequently compared with Algorithm
and the inaccurate estimations in the initial learning process lead to a large regret for Algorithm [1}
With T' = 3, Figure [Ib]illustrates the effect of the risk aversion on the regret. The true value of the
learning agent’s risk aversion parameter « is 0.1. Figure|lb|plots the regret of the algorithm when
the true value of -y is used and when a wrong value, e.g., 0.05, 0.2, and 0, is used. The plot shows
that if one runs Algorithm [I] with a misspecified risk aversion degree v, particularly with v = 0,
which corresponds to the algorithm in|Basei et al.| (2022) with the assumption of risk-neutral agents,
the regret performance is much worse compared with the case of a correctly specified risk aversion
parameter. Setting v = 0.01, Figure|lc|illustrates the effect of the time horizon TE] Consistent with
our theoretical results, the regret is increasing in 7'. The same parameter settings are used in Figures
[IdHTf} where we test the performance of Algorithm [2] The results are similar to those of Algorithm

[I]in Figures [TaHId
6 CONCLUSION AND FUTURE WORK

This paper proposes two simple least-squares-based algorithm for online adaptive control of LEQR
in the finite-horizon episodic setting. We prove that the least-squares greedy algorithm can achieve
a regret bound that is logarithmic in the number of episodes under a identifiability condition of the
system. We also prove that the least-squares-based algorithm with exploration noise can achieve
O(V/N)-regret when the identifiability condition is not satisfied. To the best of our knowledge, this
is the first set of regret bounds for LEQR.

The study of regret analysis for risk-sensitive control with continuous state and action spaces is
still in its infancy, and there are many open questions. For instance, it would be interesting to

2We choose v = 0.01 to ensure the existence of the solution to the Riccati equation (5) for the values of T
under consideration.
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Figure 1: Simulation results in System 1

study regret bounds for LEQR in the infinite-horizon average-reward (non-episodic) setting.It is
not straightforward to extend our current proof methods to this non-episodic setting because it is
nontrivial to establish explicit perturbation bounds for the generalized algebraic Riccati equation
for average-reward LEQR (see e.g. (2023)). Another significant question is to study
regret bounds for online linear quadratic regulators with other risk measures such as coherent risk
measures (see e.g. (2023)). Other interesting problems include lower bounds for online
LEQR, regret bounds for LEQR with partially observable states and for more general risk-sensitive
nonlinear control problems. We leave them for future work.
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A  REGRET ANALYSIS FOR THE LEAST-SQUARES GREEDY ALGORITHM

In this section, we carry out the regret analysis for the least-squares greedy algorithm in Section
We derive the high-probability bounds for the estimation error of system matrices in Appendix
We do the perturbation analysis of Riccati equations in Appendix[A.2] We simplify the suboptimality
gap due to the controller mismatch in Appendix[A.3] Finally, we combine the results derived/proved
above and prove Theorem I}

A.1 BOUNDS FOR THE ESTIMATION ERROR OF SYSTEM MATRICES

In this section, we discuss the high probability bound for the estimation error of system matrices in
Algorithm[I] We adapt the analysis framework inBasei et al.| (2022) and use the Bernstein inequality
for the sub-exponential random variables to derive the desired error bound.

To facilitate the presentation, we first introduce some notations. We fix the [-th epoch and define the
following set

i-d] <ofu)

BV~ < coand |E [Y)]| < € for
some constant C; > 1. We choose the initial number of episodes m such that

o (22

where p > 0 is a constant such that for any §' € O,

5]',1

p>3Ci ) Vi € NTA\{1},

j—1

where 6;_; = ﬁ, m;j_1 = 297%m; and C; is a constant independent of m;,Vj € N*\{1}, but
may depend on other constants including m, n, T. We will show how to choose m; in Section[A.4]
We also define the event

Gg={pe0Vji=1,-,1}.

We will prove that P(G!) > 1— Zé;ll d;in Section The following proposition is the main result

of this section. Recall that 9!T! = [A"*1 BIH1]T are the estimated system matrices and 6 = [A B] "
are the true system matrices.

Proposition 3. Conditional on event G, there exists a constant Cs3 > 1 such that for m; >
2
Cslog (("+m) ), with probability at least 1 — 24,

01
n+m)? n+m)? n+m)?
10g(( J:Sl )) log(( ng )) logg(( ng ))
+ +

mp my my

o+ o] <y

The proof of Proposition [3]is long, and we discuss it in the new few sections.

A.1.1 PRELIMINARIES

In this section, we recall the definition of sub-exponential random variables and state several well-
known results about such random variables that will be used in our analysis later.
Definition 1 (Definition 2.7 of |Wainwright| (2019)). A random variable X with mean . = EX is

v2
2

2
sub-exponential if there are non-negative parameters (v, ) such that E[e}X~1] < e for all

|A| < L. Denote the set of such random variables as SE(v*, cv).

Lemma 1 (Bernstein Inequality, Proposition 2.9 of Wainwright (2019)). Suppose that X €
SE(v?, ), and let i = EX. Then for any > 0, we have

POX —4 2 0 < 2o (—min { . 1),

2027 20

14



Published as a conference paper at ICLR 2025

Lemma 2 (Lemma 5.1 of /Alessandro|(2018)). If X; € SE(v2, ), € [n], then
X, SE (3", v, maxze[n] ;) if X; are independent,
Z €\sE ((2:Z 1 Z/Z) , MaX;c|pn) ozq;) if X; are not independent.

Lemma 3 (Lemma 2.7.7 of |Vershynin| (2018). Let X and Y be sub-Gaussian random variables.
Then, XY is sub-exponential.

A.1.2 PROPERTIES OF ESTIMATED SYSTEM MATRIX

In this section, we use the properties of sub-exponential random variables to derive some statistical
properties for the estimated system matrix 6.

The following lemma shows that every element of the state-action random sample vector zi’k =

>
LET LEkT] . :
[act’ uy ] is sub-Gaussian.

Lemma 4. Consider the sample state in section conditional on event G', we can prove that

every element of the sample state x,” and action vector ut’k is sub-Gaussian for any step t, episode
k, epoch .

Proof. By the deﬁnition . we have
Amt 1+But 1+wt 1
= (A+ BE]_)z*, +wy®,

= (A+ BK|_)(A+ BK|_,)x*; + (A + BEK{_)w;*, + wi™,.
Repeating this procedure, we can get

0 t—1 Jj+1
= (I o) a5 (T o) o, a

i=t—1 = i=t—1
where []'_, (A + BK!) := I,,. Recall the definition of K/ in (5) by using ¢'. It’s continuous in
' € O, so K! is uniformly bounded for any #! € © by the boundedness of ©, i.e. there exists some
constant M > 0 such that sup, || K}|| < M. Because zék = xo and {wl b t=5 are independent

zero-mean normal random variables, we can then readily obtain from (|1 1.) 7)) that every element of xt
1s sub Gaussian by the uniform boundedness of K. Similarly, we can prove that every element of

= Ktlxi ¥ is sub-Gaussian, which completes the proof. 0

Recall the following matrices in (7)) and (9).

T—1 T—1
1 _ 11T 1 _ 11T
V= E 2% Y' = E 24Ty
t=0 =
18
m; T—1 my T— ( )
>l lklkT kT
DI I ZZ T4
lc 1t=0 =0

where V!, VI ¢ ROvtm)x(ntm) gyt vyt e RvEm)xn e denote the elements of V!, Y, V! V!
as

T—1
1 Ul
Vii= E 2% 0,7 € [n+m]
=0
T—1
1 U , .
Y= 24 i Tyy1 4,0 € [n+m], j € [n]
=0
1 my T—-1
. Lk Lk -
M—EE z“ztj,z,]e[n—km]
k=1 t=0
1 my T—1
l Lk Lk
i = 2y Ty ol € [n+ml,j € [n]
L =1 t=0
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Then we have the following result from Lemma 4]

Lemma 5. There exist non-negative parameters 1 and 1) such that V}

1 Yi,; ESE (%,mll)forall
i,jandl € [L)].

lklkT I,k _LET

Proof. By Lemma I and Lemma @ we know that every element of z;’ and 2"z are

sub-exponential random variables. That is, zé fzif € SE ((z/t i, )2 , Oét,i,j) ,i,j € [n 4+ m] and

P fxifl j ESE ((wm’j)z 7ﬁt7¢’j) ,i € [n+m],j € [n]. The subexponential parameters can be
chosen independent of [ and k by the proof of Lemma] If we denote by

Vg = max Vi j, Q¢ = Max Oy 4,5,
i i,J

Wy = Max Wy ; j, By = max By j,
iJ iJ

then we have 2" fzilf € SE ((Vt)z,at) for any k € [my], i,j € [n + m] and 2> fxiflj €
SE ((wt) ,6t) forany k € [my], i € [n+m],j € [n].
By Lemma 2] for non-independent sub-exponential random variables, we obtain

2
Lk _Lk
ZHZMGSE (E I/t> ymaxay |

T-1

t=0
- T-1 \ 2
Lk, Lk
Z ity €SE (Z Wt) 7mtaxﬁt
t=0 t=0
Applying Lemma [2] again, but for independent sub-exponential random variables, we infer that
T-1
_ 1 & (Et 0 Vt) max; o
1L Lk Lk t O
Vi,j_mlz #i%; €SE m2 S
k=1 t=0 l

t 0 Vt max; o

) )

my

T—

my 1
l
Zt,z xtJrl \J ’ my
k 1 0

t=

t 0 ""t max; By
)

my

2
K Lk ESE( Zt Owt) max; 3

The proof is complete by letting

T—1 2 T—1 2
L = Imax E Vi y E Wt ,
t=0 t=0

7) = max {mgxat,mgxﬁt} .

We can now derive the concentration inequalities for V! and Y.
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Lemma 6. Conditional on event G', we can derive that for any ¢ > 0,

max {P (|[V! —EV'| > ¢) ,P([Y' —EY'| > ()}

2 . my¢? mig 19
< 2(n+m)”exp ( min { 203 (n+m)*’ 2n(n +m)? }> ’

where | - | is a matrix norm that represents the summation of the absolute value of all the elements
of the matrix, e.g. |Al =3, . |a; ;|-

Proof. We first consider one element of the matrix V. By Lemma/[l]and Lemmal[5] we have

_ [ myC
P (7L, ~ BV 2 0) < 2enp (i { 25 ER )

Then, by the fact that P (Zf\il | X;| > §> < vail P (|X,-\ > %) for all M € N and random
variables (X;),, we can derive the concentration inequality for |[V! — EV'|:
(7B 2 0
nm ndm
=P D [V —EV| =¢
=1 j=1
nbm ntm

<>y P(}VJJEVM = (n+<m)2)

i=1 j=1

. mlCQ mlC
< 2(n+ m)? exp (— min { 22(n + m)d 2n(n + m)? }) '

Similarly, we can derive the concentration probability for Y':
P (¥ B> )

n+m n

—p [ S, -EYL| ¢
i=1 j=1

n+m n C
< PV, —EY)|> ————
< Z Z <| i, %J| = (n+m)n>

i=1 j=1

' mC? mC

<2 -
< (n+m)neXP( mln{2L2(n+m)2n2’2n(n+m)n})
1) mi¢” g
<2 ? — i
20 e mesy (—min { gt s ).

where inequality (1) follows from the fact that n + m > n.
Finally, combining the two probability inequalities above, we can obtain (19). O

In order to derive the probability bounds in Proposition we prove that H (E[VY) - H and ||E[Y]]|

are bounded by a positive constant for any ¢ lies in ©. The boundedness of HE[YZ} H can be proved
directly, because E[Y"] is continuous in terms of ' according to the definition of Y in . In

terms of H (E[VY) - H, we will use the following lemma to show that it’s bounded when §! € ©.
Similar results can be found in Proposition 3.10 of [Basei et al.|(2022).

Lemma 7. The following properties are equivalent:
1. For the sequence of the controller K;,t = 0,--- ,T — 1 defined in (),
{u eR”*m’ [[K]v=0Vt=0, ,Tfl} — {0};
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2. E[V] = 0, where V = ZZ:OI 22, is generated by the optimal policy in ;

3. There exists \g > 0 such that i, (IE [Vl]) > \o for any estimated 6' € ©.

Proof. We first prove property 1 <= property 2.

For simplicity of notation, let by = [ K,']" and H = [hg, h1,--- , hp_1]. Property 1 is equivalent
to that there exists no nonzero v such that H " v = 0, which is also equivalent to that for any v # 0,
v HH v >0,ie.

T-1 T-1 I
HH" =Y mh/ =) [ 5 ] [I, K,'] = 0.
t=0 t=0

One can readily compute that

T-1

Z ZtZ;]
t=0

-1

= Z [ fgt }E [z2/ | [I, K,'| = Hdiag (E [zozg ], ,E [zr_127_y]) H', (20)

t=0

E[V]=E

where diag(-) is the notation of a diagonal block matrix. Next we show that E [xtxtT ] is positive

definite for each ¢. Similar to (T7), we can expand the system dynamics under the true system matrix
0 = (A, B) as

0 t—1 J+1
Ty = ( H (A+ BKQ) xo + ( H (A+ BKJ) wj, 21
7 J

i=t—1 j=0 \i=t—1

where [[/1) | (A+ BK;) means (A+ BK; 1)(A+BK, 5)---(A+ BEKj1),and [Ti_,_,(A+

i=t—1
BK;) = I,,. For simplicity of notation, let

@, 4 = (A+ BK;,)(A+ BK;,_1)---(A+ BK,,), foranyt; > t,. (22)

When t; < 1o, we set 4, ;, = I,,. Then we have z;, = ®;,_; gzo + Z;;lo ®;_1 jr1w;. It follows

that
t—1

E (x| = ®i—1,0E [zog | 4 o+ Z Or1j 1 E [wjw] | @ 544
=0
(1) :
= By 1007 P10+ Z Oy 0L
j=1

. t—1
= Oy 0m0m9 Dy 0+ In + Z (bt*l,jq);l—fl,j

=1
= I,

where the equality (1) follows from the fact that w; ~ N (0,1,),j = 0,--- ,t — 1, and equality (2)
holds by the fact that ®,_; ; = I,,. Then, we can prove that property 1 is equivalent to that for any

v #0,

v E[V]v = v Hdiag (E [:coxg] ;oo E [mT,lx—'T—_l]) H"v >0,
which is equivalent to property 2.
We next prove property 2 <= property 3.

In terms of property 3 == property 2, it’s obvious that when 6! = 6, we have A\, (E[V]) > Ao > 0,
ie. E[V] = 0.

In order to prove property 2 = property 3, we prove the continuity of E[V] in terms of the system
matrices 6. By the recursive formula of the discrete-time Riccati equations and the optimal controller
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in , we can find that P;, ]5t and K; are continuous in terms of § € ©. Recall that

t—1
Elwea) ] = ®s_107000 1o+ In+ Y Bro1 ;80 5, (23)

j=1
where ®;_, ; is defined in . Plugging (23) into (20), we can see that E[V] is continuous in terms
of . So for any #' € ©, there exists Ao > 0 such that A, (E[Vl]) > Xo. O

Now we are ready for the proof of Proposition [3]

Proof of Proposition[3] Recall the definition of VLYY VEand Y in (18), we have
l67" — 6]

_ | (vl ;l +> Y m) R

IN

9+ | E )17 - E

+ || @ V)| 19 -E )

2) _ -t _
2a,(|(v1+ Len) RERl)
my

where inequality (1) holds by the fact that E=! — F~1 = E=}(F — E)F~1, inequality (2) follows
from the results in Lemmathat H Vl H < C,. By Lemma 6| and the equivalence of matrix

norms, with probability at least 1 — 24;, we have ||[V! —E [V!]|| < Ajand |[Y! - E [Y']| < A,
where

(Vs hrn) @m0

—1
1
Vit —TIim
( my +)

(24)

,\
INE=

DD [+ e eV

N7+ i~ E )

2:%2(n +m)° log (M) 2n(n +m)?5log (("+m) )

)

my my

A; := max

For notational simplicity, we denote by

Cy := max{\/2:2(n +m)5,2n(n +m)?° ¢ .
( )% 2n( )

C4 is a constant depending on m, n polynomially and depending on  exponentially. For simplicity,
we ignore the T-dependence of C4. Then, we have

log (M) log (W)

my ’ my

A; < Cq4max

Now we can use A, to further bound the terms in 1i Let m; be large enough so that A; + m% <
2c ,1.e. m; > Cslog (m) for some constant C3 > 1. Then, with probability at least 1 — 26,

we have HVl —-E [Vl] m%InerH <A+ m% < f, and thus

1

_ 1 _ 1
)\min (Vl + 7’7’LlIn+m> Z )\min (E [Vl]) - HVl —E [Vl} + WInerH Z E
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Then, we get

-1 _
(Vl L n+m> H < 2Cs. In terms of HYl ,

®) i
=Y -] +EY]| < G+ [V -E[Y]| sC2+ A

where inequality (3) follows from the fact that ||IE [Yl ] H < Cs. Finally, substituting all the elements
into (24), we can get

ot o]
< (20 (Cot [T =BV () + )
<G (262 S(Cat A <Al n ﬂi) + Al>

l

@ _ . 1
<205 [ (1+4)) AH—E + A

l

©) 3 2 1
S 862 Al + Al + E
l

log (2572) o ((m?)  jog? ((Lrtm?)
+ +

? 16C3C2
- 2ma my my ml2

where inequality (4) follows from Co > 1, inequality (5) holds by the fact that m; > 1 and inequality
2
(6) holds because log (%) > 1. The proof is hence complete. O

Lemma([7]shows that Assumption|[I|can be extended to the neighbourhood of the true system matrices
6, and thus guarantee the well-posedness of the sample variance of the estimated system matrices
within the neighbourhood. The following proposition provides a sufficient condition for Assumption

il
Proposition 4. If the parameters defined in Section[2.1] satisfies

1. A € R™ ™ has full rank;
2. Q>=0and Qr =0;
3. B € R™ ™ has full column rank,

then for the sequence of the controller K;,t = 0,--- ,T — 1 defined in (3)), we have

{vGR”*m‘[IKtT]v—O,Vt—O,~ 1}—{0}

Proof. Letv = [v] vq |7 satisfying [[ K, Jv = 0,¥t =0, ,T — 1, where v; € R", vy € R™.
Recall the optimal control defined in @) by the condltlon QT =0, we have K1_1 = 0 and thus
vy = 0. Then, [I K, Jv = 0,Vt =0, - fllseqmvalenttoKTvgfOth() , T —1.
Substitute (9) into it, we can obtain

~ ~ —1
K v, =-ATP 1B (BTPtHB + R) v = 0.

Recall that
Piy1 = Pyt + 7Pt (In — vPiy1) " Poga,
P,=Q+ K, RK; + (A+ BK;) P, (A+ BEK;),t =0,--- , T — 1.
We can prove that P, > 0 forany ¢t = 0,--- ,7 — 1 by the mathematical induction. When ¢ = T,

Pr = 0,and thus Pr_; > Oby Q > Oand K. ,RKp_, = 0. Forany t = 1,---,T — 1,
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assume that P, ; > 0, we can prove that ]StH > 0,and thus P, = 0by Q = 0, K,/ RK; = 0 and

(A+ BK;)T P11 (A + BK;) = 0, which finish the mathematical induction. And by the condition
A € R™ ™ has full rank, we have

B (BT13H13+R)_1@2 —0.

- - -1
According to the setting in Section R>0,50B"P.,1B+ R >0.S0B (BTPtHB + R)

has full column rank by the condition that B € R™*™ has full column rank, and thus vy = 0, which
completes the proof. O

A.2 PERTURBATION ANALYSIS OF RICCATI EQUATION

In this section, we discuss perturbation analysis of Riccati Equation, i.e., how the solutions to Riccati
Equation (B)) change when we perturb the system matrices.

The main result of this section is the following lemma. We fix epoch [ in the analysis below and
recall that (A!, B') are the estimators for the true system matrices (A, B).

Lemma 8. Assume 1 — AT > 0 and fix any ¢, > 0. Suppose | Al — A|| < e, ||B' — B|| < e, then
foranyt=0,1,--- /T — 1, we have

KL — K| < (10V2LTH T 1ye,
IPf = P|| < (10V2LT*) e,
where f, V and L are defined in .

To prove Lemma 8] we need the following result, which provides ‘one-step’ perturbation bounds for
the solutions to Riccati equations.

Lemma 9. Assume 1 — T > 0. For any ¢, > 0, W > 1, assume |A' — A| < &, |B' — B| < ¢
and ||Pl,y — Pip1|| < We < 1foragivent € {0,---,T — 1}. Then we have

1K} — Kl < VW,
| P} — P,|| < 10V2LT*We,
where f, V and L are given in .

Proof. We first bound the perturbation of the optimal controller, i.e., AK, é =K tl — K. Recall that

~ ~ ~ -1 ~
Ky=—(B"P,B+R)™'B"PA, and K!=— (B”PZHBI + R) BTP, AL
(25)
To bound AK!, we first bound ’

Pl — P H as follows:

H(In - ’YPtl+1)_1Ptl+1 = (n - 7pt+1)_1pt+1||
(I = vPi1) " Py = (In = YPi1) " Ply + (In = vPeg1) " Py — (In = YPea) ™ Prg |
<||(In = vPLy) " Py — (In = vPig) " Pl || + |1 = vPera) T Py — (In = ¥Peg1) ™ Pog|
(T = ¥P2) ™ = (Lo = vPiet) Y| - IBE 4+ 1 = ¥ Pr) ™M - [ Phy = Prall:
Here, the equality (1) follows by the definition of ﬁtl 1 and ﬁt+1, and the fact that
Py = P+ Pl —P) ' Py

= [I, +vP(I - ’YPt)_l] P

= [(In = yP) Iy = yP) ™ +9Pi(In = yP) '] P,

= (I, —vP) ' P.
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It follows from the fact that E~1 — F~! = E~1(F — E)F~! for any invertible matrix £ and F,

<||(In = vPLy) (Pl = Prpa) U = YPed) M| IPLA N+ 1 = Y Pig) M - 1Py = Posa|
(i) 1 1 1
T 1AIPL 1= APl 1 — || Py

PP

APy = Pl - 1Pl + 1Py — Pl

1 1
< : . r :
ST WasD) 1-T YWe (Wep + )+1—’Yr We
® 1 1
< ———AIT'We + —We
(1—9D)2 1—1l

r 1
= 7 = + = | We
(1-7T)2 1-4T
Wﬁl
(1—7D)
where the inequality (2) holds by the fact that for any matrix £ € R"*", if || E|| < 1, then ||(I,, —
E)7Y < ﬁ, and the inequality (3) holds because we assume that || P}, — Py || < We < 1.

To bound AK!, we next bound HBTIBtHB ~B'TP., B! H in view of the expressions in lb
HBTEHB . B”EIHBZH
<|BTPiiB - B B B||+ |BTRi B - BTRL B + BT P, B - BT B
<BT Pl - |1B = B+ IB]l - | Prs1 = Pl - 1Bl + 1B = B'|| - || P, BY|
< elF2 + FEWel(F + 6[) + 6[(£W€l + F)(F + el)
4) ~  ~ ~
< We(T? +T2L 4 (gL +T)T)
<2L+1D)I*We,
where inequality (4) holds by the fact that We; < 1. Similarly, we can derive that
HBTEHA - BlTﬁ;+1AlH
< HBTEHA —BTh Al H + HBTEHAZ - BTEIHAIH + HBTJBZHAl ~ BITBL A H
< 2L+ 1)IPWe,.
Then, following a similar argument as in Lemma 2 of Mania et al.| (2019), we can obtain

IAKE = |56 - K| < 2(L + DI We.

Next we proceed to bound || P! — P;||. Recall that
Pi = Q+ K, RK; + (A + BE;)" Piy1(A + BEKy),
Pl =Q+ K|"RK} + (A'+ B'K})" P}, ,(A' + B'K}).
We can directly compute that
|A+ BE, - A' - B'K{||
<A~ A"+ [BE, ~ B + 3K - B
<g+TVWe¢ +¢(VWe +T)
Y o+ TVWe + TV
< 2VTWe,
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where inequality (5) holds by the fact that ¢,(VWe, +T') < VWWe + ' WV when both W and V
are larger than 1. Similarly, we can derive that

|K,RK; — K|" RK{||
<||K/ RK, - K, RK{|| + | K RK| — K{" RK|
<T2VWe + VWl (VWe, + 1)
<2 We,.
In addition, we can derive that

H (A+ BK,)" Py (A+ BEK,) — (A+ BK!) P!, (A+ BK}) H

< [[(A+ BE)TPiia(A+ BEK) — (A+ BK) Praa(A+ BK))

+ H(A + BK!) T Pyi(A + BE;) — (A+ BEYTBL, (A + BK,)

+ A+ BEDTPL (A + BE) - (A+ BEDT P (A+ BE)|
< VT We + 2LVTH W e + V2 LT W g
< SVALTWe.
It then follows that
| Pl — P|| < 10V2LT*We,.
The proof is therefore complete. O
With Lemma[9] we are now ready to prove Lemma §]
Proof of Lemmal[8] By definition we know that P = Pr = Qr, and thus we have || PL — Pr|| < €.
By Lemma@l, we can derive that at time 7" — 1,
HKlel — Kr1| < Ve,
|PL_y — Pr_s|| < (10V2LT e,
which implies that
KLy — Kr_o < (10V2LTY) Ve,
|Ph_y — Pr_s|| < (10V2LT%)2%.
Applying Lemma [9|recursively, we obtain for any t = 0,--- , T — 1.
K} — K| < (10V2LTH T~ 1ye,
| Pl — P,| < (10V2LT4) T,
which completes the proof. O

A.3 SUBOPTIMALITY GAP DUE TO THE CONTROLLER MISMATCH

In this section, we will simplify the performance gap between the total cost under policy 7** and
the total cost under the optimal policy. We recall the corresponding total cost under entropic risk,

T-1
Lk 1
Jg (mé’k) = ; log E exp (; ( E (xi’kTQxi’k + ui’kTRui’k) + mé&kTQT:vljlk>> )
t=0
Lk _ g1, Lk L . I U iy .
where u,” = K;z,;", and K| is obtained by substituting (A", B') into equatlon

Let Hi’k be the set of possible histories up to the ¢-th step in the k-th episode of epoch [. Then, one
sample of the history up to the ¢-th step in the k-th episode of epoch [ is

HbE — (b1 10 1,1 1,2 2,1 2,1 Lk Lk Lk
t — xo ’uo ’...’JjT "TO ,...’xo ,...’JjT ’...’xo ’...7xt 7ut .
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We also introduce some new notations, which will be heavily used in the regret analysis. For any
t=1,---,T — 2, we define the following recursive equations:

DYy = AKY ((R+ BT PpB)AKL

DT71 = (In— VDTA) 1DT717

Dl = AK'T (R + BTIBtHB) AK!+(A+BK!))TD!,,(A+ BK)), 26)
D} = (I, —yD})~' D},

Dy = AK{T (R+ BTPiB) AKL + (A + BKS) Di(A+ BKY),

where AK! = K! — K, and Py is defined in . In the following parts, we still consider the
risk-averse setting, where v > 0. The following proposition is the key result of this section.

Proposition 5. We can simplify the performance gap in the k-th episode of epoch [ to
Lk 1
I3 (wg®) = T () = = - Z log (det (I, — D)) + 5" Doag". 27)

where D! is defined in @)

In order to prove Proposition 5] we introduce Lemma[T0] see p.8 of Jacobson| (1973).

Lemma 10 (Jacobson| (1973)). Consider the linear dynamic system w111 = Az + Bus +wi, wy ~
N(,1I,),t = 0,---,T — 1. For any sequence of positive semidefinite matrix FE;, satisfying
I, —vEi 11 > 0, we have

E [exp (%$:+1Et+1$t+1) ‘xt,ut}
_1 ~
= (det([n — ’yEt—',-l)) 2 exp (%(Al’t + But)TEt+1(A:z:t + B’th)> y

where Et+1 = Et+1 + ’}/Et+1(ln — ’YEt_;,_l)ilEH_l.

We apply Lemmato simplify the performance gap J§ k( L k) JG (:z:f)k) in the k-th episode of

epoch [ in the following lemma.
Lemma 11. We can simplify the performance gap as

Lk

T—1
. 1 ~ -
5 )~ 05008 = Lrou | (13 ab AR (R4 BT R mARGE ) e, 1

t=0

(28)
where AK! = K} — K.

Proof. Denote Jy(ay*) = L (xi’kTPtxi’k -t > logdet (I — 7Pt+1)) gt o=0,---,T —1,

which is the dynamic programming equations of LEQR problem. When ¢t = T, JT(xlT’k) =
lkT 1k
Qrxy .

By the definition of JJ k( "y and J3 (z5"), we have

bk Lk Lk
J5 (330) Jo(xo)

1 — _
- Lrog exp< (Z( T Qutt 4T R +xlTkTQT:clT’k>> R 1] (el
t=0
1 T—1
= ; logE | exp (; ( ((mi’kTQxi’k + ui’kTRui’k) + Jt(xi’k) — Jt(xi’k))
t=0

it B (e,

o))

(29)
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Recall that J7(z5") = 25T QrakF, we have

L,k
Jy (1307 )—Jo (Iék)

flogE exp ( (Z <( DRTQabF 4 b kTRui’k) + Jy(zb*) — Jt(xik)>
L]
+JT(x§:’“)>> o, HLE 1] ~ o (exp(Jo(=5*))
w1 7=
= ~ log E | exp <2 Z (( lkTQl“ + UikTRUfr’k) + Jt+1($if1) - Jt@%))) xék7H%k_1]
t=0
@) = 1 1
2 diogs o (13 (o197 @ KRR 4 Lo Pt ¥l
t=0

1
+ 2 log det(1,, — 'yPtH)))

Lk—1
CL‘O ,H 1

where equality (1) holds by canceling out the Jo(xf)’k) inside and outside the entropic risk, and

equality (2) follows from the definition of the total cost under entropic risk and ui’k =K f:z:ik By

the law of total expectation, i.e. E[X|Z] = E[E[X|Y, Z]|Z] for any random variables X, Y, Z, we
consider the conditional expectation

1 1 1
E [exp <7(2 L kT(Q + KZTRK )x]l‘k + ixifIPt+1xif1 — ixi’kTPt:ri’k

1
+ 2 log det(1,, — 7pt+1)>> |Hék]
1 1 1
= exp (7(21‘?”(@ + K{"RK})z;" — §$i "Ryt + 2 log det (I, — WPt+1)>>
30
x E leXp (;x“_l Pt+1xt+1> ‘Hl k] (30)
3) 1 g eT T bk L ikTp 1k 1L
= exp |~ 5% (Q+ K;' RK})xz;" — ixt Pz, +ﬂlogdet(ln—'yPt+1)

x (det(I, — yPiy1)) Y% exp

% (xi’kT(A + BEY P 1 (A + BK! )xi’k>

—exp [ 5 (b7 (@+ KITRK! + (A + BE)T Pa (A + BKD)ay* - af* Pt )|
where the equality (3) follows from Lemma[I0]

Recall that AK] = K} — K;and P, = Q + K, RK; + (A + BKt)TE_H(A + BK}). Then the
RHS of Equation (30) becomes

exp [; PT(Q+ (AK!+ K)TR(AK] + K))
4 (A+ B(AK! + k)T Pt+1(A+B(AKl+Kt))) Lk g 2T Pk

= exp [Z VAR (R + BT P B)AK! 2y +yay" TAKT (R+ BT Py B)K, + BTEHA)a:Q’“]

@ exp [; LET AR (R 4 BTIStHB)AKf:Ué’k},

3D
where the equality (4) holds by the fact that K; = —(R+ B P,y 1 B) "' BT P, | A. Finally, substi-
tuting (31 into (30) and then substituting (30) into (29), we can get (28). O
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With Lemma TT] we are now ready to prove Proposition 3}

Proof of Proposition EI We prove the result recursively. When ¢t = T — 1, we have
E [exp (Laf T AKE (R + BT PrB)AKY i) ‘H;k ]

=K {exp (;xlTleDT 1xlTk 1)

Lk
e
)

_1 ~
D (det(I, — vDY_ 1)) ? exp {g [IIT’”Q(A + BKY ) Db (A + BEL_ )kt 2} }

—~

where equality (1) follows from Lemmaand ulTk_l =K ép_lxl:;k_y When ¢t =T — 2, we have

E

T—1
exp (g > (T AKT(B+ BT BB)AK L) )‘H;g]
t=T-2

_1 ~
= (det(I, —yD%_,)) *E [eXp @ [xlT”Q (AKY ,(R+ B"Pr_1B)AKY_,

+ (A + BK%Ffz)Tﬁiffl(A + BK%“72))‘%‘T 2 ) ‘H”frk 3}

_1
(det([n - ’YDlT—l)) *E [exp (gfplTszDT 2T T 2) ’H ]
1 vy ~
=TT (et(r, —7Dh) " exp (2 [o55(A+ BEG_0) Dy _o(A + BKE_p)aft ).
Whent =14,e=1,--- T — 1, similarly, we have

T-1
E| exp (; Z ( L kTAK”(R—I— BTPt_HB)AKthik))

t=1

H (det(L, —vDY) " exp <7[ LAT(A 4 BE! 1)T5§(A+BK§_1)x§fl}>.

Lk
Hifl

2

Repeating this procedure, we get

= —logE (det(I, —~D})) *
t=1
X exp (; [xg” ((A + BKYTD (A + BKL) + AK!T (R + BTEB)AK{)) xf;’fD bk HER 1]
1 T-1 .
= —logE H (det(I, —yD})) * exp ( lkTDéxék) 930 ,Hl k=1
v t=1
@ 1 T-1 .
= —log (det(I, —yD})) ? exp (’y lkTDé 6’“)
v t=1 2
= 1
=_—— Z log (det (1. WD,IE)) + §xé’kTDf)xé’k,
where inequality (2) holds because Di, t =0, ---,T —1isbased on the data from epoch 1 to epoch
-1 O
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A.4 PROOF OF THEOREM/I]

Now, we can derive the regret upper bound for Algorithm[I} Before we derive the high probability
bounds for , we introduce some new notations and provide the bounds for Di in . Recall
that

wT—l = 2f35
W = 203 (10V2 L0421 L 19T %y, t =0, , T — 2,

where the definitions of V and £ are given in . Assume that forany t = 1,--- , T — 1, [ € [L],
we have

(32)

V< Sy e (33)

We can choose a proper constant Cy for the initial epoch size m; in Theorem [I]so that ~y can satisfy
assumptions in when it satisfies the assumption of I,, —yP;11 = 0 and I,, — v P} 11 = 0in .
Because D! are defined recursively, we obtain the bounds recursively from step 7' — 1 to step 1. At
stepT — 1,
DL || = HAKITT_l (R+B"PrB) AKlT_1H

< |r+B"PrB| - aK:_, |

W 73y,2,.2

< 217y €

=¢r1V¢,

where inequality (1) follows from the definition of T in and Lemma In terms of the bound
for Db._ |, we have

@ D7
1— | D54
3)

< 2||D%_, |
= 21 V?e},

where inequality (2) holds by the fact that for any matrix M € R"*", if |M|| < 1, then ||(I, —
M)~ < and inequality (3) follows from the assumption in . At step T — 2, we have

=i
DY || = HAKZTT,Q (R + BTﬁTle) AKL o+ (A+BKL )" Db, (A+ BKL ) H
< or® (1ov2cf4)2 V2 1 || A+ BAKL_, + Kro)|*- HEZT,I H

Y o (1ov25f4)2 V2 4+ <6f4 + 302 (1ov2£f4)2 v%?) 2P Ve

= <2f3 (10V2£f4)2 + 12f4wT1> V22 4 o(€?)

= Yr_oV?e +o(€}),

2
where inequality (4) follows from the fact that HZ,{; 1 xtH <K Zfi 1 ||#]|>. Similarly, we have

HEZT_QH < 2¢T_2V2652 + o(ef).
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Fort =T —2,---,1, we can recursively derive that
IDE| < 9eV2ef + olef),
|D1]| < 200026 + o(eb),
IDg|| < woV2ei + o(e?). (34)

According to Lemmal[3] the performance loss in the k-th episode of epoch [ is

JE ") = g (")

— ,% Z log (det (I, — vD})) + %xé,kTDf)xé,k
t=1

(35
(5) 1 T-1 1
< —5- 2 log (1= IDHI)" + e 21D} .
t=1

Here, inequality (5) holds because I,, — yD} = (1 — v||D}||) I,, = (1 — y(wtv%l +o(e}))) I, = 0

and det ((1—~|D}|) I,) = (1— 'y||D,lfH)n Substituting the inequalities in into ( , we

obtain
Lk

i (”“) J§ (2g")

<y Zlog (1= (6% + 0 ())) + 5ol (606 +0 (D))
- 1
= g (; Ve + o (612)> + §||$0||2 (¥oV?el +o(€))

T—1
n 1
=5 2 UV + llwolPvoV el + ofef),
t=1
inequality (6) holds by the inequalities in (34), and inequality (7) follows from the fact that log(1 +
y) <yforanyy > —1.

Now, we can substitute the high probability bounds derived in Section into (35). Recall that
conditional on event G~ in Lemma with probability at least 1 — 29;_1, we have

oo (527) | n(52) v (52
+ +

mi_y mi_y m;_,

||9l — 9” S € = C1

Similar to the procedure in page 26 in Basei et al. (2022), we set §;_; = a 51)2, mp_1 =

2'72my, my = Co(—logd), where § € (0, ) and Cy is a finite positive constant that satisfies

log ((mzﬂi) ) p\°
C() Z C,?, sup m min <3C> s 1 y
1eN+\{1},6€(0,%) g 1

where p is defined at the beginning of Appendlx Then, we have m;_1 > C3 log (M) and
thus

Ci

2
mp—1 mp—1 mp_q

where inequality (8) holds because C3 > 1 in Proposition[3] By a similar mathematical induction on
page 27 in|Basei et al.|(2022), we can prove the following event

(m+n)?
(‘S”),vz eNT\{1} p U {0t € O} (36)
mp—1

g:
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holds with probability at least 1 — 2372, 6 =1 — =2 ie. P(G) > 1 — &2
Under the event G, which satisfies P(G) > 1 — Z-2, we can derive that
Regret(N)

Il
[~]=
A~
<
:‘sv
<
>*
N

<
Il
—

E

I
M=
(]

1k

Il
-

(J” — J* (b ))

(% *onH “YoV?el +o(e]) | +

—
|3

L
n 1
Z [2 Z Ve §H$0||2¢0V2612 +o(ef)

t=

—

t=1

L T-1 1 (m+n)?
+>_m [”Zw 9C2 s (4557)

2 my_
P -1

-1
(10) n 22 1 2,/ )2
S mig Y V7e + 5”550” oV?el + o(ei)
t=1
lo (m+n)2> lo ((m+n) )
1 g ( 5i_ e\ o
+ 5 llzolPYoV? 967 - ———t o | ]

0]
mp—1 mp—1

(11)
< Chigh + M

T-1
n 1
b) Z; Ve + 2||$0|2¢0V26%]
t—
= L m+n
9tV (13w + ol )| -3 (1o (") +toutt - 1))
t=1 =2 \/g
a2 [T-1 m+n
<e ] L+ LlogL|,
- (Zw) o (5" ) o+ s

where inequality (9) follows from (35), inequality (10) follows from the definition of the event G
in , i, is defined in , Chign in inequality (11) is a constant depends on 7', vy, m,n, V,f
polynomially and it can bound the higher order term in inequality (10), and inequality (12) holds by
Stirling’s formula: 37, log(l — 1) = log((L — 1)!) < C’(L — 1) log(L — 1), where C’ is a positive
constant. The expression of C is given by

C := Polynomial (C1,C’,V, n, e1,n, my, ||zo]|) ,

where €, is the estimation error in the first epoch, m; is the number of episodes in the first epoch,
)¢ is defined in ( . C1 = 16C3C3 is from the proof of Proposmonl 3l and V is defined in ( .

B REGRET ANALYSIS OF THE LEAST-SQUARES-BASED ALGORITHM WITH
EXPLORATION NOISE

In this section, we prove Theorem [2] discussed in Section [d] The proof structure of Theorem 2]
is similar to the proof structure of Theorem We present the high probability bounds for the
estimation error of system matrices in Section [B.T] the perturbation analysis of Riccati equations in
Section [B.2] and the simplification of the suboptimality gap resulting from controller mismatch in

Section|B.3l

B.1 BOUNDS FOR THE ESTIMATION ERROR OF SYSTEM MATRICES

In this section, we derive the high probability bound for the estimation error of system matrices in
Algorithm 2] Different from Section[A.T] we adapt the classical self-normalized martingale analysis
framework to derive the desired error bound.

Similar as in Section we fix the k-th episode and define the following compact set
2= {é € R(+m)xn ’é - aH < w} u{o,
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where o > 0 is a constant that satisfies

¢N log (3TN )

2 N ~
meaX{I log (?m) +(n+m)log | 1+ +2(n +m)?I?,

02 A
~ N2 ~
807 (1o (AN 4 o log [ 1+ R L S0+ )T
cr 8\ & A cr '
(37)

Here, I" is defined in . A is the regularization parameter and c, ¢ > 0 are two constants indepen-
dent of k£ and IV but may depend on other constants including n, m, . The explicit expression of
c and ¢ can be found in and . For any estimated 0 € Z, there exists a universal constant
Ck > 0 such that

Hfft <Cx., W, (38)

where I~(t is the control corresponding to 6 and it’s continuous in terms of 6 according to . We
also define the following event

ék—{eiez,wzl k) (39)
We will prove P(GF) > 1 — Zif:ll g =1- M in Section

The main result of this section is the following proposition, which provides the high probability
bound for the estimation error of system matrices estimated in Algorithm 2|

Proposition 6. Ler § € (07 i) Conditional on event G*, when kT > 200 (3(n +m) + log (%))
with probability at least 1 — 49,

80n ¢k log (LX) 80A(n + m)?T?
9k+1—92< ( >—|— n+m)log |1+ 8 + ,
I "< Zx (n+m)log - T
where T is defined in , the explicit expressions of ¢ and ¢ can be found in and , N

is the dimension of the system state vector, m is the dimension of the control vector and X is the
regularization parameter. When kT' < 200 (3(n +m) + log (%)), with probability at least 1 — 39,

2 ck1 N ~
|65+t — 9” < 2771 <log (7;2) + (n+m)log (1 + cog}\(”)) +2(n +m)°T>.

The proof of Proposition [6]is long, and we will discuss it in the following subsections.

B.1.1 PRELIMINARIES

In this section, we recall an important high probability bound, known as self-normalized bound for
vector-valued martingales. It will be used in the derivation of the bounds for the estimation error of
system matrices.

Lemma 12 (Theorem 1 in Abbasi-Yadkori et al.| (2011)). Let {F;},, be a filtration. Let {n:}-
be a real-valued stochastic process such that 0y is Fi11-measurable and 1, is conditionally R-sub-

Gaussian for some R > 0 i.e.
2 P2

E [e)‘m

]:t] < exp <>\

Let {Xt}:i o bean R<-valued stochastic process such that X, is Fy-measurable. Assume that V is
a d x d positive definite matrix. For any t > 0, define

t t
Vi=V4+Y XX, Si=) nX,
=0

s=0
Then, for any § > 0, with probability at least 1 — 9, for all t > 0,

det (V,)"/* det(V)—1/2>
5 )

>,V>\€R.

I1S:]3,+ < 2R log<

where || S;||2 . = S (V})_l St.
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B.1.2 SELF-NORMALIZED BOUNDS FOR THE ESTIMATION ERROR OF SYSTEM MATRICES

In this section, we analyze the estimation error based on bounds for the self-normalized martingale.
Similar to Section|A.3] let HF be the set of possible histories up to step ¢ in the k-th episode. Denote
the history up to step ¢ in the k-th episode by

k __ 1 1 1 2 k k k k  k
Hy = (%7“0»"' y Xy Loyttt Loyt azt—lvut—lvxtvut)' (40)

The following lemma is a modified version of Theorem 2 in/Abbasi- Yadkori et al.|(2011) and Lemma
6 in|Cohen et al.|(2019)), which provides a coarse self-normalized bound for the estimation error.

Lemma 13. For any 6 € (0, 1), with probability at least 1 — §, we have

n? det(VF)

k+1 _ g\Tik(gh+1 _ gYy) < o _
Tr ((6 0) V¥ 0)) _2nlog<§2 det ()

) +2)[1601%, (41)

where 0%t is the estimated system matrix defined in , 0 is the true system matrix, \ is the
regularization parameter and

Proof. We first follow Lemma 6 in (Cohen et al.|(2019) to simplify Pkt — 0. Recall that
xi+1 = QTZZ + wz‘v wzl‘: ~ N(Ov In)

where z{ = [z} u ] . Together with 1i we can obtain

i=1 t=0
k1 - i iT ~ iy i T
=(VF) (M4 D D 2o+ > Zuwim - e
i=1 t=0 i=1 t=0

=6+ (VF) 7 (S5, =),
where we denote S5, = 3% ST 2i40iT for the simplicity of notation. Then, we obtain
Te (0541 —0) " V(6571 ~ 0))
=T ((S5_1 = A0) " (V9) 7" (S5, —20))
=T (SET, (VF) 7" SE 4+ %07 (V5) 7 0= ASEL, (V) 0 a0T (V) k)

< (ST, (V)7 S5y 207 (7)) 2w ()
=~ T—1 T-—1

F ' H(Vk)_% SP?_IHF
2oy (ST, (V%) 5, ) 202w (67 (7))

3) _ -
< 2T (ShT, (VF) 7 Sy ) + 220013
(42)
Here, we use Cauchy-Schwarz inequality |Tr(EF)| < ||E| p||F| r for any matrix E and F' to
obtain inequality (1), we use the inequality 2ab < a* + b* for any a and b to obtain inequality (2),
and we use the fact that V¥ = \I to obtain inequality (3).

We further bound Tr (5’5{1 (‘7’“)71 Séﬁ_1> in to get the result in 1i Let SE(j) =

ZZ S Zwi(G), i =1, ,n, t =0,--- , T —1, k= 1,--- | N, where w () is the j-th
element of the random vector w’. Recall the trajectory in (40), 2% is H’-measurable for any step s
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in the i-th episode and w’ (j) is H , ;-measurable for any step s in the i-th episode. Therefore, we
can apply Lemma and obtain that with probability at least 1 — %,

ko (T (kYL ok (s n det(VF)!/?
St (VF) " S5_1(j) < 2log (5W
By a union bound, we can obtain that with probability at least 1 — 4,
2 ik
b & n? det(V")
TT(S T (V) sk 1) ZST 1 (VE) ™' 851 (j) < nlog <52d%()\1) - (43)
On combining (@2)) with (@3], we can obtain [@I). O

After deriving the coarse self-normalized bounds in (#I]), we need to find the upper and lower bounds
for V¥ to obtain the result in Proposition @ We follow the proof of Theorem 20 in |Cohen et al.
(2019) to derive the high probablhty lower bound for V*. The main difference is that we consider
a decaying exploration noise while they consider a nondecaylng exploratlon noise. The next lemma
provides a lower bound for the conditional expectation of zf2F ", Vk, t, which is a modification of
Lemma 34 in|Cohen et al.|(2019).

Lemma 14. For all episode k and step t, conditional on event QNI“ we have
c
E |27z kT 7‘[ 7Im ny t 0,
T M) = T 1

where ¢ > 0 is a constant satisfying

< C% —Cr\/C% +4+2
- 2

(44)
2 )
with C'k defined in and M € (0,1).
Proof. Recall that zf = [z}, ufT] we have
I 0 0
E[tht—r‘%t 1} = [ Kf ]E[xtxtT|Ht 1] [ n KtkT ]—i— [ 0 % - ]
w7, - 0 0
»[Ktk][zn KT+ o 2,
c kT
= - \/]E) In kkT K ° n+m
K KEEFT + (1= o)1 NG
(2) - ﬁ-[n 1 <7 KkT c
i ka \/ ﬁ n \/7 f n+m
=7
c
- —1m
Y
Here, inequality (1) follows from the fact that zf_; = [z}, uf 1] " is #%_,-measurable and
T
E [:ct xfT|’Ht 1] =E {(Axf_l + Buf_l + wf_l) (Asct_l + Buf_l + wf_l "Hf_l}
= (Azy_y + Bug_;) (Azf_, + Bu§—1) +E [wy_wy | He ]
= Iy
2 2
For inequality (2), when 0 < ¢ < M, we can obtain
1 1
—— KFKFT < KFKFT + —=(1 - o)1,,. (45)
-7 vk
We can prove that is equivalent to 5 KkK’CT < < 2Lm = (1 —c)l,,.

. . . C% —Cr+/C%+4+2
Solving the inequality %

7 C% <1 —¢, wecanobtain 0 < ¢ <

O
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With the lower bound for the conditional expectation of 2}z, VEk, ¢, we can derive the high proba-
bility lower bound as Lemma 33 in|Cohen et al.|(2019).

Lemma 15. Let 6 € (0,1). Conditional on event G, when kT > 200 (600(n +m) +log (%)),
with probability at least 1 — §, we have

vk~

cTVk
oLt (46)

Proof. Lete € S"™~1 where "1 = {v € R"*m\Hng = 1}. Let IF = eth and let V¥ be

an indicator random Varlable that equals 1 if (1F)?
as in the proof of Lemma 35 in|Cohen et al.|(2019), we can prove that

E[VEHE ] =PV =1|H ) > é ift #0. (47)

Let Uf = Y —E [VF|H}_,]. Then, (U}) is a martingale difference sequence with |UF| < 1,Vk, ¢.
So we can use Azuma-Hoeffding inequality to derive the high probability bound: with probability

atleast 1 — 0,
k T-1
(1) T
> Ui=- 2/<;Tlog( ) > ]i, (48)
=1 t=1 5 10

where inequality (1) holds when KT" > 2001log (§). On combining U} = Vi — E [Vi|H;i_,]| with
(@8), we can obtain with probability at least 1 — 0,

k T-1 k T-1

kKT @ kT kKT kT
Zﬂ>ZZE%M1——_5 - 10" 1o (49)
i=1 t=1 =1 t=1

where inequality (2) follows from . Denote VF = ZL 1 Zt | zi2iT. Then, we can get with
probability at least 1 — 4,
T—1

a2 ® c ~ c WET ¢ VETe
e Vre=3 > (1) ZZZ “2vi T 22 yzf‘ 10 2vk 20

i=1 t=1

where inequality (3) follows from the definition of I}, inequality (4) holds by . Finally, by the
similar i—net argument in the proof of Theorem 20 in |Cohen et al.|(2019), we can prove that when

KT > 200 (3(n +m) + log (3)). with probability at least 1 — 6,

which is equivalent to

O

In addition to the lower bound of V¥, we also need to find the upper bound of V¥ to get the final high
probability bound for the estimation error of system matrices. In the following lemma, we provide
the high probablllty upper bound for ||z¥||, which plays a vital role in deriving the high probability
upper bound of V*.

Lemma 16. Let § € (O, %) Conditional on the event G*, with probability at least 1 — 20, for all
0<t<T, wehave

= TN
Jof <6 (F+ €)' (0 4+ m? ) max a1} Flo? (1), 50)
where T is defined in and C is defined @
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Proof. Recall that 2f = Ax¥ | + Buf | +wf | = (A+ BK} |)af_, + BgF | +w}_,. Similar
o (21), we can simplify z¥ to

0 t—1 r+1
of = [I (A+BEY) | ab+>" | TI (A+BKE) | (Bgf +wk),
j=t—1 r=0 \j=t—1

where H;LIA(A + BE¥) = (A+ BK} )(A+ BK},)---(A+ BK!,,), and [T;_,_,(A +
BKZ’“) = I,,. Similar to Theorem 21 and Lemma 32 of |(Cohen et al.| (2019), we can use Hanson-
Wright inequality in Proposition 1.1 of Hsu et al.|(2012) to derive that

P <|wf2 < 5nt log (T;V) lgkI1? < 5m \if (TN> ,\ﬂm) >1-26  (51)

Then, we can bound the state vector by

0 T—11| r+1
]| < (A+BEKD)|| -zl + > _ || [] (A+ BKD)|| - ||Bgr + wf|]
j=t—1 r=0 ||j=t—1
0 t—1 r+1
< T A+ 1Bi- 1&g l=sll + > TT (Al 1B IES) (1B - el + lwf )
j=t—1 r=0j=t—1

—~

»NLO
b\w

1) t—1
< B+ )l + 30 VBT (14 O (T

e (5F)

r=0
~ 14+ Ck)t — 1 s~ 1
=1+ Cr) o +J.¢5<m4r+n4)1o )
( )" [loll T(1+Cr) -1 R g 5
2) s~ t—1 3 3\ = 1 TN
< 3 3 31
< (r(1+oK)) ||z0||+5< (1+CK)) <m4+n4)Flog2< : )
3 3 ~ 1 TN
< 3 3 1
6( (1+CK)) (n +m4)max{|\x0H,l}Flog2 (5 >
where inequality (1) holds by the inequalities in @) and inequality (2) follows from the fact that
(1+CK)—1>F(1+CK)—7F(1+CK) 7F(1+CK)andk>1 O]

With the result in Lemma we can derive the high probability bound for HV’“ H
Lemma 17. Let 6 € (0,1). Conditional on event 5’2 with probability at least 1 — 26, we have

72 ((f(l +Ck))*T — 1)
(f(l + CK))2 —1
+20m3 VET log (T;V> .

3
2

[VE|| < A+ (1+20%)

+

TN
m% -max { ||z ||?, 1}F2klog( 5 >

Proof. Recall that VF = AL, 4, + % STl 2020 26 — 207 4iT]T. We have

kE T—-1
VR <A+ 305 (1)
1=1 t=0
kE T-1
=2+ (412 + | Kixi + gi|1%)
1=1 t=0
1) E T—1 . . » . (52)
A3 (I + 201K 2 - 1)1 + 20l gil1)
=1 t=0
(2) = 2 2112 1112
<A+ DN (20317 + 206i?)
=1 t=0
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where inequality (1) follows from the fact that [Ju + v||* < 2|ul|? + 2||v||?, Vu, v, inequality (2)
holds by (38). Combine the results in Lemma[T6| with (52), with probability at least 1 — 28, we can
get

@
IVFI < x+)

i=1 t=0

T-1

(2030 (72 (F 0+ C)) " (0 ) mae ol 1 2108 (1))

n 107)151 (TN>
omz e (Y
Vi 5\

72 <(f(1 n OK))QT - 1)
(Fa+cx) 1
+20m 2 VkT log <T§V> .

where inequality (3) follows from and in Lemma|16|and the fact that |Ju + v||? < 2[jul|? +
2||v||?, Vu, v.

=+ (1+20%)

: TN
(n% —l—m% -max { [|z||?, 1}I‘2k10g< 5 >

For the simplicity of notation, we denote

72 (( (1 +CK))2T - 1>

¢ = (142C%) — 5 -(n? +m?) - max {|jzo]?, 1} T?| +20m?3T,
(F(l + CK)) —1
(53)
which is a constant independent of k and N. Then, we can get
_ TN
IVF] < A+ éklog (5) : (54)
Now we are ready to prove Proposition [6]
Proof of Proposition[6] We can simplify 1) as follows:
Ammin (Vk) H9k+1 _ HHQF <Tr ((9k+1 _ 9>T Vk (9k+1 _ 9))
n? det(VF)
< 2nl _——— 2)[6]/2
< 2ntog (o) + 2100 65)
(1) 2 Vk
< 2n <log (52> + (n+m)log (H 5y ”)) +2X10/1%,
where inequality (1) follows from the fact that det(M Amax ( M),VM €
R™*"™ When kT > 200 (3(n +m) + log (1)), subst1tut1ng l 46) and (54 i 1nt0 W1th probabil-

ity at least 1 — 49, we have
C <ot -
80N 2) A + ¢k log (%) 80A(n + m)2f2
< +(n+m)lo 14— = 4+ —
cTVk < ( ( )log < A ITVk

When kT < 200 (3(n+m) +log (§)), because VF = XI + Z 1Zt o 22T = A, with
probability at least 1 — 36,

H9k+1 _

ey
2 2 A+ ¢k log (EX ~
< Tn <log <Z2> + (n+m)log (1 + W)) +2(n +m)?T2.
The proof is therefore complete. O
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B.2 PERTURBATION ANALYSIS OF RICCATI EQUATION

The perturbation analysis of Riccati equation under Algorithm |1|and Algorithm [2]is the same. So
we can get the similar bounds of Riccati perturbation by replacing ¢; with ¢, in Lemma[§] where
e, = max{||A* — A||,||B*¥ — B||}. The modified version of Lemmais presented in the following
lemma.

Lemma 18. Assume 1 — 'yf > 0 and fix any ¢}, > 0. Suppose |A* — A| < e, ||B¥ — B|| < e,
then foranyt =0,1,--- ;T — 1, we have

IKF — K| < (10V2LTH) T 1ye,
|Pf — P < (10V2LTH) T ey,

where the definitions of V, L and T can be found in .

B.3 SUBOPTIMALITY GAP DUE TO THE CONTROLLER MISMATCH

In this section, we will connect the gap between the total cost under policy 7* and the total cost under
the optimal policy with the estimation error and the perturbation of Riccati equation in Appendix
and The proof framework is similar to the framework in Appendix except that we
need to analyse the additional exploration noise added to the control. We define the total cost under
entropic risk following policy ¥ (with slight abuse of notations) by

T—1
; , 1
Jgk (mé) = ;logEeXp (; (Z (a?fTQxf —i—ufTRuf) +x§’~TQTx§%>> ,

t=0

where uf = KFak + gF gF ~ N (0 L7 ) KF is obtained by substituting (A*, B¥) into H

) \/E m |
Similar to Appendix [A.3] we introduce the following new notations used in the regret analysis. For
anyt =0,1,.-- ,T — 2, we define the following recursive equations:

Dk = AKET (R+ BT PrB)AKE_,,
Eb_y = on (RKF_, + BT Pr(A+ BK}_,)) |
Fh_ | = o2 (R + BTﬁTB) ,
Uf_1 = Df_y +vEfL (I = vFf_)) ' Ef_y,
U%Ll = (In— 7U7]€‘71)_1U;717 56)
Df = AKLT (R+ BT Pt B) AKE + (A+ BKE) Uy, (A + BED),
Bf = o (REF + BT (Puys + Ul (A + BED))
=t (R TP+ 08,
Uf = Dy +7Ef " (In — vF¥) B},
Utk = (In - 7U5)71U57
where AKF := KF — K, 04 := k=% and Pr is defined in (3).

We then follow the proof framework of Appendix [A.3|to derive the bounds for the suboptimality
gap due to the controller mismatch. The key result of this section is the following proposition.

Proposition 7. We have
k *
Jg (w5) = Jg (=)
= = 1
= 3 Z log det (I, — vF}) — % Z log det (I, — YU[) + §x§TU§x’§, (57)
t=0 t=1
where FF and UF are defined in @)
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In order to prove Proposition [7] we extend Lemma [T0] and prove the following result. Recall that
1
o, =k™1.

Lemma 19. Foranyt € [T — 1], we have

.
v [ Dy EfT [ 2 K
E |exp <2 [ orlgh } [ EF FF orlgh Hi_q

= (det(Z,, —UF) "2 (det(L,, — vF)) 2
~ - (58)
cexpd 3Ty (A+ BEETORA+ BRE ok
PO B et o Ot |
where given (xF_|,u¥ ),
k k k
Ty N (| AT+ Bugy ] I >
|: O_]:lgéc :| <|: 0 sy In+m
Proof. We obtain from Lemma [T0] that
T
v xk Dk: Ek:T l‘k &
E |ex . ] [ ;o 1 He
1
_ Df EfT 1V ?
= (det <Im+n -7 |: Ef Ftk
(59)

T 1
7| Azfy + Bup _ Dy EfT
X exp <2 |: 0 Im+n Y Ef Ftk
DE BT ][ Ack ot Bk,
EF FF 0 :

We perform a block Gauss—Jordan elimination, take the inverse of the matrix in the determinant of
(39), and obtain

—1
. [DF BT
n+m Y Etk Ftk

_ [ I, =Dy —yEfT }_1
—Ef Ly —AFf

= In 0 X (In =Dt = *Ef T (I, _'VFtk)_lEf)_l 0
L, —vFF)~vEF I, 0 (I —~FF)~!

(
{ I, 'YEET(Im _VFtk)il ]
1o

m

[ EL, EL,
=| EL; EL, |’

+ (Im - 'YFtk)_l'
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Then, we can obtain

1
k kT 2
(s (roem = [ 2 5 )

= (det (I, —vDf —v*Ef T (I, — yFtk)—lEf))‘% - (det(Im —vFF))
= (det (I, — YUF)) "2 - (det(L, —vF)) "2 |

3 (60)

where UF = D} + vE}T (I, — vFF) ' EF, and

T -1
Azt + Buf_, I — Dy ErT Df ET Azf_y + Bug
0 nm EF FF EF FF 0

_ —1
_ (Aek BT [(zn o DE BT (T — A FE

X (Df +VE; T (I — ’YFtk)ilEtk) (Azj_, + Bug_,)

T ~
= ((A + BEK[ y)ay, + Bgffl) Uy ((A + BK{ )y, + Bgffl)
=ay (A4 BK[ )"UF(A+ BK} )xf  +29f 1, BTUf(A+ BK} )xy_ +gf\B"UfBgy |,

where UF = (I, — vUF)~'UF. On combining and (61) with , we can obtain . O

The following lemma is an extension of Lemma [T1] which provides a coarse simplification of the
performance gap in one episode.

Lemma 20. With Lemma([I0} we can simplify the performance gap to

J5 (a8) = J5 (x3)
T—1
1 ~
exp (g E (xfTAKfT(R—i-BTPtHB)Afof

t=

0
+29*T(RKF + BT Poyy (A + BK}))z!

+g; (R + BTEHB)Qf)) 76, H’;ﬂ—ll :

where AKF = KF — K; and 'H]%_l is defined in @)

Proof. By a similar procedure as in (29), we can derive that

J5 (x6) — J5 (x5)
1 ~y T—1
=3 logE lexp 2 (coly,ug) + Jipa (@) — Jt(ﬂf))) :cﬁ,?—l?ll
t=0
1 [y 1
2t s (2 3 (3ot (@ Tty sttt 4 Lk ot
t=0
1 1 1 _
+ §$fI1Pt+15Uf+1 - QxfTPth? + 2 log det (I, — 7pt+1)>> g, My 1] ,
(62)
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where equality (1) follows from the definition of the total cost under entropic risk and uf = KFz¥ +
gF. Again, we apply the law of total expectation, and compute

1 1
E[exp (7(2 (Q—i—KkTRKk)xt —|—gtTRkat + gtTR k

1 1 1
+ ifoPtfoﬂ — §mePtxf + % log det(Z,, — ’yPtH))) "Hf}

(63)
1 1 1
= exp (7(2:6, (Q+ KFTRKF)al — QxfTPt:cf + gFTRKFal + 59t *TRgF
1
+ ﬂ IOg det(In — ’}/Pt+1)>> x E |f3Xp <%$5.I1Pt+1xf+1> |Hf‘|
It follows from Lemma[T0] that
1
(63) = exp (7 (xt (Q + K" RK{)x; wy " Piry + g/ T RKfay + 29t ' Rgf
1
+ > log det([,, — ’YPtH))) x (det(I, —yPi1))"Y/?
Y
X exp gmt T(A+ BKF)T Py (A+ BKF)2F +4gF TBT Py (A + BKF)a¥
+ YT BTR.  Bg*
2gt t+1D9G;
— exp B (xf (Q+ KFTREF + (A+ BKF)T Py y(A+ BKF))ak — :ctTPtxt)
+998 T (RK} + BT P (A+ BK))af + 298 (R+ BTEHB)gf] :
Substituting AKf = K¥— K, and the Riccati equation P, = Q+ K, RK;+(A+BK;)" P41 (A+
BKj}) into , we obtain

exp [g £ (Q + (AKS + K)TR(AKS + K;) + (A+ B(AKF + K;))T Pt (A + B(AK) + Kt)))

+ 99T (RK + BT Puys(A+ BK])of + 2T (R+ BT Pra B)gl — 2ot Piaf|

¥ TAKFT (R + BT Py B)AKFzF + 42l TAKET (R+ BT Py B)K, + B! Py A)

+yg" T (RKF + BT Pt (A + BKF))ak + g g TR+ BTJStHB)gf]

= exp |:2

2

2o TAKET(R+ BT Py B)AKaf +49F T (RK + BT Py (A + BKY))a)

+ ;ng(R + BT-ﬁtHB)Qﬂ,

B B (64)
where the equality (2) holds by the fact that K; = —(R + BT P,,1B) ' BT P, A. Substituting
(64) into (63) and then substituting (63)) into (62)), we can get

Jg (w5) = Jg (x5)

1
= —logE
~

exp ( Z ( FTAKFT(R+ BT Py B)AKFk
t=0

+2gF T (RKf + BT Py (A+ BEf))af + g T (R + BTEHB)gf))

k oq/k—1
To, Hop ]
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The proof is complete. O

Combining Lemma[I9 with Lemma 20| we can prove Proposition

Proof of Proposition[7} We prove the result recursively. Recall that oy, = k1. Whent=T—1,

E

exp (; (xT (AKKT (R+ BTPrB)AKE ok,

+ 20403, g5 (REKF_ + BT]ST(A + BEKj )@y +oroy 2gr (R + BTﬁTB)g%J) ‘7'@21

(1) Y
[GXP(2 (IT Dyl 1+2‘7k g5 B _jah_ 1+ oy *gr L Fi g%, )‘HT 2}

1

D (det(L, — 4UE ) * (det(L, — 7 FE_)) 2

’y ~
X exp { 2 {ﬁT 2(A+ BKF 5)"Up_(A+ BK§_y)ah_,

+205 ,BTUS_ | (A+ BE§_y)ak_, + ghl, BTU:IIC“—lBQ:]/f“q]’

(65)
where equality (1) holds by (56), and equality (2) follows from Lemma[I9} When t = T' — 2, we
have

T-1
E | exp @ > ( FTAKFT(R+ BT Py B)AKFzF + 20107 gF T (RKF + BT Py y (A + BK)))a!

t=T-2

+oio gt T (R+ BTﬁtHB)gf)) |H§—3

1

_1 _
D (det (I, — yUE_1))"* (det(I,, — vFE_,))
x E lexp (g [mT 2(AK§T2(R + BTPr_\B)AKE_, + (A+ BEE_)TUk_ (A + BK§_2))x’;_2
+ 20503, ' gk Ly (RES_y + BT (Pr1 + Uf_)(A+ BEL_,))ak_,

+ 020 2g8 T J(R+ BT (Pr_y + (7{/3—1)3)9:]7“—2} )

H]

N|=

D (det(L, — AUE_,)) " * (det(Ln — vFE_,))

¥ _
xE [EXP (2 (xT 2DT 2xT 9+ 20y, 19§T2E§72x§72 + oy 299{21?%729?72)) ’Hg—a}
T—1 L
= (det(I, —yUf)) 2 (det(L, — vEF)) *

t=T-2

-

—
=

X exp (; [QUT 3(A+ BK}_3) [77@—2<A+BK§“—3)3:]’1€"—3
+ 29T BTUE_y(A+ BKE_g)ah_y + ghl, BTU{/C"—2BQ:]/€"—3]>a

where equality (3) holds by applying the law of total expectation and applying (63), equality (4)
follows from (56) and equality (5) still holds by applying Lemma[I9] When ¢ = 4, we can similarly
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derive

T-1
E [exp (; Z (m,’fTAKtkT(R + BT Py B)AKFaf

t=i
+ 20kgk—19§T(RKf + BTﬁH_l(A + BKtk))a:iC + Uig;zng(R + BTﬁt+1B)gf)> |’Hf_11

T-1

= T (det(1, —~UF))

t=1

[
[N

(det(In, — vFF))~
X exp (; {xfjl(A + BKf—l)Tﬁf(A + BK[ )xf

+29F BTUf(A+ BK} \)x} , + gf—T1BTUikBQf—1} ) .

Repeating this procedure, we can obtain

k
I (wg) = J5 (x5)

M

T-1 i _
— %log (H (det(I, —yUf)) ? (det(In, — YEF)) )

t=1

v

+ %ng exp (2 {x’gT (AK{;T(R + BTPB)AKE + (A+ BKE)TUF(A + BK{;)) ok

+ 298" (RKE + BT (P, + UF)(A + BKY))ak + 0207298 T (R+ BT (P, + (7{6)3)%;])

k prk—1
xg, Hp ]

N
Nl

T-1
= Log (H (bt —20F) " (det(, — 7)) )

1
+ 5 logE |exp (ry (a:’gTD’O“a:g +20; ' gb T EExk + 0,2 kTFkgg)) ’xlg, Héi_l]

9 k 90 fo
=
© _ﬂ Z [1og det (In — ’yUtk) + log det (Im — yFtk)]
t=1

1 1 1 -
+ ingDlgxlg ~ 5 log det (1,,, — 'yFé“) + iyxlgTEgT (I — VEY) ' Ebak
T-1 T-1
o L ook L Tk LIS ey
=3 Z log det (I,, — vFY") 5 Z log det (I, — yU{) + 570 Voo,
7 =0 7=

where equality (6) holds by directly calculating the conditional expectation of quadratic function of
gk in the second term of the previous equality and equality (7) follows from the definition of U in

O
B.4 PROOF OF THEOREM 2]
Now, we can derive the regret upper bound for Algorithm 2. Similar to Appendix[A:4] we derive the
bounds for the equations in (56). We recursively define the following constants similarly as (32) in
Appendix[A.4] Forany t =0,--- ,T — 2,

ar_q =23,

Br-1 =0,

ap = oT (10v2£f4)2(T7t71)

+ 12f4(){t+1,
By = 12T + 12T B4 1,
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where V and £ are defined in (I3). To derive the regret bounds, we assume that for any ¢ =
0,---,7T -1,
1

v S — —~ . 66
20, V%€ + 2, - 5507 + 10[%03 (66)

We are now ready to derive the bounds for D¥, E¥ F¥ UF UF recursively from step T — 1 to step
0 conditional on event G* in 1) AtstepT — 1,
|D5_, |l = |AKEL (R + BT PrB)AKE_

<|R+B"PrB| - |AK;_,|?

D =500 o
< 21V,

= ar_1V?* +50°fr_10%,

(67)

where inequality (1) holds by the definition of [in and Lemma Similarly,
|15 || = ||o(RES_, + BT Pr(a+ B,

< ok RIAKG  + Kp_1)|

+oil| Bl 1Prl - (JAI+ 1Bl - [ Kzl + 1BI| - [AKE_,l) 68)

2 < ~ — o~ o~

< 0T (Vep +T) + 0, T2 (212 + T'Vey,)
=20, + 0,12 + O'k(f + f?’)Vek

< 30’kf4 + 20’kf3V6k

where inequality (2) holds by the definition of [in and Lemma We also have
|Fh_ | = o2 R+ BT Pr)|| < 293, (69)
Substitute , and l@) into Uqli_l, we can derive that

|UF_1|| = [|1DF—1 +vEFL (I = vFF_y) T B |
<||IDE_ill +~ HE%—EI([m - IVFTk‘fl)_lEég‘le
<NDF [+ AN T = vFE_ )7 - 1B
) T3y)2,2 4 3 2 1
< oDBV2E 4 4 (3akr + 20,7 Vek> R
1 —2I%y0?
1 (70)

= QFSVZGi + (9021"8 + 40‘kF6V26 + 120,%f71/6k) C—
1 — 2I%y0?

@ -
< 2T3V2€2 + 18v03T® + o(e3)

(%) A3V2E2 + 50717 + o(€d)

= aT_lv%i + 5F55T_1Jk + 51:50,3 + 0(62),
where inequality (3) follows by substituting (67), (68) and (69) 1nt0 (70) and the fact that for any
matrix M € R™", if |M|| < 1, then ||(I, — M) < = HMH , inequality (4) holds by the
assumption in ,ie 1 — 2f3fyak >1- 70,6 >3 1 and inequality (5) still holds by assumption

,ie. 18y0il® < 1802F8 = < 5F5J2 Note that conditional on event G, €2 is of order \/E

s0 €7 and o} share the same order condltlonal on event G¥. Then, we can obtain
© _NUrLl @

Hﬁik"—lH = ||(In —UH) U < T

< 2|UF 4|, (71)
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where inequality (6) st111 holds by the fact that for any matrix M € R™*", if | M| < 1, then
(I, — ) <= HMH , and inequality (7) holds by the assumption in , ie. 1—~|UE_,|| >

1— 1 =1 Itfollows from that
Hﬁq’i_lu < 2a7_1V%€ + 10I°Br_107 + 10007 + o(€2).

With the bounds in the (7" — 1)-th step, we can recursively derive the bounds in the (7" — 2)-th step.
At step T' — 2, by the similar arguments in step T' — 1, we can obtain

D5 || = HAK 2(R+BTPT 1B) AK%_, + (A+ BKE_,) ﬁq’i,l(A+BK§,2)H
< |[B+ BT ProaB| J|AKE " + |4+ BAKE_, + BEr o |05, |
Y o (1ov2£f4)2 Ve
3 (f2 £ T2 (10p2er) v) (4T + 1005 + o))
~ ~ .\ 2 ~ ~
<29 (10V2£T) V2t + 1284 (21902 +5T%0F ) + ofe})
= aT_QVZEz + 5f‘5BT_QJ,% + o(ei)

2
where inequality (8) holds by Lemma l and the fact that HZt 1 attH < Kzt 1 [EA
Similar to (68), we have
| ol = on (REE o+ BT (P + U5, ) (A+ By |
k TH k Tk k
< oy HRKT_2 + BT Br (A + BKT_Q)H + oy HB Uk_ (A + BKT_Q)H
< o | RAKE_y + R s|| + 0| BI - || Pra| - A+ BAKE_, + BEr|
+oull Bl - | Tf | - A+ BAKE, + BEr|

Y o, T ((1ov2£f4) Ver + f) + o2 (2f2 Iy (1ov2,cf4) vek)

+ oD (4f3v2e§ + 1oa,§f5) - (21~“2 4T (10v2£f4) V6k>

- (f (10v2,cf4) 418 (1ov2,cf4)) Ve + o (f2 + 2f4) +o()

< 20,3 (1OV2L'f4) Vey, + 300, + o(€?),
where inequality (9) follows from Lemma [I8]and (70). Similar to (69), we have

|Ft_o]| = o2 (R+ BT (Proy + Uf_y) B) || < 2802 + o(e}).
Similar to (70), we have

||UT 2” < HDT ol + I (Im ’YFT 2)” 1|| : HE§_2||2
< or® (1ov2£r4) V2 1 6T (4F3V262 + 100 ) + 18702802 + o(e2)

(10) _ N2 (72)
< o® (10v2£r4) V22 4 60 (4r3v262 4100 ) 4 50%2 1 o(2)
= aT_2V2€i + 5f5[3T_2(f,2C + 5F50,% + o(ei),

where inequality (10) follows from the assumption (66) and the similar arguments in (70). Then, by
(72) and assumption (66), we can get

Hﬁq’ﬁ_QH < 2ar_V2e2 + 1005 Br_0? + 100562 + o(e2).
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Repeat this procedure from step 7" — 1 to step 0, we can get the following recursive inequalities. For
anyt=0,---,T —2,

[D5_1|| < ar- 1Vt + 5T°Br 107,
177 || < 2%,
|[UE_ || < ar_1V2& + 5 Br_10} + 51°0F + o(é),

~ (73)
| DF|| < axV2er, + 5% Brop + o(e}),
||| < 20307 + o(er),
HUtkH < V%€ 4 51° 807 + 51%07 + o(€}).
Substituting (73) into (57) in Lemma[7] we have
7Tk *
Jg (x5) — Jg (z5)
| T= 1 T-1
=5 Z log det (I, WUt log det (I ’yFtk) + 330 Tubah
Y 2y =0
1« 1 2
m
~% Z log (1 =7 [|UF[)" - 3 > _tog (L= [[FE)™ + S U5 - l=5]
=1 t=0
(12) 1 22 5B 2 | TG 2 2
Z log (1 - (atV € + 5I°Bioj, + 50 + o(ek)))
| T2 1 N N
~ 5 mlog (1 — ( Io? + o(ek))> + 3 (040])262 + 50°Byor + 5107 + o(ei)) [|zo]?
t=0
13) p TZ1 - _ m =L,
§ 3 Z (atV2 + 50%B,0% + 5107 + o(e%)) + 5 (21"30,2C + o(ei))
pa t=0
1 ~
+3 (aov%ﬁ +5I% By + 5002 + o(ez)) 2o,
(714)

where inequality (11) holds because
Ly —AUF = (1= 5 ||UF||) I, = (1 o (atVQEi + 558,02 + 50002 + o<ez>)) I, =0,
and B
I = FF = (1= ||FF|) I = (1 — (2F3a,% + o(ez))) L = 0,

inequality (12) follows from the inequalities in , inequality (13) holds by the fact that log(1 +
x) < z for any z > —1.

Then, substituting the high probability bounds derived in Appendix [B.1]into (74), we can further
bound JI (z5) — Jg (k). According to Proposition EL conditional on event G* defined in ,
when kT > 200 (3(n 4+ m) + log (%)), with probability at least 1 — ﬁ, we have

k41 2 L CN
05T —6|” < ex = 7 (75)
where
1601 anN eNlog (41X 80A(n + m)*T2
Cn = T lo <5> +n+m)log |1+ ———+~ +T, (76)

’7200(3(n+m)+10g( %
T

and ¢, ¢ are defined in (44) and . Denote k = ))—‘ When k£ > l~c, the

estimation error bounds are given by (75)).
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By a similar mathematical induction as discussed in Section[A.4]and page 27 in[Basei et al (2022),
we can prove that the event G = {||0* — 0| < @w,Vk =2,--- ,N} U {#' € Z} holds with proba-

bility atleast 1 — 32, x%y = 1= d,ie. P (G) > 1— 6, where  is defined in .

Finally, conditional on the event G, we can derive an upper bound for Regret(N). Note that

k N
k k
Regret(N) = Y- (77 @) = b)) + Y. (V7" Gh) - r@h).  an
k=1 k=k+1
~ n+m og( 4N
where k = [200(3( * %H (5 ))-‘ . We bound the two terms in |l separately. We first bound the

regret incurred up to the k-th episode We have

S (7 ) - b)) < ZJ“ zb) Zlognzexp< (i ||zf||2+||ut||)+||z§||2>)

k=1 =7 -0
(78)
It follows from (31)) in Lemma[T6] that

k

> (7 @) - @)

k=1

Tk TN 2 5 ~ TN
< —|¢ —— 2 2 ) m 2 2 - .
<5 (clog( 5 >+72T( (1—|—C'K)) (n +m ) ax{||zo]|*, 1}T log( 5 ))

We next bound the regret in the remaining episodes as follows:

N
> (7 @) - b))

k=k+1
A N T-1
< Z 3 Z (othQGi +50°B,0% + 5I°07 + o(e )) + (QFSUi + o(ei))
k=k+1 t=1 t=0

m
2
1
+ 3 <a0V2 +50°By02 + 5102 + 0 ek l|zol|? ]
V2 0y | 508, 2 213 )
+ + %) + 2 —= +o(e;)
( \/E \/‘ \/‘ ( 9 —~ \/E ( k

1 [ agV2Cy  B5I°F,  5I° ) 5
+ + + —= tole z

T—1
< [n 3y (atch +50°8, + 5f5) +omTTS + (aomﬁcN + 5058, + 5f5) |x0||2] VN +o (\/N) :

t=1

n <
2

<y

k=k+1

M

(79)
where the first inequality follows from (74), the second inequality follows from and Cy is given
in (76). On combining (78) with (79), we can obtain

T-1
Regret(N) <C > (a;Cy + 1) VN,
=0

~ -~ . _ 2T
where C := Polynomial (n,m, &V, DTk ||xol], el) . (F(l + C’K)) )

C DEPENDENCY OF THE REGRET BOUNDS ON OTHER PARAMETERS

In this section, we provide some further discussions on the dependency of the regret bounds on
other problem parameters, including the horizon length 7', and the risk parameter v of the LEQR
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model. Because the coefficient terms of regret bounds in Theorem [I]and Theorem[2]share the similar
recursive structure, we focus on the regret bound in Theorem [1| and the regret bound in Theorem
can be analysed similarly. Spelling out the explicit dependency is generally difficult, due to the
implicit dependency of I' and constant C on the model parameters. Hence, in the following we focus

our discussion on the term Zz:ol 1 in view of the bound li
Since {wt}f:_ol is defined in a recursive manner, one can directly verify that

T3 5 pma) 2D — 372 5 pma) 2D
o (10V oy ) <S g, < 23T (10v oy ) . (80)
t=0

The formula implies that the term ZtT;Ol 1, has exponential dependence on the horizon length
T. When «I" > 0 is small, according to Taylor’s Theorem, we have

0 _17f =1+ vf +o (wf) X exp (wf) . 81)

Using the formula of £ in and plugging into (80), we find that the dependence of the term

Zth_Ol ¢ on -y is on the order of exp (12*yf(T — 1)) . This also suggests that the regret bound in

Theorem 1] has exponential dependence on ~y (ignoring the possible dependency of the constants C
and I on these parameters).

Note that [Basei et al.[ (2022) proved a regret bound that is logarithmic in the number of episodes
N for continuous-time risk neutral LQR problem, also in the finite-horizon episodic setting. They
also mentioned (see Remark 2.2 in their paper) that the regret bound of their algorithm in general
depends exponentially on the time horizon 7. So our previous discussion is consistent with their
findings. Note that they did not make explicit of the dependency of their regret bound on the horizon
length T'.

We also compare our results with |[Fe1 & Xu(2022)), which proved gap-dependent logarithmic regret
bounds for tabular MDPs under the entropic risk criteria. In particular, they showed their algorithms

can achieve the regret of @”rg‘@‘# -poly(H, S, A) -log (%) with probability at least 1 — 4,
where poly(-) represents the polynomial function, H is the length of the episode, S is the size of
the state space, A is the size of the action space, [ is the risk coefficient and A,,;,, is the minimum
value of the sub-optimality gap of the value functions. Their regret bound also has exponential
dependency on the risk coefficient 5 and the length of the episode H, which is similar as our regret
bound. While there are some similarities, it is also important to emphasize we consider LEQR which
has continuous state and action spaces, which are different from tabular MDPs with finite state and
action spaces.

D SIMULATION RESULTS IN SYSTEM 2 AND SYSTEM 3 IN SECTION[3

In this section, we present the simulation results of Algorithms [T]and 2]for System 2 and System 3
that are defined in Section[3]

D.1 SYSTEM 2

Figures show the average regret of Algorithm[I]in System 2 using 150 independent runs and
Figures [2dH21| show the average regret of Algorithm [2]in the same system. The two blue dotted
lines in Figures [2a] and |2d| represent the 95% confidence interval of the regret when v = 0.1 and
T = 3. In Figures [2b|and [2¢] we set the true risk aversion value oy = 0.1 and plot the regret of our
algorithms with the true risk aversion value and the regret of the algorithms with misspecified risk
aversion values. The results show that applying the algorithms with a wrong risk aversion value,
e.g., applying the algorithm suitable for risk-neutral learning agents to a risk averse agent can lead
to greater regret. In Figures [2c|and 2] we set v = 0.001 and study the dependence of the regret on
the time horizon 7'. As expected, a longer time horizon implies greater regret.
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Figure 2: Simulation results in System 2
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D.2 SYSTEM 3

Figures Eﬂh show the average regret of Algorithm|l{in System 3 using 150 independent runs and
Figures|3dH3f|show the average regret of Algorithm [2|in the same system. The two blue dotted lines
in Figures [3a and [3d] depict the 95% confidence interval of the regret when v = 0.1 and T' = 3.
Setting the true risk aversion value v = 0.1, Figures [3b]and [3¢]show the regret of the two algorithms
with the true risk aversion value and the misspecified risk aversion values, which illustrates that
applying the algorithms with an incorrect risk aversion value can cause poor performance of the
algorithms. Setting v = 0.005, Figures [3c| and [3] illustrates the dependence of the regret on the
time horizon 7'. Similar to the results in the previous two systems, the regret of the algorithms can
increase when the time horizon is longer.
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Figure 3: Simulation results in System 3
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