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Abstract

A key challenge of modern machine learning systems is to achieve Out-of-
Distribution (OOD) generalization—generalizing to target data whose distribution
differs from that of source data. Despite its significant importance, the fundamen-
tal question of “what are the most effective algorithms for OOD generalization”
remains open even under the standard setting of covariate shift. This paper ad-
dresses this fundamental question by proving that, surprisingly, classical Maxi-
mum Likelihood Estimation (MLE) purely using source data (without any modifi-
cation) achieves the minimax optimality for covariate shift under the well-specified
setting. This result holds for a very large class of parametric models, including but
not limited to linear regression, logistic regression, and phase retrieval, and does
not require any boundedness condition on the density ratio. This paper further
complement the study by delving into the misspecified setting where the Maxi-
mum Weighted Likelihood Estimator (MWLE) emerges as minimax optimal in
specific scenarios.

1 Introduction

Distribution shift, where the distribution of test data (target data) significantly differs from the dis-
tribution of training data (source data), is commonly encountered in practical machine learning
scenarios (Zou et al., 2018; Ramponi & Plank, 2020; Guan & Liu, 2021). A central challenge of
modern machine learning is to achieve Out-of-Distribution (OOD) generalization, where learned
models maintain good performance in the target domain despite the presence of distribution shifts.
To address this challenge, a variety of algorithms and techniques have been proposed, including
vanilla empirical risk minimization (ERM) (Vapnik, 1999; Gulrajani & Lopez-Paz, 2020), impor-
tance weighting (Shimodaira, 2000; Huang et al., 2006; Cortes et al., 2010b; Cortes & Mohri, 2014),
learning invariant representations (Ganin et al., 2016; Arjovsky et al., 2019; Wu et al., 2019; Rosen-
feld et al., 2020), distributionally robust optimization (DRO) (Sagawa et al., 2019), etc. See the
recent survey (Shen et al., 2021) for more details. These results claim the effectiveness of the corre-
sponding proposed algorithms in different regimes. This leads to a natural question:

What are the most effective algorithms for OOD generalization?

In this paper, we answer the aforementioned question in a standard and fundamental setting of
OOD generalization—covariate shift. Under covariate shift, the marginal distributions of the input
covariates X vary between the source and target domains, while the conditional distribution of
output given covariates Y | X remains the same across domains. While covariate shift has been
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extensively studied under the non-parametric setups recently (Kpotufe & Martinet, 2018; Pathak
et al., 2022; Ma et al., 2023), what is the optimal algorithm for learning parametric models under
covariate shift—an arguably more fundamental setup—remains open.

This paper considers learning a model from a known parametric model class under covariate shift.
We discuss learning in both well-specified and mis-specified settings. Well-specified setting refers
to the problems where the true conditional distribution of Y | X lies in the given parametric model
class, while the mis-specified setting refers to the remaining problems. This paper puts a special em-
phasis on the well-specified problems, as they become increasingly more relevant in modern learning
applications. These applications use large-scale models with an enormous number of parameters,
which are highly expressive and often make the settings “approximately” well-specified.

Our contributions. Below we summarize the results and contributions of this paper:

1. For a large set of well-specified covariate shift problems, we prove that the classical Maximum
Likelihood Estimation (MLE) — which is computed purely based on source data without using
any target data— is minimax optimal up to a universal constant. The optimality holds even if the
learner has access to the distribution of covariate X in the target domain, and our results imply the
minimax optimal algorithm need not to use that information. Our results suggest that additional
techniques, such as importance reweighting, are not necessary for well-specified covariate shift.

2. The aforementioned result applies to a very rich set of well-specified covariate shift problems,
and in particular does not require any boundedness condition on the density ratio. We illustrate
the generality of our results by instantiating our framework and calculating the minimax optimal
rates for three concrete examples: linear regression, logistic regression and phase retrieval.

3. We further establish the non-asymptotic upper bound for the Maximum Weighted Likelihood
Estimator (MWLE) provided the bounded likelihood ratio condition is met. Under certain mis-
specified problems, MWLE is shown to be minimax optimal.

1.1 Related work

The statistical study of covariate shift under parametric models can be dated back to Shimodaira
(2000), which established the asymptotic normality of MWLE and pointed out that vanilla MLE
is asymptotically optimal among all the weighted likelihood estimators when the model is well-
specified. However, no finite sample guarantees were provided, and the optimality of MLE is only
proved within the restricted class of weighted likelihood estimators. In contrast, this paper estab-
lishes non-asymptotic results and proves the optimality of MLE among all possible estimators under
well-specified models. Cortes et al. (2010a) studied the importance weighting under the statisti-
cal learning framework and gave a non-asymptotic upper bound for the generalization error of the
weighted estimator. However, their rate scales as O(1/+/n) compared to our rate O(1/n), where n
is the sample size. A recent line of work also provide non-asymptotic analyses for covariate shift
under well-specified setting, however they focus on linear regression or a few specific models which
are more restrictive than our setting: Mousavi Kalan et al. (2020) introduces a statistical minimax
framework and provides lower bounds for OOD generalization in the context of linear and one-
hidden layer neural network regression models. When applied to covariate shift, their lower bounds
are loose and no longer minimax optimal. Lei et al. (2021) considers the minimax optimal estima-
tor for linear regression under fixed design, the estimator they proposed is not MLE and is much
more complicated in certain regimes. Finally, Zhang et al. (2022) considers covariate shift in linear
regression where the learner can have access to a small number of target labels, this is beyond the
scope of this paper, where we focus on the classical covariate shift setup in which target labels are
not known.

Another line of work focuses on well-specified nonparametric models under covariate shift. Kpotufe
& Martinet (2018) presented minimax results for nonparametric classification problem, which was
controlled by a transfer-exponent that measures the discrepancy between source and target. Inspired
by the aforementioned work, Pathak et al. (2022) studied nonparametric regression problem over the
class of Holder continuous functions with a more fine-grained similarity measure. When considering
reproducing kernel Hilbert space (RKHS), Ma et al. (2023) showed kernel ridge regression (KRR)
estimator with a properly chosen penalty is minimax optimal for a large family of RKHS when
the likelihood ratio is uniformly bounded, and a reweighted KRR using truncated likelihood ratios



is minimax optimal when the likelihood ratio has a finite second moment. Later, Wang (2023)
proposed a learning strategy based on pseudo-labels. When the likelihood ratio is bounded, their
estimator enjoyed the optimality guarantees without prior knowledge about the amount of covariate
shift. Although these works focused on covariate shift problems, they considered nonparametric
setting, and hence are not directly comparable to our work. As an example, Ma et al. (2023) showed
that MLE (empirical risk minimization in their language) is provably suboptimal for addressing
covariate shift under nonparametric RKHS assumptions. In contrast, we show that MLE is optimal
for covariate shift for a well-specified parametric model. We highlight that our non-asymptotic rate
is instance dependent in the sense that it depends on the source and target distributions. This is in
contrast to prior work (e.g. Ma et al. (2023), Kpotufe & Martinet (2018)) that consider the worst-
case scenario over certain classes of source-target pairs (e.g., bounded density ratios).

A crucial part of this work is analyzing MLE, which is a dominant approach in statistical inference.
There exists a variety of work studying the behavior of MLE under the standard no-distribution-
shift setting. It is well known that MLE is asymptotically normal (Casella & Berger, 2021) with the
inverse of Fisher information as the asymptotic variance. Cramér (1946); Rao (1992) established
the famous Cramer-Rao bound for unbiased estimators, which also showed that no consistent esti-
mator has lower asymptotic mean squared error than the MLE. White (1982) gave the asymptotic
distribution of MLE under the mis-specified setting. More recently, non-asymptotic behaviours of
MLE are studied under certain models. Bach (2010); Ostrovskii & Bach (2021) established the non-
asymptotic error bound for MLE in logistic regression using self-concordance. This line of work
does not consider covariate shift, which is an indispensable part of this paper.

Notations. Throughout the paper, we use ¢ to denote universal constants, which may vary from
line to line.

2 Background and Problem Formulation

In this section, we provide background on the problem of learning under covariate shift. We also
review the widely adopted maximum likelihood estimator.

2.1 Covariate shift and excess risk

Let X € X be the covariates and Y € ) be the response variable that we aim to predict. In a general
out-of-distribution (OOD) generalization problem, we have two domains of interest, namely a source
domain .S and a target domain 7". Each domain is associated with a data generating distribution over
(X,Y): Ps(X,Y) for the source domain and Pr (X, Y") for the target domain. Given n i.i.d. labeled
samples {(z;,y;) ", ~ Ps(X,Y) from the source domain, the goal of OOD generalization is to
learn a prediction rule X — Y that performs well in the target domain. In this paper, we focus on
the covariate shift version of the OOD generalization problem, in which the marginal distributions
Ps(X) and Pr(X) of the covariates could differ between the source and target domains, while the
conditional distribution Y | X is assumed to be the same on both domains.

More precisely, we adopt the notion of excess risk to measure of the performance of an estimator
under covariate shift. Let 7 := {f(y|x;8) | B € R} be a parameterized function class to
model the conditional density function p(y | z) of Y | X. A typical loss function is defined using the
negative log-likelihood function:

U(x,y,B) = —log f(y|x; B).

The excess risk at 3 is then defined as

R(ﬁ) = ET [g(xayvﬁ)] _HﬂleT [((Jc,y,ﬂ)], (1)

where the expectation E is taken over Py (X, Y"). When the model is well-specified, i.e., when the
true density p(y | z) = f(y|z; 8*) for some 8*, we have inf s Ep[l(x, y, 8)] = Er[f(z, y, *)]. As
a result, we evaluate the loss at 3 against the loss at the true parameter 3*. In contrast, in the case of
mis-specification, i.e., when p(y | z) ¢ F, the loss at 3 is compared against the loss of the best fit in
the model class.



2.2 Maximum likelihood estimation

In the no-covariate-shift case, maximum likelihood estimation (MLE) is arguably the most popular
approach. Let

be the empirical negative log-likelihood using the samples {(z;,y;)}? ; from the source domain.
The vanilla MLE is defined as
BuLE := argmingcgaly, (5). 3)

To ease presentations later, we would also recall the classical notion of Fisher information—an im-
portant quantity to measure the difficulty of parameter estimation. The Fisher information evaluated
at 8 on source and target is defined as

IS(ﬂ) = ExN]P’S(X),y |z~ f(y|x;B) [V2€(1', Y, 6)] y
IT(B) = ExNIPT(X),y [z~ f(y|x;8) [V2E(JC, Y, /6)] .

Here, the gradient and Hessian are taken with respect to the parameter 3.

3 Well-Specified Parametric Model under Covariate Shift

In this section, we focus on covariate shift with a well-specified model, that is, the true condi-
tional distribution falls in our parametric function class. We assume there exists some S* such that
p(y|z) = f(y|z; 5*), and denote the excess risk evaluated at 5 under true model parameter 5* as

Rﬂ* (5), i.e.,
Rp-(B) :=E soppx) W(z9,B8)]—E sopnxy [y, B87)]. “4)
yle~f(ylz;8*) ylz~f(ylz:;8%)

While the objective of MLE (cf. (3)) is not an unbiased estimate of the risk under the target domain,
we will show in this section that MLE is in fact optimal for addressing covariate shift under well-
specified models.

3.1 Upper bound for MLE

In this subsection, we establish a non-asymptotic upper bound for MLE under generic assumptions
on the model class.
Assumption A. We make the following assumptions on the model class F:

A.1 There exist By, Ba, N (), and absolute constants c,~y such that for any fixed matrix A € R3*4,
any 0 € (0,1), and any n > N (), with probability at least 1 — 0:

Vlog ¢ Bi||All2 log ¢
I4(V4,(5%) - EIT (3D, < o o 4 Bialatog” (2212) 282, s

log 4
1V26,(8%) — B[V (8], < B2y —2, ©6)

n
where V = n - E||A(VL,(8%) — E[VE,(8*)])||3 is the variance.

A.2 There exists some constant Bz > 0 such that ||V30(x,y, 8|2 < Bs forall x € Xs U Xr,y €
Y, B € RY, where Xs (resp. Xr) is the support of Ps(X) (resp. Pp(X)).

A.3 The empirical loss 0,,(-) defined in (2) has a unique local minimum in RY, which is also the
global minimum.

Several remarks on Assumption A are in order. Assumption A.l is a general version of Bernstein
inequality (when v = 0 it reduces to classical Bernstein inequality), which gives concentration
on gradient and Hessian. This assumption is naturally satisfied when the gradient and Hessian are



bounded (see Proposition F.2 for details). Assumption A.2 requires the third order derivative of log-
likelihood to be bounded, which is easy to satisfy (e.g., linear regression satisfies this assumption
with B3 = 0). Assumption A.3 ensures the MLE is unique, which is standard in the study of the
behaviour of MLE. We can see that it naturally applies to traditional convex losses. It is worth noting
that our general theorem can also be applied under a relaxed version of Assumption A.3, which will
be shown in Theorem A.5. In Section A, we will see that Assumption A is mild and easily satisfied
for a wide range of models.

Now we are ready to present the performance upper bound for MLE under covariate shift.
Theorem 3.1. Suppose that the model class F satisfies Assumption A. Let Iy = Ip(8*) and
Is :=ZIs(B*). Forany § € (0,1), ifn > cmax{N*log(d/d), N(6)}, then with probability at least
1 — 26, we have

Tr (ZrZs') log ¢

R« (Buie) < CM

1 1
for an absolute constant c. Here N* := Poly(d, By, Ba, Bs, | Z5" |2, |Z2Z5 ' Z7 |5 ")

n

For an exact characterization of the threshold N*, one can refer to Theorem C.1 in the appendix.

Theorem 3.1 gives a non-asymptotic upper bound for the excess risk of MLE: when the sample
size exceeds a certain threshold of max{N*log(d/d), N ()}, MLE achieves an instance dependent
risk bound Tr(ITIgl) /m. Tt is worth noting that our analysis does not require boundedness on the
density ratios between the target and source distributions (as have been assumed in prior art (Ma
et al., 2023)), which yields broader applicability. In Section A, we will instantiate our generic
analysis on three different examples: linear regression, logistric regression and phase retrieval.

3.2 Minimax lower bound

We turn to the complementary question regarding the fundamental limit of covariate shift under
well-specified models.

Assumption B. Let 5y € R? and B > 0. We make the following assumptions on the model class F:
B.1 Assumption A.2 holds.

B.2 There exist some constants L, Lt > 0 such that for any 31, B2 € Bg, (B):
1Zs(B1) — Zs(Ba)ll2 < Ls||Br — Ball2,
| Zr(B1) — Zr(B2)||2 < Lr||B1 — B2l|2-

B.3 Forany 3* € Bg,(B), the excess risk Rg-(3) defined in (4) is convex in 3 € R%.
B.4 We assume Lg(3) and Ly () are positive definite for all B € Bg, (B).

Assumption B.2 essentially requires the Fisher information will not vary drastically in a small neigh-
bourhood of §y. This assumption is easy to hold when the fisher information has certain smoothness
(e.g., in linear regression, the fisher information does not change when 3 varies). Since Assumption
B is a slight variant of Assumption A, both assumptions are often satisfied simultaneously for a wide
range of models, as we will show in Section A.

Theorem 3.2. Suppose the model class F satisfies Assumption B. As long as n > Ny, we have

. _ -1 A 1
inf sup TH(Zr(BVI5HE) ' E seracr) [Ro(B)] 2
B B*€Bgy(B) yilzi~ f(yle;8%) n

where Ny := Poly(d, B~, B3, Ls, L, || Zs(50) |2, | Zr(Bo) |2, |1 Zs (Bo) 2 | Zr (Bo) ~H]2)-

For an exact characterization of the threshold Ny, one can refer to Theorem C.4 in the appendix.

Comparing Theorem 3.1 and 3.2, we can see that, under Assumptions A and B, then for large
enough sample size n, Tr (Zr(8*)Zg 1(ﬂ*)) /n exactly characterizes the fundamental hardness of
covariate shift under well-specified parametric models. It also reveals that vanilla MLE is minimax
optimal under this scenario. To gain some intuitions, Zg ! captures the variance of the parameter
estimation, and Z measures how the excess risk on the target depends on the estimation accuracy of
the parameter. Therefore what really affects the excess risk (on target) is the accuracy of estimating
the parameter, and vanilla MLE is naturally the most efficient choice.



References

Martin Arjovsky, Léon Bottou, Ishaan Gulrajani, and David Lopez-Paz. Invariant risk minimization.
arXiv preprint arXiv:1907.02893, 2019.

Francis Bach. Self-concordant analysis for logistic regression. Electronic Journal of Statis-
tics, 4(none):384 — 414, 2010. doi: 10.1214/09-EJS521. URL https://doi.org/10.1214/
09-EJSbH21.

Liyuan Cao. Some useful expected values with multivariate normal distribution and uniform distri-
bution on sphere. https://coral.ise.lehigh.edu/1ic314/files/2020/02/MVNuseful.
pdf, February 2020.

George Casella and Roger L Berger. Statistical inference. Cengage Learning, 2021.

Yuxin Chen, Yuejie Chi, Jianqing Fan, Cong Ma, et al. Spectral methods for data science: A
statistical perspective. Foundations and Trends® in Machine Learning, 14(5):566-806, 2021.

Corinna Cortes and Mehryar Mohri. Domain adaptation and sample bias correction theory and
algorithm for regression. Theoretical Computer Science, 519:103-126, 2014.

Corinna Cortes, Yishay Mansour, and Mehryar Mohri.  Learning bounds for importance
weighting.  In J. Lafferty, C. Williams, J. Shawe-Taylor, R. Zemel, and A. Culotta
(eds.), Advances in Neural Information Processing Systems, volume 23. Curran Associates,
Inc., 2010a. URL https://proceedings.neurips.cc/paper_files/paper/2010/file/
59c33016884a62116be975a9bb8257e3-Paper . pdf.

Corinna Cortes, Yishay Mansour, and Mehryar Mohri. Learning bounds for importance weighting.
Advances in neural information processing systems, 23, 2010b.

Harald Cramér. Mathematical methods of statistics. 1946. URL https://api.
semanticscholar.org/CorpusID:122802041.

Yaroslav Ganin, Evgeniya Ustinova, Hana Ajakan, Pascal Germain, Hugo Larochelle, Francois
Laviolette, Mario Marchand, and Victor Lempitsky. Domain-adversarial training of neural net-
works. The journal of machine learning research, 17(1):2096-2030, 2016.

Rong Ge, Chi Jin, and Yi Zheng. No spurious local minima in nonconvex low rank problems: A
unified geometric analysis. In International Conference on Machine Learning, pp. 1233—-1242.
PMLR, 2017.

Richard D Gill and Boris Y Levit. Applications of the van trees inequality: a bayesian cramér-rao
bound. Bernoulli, pp. 59-79, 1995.

Hao Guan and Mingxia Liu. Domain adaptation for medical image analysis: a survey. IEEE Trans-
actions on Biomedical Engineering, 69(3):1173-1185, 2021.

Ishaan Gulrajani and David Lopez-Paz. In search of lost domain generalization. arXiv preprint
arXiv:2007.01434, 2020.

Jiayuan Huang, Arthur Gretton, Karsten Borgwardt, Bernhard Scholkopf, and Alex Smola. Correct-
ing sample selection bias by unlabeled data. Advances in neural information processing systems,
19, 2006.

Vladimir Koltchinskii, Karim Lounici, and Alexandre B Tsybakov. Nuclear-norm penalization and
optimal rates for noisy low-rank matrix completion. 2011.

Samory Kpotufe and Guillaume Martinet. Marginal singularity, and the benefits of labels in
covariate-shift. In Conference On Learning Theory, pp. 1882—1886. PMLR, 2018.

Qi Lei, Wei Hu, and Jason D Lee. Near-optimal linear regression under distribution shift. arXiv
preprint arXiv:2106.12108, 2021.

Cong Ma, Reese Pathak, and Martin J] Wainwright. Optimally tackling covariate shift in rkhs-based
nonparametric regression. The Annals of Statistics, 51(2):738-761, 2023.


https://doi.org/10.1214/09-EJS521
https://doi.org/10.1214/09-EJS521
https://coral.ise.lehigh.edu/lic314/files/2020/02/MVNuseful.pdf
https://coral.ise.lehigh.edu/lic314/files/2020/02/MVNuseful.pdf
https://proceedings.neurips.cc/paper_files/paper/2010/file/59c33016884a62116be975a9bb8257e3-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2010/file/59c33016884a62116be975a9bb8257e3-Paper.pdf
https://api.semanticscholar.org/CorpusID:122802041
https://api.semanticscholar.org/CorpusID:122802041

Mohammadreza Mousavi Kalan, Zalan Fabian, Salman Avestimehr, and Mahdi Soltanolkotabi. Min-
imax lower bounds for transfer learning with linear and one-hidden layer neural networks. Ad-
vances in Neural Information Processing Systems, 33:1959-1969, 2020.

Dmitrii M Ostrovskii and Francis Bach. Finite-sample analysis of m-estimators using self-
concordance. 2021.

Reese Pathak, Cong Ma, and Martin Wainwright. A new similarity measure for covariate shift with
applications to nonparametric regression. In International Conference on Machine Learning, pp.
17517-17530. PMLR, 2022.

Alan Ramponi and Barbara Plank. Neural unsupervised domain adaptation in nlp—a survey. arXiv
preprint arXiv:2006.00632, 2020.

C. Radhakrishna Rao. Information and the accuracy attainable in the estimation of statistical param-
eters. 1992. URL https://api.semanticscholar.org/CorpusID:117034671.

Alessandro Rinaldo. Advanced statistical theory lecture 13: February 26, February 2018.

Elan Rosenfeld, Pradeep Ravikumar, and Andrej Risteski. The risks of invariant risk minimization.
arXiv preprint arXiv:2010.05761, 2020.

Shiori Sagawa, Pang Wei Koh, Tatsunori B Hashimoto, and Percy Liang. Distributionally robust
neural networks for group shifts: On the importance of regularization for worst-case generaliza-
tion. arXiv preprint arXiv:1911.08731, 2019.

Zheyan Shen, Jiashuo Liu, Yue He, Xingxuan Zhang, Renzhe Xu, Han Yu, and Peng Cui. Towards
out-of-distribution generalization: A survey. arXiv preprint arXiv:2108.13624, 2021.

Hidetoshi Shimodaira. Improving predictive inference under covariate shift by weighting the
log-likelihood function. Journal of Statistical Planning and Inference, 90(2):227-244, 2000.
ISSN 0378-3758. doi: https://doi.org/10.1016/S0378-3758(00)00115-4. URL https://www.
sciencedirect.com/science/article/pii/S0378375800001154.

Vladimir N Vapnik. An overview of statistical learning theory. IEEE transactions on neural net-
works, 10(5):988-999, 1999.

Roman Vershynin. High-dimensional probability: An introduction with applications in data science,
volume 47. Cambridge university press, 2018.

Kaizheng Wang. Pseudo-labeling for kernel ridge regression under covariate shift. arXiv preprint
arXiv:2302.10160, 2023.

Halbert White. Maximum likelihood estimation of misspecified models. Econometrica: Journal of
the econometric society, pp. 1-25, 1982.

Yifan Wu, Ezra Winston, Divyansh Kaushik, and Zachary Lipton. Domain adaptation with
asymmetrically-relaxed distribution alignment. In International conference on machine learn-
ing, pp. 6872-6881. PMLR, 2019.

Xuhui Zhang, Jose Blanchet, Soumyadip Ghosh, and Mark S Squillante. A class of geometric
structures in transfer learning: Minimax bounds and optimality. In International Conference on
Artificial Intelligence and Statistics, pp. 3794-3820. PMLR, 2022.

Yang Zou, Zhiding Yu, BVK Kumar, and Jinsong Wang. Unsupervised domain adaptation for se-
mantic segmentation via class-balanced self-training. In Proceedings of the European conference
on computer vision (ECCV), pp. 289-305, 2018.


https://api.semanticscholar.org/CorpusID:117034671
https://www.sciencedirect.com/science/article/pii/S0378375800001154
https://www.sciencedirect.com/science/article/pii/S0378375800001154

A Applications

In this section, we illustrate the broad applicability of our framework by delving into three distinct
statistical models, namely linear regression, logistic regression and phase retrieval. For each model,
we will demonstrate the validity of the assumptions, and give the explicit non-asymptotic upper
bound on the vanilla MLE obtained by our framework as well as the threshold of sample size needed
to obtain the upper bound.

A.1 Linear regression

In linear regression, we have Y = X7 3* + ¢, where ¢ ~ N(0,1) and ¢ 1L X. The corresponding
negative log-likelihood function (i.e. the loss function) is given by

(g, 8) = 5y~ "B

We assume X ~ N(0, I;) on the source domain and X ~ N(«, 0%1;) on the target domain.

Proposition A.1. The aforementioned linear regression model satisfies Assumption A and B with
v=1, N(6) =dlog(1/d), By = cVd, By = ¢v/d, By = 0and Lg = Lt = 0. Moreover, we have
THTrZ5") = llal}3 + 0%

By Theorem 3.1 and Theorem 3.2, since Assumption A and B are satisfied, we immediately demon-
strate the optimality of MLE under linear regression. The following theorem gives the explicit form
of excess risk bound by applying Theorem 3.1:

Theorem A.2. Foranyé € (0,1), if n > O(N log %), then with probability at least 1 — 20, we have

(||O¢H% + O'Qd) log%

* <
Rg+(Bumie) < ¢ "

.7 lel3d+o2d )2
where N = d (1 + W) .

Remark (Excess risk). Regarding the upper bound of the excess risk, we categorize it into two
scenarios: large shift and small shift. In the small shift scenarios (i.e., ||||3 < o2d), the result is the
same as that in scenarios without any mean shift, with a rate of o%d /n. On the other hand, in the
large shift scenarios (i.e., ||a||3 > o2d), the upper bound of the excess risk increases with the mean
shift at a rate of ||«||3/n.

Remark (Threshold N). For a minor mean shift, specifically when |||l = co for a given constant
¢, the threshold is N = d. This aligns with the results from linear regression without any covariate
shift. On the other hand, as the mean shift increases (i.e., |a|o = od” for some 0 < k < 1 /2), the
threshold becomes N = d***+1, increasing with the growth of k. In scenarios where the mean shift
significantly surpasses the scaling shift, denoted as o > 0\/&, the threshold reaches N = d?.

A.2 Logistic regression

In the logistic regression, the response variable Y € {0, 1} obeys

1 1
T e PV =01X =0) = e

The corresponding negative log-likelihood function (i.e. the loss function) is given by
T
((w,y, B) = log(1+ €™ 7) — y(a™ §).

We assume X ~ Uniform(S¢~1(+/d)) on the source domain and X ~ Uniform(S?~1(v/d)) + v on
the target domain, where S~ (v/d) := {x € R? | ||z||z = V/d}. In the following, we will give the
upper bound of the excess risk for MLE when v = r37% , where /37 represents a vector perpendicular
to B* (i.e., %7 3*=0). Without loss of generality, we assume ||3*||2 = ||3% [|l2 = 1.

Proposition A.3. The aforementioned logistic regression model satisfies Assumption A and B with
v =0,N(@) =0 B =cVd By = cd, By = (Vd+71)% Ls = d"® and Ly = (Vd + 1)
Moreover, we have Tr(ZrZg') < d + 2.

P(Y =1|X =z) =



By Theorem 3.1 and Theorem 3.2, since Assumption A and B are satisfied, we immediately demon-
strate the optimality of MLE under logistic regression. The following theorem gives the explicit
form of excess risk bound by applying Theorem 3.1:

Theorem A.4. Foranyé € (0,1), ifn > O(N log %), then with probability at least 1 — 20, we have

d
(d+71?)log ¢

* <
Rg«(BumiLe) < ¢ -

where N := d*(1 + r9).

Remark (Excess risk). The bound on the excess risk incorporates a r? term, which is a measurement
of the mean shift. This is due to the fact that the MLE does not utilize the information that v™ 3* = 0.
Therefore, v” BuLe is not necessarily zero, which will lead to an additional bias. Similar to linear
regression, we can categorize the upper bound of the excess risk into two scenarios: large shift
(r > v/d) and small shift (r < \V/d).

Remark (Threshold N). We admit that the /V here may not be tight, as we lean on a general frame-
work designed for a variety of models rather than a specific one.

A.3 Phase retrieval

As we have mentioned, our generic framework can also be applied to the scenarios where some of
the assumptions are relaxed. In this subsection, we will further illustrate this point by delving into
the phase retrieval model.

In the phase retrieval, the response variable Y = (X7 3%)2 4 ¢, where ¢ ~ N'(0,1) and ¢ 1. X. We
assume Pg(X) and Py (X) follow the same distribution as that in the logistic regression model (i.e.,
Section A.2). Note that both the phase retrieval model and the logistic regression model belong to
generalized linear model (GLM), thus they are expected to have similar properties. However, given
the loss function {(z,y, 8) :== 1 (y — (mTﬁ)Q)Q, it is obvious that Assumption A.3 is not satisfied,
since if 3 is a global minimum of ¢,,, —f is also a global minimum. The following theorem shows
that we can still obtain results similar to logistic regression though Assumption A.3 fails to hold.

Theorem A.5. Foranyé € (0,1), ifn > O(N log %), then with probability at least 1 — 20, we have

d+r?)log &
Rg+(Bmie) < 67( n) L

where N := d®(1 + r8).

B Mis-Specified Parametric Model under Covariate Shift

One potential “criticism” against MLE in the covariate shift setting is that the empirical nega-
tive log-likelihood is not a faithful estimate of the out-of-distribution generalization performance,
ie., Er[l(x,y,0)]. In light of this, a weighted version of MLE is proposed. Let w(z) :=
dPr(x)/dPg(x) be the density ratio function and
1 n
Cy(B) == — i) l(@i, Yi, 7

HOEFPILCACRAY ™
be the weighed loss. Then the maximum weighted likelihood estimator is defined as

BuwLE = arg mingegaly, (53). 8
It is easy to see that the weighted loss is an unbiased estimate of Er [¢(x, y, 8)].

In the case of model mis-specification, we still employ a parameterized function class F :=
{f(y|z;B)| B € R} to model the conditional density function of Y| X. However, the true density
p(y | «) might not be in F. As we previously showed, under a well-specified parametric model, the
vanilla MLE is minimax optimal up to constants. However, when the model is mis-specified, the
classical MLE may not necessarily provide a good estimator.

Proposition B.1. There exist certain mis-specified scenarios such that classical MLE is not consis-
tent, whereas MWLE is.



Proposition B.1 illustrates the necessity of adaptation under model mis-specification since the clas-
sical MLE asymptotically gives the wrong estimator. In this section, we study the non-asymptotic
property of MWLE. Let M be the model class of the ground truth Y | X, and M € M be the ground
truth model for Y | X.

We denote the optimal fit on target as
B*(M) = argmingE,p, x)[{(2,y, B)]-

yla~M
The excess risk evaluated at 3 is then given by
Ry (B) = Eppy(x) (2, y, B)] — Epnpy(x) Uz, y, B5(M))] . )
ylz~M yle~M

B.1 Upper bound for MWLE

In this subsection, we establish the non-asymptotic upper bound for MWLE, as an analog to Theo-
rem 3.1. We make the following assumption which is a modification of Assumption A.

Assumption C. We assume the function class F satisfies the follows:

C.1 There exists some constant W > 1 such that the density ratio w(x) < W for all x € Xs U Xr.

C.2 There exist By, By and N (6), and absolute constants ¢,y such that for any fixed matrix A €
R4 any § € (0,1), and any n > N(6), with probability at least 1 — §:

Vlog 4 W By ||A|]2 log ¢
14 (V3 () = BIVE G (D), < ey o 4 W B Al 1og” (o2 ) 25

2 pw ( o* 2 pw [ Q% log%
V267 (B8* (M) — E[V263 (8*(M))]]|, < W B .

where V = n - E|A(VLY(8*(M)) — E[VE¥(8*(M))])||3 is the variance.
C.3 Assumption A.2 holds.

C.4 There exists N'(0) such that for any § € (0,1) and any n > N'(8), with probability at least
1 — 6, the empirical loss () defined in (7) has a unique local minimum in R%, which is also
the global minimum.

Assumption C.1 is a density ratio upper bound (not required for analyzing MLE), which is essential
for the analysis of MWLE. Assumption C.2 is an analog of Assumption A.l, in the sense that
the empirical loss /,, is replaced by its weighted version /. Assumption C.4 is a weaker version
of Assumption A.3 in the sense that it only requires /' has a unique local minimum with high
probability. This is due to the nature of reweighting: when applying MWLE, w(z;) can sometimes
be zero, which lead to the degeneration of /;v (with a small probability). Therefore we only require
the uniqueness of local minimum holds with high probability.

To state our non-asymptotic upper bound for MWLE, we define the following “weighted version”
of Fisher information:

Gu(M) = Epupg(x) [w(@)?Ve(z,y, 5(M))Vi(x,y, 55(M))"],

yle~M
Hw(M) = E:v~IP’s(X) [w(x)VQK(a:,y,,B*(M))] = Ea:~]P’T(X) [VQE(%Z/,W(M))} .
yle~M yle~M

Theorem B.2. Suppose the function class F satisfies Assumption C. Let G, := G (M) and H,, :=
H,(M). Forany 6 € (0,1), if n > cmax{N*log(d/d), N(6), N'(d)}, then with probability at
least 1 — 36, we have

Tr (GuHy ") log ¢

Ry (Buwie) < ¢ (G - )log §

for an absolute constant c. Here N* := Poly(W, By, B2, Bs, ||[Hy |2, Tr(GwH, %), Tr(GwH?) ™).

10



For an exact characterization of the threshold N*, one can refer to Theorem E.1 in the appendix.

Compared with Theorem 3.1, Theorem B.2 does not require well-specification of the model, demon-
strating the wide applicability of MWLE. The excess risk upper bound can be explained as fol-
lows: note that Tr(G,, H,') can be expanded as Tr(H, H G, H,"). As shown by Shimodaira
(2000), the term /n(BuwLe — 8*) converges asymptotically to a normal distribution, denoted as
N(0, H,'G\wH,'). Thus, the component H, 'G,, H,,! characterizes the variance of the estimator,
corresponding to the Igl term in Theorem 3.1. Additionally, the excess risk’s dependence on the
parameter estimation is captured by H,, as a counterpart of Zr in Theorem 3.1.

However, to establish Theorem B.2, it is necessary to assume the bounded density ratio, which
does not appear in Theorem 3.1. Moreover, when the model is well-specified, by Cauchy-Schwarz
ineqaulity, we have Tr(G.,, H, ') > Tr(ZrZg"), which implies the upper bound for MWLE is larger
than the vanilla MLE. This observation aligns with the results presented in Shimodaira (2000), which
point out that when the model is well specified, MLE is more efficient than MWLE in terms of the
asymptotic variance.

B.2 Optimality of MWLE

To understand the optimality of MWLE, it is necessary to establish a matching lower bound. How-
ever, deriving a lower bound similar to Theorem 3.2, which holds for any model classes that satisfies
certain mild conditions, is challenging due to hardness of capturing the difference between M and
F. As a solution, we present a lower bound tailored for certain model classes and data distributions
in the following.

Theorem B.3. There exist Pg(X) # Pr(X), a model class M and a prediction class F satisfying
Assumption C such that when n is sufficiently large, we have
inf sup Tr(G,(M)H,'(M))

; Ee,~rsx) [Ru(8)] 2
B MeM yi|Ti~M

- (10)

S |-

By Theorem B.2, the excess risk of MWLE is upper bounded by Tr(G, H, ') /n. Therefore, Theo-
rem B.3 shows that there exists a non-trivial scenario where MWLE is minimax optimal.

Notice that Theorem B.3 presents a weaker lower bound compared to Theorem 3.2. The lower
bound presented in Theorem B.3 holds only for certain meticulously chosen Pg(X), P (X), model
class M and prediction class F. In contrast, the lower bound in Theorem 3.2 applies to any
Ps(X),Pr(X), and class F that meet the required assumptions.

C Proofs for Section 3

C.1 Proofs for Theorem 3.1

The detailed version of Theorem 3.1 is stated as the following.

Theorem C.1. Suppose that the model class F satisfies Assumption A. Let Iy := Zp(8*) and
Is :=ZIs(B*). Forany § € (0,1), ifn > cmax{N*log(d/d), N(6)}, then with probability at least
1 — 26, we have

Tr (ZrZg') log ¢

* <
R« (Bmie) < ¢ -

for an absolute constant c. Here
1 1
N* = (1+ &/k)? - max {ffloﬁ log” (14 &/k)i'a?), o2, k(1 + ||T2T5 T2 ||;2)a§} :

where o 1= Bl||I§1||é/2, g 1= BQHI§1 9, Q3 1= B3||I§1||g/2,
Tr(ZrZg') . Tr(Zgh)
.

N S R B i g TR
|Z2Z5 T2, IZs5 "2

For proving Theorem C.1, we first state two main lemmas. Informally speaking, Lemma C.2 and
Lemma C.3 capture the distance between By g and S* under different measurements.

11



Lemma C.2. Suppose Assumption A holds. For any 6 € (0,1) and any n >
—1
cmax{Ny log(d/d), N(5)}, with probability at least 1 — 6, we have BuLe € B« (c\/ M)

for some absolute constant c. Here

2
Bflells_lII%log“(l%1”&1)) ’

Ny = max{B%uzglns,B%HI;IH%T“IST K ( Te(Z5")
S

1
BiB3||Z5" |4 1og™ (#~1/2ay) | ° B%IIIslllélog%(R‘l/Qal)}
Tr(Zg') ’ Tr(Z5') ’

Lemma C.3. Suppose Assumption A holds. For any 6 € (0,1) and any n >
cmax{N; log(d/d), Nalog(d/d), N(8)}, with probability at least 1 — 20, we have

1 Tr(ZrZg')log ¢
I} (Bne — 7)1 < e 2T 0B

for some absolute constant c. Here N is defined in Lemma C.2 and

11 1\ 2 11 _ 2
Ny = max{ Bo|| T3 T4 * |3Tr(Z5 ") Bs|| T3 Zg |I3Tr(Z5 )" ®
' Tr(ZrZg') ’ Tr(ZrZgt) ’

B2B I%I_% 21721121002 (R—1/2 8 B3B I%I_% 2|1 72113 10037 (R —1/2 3
iBal|Z7Zs * 1511 Zs "[15 1og™ (% o) i B3| Z7Zs * 51125 (15 1og™ (R o)
Tr(ZrZgt) ’ Tr(ZrZg") ’

1 1 _ _
BT Ts* [31Z5 " 12 log™ (5—*/?n) }
Tr(ZrZg"h)

The proofs for Lemma C.2 and C.3 are delayed to the end of this subsection. With these two lemmas,
we can now state the proof for Theorem C.1.

Proof of Theorem C.1. By Assumption A.2, we can do Taylor expansion w.r.t. 5 as the following:

Rp-(Buie) = E  ouprxy (2,9, Bmie) — £(x,y, B*)]
ylz~f(ylz;8%)

<E sopnx) [V, v, BT (Bmie — B*)
yle~f(y|z;6%)

1 B
+ §(BMLE — B Ir(Bue — B*) + %HﬁMLE - B*I3-
Applying Lemma C.2 and C.3, we know for any J and any n >
cmax{N; log(d/d), Nolog(d/d), N(9)}, with probability at least 1 — 20, we have
Tr(ZrZg")log ¢
n

(Buie — B) Zr(Bue — B%) < c
and
Tr(ISTl) 1og%
— "

Also notice that, E . p,(x) [Vl(x,y,3")] = 0. Therefore, with probability at least 1 — 24, we
ylo~f(ylw;8%)

|BuLe — B*|l2 < ¢

have

cTr(ZrZg')logd 3 s log§ s

X o cdrdg )l085 | ¢ 50085 1.

Rs-(Buie) < 3 - + g BsTr(Ls ) (=)

for any § and any n > cmax{N;log(d/d), Nolog(d/d), N(6)}. If we further assume n >

—1y1.5
(%)2 log(d/3), it then holds that
r s

Tr(ZrZg')log g

* <
Rg+(Bmie) < ¢ -

12



Note that

2 1
B2B, | T |3 log® (7~ 201) \ * [ B3Bs|Zg"|410g™ (7~ /20s) | *
Tr(IEl) ’ Tr(Igl) )

~ max {B%nz;ln%,B%Hz;ln%ﬂ(fgl), (

11 1N 2 11 _ 2
BY||Zg (3 log™ (R~ '/%an) [ Ba|Z2Zs*|3Tr(Z5") Bs||Z2 T |[3Tr(Zg")"°
Tr(Zgh) ’ Tr(ZrZg') ’ Tr(ZrZg') ’

B2B I%I_% 2175112 10027 (R—1/2 8 B3B. I%I_% 2172113 10637 (R—1/2 3
iB2||Z7Zs * |31 Zs " [|31og™ (R o) i1 B3| Z7Zg * |51 Zs "2 1og™ (& o)
Tr(ZrZ5") ’ Tr(ZrZg") ’

1 1
B TRZs * 3125 " |2 Jog™ (52 0n) (BSTF(I )15> }
Tr(ZrZs") Tr(ZrZg")

= max {ag, a3, 0/11/3 2/35-2/3 log*/3 (7= ?ay), a?ﬂaé/zfi_lﬂ log® "2 (F=2ay), a?i " og (R~ 2ay),

~ ~ 4/3 2/3 _
03(7/k)?, 03R° /2, 0y P02

10g47/3(/~€71/20(1),(1?/20&%/2:‘%71/2 10g3v/2(%71/2a1)’
1 1
2H_1IOgQW(H_l/QOq),Oégl%?’Ii_QHI%ISlI%|22}
<max{/<; o2 log®” (1+&/R)Ead), k1a? log? (L+&/R)E "), 03, (R/K)a3,
ka2, (R3/s%)ai, i3k 2||I2I 112 5% 2}

< (1+&/k)?* max{k 'a?log®” (1+//k)Ead), 03, /(1 + ||I Iy 11'2 l52)a2}

=: N*.

To summarize, for any d, any n > cmax{N*log(d/d), N(d)}, with probability at least 1 — 24, we
have

Tr(ZrZg ") log ¢

* <
Rg+(BmLe) < c i

In the following, we prove Lemma C.2 and C.3.

Proof of Lemma C.2

Proof of Lemma C.2. For notation simplicity, we denote g := V/,,(8*) — E[V{,(8*)]. Note that

V =n-E[|A(VE,(8*) — E[VE,(8))]I3]
n-E[VE,(8)T AT AVE, (5]
n-E[Tr(AVE, (5*) VL, (8)T AT))

Tr(AZsAT).

13



By taking A = I;l in Assumption A.1, for any §, any n > N(d), we have with probability at least

1—94:
Tr(Z2Y) log 4 By||Z5t log ¢
175"l < oyf TS |y 751107 | BdZs ]z ) g g
n \/Tr(Zsh) n

Tr(Zg! log d _ o log 4
:c\/%—l—BﬂﬂSnglogw(n 1/2a1)7‘5, 11

log &
%85 (12)
n

[V20n(8*) = E[V2E,(6)]]|, < B2
Let event A := {(11), (12) holds}. Under the event A, we have the following Taylor expansion:
N by Assumption A.2 ST N 1 T2 . N _B3 113
ln(B) — €n(B7) < (B = B7)"VEu(8) + 5(8 = B7)" V7 (B7)(B = B7) + 118 = 572
B
TUDZ (53— )T g (5 - )T VR(B)(E — 6 + 2B - B

by (12)

log ¢
< (88T + 58— B Ts(8 — B) + By 2816 13+ 2218 — )

Agi=f—B* 1 g d B3
= A§9+§A§Isﬁﬂ+32 : ||A6H§+f||ABH§

=58 —2) Is(Ap —2) = 52 Isz + B 185112 + 5 [1Asllz (13)
where z 1= —Tg 1g. Similarly
log ¢
2l asl3 - HAﬁHQ
(14)

1
(AB — Z) Is(Ag — Z) — §ZTIS,Z — BQ

n

1\9\»—*

gn(ﬂ) - En(ﬂ )

Notice that Ag«4, = 2z, by (11) and (13), we have

1 log ¢ T 1 log 4
én(ﬁ*"'_z)_‘gn(ﬁ*) < —2ZTIS,Z—|-B2\/ Oig C\/ l’( n) 0g5 +B1H151H210g ( —1/2 )%

3

2

B Tr(Zs')log 4 3 log ¢
+ 33 e M +B1|\I§1|\210g7(1£71/20¢1) g3
6 n n
L p 2 1 log% 1 1 1/2 103% 2
< =52 oz + 2 BaTr(Zg ) (— )12 4 2B By || T2 1og? (™12 ( - )20
2 log 2 logg
+3¢ BsTr(Zg")"( 5)15+ 33333”1 13 10g™ (™20 ) (—2)?,

n
15)
where we use the fact that (a + b)" < 2"~ !(a™ + b") in the last inequality. For any 3 €

B« (3¢ W;Tﬂog%) by (14), we have

£a(B) ~ 0al5) 2 5(Bg — 2) To(Bg — 2) — 32" T2

l\D\»—l

log ¢ 1
92 ByTr(T5h) (220 )15 fc3BgT (Z5H15(22e ; Y5 (16)
n n

14



(16) - (15) gives

0(B) = LalB* +2) > %(Aﬁ &) Is(As - 2)

d
log 5 )1.5

n

log ¢ 9
9¢2 B, Tr(T3 1)/ Oi D)4 S BTHIE )

/N

log ¢ L log ¢
+ 2By Tr(T5 ) ()10 + 2B Bl T3 3 g™ (R %) (—2 )2

10g3)1‘5 I
n

2 _ . log §
2 BBl [ og® (20 (52

2 _
+ 3¢ BsTr(Zg ") 3

= %(AB —2)"Ts(Ap — 2)

log ¢ 5
n

. log d 31
—(11c232Tr(151)(n5)15 5 BT (T )P (=)
log ¢ 2 3 —13 7. 37 =—1/2 log § 4

. 2BIBs||Zg || log™ (R~ “an)( )

2.5
) 3 n
(17)

+2B2B, | T3 |3 log” (/20 )(

Consider the ellipsoid

- {ﬂ €RY| S (Ap —2)TZs(Ag — 2)

N | =

10g6>

(log% 1 31
n n

< 11 ByTr(Zgh) P4+ = G ABaTr(Zg )M (

_ logf L logd
2B, | T3 3 Tog™ (20 ) (CE 2 )2 4 2 BBy 75" [ Tog™ (5 e ) (ot ) L.

3

Then by (17), for any 8 € Bg« (3¢ M) nDC,

n

Cn(B) — £ (B* + 2) > 0. (18)

Notice that by the definition of D, using A} (Zs) = || Z5 (|2, we have for any 3 € D,

31 3

3
log ¢ 5
o

_ 1, log 4 log ¢
[As = z[l5 < 22¢* Bo|| Z5 |2 Tr(Z5 H)( 6)15 Ba|Zg |2 Tr(Zg ') ( n‘s)

log ¢
+4B?Bs|| T |3 1og? (R % a )( )*P + B?’Ballfs 14 10g% (=120 ) (—25)3,
Thus for any 5 € D, we have

12815 < 2(1A5 — 2[5 + [I2]5)

by(11) _ . log 4 62 _ - log §
S MBI o Tr(Zs ) (=501 + P Byl| T o Tr(Zg ) (—)"
- log 4 8 _ log ¢
+ 8B Bo|[ T3 3 log™ (1200 ) (—2)*7 + S BYBs|[ T3 |3 log™ (R~ '/%0u) (—2)°

Tr(Z5 ) log & _ L log ¢
e T O8Y | o (/20 ) (B
n n
o 4 r o
To guarantee % is the leading term, we only need % to dominate the rest of the
terms. Hence, if we further have n > ¢Np log(d/d), it then holds that

Tr(Zg")log ¢
A 2 <9 2 S )
|| 5”2 > Jc n )
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—1
ie., 8 € Bg(3c M) Here

n

2
BfBQIII?II%logz”(f%‘l/zal)) 3

Nl ‘= Imax {B§||IS1H%> B§||I§1||3TI’(I§1), ( -I—r(l-fl)
S

BIBs|IT5 4 log™ (i 2a1) | * B%||zsl||%1og2”<%-1/2a1>}
Tr(Zg") ’ Tr(Zgh) '
In other words, we show that D C Bg« (3cy/ %) when n > cmax{N; log(d/d), N(d)}.
Tr(Zil) log ¢ C
Recall that by (18), we know that for any 8 € B« (3¢ %) NnDY,
0, (B) — £, (B +2) > 0.

Note that 5* + z € D. Hence there is a local minimum of ¢,,(3) in D. By Assumption A.3, we
know that the global minimum of ¢,,(8) is in D, i.e.,

Tr(Igl) logg

BuLe € D C Bg* (30 o

).

Proof of Lemma C.3

Tr(Z3')log ¢
Proof of Lemma C.3. Let E := {fue € D C Bg+(c\/ —=,—=)}. Forany § and any n >
cmax{N; log(d/d), N(9)}, by the proof of Lemma C.2, we have P(E) > 1 — 4.

1
By taking A = T2 7T 'in Assumption A.1, for any 8, any n > N (&), we have with probability at
least 1 — 4:

Bi|Z2Z5" > | log 4
Tr(Zg'Zr) n

Tr(Z5 ' Zr) log ¢
n

1 1
IZ2Z5 gll2 < ¢ + B1|Z2Z5" |2 log”

Tr(Z5'Zr)log ¢ 1 B
< oy I Tr)logs n) L+ B T2T5 |2 log? (k2 an)

%. (19)

We denote E’ := {(19) holds}. For any § and any n > cmax{N;log(d/d), N(d)}, we have
P(ENE')>1— 2.

Under ENE’, Bue € D, ie.,

1
i(AﬁMLE - Z)TIS(ABMLE - Z)

log 4 1 log 4
&)1.5 4 376333-”(13—1)1.5(&

< 112BsTr(Zg!
< 11e"BoTr(Zg)( 5 .

)1.5

log %

_ o 2 _ _ log 4
+ 2B Ba|Z5 (3 10g™ (R~ an)(— ) + S BYBs 1257 3 10g™ (R Pan) (=)

In other words,
3 2
||I§ (AﬂMLE - Z)”Z

log ¢
< 2262 ByTr(T51) (20

31 log &
) 4 §C3BgTr(I§1)1'5( g s )

n
log ¢ 4 log ¢
“E5)25 4 S BB T3 [ log™ (R 2an) (ot

+ 4B} Ba|Z5 |13 1og™ (R /2 au)( 3

)® (20)
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Thus we have

IZ2 (Bie — 6712

= |12 D pel3

— 12 (A pue — 2) + Z32113

< 22 (A — )13+ 21Z2 213

— 2|1 Z3T5 % (T2 (Apue — 2)II3 + 2| Z3Z5 13
< 2T2T5 * 312 (Dpe — 23 + 2 Z2Z5 13
by<20)§m<19) 12 Tr(ZrZg")log ¢

n
11 _ logé 62 11 _ logg
+44CZB2||IJ%IS2||§Tr(zsl)(76)l‘5+30333”%%15QHgTr(Isl)l's(ié)l's

n

11 _ L logd 8 11 _ -
+ 8B Bo|[ T3 T * BIT5 " 3 1og™ (A™"/%a0) (—2)*® + S BY B3| T3 Zg * 31T5 " 13 1og™ (3™ 1/%as )(
log%

)2

1 1
+4ABY | T * 11T |2 log™ (k™12 )( -

Tr(ZrZg") Tr(ZrZg

To guarantee log § is the leading term, we only need
of the terms. Hence, if we further have n > ¢Ny log(d/d), we have

Tr(ZrZg")log ¢

Hlog ¢ .
) log 5 to dominate the rest

1
|Z2 (Buaie — 8|5 < 9¢?

log %

)3

n
Here
3732 1\ 3732 BT
Ny = max{ Bl TP Zs * |3Tr(Zs ) Bs||Z7Zs* [3Tr(Zs )™
' Tr(ZrZg') ’ Tr(ZrZg') ’
2 T 2712 12T (E—1/2 8 3 5521713 137
BiBs||Z7Zg * 511 Z5 |15 log™ (R 1) BiB3||Z7Zg * |51 Zs " ||3 log™ (%
Tr(ZrZg') ’ Tr(ZrZg")
i 1
BE||IZ2Z5 * [311Z5 *[l2 log™ (v '/ 2an) }
Tr(ZrZg") '
To summarize, we show that for any § S (0,1) and any n >

cmax{N log(d/é), Nalog(d/d), N(§)}, with probability at least 1 — 26, we have
2 Tr(IrZg")log ¢ _

1
|Z2 (Bumie — B3 < 9 n

C.2 Proofs for Theorem 3.2

The detailed version of Theorem 3.2 is stated as the following.

Theorem C.4. Suppose the model class F satisfies Assumption B. Then we have
. *\T— ) 1 A
inf swp Tr(Tr(AT5 (8) B crscv)  [Ree(B)]

B B*EBgs,(B) yilzi~f(ylz;8*)
1 1

> — - ’
T 16 9n 4+ %Tr (IT(BO)I§2(50)) Tr (IT(ﬁ0>I§1<5O))_1

where

Ry = min (Zr(Bo)) -min{ Ain(Zs(Bo))  Amin(Zr (Bo)) B}.

A
/\max(IT (BO)) 4LS/\max(IS (/BO)) ’ 4B3 + 2LT '

| =
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1
1/2a1)> 2



We first present some useful lemmas that will be used in the proof of Theorem C.4.

Lemma C.5. Under Assumptions A.2, B.2 and B.3, we can choose Ry < B such that for any
B, B* € Bg, (Ro):

I (Bo) X T (B) =2+ I5 (Bo), Q1)

DN = DN =

Ir(Bo) RE seppxy  [VH(2,9,8)] 22 Ir(Bo). (22)
yloz~f(y|xz;8%)

We can further choose Ry < Ry such that for any f* € Bg,(R1),8 ¢ Bga,(Ro): Rg«(8) >
Rg«(Bo).

Taking 5* = 3, Lemma C.5 (22) implies for any 5 € Bg, (Ro):

5 Tr(fo) 2 Tr(B) 22 Tr (o) (23)

Lemma C.6. Let Cy,(B) := {3 € R?| 3— By € [~ B, B|?} be a cube around B3. For any 3y € R?

and B > 0, there exists a prior density \(3) supported on Cg,(B) such that for any estimator B
we have

Ege B 2,nps(x) {(B — BTy (Bo) (B — 5*)}

yi\1i~4f(y\1§ﬁ*)
S Tr (IT(BO)I§1(50)>2
" B [Tr (Z5 (Bo)Zs (B%)Z5  (Bo)Ir(Bo))] + Z=Tr (Zr(Bo)Z5” (Bo))

The proofs for the above lemmas are delivered to the end of this subsection. With Lemma C.5 and
Lemma C.6 in hand, we are now ready to prove Theorem C.4.

Proof of Theorem C.4. For any estimator B, we define

= B 5 eBg,(Ro)
. 50 B ¢ Bﬁo(RO)’

By Lemma C.5, for any 8* € Bg,(R1), we have Rg- (B) > R+ ((3P). We then have
inf s T (T80T E) B ean)  [Re(B)]

-1

B B*€Bg,(B) yilzi~f(yle;8*)
. —_ x\) 1 3
>inf  sup  Tr(Zp(B*)Zg LB ) T E aieps(x) [RB*(B)}
B B*€Bgy(R1) yilzi~ f(ylz;8*)
. —_ -1 A
>inf sup Tr (IT(B*)IS l(ﬁ*)) E 4~ Ps(x) {Rﬁ* (ﬁp)}
BY B*€Bg, (R1) Yilzi~ f(ylz;B*)
. * - -1 4
> inf sup Tr (IT(B )Isl(,@*)) E 4 Ps(x) [R,B*(ﬁ)} ) (24)
BEBg, (Ro) B*€Bp, (R1) yilzi~f(ylz:B*)

where the first inequality follows from the fact that R < Ry < B, the second inequality follows

from R« () > Rg- ("), and the third inequality follows from 37 € Bg,(Ro). For any 8* €
Bg,(R1) C Bg,(Ro), by (21) and (23), we have

Ir(8) % 2Zr (o), I5'(B*) = 2I5" (Bo),

which implies

Tr (Zr(B9)Z5"(8) " = ~Tr (Zr(Bo)T5 " (o)) - (25)

Combine (24) and (25), we have

. _ * —1 ~
inf  sup Tr (IT(B*)Isl(B )) E  4~ps(x) [R@(ﬁ)}
B B*€Bg,(B) yilzi~f(ylz;8%)

1 _ 1 . R
> JTr(To(Bo)Z5' (50) T inf swp B o) |Re(D)]. @6)
PEBs, (Ro) B*€Bgg (R1)  yslwin f(yla;B8%)

1
4
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By Taylor expansion, for any 3 € By, (Rq), 5* € Bg,(R1), we have

Rg-(B) = R~ (B*) + (B~ B)E sopr(xy [VE(z,y,8Y)]
yle~f(ylxz;8*)

F5B=BVE err) [Vt )] (B8
ylz~f(ylz;8)
= LB BYE ryc [Vt B)] (B8

yle~f(ylz;8%)

for some 3 € Bg, (Ro). By Lemma C.5 (22), it then holds that

(8= B)"Zr(Bo)(B — BY). 7)

=

Ry (B) >
By (26) and (27), we then have

inf s TH(Zr(BYI5 () B ey R (B)]

P BB (B) yilei~ £ (ylaiB*)
1 . _1 ) ) N . X
> TﬁTr (Zr(Bo)Ig'(Bo)) =~ inf sup E 4, upg(x) [(ﬁ — BT (Bo) (B - B )}
BEBg, (Ro) B*EBpy (R1)  yi|wi~f(y|z;8*)
1 . _ ) R N . X
> TﬁTr (Zr(Bo)Z5 " (Bo)) Y inf sup E i opg(x) [(ﬁ — BT Tr(Bo)(B - B )} ,

BEBﬁo(Ro) /3*6050(%) yilzi~f(y|z;8%)
(28)

where the last inequality follows from the fact that Cgo(%) C Bg,(R1). By Lemma C.6, there

exists a prior density A\(3) supported on Cj, (%) such that for any estimator 3, we have

Egea(®E  2inps(x) {(B — B Zr (Bo) (B 5*)]

yilzi~f(ylz:87)

. Tr (Zr(B0)Zs ' (50)”
" nBgeox) [Tr (Z5' (B0)Zs(B)Z5 (Bo)Ir(Bo))] + %TF (Zr(Bo)Z5>(Bo))
Tr (Zr(50)Z5 " (B0))”

= 2nTr (Zr(Bo)Z5 " (Bo)) %Tr (Zr(B0)Z5*(Bo))

Here the last inequality uses the fact that for any 5* € Cp, (%) C Bg,(Ro), by Lemma C.5 (21),
we have Zg ' (By) =< 2Z5"(8*), which implies

Eg- sy [Tr (Zg " (Bo)Zs(B*)Zs ' (Bo)Zr(Bo))] < Epensy [Tr (2251 (B*)Zs(B*)Zg " (Bo)Zr(Bo))]
=2Tr (Zr(B0)Zs ' (Bo)) -

We then conclude for any estimator B

s B gmoon) (8= A7) Tr(50)(B — 57)]

B*ECBO(%) yilwi~f(y|@; 8%)
2 EgnE  inps(x) {(B — BT Zr(Bo) (B — 5*)}
yilwi~ f(yle; 8*)
_ 2
Tr (Zr(Bo)Zg 1(50))

] B 29
= 2nTr (IT(BO)Igl(BO)) + %Tr (IT(BO)ISQ(BO)) @
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Combine (28) and (29), we have

inf  sup Tr(IT(ﬁ*)Igl(ﬁ*))_lE 2i~Ps(X) [Rg*(ﬁ)}

B Br€By,(B) vilzinf (ylz36)
1 _ _1 Tr (IT(ﬁo)Igl(ﬂo))2
> —Tr (Zr(Bo)Zg* : 3
=16 r( T(/BO) S (60)) onTr (IT(ﬁ())Igl(ﬁ())) %Tr (IT(BO)I§2(ﬂO))
1 1
16 20 2T (Tr(50)Z5 2 (80) Tr (Ze(B0) T3 (50)
Thus we prove Theorem C.4. O

In the following, we prove Lemma C.5 and Lemma C.6.
Proofs for Lemma C.5
Proof of Lemma C.5. We choose

Min(Zs(B0))  Awin(Zr(Bo))
4LS)\max(IS (50)) ’ 4BB + 2LT

4 )\max (IT (50))

In the sequel, we will show the aforementioned choices of Ry and R; satisfy the conditions outlined
in Lemma C.5.

Ry ::min{ ,B}, Ry = - Ry.

First of all, we show (21) holds. Fix any 5 € Bg, (Ro). By Assumption B.2, we have
1Zs(B) — Zs(Bo)ll2 < Lsl|B — Boll2 < LsRo,

which implies

-1 -1 -1 1 LsRy
175" (8) = T3 (Bo)ll: < IZ5" (B0l - 1Z5(8) ~ Ts(Bolla - 1Z5" ()l < 5—rpea s,
By Weyl’s inequality (Lemma 2.2 in Chen et al. (2021)), we have
[Amin (Zs(8)) — Amin (Zs(B0))| < [ Zs(B) — Zs(Bo)|l2 < LsRo.
Note that
A2in(Zs(Bo)) Amin(Zs(Bo))
B S L dmn@s(B0)) © 2Ls
Thus we have
Amin(Z5(8)) > Ain (T (80)) — LsRo >  Auin(Z (50).
which implies
gy -1 LsRy 2LsRy 1
125705) = s (ol < 3 o e @s (B) = N5 (B0)) ~ DhumeZs ()
(30)
Then for any = € R9, we have
o7 (25109) - 47560 ) @ = 307 T oy + o (T51(6) ~ T (6w @
s e s - 25 8
= 2Xmax(Zs(Bo)) 2 s s
- 2 1 71 1
= ||z[|2 (MIS(M ||Is (8) Iy (50)2)
>0,
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where the last inequality follows from (30). Thus we conclude Z5 ' (8) = 1Z5'(Bo). Similarly, we
can show that Zg ' () < 2Z5'(Bo). As a result, we show that (21) holds.

Next, we show (22) holds. Fix any 8*, 8 € Bg,(Ro). By Assumption A.2, forany x € X,y € ),
we have

IV2e(x,y, B) = V*U(x,y, 5|2 < BsllB — B*||2 < 2B3Ro,

which implies

E z~Pr (X) [VQE(g;, Y, 6)] -E z~Pr(X) [VQE(g;, Y, B*)]
ylo~f(yla;8%) ylo~f(yla;8%) 2
<SE sorpx) [IV*(2,y,8) = V2U(z,y, 67)|2] < 2B3Ro. GD
ylz~f(ylz; )

By Assumption B.2, we have

I Zr(B%) = Zr(Bo)ll2 < Lr||* — Boll2 < LrRo (32)

Thus, by (31) and (32), we have

E webrx) [V2(2,y,8)] — Ir(Bo)
yle~f(y|z; %)

2

SNE anprx) [V, B)] =B soprix) [V2zoy, 89| + 1Z0(8%) — Zr(Bo) 2
yle~f(yl@;8%) yle~f(yl@;8%) 2
1
S iAmin(IT(BO))v

where the last inequality follows from the choice of Ry. Consequently, for any x € R, we have

1
z” (E anbr(x) V(2 y,8)] — QIT(50)> T
ylz~f(ylz;8%)

1
= §$TIT(ﬁO)x +at (E x~Pr(X) [V%(%y,ﬂ)] - IT(ﬁO)) z
yle~f(ylz;87)

E z~Pr(X) [V%(a@y,ﬂ)] _IT(ﬂo)

1
> Sl l3Amin(Zr(B0)) = |13
ylo~f(ylz;87)

2
1 1
> §Hx||§>‘min(IT(/BO)) - §Hx||§)‘min(IT(5O)) =0.

We then conclude E , p,(x) [V*(z,y,8)] = 3Zr(B). Similarly, we can show that
ylo~ f(ylz;8”)
E serrx) [V2(2,y,8)] 2 2Z7(Bo). Thus we show that (22) holds.
ylo~f(yle;8%)

Finally, we need to show that for any 5* € Bg,(R1),5 ¢ Bg,(Ro): Rg«(8) > Rp«(Bo). Fix any
B* € Bg,(R1), 8 ¢ Bg, (Ro). We denote

B={8+ 1= A0, 1]} n{s |8 = Boll2 = Ro} .
By the choice of R;, we know that R; < Rg/2, which implies
/ * / * Ry
18" = B*ll2 > I18" = Boll2 = |Bo — B%ll2 > Ro — Ry 27~ (33)
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By convexity of Rg«(-) assumed in Assumption B.3 and Rg«(8) > Rg«(8*), we have Rg«(5) >
Rg« (). Thus, we obtain

Rs«(B) — Rp+(B*) = R+ (8') — Rp- (8%)

" BVE rry [V B )
yle~f(ylz;8%)
by (22
S L~ 5 T (B0) (6~ )
1
> DPoin (T (Bo)) 15— 8°13
vy %Amm(h(ﬁo)). (34)
Note that
Ro (50) = R (87) "2 2 (80— 8)E aoprxy (V20,9 D)(Bo — )

ylo~f(ylz;87)
by (22)

< (Bo—B)"Zr(Bo)(Bo — BY)
S AIII&X(IT(IBO))Hﬂo - /B*Hg
< R Amax(Zr(6o))
2
= %)\min(IT(ﬁO))’ (35)

where the last equation follows from the choice of R;. By (34) and (35), we obtain Rg«(5) >
Rg«(Bo). Thus, we finish the proof of Lemma C.5. O

Proofs for Lemma C.6

Proof of Lemma C.6. Let 8o = [Bo.1,---,B0.4)", B =1[51,--.,B4)" and
L(x*ﬂo,i)) yi=1,...,d.
We define the prior density as
L fi(Bi) B € Cay(B)
by p— 1=1 0
) {0 B¢ Cp(B)’

which is supported on C, (B). In the sequel, we will show this prior density satisfies the condition
outlined in Lemma C.6.

For notation simplicity, we denote
A= (Aiy) =17 (Bo), C = (Cyj) :=ZIr(Bo)Zs " (Bo)-

By multivariate van Trees inequality (Theorem 1 in Gill & Levit (1995)), for any estimator B we
have

Eg-a(s)E ZE) [(5 — BT (Bo) (B — 5*)}
yilzi~f(yla;8*
. Tr (Zr(50)Zs " (Bo))” ]
" nBgeoxg) [Tr (Z5' (B0)Zs(B*)Z5 (Bo)Ir(Bo))] + Z(N)

(36)

where

~ NP !
I\ = /(;%(B) (Z AijCiijéalgk)\(ﬁ)aﬁé)\(B)> Wdﬂ.

,5,k,L
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By the choice of (), we have

0 0 1
AiiCikCir=—=AB) ==X —d
/0,30(3) Z;;z iCuCicgs (5)354 (B) NG) &)
ey
:/ Z AijCirCie fr(Br) fr(Be)Wien o fi(Bi)d
Cﬁo(B) i,5,k,0
ey
- AijCuxCj 1 /(BT i(Bi)d
3 AuCuC / oy B85
ey
=0.

Here the last equation follows from the fact

Bo,x+B Bo,e+B
/ﬁ FL(B)dBy = / J1(Be)dBe = 0.

o.k—B Bo,e—B
Note that
0 0 1
A;iCiCip——NB) ==\ —d
/cao(m 2 AuCuCouga MOz NP | 557
k=¢
S ACaC GAC
= ZAszszjk /CBO(B) fk(ﬂk) Hz#kfz(ﬁz)d/g

.3,k

Bo,k+B [ g1 9
- ZAijCiijk/ Mdﬁk

.7,k Bo,xk—B fk(Bk)
2
=5 > AiiCinCi
ik
w2 T
= ?Tr(ACC ).
Thus, we have
- 9 P )
I)\:/ A CinCio—\(B) —\ L
») Cao (B) Z;;g TEIE B, (B)aﬂz (8) X(B) B
0

) ) 1
AijCitCir=—AB) ==X —d
+/%(B) Zé CaCiegaNB) 55-A(8) 8
k=0
2
:%Tr(ACCT)
2 9
= 23T (Tr(60)Z52(50)) -

Combine (36) and (37), we prove Lemma C.6.
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D Proofs for Section A

D.1 Proofs for Proposition A.1 and Theorem A.2

Proof. For our linear regression model,

2,9, ) = 5log(2m) + 5y — o7 B)"

The convexity of £ in 5 immediately implies Assumption B.3. We then have

Vg('raya /8) = 7I(y - ITB)?

ng(% Y, ﬁ) = 0)

Ts = Epopg(x)za’] = Iy,

Ir= E;LWIP’T(X) [ch] =aa’l + 0'2](1.
Therefore Assumption B.2 is satisfied with Lg = Ly = 0 and Assumption B.4 trivially holds.
Note that V¢(x;, y;, %) = —axie;. Since ||z;||2 is v/d-subgaussian and |g;| is 1-subgaussian, by
Lemma 2.7.7 in Vershynin (2018), it holds that ||z;||2|e;| is v/d-subexponential random variable.
Thus || AV4(z;, 33, 8*)||2 is || A||2v/d-subexponential random variable.
Then, by Lemma F.1 with u; = A(Vl(x;,y:, ) — E[VL(x;,y:, B%)]) = AVL(z;,y:,0%), V =
Elljuill3] = n - Bl A(V£,(8*) — E[VEu(8)])[3, o = 1 and By = c/d|A
matrix A € R%? and any § € (0, 1), with probability at least 1 — 4:

2, we have for any
V| Al log §
VvV i |

which satisfies the gradient concentration in Assumption A.1 with B; = c¢vd and v = 1.

Note that x; ~ AN(0,1;). Thus, by Theorem 13.3 in Rinaldo (2018), for any § € (0,1), with
probability at least 1 — §, we have

og 4
|A4(VEu(8) ~ BV (BN, < e |\ Bt + Vi Al Lo

1 n
HVQEn(B*) - E[V2€n(/8*]”2 = ||’I’L le'zl'T — Id

2

. ( dlog(1/0) dlog(1/6)>

n n

<92 /dlogr(bl/é)7

where the last inequality holds if n > O(dlog %) Hence linear regression model satisfies the

matrix concentration in Assumption A.1 with By = evd, N (6) = dlog % Since V3¢ = 0, we
know Assumption A.2 holds with B3 = 0.

Note that
1< 1
2 _ oI T T
V20,(8) = E;mx = XX,
where X := [z1,...,2,]7. Given that {z;}"_; are i.i.d N(0, I;), it follows that X is almost surely

full rank when n > d. Hence, when n > d, we have
1 — 1
V20, (6) = — il = —XTX = 0.
(B) =~ ;x =

Consequently, ¢,,(-) is strictly convex and thus satisfies Assumption A.3. Finally, Theorem A.2
follows directly from Theorem 3.1 with v = 1, By = ¢V/d, By = ¢V/d, B3 = 0, N(d) = dlog %,
Zg = I and Iy = aa + 0?1,

O

24



D.2 Proofs for Proposition A.3 and Theorem A.4

Proof. In the following, we will show the logistic regression model satisfies Assumptions A and B.
For logistic regression, the loss function is defined as

U, y, B) =log(1 +¢* ) — y(«T ).

‘We then have

T

Vi(z,y,8) = P xy,
T
Tx
VQK s Y, = )
(@.9.8) = 5 =5 T

e—:cTﬂ _ exTB

VSE(I?:%B): 2.T®$®x

(2+ e *"F 4 e h)

Here ® represents the tensor product and z ® * ® z € R4 with (z ® * ® x);;1 = x;7;7). The
convexity of £ in S immediately implies Assumption B.3; Assumption B.4 trivially holds. Note that
on source domain ||z||o = v/d and |y| < 1. Hence we have for any (z,%) on source domain:

x
1+4e-z78"

X

—x <l
/ 2_H1+€_IT5*

IV, . B | — H

+llzyllz < llzllz + Jellz = 2V4,
2

Z‘JTT
2 + e_xT[-}* + exTﬂ*

< Jlaa™]z < 2l < d.
2
a = 400, BY = 2V/d|| Al|2, we have for any matrix A € R?*9, and any § € (0,1), with
probability at least 1 — §:

1926y, ) — H

[A(VE(B7) = E[VE (6]l < ¢

)

Vlog% N V|| A2 logg
n

n

which satisfies the gradient concentration in Assumption A.1 with B; = cv/d and v = 0. By matrix
Hoeffding inequality, logistic regression model satisfies the matrix concentration in Assumption A.1
with By = cd. We conclude that logistic regression model satisfies Assumption A.1 with N (é) = 0,

Blzc\/g,’Y:O,Bgzcd.

Note that for z on source domain, we have ||z||» < v/d; for = on target domain, we have ||z, <
Vd + r. Thus, it holds that

3 e PP 3 <« (V4 1)
VZe(x,y, B2 = Bt ) x@zez)| <gllt@rec) <z < (Vd+17)°.
2
Here (i) uses the fact that
e B _ "B e~ B 4o B 1

< < < 1.
(2+€—xTﬁ+€zTﬁ)2 — (2+€—zTﬁ+ezTﬁ)2 — 2_|_e—atTB_|_exTB — 1

Hence logistic regression satisfies Assumptions A.2 with By = (\/& + 7)3. Notice that this also
implies Assumption B.2: By definition,
IS (ﬂ) = EwNIPs(X) [Vzé(z7 Y, B)L
therefore
IZs(B1) — Zs(B2)l| = ||Em~PS(X)W2€($’ Yy, 1) — VZE(J% Y, B2)]|l
< EZN]P’S(X) [”sz(.ﬁ, Y, 51) - VQE(.T, Y, 62)”]
< (Va)*||B1 — Bl
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Similarly
IZr(B1) — Zr(B2) || < (Vd +1)3||B1 — B2

These inequlities shows that logistic regression model satisfies Assumption B.2 with Lg = d*-> and
Ly = (Vd + r)3. Note that

n

ZW . Z zie] _ Lxrax,
xzaylv - 2+€7m ﬁ+6 ;Tﬁ n

where X := [z1,...,2,]7 € R"* 4 and A := diag(1/(2+e~% #+¢% #)) = 0. Whenn > d, X is
full rank (i.e., rank(X) = d) almost surely, consequently, ¢,,(+) is strictly convex and thus satisfies
Assumption A.3.

By Theorem 3.1, we have when n > O(N* log g),

Tr (ITI§1) log %
. .

Rg«(BmLe) S
Here
N* .= (]_ + I%/Iﬁ:)z . max {[{710{% 10g2’y ((1 —+ I%/I‘E)Féilai) (1 + ||1.2 11.2 || ) } )
where a; := B1[|Z5"(|3°, a2 := Ba||Zg" (|2, a3 == Bs||Z5 |13,

Tr(ZrZg') . Tr(Zgh)
= i1 heE 1, -
|Z2Z5 T2, IZs " Il2

Now it remains to calculate the quantities N* and Tr (ITI§1) for this instance, where the crucial
part is to identify what are Zg and Zp. The following two lemmas give the characterization of Zg
and Zr.

Lemma D.1. Under the conditions of Theorem A.4, we have Tg = Udiag(A1, g, ..., )\Q)UT and
Ir = Udiag(A1, A2 + 723, Xa, ..., \o)UT for an orthonormal matrix U. Where

N [ (67 2)’ |
F= Beunitorm(st (V)5 exp(57T2) + exp(—+Ta)
N | (817 2)? |
2= Baestitorm(54 (Vi) 3 T ep(3°T7) + exp(—T)

1
Az = Egngniform(Sd’l(\/E))[Q + exp(ﬂ*TﬂS‘) + eXP(*ﬁ*Tx)}.

Lemma D.2. Under the conditions of Theorem A.4, there exist absolute constants ¢, C, ¢’ > 0 such
that ¢ < A1, Ao, A3 < C, ford > (.

The proofs for these two lemmas are in the next section. With Lemma D.1, we have ZrZTg L=
Udiag(1,1 + %% “ L DUT, I = Udlag(h, S veTERt )\Z)UT By Lemma D.2, since
A1, Ao, Az = O(1 ), we have Tr(ZpZg') = d+ 1?38 < d+ 1% || TrZg 2 = 1+ 7248 < 1472
Similarly Tr(Zg') = A7 + (d — DA < d, ||Z5" |2 = max{\; ', A\;'} < 1. Also recall that

—1
By = \/g, By =d,Bs = (\/ﬁ + r)3, plug in all those quantities we have k = TI(I;EH) = ﬁ:j,
Tls |2
- Tr(zgY)

= i < dor =BT 5 = Vd, as = Ba||Tg |12 < d, ag = Bs|| T3 [3° = (Vd+7)°.
Therefore we have when n > O(N* log 5),

Tr (ZrZ3t) log 4 d+1?)log &
RB*(BMLE)g ( T+g ) d X( ) 57

n n
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where

N* = (1+ &/k)? ~max{/%*1a% log® (1 + &/K)&'ad), o3, R(1+ ||I$I§11%H2_2)a§}

= (1 + ‘”’"zd>2 : max{l,dz,d(l F 1+ + 7’)6}

d+r?
d+rid
= 1 —_—
( t e ) d(Vd +r)°.
When r < 1, N* < d*. When 1 < r < Vd, N* =< r4d*. When Vd < r, N* = 7845, O

D.2.1 Proofs for Lemma D.1 and D.2

The intuition of proving Lemma D.1 and D.2 is that, when d is large, distribution
Uniform(S9—'(v/d)) behaves similar to distribution A/(0, I;) which has good properties (isotropic,
independence of each entry, etc.)

Proof of Lemma D.1. By definition,

J).’L‘T

Ig = Ez~Uniform(Sd’1(\/3))[2 + exp(ﬂ*Tx) + eXp(iﬁ*Tm)]

Let z ~ N(0, 1), then x and zﬁ have the same distribution. Therefore

I _ E xl’T
57 INU"””m(Sd*l(\/E))[Q +exp(B*Tx) + exp(—ﬁ*Tx)]
LT _d_
=E.ono10)! I=lz ]
zr. s Ld
2 + eXp(ﬂ*TZ H\Z/H>2) —+ exp( B*TZ . 7H\Z/HEQ )

(B* BT +ULUD) 22" |
2+ exp(f*Tz - H‘z/‘i)) +exp(—3* Tz - ”\/g )

=K. n0,10)]

where [3*, U] € R%*9 is a orthogonal basis.

With this expression, we first prove 8* is an eigenvector of Zg with corresponding eigenvalue A;.

(B*B*T + UJ_ULT)zzTW 15

TsB* = E.on(o,10)[

2+ exp(fTz- Hﬁz) + exp( B*Tz : H\Z/\i)
,B*ﬁ*T T
=E.on0,10)] 7 7 )]

2 +exp(BTz- HE )+ exp( BTz
ULUJ_ ZZ Wﬂ* ]
2+ exp(B*Tz - M )+ exp( BTz - ”\/ﬁ )

x
o

+E.on0,1)]

=E.on(0,10)] &= % 18*
"2t exp(BTz - L) + exp( BTz AL
UJ_UIZZT d_ 5*
+Ez~/\/(0,1d)[ Vd Bk Vd ]
2 +exp(BTz- HZH2) +exp(=3*Tz - Hz”2)
MB*+E [ VUL b |
1 2~N(0,14) 2+ exp(8Tz - H*;i) +exp(—p*Tz - ”\Z/Hi) .
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Therefore we only need to prove
T,,T_d _p*
U,Uj 2z HE B

E.n0,1)[ ]=0
2 +exp(B*Tz - u\z@) +exp(—p*Tz - ”‘12 )
In fact,
e : Ulz" b |
z2~N(0,14)
2+ exp(B*T 2 - H\q ) +exp(=5*Tz- IE ”2)
‘Zd”2 (UJ_Z)(ZT/B*)
=E.on0,10)] 7 7
2 +exp(BTz- HE ) +exp(—p*Tz - HZH2)
——d4 __AB
AP+ B[
- EZNN(O,Id)[ \/lgl Il ]

L Vd CA YA
2+ exp(A \A|2+HBH2) +exp(—A - atiEe)

where we let A := 2T %, B := UT . Notice that by the property of z ~ N(0,1,), A and B are
independent. Also, B is symmetric, i.e., B and — B have the same distribution. Therefore

d
E. n.1a)! ‘A|2+”BH2AB ]
zr, La
e exp(—A- )

2 + exp(A - 7%14‘“‘“9”2) +
AB

E.n(0,12) [2 ;gAsznz VIR
+ exp(4 - W) +exp(—A pElimpE)

= —E.no,10)] J;MIHBQAB VAR
2+ e iren) + oA paptfar)

replace B by —B

which implies
UJ_UfzzTﬁﬁ*
) (=T )

ll=12 ll=[l2

EzNN(O,Id) [

2 + exp(

Next we will prove that for any 3, such that |3 |s = 1, *T 3, = 0, 3, is an eigenvector of Zg
with corresponding eigenvalue Ao. Let [, , U] be an orthogonal basis (3* is the first column of U).

(BLAT +UUM)2="

IspL = Ez’\‘N(O,Id)[Q e BTz H\q |+ oxp(— Tz ”\Z/ﬁz)]ﬁl

=E.n0,10)] mmzz EH ]
T2 exp(BT - B ) +exp(—p*Tz - H\Z/Ii)

B o UUT 22T “zl‘zﬁL ]
T2 exp(BTz - AL + exp( BTz L)

(5L2)

N EZNN(O’L]’)[Z +exp(f* Tz - Hﬂa) + exp( BTz ”\Z/li)]ﬁL

+E.on0,10)] v WM ]
T2 4 exp(B*T 2 - ”‘@) +exp(—B*Tz - H\Z/\i)

=Xf1 +0

= A2fL
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Here

UUT 22" B

2+ exp(Tz - ) + exp(—5+T2 - )

lI2[l2

EZNN(O,Id,) [

¥

because of a similar reason as in the previous part.
For Zr, the proving strategy is similar. For z ~ Uniform(S?~1(v/d)) + v on the target domain,
where v = r3%, letw = & — v = & — r3%, then w ~ Uniform(S*~*(/d)). Let z ~ N(0, I,;), then
w and zﬁ have the same distribution. We have

II‘T

= Eonitorm(s11 (V)40 3§ p(572) T exp(—57T7)
_E, . [ (w+v)(w+v)T
e Uniorm(S V) £ exp(5 (w +v) + exp(— 3T (w+ v))
vTB*=0 E . L [ wwT +wvT + vwT + voT ]
weUniform(§4-1(vd)) g + exp(B*Tw) + exp(—B*Tw)

Ir

]

Therefore

. ww? +wv? +vw? + vt .
ITﬁ = ]EwNUniform(Sdfl(\/E)) [2 + exp(,@*Tw) + exp(—,B*Tw) }ﬁ

V=0 g ' i [ ww’ 15
w~Uniform(S4=1(+/d)) 2+exp(5*Tw)+exp(—5*Tw)

=ZIsp"

= )\16*7

where the last line follows from the previous proofs. Similarly, for any 3, such that [|5_ |2 = 1,
«T 3
1 BL =0,

wwT + wovT + vwT + vol ~

ITBL = ]EwNUniform(Sd*I(\/E))[Q + exp(ﬁ*Tw) + eXp(_ﬁ*TU})]ﬂl

vT@:O E wa ~
- w~Uniform(S4=1(+/d)) [2 + exp(ﬁ*Tw) 4 exp(—ﬁ*Tw) ]ﬁL

=Tsh1

= \2f3L.

For 37,

ww? +wvl 4+ vwT + T
Irp, =K . _ T
TBJ_ w~Uniform(S4-1(+/d)) [2 + exp(ﬂ*Tw) 4 exp(fﬂ*Tw) }BJ—

—F ww” *
- wNUniform(Sdfl(\/a))[2_;'_exp(ﬁ*Tw) +exp(—ﬁ*Tw)wl
T
wv
E . 1 1
+ w~Uniform(S¢ (‘/E))[QJrexp(ﬂ*Tw)+exp(75*Tw)]ﬁJ‘
T
vw N
+Eu1NUniform(Sd*1(\/3))[2+exp(6*Tw) _;'_exp(_B*Tw)]ﬂl
T
(%Y
B1

+ ]Ew~Uniform(Sd*1(\/E)) [2 4 exp(B*Tw) + exp(fﬂ*T"w)]
= .[1 +IQ+I3+I4
As in the previous proofs,

I =I5B = M\a2f7.
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T

WU N
Iy = IEmeniform(S‘”*1(\/3))[2 4 exp(B*Tw) + exp(—B*Tw)]BL
LR [ whi'f1 ]
w~Uniform(S4—1(+/d)) 2+ exp(ﬂ*Tw) 4 exp(fB*Tw)
l82L1=1 E [ w ]
w~Uniform(S4—1(1/d)) 24+ exp(ﬂ*Tw) + exp(fﬂ*Tw)
=0.
where the last lines follows from w is symmetric and STexp( B*Tw)“i_exp(_ 5T is a odd function of
w.
T
— vw *
I3 - Ewaniform(Sdfl(\/E))[2 + EXP(B*T’U)) + exp(—B*Tw)WJ‘
- [ gru 41 |
= T w~Uniform(S4—1(/d)) 2+ exp(B*Tw) + exp(—ﬂ*Tw)
w’ B x
= rEwaniform(Sdfl(\/E)) [2 4 exp(B*Tw) 4 exp(—ﬁ*Tw) ]ﬁl-
=0.

where the last lines follows from w is symmetric and - B*TZ?f:fxp(i ) is a odd function of
w.
T
o,
I, =E . _ ¥
4 w~Uniform(S¢ 1(\/3))[2 + eXp(ﬂ*Tw) + exp(—ﬂ*Tw)]/BL
v=rp] 2R _ [ BB B ]
wrUniform(S*H (V)12 4 exp(B+Tw) + exp(—B*Tw)
Hﬂgzl 2 ) [ 1 ]ﬂ*
w~Uniform(S4—1(+/d)) 24 eXp(ﬁ*T’U}) + exp(—ﬂ*Tw) 1
=r?X381.
Combine the calculations of I, I, I3, I4, we have
ITﬂj_ =Lh+1Ib+1Is+ 14
= X1 +12A3B1
= ()\2 + 7’2)\3)51.
In conclusion, we have Zs = Udiag(A1,Ao,...,\2)UT and Zp = Udiag(A, A2 +
72X3, A2, ..., A2)UT for an orthonormal matrix U, where U = [8*, 8%, ---]. O
Proof of Lemma D.2. Recall the definition of A\, Ag, As:
d *T . \2
A= E - d—1 [ (B*Tw)z ] =E N (0,1 )[ =]z (B Z) ]
Ut (S V) exp (B0 + exp(— 5 Ta) N O () e~ L et
d *T ,\2
X =E . a-1 [ (51 )" | =E.on,10)[ Hzllé( L) ]
e Unerm(S 1 (VDD 4 o) + exp(—pTa) N O (L) T enp(— 5T
1 1
A3 =E__ niform(sd- =E,. .
3 z~Uniform(57-1(Vd)) [2 +exp(6*Tx) + exp(—B*Tx)] /\f(o,fd)[2 + exp \|\Z/\i BT 2) + exp(— H\zﬁ ,B*Tz)]

Next we will show that there exists constants ¢, C, ¢’ > 0 such that when d > ¢/, we have ¢ < \; <
C. The proofs for A5 and A3 are similar. Notice that, when d is large, ﬁ concentrates around 1. If
2

we replace W by 1 in the above expressions, we have
2

(IB*TZ)Q
2+ exp(B*T2) + exp(—B7T2)

]

M ~E.ao,10)]

30




Since 3*Tz ~ N(0,1) when z ~ N(0, 1) and || 3*|| = 1, we have

E [ (B*TZ)2 ] _ E [ y2 ]
NI exp(B72) + exp(—8+T2)" N OV Fen(y) + exp(—y)

which is a absolute constant greater than zero and not related to d. Following this intuition, we can
bound )\; as the following. We first state the concentration of the norm of N'(0, I;). By Vershynin
(2018) (3.7),

P(||[2]| — Vd| > t) < 2%’ (38)
for some absolute constant ¢ > 0. Take ¢t = @, we have
Iz 1 3 —ed
P(—= ¢ [=, =]) < 2e™““.
(p ¢l ah<2e

With this concentration, we do the following truncation:

EHG
M =E. v 0] : ]
2+ exp(pUL B*72) + exp(— 4L B*T2)

BB

g (82

Il

=E.n(0,10)] Dian sy
oot ol b
L E [ rE (87 2)° : |
2N (0,14) L=l gr1 8
oy exp( H\Z/\i B*Tz) + exp(— ”\Z/li B*Tz) va #lz.2]
=J + Jo.
For Js, it is obvious that
d_ |zl 13 d _.q
< Jp < 2PN g 12 2] < Zemed,
0,J2f4p(ﬁ¢[72})f26 (39
For upper bound of J;,
J=E [ ﬁ(ﬁ*TZ)Q I ]
1= BE.N(0,1,) lzll 11 3
ol ol b
4 B*TZ 2
< ]EZNN(O,L;)[%] =1L
Therefore
M=J1+

It’s obvious that there exists an absolute constant ¢’ such that when d > ¢/, \; < 2.
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For lower bound of .J;, we have

szu% (572)?

2+ exp( 4L B*T2) + exp(— 4L f*Tz) Ve <l

J1=E.on0,10)]

Iz]l2 I
5572
>E,. 9 Tz o1
2 Ben010lg @B T ep( 25T el
§(5T )" 4(572)?
= E ~ . - EZN 9 H z 1
NI G oo @E T ) T exp(25°T7) N0 G T o35 T2) T exp(—25T2) b eld. 2l
é(ﬁ*TZ)2 4(ﬁ*TZ)2
>E,. 9 —E.. EAERA TP
- F N(O’Id)[Q + exp(23*T2) —|—exp(—2B*Tz)] N1 4 ”*11‘55[5%]]
o (57 2)’ 1213
>E,. 9 —E.. 20 oy s
-7 N(O’Id)[2+exp(26*Tz)+exp(—2B*Tz)] N .10 9 L(gé[f’%]}
4,2 2
9Y 12113
=E,. 9 —E.. Tiey ooy
Y N(O’l)[2 + exp(2y) + exp(—2y)] N1 9 "7‘!66[5,%]}
e BB
— O ZNN(O,Id) 9 Hz(|1|¢[%’%]

Notice that here c; is a positive constant not related to d. For the second term,

E [IIZII%]1 |
N OI) T T o el )
1213 1213

dollzll 1 1% ) 19 L9
< PR <)o [ P23 > t)dt 4 - < dP(||]f3 > Sd
S350 =3y » (1215 > )dt + 5 - ZdP([l2]|3 > Jd)
by (38) d 1 [e%)
<" et o [ UR(elE 2 e+ 2t

36 9 /a4

t=d(y+1)*

<

1 o0
de=c4 + 3 ﬁ 2d(y + 1)P(||z]]2 > Vd + Vdy)dy

by (38) 1 [~
< de el 4 9 2d(y + 1)2674Cdy2dy
%

oo

<de 4+ 2d/ y6746dy2dy
1
3

1
S de—cd + 7e—cd
4c

Combine this inequality and previous inequalities of J; and Jo, we have
A =J1+ J2

1
> —de ¢l — @B_Cd

Therefore it’s obvious that there exists an absolute constant ¢’ such that when d > ¢/, A\ > %
The proof for )y is almost the same, the only difference is that in the numerator, we replace 3*7 2
by 83T z. The proof for A3 is even simpler. For upper bound,

1
]
+ exp( ”\Z/”EZ BT 2) + exp(— %L BT 2)

=]

<=

A3 = Ez~N(O,Id)[2

RNy
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For lower bound,

1
A3 =E. n,10)] ]
2 + exp( H\Z/\i B*Tz) + exp(— ”\Z/li B*T2)
1
> E.on0,10)] Tizg o1 sy
2+ exp( L BT 2) + exp(— UL 8T 2) Ve €1E)
1
>E.. Iy
= Lz N(O,Id.)[Q T exp(28°T2) + exp(—28*T2) 121 e[%,g]]
—E [ ! |-E [ -
= L2nN(0,14) 2+ exp(Qﬂ*Tz) + exp(—2ﬂ*Tz) 2N (0,1a) 2+ exp(2ﬁ*Tz) + eXp(—Qﬁ*TZ)
1_ 2] 13
—y— —P(EL g2 2
6= 1P # (505
> o — ie*Cd.
Therefore there exists constant ¢’ such that when d > ¢/, A3 < 2. O

2
D.3 Proofs for Theorem A.5

In this section, our objective is to establish the upper bound of MLE for the phase retrieval model.
A direct application of Theorem 3.1 is impractical, as Assumption A.3 is not met; notably, both
8%, —B* serve as global minimums of population loss. To circumvent the issue of non-unique global
minimums, we employ a methodology similar to that used in proving Theorem 3.1, though with a
slightly refined analysis.

Proof of Theorem A.5. In the sequel, we will use the same notations as in the proof of Theorem
3.1. Even though the global minimum of population loss for the phase retrieval model isn’t unique,
meaning it could be either 8* or —3*, we can still show that the MLE falls into a small ball around
either S* or —f3*.

Lemma D.3. Under the settings of Theorem A.S5, if n > O(d*log %), then with probability at least

1 — 6, we have
. d?log 4
min{||Buie — B*[l2, [|Buce + B*[l2} < \/7

Without loss of generality, in the sequel, we consider n > O(d4 log %) and assume

d? log &
|BmLe — B%l2 S \/ %, (40)

Recall that for the phase retrieval model,

(a9, 6) = 3 log(2m) + 5 (y— (7 B))°.

which implies Smie € Bg«(1).

It then holds that
Vi(z,y, ) = 2(a" 8)’z — 2(«" By,
V2U(z,y, B) = 6(z” B)2xaT — 2yxaT,
V3(z,y,B8) =122T Bz @z @ .

Note that for Y = (X7 3*)2 + ¢, we have V/(X,Y, 3*) = —2(XT 3*) Xe. Therefore (recall that
18*Il = D) |V€(xs,yi, 8%)|| is 2d-subgaussian, by Lemma F.1, we have for any J, with probability

at least 1 — 6,
Tr(Z5') log ¢ d2||Z5||? log ¢
T lglle S 4| —=22"20 4 qIZ5" )[4 /log —=5 1 =4 41
1Zs gll2 S - IZs "4/ log Tz n 41)
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Which can be viewed as setting B; = d andy = % in Assumption A.1. Hence 8*+2 = 8* ~I5'ge

217112
Bg- (1) when n > O(max{Tr(Zg")log ¢, d||Zg" |24 /log dTll(Izsgll‘) log 41).

We then show the concentration inequality for the Hessian matrix. Note that

n

20 (4% — LN 02 0 gy = b Tanz, T 2NN, T
\Y Zn(ﬁ )_ n ;V E(xwyzaﬁ )_ n Z(xl B ) Til; ngszxzmi .

i=1

Since || (27 8%)%x2™ || < d?, by matrix Hoeffding, with probability at least 1 — &, we have

8log ¢ 1 — 8log ¢
Ep (2T 6%)222T] — d? - 0Ty < - Z(a:zTﬁ*)Qaclsz =< Ep.[(2T 5%)222T] + d? T(;Id
i=1

(42)

Moreover, by matrix Chernoff bound, with probability at least 1 — d, we have

8log ¢ 1 < 8log ¢
—dy| B0y < =Y el < dy | i, 43)
n n =1 n

Combine (42) and (43), we obtain

8log & 8log &
V2U(B) — 62\ | 20 I, < V24, (B*) < V2U(B*) + 6d2 | ol 1, (44)
n n

which can be viewed as setting B, = d? in (12).

For any 8 € Bg« (1), we have
I3z, y, 82 = 12]| (2" B)a @ « © 2| < 24(Vd +1)*.

Thus, we can view as if this model satisfies B3 = (v/d + 7)* in Assumption A.2.
Then same as (15) we have with probability 1 — 4,

1 log 4 log ¢
0B+ 2) = £al87) £ 52" Loz + 267 ByTr(T5 ) (o0 ) 4 2B Bal T3 3 log (™20 ) (2 )2
n n
2 - log 4 2 log ¢
2 BTHT ) () 1 S BBTS [log (20 (CEL Y,
45)
By Lemma D.3, we have (40). Then same as (16) we have with probability at least 1 — 6,
1 1
gn(ﬁMLE) - gn(ﬁ ) > i(ABMLE - Z)TIS(ABMLE - Z) - §ZTISZ
log 4 log 4
~ O(Bad®(ZE8)10 4 Bd® (22519, (46)
Consequently, by (45), (46) and the fact that £, (BuLe) — £ (8* + 2) < 0, we have
T -1 IOg% 15 2 —1)2 ~—1/2 log% 2.5
(Bpwe = 2)" Is(Apwe = 2) < O BaTr(Zs ) (— )" + BiBo|| g [la log (R "o ) (— =)~
. log & 3 L log 4
BTH(IE ) () 4 BBy T3 [ (log (5 ) (2

log ¢ log ¢
+ Bad?( Oié )15 4 Byd®( Oi(s )1,5>
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Then, same as the proof of Lemma C.3, we further have for any §, with probability at least 1 — 24,
(Bue — B) Ir(Buie — B*)
< Tr(ZrZg")log ¢

~

n

11 log ¢ 11 log ¢
- o(anz;Is IBTHES () + BB T1 T BT 3 log (R 2an)(Zo2)2

11 log ¢ 11 log &
B TR T HIBTHES ) (o 0) 0 o+ BIB| T T IBIT5 I3 o (R 2a)) (=0 )
11 log & 11 log &
+ Ball TR T 3RS0 + Bl T T |3 ()1
11 _ _ log 4
T BT ¥ 31 log(s 1/2a1><6>2)

n
Tr(ZrZg')log 4

n

11 . log 4
+o(EIzE HIETEs (2

15, A 737= % (|12)7—1(2 ~—1/2 log § 55
)7+ AT L * M\ Ts [l log (R Fan ) (— =)

11 _ logd 11 _ . logé
(V4 ) TR BT )P (50 4+ @ (V4 ) TR RIS B (loa(h e ) o (2

3
B3
a4 2108 8 15 3(vd + )72 32108 % 15
AT BRI (VT RS
11 _ _ logé
+PITE RIS os( 2o (52 ?)
(47)

—1
To guarantee Tr(ITIfL )08 § s the leading term, we only need n > O(N; log %), where

11 2 11 H 11 N
{ PITET5 3TrZs Y\ [ dITETs * IBITS B log (R 2a0) \ T [ (Vd+ r)4| T2, % |3Tr(Zs 1)1
Nj := max — , ,
TF(ITIS )

Tr(ZrZg') Tr(ZrZg')
11 B B N 11 2 . 11 2
d*(Vd +r)* | T2 T4 2 31T 13 (log (R~ 2an))t® d*ZZs % |13 dP*(Vd+ )Y T35 |3
Tr(ZrZg') "\ Tr(Zrzgh) ’ Tr(ZrZg') ’

1 1
d?||T2Zg 2 |13]|Z5 |2 Jog (k1 2a) }
Tr(Ingl) ’

That is, for any J, when n > O(max{d*, Tr(Zg"),d||Z5" | log®® (7~ 2ay), N1} log 4), with prob-
ability 1 — 26,

o Tr(ZrZ5") log ¢
(Bwie — B5) Zr (Buie — %) S %~
Then following the proof of Theorem 3.1, do Taylor expansion w.r.t. 3 as the following:

Rg(Bue) = E  ooprxy [, y, Buie) — £(z,y, B¥)]
yle~f(ylz;6%)

<E oppx) [V, 897 (Bue — B%)
yle~f(ylz;6%)

1 B
+ §(BMLE - B Zr (Buie — B%) + fllﬂMLE — B3
1 d d
< gT"(ITIS )log § 4 §d3(\/(§+r)4(10g5)1'5.
n

n
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&3 (Vd+r)*
Tr(ZrZg')

Tr(ZrZs!)log ¢
R (BwLe) < C%_

Therefore we conclude that for any §, when n > O(N log %), with probability at least 1 — 26,
Tr(ZrZg ") log ¢

with probability at least 1 — 25. If we further assume n > O((SX224-)? log 4), it then holds that

Rp+(Bmie) < ¢

n
where
_ _ 51 3(Vd+r)*
N = max{d*, Tr(Zg"),d||Zg " ||2 1og®® (R "2 ), N, (Tr(ITI ))}
11 iy 2 11 _ o 3 11 B 2
:max{ |3 T2 (I3Tr(Zs ) d4HIT215ZIIEIIISIII%log(H 2aq) (Vd + 1)} T3 Zg 2 |I3Tr(Zg )P
Tr(ZrZgh) ’ Tr(ZrZgh) ’ Tr(ZrZg') ’

: 1 1 e - 3 11 2 2
P (Vd + )| T3 Tg ? |51 Z5 |3 (log (R /2an)) "5 4| Z7Zs |13 A (d+r)t ||12 2||2
Tr(ZrZg') "\ Tr(Zrzg') ) Tr(ZrZgt) '

11
P2 T * |31Zs |2 log(k ! 2an) d(Vd+r)! )’ }
Tr(ZrZg') Tr(ZrZg"') )
Now it remains to calculate N and Tr(Z7Zg 1). Similar to logistic regression (see Lemma D.1 and
D.2), we have the following two lemmas that characterize Zg and Zr.

Lemma D.4. Under the conditions of Theorem A.5, we have Is = Udiag(\1, A2, ..., \o)UT and
Ir = Udiag(A1, A2 +72X3, Xa, ..., \o)UT for an orthonormal matrix U. Where
g

LA Tr(ZgY), d||Z5 " |2 log” (R 2 ), (g

)

)\1 = 4Ex~Uniform(Sd*1 (\/g)) [(B*T,T)

A2 1= A, yniorm(sa-1 (vay (8 2)* (BT 2)’),
)\3 = 4Ez~Uniform(Sd*1(\/E))[(ﬂ*TZ)Q]'

Lemma D.5. Under the conditions of Theorem A.5, there exist absolute constants ¢, C, ¢’ > 0 such
that ¢ < A\, Ao, A3 < C, ford > .

The proofs for these two lemmas are in the next section With Lemma D.4, we have Z71g 1=
Udiag(1,1 + %% ’\3 L DUT, I = Udlag(h, Agr e )\2)UT By Lemma D.5, since
A1, A2, A3 = O(1 ) we have TH(ZrZg') = d+r?53 = d+r , g'll2 = 147?58 =< 1402, Sim-

1
ilarly Tr(Zg') = AT+ (d — DA < d, | Zg Y2 = max{A\T 1, 00 < Ly = By||Zg |3 =< d.
Plug in these quantltles recall

Tr(ZrZgh) _d+r?
- i1 - 2
IZ3Z5 T30 1T

we have

N = max {dﬁli_2, dsk™3 logg(k_l/zal), PNd+ )32 d> (Vd+ 1)’k 2 log%(ff—l/zal), Br72,d(Vd +7r)8k72,
d?k M log(k ™ 2ay), d*, d, dlog? (F=Y2ay),d5(Vd + 7)8k 2| IrZg |_2}
Tersd hax {dﬁ(\/& + )82, d(Vd + r)8 72| Ir 5! ||2}

HITI§1||:xl+7-221 (Va4 )P 2
dS(Vd +r)3(1 +r?)?
(d+12)?
We can see that whenr < 1, N =< d®. When 1 < r < vd, N =< d®*. Whenr > vd, N =< d5r8.
O

= d%(d + r?)2(1 4 r?)?
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D.3.1 Proof of Lemma D.3

In the following, we prove Lemma D.3. The intuition is that, although ¢ is not convex in 3, ¢ is
quadratic in M := 37T,

Proof of Lemma D.3. With a little bit abuse of notation, for matrix M € R%*?, we denote
1
f(;[;’ Y, M) = §(y - <xxT7 M>)2
Under the case where M = 337, we have

Oy, M) = 5 = (@a®, B8)) = Sy — 2B = Ue, . B).

‘We further denote

n

1 & 1
£a(M) = = ;E(xy M) = ;(yi — (wgx], M)
and M* := g*p*T.
It then holds that
* 1 S * -
Vi, (M*) = - Z;vec (zixl)es, V20,(M*) = Zvec Pyvec(zial)T, V3¢,(M) = 0.

=1

3\'—‘

Denote Xg := E, p,(x)[vec(za )vec(zz)T], then by Lemma F.1 with V' = Tr(3g), o = 2,
B2 = cd for some absolute constants ¢, ¢, we have with probability at least 1 — 4,

Tr(Ss) log ¢ 22
Trs)log s 5 4 dflog oo

Ve (M*)||2 < ¢ (48)

By matrix Hoeffding, we have with probability at least 1 — 4,

8log ¢ 8log ¢
g — d*y/ %Id < V20, (M*) < S + dﬂ/%]d. (49)

Before conducting further analysis, we need some characterizations of ¥ g. By the definition of Xg,
we can see that the ((4, j), (k, 1)) entry of Xg is Exp, (x)[X;X; X X;]. Since X is symmetric and
isotropic, we have

Exops(x)[X?X?] ifi=j,k=landi#k
Exnps(x)[X7X7] if {i,5} = {k, 1} and i # j
Ex psx)[X}]  ifi=j=k=1I

0 Otherwise

Ex~ps(x)[XiX; Xp Xi] =

For the calculation of moments, using (3a) in Cao (2020) with a = (1,0,---,0)7 and ¢ = ﬁX

we have Ex p (x)[X1] = 2%, Exps(x)[XT X3] = %5 Since X is 1sotroplc we have

7 ifi=jk=1landi#k
-4 if{i,j} = {k,\} andi # j

Z8)Gnoi) = § BE oo ’ 50

(E)((1,3), k1)) B k=] (50)
0 Otherwise

Therefore
Tr(Zs) = > E[X?X?| =d(d—1)—— d_ 143 _p (51)
e d+2 d+2 '

%]

The following lemma characterizes the “minimum eigenvalue” of X5 on a special subspace, which
will be useful in our analysis.
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Lemma D.6. For any vector a = (ai;) i j)e|dx|d] € R% satisfies a;j = aj;,

-

2d
T
>
02 T

Proof.
a"Ssa =" aiar(Ss) (i) (k)
1,4,k 1
by (50
2 o St S +3 5 ad)
i#£j i#£j i#j
aij= aal d+2 QZ(L” —i—Za”a” +3Za“
i#] i#]
TPl + D k) + Qe+ ad)
i#] i#]
d
= d+2 2||aH2 Za”
2d
> ||al|3.
O

With Lemma D.6 and (51), we are now able to prove Lemma D.3. By Taylor expansion, we have
for M = 83T, M* = p*B*T, with probability at least 1 — 6,

3, — 1
C(M) — £ (M*) ¥ 20 vec(M — M*) TV, (M*) + =vec(M — M*)TV2, (M*)vec(M — M*)

Slis®

2d? log
M - M* e
| I %55

1 *\T * * (|2 g2 81Og%
+§vec(M—M) Yovec(M — M*) — |M — M*||5d*\| —2
n
by Lemma D.6 and (51) d 8log ¢ d2log & log 4
> RtV NV Tl e RY e NV T
n n n

- d+2

1 d2log ¢ log 4
SV VRl Tt LY NV T

when n > O(d*log 4).
We denote My := BMLEBIGLE' Note that En(MMLE) — En( *) = En(ﬁMLE) — ﬁn(ﬂ*) < 0. Thus

we have
1 d2log ¢ log ¢
§||MMLE—M*||%—C" F+d & | [|1Mve — M*[|p <0,
n n
which implies
2 d d 2 da
Myte — M*|[# < d*log § +dlog 5 < d?log 5
\/ n n n
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by (48),(49) Tr(Xg) log &
> Tr®Es)log§ | g




Thus so far we have shown, if n > (’)(d4 log %), then with probability at least 1 — §, we have

d?log ¢
| Mue — M*||r S \/ T5

By Lemma 6 in Ge et al. (2017), we further have

|Mmie — M*||p <) ——2.
||ﬂ*|| n

min{||fvee — B2 || Bmee + B%|l2} S
D.3.2 Proofs for Lemma D.4 and D.5

The proofs for Lemma D.4 and D.5 are similar to proofs for Lemma D.1 and D.2.

Proof of Lemma D.4. By definition,
Is = 4Em~Uniform(Sd*1(\/3))[xxT(xTﬂ*)z]
Let z ~ N (0, 1), then = and z% have the same distribution. Therefore
IS = 4Ex~Uniform(5d*1(\f))[mxT(xTﬁ*)2]
Vd

12]]2

_4E2NN(O Id)[ZZ || ” (5*T )2]

* * d2
_ 4]EZNN(07]d)[(B*5 T + UJ_UJ’I:)ZZT(ﬁ TZ)2 ||Z||4]
2

where [3*, U] € R?*9 is a orthogonal basis.

With this expression, we first prove 5* is an eigenvector of Zg with corresponding eigenvalue \;.

2
d 16"

12112

IsB" = 4B n0,10) (BB + ULUT 22" (847 2)?

= AE. N0, B8 22" (847 2)? || H4m

HAE (0,1 [ULUT 227 (877 2)° E ||4B*]
T N4 d2
= 4B n0,1:) (B 2) =718
12115
+ 4B, (0,1 [ULUT 227 (B 2)? 6]

Iz ||4

d2
=B +4E, n0,1,)[ULUT 22" (B 2)? B
2

B

Therefore we only need to prove

EZNN(O,Id)[ULUIZZT(B*TZ) || ||4 *]_

In fact,

EzNN(O,Id)[UIZZT(B*T ) HZ||4ﬂ]

=K. n0,14) [(UT2)(B*7T2)?

d
=E.n0,1,) [(W)

H4]

1212

2A%B]
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where we let A := 27 3*, B := UT2. Notice that by the property of z ~ N(0, 1), A and B are
independent. Also, B is symmetric, i.e., B and — B have the same distribution. Therefore

* * d
E.n(o,i)ULUT 227 (57 2)? E ”45 | =E.nv om)[(m) *A’B] =0

Next we will prove that for any 3, such that |3 |2 = 1, 3*T 3, = 0, 3, is an eigenvector of Zg
with corresponding eigenvalue \o. Let [3, , U] be an orthogonal basis (8* is the first column of U).

d2
1113

IsB1L =4E.a0,1.) [(5J_IBI + UUT)ZzT(ﬂ*Tz)2

d2
IIZII‘z1

B1]

161

=AE, (0.1, [B181 22T (87 2)?

B1]

+AE. (0,10 [UU T 227 (87 2)? |2 ||4

2
¢ 6,

Iz H%

= 4E.n0,10)[(B12)* (87 2)°

+ 4K Ar(0,12) [UUTzzT(B*Tz)

|4ﬂj_]

[z
=Xf1 +0
= Xof31

Here

2d2

4B n (0.1 [UUT 227 (847 2) [l ||4m]

because of a similar reason as in the previous part.

For Zr, the proving strategy is similar. For z ~ Uniform(S?'(1/d)) + v on the target domain,
where v = r3% , letw = x — v = & — r/3%, then w ~ Uniform(S*~*(/d)). Let z ~ N(0, I,;), then
w and zﬁ have the same distribution. We have

Ir = 4K, uniform(si-1 (va))+v [wa” (27 5*)%]

= 4Ew~Uniform(Sd*1(\/E)) [(w + U)<w + U)T((w + U)Tﬁ*)Q]

vTB*=0 .
= 4Ew~Uniform(Sd*1(\/E))[(wa +wol +ow” + ") (w” B4)?]

Therefore

IrB* = 4Ew~Uniform(Sd—1(\/E)) [(ww? +wol 4+ vwT +voT)(w? 5%)?)8*

vT =0
= 4Ew~Uniform($d*1(\/3)) [wa(erB*)ﬂB*
= )\15*7
where the last line follows from the previous proofs. Similarly, for any 5, such that ||, ||» = 1,
BB =0,
Irf. = 4Ew~Uniform(Sd*1(\/3))[(wa +wo” +ow” + 00" (w' B4)?)5L

vT g1 =0 2715
= 4Ew~Uniform(Sd*1(\/E))[wa(wTﬁ )2]ﬁl_

SN
= Aof3L.
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For 7%,
Irpr = 4Ew~Uniform(Sd*1(\/E))[(wa +wol +ow” + ool (w" 5%)%)57
= 4Ew~Uniform(Sd*1(\/E))[wa(wTB 181 +4Ew~Un|form(5d 1(v/d)) [wo™ (w” %)% 81
+4Ew~Uniform(Sd*1(\/3))[’UwT(wTﬂ )?181 +4]Ew~Uniform(Sd’1(\/a))[ T’ 84?181
=0+ L+ 13+ 14

As in the previous proofs,
=TsBl = Xaf1.

12 = 4Ew~Uniform($d_1(\/a)) [va(wTﬁ*)z]ﬁi

v= T’B *T' *
B 4TEw~Uniform(Sd*1(\f [ (B r )(U)Tﬁ )2]

811=1
= 4HEw~Uniform(Sd*1(\/E)) [w<w ﬁ*) ]

=0.
where the last lines follows from w is symmetric and w(w? 3*)? is a odd function of w.

Iy = 4]Ew~umform(84*1(x/3))[”'U’T('LUTB*)ZWI

v=rpB% .
=" 4TEw~Uniform(8d*1(\/E))[BJ_wTBj_ (w87)?]
= Z’lr]EwNUnh‘orm(Sd*1 (\/E)) [(wTBj_) (’U}Tﬁ*)ﬂﬁi
=0.
where the last lines follows from w is symmetric and (w” 8% ) (w? 8*)? is a odd function of w.

’[4 _4Ew~Un|form(Sd 1(\f) [’U’U ( Tﬁ*) ]ﬂj_

v= T‘B
. ar 2I|E111~Uni1’orm(3d—1(\/> [ﬁlﬁ BJ_( Tﬁ*)Z}
18L1I=1 N N
= 7”QEwNUniform(sdf1(\/3))[5L(’w 5*)%
=rX3p].

Combine the calculations of I, I, I3, I4, we have
IrBl =L+ L+ 13+ 1,
= A2f3] + 17 AsB
= (A2 +7%X3)B1.
In conclusion, we have Zs = Udiag(Ai,Ao,...,\2)UT and Zp = Udiag(A, A2 +
7?X3, A2, ..., A2)UT for an orthonormal matrix U, where U = [8*, 8%, ---]. O

Proof of Lemma D.5. Recall the definition of A1, Ag, As:

d2
M = 1Byt (70 = oo [0 2) .
* * h d2
)\2 _ 4Emwuniform(8d,1(\/a))[(B*Tx)2(ﬁlTx)2] = 4EZ~N(O,Id)[(6 TZ)2( T )2 || ||4]
* * d
)\3 = 4Em~Uniform(5d71(\/E))[(6 T$)2] = 4]EZNN(0,Id) [(ﬁ TZ)2W].
2

Next we will show that there exists constants ¢, C, ¢ > 0 such that when d > ¢/, we have ¢ < \; <
C. The proofs for \s and A3 are similar. 38 With this concentration, we do the following truncation:

1 2
A\ =E.onvo,10) (87 2) =]
1 0.1 113
T N4 d2 T N4 d2
=K * Iy E,. * Ty :
N (0,1 (B 2) EE we[% %]]-F N(0,1) (B 2) EE H\/gg[%vg]]

=Jy + Jo.
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For Js, it is obvious that

13
S S U A )
O J2_d (\/&%[272])—de (5)
For upper bound of Ji,
4 d2
J1 = E2~N(0,Id)[(6* z) L2 ]
[E H €lz 2]
< Eoono,1a) [16(8772)"] =
Therefore

1
1/\1 =J, + Jo < 48 + 2d%e7 .

It’s obvious that there exists an absolute constant ¢’ such that when d > ¢/, i)‘l < 50.

For lower bound of J;, we have

Ji = EZNN(O,Id)[(ﬂ*T2)4 .

Therefore
1 2
“M=S+J> ()3
M 1+dJ2 2 (3)
Therefore it’s obvious that there exists an absolute constant ¢’ such that when d > ¢/, i)\l > % The

proofs for Ao and A3 are almost the same.
O

E Proofs for Section B

E.1 Poofs for Proposition B.1

Proof. We consider the case where Y = X? + ¢, ¢ ~ N(0,1), ¢ 1L X, and we have X ~
N (=10, 1) on the source domain and X ~ N'(10, 1) on the target domain. Then the optimal linear
fit on the target is given by

" . ~1
B* = argmingegE (s )by (x,v) [V = 28)%] = (Bonnon@?]) " Eennon[z’] > 0.

However, the linear fit learned via classical MLE asymptotically behaves as

_ 1< 1«
BMLE = arg mmﬁeR% Z( - mlﬂ < Z Ty ) (n Z 331%)
i=1 i=1

n—oo

— (]EINN(AOJ)[ﬂCQ]) ]Em~N(710,1)[9U | <0.

Hence, the classical MLE losses consistency. For MWLE, we have

n

. 1
BMwLE = arg mlnﬂeR% Zl w(xz)(yz - Cl@iﬁ)2
i=

n

- (711 Zw(:ci)x?) <:L Zw(iﬂi)ﬂﬂiyi) s

i=1

which asymptotically provides a good estimator. O
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E.2 Proofs for Theorem B.2

The detailed version of Theorem B.2 is stated as the following.

Theorem E.1. Suppose the function class F satisfies Assumption C. Let Gy, := G, (M) and H,, :=
H,(M). Forany é € (0,1), if n > cmax{N*log(d/d), N(§), N'(8)}, then with probability at
least 1 — 36, we have
Tr (GwHy')log 4

n

Rar(Bumwie) < ¢
for an absolute constant c. Here
N* = W? - max{\~'a?log® (W?\"1a?), a3, \a3},

where & = B1||H7;1||85, gy = BQHH;I 2, Qg = Bg”Hl;l”%S, and \ =
Tr(GwH,?)/|Hy |2

The proofs for Theorem E.1 is similar to proofs for Theorem C.1. For notation simplicity, through
out the proofs for Theorem E.1, let 5* := 8*(M), Hy, := Hy(M), Gy := Gy (M). We first state
two main lemmas, which capture the distance between Sywg and 8* under different measurements.

Lemma E.2. Suppose Assumption C holds. For any 6 € (0,1) and any n >
cmax{Ny log(d/d), N(6), N'(8)}, with probability at least 1 — 20, we have Buwie €

/ —3
Bﬁ* (C Tr(GwHy ") log % )

- for some absolute constant c. Here

2
W3BEB, | H,, |3 10g™ (WA™Y2a) | *
N = o {2 B 1 8 W BTG ) g, (D e e (A ) )

Tr(GwHy?)
b ~ l ~
<W4BfBg||Hw1||3log37<WA” Qaﬂ) CW2B}|Hy 3log® (WA 24y }
Tr(GwHy?) ’ Tr(GwHy?) '

Lemma E.3. Suppose Assumption C holds. For any 6 € (0,1) and any n >
cmax{N log(d/é), Nalog(d/d), N(8), N'(6)}, with probability at least 1 — 35, we have

Tr(GwH, 1) log g
¢ .

1
| 22 (Buwie — B)|I3 < -

for some absolute constant c. Here N1 is defined in Lemma E.2 and

Ny = maX{<WB2Tr(GwH;2))2 (WBgTr(Gw}ar,;2)1-5)2 <W3B%Bg||H;1||§logQ'Y(W/\_l/%?l))3

Tr(GywHy") Tr(GywHy") Tr(GywHy")
1
(W4B%Bg||H;1||§ log? (WA~ 25“)) B2 H s log® (WA 24) }
T (GuHaY) ’ Tr(GywHy') '

The proofs for Lemma E.2 and E.3 are delayed to the end of this subsection. With these two lemmas,
we can now state the proof for Theorem E.1.

Proof of Theorem E.1. By Assumption C.1 and C.3, we can do Taylor expansion w.r.t. [ as the
following:
R (Bvmwie) = Ez y)~br(2,y) (2, Y, Buwie) — £z, y, B7)]

< Bz y)npr e [V, 4, 8] (Buwie — B*)
1 «\T * WBs * (13
+ i(ﬁMWLE — %) Hy(BmwLe — %) + 5 | Bmwee — B87|5-

Applying Lemma E2 and E3, we know for any ¢ and any n >
cmax{Ny log(d/d), Nolog(d/d), N(5), N' ()}, with probability at least 1 — 35, we have

Tr(GwH,')log 4
C

w

(Bawie — B) T Hy (Bawie — B*) < -
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and

Tr GwH;2 logg
| BmwLe — 872 < C\/ ( " )08 5 .

Also notice that, E(, y)~p,(a,y)[VE(2,y, *)] = 0. Therefore, with probability at least 1 — 30, we
have

cTr(GuH; ) logd (3 N log ¢
Ry () < & Tt DOBS | €y, b2y 015
If we further have n > C<%)2 log(d/8), it then holds that
Tr(G,H, ') log 4
Ry (Bmwie) < ¢ ( - ) LI
Note that
W BsTr(Gy Hy?)' o\
maX{N1,N27< Al ff) ) }
Tr(GywHy ™)
2
3B2B, I H=-1113 1062 —-1/2~ 3
= {2 B 3, W2 BTGt 1, (PP e Lo U]
Tr(GywHy ")
(W4B%Bg||Hw1||3log3”<WA”26‘1))2 WQB%HHwH%log”(WA1/25“)}
Tr(GywHy?) ’ Tr(GywHy?)

= W2 max{a2, \a2, & a3 * A" log" B (WA 26,), &5 2@ P A2 1og® 2 (WA 264), A 1a2 log? (WA~ 2a,)

< W? . max{A"'a2log? (W2A"1a?), a3, \a2}

=: N*.

Here the first equation follows from the fact that

Tr(GuwH,?) = Tr(H, PGy Hy P HY) < ([Hy o Tr(H V2 Gy Hy %) = [ H |2 Te(GuHy ).

To summarize, for any ¢ € (0,1) and any n > cmax{N*log(d/d), N(J), N'(5)}, with probability
at least 1 — 36, we have

Tr(GuHY) logg
- )

Ry (Buwee) < ¢

In the following, we prove Lemma E.2 and E.3.
Proof of Lemma E.2

Proof of Lemma E.2. For notation simplicity, we denote g := V{¥(5*) —Ep, [VLY(8*)]. Note that
V =n-E[|A(VE(8%) - E[VE (B3]
=n-E[VL; (8*)TATAVLE (67)]
n-E[Tr(AVE (8%)V e (5%)TAT))
= Tr(AG,A").

By taking A = H_! in Assumption C.2, for any § and any n > N(J), we have with probability at
least 1 — §:

Tr(GwHy?) log 2 W I -1 log 4
IIH;19|2<C\/ (CuHu) 85 4 wBy||H; |2 log” L[ Hy [l | log §
! Tr(GuHy?)) "
Tr(GywHy?)log 4 B . logd
:C\/ : n HOBS 4 W s Tog? (WA Vi) =20 (53)
2 pw ( g% 2w [ o% log%
V26 (8%) — E[V267 (87)]]], < WB2 =L (54)
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Letevent A := {(53), (54) holds} and A’ := {£*(-) has a unique local minimum, which is also global minimum}.
By Assumption C.2 and Assumption C.4, it then holds for any d and any n > max{N(J), N'(6)}

that IP’(A nA’ ) > 1 — 24. Under the event AN A’, we have the following Taylor expansion:

N by Assumption C.1, C.3 N . 1 N w o N W B
I(B) — 68 < (8= BINVE(B) + 5 (8= BTV (B)(B = B7) + =18 = 8113
Epg [V, (87)]=0 1 w WB
R (B8 g+ 5 (8- BTVRLIENB ~ B + =18 - 73
by (54) 1 . . g ¢ . WB: x
S (B=8"g+ 58— B Hu(B — 5% + WB\| = 2|5 = B3 + =118 — 53
Ag:=p—p* 1 logd WB
=T A+ GATHLAG + WB\| A5 + =143
1 1 gd W
= 385 =) Hy (B = 2) = 52" Hyz + WBy || S IAs]15 + == 14415
(55)
where z := —H_1g. Similarly
" " 1 1 g ¢ WB
B2(0) — 6287 2 5(As — )T Hulg — 2) = 527 Huz = W\ 222 | Ag | - =2 A
(56)
Notice that Ag«, = z, by (53) and (55), we have
G (8" +2) = 67(B")
2
1 log 4 Tr(GwHy?) log 4 log ¢
S——ZTH@2+W%b¢Og5 C% r )Og5+WVBHHE”hbéUWX4mdﬁB§Q
2 n n n
2 d d ’
Tr(GoHy?)log & log &
o w G T JORE 4 W1, g (WA 2a) Ogé)
6 n n
< Lt oW BTG H ) ()5 4 oW BB, | R 10g? (WA Y26, (B 25
=75 w 2 122 w 12108 ( al)( )
2 3 —2 lg% 1.5 413 37 3y —1/2~ 10?5%3
+§c W BsTr(GH, )P (—=2 - )04 W B} Bs||H |3 10g® (WA al)(T).
(57)
For any 3 € Bg+(3cy/ w), by (56), we have
1 1
£2(8) = G(87) 2 5(Bp = ) Huldg = 2) = 52" Hu
log ¢ 9 log ¢
— 9c2WB2Tr(GwH;2)(T5)1-5 — §C3W33Tr(GwH;2)l'5(7‘5)1'5. (58)
(58) - (57) gives
0 (B) = £7(B" + 2)
1
> 5(Ap = 2) Hu(Ap = 2)
2 —2 log% 15, 5l 3 _21510g§ 1.5
— (W B TH (G H ) ()12 o+ W Bs Tr(G H ) o ()
n n
32 —1)|2 1027 —1/2 ~ log% 25 |, 21413 —1)3 7.3 —1/2 10gg3
+2W B Bo||H,, [l3 log™ (WA™/2an ) (—=5)™" + g WEB B H,, " ||z log™ (WA™/Zdn ) (— )

(59)
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Consider the ellipsoid

D= {5 € R? %(AB —2)TH,(Ag — 2)

log 4 log%)m

n

< 11EW B, Tr(G W H,?)( )R %03WB3Tr(GwH;2)1'5(
log%

+2WP B Ba || H, |3 log™ (WA™Y/2a,) (—2)>®

P —1(1371..37 —1/2~ log§3
oW BBy 108" (WA 26, ) (52

)
Then by (59), for any 8 € Bg- (3cy/ w) N DC, we have
6 (B) = (8" + 2) > 0. (60)
Notice that by the definition of D, using A1 (H,,) = ||H'||2, we have for any 3 € D,

log % log %

185 = 2113 < 22¢%|| H, |2 W BoTr(GuwH,?)(

31
)1.5 + §CS||H;1||2WBgTI’(GwH;2)1'5( )1.5

n

log ¢
4| H WP B2By | Hy |2 10> (WA~ 26, ) (—ot )25

log %

4. _ C1jas
S IHG W B B3| H G 5 1og™ (WA™!2a) (—2)*.

Thus for any 5 € D,
1Asll5 < 2(114 = 2[5 + [12113)

by(53)
<

log ¢ 62 log &
M| Ho oW BoTr(Go Hy?) (20 %81
n

)1 S H W B TH( G, )
n
log % )2.5
n
d
log s

+ 8| H, WP B Bs || H, 3 log (WA™ Y2 )(

8\, _ 12
+ S HG W B Bs| H 5 log™ (WA™2a) (—2)?

log 4 log 4
n

+ 4 Tr(G L H?) +4W2B2|H |2 1og® (WA~ 2a,)( )2,

a og & ,
To guarantee Tr(G, H,,?) loi 2 is the leading term, we only need Tr(G,, H,?) 1% to dominate the

rest of the terms. Hence, if we further have n > ¢N; log(d/4), it then holds that

log ¢
18513 < 963 Tr(Gly Hp2) 228

n

g
ie., B € Bg(3c M). Here

n

2
3B2R, I H-11121 2y A 1/24 3
N ;max{W2B§||H1§,WQB§Tr(GwH2)||Hw1||§,<W 1Bsl|H, |15 1og™ (W 0‘1)) 7

w w TF( Gw HEQ)
1
(W“B?BsIIHJlII%10g3”(WA‘”2d1)>2 WZB%IHal|§10g2”(WA‘1/2641)}
Tr(GwHy?) ’ Tr(GoHa?) '

Tr(GwHy?) log 4
——E)

In other words, we show that D C Bg- (3¢

any 3 € Bg- (3

. Recall that by (60), we know that for

Tr(GuwHy?)log ¢
e\ —————%)

NDC,

6 (B) = 6, (8" + 2) > 0.
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Note that 8* + 2 € D. Hence there is a local minimum of £ (3) in D. Under the event A’, we know
that the global minimum of £¥(3) is in D, i.e.,

Tr(GwHﬂjQ)log%
n

ﬁMWLE eDcC BB* (30\/ )

Proof of Lemma E.3

oo Tr(GwHJQ)log%
Proof of Lemma E.3. Let E := {fmwLe € D C Bg-(\/ ——3——=)}. Then by the proof of

Lemma E.2, for any § € (0,1) and any n > cmax{N; log(d/d), N(d), N'(0)}, we have P(F) >
1—26.

1
By taking A = H,, * in Assumption C.2, for any ¢ € (0,1) and any n > N (§), with probability at
least 1 — &, we have:

_1 Tr(GyHyp ') log ¢ _1 WB H;% log ¢
IH gl < \/ Cullu 085 1y fatog W2l | o83
n T(GuHY) ) "
Tr(GwHi") log & s W B, | Hy | log ¢
<c wew J + WBhBy||Hy 2|2 log” 107w 112 5
n VTG A ) "
Tr(GwHy') log ¢ _1 log 4
:c\/ d . JOBS | 1By | o o (WA~ 26,) 285 1)
We denote E’ = {(61) holds}. Then for any & and any n >

cmax{Ny (M) log(d/s), N(5), N'(6)}, we have P(E N E') > 1 — 34.
Under E N El, BmwLe € D, i.e.,

1

i(ABMWLE - Z)THw(AﬁMWLE - Z)
log ¢ 31 log ¢
ﬁ)l.s n FCSWB:gTI’(GwH;Q)lﬁ(%)lﬁ

< 11EW By Tr(G oW Hiy %) (

2
3

log %

d f
+ 20O B Bal| 3 1og® (WA™1260) (28 )25 4 S BBy |, [$1og™ (WA~ /2600 ) (22 )8,

In other words,

1
HHU% (ABMWLE - Z)H%
log% log%

< 22¢2W By Tr(G o Hy %) (

31
)1.5 + ?C3WB3TI,(GWH";2)1.5( )1.5

n

4
)2+ S W'BI Bs| Hy, |3 log™ (WA~ %a)(

3
(62)

B o dogd log ¢
+4AW3B2B,||H Y ||2 1og® (WA~ 26, ) (—2 —0)3,
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Thus we have

12 (Bwwe — 812

= [ HE D pye 3

= | HE (A — 2) + Hi 23

< 2 HE (Apyne — )13 + 211 Hi 23
— 2| HE (Ase — 2))13 + 2 Hu * 9113
b(eRmd) | Tr(GuwHy,')log 4

n
log 4 log 4

+ 44¢2W BoTr(G Hyy %) ( )he

)+ 6—;c3WBgTr(GwH;2)1~5(
n

32 —1(12 1027 —1/2~ log% 25 , S ap3 —1(131..37 —1/2~ log%S
+8W B Bo||H,, [la log™ (WA™/2an ) (— )" + W B Bs|| H,, " ||z log™ (WA™/Zda ) (— )
212 -1 2 —1/2~ IOg% 2
+4W B[ H,, " [|21og™ (WA~ /“an ) (—) (63)
To guarantee w is the leading term, we only need w to dominate the rest
of the terms. Hence, if we further have n > ¢N» log(d/d), we have
1 Tr(G,H') log ¢
13 (G — 513 < 92 L el JOBS,
Here
N { (WBgTr(Gwsz))Q (WBgTr(GwHw2)1~5)2 <W3B%Bg||Hw1||§log27(W)\1/2071))3
= X ) — ) — )
’ Tr(GuHyb) Tr(GuHa') Tr(GuHab)
1
(W4B%Bs||H;1||§ log® (WA~ C”) b WRB s log® (WA /26,) }
Tr(GoHy)) ’ Tr(GuHy') '
To summarize, we show that for any 1) and any n >

cmax{N log(d/d), Nolog(d/d), N(d), N'(5)}, with probability at least 1 — 30, we have
Tr(GuwH,')log 4
- .

1
| Ha (Buwie — 8%) 13 < 9¢2

E.3 Proofs for Theorem B.3

Proof of Theorem B.3. For any W > 1, we construct Pg(X), Pr(X), M and F as follows. We
define P7(X) := Uniform(B(1)) and Pg(X) := Uniform(B(W #)), where B(1) and B(W ) are
d-dimensional balls centered around the original with radius 1 and Wi, respectively. For notation
simplicity, we denote ) := B(1) and P := B(WW4) in the following. The density ratios is then
given by

dP

’LU(:L‘): T(:L‘): w IL’GQ7

dPg(z) 0 2¢Q
which is upper bounded by . We further have

2

Wa 1
Zs(B) = Eprpg(x)lza’] = Wld =0, Zr(B) = Epuppx)lza’] = ?led = 0.

Let F := {f(y| x; B) | B € R} be the linear regression class, i.e., — log f(y | x; 8) = (log 27)/2 +
(y — 27 3)? /2. We assume the true conditional distribution belongs to a class M that is defined as

M ={Y | X st p(y|z) = f(y|: B)Lizeqy + F (0|23 85)Liwer\ay. 51, B3 € By, (B)}
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for some By € R? and B > 0. We utilize the function class F to approximate the true conditional
density function, which subsequently results in model mis-specification. In the sequel, we will show
the lower bound of excess risk for any estimators under this model class M.

Fix any ground truth model M € M, that is, we are assuming the true conditional distribution
follows the form:

pylx) = f(ylz; B))Lizeqy + f(y| 25 83) L zer\0}

where 8] and 33 are arbitrarily chosen fixed points from Bg, (B). Note that the model is actually
well-specified on the target domain. Hence the optimal fit on the target is given by

ﬁ* (M) = arg minﬁE(a:,y)NIP’T(X,Y) [E(xa Y, B)] = ﬂf

For linear regression, it is easy to verify that Assumption B.2, B.3 and B.4 hold. Let Ry and R; be
the parameters chosen by Lemma C.5. Then similar to the proofs of Theorem 3.2, we have

inf sup E(g, y)ps(x,v) [RM(B)]
B MeM

—inf s B gerscxy) [Ro (B)]
B B1.53€Bs,(B)

> inf sup Bz, y)~Ps(X,Y) [Rﬁf (/3)}
B Bt.B5€Bs, (R1)

2 inf sup  Bgyy)aps(x,y) | B 3)}
BEBg, (Ro) B .53 €Bg, (R1)
1 . A * A *
>, inf sup B, y)~ps(x,y) [(5 — B T (o) (B — B )}
BEBg, (Ro) B7,B85€Bg, (R1)
1 . A * 2 *
> 1 inf sup E (2 ,y:)~Ps(X,Y) {(ﬂ — B Zr(Bo)(B — B )}
PEBsy (Ro) p; 83 €Cp, (12)
1 . A A
=1 inf sup E (2 y:)~Ps(X,Y) {(ﬁ = BN Zr(Bo) (B — 5?)} (64)

~ N . R
BEBg, (Ro) [51T,52T]6C[[30T1/36r](713)

By Theorem 1 in Gill & Levit (1995) (multivariate van Trees inequality) with (8}, 83) = 57,
C(Bt,B3) = C := [W,0] € R¥*24 and B(B5, 8%) = B := I (o), we have for any estimator
/3 and good prior density A that supported on C[BS”, BT (%),

Wd)?
E[B*T B*T]M\E(Il yi)~Ps(X,Y) {(/B 51) IT(ﬁo)(ﬁ Br)| = 2nVI(/d—|—)I()\)
where
7 0 ~ 1 -
I(A) = B;;CixC _—dp.
(V) /CWW(%) JE;E 1CiCi - (ﬁ)aﬁz B ) 55

Let Bo = [Bo1s- -+ Bo.ds Bots- - BoalTs B= (B, ., B2a]" and
md (ﬂ\/ﬁ

f,(l‘) =

— Bo.i i =1,...,2d.
IR, coS 2R1(x 50,1))% Lo, 2d

We define the prior density as

~ R
AB) = {Hlefz(ﬁz) pe C[ﬁg,ﬂg](ﬁ) .
0 B¢ Claz a0 ()
Then following the same argument as in the proof of Lemma C.6, we have
~ 2d T2W3d _
I(A) = R Tr(BCCT) = TTr(IT (B0))-
1
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As a result, for any estimator B , we have

E[B*T B*T]NA (z4,y:)~Ps(X,Y) (ﬁ B1)TIT(5O)(/B ﬁ1)
(Wd)?
~ omWd + ”2W"’dTr( Y(By))’

which implies

sup Eeoyinps () | (B = B To(B0) (B - 87)
(817 B5T1€C 1 o) ()
> Eg;7 3 1aBios gps(xy) | (B = 8 Zr(Bo) (B — 8)]
- (Wa)?
T 2nWd + ZEEATH(ZE (Bo)

(65)

Combine (64) and (65), we have

Wy _ W

1
4 2mWd+ T (By) © n

inf sup K, y,)~Ps(x,Y) {RM(B)} 2
B MeMm

when n is sufficiently large.
Recall that

Hy(M) = E(y yymprx,v) [V, Y, B5(M))] = E@yoprxy) [V, y, 8] = Zr(B}).

and by the definition of w(x), we further have

Gu(M) = E(z y)mps(x.v) [0(2)*VE(2,y, B*(M))Ve(z,y, B(M))T]
=E (o y)~rr(x,y) [W(@) V2, y, 5* (M))Vi(z,y, B*(M))"]
=WE (@, y)opr(x,v) [V, y, B (M))VE(z,y, B*(M))T]
= WE (s p)~pr(x,v) [V, y, BT) VE(x,y,Bf)T]
= WIT(51)-

Therefore Tr(G\,(M)H,,(M)~1) = Wd, which gives the desired result. What remains is to verify
that M satisfies Assumption C.1, C.2, C.3 and C.4. Assumption C.1 is trivially satisfied. For
Assumption C.2 and C.3, notice that

Vi(z,y,B) = —a(y — a’ B),
V2(x,y, B) = za”,
V3(z,y, B) = 0.

and

. d]P)T(.’B) . W xzeq@
w(z) = dPs(z) {0 2 dQ’

By the definition of M, we can write the distribution of y as
yi = eIfi+e x,€Q
el B ta g Q)

where ¢; is a A'(0, 1) noise independent of all z;’s. Therefore let u; := Aw(x;)VE(x;,y;, B*(M)),
we have

w — —WAzxe; z; €Q
v 0 1'1¢Q’
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which indicates that ||u;|| is || A|| /W -subgaussian. Therefore by Lemma F.1, the vector concentration
in Assumption C.2 is satisfied with v = 0.5, B; = 1. For the matrix concentration, notice that

lexZT T €Q
0 ZT; Q_ﬁ Q ’
therefore my matrix Hoeffding, ||w(x;)V2l(x;,y;, B*(M))||2 < W, thus the matrix concentration

in Assumption C.2 is satisfied with By = 1. Further more, N(§) = 0 is enough for satisfying
Assumption C.2.

W) V(s i, (M) = {

Assumption C.3 is satisfied with B3 = 0 since V3/(z,y, 3) = 0.

For Assumption C.4, we can prove that it is satisfied with N'(§) = max{8W log %, 2dW }. This is
because,

P(V2£2(B) = 0 for all B) = P(% Z zixll,,eq = 0)
i=1
> P(#{x; € Q} > d)
— 1 P(#{r € Q) < d)

by Chernoff bound d
> 1-exp(-L(1-2))
2 %
Z 1-— 65

where (1 := 7, and the last inequality hold when n > N’(¢). Therefore when n > N'(J), with
probability at least 1 — ¢, ¥ is strictly convex, therefore has a unique local minimum which is also
the global minimum. O

F Auxiliaries
In this section, we present several auxiliary lemmas and propositions.

F.1 Concentration for gradient and Hessian

The following lemma gives a generic version of Bernstein inequality for vectors.

Lemma F.1. Let u,uy, - - ,uy, be i.i.d. mean-zero random vectors. We denote V- = E[||ul|3] and
B = inf{t > 0 : E[exp(||u]®/t*)] <2}, o >1.

Suppose Bff“) < oo for some o > 1. Then there exists an absolute constant ¢ > 0 such that for all
d € (0,1), with probability at least 1 — 0:

1/«
1< [V log ¢ B log 4
- Z uil| <c 2 %5y B | log %85
n = ) n VvV n

Proof. See Proposition 2 in Koltchinskii et al. (2011) for the proof. O

The following proposition shows that when gradient and Hessian are bounded or sub-Gaussian (sub-
exponential), Assumption A.1 is naturally satisfied.

Proposition F.2. If [|[Vi(z;, y:, 8)|l2 < b1 for all i € [n], then the vector concentration (5) is
satisfied with By = by and v = 0. Alternatively, if ||V{(x;,yi, 8%)||2 is bi-subgaussian, then (5)
is satisfied with By = by and v = 1/2. When ||V€(x;,y;, B*)||2 is bi-subexponential, then (5) is
satisfied with By = by and v = 1. For the Hessian concenntration, if |[V?0(x;,y;, B%)||2 < bo for
all i € [n], then (6) is satisfied with By = ba.

Proof. The vector concentration (5) is a direct proposition of Lemma F.1. The Hessian concentration
(6) is a direct consequence of matrix Hoeffiding inequality. O
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