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ABSTRACT

Score matching has become a central training objective in modern generative mod-
eling, particularly in diffusion models, where it is used to learn high-dimensional
data distributions through the estimation of score functions. Despite its empiri-
cal success, the theoretical understanding of the optimization behavior of score
matching, particularly in over-parameterized regimes, remains limited. In this
work, we study gradient descent for training over-parameterized models to learn a
single Gaussian distribution. Specifically, we use a student model with n learnable
parameters, motivated by the structure of a Gaussian mixture model, and train
it on data generated from a single ground-truth Gaussian using the population
score matching objective. We analyze the optimization dynamics under multiple
regimes. When the noise scale is sufficiently large, we prove a global convergence
result for gradient descent, which resembles the known behavior of gradient EM in
over-parameterized settings. In the low-noise regime, we identify the existence of
a stationary point, highlighting the difficulty of proving global convergence in this
case. Nevertheless, we show convergence under certain initialization conditions:
when the parameters are initialized to be exponentially small, gradient descent
ensures convergence of all parameters to the ground truth. We further give an exam-
ple where, without the exponentially small initialization, the parameters may not
converge to the ground truth. Finally, we consider the case of random initialization,
where parameters are sampled from a Gaussian distribution far from the ground
truth. We prove that, with high probability, only one parameter converges while the
others diverge to infinity, yet the loss still converges to zero with a 1/7 rate, where
7 is the number of iterations. We also establish a nearly matching lower bound
on the convergence rate in this regime. This is the first work to establish global
convergence guarantees for Gaussian mixtures with at least three components under
the score matching framework.

1 INTRODUCTION

Diffusion models (Song & Ermon| 2019} |Song et al., 2020) have become a leading framework for
generative modeling, achieving state-of-the-art results across a wide range of visual computing tasks
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(Po et al.l 2024). They form the foundation of modern image and audio synthesis systems such as
DALL-E 2 (Ramesh et al.,[2022) and Imagen (Saharia et al., [2022). At the core of this framework
is the idea of learning score functions, i.e., the gradients of the log-density of intermediate noisy
distributions, in order to approximate the reverse of a forward diffusion process.

While diffusion models are empirically successful, their theoretical understanding remains limited. A
substantial body of recent work has studied the convergence properties of diffusion-based sampling
algorithms under the assumption of access to a perfect or approximate score oracle (De Bortoli et al.|
2021} Block et al., 2020; [Chen et al., [2023a}; [IDe Bortoli, [2022; [Lee et al., 2022} [Liu et al., 2022}
Pidstrigach, [2022} [Wibisono & Yingxi Yang, 2022; Chen et al., 2022;2023c; [Lee et al., 2023; Chen
et al.| [2023b; |Li et al.l [2023aj; Benton et al., 2023)). These works establish rigorous convergence
guarantees for sampling and restoration tasks but rely on access to ideal score functions.

More recently, Shah et al.|(2023) analyzed the optimization landscape of the denoising diffusion
probabilistic model (DDPM) training objective in the setting where both the student and ground-truth
distributions are mixtures of two Gaussians. They showed that there exists an algorithm that performs
gradient descent at two different noise scales and successfully recovers the ground-truth parameters,
assuming random initialization and a minimum separation between the components. Their result
demonstrates that, in the exactly-parameterized and well-separated regime, gradient descent on the
DDPM objective can achieve global recovery. Since the DDPM training objective coincides with
the score matching loss at the population level (see Appendix A of |Chen et al.| (2022)), their result
can also be interpreted as a global convergence guarantee for score matching in this specific setting.
However, their approach requires the number of model parameters to match the true number of
Gaussians (e.g., two), which is often unknown in advance. In practice, diffusion models are typically
overparameterized, using far more parameters than needed. Therefore, we focus on overparameterized
score matching, where an oversized network learns a single Gaussian.

The Gaussian mixture model has also been studied in the context of the gradient EM algorithm, whose
connection to the score matching objective was established in[Shah et al.| (2023)). Recently, |Xu et al.
(2024)) provided a global convergence guarantee for gradient EM in the over-parameterized setting,
which further highlights the practical and theoretical importance of this regime. These developments
motivate the central question of this work:

Can we prove the global convergence of gradient descent on the score matching objective in the
over-parameterized setting?

In this work, we consider the setting where the ground truth is a single Gaussian distribution, and
the student network has n learnable parameters, following the setup in |Shah et al.| (2023). A formal
definition is given in Section [I.3] Our main contributions are as follows:

* We first analyze the regime where the noise scale ¢ is sufficiently large. Building on
techniques from the gradient EM analysis in [Xu et al.[(2024), we prove convergence of
gradient descent on the score matching objective (Theorem [2.1)). This result extends the
connection between DDPM and EM observed in|Shah et al.|(2023) to the over-parameterized
setting.

* We then consider the more challenging small-¢ regime. We begin by showing the existence
of a stationary point with nonzero loss, which shows that global convergence cannot be
guaranteed from arbitrary initialization (Theorem 3. 1J).

* Nevertheless, we show that if all student parameters are initialized to be exponentially
close to zero, then all parameters converge to the ground truth (Theorem [3.2). Our analysis
introduces a technique for tracking the evolution of the geometric center of the parameters.
We further complement this result with a counterexample, showing that such exponentially
small initialization is necessary for full parameter recovery (Theorem [3.4]).

* Finally, we study the case where the goal is only to minimize the training loss, not nec-
essarily to recover all parameters. We show that when student parameters are initialized
independently from a Gaussian distribution centered far from the ground truth, then with
high probability, one parameter converges to the ground truth while the others diverge to
infinity, yet the loss still vanishes (Corollary 3.6). This regime requires a delicate analysis of
the gradient dynamics. We first show that one parameter converges to the ground truth faster
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than the others. Then, we prove that once this parameter is sufficiently close to the ground
truth, the minimum distance between the ground truth and all other parameters increases.
We further show that the loss in this setting converges at rate O(1/7), and establish a nearly
matching lower bound of Q(1/71%¢) for any constant e > 0 (Theorem|3.7), in sharp contrast
to the linear convergence rate in the exactly parameterized case (Shah et al., [2023)).

1.1 RELATED WORKS

Theory of Score Estimation. Several works have studied the theoretical aspects of score-based
generative modeling. One line of work investigates how well score-based models can generate
samples from complex distributions. [Koehler & Vuong (2023)) showed that Langevin diffusion with
data-dependent initialization can learn multimodal distributions, such as mixtures of Gaussians,
provided that accurate score estimates are available. Another line of work examines the optimization
behavior of score-based models. |Li et al.|(2023b)); [Han et al.| (2024)); /Wang et al.|(2024) provided
convergence guarantees for gradient descent in diffusion model training. The statistical complexity
of score matching has also been investigated. [Koehler et al.| (2022) established connections between
the statistical efficiency of score matching and functional properties of the underlying distribution.
Pabbaraju et al.| (2023) analyzed score matching for log-polynomial distributions, and (Wibisono
et al.[(2024) derived minimax optimal rates for nonparametric score estimation in high dimensions.
Denoising diffusion probabilistic models (DDPMs), introduced by Ho et al.| (2020), are a widely
used framework of score-based generative modeling, where training is typically performed using
the score matching objective at varying noise levels. In the context of distribution learning, |Shah
et al.[(2023) analyzed gradient descent on the DDPM training objective and proved recovery of a
two-component Gaussian mixture under suitable initialization and separation assumptions. |Chen et al.
(2024) showed that there exists an algorithm capable of learning k-component Gaussian mixtures
using the score matching objective, although their focus is on statistical feasibility rather than the
convergence behavior of gradient-based optimization.

Learning Gaussian Mixtures. There is a large body of work on learning Gaussian mixture models.
Recent results such as|Gatmiry et al.|(2024); |Chen et al.| (2024) focus on designing computationally
efficient algorithms that recover Gaussian mixtures with small estimation error. Many classical
approaches rely on a well-separatedness assumption, where the centers of the Gaussians are assumed
to be sufficiently far apart (Liu & Lil, 2022; Kothari et al., 2018; Diakonikolas et al.,|2018). Another
line of work studies the Expectation-Maximization (EM) algorithm, which is closely related to
Gaussian mixture estimation (Daskalakis et al., [2017; Xu et al., 20165 [Wu & Zhoul, 2021 Dwivedi
et al.,|2020). Jin et al.[|(2016) showed that EM may fail to achieve global convergence for mixtures
with more than two components. In contrast, Xu et al.| (2024) established global convergence of
gradient EM in an over-parameterized setting, where the ground truth is a single Gaussian and the
learner uses multiple components.

Theory of Over-parameterized Teacher-Student Settings. Over-parameterization is a popular
topic in recent theoretical work, with a focus on both landscape and algorithmic properties. A
common result is the slowdown of convergence, observed in different settings such as Gaussian
mixtures (Dwivedi et al., 2018} Wu & Zhou, 2021)), two-layer neural networks (Xu & Du, 2023}
Richert et al., [2022) and nonconvex matrix sensing problems (Xiong et al., 2023} [Zhang et al., 2021}
Ding et al.;,2024; Zhuo et al., [2024)).

1.2 KEY CHALLENGES

In this section, we introduce several unique challenges that distinguish our analysis from prior work.

Cubic gradient terms. Unlike the gradient EM framework studied in|Xu et al.|(2024), where the
update dynamics involve only linear terms, the gradient of the score matching loss in our setting
contains cubic interactions in the parameters. When the student parameters p; are far from the
ground truth, these cubic terms dominate the gradient direction, making the dynamics substantially
more difficult to control. Prior work such as|Shah et al.|(2023)) only analyzed the regime where the
parameters are already close to the ground truth, thereby avoiding this complication. Extending the
analysis beyond the near-ground-truth regime requires new techniques.
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Multiple convergence regimes. A second challenge arises from the fact that, as our results show,
the over-parameterized student model does not guarantee that all parameters converge to the ground
truth. Instead, different initialization schemes lead to qualitatively different convergence behaviors:
in some cases, all parameters converge to the ground truth, while in others only a single parameter
converges and the remaining ones diverge. This multiplicity of possible regimes makes the analysis
intricate, since we must carefully characterize the conditions under which each type of convergence
occurs.

1.3 PRELIMINARIES

Diffusion Model Background. We begin by reviewing the background on diffusion models. Let g
denote the data distribution on R¢, and let X, ~ ¢ be a random variable drawn from it. The two main
components in diffusion models are the forward process and the reverse process. The forward process
transforms samples from the data distribution into noise, for instance via the Ornstein—Uhlenbeck
(OU) process:

dX, = —X,dt +V2dW, with X, ~ qq,

where (W;);>0 is a standard Brownian motion in RY. We use q: to denote the distribution of X, the
solution to the OU process at time ¢. Note that for X; ~ ¢,

Xy =exp(—t)Xo + /1 —exp(—2t)Z; with Xg~qo, Zy~N(0,1;).
Here N (u, ) denotes the Gaussian distribution.
The reverse process then transforms noise into samples, thus performing generative modeling. Ideally,
this could be achieved by the following reverse-time stochastic differential equation for a terminal

time 7"
AX; = {X + 2V, Ingr_ (X))} dt +V2dW, with X ~ qr,

where now W, is the reversed Brownian motion. In this reverse process, the iterate X, is distributed
according to gp_, for every ¢ € [0,7, so that the final iterate X5 is distributed according to the data
distribution gy. The function V In ¢;, known as the score function, depends on the unknown data
distribution. In practice, it is approximated by minimizing the score matching loss:

Li(st) = Extymg, [[l56(Xe) = Vo Ings(Xe)[] -
Throughout this paper, || - || denotes the Euclidean (L2) norm.

The setup for m ground truth Gaussians is as follows (in this paper we analyze the case of m = 1):
1 m
= = — N ~>f<7 I s
¢=q0=— ; (77 1a)
where i} € RZ, d > 1. In|/Shah et al.| (2023), a simple calculation showed that

1 m
==Y N(ui 1a), where uf, = i} exp(—t),
qt m; (:u’z,t d) :uv,,t o Xp( )

and

m

exp(—||lx — u*,||2/2
Volngu(z) = 3wl (@)l — o, where w(x) = com o 12~ il /2)
=1

Sojmrexp(—lle — i lI?/2)

Our Setting. Motivated by [Shah et al.| (2023) and the optimal score form above, we model the
student network using n learnable parameters /i1, fiz, - - - , fin, € R? as follows:

" ; exp(—llz — pitll*/2)
si(x) = w; ¢ (z) i — x, where p; ¢ = fi; exp(—t), w;(z) = =x . .
t ; e t S el — py?/2)

In this paper, we consider the over-parameterized setting. The ground truth consists of a single
Gaussian component, i.e., m = 1, and we denote its mean by " = ji]. Therefore,

V. Ing(z) = i — o, where i = fi* exp(~t).
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The number of learnable parameters in the student model is n > 2. In this case, as ¢; = N (w5, 1),
the loss is
2

Et(st) = EXtNQt [HSt(Xt) -V, 1nqt(Xt)H2} = Emw./\f(,uz‘,ld ,U/z t

In this paper, we analyze gradient descent applied to the populatlon loss. Since we focus on
optimization for a fixed ¢, we treat the loss £;(s;) as a function of the variables y; ; fori =1,...,n
and directly run gradient descent on these variables. Given a step size 7 > 0, the update rule is

+1
i = il =0V Lolsi(7),
where 7 denotes the iteration index. When the context is clear, we abbreviate y;; by p; and

abbreviate w; ; by w;. We denote ,u(-T)

, ~ as the value of yi; at the 7-th iteration of gradient descent. We
use L;(s¢(7)) to denote the loss in the 7-th iteration. Also, when the context is clear, we simply use
L to denote L;(s;). We define the function v(x) := Y. | w;(x)p;, which depends on the current

parameters (t; (i.e., 1; = p; ¢ for fixed t).

2  WARM UpP: CONVERGENCE UNDER LARGE NOISE REGIME

We begin by analyzing the setting where the noise scale ¢ is large. In this case, we prove the following
convergence guarantee:

Theorem 2.1. Let M = max; H[LEO) — p*|| and suppose t > logn + log M + 2. If the step size n
satisfiesn < O (#) , then after T iterations of gradient descent, the loss satisfies

Lsi(7) 0 (75%2)

The proof of the above theorem is deferred to Appendix [B] When ¢ is large enough, we prove an

o1/ f ) convergence rate in Theorem [2. 1] . matching the best known rate for gradient EM (Xu et al.|
2024) in this over-parameterized setting. Our update is closely related to gradient EM in this regime,
as we explain below.

Proof Sketch. For such ¢, by definition, || ul(-?t) — il £ Mexp(—t) < % In the following, we use
i to denote 1 ¢

For each t, we can find that
2

Et(st) = ]wav./\/(u:,Id) ,uz

2
exp (=l — pill/2) .
Toexp(—llz — 272"

= EwNN(u: Ja)

2

=Esn(o,10) (M

xp(—|lz — (i — p)11*/2)
Z €Xp t
>

i=1xp(=lle = (5 — p)[?/2

)(ui—ui‘)

Therefore, without loss of generality, we may assume pt = 0 by shifting each p; to p; — py. In
the following, we assume that p; = 0, and || ulo) | < 3. We have the following calculation for the
gradient of loss:

Lemma 2.2 (Part of Lemma|[B.1). Let z ~ N (0, 1), p* = 0. We define v(z) =Y, w;(x)p;. Then,
we have

Vo, L =2E, w;(z) ) +wi(z Z w;(z ﬂj/u] i — 2wi(£)v(z)v(m)THi

— 2w, (x ij ) ") gy + 3wi(z) (v(z) Tv(z)) V()|
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Notice that when the parameters ||y, || are sufficiently small, intuitively, the first term w;(z)v(z)
dominates the gradient expression, as the remaining terms involve cubic interactions in y; and can be
viewed as higher-order corrections. Also, it is known in |[Xu et al[(2024) that the first term w; (z)v(z)
is the same as the gradient of the population loss in gradient EM. Therefore, by a similar proof as
Theorem 2 in |Xu et al.[(2024), we can prove the convergence result. This connection highlights
the relationship between DDPM training and the gradient EM algorithm in the over-parameterized
setting; The connection in the well-separated regime was also previously discussed by |Shah et al.
(2023). O

3 CONVERGENCE FOR SMALL NOISE ¢

‘We now consider the small-noise regime. Since we analyze a fixed noise scale ¢, we write p; ; as (;
and p as p* when no ambiguity arises. Gradient descent is applied to optimize these parameters
1. Therefore, for each theorem in this section about p;’s, the corresponding result works for
fi; = exp(t) - p; and f* = exp(t)u* in the original setting. In the small-t regime, we can view
exp(t) as a small number. Since a nonzero ¢ amounts to a uniform rescaling of the parameters, we set
t = 0 in this section without loss of generality.

3.1 WARM-UP: A STATIONARY POINT WITH NONZERO LOSS

In this subsection, we present a simple example demonstrating the existence of a point where the loss
is nonzero but the gradient vanishes—specifically, a local maximum.

Theorem 3.1. Letn > 3 and p* = 0. Fort = 0, there is a point pp = (p1, - - - , ptn) where the loss
is nonzero but the gradient is zero.

Theorem demonstrates the existence of a stationary point with nonzero loss, indicating that
gradient descent may fail to converge when initialized arbitrarily. To establish meaningful convergence
guarantees, it is therefore necessary to impose conditions on the initialization. This highlights the
difficulty of analyzing the small-noise regime, where the optimization landscape becomes more
complex. The proof is deferred to Appendix

Proof Sketch. The main intuition of the proof is to consider a configuration where some p; = 0 and
others satisfy ||11,|| — oo, making their contribution negligible and yielding near-zero loss. Since the
loss is also zero at the origin, but strictly positive at some intermediate points, continuity implies the
existence of a local maximum.

Based on this intuition, we outline the proof as follows. Let e; = (1,0,0,--- ,0) € R%. We consider
the case where p; = seq, o = —seq, u; = (0,---,0) fori > 3, where s is a positive real number.

Then, by symmetry, we have V,,£ = 0 for all ¢ > 3. Moreover, by Lemma the gradients V,, £
and V,, £ vanish on all coordinates except the first (because each gradient is a linear combinations
of the y;’s). By symmetry, we have V,,, L + V,,, L = 0.

Notice that the losses for s = 0 and s = +oo are both zero, by continuity, there must be an s to
maximize the loss. Therefore, for this s, the gradient vanishes for each ;. O

In what follows, we consider two cases: (1) all 4; initialized close to 0 in Section[3.2] and (2) random
Gaussian initialization in Section [3.3]

3.2 INITIALIZATION EXPONENTIALLY CLOSE TO 0 ENSURES PARAMETER CONVERGENCE

In this section, we consider the case where the initialization is exponentially close to 0. We have the
following theorem.
) 1

H < 108ndcxp(106ndMg)
for all i. Then, for step size n = O (#), gradient descent ensures that each i; converges to |1*.

Theorem 3.2. Let My := ||u*|| > 0. Assume the initialization satisfies ||u§0

n(log n+log My)

Moreover, there exists T = O ( "

) such that for any T > T,

where v = () (#) .

1

Lo(so(7)) < ﬂ’
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Theorem [3.2]establishes that, under exponentially small initialization, all 1; converge to the ground
truth. Moreover, once the parameters are sufficiently close, the loss decreases at a rate of O(1/+/7).
The proof is deferred to Appendix [D.2]

Proof Sketch. The main intuition of the proof is to maintain a reference point that converges to the
ground truth and to show that all parameters stay close to this point throughout training.

To be more precise, the proof proceeds as follows. By eq. (I), we can change the case to p* = 0,
. _ . o 1 .
and there exists a ||u|| = My such that for each 4, ||u; — pf| < T ndenp(100mdn) " By applying an

orthonormal transformation (i.e., a rotation in R%), we may assume without loss of generality that
p = Moey. Recall thate; = (1,0,---,0) € R%.

We maintain a value A(™) initialized by A(®) = M and the fact that as long as A(7) > &, we always

have ||M§T) — AMey || < 108ndexp<1éand(mﬂ)3). We first need the following lemma which shows

the gradients for each p; are close.
Lemma 3.3 (See also Lemma . Let A > 2= K = 10000ndA* B =
Assume that for any 1 < i <n, ||u; — Ae1|| < B. Then for any i, we have that

1
108n2d exp(109ndA3) "

Let the update of A be AT+ = A(") — L A(") Then by this lemma, we can bound ™Y —
AT ey by (| — AT Ve < 7 — ADer | + 0]V, L — A e .

Therefore, we can prove that as long as A(™) > 5> we always have || ,ul(.T) — Aey|| <
by induction. When A < %, we can view it as the initialization in

1
108nd exp(106nd(A(M)3)
Theorem [2.1] so directly applying Theorem [2.1] gives the result. O

One may notice that requiring ||z4;|| to be exponentially small is too strong. However, we can prove
that the exponential term is necessary. To establish this exponential dependence, we analyze the
scenario where M| is large.

Theorem 3.4. Let My > 10'°v/d - n'° and p* = (M, 0, - - ,0). Assume that the initialization is
ugo) = (€0,0,0,---,0) and u(o) = (0,0,0,---,0) fori =2,--- ,n, where ¢ = exp(—M;/100).

K2

Then, as long as the step size n < 1/(10My), p1 converges to u*, and ||p;|| = oo fori =2,--+ ,n.

Theorem shows that there is an initialization where all parameters are exponentially close to 0,
but not all parameters converge to the ground truth. By the above two theorems, we can see that
although it is possible for all parameters to converge to the ground truth, the requirement for the
initialization is very strict. This result illustrates that over-parameterization under small noise can
lead to unstable convergence behavior. The proof of this theorem is deferred to Appendix

Proof Sketch. Similar to the discussion above, we can assume that the ground truth is 0 and the
initialization is pu; = (My — €0,0,- -+ ,0), u2 = (My,0,---,0).
In each step let 1 = (M —€,0,---,0), us = (M,0,---,0). Through a careful analysis, we can

lower bound the rate of increase in € and upper bound the rate of decrease in M during each iteration.
At last, when e is large enough, Theorem gives the result by considering a different M. O

3.3 RANDOM INITIALIZATION FAR FROM GROUND TRUTH STILL ENSURES LOSS
CONVERGENCE

In this section, we consider the case where the initialization is random and far from the ground truth.
Specifically, we show that if each parameter is initialized independently from N (u, I4), where p is
far from p*, then with high probability, exactly one u; converges to the ground truth, while all other
ft5’s diverge to infinity.

Theorem 3.5. Let My = || — p*|| > 10°Vd - n' (u is an arbitrary vector in R%). Let the
initialization satisfy: (1) ||/1,§0) —p < Mé/g’for all §, and (2) there exists ig such that H,ug»o) —pr >
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HMES) —u*||+ M51/3 forall j # ig. Then, as long as the step size n < 1, we have that p;, converges

to p*, and || ;|| — oo for j # io. Also, there exists T = O(MgE /n) such that when T > T, the loss

Lo(so) converges with rate
1

n(r=T)

Note that when all ;’s are randomly initialized from A (u, 1), the probability that the initialization

Lo(so(7)) <

satisfies both conditions is at least (1 — n?M, 1/ 3) (see Lemma |D.3). Therefore, we have the
following corollary:

Corollary 3.6. Let all p; be initialized by N (1, I3) and step size n < 1. Let My = || — p*|| >

10°V/d - n'°. Then with probability at least (1 — nzMo_l/g), there exists T = O(MgE /n) such that
when 7 > T, the loss Lo(so) converges with rate

_r
n(r—=T)

Moreover, one L; converges to 11*, while the others diverge to infinity.

Lo(so(1)) <

We also have a lower bound for the convergence rate, which shows that the O(1/7) convergence
bound is nearly optimal.

Theorem 3.7. Let My = || — p*|| = 10°Vd-n'° and n < 1. Assume that the initialization satisfies:
(1) ||,u§0) —u|l < Mé/Bforallj, and (2) there exists ig such that ||,u§~0) —u*| > HMZ('(?) — | —|—M(;1/3
forall j # iy. Let € > 0 be a constant. Then for any ¢ > 0 (it can depend on n, d, My, but not on 7),

when T is large enough, we have
c

ﬁo(So(T)) Z m

The above results show that if the parameters are initialized independently from a Gaussian distribution
centered far from the ground truth, then with high probability, only one parameter converges to 0
while the others diverge to infinity. We further prove that the loss converges at a rate of O(1/7), and
establish a nearly matching lower bound of Q(1/71%¢) for any constant € > 0.

Comparing the results in this section with those in Section[3.2] we observe a sharp contrast between
the two regimes: one where all parameters converge, and one where only a single parameter does.
This suggests that analyzing the training dynamics for initializations that lie between these two
extremes may be challenging. Understanding this intermediate regime remains an interesting open
question.

The full proofs of the above three results are complicated and can be found in Appendix with a
central preliminary lemma in Appendix [C] Below we give a proof sketch:

Proof Sketch. The proofs of the above theorems proceed by analyzing the training dynamics in two
stages. In the first stage, we show that ||, || decreases more rapidly than the other ||| values. As a
result, j1;, becomes very close to the ground truth p*, while the other y1;°s remain far from p*.

In the second stage, we prove that once y;, is sufficiently close to p* and the others are far, the
minimum distance min;;, ||¢; — 1| increases over time. Also, y;, remains close to f*.

Here we discuss how to prove the above theorems in more detail. Similar as the analysis in the
previous sections, we can modify the setting such that the ground truth is * = 0, and all y; are
initialized near Mye; (i.e., p = Moyey). We can prove that in the initialization, with high probability:

L. all p;’s satisfy [|u; — Mp|| < Mé/?’;

2. there exists ¢ such that for any j # i, we have || || > ||| + Mo_l/3.

Without loss of generality, we assume that the ¢ in the second condition is 1.
_1
SMZ
and for each ¢ > 2, ||u;|| > Moy /2. In the second stage, in each iteration we let M = min;>o ||1;]].
We prove that we always have that || || < 1/M3, and M always increases.

We analyze the training dynamics in two stages. At the end of the first stage, we have ||p1]] <
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Figure 1: Experimental results illustrating two convergence behaviors. (a, ¢c) For M = 4, all
parameters converge to the ground truth, consistent with Section[3.2} (b, d) For M = 6, only one
parameter converges while the others diverge, consistent with Section [3.3] The loss curve in (d)
exhibits a convergence rate close to O(1/7) in the final phase.

Stage 1. At this stage, we need to show that ||u11]| decreases rapidly, while each y; with i > 2
changes slowly.

We first prove that in this stage, V,, £ is near u; and V,,, L for ¢ > 2 are exponentially small.
Based on this fact, we can prove that in O(log My /n) iterations, |11 || becomes less thanﬁ, while

0
the decrease of ||y;|| for ¢ > 2 are very small. Therefore, after O(log My /n) iterations, we have
a1l < ﬁ and ;]| > 2£o for other 4.

Stage 2. At this stage, we consider the update in one iteration. Let M = min;>o ||¢;]|. In the first
iteration of this stage, we have M > 2. Therefore, we have |1 || < 1/M? at first. We prove that

the property maintains and M increases by induction. Thus, we always have M > 108/d - n'°, and
;s diverge for ¢ > 2. Moreover, by a careful analysis on the speed M increases, we can prove the
loss convergence rate.

4 EXPERIMENTS

In this section, we conduct numerical experiments to illustrate the two convergence behaviors
predicted by our theory. We set n = 5, d = 3, and take the ground-truth mean to be u* = (0,0, 0).
Each parameter y; is initialized independently as (M, 0,0) + 10~7 - z;, where z; ~ N(0, I). The
values of M are indicated in the corresponding captions. The results are shown in Figure[]

Training is performed using gradient descent with learning rate 0.01, for 20,000 iterations, and a
batch size of 20,000. Figures (a) and (b) show the evolution of ||; ||, while Figures (c) and (d) display
the log-log plot of the loss over iterations. Panels (a) and (c) correspond to the setting of Section@
where all parameters converge to the ground truth. Panels (b) and (d) illustrate the behavior under
the regime of Section [3.3] where only one parameter converges and the others diverge. Although
the perturbation is fixed at 107, it exceeds the critical threshold exp(—poly(M)) when M = 6,
resulting in a qualitatively different outcome. Notably, in panel (d), the log-log loss curve approaches

a linear slope of approximately —1 after a warm-up stage, consistent with a convergence rate close to
Oo(1/7).
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5 CONCLUSION

In this paper, we study the problem of learning a single Gaussian distribution using an over-
parameterized student model trained with the score matching objective. We show that when the
noise scale is large, gradient descent provably converges to the ground truth. In contrast, when the
noise scale is small, the loss may still converge, but the training dynamics become unstable and
highly sensitive to initialization. This highlights the importance of large noise in ensuring stable and
predictable training dynamics in score-based generative models.

Although we focus exclusively on the case where the ground truth is a single Gaussian component,
our analysis reveals that even this seemingly simple case exhibits rich and subtle dynamics under
over-parameterization. Extending the theory to more complex ground-truth distributions, such as
multi-component Gaussian mixtures, remains a challenging and important direction for future work.

There are also several additional directions suggested by our analysis. First, in practical diffusion
models, training is performed using a time-averaged score matching loss that aggregates gradients
from multiple noise levels. Our results provide a characterization of the gradient dynamics at a
fixed time, and understanding how these fixed-time components interact under a full ¢-averaging
scheme is an interesting and nontrivial next step. Second, while our theoretical study focuses on
gradient descent, score-based models are trained in practice using stochastic or adaptive gradient
methods. Developing a theoretical framework that captures the behavior of these optimizers in the
over-parameterized regime is an important open problem.
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7 REPRODUCIBILITY STATEMENT

All theoretical settings and assumptions are stated in Section [[.3] The experiment details are in
Section[d] We also provide our code in the supplementary materials.
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A ADDITIONAL PRELIMINARIES

The following Gaussian tail bound is a direct consequence of Lemma 1 in|Laurent & Massart| (2000).

Lemma A.1 (Gaussian Tail Bound). Let d be a positive integer. For any positive real number t > \/d,
we have
lalls = 1] < exp (~(t = Va)?/2).

z~ N(OI)

We also need the following Mill’s inequality, which can be found in/Wasserman| (2013)).
Lemma A.2 (Mill’s Inequality). For anyt > 0, we have

1
P >t <= —t2/2).
wafo,l)[x* ] < texp( /2)

We need the following Stein’s lemma:
Lemma A.3 (Stein’s Lemma, see Stein|(1981)). For x ~ N (u,0%1,) and differentiable function

g: R4 — R, we have
Elg(z)(z — p)] = 0°E[Vag(2)],
if the two expectations in the above identity exist.
B PROOFS FOR SECTION 2|
In this section, we denote £(7) as the £, (s;) at iteration 7. We define
exp (~lz — u”2/2)
Sisexp (—lle = u7|P/2)

wi(2) (@) =

Whenever there is no ambiguity, we omit the superscript (7) for notational simplicity. Notice that
without loss of generality, we assumed that ©* = 0. Thus the loss is

Yt

2

L =E,n0,1)

First, we need to prove the following lemma:

Lemma B.1. Assume that i* = 0. Let x ~ N(0, 1), and let j1; be the parameters of the student
network. We define v(z) =, w;(x)p;. Then, we have

Vi £ =2E, [wi(2)o(x) + wilx)o() T (u — (@) (& — )]

=2E, |w;(x)v(z) + w;(z Zw] u]u] i — 2w;(x)v(z)v(x) "

— 2wi(z ij :U’]) pj + 3wi(x) (”(x)TU(m)) v(z)|.

Proof. By symmetricity, we just need to prove the case when ¢ = 1.

Direct calculation shows the following fact:

{Uh(x)(l —wi(z)) (x —m), ifi=1,

\Y 1wi<x) =
! —wq(x) wi(x) (x — p1), otherwise.

Also, direct calculation shows that

Vewi(z) = wi(z)p — wi(z)v(z) = wi(z)(pi — v(x)).

15



Published as a conference paper at ICLR 2026

Thus, we have

VH1£ =2E, [ sz Mz + sz %]

= 2E, [wi(z)v(z) +v(z)" (wl(x)ul —wi(z)v(2)) (z = p1)]
=2E, [wi(z)v(z) + wi(z)v(2)" (11 —v(2)) (x — )] -

By Stein’s lemma (Lemma[A.3), we have
E. [wi(z)v(z)" (1 —v(x)) 2]

v, ( ORET —v<x>>>]

:Ex[wl(x)(ul—v(x))v(w)T(m—v )+ n(e) Y ) s = o)l 1 (a)
—wi(@) Y w3 s (@) n; - v(x»]

=E, lwl(az)(ul —v(@)v(z) (11 —v(z)) +wi(z sz o) g (= v(x))

=E,

—wi(@)v(@)o(@) (p —v(2) = wile) Y o(@)  uyw;(@)(u; —v(@))|.

Therefore, by combining the two equations above, we have
V£ =2E, [wy (2)v(z) + wi(2)o(@)T (1 —v(@)) (@ — )]
—9E, [wi(2)v(x) — wi(@)o(@)| (1 —v(@)) p + wi(@)v(@) (o - v(z)) 2]

=2 | un(a)ola) = wr(a)oa)T G = o)) (o) + wr(0) T wiles (1 = o(e)

—wi(@)v(@)v(@) (1 — () —wi(z)v()" Z pjw; () (py = v(ﬂﬁ))]

=2E, |wi (z)v(z) +wi(z sz 2y 1 — 2wy (x)v(z)o(z) "

2w () 3 wla) g () + 3w1<x>v<x>%<x>v<x>] .

J

B.1 OMITTED PROOF FOR THEOREM [2.1]

We need the following lemma, which is the Lemma 18 in|Xu et al.| (2024).
Lemma B.2. Let ¢ be a constant such that 0 < ¢ < 5ge We have

Ezn(o,14) [exp (CIIxH)] <1+ 5Vde.

Now, we prove the local smoothness of the loss function.

Lemma B.3. Ler pp = (u1,. .., pin) be the parameters of the student network. Let 8 = (61, ...,0,)
be the perturbation of the parameters. Let 6 = max; ||;||, p = max; ||p;||. Assume that 6, p satisfy

the following conditions:
1 1
6<p<§and6<—12d
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Then for each i, we have
IViL(p + 6) — ViL(p)|| < 1526V4d,
where V; L is the gradient of L with respect to the ith vector (u; + 0; or ;).

Proof. For any i, we define w;(x|p) as the ith weight of the student network with parameters .
Then, for any =, we have

exp( [ES <m+6>u“‘)
wi(zlp +96) = :
keXp( Nz — (e +06) 12 (#k+5k)|\ )
Lo () e il + ) exp (14
Spexp (— L= “k“"’)exp< el (] + e ) exp (12512 )

< exp (20(|l2]) + p) + 82) willp).

Similarly, we have

exp (= L1 Y exp (= 13l + fsal)) excp (1512
S exp (L) exp (ol (o] + ) exp (12512
> oxp (~20(a]| + p) — 6) wi(a|u).
Thus, by Lemma [BT] we have
VL + 8) — Vi)

wi(z|p+6) =

<E,n 010 [Z (el + 8w (s + 8) — wi(wlpywy (el - p+ 3wyl + 8w, (alu + ) -5
j=1 j=1

+ w; (x| + 6) (Zw] lp+8) + 4> wj(x|p + S)wi(z|p + )

J J.k

+33 " wy(alp+ 8)we(alp + 6>wl<x|u+5>) ((p+8) — )

Jikl

+ [ 8lwilwlp + 8) — wi(x|pw)|p® +18 Y |w;(x|p + ) — w;(x(p)|p? ]

j
<2E,n(0,1,) [Z exp (40(||z|| 4+ p) +20%) — 1) - w;(z|p) - p + & + 560p°
j=1
+8 (exp (26(|x]| +p) +6%) — 1) - wi(w[p) - p* + 18 _ (exp (20(||z[| + p) + 6%) — 1) - w;(x|p) - p*
J

<2Eq A (0,14) [(exp (45(||lz|| + p) +26%) — 1) - p + 85 + 26 (exp (20(||z|| + p) + 6%) — 1) ~p3]

<2E, N (0,14) |fl (exp (4(5(H$|| +p)+ 252) — 1) -p+ 89

<166 +8p - E,nr(0,1,) [(8p + 46% + 1) exp(46]|z|) — 1]
<165+ 8p - ((85p +46% + 1) (1+ 200v/d) — 1)

<1525V/d.
Here the second last inequality is from Lemma [B.2] O
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By the above lemmas, we can prove Theorem 2.1} We just need to prove the following lemma:

Lemma B.4. Assume that ||[L§ —u*| < 1 — for 1 < i < n. Ifthe step size 1) satisfies n < O ( 4d2) ,
then after T iterations of gradient descent ‘the loss satisfies

Lu(si() <O (f/?;i)

Proof. Direct calculation from Lemma [B.T] shows that

Z;ﬁv L

=E, n(0,1,) | V() )+ Zw, (1 u] — 4Zwl uz)Q +3 (v(x)Tv(a:))2

)
Notice that when ||u;]]2 < %,

(@) T15)" < (@) - il]? < o)

Netie

Thus, we have
ZMZTVM/J > Ezn(o,1y) [’U(JC)T’U(JU) - 4sz‘($) (’U(f)TMz‘)Q]
> Epmnr(0,12) [v(w)Tv(w) - 4Zwi($);|v(l‘)21

5

= §]Em~./\/(0,1d) [U(I’)T’U(Iﬂ :

Let p = max;{||i]|}. By Lemma 12 in Xu et al.| (2024), we have

T exp(—8p?) 4

Therefore, for some constant 0 < ¢ < 1,
—8p?
ZMTV E ( eXp( /Y ) p4) )
n2d(1 + pvVd)2
‘We assume that

C
<
1= 1200n1d2

Now we use induction on 7 to prove that:

1. For any i, during training, Y, ||z, || < 3.
2. For any 7, we have £(7) < %’fd?
]

The result is obvious when 7 = 0. Assume it is true for 7. Then in this step, p < % We define S as:
exp(—8p2) 4>
S = IV,.L> ( .
Zﬂ n2d(1 +p\/g)2p
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Define U(7) = 3, [|u{7||2. Let ; = 4™ below. We have
Ulr+1) = U(r) = 3 s = 0V £I* = la(0)
) SRR Sl A E
= =S +0° 3 VLIl

< —2S +17? Z ((p + 8" B [wy])”

K3

< =28 + 4n’p”.

Therefore, if U(7) < 1/5, then p < 1/5. As n < 1/100, we have
Ut +1) <U(T) + 4n°p* < 1/3.
Otherwise, if U(7) > 1/5, we have p > 1/(5n). Then, we have

4 c

S > c pt > ?
3n2d(1 + pvd)?. ~ 12n%d

spt > 2np,

Thus
U(t+1) <U(1) — 208 + 4n*p* < U (7).

Combining the two cases, we have proved the first part of the induction.
For the second part, we use £() to denote the loss function with input p. We have
£+l _ p(n)
=L(p(7) =nVL((7))) — L{pa(7))

—— [ (VL) = () AV E(u(r)) s
1
_ / (VL) 1T E (7)) ds
+ (VL(a(r) = V() = 519 £(ar)) T £(u(r) s

== nllVL(T)* +n /:0 (VL((7)) = VL(u(7) = snV L(p(7))), VL(ua(7))) ds.

Notice that for any 4, £;(p4(7)) is the loss function with input ;(7), which is at most 2p + 8p3 < 3p
by the equation of Lemma[B.T] Thus, for any ¢,

1

sn||VL;(u(7))|] < p, d

Therefore, combining Lemma[B.3] we have

(VL(u(7)) = VL(u(T) — snVL(u(7))), VL(a(7)))
= Z (Vil(p(7)) = ViL(u(r) — snViL((7))), ViL(p(7)))

< Z IVil(p(7)) = Vil(pu(r) = sn Vi L(p(T)) - [[ViL(pe(7)) ]
< Z 152Vdsn|| VL (7)) || - | VL(ps())]

<152nVdsn|| VL (p(7))|*-
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Thus, we have 1
£ - £ < S|V ()|

Notice that

S c c 3/2
> 2 > 3> ).
IVEWONI =20 2 3sE?” = Tansee ()

Therefore, we have

2 -
L) _pm < 1 IVL(u(r))]? € = oy (£ ’
= T MV AT = 5000041 ! '
This implies that
1 1 (L) = (£r+D)?

() (£0)P T (£0)F (£’
2 (E(TJrl)) (E(T) _ E(‘r+1))
>

(£)* (£e+0)®
C2 T 3
U2 (W” (L) )
(cn)’

S 2¢2
= 300n6d2 "

Thus, by induction hypothesis, we have
1 S c?
(£i0)? = 150n5a1 "

(1+1).

This gives the desired result for loss convergence. As p is bounded by 1/3, by
exp(—8p?) 4)
L=E[@) vz >Q( ,
ole) vlw)) 2 n2d(1 + pVa)2
p converges to 0. Therefore all 11; converges to 0.

O

Proof of Theorem 2.1 Notice that we have assumed that * = 0. As ¢t > logn + log M + 2, for any
i, we have || MEO) | < exp(—t)M < 5. Therefore Theoremfollows by Lemma

O

C A PRELIMINARY LEMMA FOR APPENDIX [D_.3]

In this section, we prove the following lemma that is used in Appendix [D.3] We also assume that
p* = 0 in this section.

Lemma C.1. Let My > 10%v/d-n'C. Let the initialization be ||j11|] < 1/M§ and min;>s ||| = M.
Then, as long as the step size n < 1, we have that uy converges to 0, and ||11;]| converges to oo
fori = 2,--- .n. Moreover, there exists T = O(M2/n) such that when T > T, the loss Lo(so)

converges with rate
1

n(r—=T)

Also, let € > 0 be a constant. Then for any c > 0 (it can be relavent to n, d, My, but not relavent to
T), when T is large enough, we have

Lo(so(7)) <

Lo(so(r) > -
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We consider the gradient in one iteration. Let M (")

min;>o H u( )H We use mathematical
induction to prove the following result:

1. M doesn’t decrease in the training process.
2. During training, we always have HMY) | < 1/(M()3,

Now under these two assumptions, we analyze the gradient in one iteration.

First we need the following lemma that gives an upper bound for E[ws(2)] (and also for coordinates
for E[w,(x)] with j > 1 by symmetry):

Lemma C.2. Let D > 10V/d be a positive real number. Assume that ||ji1|| < 25, ||u2|| := s > D,
then
3 52 2 52 2s
E;n(0,1y) [w2(z)] < 5 exp (_8) + S - €exp (_8 + 1)3)
Proof. Without loss of generality, we assume that us = (s,0,-- -, 0) by rotating all the p;’s.

For any = € R?, let 2 be the first coordinate of 2. We consider two cases:

Case1: z; < 3, ||z < s.

We have
exp (—3llz — p2?)
wolx) =
A Sy ey D)
exp (—3llz — p2?)
= exp (=3l — 1 l?) + exp (3@ — p2l?)
1
Clexp ((pf —pg )z + 5 (lp2ll® = [lml?)
< 1
T 14 exp(—sz1— psllz| + 35— B5)
1
<

1+exp (—sz1 — 25 + 152)

< 2s 1,
< exp sxl—l—ﬁ—is .

Therefore, the total contribution of this part is at most

2

/5/2C L2 L L. AW
= X _ = = . X _
pstit o3 — 35S TS p 5 ) 41

e ( H) o,

2s 1
]EwNN(O,Id) [’wz(l”)] < Em1~/\/(0,1) {L;lgp/z €xp <5I1 + ﬁ -3 2)}

)/ ;
< — P 2
exp(p) B lr> 12
<e 2— g i
P\ D3 s 8

The second last inequality is from Lemma[A.2]
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Case 2: Now consider the case when 21 > s/2 or ||z|| > s. By Lemmas|A.2]and B.2] the total
probability of this part is at most

exp (—(s — VA/2) + % exp (-i) < g exp (fg) .

As [Jws|| < 1, the total contribution of this part is at most £ - exp (—%). O
Corollary C.3. Let D > 10V/d be a positive real number. Assume that ||ju || < 3. ||u2| > D, then
7 D?
Eonn(0,14) [wa(z)] < D - €Xp <_8> .
Proof. We just need to notice that s > D and
s2+25 < D2+2D< DQ_'_1 )
—— 4+ =< -——+4+-—<—-——+1In2.
8 D3~ 8 D3~ 8
O

Corollary C.4. Let D > 10V/d be a positive real number. Assume that ||p11|| < 25, |2 == s > D,
then

5 52
Eznn(0,14) [wa ()] < 5  €Xp =)

Proof. This is simply due to the fact that

52 2s 52 52 52

e R
8+D3_ 8+56 7

O

For each 2 € RY, let Z denote the vector obtained by removing the first coordinate of z (so z € R?~1).
Also, let z; be the first coordinate of x. Recall that v(x) is defined as v(x) = »_, w;(x)p;. We
define v; : RY — R as the first coordinate of v(x), and vy : R? — R4~ as the rest coordinates of
v(z). For each 1 < i < n, we define a; as the first coordinate of 1;, and b; as the rest coordinates of
Wi (thus a; € R b; € R4—1). In the following, we prove some inequalities based on these notations.

Lemma C.5. Let M > 10. Assume that ||ju1|| < 1/M? and ||pi|| > M for any i > 2. uy =
(D,0,---,0), where M < D < M + +p5. Then, for each i > 2, we have

w;() D? 2 L2
< 22— (D—a;)+ = :
2 <exp (G-~ a2 (D - ai) + 3l

Moreover, if a? + ||Z||* < M?, we have

wi(@) g—x —a; T 2—a
D < (g5 ~ea(D )+ sl 22— )

Proof. Notice that by = (0,- - ,0). By definition, we have

wi(z) D? 2 T

w8 —oxp (G~ P/ = (un
e D* N B2 “Ty
=exp | — a; /2 —x1(D —a;) — ||bi||/2+ 2" b;

D? _
<o (5~ /2 - aa(D - )~ [0/2+ - Il ).
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Therefore, we always have

wa(x)

D2
<o (G- at/2 - na(D - @) = /2 + - [

D? 1
<o (D0 —at/2-a1(D - a) + glal?).

Moreover, if a? +||Z||* < M?, by the fact that a? +||b;||> > M?, we have ||b;|| > /M2 — a? > ||z]|.
Therefore,

O

Lemma C.6. Let M > 1000. Assume that ||pu1|| < 1/M? and ||ju;|| > M for any i > 2. o
(D,0,---,0), where M < D < M + ++5. Then, for each i > 2, if [|b;|| > 6|z, 0.4M < z;
0.6M, we have

IN I

o (1 Il
wa(x) ~ 30 )7

Proof. For any ¢ > 2, we have

w;(x) (r1—a;)®  (x1-D)* [z> [z b
wa(z) O ( > T 2t 2

D? _

<o (B - at/2-n(D - a) = I0l/2-+ 2l o)
D 2

< exp 7—a1/2*1‘1(D7(L1)*”b1” /3 :

When ||b;]| < 2v/ M, we have

b; ||
|(Z7;|2\/M2—Hbi||22M— || H > 2.

2M

Therefore, we have

w; () D*  M? —||b|]? |[:]|*
< =z = b D — /M2 —b,]]2) —
wa () —CXp< 2 2 ‘“( il ) 3

B A Y S Y &
<exp|l+ 6 T - i

b; ||
Sexp<1|3(|)|>.

When ||b;]| > 2v/ M, we have

wl(x) D? LE% HbZHQ M? Hbl||2 Hbl||2
< —+ = - D-— ] < 1+ ——— 1)< 1——).
wa(x) exp( 2 2 ~ M 3 P 5 3 P 30

O

Lemma C.7. Lety ~ N(0, I;_1). Then for any vector b € R?~1, with probability at least 1 — ﬁ,
we have

T L 0]
b; (J:—Zbi>+2+ ) <4logn + 2.
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Proof. We can assume that b = (s,0,---,0), where s = ||b|| by rotating the coordinates. Let the
first coordinate of x be y. Then the left hand side is s(y — s/2) +2 + %.

Notice that by Lemma with probability at least 1 — i we have y < 24/logn. In this case,

ol (7 — b, +2+Hbi”2— (y — /2)+2+i
A X 21 1 = Ss\y S 1

< —§ +2sy/logn + 2
<4logn + 2.
So the result follows.
O

Lemma C.8. Ler M > 1000n°V/d. Assume that ||| < 1/M? and ||| > M for any i > 2.
p2 = (D,0,---,0), where M < D < M + 5. Then for any % <z < M/2+1/M, with
probability at least § over T ~ N(0,14_1), we have ws(x) > 1/(10n°) and

M 1
— < <|(1- M
10 S ul@) s ( 100n5)

Proof. In the proof of this lemma, we always assume that & < 2y < M/2+ 1/M, ||z|| < VM.
We assume that for any ¢ > 2, we have

T 1 10
b; <f—2bi>+2+4<4logn+2. 3)

2n

holds for all i > 2. Also, the probability that ||Z|| > /M is at most exp(—(vV'M —/d)?/2) < -

— 2n°
Therefore, with probability at least 1 — %, we have the assuptions above hold. We just need to prove
the desired result under the above assumptions.

By Lemma when z is fixed, then with probability at least 1 — =2 we have the above inequality

For any ¢ > 2, we have

wil®) _ oxp ((wl S R G ) R i bill2>

wa(z) 2 2 2 2

D? 1
= exp (2 —a2/2 —x1(D —a;) + b, (f - 21%-)) .

When ||b;|| < 6v/ M, we have
|ai| > 1/]\42 —bZQ > Ty.

Therefore,
%2 —a?/2 —21(D —a;) < %2 - w -1 (D— M2 — Hbi||2)
bi||? bi||
<1+ |2”2 -z - %
b;
<oy ol

By eq. (3), we have

g

i()
wa(x)

Otherwise, when ||b;|| > 6+ M, we have ||b;|| > 6||Z||. By Lemma we have w; (z) /wa(z) < 3.
Therefore, for any ¢ > 2, we have

< exp (4logn +2) < 10n™.

w; ()
wa(x)

< 10n*.
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Also, we have

T —_
9 + 9 +x (1 M2)>

1 D? M 1 1
el oty T\ ) Pl

wi () _ lpall® | llpe2l
=exp| —

On the other hand, we have

wi(z) Qe T
w2($) - eXp ( 2 + 2 + (,Ltl :U’z)
D> M 1
D 1
sep\gE Tap ) S

implying w1 (z) < 2/3, wa(x) > 1/(10n°).
By the fact that w; (z) + >, , wi(2) = 1, we have wi (z) > 1/(50n°).
Also, we need to upper bound all w; (¢ > 2) such that a; < M/2. By Lemma

D? 1 D a?  Ma; |7|?
§exp<—a§/2—x1(D—ai)+2||a:Q)Sexp(m—2—|— 5 T )

wa(x)

2
In this case, when a; < —M /2, we have

w;(z) o ( D M?  Ma; N ||:f|2>

wa(z) ~ 8

2M3 8 2 2

<o (-22) <o (-22) )/ (jal+ )

When —M/2 < a; < M/2, we have a? + ||Z||? < D% By Lemma|C.5] we have

wj(x) D _
< = — (D - M2 — a2
() = exp < 7 — 21( a;) + || Z|| al>

D M ,
< = Lz < exp(— .
< exp <M3 1 + x||M> < exp(—M*/3)

Therefore, the absolute value of the total contribution of all w;(z)a; such that a; < M/2 is at most
nexp(—M?2/5).

When a; > M + 1, by Lemma|[C.5] we have

w;(z) D L2

< 7, a4+ =

wQ(x) < exp ( 5 a; /2 :El(D az) + 2H$||
M? 1

< exp (1 + 7 — a?/? — xl(M - ai) + 2|,7;||2>

M2 2 2 1 =112
<exp(l+— —(a;—2z1) /2—x1M—$1ai+2x1+§||33||

(M2 M? M M2)
XP 0 .

Therefore, the total contribution of all w;(z)a; such that a; > M + 1 is at most n exp (—M 2/ 6).
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Now we can bound v; (). On the one hand, by w; (z) < 2/3, we have

x) = Z w;(z)a

> —w(x) - a + wa(x )D+%(17w1(z) — wo(z)) —nexp (—M?/5)
M M ,

> -5 5 e (M25)
M

> —.

— 10

On the other hand, we have

x) = Zwi(m)a
1

M 2
gM—l—l—m—i-nexp(—M )/6

1
<|l1l——|M
< 100n5)

These two inequalities give the desired result.

Swy(z)- —wy(2))(M +1) + nexp(—M?)/6

O

Lemma C.9. Assume that ||ju1|| < 1 and ||p;|| > M for any i > 2. Then for any ||z|| > 1000n/d,
we have ||v(z)|| < 4]|z]|.

Proof. First notice that for any 4 such that ||u;|| > 3||z||, we have

) 12 12
o) _ gy (Ml el

wy(x) 2 2
< exp (/9 + L)
< exp (—|lil|?/7)
< exp (=[l2]?) /(nflpal))-

Therefore, we have
[o(@)[] <1+ exp(=[lz]*) + 3[lz]| < 4]z]|.
O

Now we have prepared to prove the following lemma, which establishes that for each p; with ¢ > 2,
the gradient update is directed toward increasing its value.

Lemma C.10. Let M = min;>o ||| such that M > 108v/d - n'°. Assume that ||, || < 1/M?>
and ||pi|| > M for any i > 2. Forany i > 1, if || < M + 53, then p]V,, L <

— L exp(—M?/B).

Proof. Without loss of generality, we assume that ¢ = 2 and pus = (D, 0, --- ,0) by rotating all the
wi’s. Then M < D < M + #

Recall that

Vi £ = Eonno,1) [wi(2)v(@) + wi(@)v(@) " (pi — v(2)) (@ — p)]
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Let
S1 = Egun(o,1,) [wa(z)v1 (2)]
Sy = Eqon(o, 1) [w2(z)v1 () (D — v1(2)) (21 — D)]
S3 = Epnr(o, 1) [w2(2)v2(2) T (b2 — v2(2)) (21 — D)].

Thus the first coordinate of V,, £ is S + Sa + S3. Now we just need to give an upper bound for
each of them.

Upper bound S;: Notice that S1 = Y=, Ez(0,1,) [wa(x)wi(z)]a;. First, by corollary [C.3] we
have

7 M? 7 M?
Egrnr(0,1)[w2(z)wi(z)]ar < Epopro,r,)[we(z)]ar < P <_8) ap < 3P <_8> .

For any ¢ > 2, we have ||u;|| > M. If || ;|| < 2M, then we have

7 M? M?
Eyrnr(0,1.) (W2 (2)wi(z)]a; < Epopro,r,)wa(r)]a; < e A A < l4exp -5 )

If || p1;]| > 2M, then by corollary[C.4|and a; < ||11;]|, we have

N . _ 5 [l M2
EwNN(O,Id)[wQ(x)wl(x)]az < EwNN(O,Id)[wz(x)]az < ||,U/H eXp | — 7 a; < 5€Xp - 3 .

Therefore,

M2
S < ldnexp (_8> .

Upper bound S;: Recall that

S = Epon(0,1,) [w2(z)v1(7) (D — vi(z)) (21 — D)].

We first consider the total contribution of the negative wy(z)v1(z) (D — v1(z)) (x1 — D). By
Lemma | we consider the case where & < zy < M/2+1/M, M/10 < vy(z) < (1 — M
and wo(z) > 1/(10n°). In this case, 0 § v1(x), 21 < D. Thus we have

w@mwﬂDmmwmzms]*(ll )M.M.(Ml)g M

)

10n° 100n5 100n5 2 M 3000n10°
Also, for each x; such that M /2 < 21 < M/2 + 1/M, the density of z; is at least

1 - exp (—(M/2+1/M)2) > 1eXp (—MQ> :

V2 2
Therefore, the total contribution of the negative wa(x)vi(x) (D — vi(x)) (z1 — D) is at most
M M?
~ 24000010 XP (*T)

Then we consider the total contribution of the positive wq(x)vi(x) (D — vi(x)) (x1 — D). When
lz|| > 2M /3, for any ¢ > 1 such that ||x; , we have

w@)ﬂp<m—wP Hm—wQ)

wi (z) 2 * 2

< i ||? II/MI

(mn+”J0

p (=llwal®/7)

+mwum|+m10

\ /\
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Thus, as M > 1000v/d - n°, the sum of these w;(z)||us|| is at most n||z|| exp (—||z]|?/7) < [|z|.
Thus ||v(z)|| < 4]|z||. The total contribution of the positive ws (z)v1 () (D — v1(x)) (1 — D) under
this case is at most

<1 (2M/3 + k — V/d)? 3
Epn(0,10) L2207 - 50l|z]*] < - €xp <_ -50(2M/3 + k + 1)
o V2 2
1 (2M/3)? 3
<9 . — -50(2M 1
SN exp ( ; 50(2M/3+ 1)

< exp(—M?/6).
When ||z|| < 2M/3, we have 1 < 2M /3 < D. To ensure that wy(z)vy(x) (D — vi(x)) (x1 — D)
is positive, we need vy (x) < 0 or vy (z) > D.
For any ¢ > 1 such that ||z1;]] > 2M, we have

wi(@) _ il - )
= exp +

w1 () 2 2

|l — 2 2 2
< o (<L 2MISP | ISR o, (LY

Therefore, we have |v1 (z)| < ||v(x)] < 3M.
Notice that

S

2(7) g2 = xl* | [lpa — | M?
= — < —— 4+ M 1]).
wl(ac) exp ( 5 + B < exp 5 + Mz +

When 21 < M/3, the total contribution of the positive ws (x)vy (z) (D — v1(z)) (z1 — D) is at most

M/3 1 2 M2
/ - exp (—gvl) - exp <—+Mac1+1) -30M3dxq

—oM/3 V2T 2 2
. M/3 1 M — 2
<60M3 - exp ((“1)) da,
oo V2w 2

=60M3 P > 2M/3
NNfOJ)[y /3]

Y

2M/3)? 2M?
<90M? - exp (—(/3)> = 90M? - exp (— ) .

2 9

Now we focus on the case where M /3 < x1 < 2M/3. When ||Z|| > v/ M, the contribution is at
most (notice that 2 and ||Z|| are independent)

Vad)? Mz a? M? 3
exp(—(vM— d) /2) /M/3 m~exp(—2>~exp<—2+Mx1+1>'30M -dxy

Mz 3 3
+ cexp | —— ) - 30M° - dx
/M/3 V2m P ( 2 > '

<exp(—M/3)-90M?. Pr [y> M/2]

~N(0,1)
2
<180M? exp <A§ — A;) .

Otherwise, we have ||Z|| < v M. For any ¢ > 1 such that a; < 0, by Lemma ifa; < —M/2, we
have

w;(x) D? 9 1, 19
< - _ _ _ -
wr(2) eXP( 5~ 0i/2—a1(D —ai) + S |z]]
2 @2 M 3M 1
< s 2 et W | 3 B4
exp (5 - % - 3 2 L)
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If a; > —M/2, we have a? + ||z||> < D?. By Lemma|C.5] we have

w; (x D _
w2i)><(w—mw—ai>+nx| Mz—a><e><p<1 M? [3+MVM) < exp (=M?/4) /M.

Therefore, we have vy (z) > —2/M3 by summlng up all negative a;’s. Therefore, the contribution of
the positive wa(x)v1(z) (D — v1(z)) (z1 — D) in the case that vy (x) < 0 is at most

1
Epon(oa)[w2(2) - 375 2M?) < Bprn(o,1,)[w2(7)] < exp(—M?/8).
The last inequality is due to corollary [C.3]and A/ > 1000.
When vy (x) > D, consider any i > 1 such that a; > M + 2. By Lemma|C.5] we have
i D? 1
U < exp (- /2= (D - a) + 3ol

wa(x)
<o (ot 91+ By )

2
M
< exp (—8) Jlad.

Therefore, by summing up all contributions of a; > M + 2, we have v1(x) < M + 3. Therefore,the
contribution of the positive wy(z)v1(x) (D — v1(x)) (21 — D) in the case that v1(z) > D is at most

Ern(0,1,) (W2 (2) - 10M?] < 10MPE, (0,1, [w2(2)] < 140M exp(—M?/8).

We sum up all the cases. The positive contribution is at most
M2 M
exp(—M?/6) + 90M? exp(—2M?/9) 4+ 180M? exp (—8 - 3)

+ exp(—M?/8) 4 140M exp(—M?/8)

M? M?
= 18000710 P (‘ s> -
Therefore, we have
M? M?
52 = = 13000n10 P (_8> '
Upper bound S;5: Recall that

S3 = —Epn (0,10 [w2(2)v2(2) " va(2) (21 — D)].

il > 3|

wi(r) _ i — | — x|
wy(x) xp ( 2 + 2

, we have

el s
< oxp (1 B st + B

2
i
< oxp (1 4 )

< exp (—flpill*/7) -
Therefore, we have ||v(z)|| < 4||z||. The total contribution of this part is at most

=1 (0.6M + k — /d)? 5
Eon(0,1) 1z z0.60s - 50[]*] <> - exp <— -50(0.6M +k +1)
o V2 2
1 (0.6M)? 3
<2 . ———— ] -50(0.6M + 1
<2 e (<057 ) sy

< exp(—0.15M3).

29



Published as a conference paper at ICLR 2026

Now we consider the case where ||z|| < 0.6M. Thus 21 < 0.6M. For any ||u;|| > 2M, we have

Bl) o (_ (sl = 05MY: <0-62M>2) < exp (—]‘g) il

Therefore, we have |va(x)| < 3M. As ||z|| < 0.6M, we have

— 72 _ |2 M2
ws () — exp (||,u2 z|| n |11 — || ) < exp (2+Mm1+1>.

wi (z) 2 2

Therefore, the total contribution of 7 < 0.4M is at most

0.4M 2 2
1 x] M 3
cexp| —— | rexp| —— + Mz, + 1) -30M°dx
/_OO V2T P < 2 ) P ( 2 ! > '
0.4M 2
1 M —
<60M3 - exp <_(9€1)> dxq
oo V2T 2

<60M*® Pr [y > 0.6M]
y~N(0,1)

(0.6M)2

<100M? - exp <— 5

> = 100M* - exp (—0.18M?) .

Now we consider the case where 0.4M < 7 < 0.6M. When ||Z|| > v/ M, the contribution is at

most (notice that 1 and ||Z|| are independent) By Lemma [C.6] for any i > 2, if [|b;]| > 6|z, w

have
. 12
wie) (Y
wa(z) 30

(S

Therefore, if | Z|| > v/M, we have ||ve(z)|| < 7||Z||. Then for fixed x1, the expected vo(z) " vo(z)

is at most

M+E,no©1,.1) [1\|y\|>\/ﬁ . 7||y||2}

— 1 k+ VM - Vd)?
<M+kz_0m~exp<—( a 5 )>-7(k:+\/ﬂ+1)2
§M+2\/%-exp <_(\/M2\/§)2> -7(\/M—|— 1)?

<2M.

Therefore, the total contribution of this part is at most

. M?
Efcw./\/((),ld) |:10‘4M<zl<0.6M min {1,exp (—2 + Mxq + ]_) } . vg(x)Tvz(x)(xl - D):|

M2
§4M2Em~N(0,Id) {min {1,exp (—2 + Maxq + 1) }]

]\/1/2 1 x2 M2 0.6 M 1 J:Q
<4M? - ex —1>-ex (——i—Mx +1)dac +/ -ex (—1
< ( . o P( 5 p B 1 1 22 o p 5
<16M?*. Pr [y > 0.5M)]

y~N(0,1)
(0.5M)?
2

<32M exp (— ) = 32M exp (—M2/8) .

Therefore, by combing all the cases, we have

Sy < exp(—0.15M7) + 100M> - exp (—0.18M?) + 32M -exp (—M?>/8) < 50M exp (—M?/8) .
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Now we can combine all the three parts.

M? M? M?
Sl + SQ + Sg S 14nexp (8> — mexp <8) + 50Mexp (7M2/8)
M?
< T 10Pn10 exp(sz/S),
which means
T M? 2
pg Vi, £ < 10510 exp(—M=/8).

We also need the following lemma to bound the norm of gradient.
Lemma C.11. Let M = min; >y || || such that M > 108+/d - n*°. Assume that ||| < 1/M? and
il > M for any i > 2. Then for any i > 1, we have ||V, L|| < 700nM? exp (fMTZ).

Proof. Without loss of generality, we assume that ¢ = 2 and o = (D, 0, - - -, 0) by rotating all the
pi’s. Here D > M. Recall that by Lemma|[B.I] we have

V£ =2E, lw2( Jv(z) + wa(z ij 2 po — 2wz (x)v(z)v(x) " s

~ 2u(a ij )7 1y) 1y + 3w (@) (v(2) () v<x>]
=2E, lwg( Yo(z) + wo(z Z wj(z u],uJ to — 2ws(x Z wj(z LY o
— 2ws(x Z w;(x /,L;€ 1) 1 + 3wa(z Z w;(z wy () (,ujT,uk) m] .
7.k,
“
By corollary , for any i > 2, we have E, xr(0,1,)[wi(z)] < % - exp —MTz . Also, for any
i > 2 such that ||p1;]| > 2M, by corollary , we have E, ar(0,1,) [wi(2)] < Hli‘“ - exp <_M)

Therefore, for any ¢ > 2, we have

3 2 M2
Baaoaplus@lll® < Mo (-7 ).

Therefore, we consider the right hand side of eq. (4). For each (1 1), item, we use the maximum
|lger|| among f4;, 14, pex, to upper bound the norm. Therefore, we have

Vo £ < 18, [wa(@)]||m ]| + 60D Eqfw ()]l
i>1

2
< 700nM? exp <_]VSI> .

Now we consider the gradient update for 1.

Lemma C.12. Let M = min;>y || || such that M > 108+/d - n'°. Assume that ||ju1|| < 1/M? and
lp2il] = M for any i > 2. Then for any n < 1, we have

M2
i = 0, €1 < (1=l + - 25000 exp (-2 )
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Proof. First, we consider case where ||z|| < &L — /M. In this case, for any i > 1, as ||p;|| > M,

we have
) 2 2
wxx>gfmp<_uz ol? | o x)

w1 (x) 2 2
2 2
< exp _(];[+2\/M> +<A2/[_\/?_A}3)
< exp(—MVM).

Therefore, in this case, we have wy (x) > 0.99 as the sum of all other w; (x)’s is at most 0.01. As the
probability of ||z|| < & — /M is at least 0.99, we have

S = EzNN(O,IJ)[wl(x)z] Z 05

Therefore, by the form of V,,, £ as stated in Lemma [B.T} we have

(Vi £ =25 | =|]2E; |w sz z)pi +wi(z ij IL’L]MJ 1 — 2wy (z)v (x)v(z)Tul
i>1
— 2w, (x Zw] z) " pj) py + 3w (z) (v(z) v H|
<2 Eofwi(@)] il +2 [Ex [wi(2)® = dwi(2)? + 3w ()] ] - |||
i>1
+36 > Eafw;(@)]|| . 6))
i>1

The last equation is by writing

Z% Yy 1 — 2wy (z)v(x)v(z) "

— 2w (z Zw] u]) pi + 3wi(x) (v(x)Tv(m)) v(m)}
as
ng )] — 2wy (x ng )
— 2wy (z Z w;(x (1 115) g + 3w () > wj(= wi(x) (1) por) m] :
7.k,

Then for each item, find the maximum z; in the item and use ||z1;||* to upper bound || (,u]T ) |-

Now we bound eq. (3). By corollary [C.3] for each i, we have

7 M?
&WWMMMSemC>.

Also, by corollary[C.4] for each i such that ||;|| := s > 2]M, we have

5 §2
Epono,1,) [wi(z)] < PR i

Therefore,

7 M? M?
3 3 2
2;>1E w; (2)]]| i || +36 élE w;i (2)]]| i ||” < 38-8M°n-—-exp (— 3 ) < 2400M*n exp (— 3 )

32



Published as a conference paper at ICLR 2026

As for the remaining term, notice that
wi(2)? = 4w (2) + 3w (2)*] < [1 = wi(2)] - [1 = Bwi(2)] < 2(1 — wi(z)).
Therefore,
2|E, [wi(2)? — 4w (2)* + 3w (2)*]| - | |?
<AE,[1 - wi(@)] -

=Afpl® - Y Eolwi()

i>1

4 7 M?
Sas " P\ Ty

M2
<M?exp <_8) .

Combining these two terms, we have

M2
|V, £ = 2Sp1]| < 2500nM? exp (_8) :

Therefore, we have

M2
i = 0%, 1 < (1208 + - 2500002 exp (- )

M2
< (L =m)lpa]l +n - 2500nM exp (_8> .

O

Lemma C.13. Let p < 1 and M > 108Vd - n'°. Assume that ||p1| < 1/M?, ||wil| > M
for any i > 2 and ||| > 5000nM? exp (—%2). Then for any My such that M < My <
M + 7 - 700nM? exp(—M?/8), we have

||U1 - 77Vm£||
Mg exp(—Mg /8)

[l
M?exp (—M?/8)"

< (1-mn/4)

Proof. Lete = My — M < 1J5. By Lemma|C.12] we have

2
i — 9, _ (=l + - 25000002 exp ()
lll = ]

Combining with

= — exp

M@exp(—MZ/8) Mg M i
M2exp (—M2/8)  M?

s Mo
5 = 10
the result follows as (1 — 1/10)(1 — n/4) > (1 —n/2). O

The following lemma gives a bound for the loss.
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Lemma C.14. Let M = mingso ||| such that M > 108vd - n'°. Assume that ||| <
7500nM? exp(—M?/8). Then for L = E, (0,1, [|v(2)]%], we have

1
000 M exp(—M?/8) < L < 14nM exp(—M?/8).

Proof. First, notice that
Eonn(0,10) = D Barnr(0,1) [wi(@)w; ()] - (1] 1)
(2¥]
<l l® 42 Borno,1 wi(@)] ||l
i>1

< 10802 M* exp(—M?/4) + 2n - TM exp(—M?/8)

= 15nM exp(—M?/8).
The last inequality is by corollary [C.3]

As for the lower bound, we assume that ||u2|| = (M,0,---,0) by rotating all the x;’s. Then by
Lemma|C.8] for M/2 < 1 < M/2+ 1/M, with probability at least 0.5, we have ||v(z)|| > M/10.
Therefore, as the probability of such z; is at least

05 o (Y L (0

V2 2 M ~ 50 8
we have £ > LM exp(—M?/8). O

We use the following lemma to characterize the updates of y; for all 7 > 2.

Lemma C.15. Let M = min;>o || || such that M > 108+/d - n'°. Assume that ||ju1|| < 1/M? and
lp2il] = M for any i > 2. Then for any n < 1, we have

2

510510 P M/8).

M + - 700nM? exp(—M?/8) > max | =0V, Ll = M+
Proof. Forany i > 2,if ||| < M + 57z, then by Lemma|C.10| we have

2

lpts = 19 £12 2 P+ 200] V£ 2 M2 420 =

exp(—M?/8).
Thus

2
2105710
Otherwise, if ||pi;|| > M + 55, by Lemma|C.11| we have

s =V, LI > M+n- exp(—M2/8).

2

1
i =0V LIl = M + 525 = - T00nM? exp(—=M?/8) > M + 7 (—M?/8).

2. 10510 P

Therefore, the second inequality follows. The first inequality is a simple corollary of Lemma[C.11}
O

Now we are ready to prove Lemma[C.1]

Proof of Lemma[C.1] We always use M (7) to denote min;>» ||;L§T) Il

In the first iteration, we have Hu(lO)H < 1/M?3 and H,ul(.O)H > M for any ¢ > 2. The following
induction can prove that for any 7 we always have H,ugT) | < 1/(M())3 and H,u,l(.T) | > M) for
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any ¢ > 2. We just need to notice that if it holds for 7, then we have M (T+1) > M (™) because of
Lemma Then if ||\ || > 5000nM2 exp(—M?2/8), we have (we use M to denote M (")

T+1 T
16N = 1187 = 0¥ o L]

1 (M(T+1))2 exp(_(M(T+1))2/8)
(MCD)F (M) exp(—(M)2/5)

<1 —-n/4)

1—n/4
(I
1

IN

A

The second last inequality is because M (71 > M (") and they are both large enough. The last
inequality is because M ("t < M () 4 1. 700nM? exp(—M?/8). Therefore, the induction holds
for 7 + 1.

By Lemma ||pe1]] can only increase by at most 7 - 2500n.M? exp(—M?/8) in each iteration.
If it is larger than 5000nM2 exp(—M?2/8), then it decreases Therefore, once it becomes at most
7500nM? exp(—M?/8), it will never exceed this value again. By Lemma the gradient descent
uses T' = O(M§ /n) iterations to make ||x11|| < 7500nM? exp(—M?/8). Then it always holds.

By Lemma[C.I5] we have
M+ > M +1- 700n(M(‘r))2 exp(*(M(T))Q/S).

Therefore,
M exp ( (areny’ /8)
< (M) 4 - 7000 (M) exp(—(M7)2/8) ) exp(—(M)2/8) (1 = - 50n(M D) exp(~(M7)?/8))
<M exp(—(MT)?/8) (1 — 1+ 20n(MT)? exp(*(M(T))Z/&)
<MD exp(~(M7)?/8) ~ Lnn (M exp(~(M (T))2/8))2 :

Let G, = 14nM () exp(—(M ()2 /8). Therefore for any 7 > T', we have G,41 < G, — G2 < 1.

So
1 S 1 n 1 S 1 41
Grv1 Gy 1-G; ~ G, '
We can use induction to prove that for any 7 > T, G, < T_%, SO
1
14nM ™ exp(—(M ()2 /8) < ——.
(CMOP8) < s

Therefore, by Lemma|C.T14] when 7 > T', we have
1

£ < =
“o(r=T)

Also, we have

M exp ( ( M(r+1>>2 /8>
> (M) 417 700n(M ) exp(—(M7)2/8) ) exp(—(M)2/8) (1 = - 700n(MD)? exp(~(M7))?/3))
=M@ exp(~(MT)?/8) (1= 5 700n(M 7)) exp(—(M7)2/8))

=M™ exp(—(M()2/8) — 700nn(M )2 (M(T) exp(— (M) /8))2 .

35



Published as a conference paper at ICLR 2026

Therefore, for any 0 < € < 0.5 and constant K (K can be relavent to n, d, My, but not 7), when
M () is large enough, we have

1
(M(T+1) exp (_ (M(r+D)? /8)>1—e
1 (2 (™) ()2
S(M(T) exp(—(M™)2/8)) (1-+ S00mn(1 )2 (M) exp(-(37)2/5) ) )
1 1

< — t o
(M) exp(—(M(7)2/8)) 2K
Therefore, when 7 is large enough, we have
E(‘r) N 1 Kl/(lfe)
= 5000 7L/(-9"
Therefore, the theorem follows.

D PROOFS FOR SECTION 3]

Still, for each ¢, we can find that
2

Et(st) = EwNN(u;‘J.j) ,Uz t—

oxp (=Ml = piell?/2)
j=1 exp(=llz = pje?/2

= Eonn(uy.1a) )Mi exp(—t) — p* exp(—t)

exp(—fle = (i = pDIP/2) o ey o
Ty exp( *HI*(,LL],tf/Lt)\p/Q)(”% ") exp(—t)

= EznN(0,10)

Therefore, the training loss is equivalent to the case when p* = 0, and the initialization is i} =

*

2
As we only consider the case where ¢t = 0, we can use 11; to denote p; o for simplicity. The gradient
descent is on the loss £ := L(so). Based on the above analysis, we just need to consider the case
where p* = 0 and fi; is initialized “close to” Myeq = (M, 0, - - ,0). (actually it is initialized as
—u*, but by applying an orthonormal transformation, we just need to consider this case).

D.1 PROOF OF THEOREM[3.]]

Lete; = (1,0,0,--- ,0) € R% We consider the case where 111 = seq, jia = —seq, jt; = (0,--- ,0)
for ¢ > 3, where s is a positive real number.

Recall that by Lemma|[B.1] we have

Vi £ =2E, |w;(z)v(z) + wi(z Zw] u],u] i — 2w;(z)v(z)v(x) "

— 2w, (x Zw] ) ;) py + 3wi(z) (v(z) Tv(z)) v() |,

which is a linear combination of all y;’s, we know that V,, £ can only have nonzero component in
the first coordinate.
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Let
Si(x) =w;(z)v(z) + wi(z ng w) i i — 2wi(@)v(z)o(@) "

— 2w;(z ij ) T 5) py + 3wi(z) (v(z) To()) v(2),

Then for 7 > 2, we always have Si (z) + S;(—x) = 0 by considering the coefficients of y; and us.
Thus V,,, £ = 0.

Also, we have S;(z) + Sa(—x) = 0 because the coefficient of 11 in Si(x) is the same as the
coefficient of yg in So(—z). Thus V,,, L+ V,,, L = 0.

By Corollary when s > 10v/d, we have

7 52
Eorn0,10) [W1(2)] = Eqmnr(o,1,) [we(z)] < S exp <_8> .

Therefore, for such s,
L < E.fwi(z) + wa(z)]s* < 14sexp(—s?/8),

SO
lim £=0.

s—+00

As L for s = 0 is 0, there exists s > 0 to maximize £. We choose such an s. Therefore the first
coordinate of V,,, L — V,,, L is 0. Therefore, as V,, £ 4+ V,,,£ = 0 and they only have the first
coordinate, Theorem [3.1] follows.

O

D.2 PROOF OF THEOREM[3.2]

Without loss of generality, we assume that u* = 0, and the initialization ,uEO) satisfies || ’ugo) —
Moeq|| <

108ndexp(1106nd(M0)3) fori = 1,--- ,n. We denote A0 = M. For each 7 > 0, let

AT = (1 —n/n)AT). Lete; = (1,0,---,0) € RY. We define K = 10000nd(A(™)?2. We
T) 1

define B( )= 108nd exp(106nd(A(T))3

B(") is maintained fori = 1,--- , n.

- We use induction to prove that for each 7, ||NET) —AMey || <

™)

We first consider one iteration. We use ; to denote ul for simplicity. First we prove the following

two lemmas:
Lemma D.1. Ler A > g K = 10000ndA* B = {gogemmoenaas)- Forany 1 < i < n,
i — Aea|| < B.
Then for any x € R such that ||z|| < K, we have that
le(m) ! < 4KB,1 <i<n.
n n

Proof. For such x, we have
exp(—lz — pill*/2)
exp(—||z — Aei[[?/2)
=exp (—x " (ui — Aer) + ||l */2 — || Aes|*/2)
=exp (=2 (i — Aer) + (|l = [ Aea ) (|l + | Aex]))/2)
<exp(KB+ B(2A+ B)/2).

Similarly, we have

exp(—lz — mill?/2)
exp(—[lz — Aes[*/2)

> exp(—KB — B(2A + B)/2).
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Therefore,

w;(z) = S e)ipe(x;um—_xu—lnuj/i)/z) > = L exp( 2KB — B(2A + B)),

and

oy — Pl — pl*/2) < Lo
wi(®) S exp(—llz — p22) p(2KB + B(2A + B)).

Therefore, as 2K B + B(2A + B) < 0.1, we have that

4K B
—

[[wi(x )—*ll < (3KB+15B(2A+B))

O

Lemma D2. Let A > L K = 10000ndA2%, B = 108n2dexp1(106ndA3)' Assume that for any

6n?

— Aes|| < B. Then for any i, we have that
6KBA

1
IV £ = —Aer|| <
n

Proof. Without loss of generality, we assume that ¢ = 1 here.

Let
S(z) =wi(z)v(z) +wi(z ij 2 i 1 — 2w (z)v(x)v(z) "

2wy (a Zw] )T 1) 1y + 3un (@) (v(@) To(@)) ().

Then by Lemma|B.1} we have V,,, £ = E, (0,1, [S()]-

Notice that ||p; — Aeq|| < B for j = 1,---,n, we have that |[v(z) — Aeq|| < B as v(z) =
Zj:l w;(@) ;.
Therefore, when ||z|| < K,

A
1(z) - Ze

=H (m(x)v(x)—;Ael)—m(x)v(mf(m—v(x)) ) ) S wtepn (v

—wi(2)v(@)o(z) " (1 —v(w)) - —wi(z Z pjw; (z (o:))H
<@(A+B)+ —B+4- %BVHB)?
<5KBA.

Also, when ||z|| > K, we have
A 3 A 3
||S(:E)7561H§(A+B)+8(A+B) +f§2A+10A.

As the probability of ||z|| > K is at most exp(—(K — v/d)?/2) < B2, we have
6KBA

A
Vi~ erll < Eprna [s - e1||]
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Now we are ready to prove Theorem 3.2]

Proof of Theorem[3.2] We prove that the fact ||/,L§T) —AMe;|| < B is maintained fori = 1,--- ,n
by induction. We just consider one single iteration. We omit the superscript (7) for simplicity. In one
step, we use A to denote A K to denote K(7), and B to denote B(™). Notice that when A < é,
Lemmahas given the convergence guarantee, we only consider the case when A > %.

After one iteration, A is changed to A’ = (1 — n/n)A. p; is changed to u = p1; — nV,,, L. We have
that

1
s =0V £ = (L =n/n)Aerll < [ui — Aer|| + 7|V, £ = —Aea|

KBA
§B+n6 —

By the fact that
1 - 14 10nd - A3
108n2d exp(10nd(1 — n/n)3A3) — 108n2d exp(10nd A3)

zB<y+““)
n
> |lpui =V, £ — (1 —n/n)Aeq],

we have that the result holds for A’ = (1 — n/n)A and p, = p; — nV,, L. By induction, we know
that ||\ — A®e, || < BO forall 7 > 0.

Therefore, after O (w) iterations, we have A(T+1) < & since AT = (1—n/n)AT),

Thus it comes to the case as Lemma[B.4] O

D.3 PROOF OF SECTION[3.3]

Here, we also consider that * = 0, and the initialization M(O) is initialized by N'(Mgyey, I).

We consider the case where there exists ¢ such that for any j # 4, we have ||z;]| > ||p ]| + M& /3,
Also, all ;s satisfy ||; — Mo < Mg/>.
Lemma D.3. Let My > 10°n'°V/d. The probability that:

1. all ;s satisfy |1 — Mol| < My'>;

2. there exists i such that for any j # i, we have ||f1;|| > |||l + Mo_l/?’;

is at least 1 — n2M0_1/3.

Proof. For each p;, the probability that ||u; — Mo|| > Mé/3 is at most exp ((Mol/3 — \/ﬁ)2/2) by
Lemma[AT]

Now we consider the probability that:

—~1/3 —-1/3
Lo=My < | = ol < Mg

2. All p;’s satisfy ||u; — My < Mé/g.

Actually, we consider the first coordinate of 1, o, where My — My < z1,292 < My + +/ M.
Then

1>

1/3 2/3

raall? = laal?| _ (2 — 23— 2% _ 2 (Mo = Mg") for — o] = 21/
[l = o] = B2 > FL_ o > o
2(Mo+ M) T 2 (Mo + M%) 2 (Mo + M%)
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1/3 —~1/3

Therefore, if |z1 — x| > 2My /*, we have ||| || — [|p2ll| > M

Now we just need to bound the probability that |x1 — x2| < 2M, 173 Notice that when we fix

21 € [My — My"®, My + M;'?], the probability that |21 — x| < 2M, /% is at most

/wﬁMo”s 1 ( (Mo — :C2)2) 2My ?
——exp | ————= ) dwy < /2,
oMy V2T 2 Vor

The result is similar to all (¢, j) pairs (which means that for any two 1, 15, the probability that
—1/3

~Mg P < uall = lgl) < My M is at most 2.

Therefore, in conclusion, the total probability of the two conditions is at least
oMy 1/3

1 )
1—nexp((Mé/3—\/g)2/2)—n(n2 ) N 21—n2M01/3.

Lemma D.4. Let7) < 1. Iffor alli, ||ju; — Mo|| < 2ML"%, and for all'i > 2, ||| > ||y || + My /2,
then we have that:

L. |lu1 = Vi L] < 100M exp (—W%Mgm)f

2/3
o €xp (‘ﬁMo/ )

Proof. Recall that in Lemma[B.1] we have that
Vi £ =Eyin(0,14) |:LUZ( ) + wi(x Z w;(z NJNJ pi = 2wi(x)v(x)v(x) ",

— 2w;(x ij ) ;) py + 3wi(z) (v(z) Tv(z)) v(z) |- (6)

Notice that when ||z < %Ml/:”, we have

1
w1 = o
LD joexp(@ (i — pa) + (a1 = llw511)/2)
1
>
T 1+ (n—1)exp (§MY/3 .- AM/3 — (M —2M~1/3) . M~1/3)

1
> .
T 1+ (n—1)exp (—3M?/3)

Thus 1 —w; < (n—1)exp (—%ng).
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Notice that we have || ;|| < 2M for each 4. Therefore, by eq. (6), combining the contributions of x
such that ||z|| < 1M'/? and ||z|| > 1 M'/3, we have that

1 =V, £|| <(n—1)exp <—;M2/3> - (2M + 8- 8M?) + exp ((M1/3/8 - \/&)2/2) (2M + 8- 8M?)

_|_

Eonn(o,12) l1|w|§§M1/3 ( )+ Z w;(z MJM] H1

— 2v(x) m—QZwJ ) ") i+ 3 (v(z )Tv(x))v(x)—m)]H
1
<T0M? exp _ Loaps) g 4(n —1)exp [ —=M?/3) - 100M°3
200 3
. 1 .
<100M°3 ———_M?3).
<100 exp< 200 >
Moreover, as for any ¢ > 2, w;(x) < 1 — wy(z), we have
. 1 . .
IV, £]| < 7007 - ((n ~1)exp <3M2/"> +exp ((M1/3/8 - d&)?/z))
1
< 100M3 —— M3 .
= xp ( 200

Therefore, the lemma follows. O

Proof of Theorems[3.5|and[3.7] Without loss of generality, we assume that the initialization satisfies
[lges — Mo < Mol/3 fori=1,---,n. Also, for any i > 2, we have ||u;|| > ||p1| + M(;l/g.

Notice that if the two conditions in Lemmahold, by the lemma we have that

1 . a3 _
i =1 1 (0= )]+ - 1000 exp (=02 < (1= /2| < 2]
Therefore, in at most 1 + % iterations, the condition must no longer hold. However, during the
iterations when the two conditions hold, for 7 > 2, we must have

1
s =V, L] > |lpill = m - 10005 eXP( 200M02/3> .

Therefore, the second condition always hold in these iterations, and the first condition for ¢ > 2 is
maintained because
2 2/3
14+ =)-n-100M3 ——M 2.
(+77)?7 oeXp< 200 o )

Therefore, in at most 1 + % iterations, we must have one time that |1 — My|| > 2, 1/3

we find that in one iteration, we have

. However,

1 23
il = s = 1 1 il = 110038 exp 5043

1
> 1191~ 20 100083 exp (505043

1
> 1Mo = -+ 05 1) = [ = gl — 20 10003 exp (5005

As in the at most 1 + % iterations, ||My — p1]| has increased by Mé/3, we have that ||u1|| has

decreased by at least MO1 /3 _ 2. Notice that for each ¢ > 2, the norm of p; has decreased by at most
2. Therefore, at this time (denoted as time 7y), we have the following two conditions:
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1. forany i > 2, ||l > | + My"® — 4.
2. forany i > 2, ||u;|| > Mo — 2M3/3.
Now we prove that we always have:
Lt . 1/3
- forany i > 2, [|pil| = [| ]| + My"" — 4.
1/3

2. forany i > 2, ||| > Mo — 3M,"".

before we have ||p1]| < 1/(8M§).

First, under this assumption, for any x such that ||z| < %Mol / 3, we have that

1
wl(:z:) = )
T exp(@T (g — ) + (a2 = 1 17)/2)
S 1
1 S exp (=l + o)) (FbHled 4 o))
1
>
L+ (n = exp (Mo - 11457°)

1
2 1+ (n—1)exp(—My)

Therefore, for any ||z| < %Mg/?’, we have that w;(x) < (n — 1) exp(—My) for i > 2. Thus under
the two assumptions, for any ¢ > 2, we have

1 2
IV, L] < <<n — 1) exp(—Mp) + exp <‘ (3M3/‘°’ - ”) /2> ) 10M < 10 exp(—0.05My"*) M.

On the other hand, if ||y || > 1/(8Mg), we have
2
1 1
1=V, L] < (n—1) exp(—Mp)-TOMZ+10M exp <— <3M01/3 - \/&) /2) < 100M; exp (—QOMg/B’) .

Therefore,
2/3
s — 1V, L] < (1 — )| ual| + 1 - 100 exp(—0.050M"°)
< (1=n/2)pall < e 2|l

Therefore, in at most 1 + iterations, we have ||u1|| < 1/(8Mg). In such time, the distance
between p; and M has increased by at most

10log Mo

(14 101log Mo /n) - 10M3 exp(—0.05M7"%) < M3,

Thus before ||u1]| < 1/(8Mg), the two conditions always hold. Therefore, after O(log Mo/7)

iterations, the condition becomes the same as Lemma [C.1} O
Proof of Corollary[3.6] By Lemma|D.3| the result is true. O

D.4 PROOF FOR THEOREM [3.4]

By Lemma we know that the gradient for any p; can only have a nonzero value on the first
coordinate as it is a linear combination of all ;. For each 7, we denote a; as the first coordinate of
;. We denote u(x) as the first coordinate of v(x). Also, we denote L; as the first coordinate of
V.. L. During training, we always denote p1 = (M —€,0,0,---,0) and y; = (1,0,0,--- ,0) for
1=2,--,mn.

We need the following lemma:
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Lemma D.5. Let M > 10°Vd - n'*. Assume that uy = (M — €,0,0,---,0) and p; =
(M,0,0,---,0) fori=2,--- ,n. Here 0 < € < M/4. Then, we have

Vo £ 2 2B, [in (2)u(o)
V£ < 2B, [wa(x)u(z)].

Proof. By

V£ =2E, |w;(z)v(z) + w;(x ij uj,uj i — 2w;(z)v(z)v(x) "

— 2w;(x ij 2) " 15) py + 3wi(z) (v(z) Tv(z)) 'v(x)] ,

we can find that

L, =2E, [wl (x)u(x) + wy(z) ((Qu(x) —ay) <2u(a§)2 - Zwl(m)cﬁ) - u(a:)?’)]
=2E, [w: (z)u(z)

+wi(z) (M — 2wy (2)e +€) (2(M — wi(2)e)® — M +wi(z) (2Me — €%)) — (M — wy(2)e)?) |
(

=2E, [w(z)u(z) + wi(z)(1 — wi(z))e (M? — 3w (z)Me + 3w (z)*€* — w1 (z)e?)]
>2E,, [wn (z)u(z)]

Ly, =2E, lwg(w)u(a:) + wa(x) ((Qu(x) — az) (2u(m)2 - Zwl(m)cﬁ) - u(a?)?’)}

%

=2FE, |:w2(x)u(x) + wq(x) ((Qu(x) —ag) (u(a:)2 - % > w;(x)w;(z)(a; — aj)2) — u(x)3>]

<2E[wa(z)u(x)].
The last inequality is because u(z) < az < 2u(x). O

Now we prove Theorem 3.4]

Proof of Theorem[3.4} In the following, we consider one step such that M > 10%v/d - n'* and
exp(—M?/100) < e < 1. Notice that for any ||| < M /3, we have

1 1

Wi(T) 2 T T T exp (CMe £ 22 7 2] = 15 (n = 1) exp (—eM/2)
As wo(x) = ws(x) = - -+ = wy(x), we have
wa(z) < exp (—eM/2)

“ 1+ (n—1)exp(—eM/2)
Therefore, we have
1 —ex eM/2 exp (eM/2) —1 eM/2
wiw) —wa(w) 2 30— Séxp( /d\)m) = oo (51\2/2)/3(71 = EM/2/+ n
Also, when ||z|| > M/3, we have |(w1(z) — wa(z))u(x)| < 2M, and the probability is at most
exp (f(M/3 - \/&)2/2) < exp(—M?/20). So when we define Ly, Ly as in the proof of the
previous lemma, we have

Ly — Ly > By [(wi(2) — wa(2))u(z)]

eM
>——— [ —3M - —M?/2
_EM/an[u(x)} 3M - exp( /20)
eM
> (M —¢).
— eM +2n ( 6)
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Therefore, we consider one update. We know that 2(M — €) < Lo < 2M. Therefore, we have
M —2pM ™) 4 2pe™) > M) > A _opp(0),

Also,

e ()

(r41) 5 (1) 4 €M
& 2T o

(M(T) _ e(T)).

) (™
When € < 1/M, M > 100, we have ("1 > ¢(7) 4 n%.

Notice that when € < 1/M, M > 10%v/d - n'%, 5 < 1/(10M), we have

2

2
exp(M — 2nM) <e + neé\i) = exp(M)e (1 + 1

J\z ) exp(—2nM)

2
> exp(M)e (1 + nz])’\z) (1 —2nM)
> exp(M)e.

Therefore, exp(M )e doesn’t decrease. As M doesn’t increase, before € becomes larger than 1/M,
the decrease of M in each iteration is at least 7M. Therefore, there must be a time such that e > 1/M

or there must be a time such that M < M, /2. However, if M M < 2My/3, we must have

() < €Y exp(My) -1
exp(M®) =
So before M becomes smaller than M /2, e must be larger than 1/M.
When 1 > (™ > 1/M™) M) > 10%/d - n'°, we have
M)
3n

Therefore, 6ne + M doesn’t decrease. Therefore, there must be a time that € > 1, M > 10°v/d - n'©.
Also, as gradient step is less than 1 /M, and each time € can be increased by at most 2n¢, we must
have e < 2 at this time. This satisfies the condition for Theorem [3.3] and the result follows.

() > () 4

O
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