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ABSTRACT

Density ratio estimation (DRE) is a fundamental machine learning technique for
identifying relationships between two probability distributions. f-divergence loss
functions, derived from variational representations of f-divergence, are com-
monly employed in DRE to achieve state-of-the-art results. This study presents
anovel perspective on DRE using f-divergence loss functions by deriving the up-
per and lower bounds on L, errors. These bounds apply to any estimator within a
class of Lipschitz continuous estimators, irrespective of the specific f-divergence
loss functions utilized. The bounds are formulated as a product of terms that in-
clude the data dimension and the expected value of the density ratio raised to the
power of p. Notably, the lower bound incorporates an exponential term depen-
dent on the Kullback—Leibler divergence, indicating that the L,, error significantly
increases with the Kullback—Leibler divergence for p > 1, and this increase be-
comes more pronounced as p increases. Furthermore, these theoretical findings
are substantiated through numerical experiments.

1 INTRODUCTION

Density ratio estimation (DRE) is a key technique in machine learning that calculates the density
ratio r*(x) = ¢(x)/p(x) between two probability distributions based on samples drawn indepen-
dently from p and g. DRE is integral to various machine learning methods such as generative mod-
eling (Goodfellow et al., 2014; Nowozin et all, |2016; [Uehara et al., [2016), mutual information esti-
mation and representation learning (Belghazi et al.,|2018; [Hjelm et all, 2018), energy-based model-
ing (Gutmann & Hyvirinen, 2010), and covariate shift and domain adaptation (Shimodaira, 2000;
Huang et al., 2006).

Recent advancements in DRE have been driven by neural network-based methods, which utilize
neural networks as density ratio estimators. These methods employ loss functions derived from
variational representations of f-divergence (Nguyen et al!,|2010; [Sugiyama et al., [2012), where the
optimal function corresponds to the density ratio through the Legendre transform, achieving state-
of-the-art results.

Amidst their success, ongoing research has started to elucidate the theoretical relationship between
the optimization of f-divergence loss functions and DRE accuracy. For integral probability metric
(IPM) loss functions, the upper and lower bounds of the L,, error in DRE have been established as
the minimax bounds of their optimization(Liang, 2017; [Niles-Weed & Berthet, 2022). More recent
studies have focused on f-divergence loss functions to derive the upper bounds (Belomestny et all,
2021) and the minimax upper and lower bounds for the optimization of Shannon divergence loss
(Belomestny et all, [2021}; |Puchkin et al., [2024).

However, several aspects of this relationship remain unresolved. First, the minimax lower bounds
do not represent the true lower bound of estimation accuracy for the actual density ratio. Second,
the connection between the true magnitudes of f-divergences and the sample size requirements
for DRE using divergence loss functions is not completely understood. Specifically, the impact of
the true amount of Kullback-Leibler (KL) divergence on the sample size needed for DRE using
the KL-loss function is unclear, despite known exponential increases in sample size requirements
for KL-divergence estimation as the true KL-divergence widens (Poole et al.,[2019;|Song & Ermon,
2019; McAllester & Stratos, 2020). Finally, it is not understood whether the L, errors, e.g., the
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root mean square errors (RMSE), of DRE are statistically equivalent, regardless of the choice of
f-divergence loss function, such as the total variation loss or the KL-divergence loss function.

This study aims to address uncertainties in DRE using f-divergence loss functions by deriving the
upper and lower bounds that are independent of the choice of f-divergence. However, the theoretical
optimization of f-divergence loss functions is challenging owing to their reliance on sample sets
from two distributions. The lack of overlap in these sample sets leads to unstable optimization
points, causing the losses to fall below their theoretical optimal values. Practically, this issue is
often mitigated by implementing early stopping while monitoring validation losses.

We integrate this practical approach into our theoretical analysis framework through a conceptual
reformulation of the loss functions, thus bridging the gap between practical and theoretical behav-
iors of these functions. Subsequently, we derive upper and lower bounds for the L,, error in DRE
by optimizing f-divergence loss functions. These bounds are derived from the expectation of the
distance between the nearest neighbors in observations, assuming the L-Lipschitz continuity of the
energy function of the distributions and the compactness of the support.

The upper and lower bounds are formulated as a product of terms involving the data dimension and
the expectation of the density ratio raised to the power of p. Notably, the lower bound includes
an exponential term of the KL-divergence, indicating that the L,, error significantly increases as
the KL-divergence increases for p > 1, with the rate of increase accelerating for larger values of
p. These bounds are applicable to a group of Lipschitz continuous estimators, irrespective of the
specific f-divergence loss functions employed. The theoretical implications are validated through
numerical experiments.

To summarize, the key contributions of this study are as follows: (1) We provide common upper
and lower bounds for the L,, error in DRE through optimizations of variational representations of
f-divergences, introducing a novel understanding of DRE using f-divergence loss functions. (2) We
empirically investigate the relationship between KL-divergence, data dimension, and the estimation
accuracy of DRE through optimizations of variational representations of f-divergences. Specifically,
we discover that the L,, error significantly increases with the rise in KL-divergence when p > 1, and
this increase is exacerbated by the magnitude of the order p.

Related Work. This study provides upper and lower bounds on convergence rates for nonparamet-
ric density ratio estimation using f-divergence optimization. Relevant prior work includes studies
on the minimax convergence rates for density estimation within the context of GAN optimization,
specifically for Wasserstein GANs (Arjovsky & Bottou,2017) and vanilla GANs (Goodfellow et all,
2014). For Wasserstein GAN optimization, [Liang (2017) and |Singh & Pé6czod (2018) established
the minimax convergence rates for the IPW loss, which encompasses the total variation among f-
divergences. Additionally, Niles-Weed & Berthet (2022) extended these results to the Wasserstein-p
distance for p > 1. In the context of vanilla GAN optimization, Belomestny et all (2021)) and
Puchkin et all (2024) presented minimax upper and lower convergence rates for the Shannon diver-
gence loss, providing an upper bound for the Ly error. Beyond GAN-related research, Nguyen et al
(2010) presented an upper bound for the Hellinger distance in DRE using the KL-divergence loss,
thereby providing a minimax upper bound for the L; error in DRE. Additionally, foundational work
by|Stone (1980) established a minimax convergence rate for nonparametric regression, which is also
applicable to an upper bound for the L; error in nonparametric density estimation.

2 PRELIMINARIES: NOTATION, SETUP, AND f-DIVERGENCE LOSS
FUNCTIONS

In this section, we introduce the notation, problem setup, and the variational representation of f-
divergence, along with the corresponding loss functions that underpin the analysis in subsequent
sections.

2.1 NOTATION, PRELIMINARY CONCEPTS, AND SETUP

Notation. Random variables are denoted by uppercase letters, such as X. Lowercase letters repre-
sent specific values of these random variables; for instance,  denotes a value of the random variable
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X. Boldface letters, X and x, denote the sets of random variables and their corresponding values,
respectively. ||y — x|/ denotes the maximum norm in R%. i.e., ||y — X|lc = maxi<;<a|y; — i
fory = (y1,vy2,-..,yq) andx = (z1, T2, ..., zq). diag(2) denotes the diameter of 2. Specifically,
let diag(B) = inf,cr{B C A(a,r) | Ja € B}, where A(a,r) denotes the d-dimensional interval
centered at a with each side of length 7: A(a,r) = {x € R?| ||x — al|c < /2}. O, (a,) denotes
stochastic boundedness with rate a,, in p. i.e., X = Op(a,) (as N — oo0) < for all € > 0, there
exist §(¢) > 0 and N (e) > 0 such that p (|X]| /a, > d(¢)) < e foralln > N(e).

Preliminary Concepts. P and @ are used as the probability measures on (€2, .% ), where % denotes
the o-algebra on . P is called absolutelys continuous with respect to ), P(A) = 0 whenever
Q(A) = 0 for any A € Z, which is represented as P < Q. g—g denotes the Radon-Nikodym

derivative of P with respect to () for P and @ with P < Q. p denotes a probability measure on
Q with P <« pand @ < p. An example of pis (P 4+ Q)/2. Ep|[-] denotes the expectation under
the distribution P, i.e., Ep[¢(x)] = pr ¢(x)dP(x), where ¢(x) represents a measurable function

over (2.

Setup. P and () are probability distributions on 2 C R¢ with unknown probability densities p and
q, respectively. We assume p(x) > 0 < ¢(x) > 0 almost everywhere x € Q.T

2.2 DRE WITH f-DIVERGENCE VARIATIONAL REPRESENTATION

Herein, we introduce the f-divergence variational representation along with the corresponding loss
functions used for DRE.

Definition 2.1 (f-divergence). The f-divergence Dy between two probability measures P and )
is induced by a convex function f that satisfies f(1) = 0, which can be defined as D, (Q||P) =

Ep[f(dQ/dP(x))].

Various divergences are specific instances derived by choosing an appropriate generator function f.
For example, the function f(u) = u - log u yields the Kullback-Leibler divergence.

We then derive the variational representations of f-divergences using the Legendre transform of
the convex conjugate of a twice differentiable convex function f, f*(¢) = sup,cp{¢ - v — f(u)}
(Nguyen et all,2007):

Dy(QIIP) = sup { Eq[f'(6)] - Er[f(£'(4))] }. M
=0

where the supremum is required over all measurable functions ¢ : Q — R with Eq[|f’(¢)|] < oo
and Ep[|f*(f'(¢))|] < co. The maximum value is achieved at ¢(x) = dQ/dP(x). Pairs of the
terms f’(¢) and f*(f'(¢)) in Equation () for major f-divergences, along with their corresponding
convex functions f, are provided in Table 2lin the Appendix.

By substituting ¢ with a neural network model ¢g and replacing the expectation F with sample

means F, the optimal function for Equation is trained through back-propagation using an f-
divergence loss function.

Ls(¢e) = — {EQ [ (60)] — Ep[f*(f'($0))] } )

Formally, we define the f-divergence loss function within a probabilistic theoretical framework as

follows:
Definition 2.2 ( f-Divergence Loss). Let XP[R] = {X},X%,...,XE}, X5, %8 P denote R i.id.

random variables from P, and let XQ[S] = {Xp, X5, .. ,Xg}, X6 % Q denote S i.id. ran-
dom variables from (). Thereafter, for a twice differentiable convex function f, f-divergence loss
E;R’S) (+) is defined as follows:

S R
L9 (6) = 531 (9(X0) + 5 31 (7 (X)) @
i=1 i=1

where ¢ denotes a measurble function over €2 such that ¢ : Q — R<.

'In this study, ¢(x)/p(x) is written for % (x) using the Radon-Nikodym density representation for read-
ability.
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3 MAIN RESULTS

The key findings of this study are twofold. First, we establish common upper and lower bounds for
the L,, error in DRE by employing variational f-divergence optimization. Second, we empirically
investigate the relationship between KL-divergence, data dimension, and the estimation accuracy
of DRE through variational f-divergence optimization. Specifically, we discover that the L,, error
significantly increases with the rise in KL-divergence when p > 1, and this increase is exacerbated
by the magnitude of the order p.

3.1 THEORETICAL RESULTS.

In this study, we outline the assumptions necessary for deriving the upper and lower bounds of
the DRE. The assumptions are straightforward and primarily involve the consideration of Lipschitz
continuous estimators. Specifically, we assume the L-Lipschitz continuity of the energy function of
the distributions, T*(x) = — log dQ/dP(x).

Assumption 3.1 (Assumption for the Upper Bound). The following assumption is imposed on the
probability distributions P and Q).

Ul. T*(x) = —logdQ@/dP(x) is L-Lipschitz continuous with L > 0 on €.

Assumption 3.2 (Assumptions for the Lower Bound). The following assumptions are imposed on
the probability distributions P and Q).

L1. T*(x) = —logdQ@/dP(x) is L-bi-Lipschitz continuous with L > 1 on €.
L2. Ep [(dQ/dP)"] < oo where p < d.

For the probability distributions P and ), Assumption L1 is crucial for deriving the lower bound of
the L, error in DRE. Further details on this assumption can be found in Remark [d.6]in Section[4.2]

Additionally, Assumptions [3.3] and [3.4] are necessary for deriving both the upper and lower bounds
of the DRE.

Assumption 3.3 (Assumptions for the Convex Function f). The convex function f is assumed to
satisfy the following: (F1) f is three-times differentiable; (F2) f”(u) > 0 for all uw > 0; and (F3)

Ep [f”(dQ/dP)] < 00.
Assumption 3.4 (Assumption for the Support). The support €2 is assumed to satisfy the following:
(O1) diag(92) < oo.

Under these conditions, we obtain the upper and lower bounds for the L, error in DRE through
variational f-divergence optimization.

Theorem 3.5 (Informal. See Theorem and B.8). Assume Q is a compact set in R?, where
d > 3, and f satisfies Assumption 331 Let P and () denote the probability measures on (), and
let ¢ represent a K-Lipschitz function that minimizes the f-divergence loss functions. Let ¢ be a

K -Lipschitz function that minimizes the f-divergence loss functions L(fR’S) (+) defined as Equation
(3) using early stopping. Additionally, let N = min{R, S}.

(Upper Bound) Assume Assumption3.1 Thereafter, Equation (@) holds for 1 < p < d/2 such that

dQ 2.p 1/(2-p)
dP

+ K. “4)
(Lower Bound) Assume Assumption[3.2l Equations () and (6) hold for 1 < p < d such that

o [ -e], |= e o [{30e0) ) )
)

L {l L EFHELPIQ-L | g diag(Q)} , (6)

diag(Q)

~ e B

L,(Q,P)

2

> .
~ N7\
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where ||-|| L, p) denotes the L, norm on § and the Lebesgue integral on P and K L(P||Q) denotes
the KL-divergence between P and Q).

These bounds are applicable to all K-Lipschitz continuous estimators optimized using the f-
divergence loss functions with early stopping, as discussed in Section4.3land supported by Theorem
4.8]

Theorem[3.3lindicates that the curse of dimensionality occurs when p = 1. For p > 1, both the curse
of dimensionality and the large sample requirement for high KL-divergence data occur concurrently.
Equation (6) demonstrates that the L, error escalates significantly with increasing KL-divergence
for p > 1, and this increase accelerates as p increases. These theoretical findings are corroborated
by numerical experiments, which are discussed in the subsequent section.

3.2 EXPERIMENTAL RESULTS.

We empirically verified the relationship among KL-divergence, data dimension, and estimation ac-
curacy of DRE through variational f-divergence optimization. The results, which support the impli-
cations of Theorem[3.3] are detailed in Section[Dlin the Appendix.

L, Errors vs. the KL-Divergence in Data We conducted the experiments on the relationship
between L1, Lo, and L3 errors in DRE and the KL-divergence of the data. In the experiments, we
generated 100 sets of 5-dimensional datasets with the KL-divergence of 1, 2, 4, 6, 8, 10, 12, and
14. For each dataset, DRE was conducted using a-divergence and KL-divergence loss functions,
then L1, Lo, and L3 errors were observed. We reported the results as Figure[Il The details on the
experimental settings and neural network training are provided in Section[Dlin the Appendix.

As displayed in Figure[I] the estimation errors for p > 0 increased significantly, which accelerates
as p becomes larger. In contrast, when p = 0, a relatively mild increase was observed. As indicated
by Theorem[3.3] these results highlight the impact of the KL-divergence in the data on L,, error with
p > 1in DRE f-divergence loss functions.

L, Errors vs. the Dimensions of Data We conducted experiments to investigate the relationship
between L1, L, and L3 errors in DRE and the dimensionality of the data. In the experiments, we
generated 100 sets of datasets of 50, 100 and 200 dimensions with the KL-divergence amounts of
3. For each dataset, DRE was conducted using a-divergence and KL-divergence loss functions,
then L1, Lo, and L3 errors were observed. We reported the results as Figure 2l The details on the
experimental settings and neural network training are provided in Section[Dlin the Appendix.

As depicted in Figure [2) the estimation errors Ly, Lo, and L3 for p > 0 increased as the data
dimensionality increased for both the a-divergence and KL-divergence loss functions. These results
indicate that the curse of dimensionality occurs equally across the L,, errors, as stated by Theorem

4 OVERVIEW OF UPPER AND LOWER BOUND DERIVATIONS

In this section, we outline the derivation of the upper and lower bounds. We begin by introducing a
conceptual reformulation of the f-divergence loss function, which forms the basis of our theoretical
framework. Next, we derive the upper and lower bounds for DRE in terms of L p error, based on this
reformulation. Finally, we extend these results to the optimization of the f-divergence loss function,
incorporating early stopping and monitoring validation losses, which constitutes the core theoretical
contribution of this study. Detailed statements and proofs for the theorems mentioned in this section
are provided in Section[C of the Appendix.

4.1 CONCEPTUAL REFORMULATION OF THE f-DIVERGENCE LOSS FUNCTIONS

The optimization of f-divergence loss functions, denoted as E;R’S) (¢) in Equation @), presents
both practical and theoretical challenges owing to their tendency to overfit the training data.

To more deeply understand this issue, let us consider a deterministic setting as described in Defini-
tion22 where (xp, X%, ..., x3) = (1,2,..., R) and (x4, %3, ..., x3) = (R+1,R+2,..., R+



Under review as a conference paper at ICLR 2025

" Ly Error Lo Error L3 Error
. - = iE
= & l 250 —§— a-divergence T
08 L — il ; i
A 00 4— Kl-divergence T
n 1 - » 40 a [ _®
L o6 g 2 T ‘
] 113 30 L1 150 ' l l
w [T} = T
g 04 % - g 100 A /l
x=
0.2 10 50 .

o

2 4 12 14 2 4 8 10 12 14

6 8 10 6 8 10 6
KL-divergence KL-divergence KL-divergence

Figure 1: Experimental results of L,, errors versus the amount of KL-divergence in the data are
presented, as detailed in Section[3.2} The z-axis represents the amount of KL-divergence in synthetic
datasets of fixed dimension. The y-axes of the left, center, and right graphs correspond to the L1,
Loy, and L3 errors in DRE, respectively. The plots show the median y-axis values, while the error
bars represent the interquartile range (25th to 75th percentiles). The blue line shows errors using the
a-divergence loss function, and the orange line shows errors using the KL-divergence loss function.
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Figure 2: Experimental results on L,, errors versus the dimensionality of the data are presented, as
detailed in Section The top row displays results using the a-divergence loss function, whereas
the bottom row presents results using the KL-divergence loss function. The x-axis represents the
logarithm of the number of samples utilized in the optimizations of DRE. The y-axes of the left,
center, and right graphs correspond to the L, Lo, and L3 errors in DRE, respectively. The plots
show the median y-axis values, while the error bars represent the interquartile range (25th to 75th
percentiles). The blue, orange, and green lines show results for data dimensions of 50, 100, and 200,
respectively.

S). Notably, {xp}/L, N {x{}, = (. In this setup, we observe that EA&R’S)(QS) — —o00 as
f(f'(¢(xp))) = —oc and —f’((b(xz;,)) — —ooforalll <i< Rand1 < j < S. In practice,
this issue is addressed by implementing early stopping based on monitoring validation losses during
optimization. The present theoretical framework accommodates this practical strategy, which facili-

tates an analysis of both the optimization process and its implications for downstream tasks such as
DRE.

To reconcile the practical and theoretical behaviors of f-divergence loss functions within our frame-
work, we introduce a conceptual reformulation of the loss function.

Definition 4.1 (;.-Representation f-Divergence Loss). Let p be a probability measure with P <
and Q) < p, and let X, [n) = {X}“ . ,Xﬁ’} denote N i.i.d. random variables from p. For a twice
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differentiable convex function f, let
~ d dP
lp(u;x) = —f' (u) - di( )+ £ (f () - du( x), (7

where f* denotes the Legendre transform of f: f*(¢)) = sup,cp{? - u — f(u)}. Additionally, let
N = min{R, S}.

The p-representation of the f-divergence loss E;R’S) (+) in Equation (@) at the points X#[ N1 is de-
fined as

N
<N ;
L) = Z (¢:X1) ®)
where ¢ is a measurable function over €2 such that ¢ : Q — Rso.

This representation introduces an error of 1/v/ N between the practical f-divergence loss function

ﬁ(fR S)(gb) and the p-representation f-divergence loss ﬁ ((b) However, this error is negligible

when d > 3, which will be discussed in Section[4.3]

The optimization properties of this conceptual loss function are encapsulated in Proposition[4.2]
Proposition 4.2. Assume that f satisfies Assumption 331 Let ¢, = argming.o_r., chN) (9).
Then, (b*(XL) = %(XL),]CO}’?; =1,2,...,N.

This reformulation ensures that the conceptual loss function does not diverge. Furthermore, all
optimal points in the conceptual loss function are aligned with the ideal density ratios.

4.2  DERIVATION OF UPPER AND LOWER BOUNDS FOR OPTIMAL FUNCTIONS OF THE
1-REPRESENTATION f-DIVERGENCE LOSS FUNCTIONS

In this section, we derive upper and lower bounds for the L,, error in DRE for the optimal function

of ﬁ(fN)(-) defined in the previous section, based on the expected distance between the nearest
neighbors of each X?, 1 < N.

Hereafter, XS[) }( x) denotes the nearest neighbor of x in X = {X},,....,X/'}. Specifically,

define Xf}&v] (x) as X/, in XH[N] such that | X!, — x|[oc > HXL — X||oo, forall I < 4, and || X} —

X[[oo > [|X}, = X[|oo forall u > i. As in the previous section, let ¢, = argming.o g, £~§N) (9).

As presented in Proposition [4.2] the optimal points of the u-representation f-divergence loss func-
tions L(fN)(gb) coincide with the ideal density ratios. This fact provides the following equation,
serving as the key bridge between the density ratio and its estimation.

A dQ i dQ (€)) i
¢*(XH) dP (X ) dP (X B[N ](XH))' ©)
Based on this equation, we can obtain
6.0 (X0y00) — 6. 0)| =92 (%D, 60) — 6,0 (10)
* u[N] * T gp VT HIN] *
Using the triangle inequality in the L, norm for the density ratios at x and its nearest neighbor, we
obtain
1/p 1/p
dQ dQ dQ (1)
{EP _P()_E( #[N] ) -1 Ep dP(X[ ()) ¢*()

P}l/P
_dQ
- 75 Xl

Q
|

g {d
(i

py 1/p
} . (1D

X[ b (%)) = - ()
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Assuming the L-bi-Lipschitz continuity of the energy function of the density ratio, 7*(x) =
—log q(x)/p(x), we yield

1 /dQ P (1) P 1
v <ﬁ(x)) i 00 = + 00 ( 7z

< [ 200 - S xRy 0|

dP dP
dQ p 1
< o (Gt > [0 =" +00 (57m ) "
Additionally, from the K -Lipschitz continuity of ¢, (-) and Equation (9),
dQ P P
TR0~ 009 = o (X{0hy00) — 060 < 87 [x o0 <13

Equations and provide the upper and lower bounds of the difference in density ratios
between x and its nearest neighbor X(l&v] (x) using their distance.

To evaluate the expectation of the distance between x and its nearest neighbor X! [3\,] (x), we present

the following theorems: Theorem[4.3] provides an upper bound for the expectation on the right side
of Equation (I12); Theorem[4.4] establishes a lower bound for the expectation on the left-hand side.

Theorem 4.3. Assume that Q) is a compact set. Then, for 1 <p < d/2,

g (oo [{a8o0)" o+ ]}

{%(X)}Q.p Dl/@p) | »

Theorem 4.4. Let P and Q) be probability measures on a compact set Q in R? with d > 1. Assume
that P < X\ and Q < )\, where \ denotes the Lebesgue measure on RY. Let p be a positive constant
such that p > 1. Assume E[(dQ/dP)P] < co. Then,

dQ p p 1/p
1/d (1 ) (1) _
i 3 [ [ {35 (68h00) [ =]}

e el

where EXP[N] [-] denotes the expectation over each variable in Xp ={XL,X%,...,X¥}.

< diag(2) - (EP

Notably, using Jensen’s inequality on the right-hand side of Equation (I3) in Theorem[4.4] the KL-
divergence between P and () appears in the lower bound such that

o e [{ie} [} - e {0} ]}

—EQ|:8 1logdp(x) 1:|

ZeEQ[p Llog 43 (x)—1] _ 5L KL(QIIP)-1 (16)
We derive the upper and lower bounds for the L, error in DRE for the optimally estimated functions
Z(fN) (+), as stated in Theorem 4.3

Theorem 4.5. Assume Q) is a compact set in R% with d > 3, and that f satisfies Assumption
33l Let P and QQ be probability measures on ), assuming that P < X and Q < ), where \
denotes the Lebesgue measure on R, Let T*(x) be the energy function of dQ/dP(x) defined as
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T*(x) = —logdQ/dP(x). Let .}N'I((Nzw denote the set of all K-Lipschitz continuous functions on §)
that minimize Z;N) (+). Specifically, define

FN = {@ 0 — Raog } LM () = ménE§N>(¢)} , (17)

and
Fre-Lip = {¢ S0 Reg ‘ |6(y) — 6(x)| < K - ||y —x]|__ forally,x € Q} . a8)

Subsequently, let ﬁi((Ngzp =FMn Fx- Lip-

(Upper Bound) Assume that T*(x) satisfies Assumption Thereafter, Equation (I9) holds for

1 < p < d/2, such that for any ¢ € ﬁ;?_fl)lip, such that

py1/p
i v |0 - o)}
0 2 Yer
< L-diag(Q) - {Ep {ﬁ(x)} 1 } + K - diag(Q). (19)

(Lower Bound) Assume that T*(x) satisfies Assumption Then, Equations (20) and hold
forany ¢ € ]:[((]\_]) such that

Lip’
. a0 py 1/p
1/d . R % _
NhjmooN Ex o {EP dP(X) 9(x) }
1 d p1y 1/p
> E'{EP Hg(x)} ]} K - diag(®) (20)
> %.e%?“KL(QHPH_K-diag(Q) 1)

Remark 4.6. Equation when L = 1 suggests that |dQ/dP(y) — dQ/dP(x)| = ||y — x||oo,
for all x and y in Q. This typical case is when dQ/dP(x1,x2,...,xq4) = dQ/dP(x1,x2,...,xa)
with d’ < d. Therefore, this case typically occurs when d@/dP(x) is a replication of its lower-
dimensional distribution. In this case, the upper and lower bounds for the L, error in DRE are
considered to follow the lower dimension.

4.3 DERIVATION OF UPPER AND LOWER BOUNDS FOR OPTIMAL FUNCTIONS OF THE
f-DIVERGENCE LOSS FUNCTIONS

To establish upper and lower bounds for practical DRE using f-divergence loss function optimiza-
tion, we initially statistically evaluate the discrepancy between the outputs from the practically op-

timized functions E}R"S) (+), employing early stopping based on validation losses, and the theoret-
ically optimized functions ﬁ(fN) (). Next, we demonstrate that this discrepancy is negligible when
d > 3. Finally, the upper and lower bounds for DRE are expressed in terms of L,, error for the

f-divergence loss function optimization using early stopping, which constitutes the final theoretical
result of this study.

First, according to the central limit theorem, an error of order 1/+/N in probability occurs when
measuring validation losses.

£9() - B, [£19(9)] = 0, (ﬁ) - (22)

Equation implies that there is an error margin of O, \/LN) when monitoring the validation
losses for early stopping in the optimization of E;R’S) (9).

Subsequently, we utilize the following theorem to demonstrate that the optimization of Equation
@2), employing early stopping based on validation losses, is governed by the optimization of the

p-representation f-divergence loss functions Z(fN) ().
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Theorem 4.7. Assume the same assumptions as in Proposition Let ¢, =
arg ming.Q R, Ech) (¢). Therefore, for any measurable function ¢ : Q — Ry,

1
VN
= 0 - iy B, [£070)] =0, (

#:Q—Rsg

¢<xz;>—¢*<xz;>—0p( ) fori <i<N,

1
\/—N> ) (23)
where {X |, X7 ... ,Xﬁ’} is defined in Definition 4.1}

In Equation (23), the first term on the right-hand side denotes the empirical risk of EgcR’S)((b)
using validation data, whereas the second term represents the minimum value of its true error.

This equation illustrates that when E(R"S)(¢) is within the actual early stopping margin, specifi-

cally O, ( ) the function ¢ deviates from the optimal function of E (¢) by no more than
1
0 (F)-

Based on Equation (23), we define the optimal function of L(fR’S)(tb) for use with early stopping
while monitoring validation losses as follows:

@va 1s optimal in the optimization of E;R’S) (¢) using early stopping

£ ¢, + 0, ( where ¢, =arg min E {Z}N)((b)} . (24)

1
\/—N> ’ $: QR
The difference O, ( ) appearing in Equation (24), is negligible for DRE when d > 3. Indeed,

using the triangle inequality in the L, norm for ¢, = argming.o_,r., Z(fN) (¢) and Equation 20),

we observe
py 1/p py 1/p o 1/p
{EP Zg( ) — P (x) } z {EP Zg( ) — ¢ (%) } - {EP Dval(X) — &% (%) } )
~o( ) ~o(%) <t
(25)

Therefore, we finally obtain the following Theorem 48]

Theorem 4.8. Assume the same assumptions and notations as in Theoremd.3 Additionally, define

_ 1
Fithip = {¢ € Fi Lip ‘ 36, € Fig'),, such that ¢ = 6. + O, <\/—N) } . (26)

That is, -7:1((]\21';; denotes the set of all functions that differ by at most O,, (\/—%) from some functions

that minimize EECN) (+). Therefore, the same results as in Theoremd3 hold for all ¢ € f}(é\_[zip.

5 CONCLUSIONS

We have established upper and lower bounds on the L, errors in DRE through the optimization of
f-divergence loss functions. These bounds are applicable to any member of a group of Lipschitz
continuous estimators, regardless of the specific f-divergence loss function used. These bounds pro-
vide new insights into how the dimensionality of data and the KL divergence between distributions
affect the accuracy of DRE. Furthermore, the numerical experiments corroborate these theoretical
findings, demonstrating that the relationship between L,, errors, KL divergence, and data dimension-
ality aligns with the theoretical implications derived from the bounds. This research faces limita-
tions, particularly in high-dimensional settings where the curse of dimensionality and large sample
requirements pose challenges. Future studies could refine the theoretical framework to explore loss
functions that improve DRE in complex, high-dimensional tasks.

10
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A ORGANIZATION OF THE SUPPLEMENTARY DOCUMENT

The organization of this supplementary document is as follows: Section[Blprovides a list of notations
used in this study. Section[Cl presents the proofs referenced in SectionsBland [l Section [D]provides
details of the experiments conducted. Section[El explores further discussions related to this study.

Additionally, the code used in the numerical experiments is included as supplementary material.

B NOTATIONS

We list all notations used in the Appendix used in this study in Table

C PROOFS

In this section, we present the theorems and proofs referenced in this study. We begin by summariz-
ing all definitions and assumptions stated in previous sections. Then, we provide the theorems and
proofs used throughout this study.

C.1 DEFINITIONS AND ASSUMPTIONS IN SECTIONS[2] 3] AND[4]
C.1.1 DEFINITIONS

Definition C.1 (f-Divergence (Definition2.Tlrestated)). The f-divergence D between two proba-
bility measures P and (), which is induced by a convex function f satisfying f(1) = 0, is defined

as Dy(Q||P) = Ep[f(a(x)/p(x))].
Definition C.2 (f-Divergence Loss (Definition 2.2 restated)). Let X pir) = {Xp, X%,... X},

X5, 24 p denote Ri.i.d. random variables from P, and let XQ[S] = {X4, X5, .. 7Xg}, X6 ECNe)

denote S i.i.d. random variables from (). Then, for a twice differentiable convex function f, f-

divergence loss ﬁ(fR’S) (+) is defined as follows:

L
S

K3

LE9(6) = 531 (90XE) + 3 D0 F ( ((XP))) @

s R
=1 i=1
where ¢ is a measurble function over €2 such that ¢ : Q2 — R.

Definition C.3 (u-Representation f-Divergence Loss (Definition [£.1] restated)). Let f be a twice
differentiable convex funcion f. Then, u-representation function of f for v > 0 at a point x € (),

which is written for ZNf(u) in an abbreviated form, is defined as

~ dQ apP

. _ ! .Y * 4 P
Ir(u) = 1" () G200 + £ (7' (u) - G- ). @8)
where f* denotes the Legendre transform of f: f*(v)) = sup,cp{? - v — f(u)}. Let N =
min{R, S}, and let XH[N] = {X}... ,Xﬁ’} denote N i.i.d. random variables from . Then,

p-representation of the f-divergence loss EgcR’S) (+) in Equation (??) at the points X#[ 7 is defined
as

N
~ 1 ~ .
£5(0) = 5 - D I X}) (29)
i=1
where ¢ is a measurble function over €2 such that ¢ : 2 — R~g.

C.1.2 ASSUMPTIONS

Assumption C.4 (Assumption for the Upper Bound (Assumption [3.1] restated)). The following
assumption is imposed on the probability distributions P and Q).

13
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Table 1: Notations and definitions used in the proofs

Notations

Definitions, Meanings

(Capital, small, and bold let-
ters)

Random variables are denoted by capital letters; for example, A.
Small letters are used for values of the random variables of the
corresponding capital letters. Bold letters A and a represent sets
of random variables and their values.

R, R?

R>o

Q

flx) =0(g(x)),asx — a
f(z)=o0(g(x)),asz —a

X = 0Op(an),as N — oo

X =op(an),as N — oo

P<Q
P, Q

The set of all real numbers and the d-dimensional vector space
over the real numbers, respectively.

The set of all positive real numbers: R>o = {z € R| z > 0}.
A subset of R%: Q C R%.

Asymptotic boundedness with rate g(z) as x — a: f(2)
O(g(x)) & limsup,_,, |f(z)/g(x)] < C, where C > 0.
Asymptotic domination with rate g(x) as x — a: f(z)
o(g(x)) < lim,q f()/g(x) = 0.

Stochastic boundedness with rate ax in p: X
for all ¢ > 0, there exist d(¢) > 0 and N(e)
p(X] /an > 6(e)) < eforall N > N(e).
Convergence in probability with rate ay in p: X = op(an) &
for all ¢ > 0, for all § > 0, there exists N(g,) > 0 such that
p(|X|/an > 0) < eforall N > N(e).

P is absolutely continuous with respect to ().

A pair of probability measures with P < @ and Q < P.

A probability measure with P < p and Q < p.

The Radon—Nikodym derivative of P with respect to Q.

R iid. random variables from P: XP[R] = {XL,X%,...,

R i iid
X7}, where X%

Op(CLN) =

> 0 such that

~ P.

S iid. random '\./ariables from Q: XQ[S] = {X}, X3,
Xg}, where XZ'Q id Q.

N =min{R, S}.

N i.id. random variables from zu: X ;v = {X},, X2, ..., XV},
iid

~ ‘LL_ R

The nearest n_eighbor Variab.le of x in X, n7: XS&V] (x) is the X,
such that || X}, — x| < [|XJ, — x|| for all j # 1.

f-divergence: D¢(Q||P) = Ep[f(g(x)/p(x))]. See Definition

where XL

f-divergence loss function. See Definition[C.2l

p-representation of the f-divergence loss function at x:
[ (wix) = =" (w) - 92(x) + f* (' () - 42 (x).
p-representation of the f-divergence loss function ﬁ(fR’S) (+). See
Definition .1l '

The expectation of the u-representation of the f-divergence loss
on p. See LemmalC 111

The Euclidean norm.

The maximum norm in R%: ||y — x|l = maxi<;<a |yi — -
The d-dimensional interval centered at a with each side of length
r: Aa,r) = {x € RY|x — a|» < r/2}.

The diameter of B: diag(B) = inf,cr{B C A(a,r) | Ja € B}.

14
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Ul. T*(x) = —logdQ/dP(x) is L-Lipschitz continuous with L > 0 on . i.e., 3L > 0 s.t.
|T*(y) = T*(x)| < L- ||y — x|| _ forany y,x € Q.

Assumption C.5 (Assumptions for the Lower Bound (Assumption restated)). The following
assumptions are imposed on the probability distributions P and Q).

Ll. T*(x) = —logdQ@/dP(x) is L-bi-Lipschitz continuous on €. ie., T*(x) =
—log q(x)/p(x) is L-Lipschitz continuous with L > 0 on 2.

L2. Ep [(dQ/dP)"] < oo where p < d.

Assumption C.6 (Assumptions for the Convex Function f (Assmption33restated)). The following
assumptions are assumed for the convex function f.

F1. f is three-time differentiable.
F2. f"(u) > 0. forall u > 0.

F3. Ep[f"(dQ/dP)] < cc.

Assumption C.7 (Assumption for the Support (Assmption[3.4restated)). The following assumption
is assumed for (2.

Ol. diag(2) < occ.

C.2 THEOREMS AND PROOFS IN SECTIONS[2] 3] AND 4]

Lemma C.8. Let f be a twice differentiable function. Consider Z}(u, x) defined as in Equation
(28). Then, the first derivative of 1 ;(u; x) with respect to w is given by:

d~ d " dP
st ={u- oo} 7w 5o (0)
Additionally, if le (u; x) is thrice differentiable, the second derivative with respect to u is given by:
d? ~ d " " dpP
a0 ={ (1= G200 - 7w + 7w b 5 0 61)
Proof of Lemma First, note that
Tyfusx) = =" (u) - 260) + £ (7 () -
_ ). %9 ) - -
==/ (u) 260+ 1w - u = flu)} - () (32)

Differentiating Equation (32)) with respect to u, we obtain the first and second derivatives of 2} (u;x)
as follows:

C%Zf(u;x) — ) %(x) +u- f"(u)- %(x)
—{u- TR0} 1w L. G3)
and
L0 =10 S0 4 1) 260 e 1)
~{(v- ) e+ w5 G4
This completes the proof. 0
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Theorem C.9. Assume that | satisfies Assumption[C.0] Then, ZNf(u; x), as defined in Equation (28),
is minimized only when u*(x) = % (x). In addition, for v > 0, the following holds:

Ty tusx) — Ty (G0
51" () - 560 u- G0 +<\ - ) G3)
f(

where f(a) = o(a) (as a — 0) denotes asymptotic domination such that lim,_,o

— 0.
Proof of Theorem[C9l Let sign(x) denote the sign of the value x: specifically, sign(z) = 1ifz > 0,
sign(z) = —1ifz <0, and sign(z) =0 if z = 0.

From Equation (30) in Lemmal[C.8] we have

sien ( 2T1(usx) ) =sien ({u = G209 | 10 )
—sign ({u= Ga60} ) sien (7)) -sien (500

= sign (u - %(x)) . (36)
Thus, lf(u x) is minimized only when u* = @(x).
Next, from Equation (30),
dQ
dul. (dP( ); X) =0, (37)
and from Equation (1)),
dQ L, (dQ dP
oty (Gorx) = 7 (F00) - Lo G9)

Thus, using the second-order Taylor expansion of le (u;x) around u = % (x), we have

Ty tusx) = Ty (G2 000x)
2) . (39)

1 dqQ dP dqQ
17 (B0) P Ju - W]
This completes the proof. o

dp

Proposition C.10 (Proposition .2 restated). Assume that f satisfies Assumption[C.0 Let Z;N) (9)
denote the yi-representation f-divergence loss as defined in Definition[C.3] Then, the minimum value
of Ech) (¢) over all measurable functions ¢ : Q@ — R is achieved if and only if ¢ satisfies

dQ

(X)) = dP(XZ), fori=1,2,... N. (40)

proof of Proposition|C_ 10 From Theorem[C.9] we observe that, for: = 1,2,..., N,
[ dQ [ [
151>1101[j (uX )—lj (dP(X )XM), (41)

where the minimum value is archived only at u = % (X))
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Thus,

1 N , .
min £ (¢) = min N-;zf@)(x;);xg)

6:QRso T 6:QR=0

N
1 ~ _ .
min  — - E l X' ) X!
#(X},)>0, N i=1 f((b( H) M)
i=1,2,...,.N

u; >0,
i=1,2,...,N

N
1 =~ (dQ i i
=5 >l (E(X#);X#) . (42)
i=1
Suppose that g(x) is a function on {2 that satisfies Equation (@Q), we have, from Equation {42,

EN;N) (5) — in Ech) (9)
1 dipayes i I3 1 Al dQ i i
=N Zlf (¢(XM);XM) N ;lf (E(XH);XH>

1 Al dQ i i 1 Al dQ i i
=N Zlf (ﬁ(xu);xu) N ;lf (ﬁ(xu);xu)
0

N
. 1 ry i
iy 3 i)

(43)

Here, we show that the minimum value of Z(fN) (¢) over all measurable functions ¢ : Q@ — R is
archived if ¢ : Q — R satisfies Equation (40Q).

Next, we show that the minimum value of Z;N) (¢) over all measurable functions ¢ : Q@ — R is
archived only if ¢ : Q — R+ satisfies Equation (#0).

We have, for any function ¢ :  — (0, 00),

LY @)~ min £ (¢)

$: QR
1 L~ - 1 & = :
= (00X ) < X iy D))
i=1 1=14=1,2,...,N
1 (- i ~ :
= 5 2 (i (o) - T i @)

Suppose that ¢(X,) # 92 (X,). Then, from Equation (I), we have
Iy (#(X},):X},) > miny(u; X},). (43)
From Equations and (@3), we observe that

£V (0)— , min L7 (9)

1 [+ i i T i
N {lf (¢(XH);XM) - gl;glf(U;Xu)}
1 [ - S
25 {lf (¢(XL);XL) - gl;glf(U;Xu)}
>0 (46)
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Thus, we see that the minimum value of Z;N) (¢) over all measurable functions ¢ : @ — Ry is
archived only if ¢ : Q — R+ satisfies Equation (0).

This completes the proof. o

Lemma C.11. Assume that f satisfies Assumption[C.6]l Let EN&.N) () denote the u-representation
f-divergence loss as defined in Definition[C3] Define

L1(9) = B, |£]Y) (4)]

1 , iQ
= 7 22 B | o) )
1 & o dP,
by B 1 ) )| @7
=1 -
Then,
B, iy V@) = min Llo)= iy B [6V0), @

where the infimum are taken over all measurable functions ¢ : Q — R such that Ep|[f($(X))] <
oo. Additionally, the equality in Equation (d8) hold when ¢(x) = % (x).

proof of LemmalCT1l Let, ZN;(X) = minyeg., [;(u;x). From Theorem we see ZN;(X) =
Tf (dQ/dP(x);x). Then, we have

1500 =17 (G2 0ex )

— 1 (Gp00) - oo+ {r (G - o0 -1 (Foe) | 0

dQ , .\ dP
1 (Gp0) G0 @)
Now, we have
(N) RN
. (N . 7 i j
N = —_ l XZ 'X’L
i Lp(0)= pmin § ;f((b( n)i %)
N ~
= min — l X)X
im0 %)
i=1,2,...,.N
N ~
- iy X))
i=1,2,....N =1
1 T~
=5 sz(xﬂ). (50)

Additionally, we have

E, [Z(fN) (Qb)} =Ey
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— _Eolf ()] + Ee l* (F ()] (51)

and

i=1
)] (52)
Now, note that, from Equation (1)) (Nguyen et all (2007)), we see

min  —Eq [f'(¢)] + Ep [f* (f' (¢))] = =Ds(Q||P), (53)

$: QR0

where D (Q||P) denotes f-divergence defined in Definition and the equality in Equation (33)
holds for ¢(x) = dQ/dP(x).

From Equations (31)), (32) and (33), we have

: ~(N) _ . (R,S) _
S B £ (0)] = min B|"(0)] = ~Ds(@QIIP), (54)
and the equality in Equation (34) holds for ¢(x) = dQ/dP(x).

Substituting Equation (#9) into Equation (30), we have

N
= % D> -f (%(Xi)) Q(XL)- (55)

Thus,
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1 N
= -5 2 Ds@lP)
=1

From Equations and (36), we have
. H(N) _ . = _ (R,S)
By, mmin Ly (¢)} =, in Lr¢)=_ min E, [ﬁf (¢>)} ; (57)

and the equality in each Equation (37)) holds for ¢(x) = dQ/dP(x).
This completes the proof. O

The following theorem presents the convergence rate of the expected value of the distance between
two neighboring samples. Similar theorems have been presented in studies on order statistics of
multidimensional continuous random variables (e.g.,Biau & Devroye (2015), p. 17, Theorem 2.1).
Theorem C.12 (Theorem [A.3] restated). Assume that Q is a compact set , as stated in Assumption
m Let XLI[BV] (x) denote the nearest neighbor of x in XH[N]~ Specifically, let XS&V] (x) be X, in
X [N such that

X5, = xlloo < IX], = x[loo (V5 <i), and |X] = x[loc < [IX], = x[loc (V) >1). (58)

Additionally, let diag(Q) denote the diameter of Q). i.e, diag(B) = inf,cr{B C A(a,r) | Ja €
B}, where A(a,r) denotes the d-dimensional interval centered at a with each side of length r:
Afa,r) = {x € RY| ||x — al|o < 1/2}.

Then, for1 < k < d,

K

< diag(Q)" - ( !

Kk/d
N——H> 5 fOV all N > 1. (59)

1
EHHX;(,L&V] (x) —x

proofof Theorem[C12] Let we rewrite X in Equation (59) as XﬁV +1, Subsequently, let Xu[ N1 =
U{XN+1} LetA; = QﬁA(Xi HX(l) (Xl) X ||OO) where A(a,r) = {x € R4 | [Ix—
aHoo < r/2}. Note that, A; N A = ¢ if i # j. Thus |_|N+1A ca.

Now, let A denote the Lebesgue measure on R?, Then, we have

N+41
D7TA(A) = A (WA < A (Q) < diag(Q)?, (60)
Subsequently, since A (A;) = HX (V] XL) — XL , we have
N+1
IR Z HXH[N] -x | 61)
i=1
Thus, from Equations (60) and (61)), we have
N+1 . ‘ d
3 HXL (X = X, < diag(2)”. (62)
i=1
Note that, it follows from Jensen’s inequality that
Kk/d
N+1 Z HXMNJ - X, - {N+1 Z HXMN] - X, oo} ' ©3)
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From Equations (62) and (63), we have

Kk/d
N+1ZHXH[N] - X, <{N+1ZHXH[N] X oo}
1 Kk/d
< ¢ —— - diag(Q)*
< { iy s}
1 Kk/d
(64)
Thus,
1 N @ N 1 k/d
N1 2 B [ X () — x| < diag()" - (N—H) : ©63)
i=1
where Ex;, XLBV] (x) —x " denotes the expectation of HXE}&V] (Xi) — X, " with respect to
X,
Note that,
K 1 K
B X () = x| = B [ Xy (00 = x| (66)
Therefore,
1) g 1R (1) "
1 1
E#HXM[N] ) -x| =55 Z; Exy || X{ih (00 = x| 67)

Finally, from Equations (63) and (IEI) we have

Kk/d
M (50 "o w (1
EHHX#[N] 00 —x|_ =55 +1 Z B || X0 () - XHOO < diag(9) (N - 1) . (68)
This completes the proof. O

Corollary C.13. Assume the same assumption as in Theorem|C. I2| Then, for 1 < p < d,
P

ENl/d.{ [qu[m x) — x Hl/pgdiag(m. (69)

N—o0

oo

proof of Corollary|C. 13| First, from Theorem|C.12lwhen x = p,

1

p/d
g 1) , forall N >1 (70)

p .
HXH[N] (x) _XHOO < diag(Q)7 (
Thus, for forall N > 1,

1/p
p y1/p ) 1 p/d
e AR LT

. L\l
_ diag(Q) - (N—H> 1)

Taking lim x_, . on both sides of the above inequality, we have

R e )

N—o00
L 1 1/d
< ngnoo {Nl/d - -diag(Q) - (N—+1> }
= diag(Q). (72)
This completes the proof. o
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Corollary C.14. Assume the same assumption as in Theorem[CI2] Then, for 1 < p < d/2,

v oo {55 et ]}

N —o00
. 1/(2-p)
dQ Zp
{E(x)} D . (73)

proof of Corollary[C. T4 First from Theorem[CI12lwhen xk = 2-pand pu = P,

< diag(f2) - <EP

2:p 1

2-p/d
g 1) , forall N >1 (74)

EPHXP[N] (x) - XH < diag(Q)*? - (

oo

Thus, for forall N > 1,

2.p) 1/(21) , 1 2.p/dY 1/ (2P)
R e e
1

1/d
_ diag(9) - <—) (75)

.
{%(x)}%] ) 1/(2:p) ) (EP {HX%)N] (x) — XH::DU(%)

{%(x)}wbww.diag(Q)~<%H)l/d 6

Taking lim y_,o 0n both sides of the above inequality, we have

o o}
{Z?D( )} 1>1/(2~p> - diag(9) - (ﬁ)l/d
{%(x)}zj ) o (77)

This completes the proof. O

Now, using Holder’s inequality, we have

Ep H%(X)}p 0 = x

< <EP

< Tim { NY4. (Ep

N —oc0

= diag(Q) - (Ep

Lemma C.15. Let ;i be a probability measure on R* with d > 1. Assume that ;. < )\, where A
denotes the Lebesgue measure on R%. Let || - ||, denote the maximum norm in R%: |y — x|/ =
maxi<;<q |y’ — 7t|, where y = (y',y?,...,y") and x = (a',2%,...,2N). Additionally, let
A(x,r) denote the d-dimensional interval centered at x with each side of length r: A(x,r) =
{x' e R [|x" — x[|0o < 7/2}.

Then, for any interior point X in £,
dp
M(A(X,T))_d/\( X) - r —i—o( ), as r — 0, (78)
where f(r) = o(g(r)), as r — 0, denotes asymptotic domination such that lim,_,o f(r)/g(r) =
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proof of Lemma Note that, if x is an interior point in €2, it holds that

ti ABCeT)) _

r—oe A\(A(x,7)) ) (). (79

From Equation (Z9), we have

n(A(x, 7))

_ iy #AD)
d

T—00 T
 #80)
r—00 /\(A(X, 7’))
dp
- o
Here, we use an equation such that A(A(x, 7)) = r? in Equation[80l

lim
T—>00 T

(80)

From Equation (8), we observe that
n(Ax,r)) = =+ (x) %+ o (Td) , as r—0. (82)

This completes the proof. o

Corollary C.16. Assume the same assumptions as in Lemma Let X be a random variable
drawn from u, and let Ex denote the expectation with respect to X.

Then, for any interior point Xg in €},

Ex {”Xo - X7 ~I(A(xo,r))(X)} = Z—/;(xo) PR o (PP gs r 0, (83)

where I(A)(:) is the indicator function for A: 1(A)(x) = 1ifx € A, and 0 otherwise.

proof of Corollary Consider the integration variable from x to 7 such that
on — xHio =r. (84)

Then, from LemmalC.13] we have, as » — 0,

I(A(xo,7)) (%) - jﬁ( ) dx = Z‘;( o) -t 40 (r). (85)

From the definition of expectation with the density dy/d\ and Equation (83), we have, as r — 0,
Bx [[xo = XIZ, - 1(Afx0, 7)) (X)]

= [0 = X2 1860, ) () T ) dx

= /rp- (Z_/;(XO) -rd—l—o(rd)) dr

Z/; (x0) - rPHATL 4o (pPTetL) (86)

This completes the proof. O

Theorem C.17 (Theorem @4 restated). Let P and Q be probability measures on a compact set Q)
in R? with d > 1. Assume that P < X\ and Q < )\, where )\ denotes the Lebesgue measure on R<.
Let p be positive constant such that p > 1. Assume E[(dQ/dP)P] < oc.

gl

Then,

dQ P
. 1/d R a Alx@® _
Jim N {EXP[N] [Ep HdP (XEh (x )} X () = x

23
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o el fgef )

where EXP[N] [-] denotes the expectation on each variable in XP[N] ={XL X%, ... X}

proof of Theorem Let

1 1/d
Bi=peee| X« _<(5)

where diag(€2) denotes the diameter of Q: diag(B) = inf,cr{B C A(a,r) | 3a € B}.

Since Xg[)zv] (x) is the nearest neighbor in {X},, X%, ..., X¥} for x,
1\ /e
13 <N st [Xp-x| < (%
<3i<Ns Pex|_<(x%
1/d
W ) 1
= X500 =] = (N)
Thus,
1/d
(1) 1
fxea| x| < (%)}
N ‘ 1\ d N
~Uxenll-. = (5) "} -Un
i=1 1=1
Next, define

Let X p be a random variable drawn from P with Xp 1L X}, forl < N.

From LemmalC.13]
P(I(B;)(Xp)=1) = P(By)

dP 1 \¢ 1 \¢
-5 () +o ()
1

87)

(88)

(89)

(90)

oD

92)

and I (B;) (Xp) € {0,1}and I (B;) (Xp) AL I (B;) (Xp) fori # j. Namely, Zy (Xp) follows a

binomial distribution with the number of trials IV and success probability for each trial 1/N.

Then, we obtain

()

Additionally, note that

93)
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and

In particular,

Therefore,

s . 94
i=1
Now, we obtain

Np/d.Ep[{ﬁ(Xg[)N](X))} [ =] ]

sz/d.EpH (X )} HXS[M
i(fren) ng;m x| < (fv)l/dD
<r({xen |z =1))]

— ot [ {42 (g 09) } - o0 -

95)
Now, let
N
7N (x) =) 1 (Bi) (x)
i#j
Then,
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(96)

Additionally, let X,

Let E&i [-] denote the expectation over the variables in X;fN], which is equivalent to Fy —:
P[N]

denote the subset of XP[N] excluding X5%. i.e., X;fN] = XP[N] \ {X5}.
From Equation (93)),

p e 1 (fxeo |20 =0))] = (1- v o (5))

From Equations and (97), we have

From Corollary[C.16 we have
dQ iy " i
e {5 00} e =
aQ . \\" [dP ., 1\t 1o\t
=ap Xr)p g XR)  Fa +tol | v
dP,_;\ [dQ ;" (1) 1\
— 8 xiy . xi - =
50 (e (5) o ((5)
d ) p 1 1+p/d 1 1+p/d
o () (())
From Equations and (99), we obtain
—i dQ iy " i
1 1 N-2
=(1- -0
(-5 (757))
d P 1 1+p/d 1 1+p/d
X {E(XZP)} (N) +o (N) . (100)
From Equations (93) and (100), we obtain, as N — oo,

NP/ B [EP H% (Xg[)zv](x)) }p ' HXgEN](X) —xH:”

26
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p/d . .
=N EXP[N]

> ee [ {5 00| i
X I(Bi)-I({er ‘ZN(X) - 1}) H

Ao} () ()]
(o)

(101)
As N — oo, we observe
N-2
1 1
(1—N_1—0(N_1)> — e L. (102)
Then, we obtain, from Equation (I01)
dQ p P
. d 1) 1)
NhjmooNP/ 'EXP[N] {Ep [{ﬁ (XP[N](X))} . HXP[N](X) -x OOH
d p
>e ' Ep {{% (x)} } . (103)
This completes the proof. o

Theorem C.18. Assume that f satisfies Assumption[C.6l For EN&.N) (¢) defined in Defined[C3] let
(N) . L)
¢s = argmingor., £y (¢).

Then, for any measurable function ¢ : Q) — R, the following equivalence holds:

oxi) - VXl =0, (). pr1<isn
= - 1
— L (9) - pnin Ly(@) =0y (ﬁ) : (104)

where {X,,, X2, ..., X'} is defined in Definition[C3) and L(¢) is defined in LemmalCT1)
proof of Theorem First, we enumerate several facts used in this proof.

I. From the Central Limit Theorem, we have:
F(N) (L (N) AN (D] _ L
£V (o) = B[210 (6) ] = 0, (ﬁ) (105)
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IL.

III.

Iv.

VL

VIL

Now, w

From Proposition[C.10] we have, for all x € X u[N]:
(N) aQ
¢ (x) = p P( X), (106)
where Xu[ w1 is defined in Definition[C.3l
From Equation (T06)), it follows that:
FIN) (SN _ Fv) (49
£V (6) = 2§ <@>, (107)
and a0
ol ()] - (e (2]
From Lemmal[C 11l we have:
oA dQ V) (dQ
pin Ls(0) = Ef(d ) Eh{ﬁf AP }' (109)
From Lemma[C8| for ZNf(u; x) defined in Equation (28), we obtain:
dQ
l = 11
s (R eex) =0, (110
and
40 40 AP
l = - —(x). 111
i (o) = 7 (5309) - 20 an

From Theorem|[C.9] we have:
~ d d dP d
1 0 1y (R 00ex) = 5 (8209) - ) [~ S|

+o< dQ ) (112)

U= ﬁ( X)
where f(a) = o(a) (as a — 0) denotes asymptotic domination such that lim,_,¢ f(a)/a =
0.

From the assumption that Ep[f”(dQ/dP)] < oo and the strong law of large numbers, it
follows that:

I (j& )) X1 =0, (V). (113)

e show the direction “ =" in Equation (104).

Assume that ¢(X!,) = PN (Xi) + 0, (l/m) forl1 <i<N.

From E

quations (I112) and (113}, we have

I (6(X:X}) = Iy (4 (X}: X5,

dQ

— 1 (630 X,) - 7 (T2 00)iX,)

(ki) ) - ) - o) - S x|

<‘¢> (Xi) - T2x5)

+o (Joex) - oxi)

)
)

N = N

() - S ok - oV
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1

=0, <\/N) (115)

From Equations (103), (107), (109), and (113), we obtain:
L5 (0) ~ , min L4(9)

(6027 ()} + {25 () )

—{2M(0) - £/ (M)} + {ZFXV’ (j—P> -, doin Efw)} (by Equation (T07))
= {Z;N)(qﬁ) — Z;N) (¢§<N))} + {Z}N) (%) — E{Z}N) (%) }} (by Equation (109))
= Z(fN)(qﬁ) — EN(fN) (gng))} + {E;N) (gng)) - E[E;N) (gng)) } } (by Equation (I07)
=0, (LN> + 0, (LN> (by Equations (I03) and (I13))

_o, (%) . (116)

i

Thus, we have proved “ ="
Next, we prove the direction “ <= " in Equation (TI04).
Suppose

$:Q—Rg

LM(@) — min Lp(¢) = (\/LN) (117)

From Equations (I03), (I09), (108), and (117), we obtain
£ 0 - £ (4)
{Z(.N) (¢) — min Zf((b)} + { min Ef((b) (N) (¢iN))}

$:Q—Rso ¢: Q=R
—LEM () - V) (AR T Ay () ,
={L5 " Kg%w E,«(qﬁ)} + {E{Ef (dP) } Ly (¢* )} (by Equation (109))

— min L ((b)} + {E[Z(fN) ((bka)) ] - Z(fN) ((bEkN))} (by Equation (T08))

¢: Q=R

X
e

ﬂ\ ﬂ\

> ( > (by Equations (I03) and (I17))

) (118)

29
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From Equation (I06)), we have
EM9) - I () = % ZNij (e(x0):Xy,) - fj (6 (x1): X))
i=1 i=1
-5 S {17 (oxi): ;) = T7 (6™ (X0 X3) } -
i=1
(119)

From Equations (IT18) and (IT9), we have
1 > [~ iy, i dQ i i _ 1
= ; {zf ((b(XH),XH) i <dP (X1); XH>} =0, <\/—N) . (120)

Letaly = Ep H¢(XL) — o (xi) } Since X', is identically distributed for 1 < i < N, we have

a’y = aj forany 1 < i < N. Thus, define Ay = supys y @}, = Supys y G-

Using Chebyshev’s inequality, we have for any € > 0,
i k i
P (Joxi - o)

e Ep [|o(X}) - 0!V (X))
An

JAN > %)

}

IN

i
€-aly

<
SR
<e. (121)

Thus, ¢(X%,) — 6 (X2) = O,(Aw).

Now, we calculate

RUCIEIRACEED)
o) )
i

2|~
ZIH M=
Mz

N
Il
-

%i S AX) -0, <‘¢ X >+ <\¢<XL>—%<XL>4>}
%i 32X -0, (Joxi) ¢<N><XZ>2>+op<]¢(Xl> o)}
:% N % o} (\/_) Oy (A3) + = N - L0, (A1)
=0, (VN) -0, (4%) + 0, (4%) . (122)

Here, X = o,(ax) denotes the convergence in probability with rate ay in pas N — oco: X =
oplan) (as N — o0) & Ve, V6 > 0, AN(g,6) > 0 such that u(|X|/ay > 6) < e for YN >
N(g,9).

From Equations (120) and (122), we have

o} (\/LN) >0, (VN) -0, (43) + 0, (44) - (123)

30



Under review as a conference paper at ICLR 2025

From the definition of A 5/, we observe that A decreases as NV increases. Thus, lim y_, o AN exists
and 0 < limpy o0 Axy < 0.

Suppose that lim _, ., Ay > 0. Then, we have

0y (VN) -0, (43) + 0, (4%) = 0, (VN) + 0, (1). (124)

This contradicts Equation (123)). Therefore, limy_,o Ay = 0.
From Equation (123), we have

on(2) 20.050 0 (22)
=0, (A%) - (125)

Thus, Ay = O (1/\/N).

Finally, we have

i (N) ~eiy _ 1
%3~ (%3 = 0, (x) = 0, ( < ). (126)
Here, we have proved the direction “ <="
This completes the proof. o

Corollary C.19 (Theorem [4.7] restated). Assume the same assumption as in Theorem let
(V) _ oo V)
¢’ = argmingoor., L7 (¢)-

Then, for any measurable function ¢ : Q0 — R,

i (N) (xciy _ 1 :
(b(X,u) - (b* (X#) — Op (\/—N> ) f0r1 S 1 S N
(R,S) . (R,S) _ 1
L0 B £ @) =0, (m) ) az7n
where {X,, X2 ... X1V} is defined in Definition[C3) and E.(fR’S) (@) is defined in Definition[C2)

proof of Corollary[C_I9 From LemmalC.11] we have E;R’S) (¢) = L(9).

Therefore, Equation (127) follows directly from Equation (T04).
This completes the proof. o

Theorem C.20 (Theorem restated). Assume that Q is a compact set in R* with d > 3 and
that f satisfies Assumption Let P and Q) be probability measures on ). Assume that P < )\
and Q < )\, where )\ denotes the Lebesgue measure on R%. Let T*(x) be the energy function of
dQ/dP(x) defined as T*(x) = —log dQ/dP(x).

Let F I((A_]zip denote the set of all K-Lipschitz continuous functions on §) that minimize E&N)()
Specifically, define

FN — {@ 0 — Rag ‘ LM () = m(gn@?v) (¢)} , (128)
and
Ficri={0: Q5 Roo | [6(y) = 6x)| < K - |y = x| foralty, x e 0} (129)
Subsequently, let
]:I(fj\-fzip =FMn FK-Lip- (130)
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(Upper Bound) Assume Assumption[C4} there exists L > 0 such that |T*(y) — T*(x)| < L- ||y —
X|loo for any y,x € Q, i.e., T*(x) is L-Lipschitz continuous on SQ.

Then, Equation (I31) holds for 1 < p < d/2, such that for any ¢ € ﬁ;?_fzip,

p}l/p
Q. 127 e

{@(x)} + K - diag(Q). (131)

(Lower Bound) Assume Assumption|[C3} there exists L > 1 such that (1/L)-|ly —x|lsc < |T*(y)—

T*(x)| < L-|ly — x||o for any y,x € Q, i.e., T*(x) is L-bi-Lipschitz continuous on Q; and
Ep[dQ/dP] < cowithl <p <d.

i {EP ‘%x) — 6(x)

< L - diag(Q) - {Ep

Then, Equation (I32) holds for any ¢ € ]?[((N) such that

Lip’
d py 1/p
lim NY® . Eg, o [{EP %(x)—aﬁ(X) } ]
1 dQ p1y 1/p
> {Ep HE(X)} ]} — K - diag(Q) (132)
> % LS KLQIP=T g diag(Q) (133)

proof of Theorem|[C201 First, we list the equations used in this proof.
I. By Taylor’s theorem for the second-order Taylor polynomial of e~¢, we have
1
et=1—t+ 5 cem® 42 where 0 < |e(t)] < |t]. (134)

II. From Equation (I134), it follows that

dQ dQ
aP (y) - apP (%)

— e T ‘1 _T3)-T ()

=) {(T*(y) S T0) 4 T (T (y) T*<x>)2}
- %(y) {(T*(y) —T*(x)) + % O T (T (y) — T*(X))2} ’
where 0 < [C(y,x, T7)| < [T"(y) — T"(x)]- (135)

II. From Corollary[C.13] for 0 < p < d/2,

p
m NYd. {EPHXLBV] (x) — x

N —o00

1/p
} < diag(92).

oo

(136)
IV. From Corollary[C14] for 0 < p < d/2,

im N/, {EP {{d— (X)}p : HXg[)N](X) —-X

N —o00

S

o
e

)

2p1Y 1/2P)
<x>} ] } (137)

Q|
SIS

< diag(Q2) - {EP
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V. From Equation (I37), for 0 < p < d/2,
1/p
_ dQ 2:p
: 1/d Al _
MmN {EP Hdp( )} HXP[Nl(X) X‘m]}
. 1/(2-p) 1/(2p)
d 2-p 4. p
99 Ep | [XO x) —x|| "
dP P 0
dQ ) 2.p7) 1/ (2P) Ging(0) - T N1/d
ap \* 1B i N2
VI. From Theorem[C.I17] for 0 < p < d,
dQ P » 1/p
1/d Clx @ _
dm 9B, [ | {3 ()} o =]}

oo fu o)

where EXP[N] [[] denotes the expectation on each variable in XP[N] = {XL,X%,...,
XKy,

VIL Let X ,;n] denote the set of random variables defined in Proposition[C.10l From Proposi-
tion Z:f 10]

dq

7(N) i
€ FrLip < d(X],) = 7P

(X)), for 1<Vi<N. (140)

Now, we prove Equation (I31). Let ¢(x) be a member of F 1(<N21p

By applying the triangle inequality in the L, norm, we have

py 1/p
{EP Zg( ) — }
e

{2

" py 1/p
00— e xie)| |+ {E
From the K -Lipschitz continuity of ¢ and Equation (140),

$(x)

P}l/iﬂ

(141)

2 (X 0) — 6(x)

dQ py 1/p . py 1/p
{Ep 5 (X () = 6(x) } = {Ep (X () = 6(x) } (by Equation[T40)
py1l/p
gK.{Ep x<[3v](x)_x } . (142)
From Equations (I36) and (142),
- dQ p 1/p
Jim {EP 7P (XH[N](X)) — #(x) } < K - diag(9). (143)

Next, by substituting y = XLBV] (x) and multiplying by Z—i(x) in Equation (I33), and using the

L-Lipschitz continuity of T, we have

40 40
{ o |52k 00 - |
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= [Be [5R60 % { (T xPn - 7 )
- gt (T*<X“[3v1< y-reo) )]
where 0 < O (x) < | T* (X (x)) = 7" ()|
_ {Ep % ) = {(T*(XLM ))_T*(X))}
+ j—p(X) {; €0 (T (X 09) — T*(9)) H } /

< (o [{ 9w} oty - ol ]}

T R}
< (e [{2200) " [roxyen -0l ]}

+ {Ep [{Z_P(x))}p

it oyl

("'O ‘T [3VJ( ) - T (x)))

<{er ({5} o o]}

P
(500)
ket x 00 -x7]}
S{EP [{Z—p@c))}p i o0 == ]}
)
gt oo x|V}
()} - i - xHZJ }1/

34
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From Equations (137), (I38) and (I44), we have

L N B R0 000 0)

k[N]

p}l/p
. dQ p p 1/p
- d (1)
< Jim, N (R0} [iheeo |}
1

1/p
fr— dia, dQ 1) 2p
+ i NG et {EP H ar* )} HXMN}(X) _x‘ o0

2. 1/(2-p)
= L - diag(Q) - {Ep {%(X)} ’ } . (145)

Finally, from Equations (I43), (I41)), and (I43), we have

1/p
lim Nl/d~{ ‘dQ( ) — p}

N—o00 dP
2-p 1/(2-p)
{%(x)} ] } + diag(Q) - K. (146)

Thus, it is shown that Equation (I31) holds.

¢(x)

< L -diag(Q) - {Ep

Next, we prove Equation (I32)). By applying the triangle inequality in the L,, norm, we have

{Br |20 - 0

> {5

By substituting y = XLBV] (x) and multiplying by ‘fl—l: (x) in Equation (I33) and the L-bi-Lipschitz
continuity of 7%, we have

aQ dQ
™~ ap (X

29 (%D 3)) — 660

(147)

dQ p 1/P
TR0 - e |

200 (T (X 00) - T*<x>)2}

where 0 < C;(x ‘T*

p}l/p

() = T* ()

K

» (=T ()| e (5 (1) INCEIR
gy e T O e o) - 760}

(o] & )

oo
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{Ep H jf_?, (Xix (x))}p

) 1/p
Xzip e LN HXS&VJ () = XHM]}

oo

> e [{S20x00 ) 5[t ]}
{ee[{Boxhe)

1 - 1 2.p1) 1/P
W . ep-L-diag(Q) | pp . HXL&V] (x) — XH :| }

2P >
1 dQ (1 "k P
-1 [{2 o) i =
1 dia dQ (1) " Ik 2
— g et p L | { G2 0 ) [ 60 - x| (149

From Equations (137), (138) and (148), we have

d p\ 1/p
(| )
i 1/d N
> lim N {Expm

N—o00

: d
lim NY '{EXP[N

75 (%) = (X ()
Novee W (EP [{%(Xf&w <x>)}p ||t 0 —x
g1 (b [{ Bt} e ) ]
/

(e [{R 0o} [0 -

_ m Nl/d . {EX l . ediag(ﬂ)
PIN]

N —oc0

~ 1d .} g.
> lim N {Expm

N —oc0

e (e {0} 7))

o o))

Finally, from Equations (I43), (147), and (149), we have
P } 1/ ;D‘|

dQ
T N l{E )~

L Q. V"N
>e Z{E {{dP( )} }} — diag(Q) - K. (150)
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Thus, it is shown that Equation (132) holds.
Next, we prove Equation (I33).

First, we have

Q
_EQ[eT'l"gZ@(x)]. (151)
From Jensen’s inequality,
EQ|:6 —1 log (x):| EGEQ[ppl log G”;,(x)}

= "5 KL@IP), (152)

o -]

From Equations (I30), (I31)) and (I32),

dQ

lim N?/¢. E 0 -

N —oc0

$(x)

P[N]

1 dQ p1y /P
>e 1.2 —d .
ze 7 {E HdP( )} }} diag(Q)) - K
1
> e "7 KLQIP)1 _ 4ia0(Q) - K. (153)
This completes the proof. o

Theorem C.21 (Theoreml.§|restated). Assume the same assumptions and notations as in Theorem
IC.200 Additionally, define

1
Filip = {¢ € Fi Lip ‘ 36, € F),, such that ¢ = ¢, + O, <\/—N> } . (154)

That is, Fl(gzip denotes the set of all functions that differ by at most Op(l/\/ﬁ) from some functions
L E(N)

that minimize L' (*).

Then, the same results as in Theorem[C20 hold for all ¢ € fl(gzip. Specifically:

(Upper Bound) Under Assumption Equation ({I31) holds for 1 < p < d/2 such that for any
(N)
¢ € Fr Lip
P } 1/p

27 1/2)
{%(x)} ] } + K - diag(Q). (155)

(Lower Bound) Under Assumption[C3] Equation (I32)) holds for any ¢ € FK N such that

Lip’
aQ
{EP iP —(x) =
37
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-4 o

p—1
et KL

SIESSTE

>

dQ p 1/p )
ﬁ(x)} ” — K - diag(Q) (156)

Proof of Theorem[C.Z1] First, we prove Equation (I33).

Let 5 be a member of F 1@2@

. Then, there exists ¢ € fl((J\_fzip such that ¢ = ¢ + O,(1/VN).

Using the triangle inequality in the L, norm, we obtain

dQ

T500 - ()

py 1l/p
- (e
S{EP

{Br

dQ
dP

dQ
dP

p}l/p

200 - o) +0, (=

py 1/p
} A

(%) = o(x)

py 1/p
- {Ep Zg( ) — 6(x) } +0 <¢%) (158)
From Equations (I31) and (I39), we have
L dQ ey Up
[
- d py 1/p 1
py 1/p
_ N@@Nl/d-{Ep‘%(x)—gb(x) } + I N0 <\/LN)
L d py 1/p
_]\}iinle/d~{Ep‘£(x)—¢(x) }
0 2]
= L - diag(Q) - {Ep {ﬁ(x)} 1 } + K - diag(Q). (159)

Therefore, Equation (I133) is proven.
Next, we prove Equation (I36).

By applying the triangle inequality in the L, norm, we obtain

dQ

569 - 9(x)

e
(e
_ {EP

{E:

9Q gy - ¢<x>+op(

Zg py 1/p 1 py1/p
Ro-ow| | ~{zelo, ()|}

dQ

p %)~

In a similar manner to the derivation of Equation (159), we have

d oy
lm NVC-Eg l{E dg( )~ o) } 1
d py 1/p 1
> NlinooNl/d E . {Ep dg( ) (b(X) } -0 (\/—N)]
. dQ py1/p _ 1
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dQ

— lim /d . B X
~ lm NV E (%)~ 6

X
N—o0 PN

{zr

1 dQ p7y L/p .
—Z{E HdP( )} }} — K - diag(Q). (161)
Therefore, Equation (I36) is proven.

Equation (I37) is obtained in the same manner as in the proof of Theorem[C20l
This completes the proof. o

D DETAILS OF THE EXPERIMENTS IN SECTION

In this section, we provide details on the experiments reported in Section Bl Each dataset, exper-
imental method, experimental result, and the neural network settings used in the experiments are
described in separate subsections.

D.0.1 DATASETS.

In both experiments investigating the relationship between L, errors and KL-divergence in the data,
and the relationship between L,, errors and the dimensionality of the data, the datasets were gener-
ated from the following distributions: the numerator distribution is a multidimensional multimodal
normal distribution, and the denominator distribution is a multidimensional standard normal distri-
bution.

Denominator Distribution: The denominator datasets X pir) = {Xp, X%, ..., XE} were gener-
ated from the following d-dimensional standard normal distribution:
X % N(0, L), (162)
where I; denotes the d-dimensional identity matrix.
Numerator Distribution: The numerator datasets XQ[ 5] = {X}Q7 XQQ, ceey Xg} were generated
from the following d-dimensional, M -multimodal normal distribution:
M
i id
Xo~ [I N rm, 1), (163)
m=1

where for each mode m:
* Zy, ~ Bernoulli(1/M) and "M | 7,, = 1.
* 1, ~ Uniform(S?~1).

Here, Bernoulli(1/M) denotes the Bernoulli distribution with parameter 1/M, and Uniform(S¢1)
denotes the uniform distribution on the d-dimensional unit surface S9! = {x € R?: [|x| = 1}.

In the aforementioned setting when M = 1, the KL-divergence of the datasets is calculated as:

KL(P|[Q) = Fp [mg (jQ)]

N(0, 1)
=F 1 —_
N(0,14) |:Og (N(N - rmyjd)
_ L g 2l -1, )T (-
- 2 log |2 | —d + TI’(EP Eq) + (MP Mq) Ep (MP MQ)
1
=3 {log :Id: d+Te(Ig- 1)+ (p-rm)" - 14 (;L~rm)]
1
=5 (0O—d+d+p® 1] 1)
_1
=5 M- (164)
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From Equation (T64), the KL-divergence of the datasets for M > 1 is calculated as:

KL(P|Q) = Fp [mg (jQ)]

[ N(O, I
= En(0,1,)F 2, ~Bemoutii(1/01) |10g (HM 0, 14) 7z )1

M z
N(0, 1 i
= En(0,1,)Fz,, ~Bemoulli(1 /M) log H (/\ﬁ) 1

L m=1
T M
N(O,Id)
= En(0,1,)Fz,, ~Bemoulli(1 /M) log
¢ _m:l N(/'L : r’ﬂh Id)
N(0,1y)
- E log D 1d)
N(O,Id) |: Og (N(/,L . rm7Id)
Ly
= —--u-. 165
5 (165)

Thus, we set 4 = /2 - KL(P||Q) in Equation (I63) for M = 1,2,3, and 4, where K L(P||Q)

denotes the KL-divergence of the datasets.

D.1 EXPERIMENTAL PROCEDURE.

We trained neural networks using the training datasets by optimizing KL-divergence and a-
divergence loss functions. Details of the two functions used in the experiments are provided below.

KL-divergence loss function. We used the following KL-divergence loss function, Lk, (-), in our
experiments:

LxL(T) = Ep "] — Eq [T

S , L
Sy eTXa) - = DY T(Xp). (166)

i=1 =1

Col}—‘

a-divergence loss function. We utilized an a-divergence loss function proposed in a separate
unpublished study, currently under anonymous review. The a-divergence loss function is defined
as:

R,S 1 - o 1 . o),
Egc-dive)rgence(T; Oé) = a . EQ[s] |:8 T9:| —+ —1 o . EP[R] |:€( 1) T9:|
1 1 R
== aT(X) Z (a=1)T(X5p)
- Ze @ e (167)
“ S i=1 1 - R i=1

For further details and theoretical derivations of the loss function, we refer the reader to the
anonymized supplementary material included in this submission (see |Anonymous (2024)). This
material contains a full explanation of the theoretical framework and the optimization process of the
loss function used here.

L, Errors vs. KL-Divergence in Data. We initially created 100 training, validation, and test
datasets, each consisting of 10000 samples, with a data dimensionality of 5 and KL-divergence
values of 1, 2, 4, 8, 10, 12, and 14, and the numerator datasets of modalities of 1, 2, 3, and 4. The
numerator datasets had modalities of 1, 2, 3, and 4, generated from the aforementioned distributions.
We trained neural networks using the training datasets by optimizing both the a-divergence and KL-
divergence loss functions. Training was halted if the validation loss, measured using the validation
datasets, did not improve over an entire epoch. After training the neural networks, we measured the
L, errors of the estimated density ratios for p = 1, 2, and 3, using the test datasets. A total of 100
trials were conducted, and we reported the median L, errors along with the interquartile range (25th
to 75th percentiles) for each KL-divergence and a-divergence function.
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L, Errors vs. the Dimensions of Data. We initially created 100 training datasets, each consisting
of 20000 samples, and 100 validation and test datasets, each consisting of 5000 samples, with data
dimensionalities of 50, 100, and 200, and a KL-divergence value of 3. We trained neural networks
using the training datasets of sizes 1000, 2000, 4000, 8000, and 16000, by optimizing both the a-
divergence and KL-divergence loss functions. The numerator datasets had modalities of 1, 2, 3,
and 4, generated from the aforementioned distributions. Training was halted if the validation loss,
measured using the validation datasets, did not improve over an entire epoch. After training the
neural networks, we measured the L,, errors of the estimated density ratios for p = 1, 2, and 3, using
the test datasets. A total of 100 trials were conducted, and we reported the median L,, errors along
with the interquartile range (25th to 75th percentiles) for each KL-divergence and «a-divergence
function.

D.2 RESULTS.

L, Errors vs. the KL-Divergence in Data. The results for each multimodal case M = 1,2, 3,
and 4 of the numerator datasets are shown in Figure 3l The results of M = 1 were reported in
Section[3

As shown in Figure[3] the estimation errors for p > 0 increased significantly, which accelerates as p
becomes larger. In contrast, when p = 0, a relatively mild increase was observed. As indicated by
Theorem these results highlight the impact of the KL-divergence in the data on L,, error with
p > 1in DRE f-divergence loss functions. Additionally, little difference was observed in the results
among the modalities of the numerator datasets.

L, Errors vs. the Dimensions of Data. The results for each multimodal case M = 1,2, 3, and 4
of the numerator datasets are shown in Figure @ and[3l The results of M = 1 (the first and second
rows in Figure ) were reported in Section[3]

As shown in Figure [2| the L, Lo, and L3 errors in DRE deteriorated as the data dimensionality
increases for both the a-divergence and KL-divergence loss functions. These results indicate that
the curse of dimensionality occurs equally across the L,, errors, as indicated by Theorem[3.5] Addi-
tionally, little difference was observed in the results among the modalities of the numerator datasets.

D.3 NEURAL NETWORK ARCHITECTURE, OPTIMIZATION ALGORITHM, AND
HYPERPARAMETERS.

L, Errors vs. the KL-Divergence in Data. The same neural network architecture, optimization
algorithm, and hyperparameters were used for both the KL-divergence and «a-divergence loss func-
tions. A 6-layer perceptron with ReLU activation was employed, with each hidden layer consisting
of 1024 nodes. For optimization with the both the KL-divergence and a-divergence loss functions,
the learning rate was 0.0001, and the batch size was 128. Early stopping was applied with a pa-
tience of 3 epochs, and the maximum number of epochs was set to 5000. the value of « for the
a-divergence loss function was set to 0.5, Pytorch (Paszke et all, |2017) library in Python was used
to implement all models for DRE, with the Adam optimizer (Kingma, 2014) in PyTorch and an
NVIDIA T4 GPU used for training the neural networks.

L, Errors vs. the Dimensions of Data. The same neural network architecture, optimization
algorithm, and hyperparameters were used for the KL-divergence and a-divergence loss functions
A 6-layer perceptron with ReLU activation was employed, with each hidden layer consisting of
1024 nodes. For optimization with the both the KL-divergence and a-divergence loss functions, the
learning rate was 0.0001, and the batch size was 128. Early stopping was applied with a patience of
1 epochs, and the maximum number of epochs was set to 5000. the value of « for the a-divergence
loss function was set to 0.5, Pytorch (Paszke et al!, 2017) library in Python was used to implement
all models for DRE, with the Adam optimizer (Kingma, 2014) in PyTorch and an NVIDIA T4 GPU
used for training the neural networks.
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Figure 3: Experimental results of L,, errors versus the KL-divergence in the data for each multi-
modal case M = 1,2, 3, and 4 of the numerator datasets, as discussed in Sections 3] and [Dl The
results for M = 1 were reported in Section 3l The z-axis represents the KL-divergence of synthetic
datasets with fixed dimension. The y-axes of the left, center, and right graphs represent the L,
Lo, and L3 errors in DRE, respectively. The blue line represents errors using the a-divergence loss
function, and the orange line represents errors using the KL-divergence loss function. The error bars
represent the interquartile range (25th to 75th percentiles) of the y-axis values. The plots show the
median y-axis values corresponding to the KL-divergence levels in the synthetic datasets.
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Figure 4: Experimental results of L,, errors versus the dimensionality of the data for the multimodal
case M = 1 and 2 in the numerator datasets, as discussed in Sections3land[Dl The results for M = 1
were reported in Section 3l The top row shows the results using the a-divergence loss function, and
the bottom the results using the KL-divergence loss function. The z-axis represents the logarithm of
the number of samples used for the optimizations for DRE. The y-axes of the left, center, and right
graphs represent the L1, Lo, and L3 errors in DRE, respectively. The blue, orange, and green lines
represent the results for data dimensionalities of 50, 100, and 200, respectively. The plots show the
median y-axis values, and the error bars indicate the interquartile range (25th to 75th percentiles) of
the y-axis values for the logarithm of the number of samples used for the optimizations of DRE.
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Figure 5: Experimental results of L,, errors versus the dimensionality of the data for the multimodal
case M = 3 and 4 in the numerator datasets, as discussed in Sections The top row shows the
results using the a-divergence loss function, and the bottom the results using the KL-divergence loss
function. The z-axis represents the logarithm of the number of samples used for the optimizations
for DRE. The y-axes of the left, center, and right graphs represent the L, Lo, and L3 errors in
DRE, respectively. Blue, orange, and green lines represent the results for data dimensionalities of
50, 100, and 200, respectively. The plots show the median y-axis values, and the error bars indicate
the interquartile range (25th to 75th percentiles) of the y-axis values for the logarithm of the number
of samples used for the optimizations of DRE.
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E FURTHER DISCUSSIONS RELATED TO THIS STUDY

In this section, we explore further discussions related to this study. First, we compare the upper DRE
bound derived in this study with those reported in previous research. Next, we provide remarks on
Assumption [3.3] comparing it with related assumptions in prior work. Finally, we highlight the
potential applications suggested by this study.

E.1 COMPARISON WITH EXISTING DRE BOUNDS

In this section, we compare our L, upper bound in Equation () in Theorem [3.5] to known DRE
bounds from other methods.

The terms related to data dimensionality in our upper bound are tighter than the existing non-
parametric minimax upper bounds in DRE. Additionally, to the best of our knowledge, no prior
work has provided a term like ours regarding the exponential of the KL-divergence in Equation (@)
in Theorem 3.3

Nguyen et all (2010) presented a minimax upper bound rate of O(1/N Wld) for the Hellinger dis-
tance between the true and estimated density ratio, obtained by optimizing a KL-divergence loss
function. Since the Hellinger distance serves as an upper bound for the total variation distance
(Sason & Verdd, [2016), the result from [Nguyen et al. (2010) provides an upper bound on the L; er-
ror in DRE using the KL-divergence loss function. [Kanamori et al! (2012) provided an upper bound

of O(1/N 2%1) for DRE using kernel unconstrained least-squares importance fitting (KuLSIF), their
proposed DRE method. Under an assumption on the S-Holder continuity of the probability ratio

function, Kpotufd (2017) presented an upper bound of Op(log N/N %) for DRE using an empir-
ical distribution-based estimator, where our case corresponds to 5 = 1. A recent study (Lin et al.,

2023) provided L; and Lo error upper bounds of O(1/N Z’iid) in DRE for an estimator using the
M -th nearest neighbor, as M increases along with the sample size.

In terms of comparison with our L,, lower bound, a minimax L; lower bound of O(1/N 7 ), for
example, was provided by [Lin et all (2023). This lower bound is larger than our lower bound in
Equation (3) in Theorem [3.3] and appears tighter than ours. However, minimax lower bounds may
not represent the true lower bounds and cannot be directly compared to our lower bound, as discussed
in Section[Tl

E.2 REMARKS ON ASSUMPTION [3.3] AND RELATED ASSUMPTIONS IN PRIOR WORK

In this section, through a comparison to related assumptions in prior work, we provide remarks on
Assumption[3.3]presented in Section 3

We believe that a closely related assumption to Assumption [3.3] can be found in the pseudo self-
concordance of losses introduced inBach (2010). The pseudo self-concordance of losses ensures a
deterministic strength of the convexity of loss functions, whereas Assumption 3.3 only provides a
statistical measure of the strength of the convexity of the f-divergence loss functions.

Specifically, let I(u) denote a convex loss function such that I (u) > 0 for v > 0. Subsequently,
let F,(r) = {l(u+r) — I(u)}/l"(u). According to Proposition 1 in Bach (2010), the pseudo
self-concordance of the losses implies both L(r)-smoothness and 1/ L(r)-strong convexity of Fy, (r)
within any interval of a fixed length r, which is determined independently of u. Thus, both L(r)-
smoothness and 1/L(r)-strong convexity of F,,(r) are deterministically guaranteed even when u is
randomly selected.

On the other hand, from Theorem[C.9]in the appendix, Assumption[3.3|describes a localized property
of the strength of the loss convexity such that

(9800 +mx) =17 (80:x) 1 rag N\ ap
e 30 (Ge)

= a0 +o (|7’|2) . (168)
Then, let Fl, () (r) = {I(u(x) +73x) — Lp(u(x); %) } /1" (u(x); X).
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According to Equation (I68), the L-smoothness and 1/ L-strong convexity of F,)(r) on A(x,r)
with fixed » > 0 can depend on each point x, i.e., L. = L(x). Here, A(x,r) denotes the d-
dimensional interval centered at x with each side of length r: A(x,r) = {x’ € R* | ||x’ — %[00 <

r/2}.
Considering the expectation with respect to 1 on both sides of this equation, we have

Ty (800 + rix) — Ty (B0 ,, :
f(dP |2|2 f (dP ) _ %'EP {f (%(x))} +0(|r| ) (169)

©w

This implies that the strength of F, (4 (r) is statistically represented by Ep[f"(dQ/dP)].

Additionally, we note that the expression Ep[f”(dQ/dP)| resembles the form of the Fisher infor-
mation when f(u) = —logu. Thus, as an alternative perspective on Assumption[3.3] we propose
that this assumption establishes an information-theoretic bound for estimation using f-divergence
optimization.

E.3 APPLICATIONS OF THIS STUDY

In this section, we provide a brief discussion of potential applications highlighted by our findings.
The following two key applications can be derived from our results.

Selecting a benchmark index for evaluating DRE methods. When evaluating the accuracy of
DRE methods using synthetic datasets, the root mean squared error (RMSE) or mean squared error
(MSE) is recommended rather than the mean absolute error (MAE). Prior works did not carefully
consider the differences in their behavior regarding the KL divergence of the datasets. For example,
Kimura & Bondell (2024) used MAE, whereas|Kato & Teshima (2021)) used MSE.

Fitting the distribution of base noise for f-GAN and Normalizing Flow. Optimization of f-
GANs (Nowozin et al., 2016) could benefit from adjusting the base noise distribution to better match
the data. Since the optimization of f-GANs is equivalent to DRE by optimizing the f-divergence
(Uehara et all, 2016), the accuracy of generative models could be improved by fitting the base para-
metric models to the data in terms of KL divergence minimization (i.e., likelihood maximization). A
similar approach could also be applied to the base models in Normalizing Flow (Papamakarios et al.,
2021).
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Table 2: List of f/(¢) and f*(f'(¢)) in Equation (1) together with convex functions, as discussed
Section Part of the list of divergences and their convex functions is based on [Nowozin et al.
(2016).

Name convex function f (o) *(f' ()
KL u - log u log (gb) +1 10)
Pearson 2 (u—l)2 2-9—2 )
Squared Hellinger (Vu— 1)2 1— g 1/2 p/% -1
GAN u-logu— (u+1)-log(u+1) —log(l+¢~t) log(l+¢)
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