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ABSTRACT

Contextual dueling bandit is used to model the bandit problems, where a learner’s
goal is to find the best arm for a given context using observed noisy human
preference feedback over the selected arms for the past contexts. However, existing
algorithms assume the reward function is linear, which can be complex and
non-linear in many real-life applications like online recommendations or ranking
web search results. To overcome this challenge, we use a neural network to estimate
the reward function using preference feedback for the previously selected arms.
We propose upper confidence bound- and Thompson sampling-based algorithms
with sub-linear regret guarantees that efficiently select arms in each round. We also
extend our theoretical results to contextual bandit problems with binary feedback,
which is in itself a non-trivial contribution. Experimental results on the problem
instances derived from synthetic datasets corroborate our theoretical results.

1 INTRODUCTION

Contextual dueling bandits (or preference-based bandits) (Saha, 2021; Bengs et al., 2022; Li et al.,
2024) is a sequential decision-making framework that is widely used to model the contextual bandit
problems (Li et al., 2010; Chu et al., 2011; Krause & Ong, 2011; Zhou et al., 2020; Zhang et al.,
2021) in which a learner’s goal is to find an optimal arm by sequentially selecting a pair of arms
(also refers as a duel) and then observing noisy human preference feedback (i.e., one arm is preferred
over another) for the selected arms. Contextual dueling bandits has many real-life applications, such
as online recommendation, ranking web search, fine-tuning large language models, and rating two
restaurants or movies, especially in the applications where it is easier to observe human preference
between two options (arms) than knowing the absolute reward for the selected option (arm). The
preference feedback between two arms1 is often assumed to follow the Bradley-Terry-Luce (BTL)
model (Hunter, 2004; Luce, 2005; Saha, 2021; Bengs et al., 2022; Li et al., 2024) in which the
probability of preferring an arm is proportional to the exponential of its reward.

Since the number of contexts (e.g., users of online platforms) and arms (e.g., movies/search results
to recommend) can be very large (or infinite), the reward of an arm is assumed to be parameterized
by an unknown function, e.g., a linear function (Saha, 2021; Bengs et al., 2022; Li et al., 2024).
However, the reward function may not always be linear in practice. To overcome this challenge,
this paper parameterizes the reward function via a non-linear function, which needs to be estimated
using the available preference feedback for selected arms. To achieve this, we can estimate the
non-linear function by using either a Gaussian processes (Williams & Rasmussen, 2006; Srinivas
et al., 2010; Chowdhury & Gopalan, 2017) or a neural network (Zhou et al., 2020; Zhang et al., 2021).
However, due to the limited expressive power of the Gaussian processes, it fails when optimizing

∗Equal contribution and corresponding authors.
1For more than two arms, the preferences are assumed to follow the Plackett-Luce model (Saha, 2021;

Soufiani et al., 2014).
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highly complex functions. In contrast, neural networks (NNs) possess strong expressive power and
can model highly complex functions (Dai et al., 2023; Lin et al., 2023).

In this paper, we first introduce the problem setting of neural dueling bandits, in which we use a
neural network to model the unknown reward function in contextual dueling bandits. As compared to
the existing work on neural contextual bandits (Zhou et al., 2020; Zhang et al., 2021), we have to use
cross-entropy loss as an objective function for training the neural network to estimate the unknown
non-linear reward function due to the preference feedback (i.e., 0/1). We next propose two neural
dueling bandit algorithms based on, respectively, upper confidence bound (UCB) (Auer et al., 2002;
Li et al., 2010; Chu et al., 2011; Abbasi-Yadkori et al., 2011; Li et al., 2017; Zhou et al., 2020) and
Thompson sampling (TS) (Krause & Ong, 2011; Agrawal & Goyal, 2013a;b; Chowdhury & Gopalan,
2017; Zhang et al., 2021) (more details are in Section 3.2). Note that the existing contextual dueling
bandit works (Saha, 2021; Bengs et al., 2022; Li et al., 2024) use different ways to select the pair of
arms (more details are given in Appendix C.2), hence leading to different arm-selection strategies as
compared to our work. Due to the differences in arm-selection strategy and reward function (which is
non-linear and estimated using NNs), our regret analysis is also completely different.

Furthermore, existing neural contextual bandit works use root mean square error (RMSE) as an
objective function for training the neural networks due to the assumption of real-valued reward or
feedback. Therefore, their key results, especially the confidence ellipsoid, only hold for RMSE and
can not be straightforwardly extended to our setting, which uses cross-entropy loss. Nevertheless,
we derive an upper bound on the estimation error (i.e., represented as a confidence ellipsoid) of the
difference between the reward values of any pair of arms (Theorem 1) predicted by the trained neural
network, which is valid as long as the neural network is sufficiently wide. This result provides a
theoretical assurance of the quality of our trained neural network using the preference feedback to
minimize the cross-entropy loss. Based on the theoretical guarantee on the estimation error, we derive
upper bounds on the cumulative regret of both of our algorithms (Theorem 2 and Theorem 3), which
are sub-linear under some mild conditions. Our regret upper bounds lead to several interesting and
novel insights (more details are given in Section 3.3).

As a special case, we extend our results to neural contextual bandit problems with binary feedback
in Appendix D, which is itself of independent interest. Interestingly, our theoretical results also
provide novel theoretical insights regarding the reinforcement learning with human feedback (RLHF)
algorithm (Appendix E). Specifically, our Theorem 1 naturally provides a theoretical guarantee on
the quality of the learned reward model in terms of its accuracy in estimating the reward differences
between pairs of responses. Finally, we empirically validate the different performance aspects of our
proposed algorithms in Section 5 using problem instances derived from synthetic datasets.

2 PROBLEM SETTING

Contextual dueling bandits. We consider a contextual dueling bandit problem in which a learner
selects two arms (also refers as a duel) for a given context and observes preference feedback over
selected arms. The learner’s goal is to find the best arm for each context. Our problem differs from
standard contextual bandits in which a learner selects a single arm and observes an absolute numerical
reward for that arm. Let C � Rdc be the context set and A � Rda be finite arm set, where dc � 1
and da � 1. At the beginning of round t, the environment generates a context ct 2 C and the learner
selects two arms (i.e., at,1, and at,2) from the finite arm set A. After selecting two arms, the learner
observes stochastic preference feedback yt for the selected arms, where yt = 1 implies the arm at,1
is preferred over arm at,2 and yt = 0 otherwise. We assume that the preference feedback depends
on an unknown non-linear reward function f : C � A ! R. For brevity, we denote the set of all
context-arm feature vectors in the round t by Xt. We also use X to denote the set of all feature
vectors: Xt � X ;8t and xt,a to represent the context-arm feature vector for context ct and an arm a.

Stochastic preference model. We assume the preference has a Bernoulli distribution that follows
the Bradley-Terry-Luce (BTL) model (Hunter, 2004; Luce, 2005), which is commonly used in the
dueling bandits (Saha, 2021; Bengs et al., 2022; Li et al., 2024). Under the BTL preference model,
the probability that the first selected arm (xt,1) is preferred over the second selected arm (xt,2) for
the the given context ct and latent reward function f is given by

P fxt,1 � xt,2g = P fyt = 1jxt,1; xt,2g =
exp (f(xt,1))

exp (f(xt,1)) + exp (f(xt,2))
= � (f(xt,1)� f(xt,2)) :
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wherex t; 1 � x t; 2 denotes thatx t; 1 is preferred overx t; 2, � (x) = 1 =(1+e � x ) is the sigmoid function
andf (x t;i ) is the latent reward of thei -th selected arm. Our results hold for other preference models
like the Thurstone-Mosteller model and Exponential Noise as long as the stochastic transitivity holds
(Bengs et al., 2022). To generalize our results across preference models, we make the following
assumptions on function� (also known as alink function(Li et al., 2017; Bengs et al., 2022)):

Assumption 1. • � �
:= inf x;x 02X _� (f (x) � f (x0)) > 0 for all pairs of context-arm.

• The link function� : R ! [0; 1] is continuously differentiable and Lipschitz with constant
L � . For sigmoid function,L � � 1=4.

Performance measure. After selecting two arms, denoted byx t; 1 and x t; 2, in round t, the
learner incurs an instantaneous regret. There are two common notions of instantaneous regret
in the dueling bandits setting (Saha, 2021; Bengs et al., 2022; Li et al., 2024), i.e., average
instantaneous regret:r a

t
:= f (x?

t ) � (f (x t; 1) + f (x t; 2)) =2, and weak instantaneous regret:
r w

t
:= f (x?

t ) � max f f (x t; 1); f (x t; 2)g, wherex?
t = argmax x 2X t f (x) denotes the best arm for a

given context that maximizes the value of the underlying reward function. After observing preference
feedback forT pairs of arms, thecumulative regret(or regret, in short) of a sequential policy is
given byR �

T =
P T

t =1 r �
t ; where� := f a; wg. Note thatRw

T � Ra
T . Any good policy should have

sub-linear regret, i.e.,limT !1 R �
T =T = 0 : A policy with a sub-linear regret implies that the policy

will eventually �nd the best arm and recommend only the best arm in the duel for the given contexts.

3 NEURAL DUELING BANDITS

Having a good reward function estimator is the key for any contextual bandit algorithm to achieve
good performance, i.e., smaller regret. As the underlying reward function is complex and non-linear,
we use fully connected neural networks (Zhou et al., 2020; Zhang et al., 2021) to estimate the reward
function only using the preference feedback. Using this estimated reward function, we propose two
algorithms based on the UCB and TS with sub-linear regret guarantees.

3.1 REWARD FUNCTION ESTIMATION USING NEURAL NETWORK

To estimate the unknown reward functionf , we use a fully connected neural network (NN) with depth
L � 2, the width of hidden layerm, and ReLU activations as done in Zhou et al. (2020) and Zhang
et al. (2021). Leth(x; � ) represent the output of a full-connected neural network with parameters�
for context-arm feature vectorx, which is de�ned as follows:

h(x; � ) = W L ReLU(W L � 1ReLU(� � � ReLU(W 1x))) ;

whereReLU(x) := max f x; 0g, W 1 2 Rm � d, W l 2 Rm � m for 2 � l < L , W L 2 Rm � 1. We
denote the parameters of NN by� = ( vec(W 1) ; � � � vec(W L )) , wherevec(A) converts aM � N
matrixA into aMN -dimensional vector. We usem to denote the width of every layer of the NN, use
p to represent the total number of NN parameters, i.e.,p = dm + m2(L � 1) + m, and useg(x; � ) to
denote the gradient ofh(x; � ) with respect to� .

The arms selected by the learner for context received in rounds is denoted byxs;1; xs;2 2 X s and the
observed stochastic preference feedback is denoted byys = 1(xs;1 � xs;2), which is equal to1 if
the armxs;1 is preferred over the armxs;2 and0 otherwise. At the beginning of roundt, we use the
current history of observationsf (xs;1; xs;2; ys)gt � 1

s=1 to train the neural network (NN) using gradient
descent to minimize the following loss function:

L t (� ) = �
1
m

t � 1X

s=1

h
log �

�
(� 1)1� ys [h(xs;1; � ) � h(xs;2; � )]

� i
+

1
2

� k� � � 0k2
2 ; (1)

Here� 0 represents the initial parameters of the NN, and we initialize� 0 following the standard
practice of neural bandits (Zhou et al., 2020; Zhang et al., 2021) (refer to Algorithm 1 in Zhang et al.
(2021) for details). Here, minimizing the �rst term in the loss function (i.e., the term involving the
summation fromt � 1 terms) corresponds to the maximum log likelihood estimate (MLE) of the
parameters� . Next, we develop algorithms that use the trained NN with parameter� t to select the
best arms (duel) for each context.
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3.2 NEURAL DUELING BANDIT ALGORITHMS

With the trained NN as an estimate for the unknown reward function, the learner has to decide
which two arms (or duel) must be selected for the subsequent contexts. We use UCB- and TS-based
algorithms that handle the exploration-exploitation trade-off ef�ciently.

UCB-based algorithm. Using upper con�dence bound for dealing with the exploration-exploitation
trade-off is common in many sequential decision-making problems (Bengs et al., 2022; Zhou et al.,
2020; Auer et al., 2002). We propose a UCB-based algorithm namedNDB-UCB, which works as
follows: At the beginning of the roundt, the algorithm trains the NN using available observations.
After receiving the context, it selects the �rst arm greedily (i.e., by maximizing the output of the
trained NN with parameter� t ) as follows:

x t; 1 = arg max
x 2X t

h(x; � t ): (2)

Next, the second armx t; 2 is selected optimistically, i.e., by maximizing the UCB value:

NDB-UCB Algorithm for Neural Dueling Bandit based on Upper Con�dence Bound

1:Tuning parameters: � 2 (0; 1), � > 0, andm > 0
2: for t = 1 ; : : : ; T do
3: Train the NN usingf (xs;1; xs;2; ys)gt � 1

s=1 by minimizing the loss function de�ned in Eq. (1)
4: Receive a context andXt denotes the corresponding context-arm feature vectors
5: Selectx t; 1 = arg max x 2X t h(x; � t ) as given in Eq. (2))
6: Selectx t; 2 = arg max x 2X t [h(x; � t ) + � T � t � 1(x; x t; 1)] (as given in Eq. (3))
7: Observe preference feedbackyt = 1f x t; 1 � x t; 2 g
8: end for

x t; 2 = arg max
x 2X t

[h(x; � t ) + � T � t � 1(x; x t; 1)] ; (3)

where� T
:= ( � T + B

p
�=� � + 1)

p
� � =� in which � T

:= 1
� �

q
ed + 2 log(1=� ) and ed is theeffective

dimension. We de�ne the effective dimension in Section 3.3 (see Eq. (4)). We de�ne

� 2
t � 1(x1; x2) :=

�
� �










1
p

m
(' (x1) � ' (x2))










2

V � 1
t � 1

;

whereVt
:=

P t
s=1 ' 0(xs)' 0(xs)> 1

m + �
� �

I . Here,' 0(xs) := ' (xs;1) � ' (xs;2) = g(xs;1; � 0) �
g(xs;2; � 0) andg(x; � 0)=

p
m is used as the random features approximation for context-arm feature

vectorx. Intuitively, after the �rst armx t; 1 is selected,a larger � 2
t � 1(x; x t; 1) indicates thatx is very

different fromx t; 1 given the information of the previously selected pairs of arms.Hence, the second
term in Eq. (3) encourages the second selected arm to be different from the �rst arm.

TS-based algorithm. Thompson sampling (Li et al., 2024; Agrawal & Goyal, 2013b) selects an
arm according to its probability of being the best. Many works (Li et al., 2024; Chowdhury &
Gopalan, 2017; Agrawal & Goyal, 2013b; Chapelle & Li, 2011) have shown that TS is empirically
superior than to its counterpart UCB-based bandit algorithms. Therefore, in addition, we also propose
another algorithm based on TS namedNDB-TS, which works similarly toNDB-UCB except that the
second armx t; 2 is selected differently. To select the second armx t; 2, for every armx 2 X t , it �rstly
samples a rewardr t (x) � N

�
h(x; � t ) � h(x t; 1; � t ); � 2

T � 2
t � 1(x; x t; 1)

�
and then selects the second

arm asx t; 2 = arg max x 2X t
r t (x).

3.3 REGRET ANALYSIS

Let K denote the �nite number of available arms in each round,H denote the NTK matrix for all
T � K context-arm feature vectors in theT rounds, andh =

�
f (x1

1); : : : ; f (xK
T )

�
. The NTK matrix

H de�nition is adapted to our setting from De�nition 4.1 of Zhou et al. (2020). We denote thej -th
element of the vectorx by x j . We now introduce the assumptions needed for our regret analysis, all
of which are standard assumptions in neural bandits Zhou et al. (2020); Zhang et al. (2021).
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Assumption 2. Without loss of generality, we assume that

• the reward function is bounded:jf (x)j � 1; 8x 2 X t ; t 2 [T],
• there exists� 0 > 0 s.t.H � � 0I , and
• all context-arm feature vectors satisfykxk2 = 1 andx j = x j + d=2, 8x 2 X t ; 8t 2 [T].

The last assumption in Assumption 2 above, together with the way we initialize� 0 (i.e., following
standard practice in neural bandits Zhou et al. (2020); Zhang et al. (2021)), ensures thath(x; � 0) =
0; 8x 2 X t ; 8t 2 [T]. The assumption ofx j = x j + d=2 is a mild assumption and commonly used
in the neural bandits literature Zhou et al. (2020); Zhang et al. (2021). This assumption is just for
convenience in regret analysis: for any contextx, jjxjj = 1 , we can always construct a new context
x0 = ( x> ; x> )> =

p
2 that satis�es this assumption Zhou et al. (2020).

Let H 0 :=
P T

s=1

P
( i;j )2 C K

2
zi

j (s)zi
j (s)> 1

m , in which zi
j (s) = ' (xs;i ) � ' (xs;j ) andCK

2 denotes
all pairwise combinations ofK arms. We now de�ne theeffective dimensionas follows:

ed = log det
� � �

�
H 0+ I

�
: (4)

Compared to the previous works on neural bandits, our de�nition ofed features extra dependencies
on � � . Moreover, ourH 0 containsT � K � (K � 1) contexts, which is more than theT � K
contexts of Zhou et al. (2020) and Zhang et al. (2021).2 Hence, oured is expected to be larger than
their standard effective dimension. It follows from the Determinant-Trace Inequality (Lemma 10 of
Abbasi-Yadkori et al. (2011)), the determinant of a covariance matrix in directly proportional to the
number of feature vectors. In our setting, the effective dimensioned is log det

� � �

� H 0+ I
�

andH 0

containsT � K � (K � 1) contexts (i.e., feature vectors), which is more than theT � K contexts
in the standard neural bandits. Therefore, the effective dimensioned in the neural dueling bandits is
larger than that of the standard neural bandits.

Note that placing an assumption oned above is analogous to the assumption on the eigenvalue of the
matrixM t in the work on linear dueling bandits Bengs et al. (2022). For example, in order for our
�nal regret bound to be sub-linear, we only need to assume thated = eo(

p
T), which is analogous to

the assumption from Bengs et al. (2022):
P T

t = � +1 � � 1=2
min (M t ) � c

p
T.

We use the above fact to prove our following result, which is equivalent to the con�dence ellipsoid
results used in the existing bandit algorithms (Li et al., 2017).

Theorem 1. Let � 2 (0; 1), "0
m;t

:= C2m� 1=6p
logmL 3

�
t
�

� 4=3
for some absolute constantC2 > 0.

As long asm � poly(T; L; K; 1=� � ; L � ; 1=� 0; 1=�; log(1=� )) , then with probability of at least1� � ,

j [f (x) � f (x0)] � [h(x; � t ) � h(x0; � t )] j � � T � t � 1(x; x 0) + 2 "0
m;t ;

for all x; x 0 2 X t ; t 2 [T].

The detailed proof of Theorem 1 and all other missing proofs are given in the Appendix. Note that
as long as the widthm of the NN is large enough (i.e., if the conditions onm in (8) are satis�ed),
we have that"0

m;t = O(1=T). Theorem 1 ensures that when using our trained NNh to estimate the
latent reward functionf , the estimation error of the reward difference between any pair of arms is
upper-bounded. Of note, it is reasonable that our con�dence ellipsoid in Theorem 1 is in terms of the
differencebetween reward values, because the only observations we receive are pairwise comparisons.
Now, we state the regret upper bounds of our proposed algorithms.

Theorem 2(NDB-UCB). Let � > � � , B be a constant such that
p

2h> H � 1h � B , andc0 > 0
be an absolute constant such that1

m k' (x) � ' (x0)k2
2 � c0; 8x; x 0 2 X t ; t 2 [T]. For m �

poly(T; L; K; 1=� � ; L � ; 1=� 0; 1=�; log(1=� )) , then with probability of at least1 � � , we have

RT �
3
2

 

� T + B

s
�
� �

+ 1

! q
T2c0

ed + 1 = eO

  p
ed

� �
+ B

s
�
� �

! p
T ed

!

:

2 The effective dimension in Zhou et al. (2020) and Zhang et al. (2021) is de�ned usingH : ed0 =

log det (H =� + I ) =log(1+ T K=� ). However, it is of the same order (up to log factors) aslog det
�

eH =� + I
�

,

with eH :=
P T

s=1

P K
i =1 g(xs;i ; � 0)g(xs;i ; � 0)> =m (see Lemma B.7 of Zhang et al. (2021)).
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The detailed requirements on the widthm of the NN are given by Eq. (8) in Appendix A.
Theorem 3 (NDB-TS). Let c1 and c2 be two constants. Under the same conditions as those in
Theorem 2, then with probability of at least1 � � , we have

RT = eO

  p
ed

� �
+ B

s
�
� �

! p
T ed

!

:

Note that in terms of asymptotic dependencies (ignoring the log factors), our UCB- and TS- algorithms
have the same growth rates. The upper regret bounds also hold for weak cumulative regret as it is
upper-bounded by average cumulative regret.

When we assume that the effective dimensioned = eo(
p

T) (which is analogous to the assumption on
the minimum eigenvalue from Bengs et al. (2022)), then the regret upper bounds for bothNDB-UCB
andNDB-TS are sub-linear. The dependence of our regret bounds on1

� �
andL � (i.e., the parameters

of the link function de�ned in Assumption 1) are consistent with the previous works on generalized
linear bandits (Li et al., 2017) and linear dueling bandits Bengs et al. (2022).

Compared with the regret upper bounds of NeuralUCB Zhou et al. (2020) and NeuralTS Zhang
et al. (2021), the effective dimensioned in Theorem 2 and Theorem 3 are expected to be larger than
the effective dimensioned0 from Zhou et al. (2020); Zhang et al. (2021) because oured results from
the summation of a signi�cantly larger number of contexts. Therefore, our regret upper bounds
(Theorem 2 and Theorem 3) are expected to be worse than that of Zhou et al. (2020); Zhang et al.
(2021): eO( ed0

p
T). This downside can be attributed to the dif�culty of our neural dueling bandits

setting, in which we can only access preference feedback.

3.4 PROOFSKETCH

In this section, we give a brief proof sketch of our regret analysis in Section 3.3.

3.4.1 SKETCH OF PROOF FORTHEOREM 1

We start by presenting an outline for the proof of our Theorem 1. To begin with, by applying the
theory of the NTK (Jacot et al., 2018) to our NN for reward estimation (Section 3.1), we show that as
long as the NN is wide enough, its output can be approximated by a linear function (see Appendix A.1
for details). More speci�cally, for a pair of armsx andx0, the difference between their predicted
latent reward valuesh(x; � t ) � h(x0; � t ) can be approximated by the difference between the linear
approximations of the NN:

Lemma 1. Let "0
m;t , C2m� 1=6p

logmL 3
�

t
�

� 4=3
whereC2 > 0 is an absolute constant. Then

jh' (x) � ' (x0); � t � � 0i � (h(x; � t ) � h(x0; � t )) j � 2"0
m;t ; 8t 2 [T]; x; x 0 2 X t :

Of note, the approximation error"0
m;t becomes smaller as the widthm of the NN is increased.

Proof of the Con�dence Ellipsoid. Next, we derive the con�dence ellipsoid for our algorithms,
which is formalized by Lemma 6 (see its detailed proof in Appendix A.2). Lemma 6 allows us to
derive the following inequality, which shows that for a pair of armsx andx0, the difference between
their latent reward valuesf (x) � f (x0) can be approximated by the difference between their predicted
values by the linearized NN:

jf (x) � f (x0) �h ' (x) � ' (x0); � t � � 0ij �










1
p

m
(' (x) � ' (x0))










V � 1
t � 1

 

� T + B

s
�
� �

+ 1

!

; (5)

Importantly, Eq. (5) guarantees that our trained NN with parameters� t (after linearization) is an
accurate approximation of the latent reward functionf in terms of pairwise differences. This crucial
theoretical guarantee is achieved thanks to our carefully designed loss function Eq. (1). Speci�cally,
a key step in the proof of our con�dence ellipsoid (i.e., Lemma 6) is the following equality:

1
m

t � 1X

s=1

(� (h(xs;1; � t ) � h(xs;2; � t )) � ys) (g(xs;1; � t ) � g(xs;2; � t )) + � (� t � � 0) = 0 ; (6)
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which is achieved by obtaining the NN parameters� t by minimizing our loss function Eq. (1). This is,
in fact, analogous to using maximum likelihood to estimate the unknown vector� in the linear reward
function in linear dueling bandits (Bengs et al., 2022) and linear bandits with binary feedback (Li
et al., 2017). In addition, another important step in the proof of Lemma 6 is the recognition that the
observation noise" t = yt � � (f (x t; 1) � f (x t; 2)) is conditionally1-sub-Gaussian (more details can
be found in the proof of Lemma 8 in Appendix A.2). After the proof of the con�dence ellipsoid as
described above, we then combine Eq. (5) and Lemma 1 to derive an upper bound on the difference
betweenf (x) � f (x0) andh(x; � t ) � h(x0; � t ), which completes the proof of Theorem 1.

3.4.2 SKETCH OF PROOF FORTHEOREM 2 AND THEOREM 3

To obtain a regret upper bound for theNDB-UCB algorithm (i.e., to prove Theorem 2), we
�rstly use Theorem 1 to derive an upper bound on the average instantaneous regretr a

t =
f (x?

t ) � (f (x t; 1) + f (x t; 2)) =2 (see the detailed proof in Appendix A.3):

r a
t �

3
2

 

� T + B

s
�
� �

+ 1

! r
� �

�
� t � 1(x t; 1; x t; 2) + 3 "0

m;t : (7)

Our strategies to select the two armsx t; 1 and x t; 2 (i.e., Eq. (2) and Eq. (3)) are essential for
deriving the upper bound in Eq. (7). Subsequently, we follow similar steps to the analysis of the
kernelized bandit algorithms (e.g., GP-UCB (Srinivas et al., 2010)) to obtain an upper bound onP T

t =1 � t � 1(x t; 1; x t; 2) in terms ofed. This then provides us with an upper bound on the average regret
Ra

T =
P T

t =1 r a
t (as well as the weak regretRw

T sinceRw
T � Ra

T ) and hence completes the proof
of Theorem 2. The proof of Theorem 3 for the NDB-TS algorithm is also based on Theorem 1 and
largely follows from the analysis of the GP-TS algorithm (Chowdhury & Gopalan, 2017). However,
non-trivial modi�cations need to be made in order to incorporate our strategies to select the two
armsx t; 1 andx t; 2. The detailed regret analysis for Theorem 2 and Theorem 3 can be found in
Appendix A.3 and Appendix B, respectively.

4 FURTHER IMPLICATIONS OF OUR ALGORITHMS AND THEORY

Our results to learn the latent non-linear reward function using preference feedback is not only limited
to dueling bandits, but it can be adapted to other settings as discussed in the following sections.

4.1 NEURAL CONTEXTUAL BANDITS WITH BINARY FEEDBACK

In many real-world applications, the learner can only observe binary feedback, e.g., whether a user
clicks in an online recommendation system or whether a treatment is effective in clinical trials, and
these problems are commonly modeled as contextual GLM bandits (Filippi et al., 2010; Li et al., 2017;
Faury et al., 2020), which assume the probability of success (i.e.,1) is proportional to exponential of
its reward that is a linear function of action-context features. However, in many real-life applications,
the reward can be a non-linear function of action-context features, which can modeled using a
suitable neural network. We refer to this problem as neural contextual bandits with binary feedback.
Therefore, our results can be extended to the neural contextual bandit problem, where the learner
only receives binary feedback for the selected arms, which depends on the non-linear reward function.
This adaption is not straightforward as the learner selects only one arm and observes binary feedback
(success or failure) for the selected action. This difference leads to different arm selection strategies
as only one needs to be selected in neural contextual bandits, and different loss functions must be
optimized to train the neural network to estimate the unknown reward functions. The main challenge
is to derive the con�dence ellipsoid result, which is a crucial component for proving the regret bounds.
While some ideas are common, the derivations differ due to the underlying differences in the problem
settings. We have given more details of the neural contextual bandit with binary feedback problem
and our regret bounds of algorithms proposed for this setting in Appendix D.

4.2 REINFORCEMENTLEARNING FROM HUMAN FEEDBACK

Our algorithms and theoretical results can also provide insights on the celebrated reinforcement
learning with human feedback (RLHF) algorithm (Chaudhari et al., 2024), which has been the most

7



Published as a conference paper at ICLR 2025

widely used method for aligning large language models (LLMs). Firstly, our Theorem 1 provides
a theoretical guarantee on the quality of the learned reward model during RLHF. This is because
Theorem 1 serves as an upper bound on the estimation error of the estimated reward differences
between any pair of prompts. Secondly, our proposed algorithms can be used to improve the quality
of the human preference dataset for RLHF. That is when collecting the dataset for RLHF, we can let
the LLM generate a large number of responses, from which we can use our algorithms for neural
dueling bandits to select two responses (corresponding to two arms) to be shown to the user for
preference feedback. More details can be found in Appendix E.

5 EXPERIMENTS

To corroborate our theoretical results, we empirically demonstrate the performance of our proposed
algorithms on different synthetic reward functions. We adopt the following two synthetic functions
from earlier work on neural bandits (Zhou et al., 2020; Zhang et al., 2021; Dai et al., 2023):f (x) =
10(x> � )2 (Square) andf (x) = cos(3x> � ) (Cosine). We repeat all our experiments 20 times and
show the average and weak cumulative regret with a 95% con�dence interval (represented by the
vertical line on each curve) Due to space constraints, additional results are given in the Appendix C.

The details of our experiments are as follows: We use ad-dimensional space to generate the sample
features of each context-arm pair. We denote the context-arm feature vector for contextct and
arm a by xa

t , wherexa
t =

�
x1

t;a ; : : : ; xd
t;a

�
; 8 t � 1. The value ofi -the element ofxa

t vector
is sampled uniformly at random from(� 1; 1). Note that the number of arms remains the same
across the rounds, i.e.,K . We then select ad-dimensional vector� by sampling uniformly at
random from(� 1; 1)d. In all our experiments, the binary preference feedback aboutx1 being
preferred overx2 (or binary feedback in Appendix D) is sampled from a Bernoulli distribution
with parameterp = � (f (x1) � f (x2)) ). In all our experiments, we use a NN with2 hidden layers
with width 50, � = 1 :0, � = 0 :05, d = 5 , K = 5 , and �xed value of� T = � = 1 :0. For
having a fair comparison, we choose the value of� after doing a hyperparameter search over set
f 10:0; 5:0; 1:0; 0:1; 0:01; 0:001; 0:0g for linear baselines, i.e., LinDB-UCB and LinDB-TS. As shown
in Fig. 1, the average cumulative regret is minimum for� = 1 :0. Note that we did not perform any
hyperparameter search forNDB-UCB andNDB-TS, whose performance can be further improved by
doing the hyperparameter search.

(a) Square (UCB) (b) Square (TS) (c) Cosine (UCB) (d) Cosine (TS)

Figure 1: Average cumulative regret of LinDB-UCB and LinDB-TS vs. different values of� for
Square reward function(i:e:; 10(x> � )2).

As supported by the neural tangent kernel (NTK) theory, we can substitute the initial gradientg(x; � 0)
for the original feature vectorx asg(x; � 0) represents the random Fourier features for the NTK Jacot
et al. (2018). In this paper, we use the feature vectorsg(x; � t ) instead ofg(x; � 0) and recompute all
g(x; � t ) in each round for all past context-arm pairs. Additionally, compared to NTK theory, we have
designed our algorithm to be more practical by adhering to the common practices in neural bandits
Zhou et al. (2020); Zhang et al. (2021). Speci�cally, in the loss function for training our NN (as
de�ned in Eq. (1)), we replaced the theoretical regularization parameter1

2 m� k� � � 0k2
2 (wherem is

the width of the NN) with the simpler� k� k2
2. Similarly, for the random features of the NTK, we

replaced the theoretical1p
m g(x; � t ) with g(x; � t ). We retrain the NN after every20 rounds and set

the number of gradient steps to50 in all our experiments.

Regret comparison with baselines.We compare regret (average/weak of our proposed algorithms
with three baselines: LinDB-UCB (adapted from (Saha, 2021)), LinDB-TS, and CoLSTIM (Bengs
et al., 2022). LinDB-UCB and LinDB-TS can be treated as variants ofNDB-UCB andNDB-TS,
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