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Abstract

Prod is a seminal algorithm in full-information online learning, which has been
conjectured to be fundamentally sub-optimal for multi-armed bandits. By lever-
aging the interpretation of Prod as a first-order OMD approximation, we present
the following surprising results: 1. Variants of Prod can obtain optimal regret
for adversarial multi-armed bandits. 2. There exists a simple and (arguably)
importance-weighting free variant with optimal rate. 3. One can even achieve
best-both-worlds guarantees with logarithmic regret in the stochastic regime.

The bandit algorithms in this work use simple arithmetic update rules without the
need of solving optimization problems typical in prior work. Finally, the results
directly improve the state of the art of incentive-compatible bandits.

1 Introduction

The adversarial multi-armed bandit (MAB) problem is a seminal online learning problem with
applications in experimental design, online advertisement and more [Thompson, 1933, Lai and
Robbins, 1985, Auer et al., 2002a,b]. MABs are characterized by the limited feedback given to the
learner in every round, the so-called bandit feedback, in which the learner only observes the loss of
their selected action, unlike in the full information, also known as the experts, setting where the loss
of all actions are provided as feedback.

The first nearly optimal algorithm for the adversarial MAB problem is EXP3 [Auer et al., 2002b].
EXP3 is a direct adaptation of the Hedge algorithm [Littlestone and Warmuth, 1994, Cesa-Bianchi
et al., 1997, Freund and Schapire, 1997] with importance weighting to handle partial bandit feed-
back. Hedge and EXP3 are special versions of online mirror descent (OMD), where the Bregman
divergence is the KL divergence induced by the Negative entropy potential. The OMD view of
online learning [Abernethy et al., 2008] has lead to a wide range of MAB algorithms such as Tsallis-
INF [Audibert and Bubeck, 2009] and Logbarrier [Agarwal et al., 2017], which enjoy improved regret
guarantees. These guarantees can be attributed to regularizers more suited to the bandit feedback
setting, compared to the negative entropy regularizer. A downside of OMD is that usually the mirror
descent update is not closed form and requires (approximately) solving optimization problems at
every iteration.

Alternative full-information algorithms with simple arithmetic updates are Prod [Cesa-Bianchi et al.,
2007, Even-Dar et al., 2008, Gaillard et al., 2014], which enjoys second order regret bounds and
Multiplicative Weights Update (MWU) [Arora et al., 2012]. Prod is known to be closely related to
Hedge, both of which are different generalizations of the weighted majority algorithm [Littlestone
and Warmuth, 1994] to non-binary feedback.

More recently, Freeman et al. [2020] studied incentive-compatible online learning, a setting where
experts are not necessarily truthful but make predictions strategically with regard to the agent’s
algorithm. Motivated by deriving an algorithm where the incentives of experts align with the agent,
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they propose WSU which can be seen as an instance of Prod. Freeman et al. [2020] further introduce
a bandit adaptation WSU-UX, the first Prod algorithm for bandits. Unfortunately, WSU-UX only

enjoys T3 regret guarantees. This is not merely an issue with their analysis as has been shown via
lower bounds [Mortazavi et al., 2024] and leads to the conjecture that this might be a fundamental
separation between full-information and bandits.

‘We make the following contributions for understanding Prod under bandit feedback:

1. We disprove the separation conjecture by providing a simple modification of WSU-UX with
nearly optimal O(y/ KT log(K)) regret guarantees.

2. We present a Prod variant that does not require importance weighting and yet enjoys
O(y/ KT log(T)) regret bounds.

3. We present a Prod variant that achieves best of both worlds regret guarantees, i.e. it enjoys
improved O(log(T")) regret bounds when the losses are stochastic, while maintaining worst-

case O(v KT) regret bounds.

Notation: For N € N, let [N] = {1,..., N}. We use (-, -} to denote the regular Euclidean scalar
product and A(A) to denote the probability simplex over a finite set A. O is the standard Landau

notation hiding numerical constants, while O omits polylogaritmic factors as well. The expectation
E is always taken over all randomness of the algorithm, losses and experts, while E;[-] = E[- | F],
where F; is the filtration over all randomness up to step ¢. I(E) denotes the indicator function
function for the event E. For a convex differentiable function F', the Bregman divergence is defined

by Dp(y,z) = F(y) — F(z) — (y — 2, VF(2)).

2 Problem setting and related work

The adversarial bandit problem is formally defined as follows. In every round ¢ = 1,...,7, an
(oblivious) adversary selects a loss ¢; € [0, 1] (it is possible to extend the loss range to [—1, 1]¥)
unknown to the agent. The agent simultaneously selects an expert A; ~ m, 7 € A([K]). The
agent incurs and observes the loss ¢ 4,, but does not see the losses of other experts. The goal is to
minimize the pseudo-regret!

Reg = max E
1€[K]

T

L = E L),
ton ] = B[]
Popular families of algorithms for this problem setting include online mirror descent (OMD) and
follow the regularized leader (FTRL). Typically the algorithms use unbiased loss estimates of the

loss vector via importance weighting: lﬁm = ﬂ‘t I(A; = ). We note that other types of importance

weighted estimators have been used in literature such as the implicit exploration estimator Kocék et al.
[2014], which has improved variance properties. The algorithms are defined by a twice-differentiable
convex potential function F' : RX — R and a learning rate schedule 7;, the agent maintains a
distribution via

7Tt+1 = arg minﬂeA([K] <7T, ntét> — DF(TF, 7Tt) , (OMD)
T4l = ArgMin A ((k)) <7r Nt ZE > (FTRL)

OMD optimizes locally given the last loss and, as we will show, is most closely related to Prod.
FTRL on the other hand performs a global optimization and is generally considered superior for
adaptive bounds with time-dependent learning rates. In some special cases, such as time-independent
learning rate with potentials that satisfy ||V F(z)|| — oo on the border of the optimization set,
both algorithms are equivalent. Common potentials in the bandit literature are given in Table 1
and we refer to their respective Bregman divergences as D, Drgs and Dy p respectively. The
negative entropy is the potential which defines Hedge and Exp-3 (and derivatives) [Littlestone and

IFor the rest of the paper we refer to pseudo-regret as regret for simplicity.



Negentropy/KL divergence \ 1/2-Tsallis Entropy \ Logbarrier

K K K
F(r) ‘ > i i log(me i) ‘ =23 /T ‘ — 2 i1 log(me i)
Table 1: Common potential functions

Warmuth, 1994, Vovk, 1995, Freund and Schapire, 1997, Auer et al., 2002b, Kocdk et al., 2014]. The
1/2-Tsallis Entropy is the key to achieving optimal best-of-both-worlds regret guarantees as was
first demonstrated by Zimmert and Seldin [2021]. The Logbarrier potential was used by Agarwal
et al. [2017] to first solve the corralling of bandits problem and has found many applications in
model-selection problems [Foster et al., 2020], regret bounds which depend on the properties of the
loss sequence [Wei and Luo, 2018, Lee et al., 2020b,a] and various other bandit problems.

2.1 Prod family of algorithms

The original version of Prod [Cesa-Bianchi et al., 2007] maintains weights w; ; for each experts
which are updated via wy41,; = wy (1 — né;,;) and the agent plays the policy m;; o w ;. This
framework has been extended to D-Prod [Even-Dar et al., 2008], which shifts the losses in the weight
update by the loss of a fixed policy, and ML-Prod [Gaillard et al., 2014] that shifts losses by the mean
of the current policy (among other modifications). With a suitable shift in losses, one can ensure that
the weights sum up to 1 and hence operate directly on the policy space. In its simplest form, this is

K
T, = % s T¢4+1,0 = Wt,i(l — n(ﬁm — )\t)) y At = Z ﬂ—t,jgt,j . (Vanilla—Prod/WSU)
j=1
We refer to this update as Vanilla-Prod to emphasize its connection to the Prod literature, however this
algorithm is exactly WSU [Freeman et al., 2020] derived for incentive-compatible online learning.
We consider any algorithm a variant of Prod if it performs product updates of the form m;; ; =
mi(1 —nLy ;(€; Ay)), where Ly ; are linear affine functions of the loss. From now on we always
assume the initial policy is 7; ; = 1/K, and this holds for all algorithms presented in the paper. The
appeal of Prod algorithms lies in their simple arithmetic update rule. A second motivation for using
Prod updates is the mentioned incentive-compatibility.

2.2 Incentive-compatible online learning

In the incentive-compatible online learning setting, introduced by Freeman et al. [2020], experts
provide recommendations, for example a prediction of whether it will rain on the next day. Each
expert has an internal belief and the agent would like to receive each expert’s true beliefs in order
to learn to follow the best expert. In the simplest setting the experts make predictions about binary
outcomes, with the i-th expert having (private) belief b; ; € [0, 1] about the ¢-th round outcome. The
expert’s belief is unknown to the agent and the expert only reports a prediction p; ; € [0, 1] about
the outcome. Based on the expert predictions, {p;,i }ic[x] the agent makes a prediction based on

Py = Zfil mt,ipe,i and incurs a loss £(pg, ) € [0,1] based on the realized outcome 7, € {0,1}.
In the weather forecasting example the outcome is the indicator if it rains the next day and the loss
is L(ps,7¢) = (ry — pr)?. In Freeman et al. [2020] the experts only care about maximizing the
probability that they are selected which does not necessarily result in truthful reporting, that is b ;
may differ from p; ;. The agent’s goal of receiving the true beliefs, {b; ; };c[x], can be achieved by
playing an incentive compatible strategy which will always prefer selecting an truthful expert, that is
the probability of 7, ; of selecting expert 7 when the expert reports b; ; may only decrease if the
expert reports any other p, ; instead, no matter how the remaining experts act throughout the game.
This is made precise in Definition 2.1 of Freeman et al. [2020].

Freeman et al. [2020] show that standard OMD and FTRL algorithms are in fact not incentive compat-
ible even when the loss L is restricted to be proper that is E,..gem) [£(p,7)] > Erem) [L(b, 7)]
for all p # b. It turns out that any update for 7,1 which is linear affine in the proper loss function
will lead to incentive compatibility and so the Prod family will ensures that experts report their true
believes in this setting, i.e. they are incentive-compatible. The state of the art for incentive-compatible
bandits is 7' regret and any improvement for Prod directly transfers to better rates for this setting as
well.



3 Modifying WSU-UX for nearly optimal regret guarantees

We begin by presenting a minimal modification of Algorithm WSU-UX which is sufficient for a
regret guarantee of the order O(,/ KT log(K)).

WSU-UX uses importance-weighted updates and injects a small uniform exploration.

. N - A
M5 = % + (1 —y)me i, Ay~ T4, by =1(A = Z)ﬁ:,i
~ K ~
Ter1,i = Tei(1 — 0l — At)) s At = Zﬂ—t,jgt,j ) (WSU-UX)
j=1

where 7 is the mixture coefficient. The role of uniform exploration is to ensure that the policy updates
are proper i.e. w41 € (0,1). Freeman et al. [2020] uses the following key lemmas in their analysis,
which hold for any sequence of losses ¢; € [0, 1]%. For completeness we restate the results we use
below.

Lemma 1 (Lemma 4.1 [Freeman et al., 2020]). If nK/y < % the WSU-UX weights Ty and 7, are
valid probability distributions for all t € [T.

Lemma 2 (Lemma 4.3 [Freeman et al., 2020]). For WSU-UX, the probability vectors {T; } 4[| and
loss estimators 0, satisfy the following second order-bound

T

K A T log(F) T T K )
Z Z e ile i — Z b ix < +1n Z gii* +7 Z Z ﬂt,ié?,ia
=1 =1

t=1 i=1 N t=1 i=1

where i* is the optimal expert/arm.

The bound in Lemma 2 is almost the standard regret bound that appears in the analysis of Hedge,
except for the term 7 Zthl Eii*. This term is the reason why prior work can not show regret bounds

smaller than T'3 . Even after taking the expectation over the randomness of the agents actions, this
term scales with with 1/ ;«, which is potentially unbounded. Alternatively this term can be written
as ™7 [nl%} (where 7'r*~is the policy picking ¢* with probability 1) and if one could perform a
change of measure to ™™ [négj], this term is immediately controllable.

In fact, change of measure techniques for bandits are now well established [Foster et al., 2020,
Luo et al., 2021] by introducing biases to the losses. Assume we construct a bias to the losses
ly = £y + o, which satisfies the same regret guarantee, Reg, as the original loss sequence, then
running an algorithm over the biased loss sequence ¢; which selects A; ~ 7; ensures

T T
E Z@,At - Et,i*‘| =K lz Zt,At - gt,i* + ¢4, — Ot i
t=1 t=1
T
=Reg+E | Y (B~™[5: ;] — B~ [6¢5])
t=1

change of measure

We introduce now the following modification to the losses

- . 0, .
b=l (1 S ) , by =T1(A = i)t (1)
i Tt i
which corresponds to §;; = 1% This yields the change of measure term

Tt,i

K
jrdty j~* j~m* 77€ o
B 000] = B Bl = Yot — B | ] < o B2 )
i=1

which is sufficient for controlling the term 7 23;1 éfl* in Lemma 2.



Theorem 1. Running WSU-UX with the loss estimators in Equation I and v = %, n=0( lolg((f ))

guarantees the following regret bound

T

> Ellya, — L] < O(/KTlog(K)).

t=1

The proof of Theorem 1 is deferred to Appendix B.

3.1 Intuition on biasing the update and the Prod family of algorithms

We provide an intuition in this section about why WSU-UX is not tight and why the bias we choose
is able to correct the regret. The modern analysis of OMD (or FTRL) with a divergence function D is
follows the template?

T
Z (m™ — % 4y) = Z <(7r;’MD — 7l +

t=1 t=1

D(r*, m8) - D<w*m§m>>
n

D(T(*a ﬂ-(l)MD) B D(?T*, F%@l

n

T
D ﬂ.OMD , 7T.OMD D *’ OMD
<3 [ e -  + DOERTET) | D)
t=1

Ui

stability

2

where the inequality crucially relies on 77} being the 1-step OMD update to the previous policy.
OMD algorithms like Hedge choose the policy that minimizes the per-step stability term in every
round, which is what allows for the stability term to be bounded appropriately. If instead of playing
7™ an approximate policy m; ~ w¢™° is played, the template regret analysis can be changed by

adding the terms

0~ (D(7*, mep1) = D(*, 7))

OMD

where 77 is now the 1-step OMD update from 7;. When D is the KL divergence and the approxi-
mate policy m; is coming from the WSU-UX, this term contributes the undesirable nég’ih

We now explain how our loss biasing solves this issue. The Vanilla-Prod/WSU update can be seen as
a first order approximation to the Hedge update, that is
T4 = Tt eXP(*U(ét,i - N) =, (1l - n(ét,i — M) =T,

first-order

where ). is a normalization factor. Tuning \; such that Zfil Ty4+1,4 = 1 recovers Vanilla-Prod/WSU.
To control the undesirable terms, we have to make the approximation tighter. The loss-biasing
introduced in the previous section acts as a correction which brings the Vanilla-Prod/WSU update
closer to the second order approximation of the Hedge update. Indeed, we have

2
R = mesesp(nllas = M) s (1= a0+ s = 202

second-order
= Ty (1 —n(lei — o) (1 - g(ét,i - At))) ;

and so our loss adjustment in Equation 1, Em = {;;(1 —n/7;), can be seen as a second order

correction to the term ’72—2(&,1' — )\t)Q. We cannot exactly correct the second order difference with
linear update rules, which we address by slightly overcorrecting, i.e. biasing by a larger amount than
the second order adjustments implies as necessary. That is, the correction term we use is of the order
n/7,; instead of nt; ; /7 ;. Fortunately, the regret analysis is not sensitive towards this as we have
shown in Theorem 1.

This might look very dissimilar from the original Hedge/EXP/MWU analysis, but it is actually equivalent
after accounting for the special form of the KL divergence.



4 Importance weighting free adversarial MAB with LB-Prod

While our biased WSU-UX obtains optimal regret, it still has to go through the extra complexity of
injecting additional uniform exploration at a rate of 7y to ensure proper updates and add bias to the
losses. As mentioned in the introduction, prior work proposed other potential functions that have
favourable properties for bandit feedback. Using the same linearization argument to derive a Prod
version based on the Logbarrier leads to a surprisingly simple algorithm without loss biasing that
is arguably importance weighting free. LB-Prod differs from WSU-UX by using the masked loss

4 i = 0 ;1(A; = 1) instead of the importance weighted loss and a non-symmetric normalization A ;:
e, ALt A,

= )
2 =17
It is easy to confirm £; ; — A\ ; € [—1,1] via 7 ;7 4, < (77 + 77 4,)/2 yielding proper updates for

1 < 1. The following theorem shows that this simple algorithm is rate optimal under the right tuning.

Terri = Tei(1 = nli — M), Ati = T (LB-Prod)

Theorem 2. For any sequence of losses {; € [—1,1]% and any n < 1, LB-Prod produces valid
distributions 7, € A([K]) and its regret is bounded by

T
Klog(T) 20T
ZE[Et,At - gt,i"] g 2 + Og( ) + n )
n 1

Tuning n = 4/ % results in a regret bound of O(/KT log(T)) for any T' > %g(ﬂ. The
proof of Theorem 2 is deferred to the end of the section.

4.1 Intuition of LB-Prod

As mentioned before, LB-Prod is the linear approximation of OMD with Bregman divergence induced
by the Logbarrier potential, that is Dy, 5 induced by the potential fuction F(z) = — Zfil log(x;).
The one-step Logbarrier OMD update of a policy 7; with importance-weighting is known (see e.g.
[Zimmert and Seldin, 2021]) to take the form

Tt,i 5
= ~ (1 —nmei(Gei — M) = Teg14
L4+ nme (e — M)

where )\; is a normalization constant that ensures 77" is a probability distribution. If instead \; is
tuned so that ZZ 1 T¢+1,; = 1, the LB-Prod update is recovered. This can be be verified by setting
Kt i = Ty, Zﬁt i and Ay ; = 7 ;A¢. The curvature of the Logbarrier regularization is what ensures that

the importance weighted loss &71 is always multiplied with its probability 7, ;, allowing to run the
algorithm on the masked non-weighted loss sequence directly.

OMD
Ti41,4 =

OMD

Additionally, the second order approximation is

ﬂ-t,' A
T, = ! +mt7i(éi - A il =nmei(leg — M) + 0?7 (G — Ae)?).

t ) second-order

The additional undesirable terms, unlike in the case for WSU-UX, will only contribute 1" regret if
not adjusted for as we show next.

4.2 Analysis of LB-Prod

The following technical lemma is proven in the appendix.
Lemma 3. For any timestep t and arm 1, it holds
Billsi — Aei] = 720 (bei — ct) Et[(fri — Mei)?] < 274,
where ¢; € [—1, 1] is an arm independent constant.
In Section 3.1 we argued that one needs to bound the additional term n~!(Dpg(7*, my1) —
Dpp(m*,wgY5)) to reduce the analysis to standard OMD. While this term is nicely bounded for LB-

Prod, it turns out that it is easier to directly bound the “prototype” of the stability term in Equation (2)
due to the fact that we have a closed form expression of ;.



Lemma 4. For any time t € [T] and any v € A([K]), it holds
2
<7Tt — U,£t> + ]Et I:T]ilDLB<U,7Tt+1):| — ﬂilDLB(u, 7Tt) S % .

The proof is an algebraic exercise and deferred to the supplementary material. Finally, we can prove
the main regret guarantee.

Proof of Theorem 2. To show that this algorithm outputs proper probability distributions, note that

K K K 2 K K

7Tt7At7rt,j
g M1, = g Tei | — e a,le,4, +1 E ﬁgt,At = g My == E ms=1.
i—1 i—1 > k =1 im1

j=1 2ok=1T¢,
Additionally we have seen that |¢; ; — A\;;| < 1, hence for any 1 < 1, the probability of any
arm is strictly positive. For any comparator u*, we define u = u* + % (m1 — w*), which satisfies

Zle (u—u*,4;) < 2. Using Lemma 4 and Equation (2), we obtain by the telescoping sum of
Bregman terms

E

T
anT anT  Klog(T
E (e —U7ft>] < 717117 +n ' E[Drp(u,m) — Drp(u, mr41)] < 17177 + 77g( ) .
t=1

4.3 The perturbation analysis

We outline an alternative analysis that reuses established machinery and might be more accessible
for some readers. Our analysis begins by viewing the Prod update as an exact OMD update over a
perturbed loss sequence. Indeed, there is a sequence of perturbations {¢; };c|7), €; € R, such that

OMD Tt,i ~
et = ~ =7 (L —nmei(Cei — Ae)) = Tog1,6 -
1+ nwt,i(&,i — €t — )\t)

The exact form of ¢, ; satisfies the following
S i (Ci — M)
ti = =
T4+ nmei(bei — M)
Since Prod is exactly OMD over the sequence 0y — €, we can decompose the regret as follows

E lz <7Tt—u,ft> Z<7Tt—u7gt_€t> Z<7Tt—%€t>

= = t=1

) | Etfet,i]] = O(n).

The analysis is not entirely straightforward as the loss range for the OMD update becomes [—1 —
O(n),1 + O(n)] because of the shift introduced by the perturbation of the losses, and this posses
some additional difficulties.

5 Best of both worlds algorithms

In applications where the loss is potentially more benign, for example sampled i.i.d. from a a fixed
distribution over [0, 1]%, it is desirable to obtain faster rates in nice environments while preserving
worst-case guarantees. Probably the simplest algorithm with this property is Tsallis-INF [Zimmert
and Seldin, 2021], which is FTRL with 1/2-Tsallis entropy and 7; o 1/+/t learning rate.

5.1 TS-Prod

Recall the 1/2-Tsallis regularizer is F'(x) = — Zfil 2,/z;. Unlike OMD, FTRL is not canonically
expressed as a 1-step update of the previous policy. Instead, the 1/2-Tsallis-INF policy is given with
a normalization constant A; (see [Zimmert and Seldin, 20217])

. —2
Tt = <At+1 + Zesn‘) :

s=1



Recursively using this expression yields

—2 -2
L 1 5 5 NSt

WEFLZ' = (At-i-l + E( W - At) + 77t£t> = W;T;{L <1 + uiz W;T'?L(Et - \/W - At)) )

where & = 77%2 — nmlt_l and Ay = Aypyq — n:’: - A;. The first order approximation is

T A (L= 2m [T (g — &/ /T = A)

Ist-order

We ensure following the approximation in expectation by directly biasing the losses with 1;&;/ /7 ;.
Additionally, one needs to perform a second-order correction as discussed in Section 3.1. We omit a
formal derivation, but notice that WSU-UX required 1/ m¢,; correction, while LB-Prod works without
correction because the error is of order 7. As the intermediate potential between KL and Logbarrier,
Tsallis-INF turns out to require a correction of order 7/ \/Tt,i» which we tighten by an additional
factor of (1 — 7 ;) necessary to ensure stochastic bounds.

With this, we are ready to present

N +~(1 — i I(A; =1 7Ti€7i 1 1
Zt,i<€t,int(£t il m’)) (A Z), )\tizt’it &= = —

Tt T = Zszl e P T
Tt+1,6 — 7Tt,i(]- — 27]“/7Tt’1'(ét77; — )\t)) . (TS-PI'Od)

Theorem 3. The regret of TS-Prod with n; = \/ﬁ, v = % is bounded by O(vV KT + K log(T))

in the adversarial setting and by O (Zi#* logA(iT)) in the stochastic setting.

5.2 Analysis of TS-Prod

We first show that the loss biasing is sufficient to ensure that the distribution is well defined.
Lemma 5. If &, is a non-increasing sequence, 1y < \/ﬁ and 77?_,_1 < n2(1 — 2vn?) for all

t, then the update rule of TS-Prod is proper and satisfies m; > (& + v)*n? for any arm and loss
sequence at all time steps.

Next we present the moving parts of the analysis.

T T
EY (m—u )] =Y E

t=1

<7Tt —u, by — ft> + Drs(u,m) — Drs(u, me+1)
i

proto-penalty

change of measure

+ <7Tt — u7gt> - Drs(u, m) _UDTS(UJH—H) ]
t

proto-stability

The change of measure is by construction

T K
Tt — Ui
change-of-measure = ZE Z —— (&t + ey (1 — Wt,i))] . 3)
o Lo VT

We now bound the stability and penalty.
Lemma 6. For any time t such that m ; > (& + ~y)?nZ, it holds

o Drg(u,m Drg(u,m 13
(r - i) 5, [ Prstien)) _ Pratu) 1
t t

Neu;
1— 7).
VL)

The tuning of Theorem 3 satisfies the conditions.



Lemma 7. The proto-penalty is bounded by

ZT:DTS(U’M Drstu, i) iné‘ ZQ\/F+Z -
t=1 T t=1 o 1F£L* ! =1 \/7

We are ready to prove the main regret guarantee.

Proof of Theorem 3. By Lemma 5 we have a proper update rule. Using Lemma 6, equation (3),
where we tuned v = and Lemma 7 yields

E[Z(m—u,ﬁt <E Zm Z \/ﬁ — i)+ Y /T

t=1 ii*

The adversarial regret follows from Zfil VT < VK, & < 4, Zthl n = O(\/T) For the
stochastic regret, the proof follows standard arguments using the self-bounding trick as in Zimmert
and Seldin [2021]. For details on the self-bounding trick see the supplementary material. [

5.3 TS-Prod and stabilized OMD

Even though we derived TS-Prod from FTRL, it turns out that one can also interpret the update as an
approximation of stabilized OMD proposed by Fang et al. [2022]. In Appendix E, we formalize this
connection and present a slight variation of TS-Prod. We then analyse this variant via the perturbation
technique described in Section 4.3. Our analysis also shows that the stabilized OMD algorithm
induced by the 1/2-Tsallis entropy enjoys best-of-both worlds regret guarantees which to the best of
our knowledge is novel.

6 Discussion

We have provided an extensive study of incentive-compatible bandits. We have negatively resolved
an open question of whether incentive-compatibility as defined in Freeman et al. [2020] is harder
than regular bandits. Using linear approximations, partly with second order corrections, allows to
recover results from well studied algorithms in the literature. We even obtain an algorithm with best-
of-both-world guarantees. Our algorithms are conceptually simpler than existing bandit algorithms,
they update the probability distributions with basic arithmetic operations without the need to solve
optimization problems.

Our successes make it likely that one can transfer even more sophisticated methods, such as first-order,
second-order, path-norm bounds and online learning with graph feedback to this framework. We
leave this investigation to future work.
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A Background on FTRL and OMD

We give a brief overview of the template analysis for FTRL and OMD. For an extensive discussion and
regret analysis of these two frameworks we refer the interested readers to Chapter 2 of Shalev-Shwartz
[2012], Chapter 5 of Hazan et al. [2016] or Chapter 28 of Lattimore and Szepesvdri [2020].

A.1 OMD analysis overview
The OMD update

T4l = arg Min e () <7T,77tét> — Dp(m,m) (OMD)

can be written in two steps as

41 = Argmin, cpx <7r,17tét> — Dp(m,m)
Ti41 = argmin e a((k)) D (7, 41),

where the first step is an unconstrained optimization over the linear loss at time ¢ together with
a regularization term given by the Bregman divergence induced by F', and the second step is the
Bregman projection onto the probability simplex. Thie first step of the OMD update can be re-written
as

VF(ﬁ'tJrl) = VF(TI't) — nt‘gty

Let F}; = % Since 741 is the minimizer of the OMD update, and D rw is convex we have that

<7Tt+1 - 7T7ét> < <U = Tey1, VE (1) — VE ()
= Dp,(u,m) — D, (4, Tp41) — Dy, (Teg1, Tt)-
Further, it holds that
<7Tt - 7Tt+17gt> = Dp, (7Tt+1, 7Tt) + DpF, (7Tt77~rt+1) — Dp, (7~Tt+1,7Tt+1)
< D, (41, 7) + D, (71, Teg1)-

Combining the two inequalities together we have that one step of the regret to any u € A([K]) is
bounded as

<éta7"t - U> < Dpg,(u,m) — Dp, (u, m41) + Dp, (my, Teg1).

For a fixed step-size 1; = n the above telescopes to bound the regret as

T T—1
N D 9 -D ) 1 ~
E <€t,7rt 7u> < p(u, 1) r (v, 77) + - g Dp(m, Tg1).
t=1 n =

As long as F' is twice differentiable, each of the terms can be bounded as Dp (7, Ti41) <
0(772||ét||2v2(F*)(w,,))’ where F™* is the Fenchel conjugate of F. Controlling Hét”%?(F*)(wt) in
OCO is usually done by assuming some boundedness of the losses. In bandit literature controlling
this term is slightly more involved and depends on the choice of F.

When 7 is not constant, telescoping the above sum does not work and the analysis becomes much
more involved. It is possible to construct sequences of losses for which the OMD update does not
enjoy sub-linear regret for n; = % Fang et al. [2022] introduce a stabilization term to the OMD

update which overcomes this problem and show that this new version does enjoy the standard OMD
regret guarantees.

A.2 FTRL analysis overview

The FTRL analysis follows similar ideas, however, the one step regret is bounded as

~ ~ N 1 ~ N
<£“ M~ “> < (B4 Iaqry)" (= Li—1) = (Fe 4+ Iagup)* (= Le) + ;DF*(—Lu —Li_4),
t
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where L, = Zi;ll /;, and Ia[k) is the characteristic functionAof AA[K]’ ie., Ing)(m) = 0if
7 € A[K] and Iz[g)(7) = +oo otherwise. The term Dp«(—Ly, —L;—1) can be thought of as
the equivalent to Dp (7, ;1) in the OMD analysis. The term (F; + Ia(x]))*(—Li—1) — (Fy +

Inqx))* (—ﬁt) needs to be telescoped in an appropriate way. For more details we refer the reader to
the penalty term bound of Zimmert and Seldin [2021].

B Missing Proof Section 3

Proof of Theorem 1. WLOG we assume that 7' > K. We begin with the bound from Lemma 2. The
second and third term in the RHS of the inequality are bounded as is standard in the Exp3 analysis

2.
nZZﬂ'“ ”|.7-"t 1}<%<27ﬂ’[( UZE T <UZE[ ] UZE ﬂ_ttz ]

t=1 i=1
where F;_; is the filtration generated by the random play and randomness of the losses up to time
t — 1. We now consider the expectation of the LHS which evaluates to

T K T K ~ T ~ T K T
Zzﬁﬂtzftz ZEfm ZZE[M,%&,@']—ZE[&J*]ZZZEMMM ZEéfz
t=1 i=1 t=1 i=1 t=1 t=1 i=1 t=1

a nft,i* L& 777Tt,i€t,i d
Belte] ESel v ] en
t=1 Tti t=1 i=1 Tti t=1

[M]=

E[¢;,-].

T K
+2. D Blmiid -
=1 i=1

Thus combining the bounds on the LHS and RHS we have

t

I
—

T K T IOg(K) T
Z ]E[Wt,i&yi] — ZEwt,i*} S + 477TK + n ZE

t=1 i=1 t=1 N

. 0 i
_nz 7rtz

To complete the proof we only note that Z?:l Zfil Elme 1015 — Zthl E[l.4,] < 2Ty = nKT.
O

C Missing Proofs Section 4

Proof of Lemma 3. The expectation of Uy = £,;1( Ay = 1) is obviously m;¢4;, hence by the definition
of \¢;, we have

~ Zf:1 71'thél‘/j
E¢[lri — Ati] = 7o | i — —K 2 |-
Zj:l Tty
For the second part, we have
2 K 3
Z =1 thg ‘ Tti Zj:l T4

Eel(Ce: — Mo)®) < B3] + Be[AS] = mos | €64 + 77,
(Zk:l 7%)

The proof is completed by noting

K 3 K 3
Wtizj:Nth < Wtizjzﬂrtj _ i <1

(25:1 ”1521@)2 B (Zfﬂ W?k) ! (Zk 1 Wtk) ‘
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Proof of Lemma 4.

(m —u, &) + By [0 Drp(u, mq1)] —n~ ' Dip(u, m)

K
Ui — M1 U — Ty 1 M1,
= (m — u, by) + K Z t+1i t, + ~log <t+1)]

NT+41,4 N7t n Tt,i

Li=1

[ K u; (1 - %) 1 _
= <7Tt — U7€t> + Et Z — 7/ + Elog (1 — T](Et,i — Atﬂ))

i—1 NTt+41,4
- K -
Uz‘(fti - X z) Pl
< (me —u, b)) +Ey —— — Ly + At (log(1+ ) <)
; Tei(1 =i — A i)
K K ~
U ~ u; (i — Aei)?
= ’ = >
K o K o
<A(me —u, by) + ;(Uv — i) (Lo — c) + s 2 u; = T (Lemma 3)
O
D Missing Proofs Section 5.2
D.1 Technical Lemmas
Lemma 8.
3 8
min f(z) = min +\/1x2\/7.
x€[0,1] zef0,1] 1 —x 9
Proof. We first show that the optimal point is smaller than %, by looking at the derivative
(=) 3yr—x3 —(1—x)2
)= .
2(1 — x)?
For the enumerator, we have for all x > é:
3vz—2? —(1—2)% >3z —max{vz,vV1—2}  >min{2y/z,3vz—1}>0
Hence
min f(z)= min f(z)> min V1-—2a= \/§
2€[0,1] T 2€]0,1/9] +€[0,1/9] 9
O

Lemma 9. For any a,b > 0 such that a + b > 1, it holds

a b
%4-%2\/5.

Proof. We can assume w.l.o.g. that a = 1 — b, otherwise scale both a and b down and reduce the
objective. The resulting problem is symmetric with a = % as the unique minimizer resulting in the
statement. O
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D.2 Minimal probability

Lemma 10. Assume that 7y; > (& + 7)*n? holds for all arms, then
A 13(1 — 7))
By [(fs = M)?] < =210
¢ | (Cri — Ae)7| < 87rs

Proof. Let gf, = 7rt7¢ft,7; and \;; = m ;A Note that Zti € [—1,1] by the condition on 7; and
£y; = 0 for i # I; by construction of the loss estimate. Hence

5 2 2
~ T oy Ttin/ Tt 2
Et [(En - )\ti)2:| < g 1-— % E[f?lll = It] + Zﬂ‘tj % ]E[E?Jb = ]t]
Zj:l Ty J#i =174

3

P RO ) T2 T

= g 3

K 2

(Zj:l 77%)2

3 ~
(1- nti)Q(Z#i 775-)2 + mi(1 — ) Zj;ﬁi 7Tt2j
3 3 3
(i + (L =) ® 205 75)°
Ttj

where 7y; = We bound the two terms in the bracket separately, for the first term we have

11— "

5 2 2
1 —my, i i 1—mi T
3 (1—m )Zﬁg Tij _ < (M) (Z#i Ty = 1)

7Tfi+(1—7rti)%zj¢i7~rfj T2+ (1 —my)?

= 7Tti(1 - 7th‘)

<

| ©

(Lemma 8)
The second term is
oL — i) 2o Ty - i (1 —703) (32 ﬁ't%j)
(wé +(1- Wti)% Zj# ﬁ§)2 - (WE +(1- wti)% Zj;éi 7}%)2
I G 09187 72y
VI =mi(3 7?1:2])% Tt

leo| Wl

-2

IN

I
[\D\)—‘/—\

(Lemma 9)

O

Lemma 11 (Lemma 5). If &, is a non-increasing sequence, 1y < \/ﬁ and n}, , < nF(l—

2yn?) for all t, then the update rule of TS-Prod is well defined and satisfies . ; > (& + 7y)*n? for
any arm and loss sequence at all time steps.

Proof. The proof follows by induction. At ¢ = 1 the statement is true by definition. Let the claim

hold at time ¢, then the probability of an arm only decreases when lfm — )\ is positive. We look at
the cases where A; = ¢ and A; # ¢ independently.

Case A; = i:
Toat,i > Toi(l — 200 /Teibs,i) = Toi — 2 (VTrilei — me (& +v(1 — 7))
> mi(1 = 2907) — 20/ + 29707

2
Ui 1 9

= (1 — 2yn? - 9y — —
( vnt)(\/wt, 1—27773) + (2 l_zwtg)m
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2
This is a quadratic function in 7, ; with minimizer (172"7;772)2 < (& + 7)?n?, hence the value is lower
t
bounded by setting 7 ; to (& + v)*n?

Tevt > (& + )07 (1 —2y07) = (& + )01 = (G +7)° 000
Case A; # iz
77t((§t + 7(1 - 7rt7At)) - £t7At vV Tt, Ay

K 3
Ej:l T

3
_ 3
i1, = T — 2074

3
> mi — 206 +V)ir VK

This is a concave function (in 7, ;) so the minimizer is at either at 7, ; = (& + v)*n? orat m; = 1.
For the latter, we have have 7,11 ; > %, so the minimum is obtained for the first case.

Terri > (Go+ )08 — 2(& + V)" P VE > (& + 7)™ i (1= 2ym7) > CFymiyy -

Lemma 12 (Lemma 6). For any time t such that m, ; > (& + 7y)?n2, it holds

<m—wmwwm{D”W”“ﬂ—D”W““sﬁx@wﬁﬂuwm-(l— L)),

Mt Nt Nt Ne—1 Tt,i

Proof of Lemma 6.
(e — u, By [g]) + Eq [U;lDTS(UﬂTtJrlﬂ —n; ' Drs(u, m)

K
Uy — Tyl U — Ty 1
= — + — (2y/Te+1,4 — 24/
; Nt/Tt4+1,i N/t Mt ( s tl)]

K
Ui Tti Tti Tt41,i
— (m - w, EJe]) + ( E[ _1% E[/ 7_1])
<t t[ t]> ; Nt/ Tti ! Tt41,i Tt/ Tti ’ T4

K ~
1 2 A/ 7 E 7 )\
= <7Tt—u,Et[€t]>+Z ( Y Et 1+ ey ( tA t) _
i=1 T/ Tti 1-— 277“/71'”(6“ — )\t)

= (m — u, Ee[l]) + E¢

Tt ~
+ E 1-2 Tti 4 i ) —1
e \/ e/l = A } )
K r .
Ui 5 202 (b — Mi)?
<(m —u, Et[gtb + E E; nt\/ﬁti(gti —A)+ -
i \"tVTE | 1 —2n/mi (L — Ae)
T4 [ A
+ ]E — T éi — )\
77t\/7TTz‘ ¢ Ut\/T( t t)} )

K
< (m—u By[l]) + Z ((Ui — ) B [fti - )\t} + Anpugi/mei By [(fti - )\t)ﬂ )
i=1
(Setting (& +v) > 4)

< 13 msu;

2 /Ty

We now show that the requirements of Lemma 5 are satisfied with the tuning of Theorem 3. With , =

\/ﬁ, we have ¢; = (K + 26t — /(K + 26t)(K + 26t — 26)) > 2, which is monotonically
13

decreasing. ¢; > 2 and v = 3 ensures that i, =

(1 —my). (Lemma 10)

. Further we have

1 < 2
VK426t ,\/K(Ct+,y)2
ni1 K +26t 26 4

= - <1l =
n? K +26(t+1) K+26(t+1) — K + 26t

1—477?.
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Proof of Lemma 7. Using ng = oo and Drg(u,r11) >0

T T
Z DTs(u,ﬂ't) — DTS(U,Wt-‘,-l) < Z <1 _ 1 > DTS(U77T1‘,)

po Nt 1\t M1
L 1
_ Z ( _ ) (F(u) = F(m) — (u— 0, VF (1))
=\t -1
T K 1
= Z::Z:: Mt ( (VT — Vi) — ( Wti)\/ﬁ)
T 1
< Yomte| 3o~ Z —m T |
where the last inequality follows from Zfil Vi 212 /T -

D.3 Self-bounding trick

We now quickly describe how to apply the self-bounding trick from Zimmert and Seldin [2021].
Assume that we have a regret bound of the form

a'ﬂ—tz"’_b Tt,i
S A< Y s T,

t=1 i#£* t=1 i#£i*

for some positive a and b. The above inequality implies

LS S <Y Do (G- 5+ v (- ),

t=1 i#£i* t=1 i#i*

For a fixed 7 the term ( - Al) <0ift > 9“2 and so the maximum regret from

3

<

|2 |

A2

i ( a Ai) < Z a _ 6a2
mil —=—— | < — < —
t, \/i 3 po \/E A7

t=1

Further the term /7 ; (% _ By V;”) < 2b - fort > 4b . This implies

L%
T T
b AT N b 202 8v?  2blog(T)
ZW< )_ —+) =< — =
P Vi3 ot A ; A,
Combining the two bounds we have
T
b*log(T) a?
22 MM =0\ TR,
t=1 i#£i* AT

E TS-Prod and stabilized OMD

The TS-Prod update is a linearization of the FTRL update as explained in Section 5.2. In this section
we show a regret bound for the TS-Prod algorithm by linearizing the OMD update as we did for
WSU-UX and LB-Prod. This comes with its own set of challenges. First, we believe that a decreasing
step-size in the OMD update is important for achieving optimal regret bounds in the stochastic setting.
Second, the vanilla OMD update with decreasing step-size might incur linear regret in the adversarial
setting. This second issue is resolved by the stabilized OMD algorithms proposed by Fang et al.
[2022]. TS-Prod turns out to be equivalent to the dual stabilized OMD algorithm of Fang et al. [2022]
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and hence will inherit the adversarial regret guarantees. In the rest of the section we sketch the regret
analysis for the stochastic setting and how we can reduce the regret analysis in the adversarial setting
to that of Fang et al. [2022].

Stabilization as introduced by Fang et al. [2022] is the process of mixing the gradient mapping,
V F(m;), of the current iterate with the gradient mapping of the first iterate, V F'(7r1 ), in the mirror
descent update in the dual space, where F(x) = — > % 2 /z;. This mixing turns out to be
equivalent to the negative biasing of losses in Equation TS-Prod by the ¢; dependent terms.
The regret analysis begins by defining the perturbations {€; ; }+e[77,ic[x] SO that
Tt,i
(14 1 y/Tea (L + €0))?
that is ¢; ; makes the update in Equation TS-Prod equivalent to the 1/2-Tsallis mirror descent update.

We note that the €, ; is only defined to assist with the regret analysis and it never needs to be computed
for the actual update. The perturbations, ¢; ;, are well controlled as we show next.

Tt41,0 =

“4)

Lemma 13. Foreveryt € [T],i € [K], there exists € ; such that e, ; < 4, /’R’t’if/iifOr‘ all i and
Uy .

Lemma 13 allows us to proceed with the analysis for the stochastic and adversarial cases by using the
standard regret decomposition into a penalty and stability terms. In the stochastic case we can bound
the two terms in the following way

Lemma 14. For stochastic losses the penalty term is bounded in expectation by

: (E[(Zi i wtﬂﬂ;)?] VElog(t) A]E{(zi#* ”””)1 log(KT))

Vi Vi Vit

Lemma 15. For stochastic losses the stability term is bounded by

K
1 K m; K
0Gr vt~ + B ).

The stochastic regret bound proof can now be completed by a careful self-bounding argument.

In the adversarial case we reduce the regret bound to that of Fang et al. [2022] in the following
way. Let ® = F + Inx-1 be potential defined by mixing the 1/2-Tsallis potential together with the
indicator function for the probability simplex. The update of Algorithm 2 (Dual Stabilized OMD)
can then be written as

Wi = V() — ne(le + €),

Jer1 = XeWis1 + (1 = xe) VO(m1),

Ty = VO (Jeq1).
It turns out that this update is equivalent to the OMD update with respect to Iﬁzm in Equation 4. This

allows us to use the regret bound in Theorem 3 [Fang et al., 2022]. Overall the regret of the perturbed
OMD version is bounded as follows.

Theorem 4. The regret of the algorithm defined by the update in Equation 4 is bounded by

log(T) | K 10g2(1/Amin) 3/2
i#£L*
in the stochastic case, where A,,;y, is the smallest gap between the expected losses. Further the
regret in the adversarial setting is bounded by O(v KT).

E.1 Proof of Theorem 4

Proof of Lemma 13. 'We work under the following assumption which is satisfied with the choice
of 7, and y by Lemma 5. Further, we are going to work with the following slight modification of the
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losses 7, in the update of TS-Prod:
5 ne(y(1 —mi) \ WA =) &y
b= |Llei— -

Tt,i Tt i i

We quickly check that the variance with this definition of ?, is bounded by Lemma 10

r . 2
Et ((Em' _ ’Y(]‘ - Trtﬂ)) I[(At 7 7’) _ 77tft > ‘|
Tt,i Tt Tt,q

[ 2
—E, (g“. — M) 7% n (m&A)z o <£” 10 Wt,i)) mgtl

)

L Tt,i t,1 Tt,q Tt,i Tt,i
i 2
<E (¢ . - (L = 7i) 1 n (mée)® o(e . — YA = i)\ meée
> Bt tyi T .y 7Tt2_’7; t,i T g

=E,; ((gt,i _ nt(gt +’Y7£1.— 71'@1)) H(A; : Z)>2]

Assumption 1. Assume that for all t € [T),i € [K] it holds that |n: 77t,i£t,i| <&

Lemma 13. First for non-negative £ we show that € € [0, ¢]. This follows by observing that 1/(1 +
3/2z)% <1—2xforx € [0,1/6] and 1/(1 + z)? > 1 — 2z for x > 0 so by the Intermediate Value
theorem there exists an € € [0, £] such that equality is obtained. Next, for £ < 0 for e = 0 we have
1/(1 —x)? > 1+ 2z forz > 0 and for € = ¢/2 we have 1/(1 — x/2)? < 1 — 2z for z € [0,1/4]

_l M].

and so we have € = [— 5}, 5

For the second part of the lemma using the Taylor expansion around 0 of 1/(1 + x)? implies that

1 5 72
T <1 -2yl + 3(ny/lh)?,

and so
1—2nm(l —€) <1 =2/l + 3(n/7l)? —
2nv/me < 3(ny/wl)?
2my/me < 3wl +€))? =
€ < dny/ml?.

Stochastic bound. Let Df ®(u,w) = ;- Drs(u,v) and let
Tt,i
(1+ 77t+1\/7rt,i(ét,i + €5 — At))27

where A\; = /; 4,. We note that 7, is now the projection of ;11 onto the simplex. Further by the
3-point rule for Bregman divergence we have that

(Le, 7 — ) = DY S (u,m) — DI (u, 7o) + DFS (70, Figa)
< DtTS(ua ) — DtTS(UﬂTtH) + D;FS(M, Tig1)-

Tt41,0 =

Penalty term.
Lemma 16 (Lemma 14). For stochastic losses the penalty term is bounded as follows

E [(Zi#* 7Tt+1,i)2] VK log(t)
Jlmey

E[D5) (u, m41) — DS (u, mg1)] < O(

where DI'S (u,v) = iDTS(U, v) and n; = ﬁ
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Proof. foru = e;+:
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A Tt41,3%

From the update in Equation 4 we have

t
1 .

=VvK+ E ns(Ls.i*"_Gsi*)a
VTt41,5% p—

which implies

(1= VaAri)? = 2 2
veraah A

First we bound (1 — /T 41,:7)%

s (Ls,i* + €s,i* )

M~

1

2 2
Z- i* Tt+1,i
(1— T ) =1- [1- Z Tl | = 7 -
i L 1= 3 sie Mot
2
< Z T41,i
i

In the stochastic case WLOG we can take E[¢; ;] = 0, V¢ € [T]. We first control it,i*- We have

. K 25
[ (2 ney(1 — Wt,i*)) I(A; = i) n:&s Z il
tix = | Legx — - -y ——
Vi T i VA — Z]K:1 T

—=i*) . . . 1=y 4% —i* .
IA=7) g 0 in expectation. The second term, _myom i) I(A=t ), will be

The first term, ¢ ;- P N P

used to cancel out the contribution from the perturbation ¢; ;-. The third term is there to help with the
adversarial setting analysis. Next, we decompose the fourth term as

K Wt%[ti 1 K
Z = ’% ==K 35 Z Vil l(Ae = 4) — mey (1 — ) I(Ae = ) — T i
=1 D 1 L o1 i

The first part of the above has a non-positive contribution to it,i* in expectation. The only non-
negative contribution now comes from

K
S (6 + (1 — )4 = i) < VE (& + ) < 2VEney

K
Zj:l T =1
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and so we bound

t K 3

T2 Lsi
Z s Z % < Z 2779\/>7]s'7 < 64\/>10g( )
s=1 i=1 E] 171' s=1

Next we are going to bound E[e; ;+ | using Lemma 10 together with Lemma 13:

A 13
Eleti-] < Elmpy/Ti- Li ] < 5 E[ne (1 — mt,04) /[ /Tt

Ney(L=" i) 13

This term is exactly canceled out by e Y= . For the final bound we have

-2y

Tt /TTt+41,5%
r 27 2
1 1 1 1 i R
< -— | E Ti41,i +4< )E Ti41,i Ns(Ls,i* + €s,i%)
- 2:

1 1 1 1 ! K n2i;
TS B S P S oo 8
t - : s 2

Nt+1 i Ne+1 T =1 i—1 Ej 178
t
Vs (1 — 7, )
oS5 (om0
s=1 Ts,ir
2
E [(Z#i* 7Tt+1,i) } VK log(t)
< 32 .
- Vi
O]

Stability term. Recall that the stability term is D" (r;, 74 1). This term is bounded in a standard
way. We proceed to do so as follows for any t > 4v/K:

Lemma 17 (Lemma 15). For stochastic losses the stability term is bounded as follows

1
]E[D;T (7Tt771't+1) < O <\[Z\/m Trt 7) t) )

where DI'S (u,v) = %DTs(u, v).
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Proof. We have the following

(7Tt+1,7,' - 7Tt,i)

K
1 1
DTS’IT,ﬁ' 1:—5 2 /Tit1.6 — 2v/Tt.4 —
e (e i) M = e b T4,

K
1 A

= p” Z Vi1, — 24/t + /Tei (1 + M1/ (i + € — )\t))
ti=1

K
1 R
= 77 E VTit1i — VT + 17 i (i + €0 — Ar)
ti=1

1 i oo L 1]+ Uy + Ar)
= — Tt = - Nt+1Tt,i\bti T €5 — At
U T+ g1 /T (e + € — At)

K
1 . R
< py Z VTt (-Ut+1\/7rt,i(€t,i + €t — M) + 207 i (b + €y — /\t)2>
ti=1
+ nt+17rt,i(ét,i + €t,i — )\t) (H’% § 1—ao+ 2.’172 for z 2 —%
K
< 2 Zﬂiéz(@t,i +eri — M),
i=1
where for the second to last inequality we only need to check 1,41,/ (€15 — A¢) > —%. We have

M 1/TiNe > —% and Lemma 13 implies

E[nir1y/Tri€4] > —n? E[Wt,i|fzt,i|2] > —Q(=).

We bound ]E[ﬂff(l?“ + e — A)?] < 2E[7Tié-2€t27i] + QE[nfﬂwiéz(&,i — A¢)?]. For the first term
we have

| =

5/2) 7 1
2B Ll <0 ().
For the second term we use Lemma 10 to get E[nfﬂwif(lﬁt’i - )3 < BER, a1 -
Wt,i)]o O

Self-bounding the regret for stochastic losses.

Theorem 4, stochastic losses. Combining the bound in Lemma 14 and Lemma 15 together with the
adversarial bound we have that the total regret is bounded as follows

4 1 VK log(t) iy iV K log(t)
032 v (G v (3 R ) X e

=Ty i#i* =1
+0 (K3/ 2)

In the above we bound the lower order term from the stability as Zthl Zfil Vi /T = O(K?/?)
and decompose the regret into four parts. The first and second line correspond to the two terms from
the penalty bound. Each of the two lines are decomposed into two terms. The first term is the result
of the self-bounding trick and the second term is the additional regret for the initial number of rounds
before the self-bounding trick can be applied.

We repeatedly use the following inequality 2a+/z — bz < “—;, which holds for a,b > 0. For the

(

2 ) .
first line of the decomposition we take Ty = 8%/&“"), where A,,,;n is the smallest non-zero

expected loss. We note that

VK log(Tp) AL log(8K log®(1/Amin)) AL log(K) log(161og(1/Amin) < Apin
VTo T 8log(K/ Amin) T \8log(K/A)  8log(K/Amin) ) T 2
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for any Apin < 557. If Apin > ﬁ, we take Ty = SM. The above implies

= 2024° Amin
that /7 ; (% = /Tt <Ai - %)) < %i and further 3, .. tTifl Lﬁlog(” =

O(KIOgZ(l/Anlin))

min

. The final regret bound is

log(T) K 10g2(1/Amin) 3/2
0 ; At A +K

O

Adversarial losses. We now present the argument for the regret bound in the adversarial setting.

Theorem 4, adversarial losses. Let 0, ; = (£;; — 77”\(/1%“)) H(ﬁ::,i) and y; = % We recall the
update for Algorithm 2 in Fang et al. [2022]

Wig1 = VO(my) — nt—l(gt +e),
Ji41 = XeWeg1 + (1 = x0) VO(m1),
Tir1 = VO (Ji41),
where @ is the 1/2-Tsallis potential plus the indicator function for the probability simplex AK~1,

Since 7 is uniform the second step of the update is equivalent to 9,11 = XW;+1. Re-writing the
first step of the update we have

. . - 1 1 1
—Yt41,i = Xt F (b + €i) = + N1 (Cei + €6i) — e < - )

1
/Tt Tt,i Tt Nt—1/) /Tt
1 11—, I(A; =1 1 1 1
_ . <<£t7i . ey ( T, )) (Ar =1) tei— ( . ) )
T, Tt,i Tt,i Mt Tt—1 Tt,i

1 .
— \/ﬁ —|— nt(‘gt,i + )\t)

Since V®* is invariant under constant vector perturbations we finally have

1 . 1 A
Tt41,4 = V(I)*(?;t-s—l)i = Vo~ (— - T]t(ft+1 + €t)> = Vo~ (— - nt(Lt+1 + Gt))
N N

t Tt
_ 1
(1/ /e + nt(ﬁt,i +€))?
Tt,i

(L + ney/Tri(Lei + €04))2

And so the update in Algorithm 2 of Fang et al. [2022] is equivalent to the perturbed OMD update
which we have shown enjoys an optimistic regret guarantee. The regret guarantee in the adversarial
setting is now recovered from Theorem 3 in Fang et al. [2022]. In particular the theorem guarantees
that the regret is bounded as

T
> DI (m, VF*(VF(m) — (b + &))) + VKT.

t=1

Every term in the sum is bounded in the same way as the stability terms, that is

DTS (ry, VF*(VF (1) — ni(by + ))) < S8, wf{z(@f1 + €:,i). We can now use the bound
in the proof of Lemma 15 to complete proof of the adversarial bound and the proof of Theorem 4. [
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All results are formalized in Theorems which we proof in the supplementary
material additionally to selective proof outlines in the main body.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

e The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

o The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [NA|
Justification: This is purely theoretical work.
Guidelines:

e The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

e The authors are encouraged to create a separate "Limitations" section in their paper.

e The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

e The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

o The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

e The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

e If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

e While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All assumptions are stated in the Theorem statements and the proof can be
found in the appendix.

Guidelines:

e The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

o All assumptions should be clearly stated or referenced in the statement of any theorems.

e The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

o Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: No experiments
Guidelines:

e The answer NA means that the paper does not include experiments.

o If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

o If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

e Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

e While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

25



Answer: [NA]
Justification: No experiments requiring code.
Guidelines:

e The answer NA means that paper does not include experiments requiring code.

e Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

e While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

e The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

e The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

e The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

e At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

e Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA|
Justification: No experiments.
Guidelines:

e The answer NA means that the paper does not include experiments.

e The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

o The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: No experiments.
Guidelines:

e The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

e The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

e The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

e The assumptions made should be given (e.g., Normally distributed errors).

o It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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e [t is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

e For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA|
Justification: No experiments.
Guidelines:

e The answer NA means that the paper does not include experiments.

o The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

e The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

e The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Theoretical work without direct societal impact.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

e The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA|
Justification: Theoretical work without societal impact.
Guidelines:

e The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

o Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

e The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

o The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

o If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|
Justification: Theoretical work without experiments or data.
Guidelines:

e The answer NA means that the paper poses no such risks.

e Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

e Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

e We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Theoretical work without existing assets.
Guidelines:

e The answer NA means that the paper does not use existing assets.
e The authors should cite the original paper that produced the code package or dataset.

o The authors should state which version of the asset is used and, if possible, include a
URL.

e The name of the license (e.g., CC-BY 4.0) should be included for each asset.

e For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

e If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

e For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

o If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: Theoretical work without new assets.
Guidelines:

e The answer NA means that the paper does not release new assets.

e Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

o The paper should discuss whether and how consent was obtained from people whose
asset is used.

e At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA|
Justification: Theoretical work.
Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

o Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

e According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: Theoretical work.
Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

e Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

e We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

e For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

29



	Introduction
	Problem setting and related work
	Prod family of algorithms
	Incentive-compatible online learning

	Modifying WSU-UX for nearly optimal regret guarantees
	Intuition on biasing the update and the Prod family of algorithms

	Importance weighting free adversarial MAB with LB-Prod
	Intuition of LB-Prod
	Analysis of LB-Prod
	The perturbation analysis

	Best of both worlds algorithms
	TS-Prod
	Analysis of TS-Prod
	TS-Prod and stabilized OMD

	Discussion
	Background on FTRL and OMD
	OMD analysis overview
	FTRL analysis overview

	Missing Proof Section 3
	Missing Proofs Section 4
	Missing Proofs Section 5.2
	Technical Lemmas
	Minimal probability
	Self-bounding trick

	TS-Prod and stabilized OMD
	Proof of Theorem 4


