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We study the role of correlation in matching markets, where multiple decision-makers simultaneously face
selection problems from the same pool of candidates. We propose a model in which a candidate’s priority
scores across different decision-makers exhibit varying levels of correlation dependent on the candidate’s
sociodemographic group. Such differential correlation can arise in school choice due to the varying prevalence
of selection criteria, in college admissions due to test-optional policies, or due to algorithmic monoculture,
that is, when decision-makers rely on the same algorithms and data sets to evaluate candidates. We show
that higher correlation for one of the groups generally improves the outcome for all groups, leading to higher
efficiency. However, students from a given group are more likely to remain unmatched as their own correlation
level increases. This implies that it is advantageous to belong to a low-correlation group. Finally, we extend
the tie-breaking literature to multiple priority classes and intermediate levels of correlation. Overall, our
results point to differential correlation as a previously overlooked systemic source of group inequalities in

school, university, and job admissions.
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1. Introduction

Outcome inequalities for different demographic or social groups are ubiquitous, for example, in college
admission, job assignment, or investment allocation. Arcidiacono, Kinsler, and Ransom (2022) show
that Asian-American applicants have lower admission chances at Harvard than white applicants with
similar academic records, Niessen-Ruenzi and Ruenzi (2019) find significantly lower inflows in female
managed mutual funds than in male managed mutual funds, and Bertrand and Mullainathan (2004)
expose race-based discrimination in callback decisions by job advertisers. Consequently, the sources of

observed outcome inequities—as, for example, bias or statistical discrimination—remain the subject
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of frequent and ongoing controversy and political debate. A common concern is that the causes of
outcome inequalities in matching markets are poorly understood, making them difficult to address
(Longhofer 1995).

We consider a previously overlooked source of outcome inequities. To this end, we study how differ-
ent correlations of priority scores, and thus rankings, between different sociodemographic groups—
differential correlation—affect outcome inequalities and efficiency in matching markets. Our findings
point to a source of inequity between different groups that is specific to matching markets. This
source may have been overlooked, as most policies, including those aiming to correct for biases or
implement affirmative action, are designed with one decision-maker in mind. In particular, we find
that differential correlation across groups leads to outcome inequities even when the rankings by each
college are “fair”, i.e., all groups are represented at all levels of each college’s ranking in the same
proportion as in the applicant population. Furthermore, we identify the impact of variations of the
correlation of rankings on the efficiency of the resulting matching.

Figure 1 illustrates differential correlation for two groups at two colleges, showing distributions
of priority scores, from which ordinal rankings can be derived. The marginal distributions are the
same for all students (Gaussian), however, the joint distributions differ due to differential correlation.

Looking ahead, we will show that, ceteris paribus, the group with lower correlation is better off.

Figure 1 Differential correlation between two groups at two colleges.

Group 1 Group 2

P - P -

Priority score at college 2
Priority score at college 2

Priority score at college 1 Priority score at college 1

Note. The left and right panels represent the priority score distributions for Groups 1 and 2, respectively. The color
shading indicates density, with darker shades representing higher probability density. The marginal distributions of
priority scores at each college are shown along the top and right edges of each plot. While both groups share the same
marginal distributions, their joint distributions differ due to differential correlation, with Group 2 exhibiting higher

correlation than Group 1.

Differential correlation arises when different decision-makers, such as colleges, use different infor-

mation on candidates from different (sociodemographic) groups, such as students, when assigning
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priority scores to rank and admit them. Decision-makers hereby have to rely on observable, partial
information, as candidates’ latent qualities are unknown to the decision-maker.! Differences in infor-
mation between groups may be due to the varying cost of information acquisition, the availability of
information, or varying prevalence of attributes between different groups.

For concreteness, consider school choice and selection criteria that are more or less prevalent
between different groups, e.g., diversity with respect to the current student body, proximity, or sibling
priority. The latter is, for example, used in the centralized school choice mechanism in Chile (Correa
et al. 2022), where, in 2023, 21.3% students among the economically disadvantaged received sibling
priority, while only 15.6% of the remaining students received sibling priority. As a result, a group
for which the criterion is more prevalent will, ceteris paribus, exhibit lower correlation than a group
for which the criterion is less prevalent (assuming that a student only receives sibling priority at one
school). Thus, the effect of differential correlation is conjugated with the advantage from receiving
sibling priority.

Differential correlation may also result from test-optional policies for standardized tests, such as
the SAT used in the United States for college admissions (cf., e.g., Leonhardt 2024). Standardized
testing increases the correlation of assessment results between different colleges. Moreover, if different
demographic groups exhibit different participation patterns in standardized tests, then differential
correlation arises.

Finally, correlation of rankings can also change due to the use of algorithms to support decisions.
Algorithms are increasingly used in selection tasks, ranging from bail decisions (cf., e.g., Angwin,
Larson, Mattu, and Kirchner 2016) to screening and selection of candidates for university admission,
employment, tenancy, or mortgages (cf., e.g., Citron and Pasquale 2014). The increased use of the
same or similar machines, algorithms, or data sets has been termed “algorithmic monoculture” (Goth
2003).2 While various risks have been associated with algorithmic monoculture, e.g., vulnerability
to flaws, hacker attacks, or favoring persistent biases (cf., e.g., Goth 2003, Citron and Pasquale
2014, Kleinberg and Raghavan 2021, Peng and Garg 2024a), algorithmic monoculture also leads to
increased correlation between decision-makers’ assessments of candidates and can lead to differential
correlation (for instance if the data does not have the same informative value between different
populations).

Our results identify differential correlation as an overlooked source of inefficiency and inequity in
matching markets. Policy-makers and managers who orchestrate matching markets should be aware
! The idea to study a model of latent quality plus noise can be traced to Phelps (1972). More recently, this idea has

been used by Chade, Lewis, and Smith (2014), Garg, Li, and Monachou (2021), Emelianov, Gast, Gummadi, and
Loiseau (2022).

2 The terminology is borrowed from its use in agriculture.
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that only considering and enforcing the fairness of each decision-maker separately is insufficient to
ensure overall equity (and efficiency). In practice, school choice mechanisms have been frequently
redesigned over the past several decades and researchers have actively contributed to these efforts
(cf. e.g., Abdulkadiroglu and Sénmez 2003, Abdulkadiroglu 2005, Abdulkadiroglu, Pathak, and Roth
2009, Correa et al. 2022, Kamada and Kojima 2024). According to our results, differential correlation
should be accounted for when (re)designing these and other markets. The increasing use of algorithms
to facilitate screening and selection tasks may lead to changes in (differential) correlation that should
be taken into account; optimistically, new interventions and regulations may be available, for example,

against monopolies by software and data providers.

1.1. Our contribution

We study the college admissions problem, where multiple decision-makers select a subset of applicants
from an applicant pool with stability as the solution concept (Gale and Shapley 1962, Azevedo and
Leshno 2016). Specifically, we suppose that an infinite population of students divided into groups
G1, ..., G applies to colleges C', ..., C™. The groups represent, for example, protected attributes
such as gender or race. Each college assigns a priority score to each student and thus each student
receives a priority score at each college. We propose an original model for the distributions of these
priority scores to study the correlation between the rankings produced by different colleges. Our
model allows for any number of groups, different marginals, and student preferences that depend on
the priority scores.

To formalize correlation and thus capture the vague notion of “a connection between two things
in which one thing changes as the other does”,® we leverage prior work on copulas and their relation
with classical notions of correlation via coherence. This allows us to model correlation without a
specific functional form and, in particular, nest classical notions as special cases, e.g., Spearman’s and
Kendall’s correlation indices. With this, we assume that the correlation between the priority scores
at different colleges depends on a candidate’s group; we call this feature differential correlation.

We investigate two main questions:

o How does correlation impact efficiency, i.e., the number of students who obtain their first choice
(or one of their top k choices)?

o How does differential correlation impact inequality, i.e., the difference between groups in the
number of students remaining unmatched?

First, we show that efficiency increases with each group’s correlation level; i.e., increasing the
correlation level of any group increases the number of students who obtain their first choice in all

groups, and also increases the number of students who obtain one of their top k choices, for all k, in all

3 Oxford Advanced Learner’s Dictionary, 2023.
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groups except the one whose correlation increased (Theorem 1). Intuitively, this is the case because
increasing correlation leads to a decrease in admission cutoffs, otherwise the number of unmatched
students would increase. As a consequence, it becomes easier for students to be assigned to one of
their preferred colleges. However, the benefit is countered for the group whose correlation increased,
since their probability of being below the cutoff of several colleges also increases. Figure 2 illustrates
the impact of increasing correlation on the cutoffs for two colleges and two groups.

Considering inequality, we show that the proportion of students in a given group who remain
unmatched increases in its own correlation level and decreases in the correlation level of all other
groups (Theorem 2). This implies that it is advantageous to belong to a low-correlation group.
Intuitively, this is the case because an “independent second chance” is preferable to “carrying over
the bad signal from previous rejection”. However, as stated before, low correlation also leads to higher
admission cutoffs. From an individual’s viewpoint, to benefit from both effects, it is best to have a low
correlation in their own priority scores, while everyone else’s priority scores exhibit high correlation.

Next, we show that a given efficiency level can be reached by a continuum of different correlation
vectors, generating different levels of inequality; this shows that differential correlation has a distinct
impact on efficiency on one hand and on inequality on the other (Proposition 4).

Finally, our results imply extensions of known results on tie-breaking (cf. Ashlagi, Nikzad, and
Romm 2019, Ashlagi and Nikzad 2020, and Arnosti 2023), particularly for multiple priority classes
and intermediate levels of correlation (Proposition 5).

All the aforementioned results hold under the assumption that admission cutoffs decrease in the
correlation parameters. We show that the assumption always holds for two colleges (Theorem 3).
Moreover, under standard symmetry conditions from the literature, the assumption holds for any
number of colleges (Proposition 6). Finally, we show through simulations that our results remain

qualitatively valid across the parameter space.

1.2. Outline

The remainder of the article is organized as follows. Section 2 introduces the model and the concept
of differential correlation. Section 3 introduces our welfare metrics and presents preliminary results.
Our main results are presented in Section 4: we first derive comparative statics regarding the impact
of correlation on our metrics, under the assumption that admission cutoffs are decreasing in the
correlation parameters (Section 4.1), then apply them to the tie-breaking problem in Section 4.2,
and, in Section 4.3, study the validity of the decreasing cutoffs assumption. Finally, in Section 5, we

provide an extended overview of the related work and Section 6 concludes.
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Figure 2 lllustration of the effect of correlation increase on cutoffs and efficiency.

Baseline.
Group 1 Group 2
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Priority score at college 2
Priority score at college 2

Priority score at college 1 Priority score at college 1

After increase of the correlation between priority scores of Group 1.
Group 1 Group 2

>

Priority score at college 2
Priority score at college 2

1 1
Priority score at college 1 Priority score at college 1

Note. The left and right columns represent the priority score distributions for Groups 1 and 2, respectively. The top
row shows the baseline scenario, while the bottom row illustrates the effect of increasing correlation for Group 1. The
color shading indicates density, with darker shades representing higher probability density. The red lines indicate the
initial cutoffs (shown dashed for reference in the bottom row), while the green lines show the updated cutoffs after
increasing correlation. As correlation increases, cutoffs decrease, allowing more students to be matched to their first
choice, as can be seen from the plots of the marginal distributions (top and right of each plot). The impact differs
between groups since Group 1’s priority score distribution changed while Group 2’s remained the same; for the former

less students are above either cutoff, while for the latter the overall change is entirely beneficial.

2. Setup
We introduce the college admissions problem with a continuum of students and correlated priority
scores, formalize the notion of correlation, and introduce the supply and demand framework to

identify stable matchings. A table of notation is provided in Appendix A.1.1 for convenience.
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2.1. Model
A finite set of m colleges C = {C*,...,C™} and a continuous set of students S with unit mass,
endowed with a measure 7, need to be matched.* Colleges have respective capacities (a!,...,a™) =

a € (0,1)™, which represent the maximal mass of students each can admit, and we assume that
capacity is constrained, i.e., > o' <1, using the notation [k]:={1,2,...,k} for k € N. The set of
students S is divided into d der[(r)nl]lps Gi,...,Gg4, with a mass v; € [0, 1] of students belonging to G;,
such that Z?:l 7; = 1 and each student belongs to exactly one group.® Define the vector 7 := (7;)e(a-
Let G(s) be the group student s € S belongs to.

Each student has strict preferences over colleges: when student s prefers college C' to college C’,
we write C' =, C". Preferences can also be represented by a permutation o € 3([m]), where ¥([m]) is
the set of all permutations of m elements, and o (1) represents the favorite college and o(m) the least
favorite college. In group G a share 37 € (0,1) of students has preference list o (with the share thus
depending on the group).® We assume that each preference list is used by a non-zero mass of students,
and that all students prefer attending some college to remaining unmatched. Let 8; = (5;’ )oes(im])
and 8 = (ﬂj)je[d]-

Each college assigns a priority score to each student, and the higher the priority score, the better
the student’s evaluation. Thus, each student s is assigned a vector of priority scores (W},...,Wm™).
College C" prefers s € S to s if and only if W! > W/,. The (marginal) distribution of priority scores
W given by college C* to students in G; is described by a probability density function” (pdf) f

=jr7J

defined on the support I} C R, assumed to be an interval (L,1)).8 Let I; =[] I'. Denote by F7 the
i=1

cumulative distribution function (cdf) associated with f;. Let f = ( f;);ee[[’;i] be the set that contains

all the information on the marginal priority score distributions.

Differential correlation. Consider the joint distribution of the vectors (W}

s

L WM. A joint
distribution can be characterized by its marginals, i.e., the distribution of each component of the
vector, and the shape of the joint distribution, captured by a coupling function, called copula. A
copula is a cdf over [0,1]™ with uniform marginals. Sklar (1959) shows that any joint distribution

can be decomposed into (independent) marginals and a unique copula.

4 The formal definition of the measure is deferred to Online Appendix A.1.2.

5 Note that while this assumption is common, a recent literature has shown the importance of considering intersectional
groups, e.g., the intersection of ethnic and sexual identity (cf., e.g., Carvalho and Pradelski 2022, Molina and Loiseau
2022, Carvalho, Pradelski, and Williams 2025). We consider the extension to intersectional groups an interesting
avenue of future research in the matching setting.

6 Notice that B7 is a share that is conditional on the group, and not a mass: n({s € G;:0: =0}) =v;57.
" This implies that ties happen with probability zero.

8 The bounds of this interval can be finite or not.
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Sklar (1959, Theorems 1, 2, and 3) Let F' be an m-dimensional cdf with marginal cdfs

F',...,F™. Then there exists a unique m-dimensional copula H :[0,1]™ — [0, 1] such that

F(z',...,a™)=H(F'(2"),...,F™(x™)).

m

Conversely, for any m-dimensional copula H and any set of I1-dimensional cdfs F',... , F™,
F(z',....,2™)=H(F'(z"),...,F™(z™)) is an m-dimensional cdf with marginals F*,... F™.

The priority score vector of each group GG; can then be represented by its marginals and a unique
copula H;. We consider a family of m-dimensional copulas (Hy), o (© being an interval of R) such
that, for all j € [d], there exists a parameter 6; € © such that Hy, is the copula associated with G;’s
distribution; i.e., Hy, = H; (such a family always exists by Sklar 1959). This feature of the model
allows us to vary the shape of the joint distribution without changing the marginals; this is crucial
to model correlation and isolate its effects. We see this as our principal modeling contribution.

Figure 3 provides an example, showing the Gaussian copula family with covariance used as param-
eter 6.

Denote by 6 := (6;) e[ the vector that contains the parameter for each group. Note that each group
has a different 6; and thus a different joint distribution, in addition to possibly different marginals.
With some foresight to the explanations provided in Section 2.2, we call this feature of the model
differential correlation.® Finally, we assume that all copulas in (Hy), co have full support over [0, 1]™.
We write f;, and Fjp. for the joint multivariate pdf and cdf of group Gj.

Given a family of copulas (Hp), o, wWe refer to the tuple (v,8,a, f,0) as a college admissions
problem. Notice that so far, we only assume that distributions admit a density and have full support.
This model allows each group to have different marginal distributions at each college. However, we
implicitly assumed that priority scores were independent of preferences within each group; this is a

loss of generality, but it can often be overcome.®

2.2. Correlation and coherence
The purpose of our model is to use # as a proxy for correlation of rankings, rather than some specific
functional form. However, all classical measures of correlation are defined for couples of variables, and

there is no standard generalization of the notion of correlation to vectors of higher dimension. We

9 This is in the spirit of the notion of differential variance studied in Emelianov, Gast, Gummadi, and Loiseau (2022)
and Garg, Li, and Monachou (2021).

107f the independence assumption is not verified, it might be recovered in some cases by subdividing the groups. For
example, if the two groups are men and women, and there are two tiers of students, good and bad, with the preferences
distribution depending on the tier, then we can divide the existing groups by tiers and obtain four groups within
which priorities are independent of preferences. More generally, the independence assumption can be recovered as
long as there exists a finite subdivision of the initial groups such that preferences and priority scores are independent
within each newly defined subgroup.
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Figure 3 Gaussian copula and joint distributions for two colleges.
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Note. The columns represent the priority score distributions for different correlation levels. The z-axis represents the
priority scores assigned by college C!, and the y-axis represents the priority scores assigned by college C?. The top
row illustrates the Gaussian copula for five different correlation levels €, demonstrating how correlation influences
the dependence structure between priority scores. The bottom row presents the corresponding joint distributions
of priority scores, assuming standard Gaussian marginals for both colleges. The color shading indicates density,
with darker shades representing higher probability density. As correlation increases, the distribution shifts toward
alignment along the diagonal (higher correlation) or anti-diagonal (negative correlation), meaning that a student’s
ranking at one college becomes more predictive of their ranking at another. The marginal distributions of priority

scores at each college are shown along the top and right edges of each plot.

employ the notion of coherence, that ensures that 0 is aligned with classical measures of correlation
for two colleges (m = 2), and still encompasses the intuitive idea of correlation for more than two

colleges (m > 2).

AssuMPTION 1 (Coherence). We say that the family of copulas (Hg),.q is coherent if for all

x€(0,1)™, Hy(x) is increasing in 6 on ©.

When m = 2, coherence induces an equivalence between # and two classical ordinal correlation
measures; using Scarsini (1984), we can show that Spearman’s and Kendall’s correlation coefficients
are increasing functions of # (cf. Online Appendix A.2 for a further discussion). The Gaussian copula
depicted in Figure 3 is an example of a coherent family. When 6 = 0, the variables are independent;
when 6 is positive, the joint distribution gets closer to the diagonal x = y; and when 6 is negative,
the joint distribution gets closer to the diagonal y = —z.

Finally, we introduce a technical assumption that will be required for some of our results, especially

when considering comparative statics in . Denote by O the interior of ©.
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AssumpTION 2 (Differentiability). We say that the family of copulas (Hy),.o is differentiable
if for all z € (0,1)™ and for all § € ©, Hy(x) is differentiable in the variable 0.

The coherence and differentiability assumptions are not particularly restrictive; for instance, the
Gaussian copula (with covariance chosen as ) verifies them, and so do other commonly occurring
copulas (cf. discussion on distributional assumptions in Online Appendix A.3). Moreover, our model
nests the setting where students are assumed to have an—unobserved—Ilatent quality and decision-

makers only observe a noisy measurement (cf. Appendix B.1).

2.3. Stable matching and the supply and demand framework
We now introduce the key elements of matching theory used throughout the paper, following Azevedo
and Leshno (2016).'*

DEFINITION 1 (MATCHINGS, CUTOFFS, AND STABILITY).

o A matching p: S — CU( is a mapping associating each student to a college, or to the empty set
if they are unmatched, such that n(u=1(C")) < ' for all i € [m].

o For a matching p, for all i € [m], let P*:=inf{W!: u(s) =C"}, be the cutoff of college C".

o A matching p is stable if each student s is matched to their favorite college among those for
which their priority score is above the respective cutoff, i.e., W? > P

Given a cutoff vector P = (P! ..., P™), let D,(P) € CU® be the demand of student s, i.e., their
favorite college among those where their priority score is above the respective cutoff (or the empty
set if there is none). The aggregate demand at college C* is the mass of students demanding it:
DY(P)=n({s: Ds(P) =C"}). Finding a stable matching then amounts to finding cutoffs such that
demand is equal to supply, the latter being the capacity of each college.

DEFINITION 2 (MARKET-CLEARING). The cutoff vector P is market-clearing if for i € [m],
D'(P) <o, with equality if P* > ?e%}l;

A cutoff vector is therefore market-clearing if it induces a demand that is equal to colleges’ capac-
ities when they reach their capacity constraint and lower for colleges that are not full (P*= grelm I ;
means that C* rejects no one, and therefore is not full). When the constraint is reached in all colleges,
Le., when 37 a’ < 1, the system

e D(P)=a (1)

is called the market-clearing equation, and the corresponding market-clearing cutoffs can be computed
by solving the equation.

The following results from Azevedo and Leshno (2016) establish the link between market-clearing

cutoffs and stable matchings (for an illustration, see Online Appendix A.4).

1 For further details on matching theory and the deferred acceptance algorithm, see Online Appendix A.5.
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Azevedo and Leshno (2016, Lemma 1, Theorem 1).'? For any college admissions problem
(7.8, f,0):

1. A matching p is stable if and only if the associated cutoff vector P is market-clearing.

2. There exists a unique stable matching.
This result allows us to study stable matchings in the college admissions problem through the unique
cutoff vector P(0) associated with it.'> We study P as a function of @ since we assume all other

parameters to be fixed.

3. Welfare metrics and preliminary results
In selection problems, inequalities between groups are measured by the proportion of admitted candi-
dates in each group. In a matching setting, the situation is more complex; the proportion of students
who get one of their top k choices is a relevant metric for all k£ € [m], and some group might be
advantaged compared to another for some k, while being disadvantaged for another k’.
DEFINITION 3 (RANK FUNCTIONS). Let @ be a correlation vector. In the matching induced by
0, let Rank(s) be the rank of the match of student s in their preference list, e.g., Rank(s) =1 means
that s got their first choice. For any k € [m], let

n({s €S :Rank(s) <k,s€G;,0,=0})
V387

RY7(8) :=P(Rank(s) < k|s € Gj,0,=0) = (2)

be the proportion of students from group G; with preferences o who get one of their top £k choices.

For example, le-’” (@) is the relative mass of students who obtain their first choice among those in
group G; who have preferences o, or equivalently, it is the probability of a randomly drawn student
obtaining their first choice conditionally on belonging to G; and having preferences o. Note that we
condition on preferences to isolate the effect of differential correlation from differences in preferences.

The rank metrics can be easily computed from the cutoff vector, as shown in Online Appendix A.5.

PROPOSITION 1. If two groups, G;,G,, have the same marginal distribution at college C*, then
for students whose first choice is college O, the probability of obtaining this college is the same for

both groups, i.e., RJI-’U =R,”.

12 Note that the original theorem specifies conditions on the distribution of students’ types, such as being continuous
and having full support, which hold in our definition of a college admissions problem. The result stated here is thus
a special case of the theorem as stated in Azevedo and Leshno (2016).

13 Azevedo and Leshno (2016) further show that the stable matching varies continuously in the parameters of the
problem and that the set of stable matchings from a college admissions problem with a finite number of students
converges to the unique stable matching of the continuum problem with the same parameters. The latter result
justifies the approximation of large finite instances by their limit. For a better approximation of markets with a small
number of students, Arnosti (2022) proposes a related framework.
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The proof is provided in Online Appendix C.1.'* Proposition 1, though simple, is an important
property of the model. If two students prefer the same college, then their probabilities of obtaining
it only depend on their respective groups’ marginals and not on their correlations; thus, differential
correlation has no effect on this metric.

Another metric of interest is the proportion of students who remain unmatched, which is the

complement of the proportion of students getting one of their top m choices:
0,0 . m,o
R7(0) .:P(,u(s):®|SEG]-,US:U):1—RJ- (0) (3)

We can derive a simple yet important result.

PROPOSITION 2. The probability that a student remains unmatched depends only on their group
and is independent of their preferences, i.e., for all j,0,0’, R?’U(B) = R?’”I(O). Moreover, the total

mass of unmatched students is constant in the correlation of any group and is equal to 1 — > at.
i€[m]

The proof is provided in Online Appendix C.2.'> With Proposition 2 at hand, we use the notation
R? since these quantities do not depend on the preferences of the students. For all the metrics we
defined, when there is no ambiguity, we also omit the dependence on € and write R?"’ and R? instead.

We next define two global metrics, i.e., metrics that are not conditioned on the groups and pref-
erences of students.

DEFINITION 4 (EFFICIENCY AND INEQUALITY). For @ € ©¢ and pg the induced stable matching,
define the efficiency F(0) of a matching as the proportion of students obtaining their first choice, and
the inequality L;,(0) between two groups, 7,/ € [d] as the difference in the probability of remaining

unmatched between those two groups:

E(6)=n({s €5 po(s) = C™}) ()
L;0(8) = |R}(6) ~ R}(6)|. (5)

We sometimes focus on these metrics as they represent the two extremes, getting one’s first choice
or not getting admitted at any college, and are thus arguably of particular importance. Also, note
that when there are only two colleges, efficiency and inequality fully capture all rank metrics defined
above.

Before we turn to our main results concerning the impact of correlation, we characterize the impact

of marginal distributions on our metrics.

14 Note that Proposition 1 remains valid when capacity is not constrained, i.e., Z at>1.

i€[m]
15 Note that the statement of Proposition 2 is only true because we have assumed throughout that students prefer
any college over staying unmatched. Otherwise, students with a short preference list would have a higher probability
of staying unmatched than those with a long preference list.
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PROPOSITION 3. Suppose the priority score distributions of group G; first-order stochastically
dominate those of group G, at all colleges'® and correlations are equal (0; =0,). Then, group G;
is favored, that is, R?"’ > Ry for all k € [m] and all o € X([m]) and there is positive inequality,
L;,>0.

The proof is provided in Online Appendix C.3. This proposition shows that differences in the
marginal distributions create inequalities between students in the probability of being matched, but
also in the probability of getting a top k choice, for all k. Marginal distributions impose a baseline
level of inequality that will be increased or mitigated by differential correlation, as we shall see in

the following section.

4. Main results

We consider college admissions problems where the group sizes (), the colleges’ capacities (a),
the students’ preferences (), and the marginal priority score distributions (f) are fixed and study
the impact of the correlation, @, on the stable matching. Section 4.1 contains general comparative
statics, and Section 4.2 examines tie-breaking. We assume that Assumptions 1 (coherence) and 2

(differentiability) hold. Finally, the results presented here rely on an additional, crucial assumption.'”

AssumPTION 3 (Decreasing cutoffs). For fized parameters v, 8, a, f, we say that decreasing
cutoffs holds if for all @ € ©¢, for all i € [m], for all j € [d], the cutoff P'(0) decreases when 0,

increases.

We show in Section 4.3 that this assumption always holds for two colleges and holds for more
than two colleges under common symmetry assumptions on preferences and capacities from the
literature. Moreover, we show through simulations that our results remain qualitatively valid across

the parameter space.

4.1. Comparative statics
We first consider how the efficiency of the matching varies when changing the correlation for one

group.

THEOREM 1 (Efficiency is increasing in correlation). Suppose Assumptions 1, 2 and 3 hold.
For all k € [m] and all preferences o, for j € [d],
1. the proportion of students in group G; with preferences o who obtain one of their top k choices,

Rf’”, is increasing in all the other groups’ correlations 0, for £+ j, and

' This means that F} < F} for all i € [m].

17 Recall also that we assume that capacity is constrained, which is needed for our results. See Appendix B.2 for a
result on unconstrained capacity.
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2. the proportion of students in group G; with preferences o who obtain their first choice, le-’”, 1
also increasing in G;’s own correlation 0;.

Consequently, the global efficiency E(0) is increasing in all components of 6.

Proof. Lemma 4 in Online Appendix A.6 states that P(0) is of class C'.'®* Moreover, under
Assumption 3 the cutoffs are decreasing in all §;. Since Rf’” = Pj’gj(WU(l) >peMy...uwetk >
PN if 9, increases for £ # j, the distribution P, does not change but all cutoffs decrease,
therefore R?"’ increases. If 6; increases, since R;'7 =P;(W® > P?MW) we can conclude with the
same argument. Moreover, E is a convex combination of all the R}’U and therefore is also increasing
in all 6,. ]

Theorem 1 implies that generally the outcome improves as correlation increases. In particular,
students from a given group always benefit from an increase in correlation in other groups. However, if
one’s own group’s correlation increases, this is only guaranteed to be beneficial in terms of admittance
at one’s favorite college, because the mass of its priority score distribution accumulates below all
cutoffs. This can be observed by going back to Figure 2. Finally, note that Theorem 1 also provides
insight into the impact of correlation on the efficiency of a matching without groups (i.e., only one
group).

We next consider how the inequality of a matching varies when changing the correlation for one
group. Recall from Proposition 2 that the probability that a student remains unmatched is indepen-

dent of their preferences, and thus we consider Rg-).

THEOREM 2 (Low-correlation groups are advantaged). Suppose Assumptions 1, 2 and 3
hold. For j € [d], the proportion of students in group G; remaining unmatched, R?,

1. is decreasing in 0y, for all £ # 7, and

2. is increasing in G;’s own correlation, 0; .
Consequently, the inequality between any two groups £ # j, L; (0), decreases in the correlation of the

group with the lower rate of unmatched students and increases in the correlation of the other group.

Proof sketch. Fix ¢ € [d]. We show that the R? are increasing in 6, for j # ¢ using Assumption 3
(decreasing cutoffs). We then use the fact that total capacity is constant to deduce that R? has to be
decreasing in 6, to compensate for the others. The complete proof is provided in Online Appendix

CA4.

8 This is not necessarily the case if 8 is not in the interior of ©¢. However, since the Rf’” are continuous, they are
still increasing over the whole interval ©.

19 The notation IP; 0, denotes the probability distribution of priority scores of group G;, with correlation ;.
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Theorem 2 implies that, ceteris paribus, a group’s students are more likely to be matched when
having low correlation. This is the case because an “independent second chance” is preferable to
“carrying over the bad signal from previous rejections”. Since a given group’s students are more likely
to be matched as their correlation decreases, and capacity is limited, it follows that all other students
become less likely to be matched. Consequently, inequality decreases when the correlation of the
group with the lower proportion of unassigned students (that is, the better-off group) increases or
when the correlation of the group with the higher proportion of unassigned students (that is, the
worse-off group) decreases.

Note that the effect of one’s own group’s correlation on obtaining a match other than one’s favorite
college (but not remaining unmatched) is neither covered by Theorems 1 and 2; the effect is not
monotone in correlation and depends on the other parameters of the college admissions problem.

Theorem 2 also allows us to formulate a corollary relating the inequality from different marginal

distributions to the inequality from differential correlation.

COROLLARY 1. Suppose Assumptions 1, 2 and 3 hold. If groups G; and G, have the same
marginals, R? < RY if and only if 0; <0,. If G; first-order stochastically dominates G, at all colleges,
for any fized 0,, there exists 6 >0, such that R? < RY if and only if 0; < 0, i.c., the inequalities from

different marginal distributions and from differential correlation are cumulative.

Proof. If marginal distributions are equal, and 6, = 6, there is no inequality. As ¢, increases the
proportion of unmatched students increases for GG, and decreases for G; by Theorem 2, proving the
first part. If G first-order stochastically dominates G, at all colleges, and 6; = ,, Proposition 3 states
that the inequality is in favor of GG;. By Theorem 2, a decrease in 6; further increases inequality,
while an increase in 6; decreases the inequality until it reaches zero (if it does), then the inequality
is reverted. 0

Corollary 1 shows that the proportion of unmatched students is higher in the higher-correlation
group, even with identical marginals. This proves the existence of inequalities specific to matching
problems. Indeed, even when the rankings of each college are “fair”, i.e., all groups are represented
at all levels of each college’s ranking in the same proportion as in the applicant population (which
is equivalent to saying that all groups have the same marginals), inequality exists due to differential
correlation. This finding contrasts with Proposition 1, which states that with identical marginals, the
proportion of students who get their first choice is the same in all groups (conditional on preferences).
The second part of Corollary 1 considers the case when marginals are different; hence, there is some
“baseline” inequality when both groups have the same correlation. When the group with the higher

marginal distribution also exhibits lower correlation, inequality increases further. Conversely, if it
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exhibits higher correlation, inequality is reduced and might even be reversed when the correlation
gap becomes large.

So far, we examined efficiency and inequality separately. The following proposition describes their
interaction. Specifically, different correlation vectors @ can lead to the same efficiency, while inducing
different levels of inequality between groups. This shows that differential correlation has a distinct

impact on efficiency on one hand and on inequality on the other.

PROPOSITION 4. Suppose Assumptions 1, 2 and 3 hold, and let 6 € ©4.

1. There exists a continuum? of correlation vectors that achieve a given efficiency. Formally, the
set of vectors @' such that E(0") = E(0) is a connected hypersurface of dimension d—1.%*

2. Fizing efficiency, correlations are substitutes, i.e., for any two groups G;,G,, there exists an
interval U = [0,0] and a decreasing function ¢ : U — © such that 0, = ¢(0;) for all 6; € U.

3. Owver the graph of ¢, R is minimized at (0,(0)) and mazimized at (0,6(0)). Moreover, there

is a unique 0 € U such that (é, ¢(§)) minimizes inequality L; ,(6).

Proof sketch. We combine Theorem 1 with the implicit function theorem. For point 1, we fix the
efficiency, arbitrarily choose some 6; and express (6;),; as a function of 6;, the graph of this function
is a connected hypersurface. For point 2, we do the same, but this time we only express one specific 6,
as a function of ¢;. Finally, point 3 is obtained by applying Theorem 2 to this function. The complete
proof is provided in Online Appendix C.5.

Beyond the intuition that correlation favors efficiency, Proposition 4 provides a precise insight into
the relation between efficiency and inequality and the trade-off between the two. The first part states
that, in general, there are infinitely many correlation vectors achieving the same level of efficiency.
The second part considers the comparative statics between two groups. Fixing the efficiency, the
correlation parameters behave as rival goods. As the correlation increases for one group, it necessarily
decreases for the other group. Using Theorem 2, the third part of Proposition 4 states that this
dynamic also implies that the proportion of unmatched students increases in the first group and
decreases in the second; therefore there is a unique point minimizing inequality.

Figure 4 shows the levels of efficiency (left panel) and inequality (right panel) for two groups and
two colleges with Gaussian distributions as functions of the correlation parameters 6y, 65. On the left
panel, the level lines show the decreasing relation between 6; and 6, when FE is kept constant. On the
right panel, following these level lines, observe that inequality is maximized when the gap between
0, and 6, is maximal, and minimized on a line located on the right of the diagonal 8; = 6, due to the
fact that group G, first-order stochastically dominates group G, as predicted by Corollary 1.

20 Unless @ = (inf©,...,inf @) or (sup©,...,supO), in which case it is a singleton.

21 1n this context, a connected hypersurface is defined as the graph of a continuous function from ©¢~! to ©.
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Figure 4  Variations of efficiency (E) and inequality (L).
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Note. Ilustration for two colleges and two groups, with bivariate Gaussian distributions (mean = (0, 0) for G1, (0.2,
0.2) for Ga, variance = 1 for both) and 61,602 chosen as each group’s covariance. Other parameters: o' = o = 0.25,
Y1 =v2 = 0.5, B12 = P21 = 0.5. Left: The surface shows the efficiency and the level lines indicate constant efficiency

(also projected to the bottom of the figure). Right: The surface shows the inequality.

4.2. Tie-breaking

A recent literature has studied the impact of tie-breaking rules on school choice problems, which is
a special case of our model where colleges do not have preferences over students (or, equivalently,
are indifferent). In this section, we extend some of the prior results and discuss the relation to the
literature.

In a tie-breaking problem, colleges partition students into priority classes. Students belonging to
the same priority class at some college are assumed to have the same priority at that college; however,
due to limited capacity, the college might need to choose between them. To achieve this, colleges use
a random ranking of students to which they refer each time they need to choose between students
from the same priority class; this random ranking is called tie-breaker.

A natural question that has been actively studied in recent years is whether there is a difference in
students’ welfare if colleges all use the same tie-breaker (called a single tie-breaker, or STB) instead of
each producing an independent tie-breaker (called multiple tie-breakers, or MTB). Ashlagi, Nikzad,
and Romm (2019), Ashlagi and Nikzad (2020), Arnosti (2023) show—with slightly different models
and assumptions (and among other results)—that when the total capacity of colleges is lower than
the number of students, then students are better off under STB than under MTB. To ease the
comparison, we restate their results in a simplified form.

Ashlagi, Nikzad, and Romm 2019, Main Theorem: Suppose that students’ preferences are drawn
uniformly at random, there is only one priority class (the whole ranking is random), and the number

of students is close to the number of seats; then, for any fixed k, the fraction of students matched to
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one of their top k choices approaches a positive constant under STB, but approaches 0 under MTB
as the market gets large.

Ashlagi and Nikzad 2020, Theorem 3.1: Suppose there is one slot per college, students’ preferences
are drawn uniformly at random, there is only one priority class, and there is capacity shortage; then,
with high probability, the fraction of students matched to one of their top k choices is higher under
STB than MTB for all k.

Arnosti 2023, Theorem 2: Suppose there is only one priority class, students’ preferences are drawn
uniformly at random, and students do not have to list all colleges. Then, there exists a threshold
£ such that for k </, students who list k colleges or more have a higher chance of getting a top k
choice under STB than MTB, and for k£ > [ it is the opposite. In particular, the number of students
getting their first choice is higher under STB.??

Our model, compared to prior work on tie-breaking, allows for any number of priority classes,
intermediate levels of correlation or even negative correlation, and several groups of students with
differently correlated tie-breaking rules. Intermediate correlations can arise in tie-breaking if, for
example, student characteristics are introduced into rankings to break ties, e.g., sibling priority
(Correa et al. 2022). This is commonly done to render algorithms more deterministic, and thus
explainable. Consider sibling priority; ceteris paribus, a student who enjoys sibling priority at one
school exhibits lower correlation between the priority scores at this and any other school than without
sibling priority.

To this end, let (Hy) be a family of copulas such that # = 0 gives independent random variables

0co
and 0 =1 gives fully correlated variables. Define the 8-TB as the tie-breaker drawn according to
Hy. Thus, MTB corresponds to § =0, and STB corresponds to § = 1. Moreover, we can assume the
existence of several groups with different values of 6.

Let there be a continuum mass of students and assume that students prefer any college over being
unmatched. Suppose that each college C* has 7" priority classes {Q7,..., Q% }, each student belongs
to a product of priority classes (one for each college), and all products of priority classes contain a
positive mass of students from each group. Furthermore, suppose that the students are divided into d
groups, such that the 6,-TB is used for group G;. Define the group sizes (7), the colleges’ capacities

(o), and the students’ preferences (8) as before. Finally, assume that Assumption 3 (decreasing

cutoffs) holds on the interior of each product of priority classes.

22 Note that this also implies that there are more unmatched students overall under STB than MTB, which means
that STB does not dominate MTB. However this is due to students not listing all schools. In our model, we assume
that students list all schools and therefore the global mass of matched students does not depend on the correlation
or choice of tie-breaker.
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PROPOSITION 5. Suppose Assumptions 1, 2 and 8 hold. Then, in the school choice problem
described above, for any { € [d], the metrics R?’” (for all j # 0, k€ [m]), Ry, and the efficiency E,

2 and always increasing if there is only

are almost surely increasing in 0, (and otherwise constant),
one priority class.

Inequality between two groups, L;,(0), is non-decreasing in the tie-breaker correlation of the group
with the higher proportion of unassigned students and non-increasing in the other group’s tie-breaker

correlation.

Proof sketch. We build a distribution family that encompasses the priorities of students at each
college, accounting for priority classes and tie-breakers, such that MTB and STB correspond to
0 =0 and 0 =1, respectively. The distribution obtained, while complex, still satisfies most of the
assumptions required by our model; with some adjustments, we are able to apply Theorems 1 and 2
and conclude. The proof is provided in Online Appendix C.6.

This result shows that increasing the correlation of tie-breakers, for one or several groups, increases
the proportion of students who obtain their first choice in all groups, as well as the proportion who
obtain one of their top k choices in all groups except the one whose correlation increased. Moreover,
it also shows that a policy-maker who is able to change the correlation of tie-breakers for some groups
can use it to mitigate inequalities between groups.

Proposition 5 is in some regards more restrictive than the results from the literature pre-
sented above, because it requires decreasing cutoffs and that students prefer any college over being
unmatched. It also does not prove that STB matches more students to one of their top k choices
than MTB for k£ > 1, but it is worth noting that the aforementioned results rely on stronger assump-
tions to do so. On the other hand, it is more general in other regards, as already discussed above:
Proposition 5 allows for several priority classes, does not require students’ preferences to be uni-
formly distributed, accommodates for several groups with different tie-breaking rules, and allows for
intermediate tie-breaking rules that interpolate between MTB and STB, as well as for negatively

correlated tie-breaking rules.

4.3. The decreasing cutoffs assumption

We explore the conditions under which Assumption 3 (decreasing cutoffs) holds, since it is required
for all the results presented in Sections 4.1 and 4.2. We first provide theoretical guarantees for specific
assumptions on the parameters, and then we show numerical experiments examining the results
across the parameter space.

23 More precisely, the set of vectors (v, 3, a) such that those metrics are constant in some ; has Lebesgue measure
0.
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4.3.1. Theoretical guarantees.

THEOREM 3. Suppose there are two colleges and the family of copulas (Hg),.q is coherent

(Assumption 1), then decreasing cutoffs always holds.

Proof sketch. By coherence, at least one of the cutoffs has to be decreasing. By contradiction, we
suppose that the other is not, and we show that the demand at some college is decreasing while it is
supposed to be constant and equal to the capacity of this college. The key element that is only true
for two colleges is the fact that P; 4 (W' < P',W? > P?) is decreasing in 6; due to the coherence
assumption. The proof is provided in Online Appendix C.7.

From Theorem 3, it follows that all the results presented in Sections 4.1 and 4.2 are always true
for two colleges. This observation allows to build intuition, since our results are easier to understand
and to illustrate for two colleges. In addition, it is straightforward to show that in a model where all
students prefer two colleges over all others, decreasing cutoffs holds for the two preferred colleges (see
Appendix B.3 for a formal statement). Such preferences appear in practice; consider, for example,
the universities of Oxford and Cambridge in the United Kingdom, Ecole polytechnique and Ecole
Normale Supérieure in France, or, departing from colleges, McKinsey and BCG among consulting
firms.

When there are more than two colleges, Assumption 3 holds under additional assumptions that
are common in the literature (cf., e.g., Ashlagi, Nikzad, and Romm 2019, Ashlagi and Nikzad 2020,
Peng and Garg 2024a), namely that colleges have identical capacities and students’ preferences are

uniformly distributed (i.e., Vj € [d], Vo € X([m]), B =1/m!).

PROPOSITION 6. Suppose Assumption 1 holds, all colleges have the same capacity, and student

preferences are uniformly distributed. Then decreasing cutoffs holds for any v and f.

Proof. Under the mentioned assumptions all colleges are identical; then, by a symmetry argument,
in the unique stable matching all cutoffs are equal. Since the coherence assumption implies that at
least one cutoff has to decrease, they are in fact all decreasing. U

By a continuity argument decreasing cutoffs holds when appropriately relaxing the assumptions of

Proposition 6.

COROLLARY 2. Suppose Assumptions 1 and 2 hold. Then, decreasing cutoffs holds on a subset of

positive measure of the space of parameters v, o, B.

Proof. By Lemma 4 (c.f. Online Appendix A.6), cutoffs are C* functions of €, and by Azevedo
and Leshno (2016, Theorem 2) they are continuous in all parameters -, a, 3. Therefore, for all
i €[m],j € [d],dP"/df; is continuous in (v, e, ), so it is negative in a neighborhood of the set of

points that verify the assumptions of Proposition 6. n
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4.3.2. Numerical Experiments. We perform numerical experiments to examine whether
Assumption 3 (decreasing cutoffs) and the results presented in Sections 4.1 and 4.2 hold beyond the
settings covered by Theorem 3, Proposition 6, and Corollary 2. Our experiments show that, while
the results sometimes fail, they remain qualitatively valid.

We analyze a broad range of parameter values for three colleges and two groups (and four colleges

and two groups in Online Appendix D.2). We model priorities via Gaussian copulas, with covariance
1086
matrix I'y = [ 6 1 § | and marginals distributed uniformly over [0,1]. We perform a grid search,

001
varying the group sizes (7), the colleges’ capacities (), the students’ preferences (3), and the

correlation of group G; (#;). Overall, we consider 324 different parameter combinations. For each
parameter combination we compute all cutoffs, P?, and ranks, Rf’”(e), as functions of #,. The list of
parameters used and the detailed results of the experiments for three colleges are provided in Online
Appendix D.1.

Cutoffs. We find that ca. 12% (38 of 324) of the scenarios considered do not exhibit decreasing
cutoffs throughout the range of 5. This shows that Theorem 3 does not generalize beyond two
colleges. Counterexamples occur when one college has significantly higher capacity and lower demand
than the others; then the cutoff of this college slightly increases when 6, moves towards 1. The increase
for high levels of 0, is orders of magnitude smaller than the overall decrease across the whole range.
This suggests that even when the assumption of decreasing cutoffs fails, the impact of differential
correlation will qualitatively be mostly aligned with our theoretical results. Figure 5 displays one of
those counterexamples, the shape of the cutoff that is not always decreasing is representative of all
counterexamples.

Ranks. The counterexamples that violate Assumption 3 also imply that our results do not generally
hold beyond two colleges. This is the case because when some cutoff P increases with 65, the same
reasoning used to prove Theorem 1 shows that the proportion of students in group G; who prefer
college O, and are assigned to it, decreases (R;, for preferences o such that (1) = ). However,
our results do not have implications for the variations of lower ranks. We consider the parameters for
which we found non-decreasing cutoffs, i.e., where our theoretical results do not hold, and compute
Ry for k € {1,2,3} and o = (312) (a preference profile for which we expect R}”” to not be increasing).
As expected, we find that R} decreases exactly where P? increases. We also find that out of the
38 counterexamples, R>° decreases slightly in only six instances, whereas it increases in the other
scenarios. One of those instances is shown in Figure 6. The amount of students who receive their first
choice decreases when 6, is high, as predicted, and the amount of students getting one of their top
two choices also decreases for even higher values of 6,.

Finally, note that, building on above counterexamples, it is straightforward to construct counterex-

amples where our results do not hold for any number of colleges. To this end, it suffices to take a
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Figure 5 Cutoffs as functions of groups 2’s correlation 6-.

09 — P
0.390
0.8 4
0.385 4
n 0.7 — p! n
& ‘ &
@) — p2? Q 0.380 4
= . =
S 064 — p3 1)
0.375
0.5
0.370 4
0.4
U?() ()T? 0?4 0?6 (]TS ljU ()T() 0?2 0?4 (]TG U?B l‘()
correlation correlation 6y

Note. On the left are the three cutoffs, and the right shows only cutoff P2, zoomed in. Parameters: three colleges,
two groups, each of size 1/2, preferences (1/2,1/16,1/4,1/32,1/8,1/32), 61 =1/3, and capacity (1/15,1/15,8/15).
The preference vector is to be read along the following ordering of permutations: (123,132,213,231,312,321).

Figure 6 Rank functions for students of GG, with preferences (312), as functions of groups 2’s correlation 6.
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Note. Parameters: three colleges, two groups of size 1/2, capacities (1/15,1/15,8/15), 61 = 1/3, and preference vector
(1/2,1/16,1/4,1/32,1/8,1/32). The preferences vectors are to be read along the following ordering of permutations:
(123,132,213, 231,312, 321).

counterexample with three colleges and add any number of additional colleges such that all students

prefer the original three colleges over the added colleges.

5. Related Literature

Matching. The college admissions problem, i.e., how to assign prospective students to colleges
given each student’s preferences and colleges’ priorities over students and capacities such that the
outcome is stable, was introduced by Gale and Shapley (1962). The variant of this model where
colleges do not have priorities over students is called the school choice problem (cf., e.g., Balinski

and Sonmez 1999, Abdulkadiroglu and Sénmez 2003, Abdulkadiroglu 2005, Ergin and Sénmez 2006,
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Yenmez 2013). The idea of considering a continuum of students and a finite number of colleges, as we
do in our model, has previously been exploited for various purposes due to its analytical tractability.
Chade et al. (2014) use it to compute students’ optimal application strategies when applications are
costly, and Abdulkadiroglu et al. (2015) to study a new and more complex tie-breaking rule for school
choice. Azevedo and Leshno (2016) provide the framework to compute admission thresholds that we
used in this paper to derive most of our results, and Arnosti (2022) proposes a framework for finite
markets using continuum techniques, that outputs a probability distribution for admission thresholds
and coincide with Azevedo and Leshno (2016) when the number of students grows to infinity.

Matching with correlated types. We study matching in the presence of correlation between the
priority scores given by each college to a given student. A special case of this problem has been
studied for school choice problems, where many students have the same priority and ties are broken
at random. The implications of this feature for students’ welfare have been studied by Erdil and Ergin
(2008), Abdulkadiroglu, Pathak, and Roth (2009) and Abdulkadiroglu, Che, and Yasuda (2015).
Most closely related and as discussed in Section 4.2, Ashlagi, Nikzad, and Romm (2019), Ashlagi
and Nikzad (2020), and Arnosti (2023) compare the welfare of students in two settings, i.e., that in
which either one common lottery is used by all colleges or all colleges draw independent lotteries.
In our model, this corresponds to a correlation of either 1 or 0, and our results nest some findings
of these prior papers. Another line of work has considered correlation between other features, e.g.,
between students’ preferences and colleges’ rankings (cf., Brilliantova and Hosseini 2022, Che and
Tercieux 2019 and Leshno and Lo 2020). Considering the use of copulas to model correlation, Gola
(2021) leverages this idea to study how workers sort into two competing sectors in a market with
transferable utility.

Fairness. The analytical study of fairness in selection problems goes back to at least (Phelps 1972,
Arrow 1973). In a recent influential study, Kleinberg and Raghavan (2018) study the effect of bias
and the efficiency of affirmative action policies.?* Emelianov, Gast, Gummadi, and Loiseau (2020,
2022) and Garg, Li, and Monachou (2021) study statistical discrimination. Candidates have a latent
quality, and the colleges or companies they apply to have access to only a biased or noisy estimator
of this quality that varies depending on their group, which is called differential variance. We depart
from those models by considering several decision-makers instead of one; that is, we consider the
matching problem instead of the selection problem. Studies on fairness in matching have consid-
ered various affirmative action policies, including upper and lower quotas, to reduce discrimination
(Abdulkadiroglu 2005, Kamada and Kojima 2015, 2024, Delacrétaz, Kominers, and Teytelboym 2023,
24 Recently, reducing outcome inequalities in ranking rather than in final selection has been actively studied, cf. Celis,

Mehrotra, and Vishnoi (2020), Yang, Loftus, and Stoyanovich (2021), Mehrotra, Pradelski, and Vishnoi (2022), and
Zehlike, Yang, and Stoyanovich (2022).
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Krishnaa, Limaye, Nasre, and Nimbhorkar 2022, Dur, Pathak, and Sénmez 2020). However, these
works focus on finding stable matchings under some constraints, accounting for different fairness
notions. In contrast, we aim to explain outcome inequalities that naturally occur in stable match-
ings without constraints. Finally, the inequity we identify is a source of systemic discrimination,
i.e., discrimination that arises only through the interaction of decision-makers—via the matching
mechanism—and is not due to intentional or non-intentional discrimination by single decision-makers
(for references on systemic discrimination see Pincus 1996, Feagin 2013, Bohren, Hull, and Imas
2025).

Individual fairness. All of the aforementioned studies consider what is generally termed group
fairness, that is, the idea that all (relevant) groups should be treated similarly. In contrast, individual
fairness posits that individuals with similar characteristics should be treated similarly. In this latter
spirit Karni, Rothblum, and Yona (2022) broke new ground, showing that an individually fair ranking
does not necessarily lead to an individually fair matching. This conclusion can also be drawn from
our results in the context of group fairness. Devic, Kempe, Sharan, and Korolova (2023) also consider
individual fairness and adapt the classical notion to incorporate agents’ preferences; i.e., they require
that similar agents be matched to a college in a similar position on their respective preference list.
Our work is concerned with group fairness; however, we note that if the quality of applicants is
similar in each group and the notion of individual fairness put forth by Devic, Kempe, Sharan,
and Korolova (2023) is fulfilled, then group inequalities are theoretically mitigated, which would
make Devic, Kempe, Sharan, and Korolova (2023)’s notion stricter. However, as noted by Fleisher
(2021), individual fairness is very sensitive to several biases that may make it insufficient to prevent
inequalities.

Algorithmic monoculture. Our work also contributes to the recent literature on algorithmic mono-
culture, i.e., the fact that recommendations, choices, and preferences become homogeneous with the
rise of algorithmic curation and analysis. Kleinberg and Raghavan (2021) study the utility of multi-
ple decision-makers who use algorithms to evaluate candidates. They show that decision-makers are
sometimes better off using different low-precision algorithms than when using the same high-precision
algorithm. In contrast, we focus on the impact of correlation on applicant welfare and, moreover,
introduce differential correlation between groups. Peng and Garg (2024a,b) recently study the impact
of correlation in rankings in a model in which the number of decision-makers grows large. In contrast,
our results hold in particular for a small number of decision-makers. Their findings on the impact of
correlation with many decision-makers show qualitative effects similar to ours. In further contrast to
Peng and Garg (2024a,b), the main focus of our analysis is on the impact of differential correlation
between groups. Finally, in empirical work, Bommasani, Creel, Kumar, Jurafsky, and Liang (2022)

find that outcomes are more homogeneous when models and training data sets are shared between



Castera, Loiseau, and Pradelski: Correlation in rankings in matching markets 25

decision-makers. Through our theoretical analysis, we thus elucidate the impact of algorithmic mono-
culture from the candidate’s viewpoint: while increasing correlation increases the efficiency of the

outcome, differential correlation may lead to increased inequality between different groups.

6. Conclusion

We have introduced a tractable model to study the impact of differential ranking correlation between
different groups and studied its effect on outcome inequality and efficiency in matching markets.
We have shown that efficiency generally improves as correlation increases; however, low-correlation
groups are advantaged with regard to not remaining unmatched. Differential correlation leads to
inequalities between groups, even when each college has a perfectly fair ranking. When there is
only one group, our results quantify the role of correlation in student satisfaction and efficiency.
Our framework can accommodate almost any priority score distribution, any number of groups with
different distributions and different student preferences, and any number of colleges of any capacity.
Although our results are most general when we limit ourselves to two colleges, they remain true with
additional assumptions for any number of colleges, and simulations suggest that they quantitatively
hold across the parameter space.

While our model can accommodate many extensions, our results required additional assumptions.
First, all results rely on the cutoffs being decreasing in the correlation, and we only analytically
proved this to be true in limited settings, i.e., for two colleges or for specific values of capacities and
preference distributions. Although our numerical computations indicate that this assumption holds
in the majority of cases, and our counterexample shows that it cannot be proven to always hold,
stronger theoretical guarantees could help to understand the domain of validity of our results.

In addition to further exploring the results within our model, there is ample scope to extend
our model, and thus explore features that are often relevant in practice. For example, candidates
may not list all colleges and have incomplete preferences, possibly due to application costs. This
is known to impact some results on stable matchings, and Arnosti (2023) shows that it breaks the
dominance of single tie-breaker over multiple tie-breakers, which implies that comparative statics
involving correlation of priorities are affected. Further, when decision-makers use noisy estimates
of applicants’ latent quality, interesting directions of future research include allowing applicants to
invest in accurate assessment, e.g., by acquiring certifications or participating in in-person interviews,
or considering the effects of risk aversion. Finally, we have not explored the effect of correlation on
the utility of colleges.

In conclusion, there is ample scope to study themes that have already been considered in sin-
gle decision-maker settings in the matching context. Our analysis suggests that in matching new

phenomena arise, which necessitate a deeper understanding.
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Appendix A provides definitions and technical results, Appendix B additional results omitted in the main

body, Appendix C omitted proofs, and Appendix D details on our numerical experiments.

Appendix A: Definitions and technical details

A.1. Definitions

A.1.1.

Notation Table 1 provides a summary of the notation used throughout the paper. In addition,

we use the following convention: bold letters are used for vectors, superscripts represent colleges’ indices or

preference lists, and subscripts represent groups’ or students’ indices.

Table 1 Notation
Agents:
ct,...,cm C Colleges and set of all colleges
s, S An arbitrary student and the set of all students
Gi,...Gy Groups of students, partition of S
n Measure over S

Agents’ features:

o, o College C? ’s capacity € (0,1) and vector of all capacities
Vi Y Mass of students in group G; € [0,1] and vector of all groups’ masses
o Permutation of colleges (represents preferences), € 3([m])
7, B Share of G; students with preferences o € (0,1) and vector of all the 57
Priority scores:
Wi Priority score at C? of student s
LELf Marginal pdf and cdf of college C* for group G; and vector of all marginal pdfs
(Hp)geo » (ho)geo Copula family and associated pdfs, indexed by 6
(C] Set of possible values for 6
0;, 0 Correlation level of group G; and vector of all correlations
fio;: Fe, Group G’s priority score vectors’ joint pdf and cdf, Fj, = Hy, (Fjl7 B
I, I Support of f; and f; ¢, respectively. I; = ]I[]I}
i€lm
[;,I;’ Lower and upper bounds of I]’
Matching and metrics:
L Matching
PP Cutoff of college C? and vector of all cutoffs
Rf’” Share of students of group G; with preferences o who get a top k choice
R? Share of students of group G; who remain unassigned
E Total mass of students getting their first choice
L, Inequality between G; and G, equal to |R? — RY|
A.1.2. Definition of the mass  Here we formally define the notion of mass for a subset of students.

This section is self-contained and is not necessary to understand the results of the paper; the notations
introduced here are not used elsewhere. We identify S to S:=R™ x {Gy,...,G4} x X([m]). We partition S
into several subsets: S;, = {(z,G;,0) € S: 2 € R™} is the subset of students belonging to group G; with
preferences 0. We say that a subset J C S is measurable if and only if for all j,0, J;, :={W :(W,G;,0) € J}

is Borel-measurable in R™. Let B(S) be the set of measurable subsets of S. We assume that to each group
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G, there is an associated probability measure P; : R™ — R. For all j,0 we define a measure 7, , as follows:
for J C S measurable,
.0 (J) =% B7P;(W € Jj.0). (6)
We define over B(8) the probability measure 1 : B(S) — [0,1] such that for any J € B(8),
W)= > mol]) (7)
Jeld] oex([m])
This definition is consistent with the notations introduced in the model, as it verifies n(G,;) =~;, n({s € G, :

o, =0})=";537 and so on.
A.2. Elements of correlation theory

In this section, we present common measures of correlation used in the literature, and some of their properties.
DEFINITION 5 (COMMON MEASURES OF CORRELATION). Let (X,Y) be two random variables with
respective cdfs F'x and Fy. Define:
1. Pearson’s correlation: assume X and Y have finite standard deviations ox and oy. Thenry y = %
2. Spearman’s correlation: let rkx = Fx (X) and rky = Fy (Y') be the quantile variables of X and Y. Then
Spearman’s correlation is px,y = Trky rky -
3. Kendall’s correlation: let (X7,Y7) and (X»,Y2) be two independent pairs of random variables with the

same joint distribution as (X,Y"). Then Kendall’s correlation is

Txy = P[(X1>XoNY1 >Y5)U(X; < XpNY; <Y3)] —
P(X:>XoNY <Y)U(X; < XoNY; >Y3)].

The covariance of the standard bivariate Gaussian is equal to Pearson’s correlation r. Moreover, for this

distribution simple expressions exist for the two other correlation coefficients:
6 ) 2 .
p = —arcsin(r/2),7 = — arcsin(r).
™ s

A correlation measure should be zero when variables are independent, and reach its maximum when the
variables are totally dependent on each other. The following lemma provides these properties for the measures

we just introduced.

LEMMA 1 (Scarsini 1984, Theorems 1, 4, and 5). Let X,Y be two real random variables.

1. rxy,pxy,Txy € [-1,1].

2. pxy =1 if and only if Y = g(X) with g:R — R increasing. The same holds for Txy. rxy =1 if and
only if the relation is affine.

3. If X and Y are independent, then rxy =pxy =T7x,y =0.

LEMMA 2 (Scarsini 1984, Theorems 4 and 5). Suppose m = 2, the family of copulas (Hy),.q is
coherent, and (X, Y}) is a random vector drawn according to Hy, then Spearman’s and Kendall’s correlation

coefficients p(Xy,Yy) and 7(X,,Ys) are increasing functions of 6.

Lemma 2 originally applies to all functions that verify a set of assumptions and that the authors call
measures of concordance. Assuming that (Hg),.q is coherent makes 6 a measure of concordance, which gives

the lemma as stated above.
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A.3. Discussion on distributional assumptions
We assume that priority score distributions admit a density and have full support over the product space
of the marginal distributions’ supports, and that they can be represented using a copula family that is
coherent (Assumption 1) and differentiable (Assumption 2). We show here that these assumptions are not
very restrictive by presenting canonical examples of classical copulas satisfying our assumptions (they are
given for m = 2 for simplicity but extend naturally to any m).

1. Gaussian copula: The Gaussian copula is obtained by composing the cdf ®, of a bivariate Gaussian with
cgl ¢ and the univariate cdf ¢ of the standard Gaussian: Hy(z,y) = ®a(d(2), ¢(y)).

1
Here, the parameter 6 controls the covariance. Notice that when m > 3, many choices are possible. We could

covariance matrix

set the covariance of every pair of colleges as 6, or only use 6 for one pair and keep a constant covariance
for all other pairs, or in between those two extremes have the covariance of each pair of colleges equal to a
(different) non decreasing function of 6, such that for any 6 at least one of those functions is increasing. All
those options give coherent and differentiable copula families.

2. Archimedean copulas: Archimedean copulas are a broad class of copulas, each member of this class

being itself a parametric family of copulas with a real parameter 6. The general formula is

Hy(x,y) = v ' (Yo(x) + o (y))

where ¢y : [0,1] — R, is a continuous decreasing and convex function such that ¢ (1) = 0. Examples include:
» Clayton: Hy(z,y) = (max{z~ +y~ 7 —1; O})_l/‘9
exp(—0z)—1)(exp(—fy)—
¢ Frank: H@(.’an) = —% log (]. + (exp( ech(lz(g)fg = 1)>

o Gumbel: Hy(z,y) =exp (—((— log(z))? + (— log(y))e)l/g)

Clayton’s, Frank’s, Gumbel’s and some other Archimedean copulas all satisfy our coherence and differen-

tiability assumptions.
The only assumption our model makes on the marginals is that they are continuous. This is not particularly

restrictive as long as there are no ties (see Section 4.2 for a treatment of ties).

A.4. Stable matching

We introduce elements of matching theory used throughout the paper. To define matching in a continuum
context, we follow Azevedo and Leshno (2016).

DEFINITION 6. A matching is an assignment of students to colleges, described by a mapping p:SUC —
29 UC, with the following properties:

1. for all s€ S, p(s) e CU{d};

2. for i € [m], p(C") C S is measurable and n(p~(C)) < o

3. C"=p(s) if and only if s € pu(C?);

4. for i € [m], the set {s €S : pu(s) <, C'} is open.

The first three conditions are common to almost all definitions of matching in discrete or continuous
models. Condition (1) ensures that a student is either matched to a college or to the empty set, which means
that they remain unmatched. Condition (2) ensures that colleges are assigned to a subset of students that

respects the capacity constraints. Condition (3) ensures that the matching is consistent, i.e., if a student
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is matched to a college, then this college is also matched to the student. Condition (4) was introduced by
Azevedo and Leshno (2016) and is necessary to ensure that there do not exist several stable matchings that
only differ by a set of students of measure 0.

We next define the notions of blocking and stability.

DEFINITION 7 (STABILITY). The pair (s,C?) blocks a matching p if s would prefer C* to her current
match, and either C? has remaining capacity or it admitted a student with a lower priority score than s;
formally, if u(s) <5 C* and either n(u(C?)) < o' or s’ € u(C*) such that Wi < W:. A matching is stable if it
is not blocked by any student-college pair.

This definition is the classical definition of stability, and is equivalent to the one provided in Section 2.3
based on cutoffs. To find a stable matching, one can extend the classic deferred acceptance algorithm by

Gale and Shapley (1962) to the continuum model. This algorithm is described in Algorithm 1.

Algorithm 1 Deferred acceptance algorithm (DA)

First step: All students apply to their favorite college, they are temporarily accepted. If the mass
of students applying to college C' is greater than its capacity a®, then C only keeps the a“ best
while A positive mass of students are unmatched and have not yet been rejected from every college
do

Each student who has been rejected at the previous step proposes to her preferred college
among those that have not rejected them yet

Each college C' keeps the best a“ mass of students among those it had temporarily accepted
and those who just applied, and rejects the others
end while
End: If the mass of students that are either matched or rejected from every college is 1, the

algorithm stops. However it could happen that it takes an infinite number of steps to converge.

If the algorithm stops, the matching it outputs is stable; Abdulkadiroglu, Che, and Yasuda (2015) show
that even when the number of steps is infinite, the algorithm converges to a stable matching.

REMARK 1. Note that stable matchings do not only result from centralized algorithms but are often the
result of a decentralized process (see, e.g., Roth and Vande Vate 1990).

Figure 7 illustrates the link between the cutoffs and the matching: students who prefer C! are admitted
there if and only if their priority score W' is higher than the cutoff P!. Otherwise, they are admitted to
C? if their priority score W5 is higher than P? and stay unmatched if it is not (left panel). The situation is

symmetric for students who prefer college C? (right panel).

A.5. Computing metrics

We provide expressions for the metrics introduced in Section 3.
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Figure 7 Cutoff description of stable matchings. Students in the hashed area are matched to college C*, those

in the dotted area to college C?, and those in the white area remain unmatched.

LEMMA 3. Let j€[d], k € [m], o € X([m]), 8 € ©¢, and P(0) be the cutoffs associated to the unique stable
matching. We have:

k—1
RE7(0) =P, ,, <W”(k) > P W (g)n (W0 < P““>(0))> : (8)
=1

The notation P; 4, is used as shorthand for Pw.y, , . Lemma 3 allows us to compare the satisfaction of
different types of students and derive comparative statics with respect to differential correlation.

Proof. Consider student s € G; who has preferences . By Azevedo and Leshno (2016, Lemma 1) (cf.
Section 2.3), s is admitted to C* which is their kth choice if and only if s € DY(P), i.e., if and only if they
pass the cutoff at C* and do not pass it at the colleges their prefer to C?. Since the grades of students from

group G are drawn according to Fjy,, we obtain Equation (8). |
A.6. Regularity of cutoffs and metrics
The comparative statics results presented in Section 4 often require the cutoffs to be smooth, and all the

metrics defined based on cutoffs as well. We prove here that they are.

LEMMA 4. If Assumptions 1 and 2 hold (coherence and differentiability), P(0) is a C* function over 64,

and so are R?"U, RJQ, E and Lj,.

Proof. The market-clearing equation (1) can be written as

S Y, B Py, ( N (WU(") < PU(")) AWeok) > Pa(k:)) —ot
j€ld]  k=1oex([m]) " \n<k
o(k)=1

m

2 > BiP, <ﬂ (W) < pomy o Zpo(k)) — o

jeld  k=1oex([m]) n<k
o(k)=m

We fix all 6; except for 6; for some j, and we want to study how the solution P(6) of the above equation

varies as a function of ;. Define T : R™ x © — R™, (P,6;) — (D (P(0))—a!,..., D" (P(8)) —a™). Denote



Castera, Loiseau, and Pradelski: Correlation in rankings in matching markets 35

by T%,...,T™ the components of T'. Then for any 6; € ©, the solution P of Equation (9) is also the solution
of the equation T'(P,f;) = Ogm (where xzgm denotes the vector (z,...,z) in R™). In order to show that
P! ..., P™ are all decreasing in 6;, we apply the implicit function theorem. Let P € R™ and 6; € © such that

T(P,0;) = Ogm. Function T is of class C' because (Hp)y g is differentiable. We first verify that the partial

Jacobian Jrp(P, ;) is invertible, where

arT?! aT!
oPT " 9pm
Jrp = ; : . (10)
o7 o™
oPT """ 9pm

To prove this, we show that no (non-trivial) linear combination of the rows of Jrp(P,6;) can be equal to

zero. We start by proving the following inequality:

vie{l,...m}, > or (11)

Note that T™ is a sum of probabilities of intersections containing terms of the type W? < P* for all i # n, and

W™ > P™. Therefore, for every i,n € [m],i #n, 6Pl - <0 and (ggl > 0. So proving the relation (11) amounts
to proving that for every i € [m], — gITDZ > a 57 The first term can be written as:

n#i

N (Wew) < pe@ynyetk) > PU(’@))

a]p,,e<
p<k
an_ Z DD wB? 55 . (12)

k=1 oceX([m]) Le[d]
o(k)=i

Notice that

Pez (ﬂ (WG(P) < PG(P)) N Wa(k) > PJ(k)) :Pé’e <ﬂ (WG(P) < PU(P))) _Pez <m (WJ(P) < PU(P))> (13)
p<k p<k <k
where the first term is constant in P? = P?®). We then deduce that
OP,, ( N (W) < pe@ypweok) > pv(k)> OP,, ( N (W < PU(P))>

p<k p<k

0P - opi (14)

Inserting the latter in (12) gives:

0Py, ( N (WP < prr(p)))
p<k
apl Z Z Z Y37 opi . (15)

k=1 oex([m]) te[d
o(k)=i

Now consider the terms in T™ for n # i:

ﬂ (Wo(p) < PO’(P)) AWek) > pok)

= apez ( )
<k
k=2 oex([m]) £€[d]

o(k)=n
o~ (i)<n

8PZ

The terms of T™ where P! does not appear are constant in P? and do not appear here, which is encompassed

in the condition o~'(i) <n in the second sum and explains why the first sum starts at k = 2. We want to
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ar™ _ _ aTt
prove that T < ~op

We can do so by comparing term by term what is inside the derivative on each

n#i
side (by linearity). Let o € X([m]), ¢ € [d], and consider the terms on each side of the inequality that have

B¢ as a factor. On the right side, we have

Py (| W®<p®)|. (17)

p<o=1(:)

14

On the left side, those terms exist only for k > o~1(i):
> Py, (ﬂ (Wem < prmy ok > P“<k>> . (18)
k>o—1(i) n<k

Consider the last term of the sum in (18), and upper-bound it by removing the last intersection:

PG@ ( m (Wa(n) < Pa(n)) AWem) > Pa(m)) <P92 < m (Wa(n) < Po(ﬂ))) ) (19)
n<m n<m

The penultimate term being
IP)GZ ( m (Wa(n) <Po’(n))mWU(m—1) > PO‘(W—I)) , (20)
n<m-—1

we can add those two to obtain

]P’(;g( N (W”(”)<P"("))>. (21)

n<m—1

We continue packing the terms together, and we finally obtain

Z Py, <ﬂ (W < prmy Aot > pa(k)> <Py, ﬂ (W) < po@)y | | (22)

k>o—1(i) n<k p<o—1(i)
which is the term associated to [7 in —g£ (cf. Equation (15)). We finally conclude that Vi €
f..m}, ¥ 2Z<o

We can now use this result to prove that Jrp(P,6;) is invertible. Let us call R := (g%,i) & the i-th row of

Jrp(P,0;). Assume that there exist A\*,..., \™, not all zero, such that Y A'R" = Ogm. Let ig € argmax \*. We

assume without loss of generality that A% > 0. Then on the io-th column, using the inequality from Equation

(11), we have

. OT? , T’
E % < \o

which contradicts Y A\* R = Ogm. We conclude that no non-trivial linear combination of the rows of Jr p (P, 6;)
can be zero, therefore it is invertible.

The assumptions of the implicit function theorem are verified, therefore there exists a neighborhood U C

R™ x © of (P,0;), a neighborhood V' C © of §;, and a C* function ¢ : V — R™ such that for all (z,0) € R™ x 9,
((z,0)eU and T'(2,0) =0) <= (0 €V and z =(0) ).

Applying this reasoning for every 6; € é, the function 1 is uniquely defined over each element of an open
cover of ©, and therefore is well defined on ©. Since this is true for all j € [d], we finally conclude that P(8)
is a C! function. All the other metrics are defined as the composition of the cutoffs with C' functions and

are therefore also of class C'. O
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Appendix B: Additional results
B.1. The latent quality plus noise setting
We here discuss the classical model where an (unknown) latent quality is observed with an added noise term
(cf. Phelps 1972, Emelianov, Gast, Gummadi, and Loiseau 2020, 2022, Garg, Li, and Monachou 2021). This
provides an example of how differential correlation can arise.

Assume that all students have a latent quality W, and their priority score Wi at college C* is the sum of

the latent quality and a noise term ¢ drawn independently at each college, that is,
Vse S, forie [m],/V[?LZ =W, +el.

Further, assume that the latent qualities of all students (independently of their group) are drawn from the

same Gaussian distribution, and that the noises are also normally distributed and depend on the group:
Vs eS8, for i € [m], W~ N(0,x?), €5 ~N(0,0%,))-

The fact that the noise’s variance is different for each group can be interpreted as colleges having different
accuracies when evaluating students from different groups. Consider two examples: First, G; could consist
of students from well-known high schools, which colleges can evaluate well since they have a lot of applicants
from there each year; and G5 could consist of students from unknown high schools, for which colleges do not
have a lot of prior information. Second, each group G; could consist of students from different demographic
groups, defined by sensitive attributes such as gender, ethnicity, or social class.

Suppose that colleges know each student’s group, and are aware of the difference that exists in noise
variance across groups. Further, assume that colleges implement equal opportunity policies, that is, ceteris
paribus the rank distribution of students must be the same for all groups.?® To do so while maximizing the
expected quality of admitted candidates, it is optimal for a college to not change the order of priority scores
within groups, but to only fit each group’s priority scores Wi to the same, standardized distribution. The

transformation that achieves this goal is the following

—
K3
W

T
X"+ 06

With these new standardized priority scores, the marginal priority distribution of each group is N'(0,1) at

Vs e S, for i € [m], I/IN/Z:

each college. The priority vectors then follow a centered bivariate normal distribution with variance 1 and a

correlation that is different between the two groups: formally,

Loree - Ta

W~ N | Oz, | 7660 : ,
: TG(s)
TGy TGy 1

%5 Without the equal opportunity assumption, colleges would compute the expected true qualities based on the
different variances for each group, see Emelianov, Gast, Gummadi, and Loiseau (2022), Garg, Li, and Monachou
(2021).
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with
2

TG(s) = m.
This setting satisfied the assumptions of our general model, and thus our analysis applies. Notice that this
is also the case for the priority scores W before renormalization, the difference being that in this case the
marginals are not identical. The parameter 6, for each group G; can then be chosen as —aéj, or 7g;, OT any
increasing function of one of these quantities.

Beyond this example, note that any priority score vector can be decomposed into an unknown latent

quality and the remainder, interpreted as noise. As long as the observed priority score vectors’ distributions

depend on a parameter so that they form a coherent family, our results apply.

B.2. Excess capacity

We explore a case where correlation does not play any role in the matching.

PROPOSITION 7. If for all pairs of colleges C*,C%", o' + o' > 1, then correlation has no effect on the

matching, i.e., P is constant in 0, and every student gets either their first or second choice.

Proof. 1If for all 4,7’ € [m], o' + o >1, at most one college is full. Because if two colleges were full, the
mass of students admitted to those two colleges would exceed the total mass of students. Assume college C? is
full, then students whose favorite college is not C* get their first choice independently of their priority scores,
and those who prefer C? get it if they pass the cutoff, otherwise they get their second choice. Therefore, the
demand at each college depends only on preferences and marginal distributions, not the correlation, and the

same holds for the cutoffs, and thus the matching. O

B.3. Two preferred colleges
Here we formalize the result mentioned in Section 4.3.1, where two colleges are preferred to all others, which
technically violates the assumptions of the model since we assumed that all preference lists are used by a

positive mass of students.

PROPOSITION 8. Assume that two colleges, say, C' and C?, are preferred to all other colleges by all
students.®® Further assume that the projection of (Hg),cq on its two first variables is coherent. Then there
exists a unique stable matching, P' and P? are decreasing, and all the results presented until now apply to

the college admissions problem obtained by restricting C to {C*,C?}.

Proof. Students only get matched to colleges C%,i > 3 if they do not pass the cutoffs at C' and C2.
Therefore, we can compute the matching on the restricted set of colleges {C?,C?}, then remove the matched
students and start again with the remaining colleges. As long as the projection of (Hpg),.o on the variables
associated to C! and C? is coherent, we recover Theorem 3, so their respective cutoffs are decreasing, and

all subsequent results apply to the reduced market {C*,C?}. O

26 By that we mean that the mass of students using a preference list o such that {o(1),0(2)} # {1,2} is zero.
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Appendix C: Omitted proofs

C.1. Proof of Proposition 1

The result follows directly by applying Lemma 3 and noticing that for k=1 only the marginal distribution
of the favorite college plays a role, not the joint distribution. Therefore, if groups G; and G, have the same
marginal at college C* (f; = f;), then for all ¢ such that o(1) =1, le-’” =R,”’. O
C.2. Proof of Proposition 2

It is sufficient to notice that R?’U =Pjo,( ﬁ W' < P") does not depend on the preferences to obtain the first
part of the lemma. The second part follolvffé from the fact that either there is excess capacity and everyone
is matched, or all colleges are full and the mass of matched students is the sum of the capacities. O

REMARK 2. The first part of Proposition 2 could also be derived from the strategy-proofness for students
of the student-proposing deferred acceptance algorithm (Roth 1985). Indeed, the fact that students cannot
improve their outcome by modifying the order of their preferences implies that them being unmatched or

not does not depend on their preferences.

C.3. Proof of Proposition 3
Let 0; =0, =0¢€ O, k € [m] and o € ¥([m]). The projection of H; = H, on coordinates {o(1),...,0(k)}
induces a copula H.

By Sklar’s theorem,
k
P, <ﬂ W Pa(l‘)) —H (1;*;7(1)(P<7(1))7 L 7F]f7(k)(Pa(k))) . (24)
i=1

Moreover, H is increasing in all coordinates. Therefore, since F < F} for all i € [m],

H (F']ff(l)(Po(l))’ e F;f(k) (Pa(k))) <H <F;(1)(PU(1)), o ,F;(k)(Pa(k))> . (25)
Since
k
R;c,o —1_ Pj,e (m Wa(i) < PU(i)) , (26)
i=1
we conclude that R¥7 > R¥?. Choosing k =m, we also get R? < R? and therefore L, > 0. O
J € J 0 7,

C.4. Proof of Theorem 2

By Assumption 3, all P* are decreasing in all §;, thus for £ # j € [d]:

dP;g. Wi < Pt

do, db,
deﬁj ﬂ WZ < P d]P)j,@j ﬂ VV2 < P T
_ ic[m] i€[m] LP dpP™
o dP? E dPm™ dé, > db,

<0.
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Since the total capacity is constant, the mass of unmatched students must also be constant. Therefore, we
have
BRI+ yR{=1-) o' (27)
U#£7 i€[m]

By differentiating this equation we get

0
’YZ d9 +Z ZdR

L]
dRr) 1 dR)
@, 2,
= dR’Q >0
db,

which proves the first part of the theorem. Moreover, since L; , = |R? — Rg) |, assume without loss of generality
that R? > RY), then L;, = R? — RY, and we can use the first part of the theorem to deduce the variations of
L. |

C.5. Proof of Proposition 4

E(0) is a convex combination of the lef" (6) that are increasing in all coordinates 6;. Moreover it is continuous,
and we assumed © to be an interval, so the image set of F(8) is an interval, say [E™", E™*]. Fix E €
(Emin, pmax) and consider the solutions of the equation E(0) = E. By continuity, this equation has a solution.
The implicit function theorem applied to express some 6; (the choice of j does not matter) as a function ¢
of all the other coordinates ¢, shows that the solutions of E(6) = E is a connected subset of ©7, and also
an hypersurface because the function ¢ is monotonous in all 8, (this comes from the fact that E(8) is itself
monotonous). This proves the first part of the proposition.

Let us choose two groups G;,Gy, and fix all 6, for k # j,£. We apply the implicit function theorem to
express 6; as a function of 6, which shows that there exists an interval U := [0, 9_] C O and a differentiable
function ¢ : U — © such that (6, € U and 6; = ¢(6,)) < (E(0) = E and 8 € U x ¢(U)). Since E(8) is increasing

e = 24 O (6,), which is

in all arguments, ¢ is necessarily decreasing. Along the line 6; = ¢(6,), then —*
positive by Corollary 1, so (6,,6;) = (6,¢(#)) minimizes RY, and (6,,6;) = (9, ¢(#)) maximizes it. The same

0, — 00;

reasoning shows that those two points respectively maximize and minimize Rg’. Finally, since R? is increasing

and R? decreasing, L;, =|R) — RY| has a unique global minimum on the line 6; = ¢(6;). O

C.6. Proof of Proposition 5

We start by building a distribution family that can represent both STB and MTB for two different values

of the parameter. Let (Hy),.o be a coherent copula family such that § =0 gives independent variables and

0 =1 gives equal variables, and let hy be the derivative of Hy for all 8. We denote by n; = n(Q;) the mass of

students inside class p of college C*. For all i € [m], let aj =0,a} = k!, al =k} + K}, ...,a’, =1, such that they

form a partition of [0,1] with the p-th segment having length &/ . Finally, for any p = (p',...,p™) € 1;[][71'],
i€lm

let kp =n( [] Q::) be the mass of students belonging to class p' at C", class p* at C*, and so on.
i€[m]
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Figure 8 lllustration of the distribution fy. Parameters: two colleges, three priority classes at C* (30% of
applicants in the first class, 30% in the second, 40% in the third), two priority classes at C* (40% in the first
class, 60% in the second). Base copula: Gaussian copula, with correlation chosen as the covariance (equal to 0.5

here).

Let hg :[0,1]™ — R be defined as:

- T —al,
ho(x) = Kphg <—ip 1) ,
Roi
p i€[m]

with p such that Vi € [m],a;i_1 <z< a;i. Let ﬁg be the primitive of ﬁg that cancels out on Og=. Defined
this way, Hy is a copula since it is non-negative, increasing in all coordinates, marginals are uniform and

do not depend on 6, and Hg(l]Rm) = 1. Moreover, each hyper-rectangle [] Q;i contains a “copy” of Hy
B i€[m]
adjusted to its dimensions, that has mass k. Hy is consistent with priority classes: if student s is in a higher

priority class at college C* than student s’, then s will have a higher priority score with probability 1. This
distribution is depicted in Figure 8.

We can verify that this definition recovers MTB and STB: if § =0, if two students are in the same priority
class for a college, they have the same ex-ante probability of getting a seat there, and if they also are in
the same priority class for another college, the result of this second tie-breaker is independent from the first
one. When 6 =1, if two students are in the same priority class for a college, they have the same ex-ante
probability of getting a seat there, but if they also are in the same priority class for another college, the
winner of the tie-breaking is the same as in the first college since priority scores inside the rectangle are
perfectly correlated. Therefore MTB corresponds to § =0 and STB to § =1.

Let us now prove the two parts of the proposition:
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1. We have:

e The family (.Hg)@ee is differentiable because (Hp)gco is. It is also coherent (except for the = such that
T, = a; for some ¢ and some p, i.e., the sides of the hyper-rectangles, in which case the cdf is constant and
not increasing). Therefore by applying Theorem 1, Rf’”,R;’U and F are either increasing or constant.

e Moreover, the case where it could be constant can only happen if there are several priority classes, so if
there is only one they are increasing.

o Consider the case of multiple priority classes. Suppose that 30 € © such that P?(0) # a;’, for all 7 and all
p. We can apply Theorem 1, and deduce that the Rf’”, le-’” and F are increasing in 6, on the whole interval
O. If there exists no such 0, it implies that P is constant in @ and so are all the metrics. However, as any
perturbation of either «, 3, or a would change the cutoffs and resolve the issue, the set of problematic values
of (v, 8, a) has Lebesgue measure 0.

2. Finally, Theorem 2 can be applied with the same adjustments, which proves the second part.

C.7. Proof of Theorem 3

Let j € [d] and 8 € ©%. By the coherence assumption, the mass of students below fixed cutoffs increases in 6;,
however, since the mass of unmatched students is constant at least one of the cutoffs has to be decreasing.
Without loss of generality, assume that P! is decreasing, and suppose that P? is non-decreasing. College

C?’s component of the market-clearing equation (1) gives

STAE PP+ | D BB, (W< P> P?) | =a? (28)

¢eld] teld]
Let us analyze the variations of each term. P(W? > P?) is decreasing in P?, its partial derivative w.r.t. 6;
is zero, and P? is assumed to be non-decreasing in 6; so P(W? > P?) is overall decreasing in 6;. For ¢ # j,
P, (W' < PL,W? > P?) is increasing in P!, decreasing in P?, and its partial derivative w.r.t. 6; is zero,
so it is overall decreasing in 6;. Finally, P; 4 (W' < P',W? > P?) is increasing in P', decreasing in P?, and
its partial derivative w.r.t. 6; is negative by the coherence assumption (because P; 4 (W' < P!, W? > P?) =
P(W' < P') =P, (W' < P',W? < P?)). Therefore, all terms are decreasing in 6;, but the right-hand side
of Equation (28) is a constant. We deduce by contradiction that P? is decreasing, which concludes the proof.

O

Appendix D: Numerical experiments

In this section, we show in more detail the results of the numerical experiments from Section 4.3.2. We
compute cutoffs and rank metrics for various values of the parameters, for three and four colleges. For three
colleges we consider three different preference vectors (i.e., distributions over the possible preference lists
of students). For four colleges, we only consider uniform preferences, because accounting for 24 different
preferences lists each used by a different proportion of students is computationally too costly. For the same

reason, we stop our exploration at four colleges, since the number of preference lists is equal to m/!.
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D.1. Three colleges

We compute the cutoffs as functions of group Gs’s correlation 6,, for 324 different sets of values of the other
parameters:

e Group Proportions (7; :92): 10:90, 30:70, 50:50

« Total Capacity (3, 5 a’): 1/3,1/2,2/3

« College Capacity Allocation (ﬁ(al,oﬂ,a?’)): (10,10,80), (33.3,33.3,33.3), (10,45,45)

o Correlation of Group 1 (6;): 0, 1/3, 2/3, 0.99

 Preference Vector (3): 8" =Uniform, B =(1/32; 1/8; 1/32; 1/4; 1/16; 1/2), B =(1/2; 1/16; 1/4;
1/32; 1/8; 1/32).
The preferences vectors are to be read along the following order of permutations of colleges:

(123,132,213,231,312,321).

D.1.1. Cutoffs Out of the 324 points in the grid, some give cutoff functions with very similar shapes.
Specifically, group size, total capacity and correlation of group GG; change the value of cutoffs but have very
little impact on the shape of the functions; only students preferences and the allocation of the total capacity
among colleges makes a noticeable difference.

Figure 9 therefore only displays nine points, corresponding to the three different preference vectors and
three different capacity allocations; the choice of the other parameters has little importance and is as follows:
group proportions: 50:50, total capacity: 2/3, correlation of group G;: 1/3.

Note that all cutoffs decrease over the whole interval [0, 1] for the middle and right columns, corresponding
to capacity vectors (0.22,0.22,0.22) and (0.07,0.3,0.3). When the capacity is (0.07,0.07,0.53) (in the left
column), however, we find counterexamples. In Figures 9a and 9g, that correspond respectively to uniform
preferences and preference vector (1/2;1/16;1/4;1/32;1/8;1/32), the cutoff P? increases slightly as the
correlation approaches 1. We can conjecture from this observation that counterexamples are found when
preferences and capacity are greatly misaligned, i.e., when some college has low demand and very high
capacity.

D.1.2. Ranks We compute the rank metrics R¥” with o = (312) for all points of the grid to study the
validity of Theorem 1. We choose the preferences ¢ as it allows to highlight potential counterexamples of
Theorem 1, as it has college C? as the first choice and in our examples it is C*’s cutoff that is sometimes
increasing. The results are displayed in Figure 10. For the values of the parameters where cutoffs are decreas-
ing (middle and right columns, as well as Figure 10d), Theorem 1 applies and we find that all RP are
increasing as predicted. For the cases where the cutoffs do not always decrease, i.e., in Figures 10a and 10g,
the proportion of students who get their first choice R}"” decreases exactly where cutoffs increase. This is
predicted because the proof of Theorem 1 implies that R;*’s variations are the opposite of those of the first
choice’s cutoff, here P3. Interestingly, for preference vector (1/2;1/16;1/4;1/32;1/8;1/32) (Figure 10g), R
also decreases slightly for values of 65 very close to 1, which is not the case for uniform preferences (Figure
10a). This tends to further support the conjecture that what drives counterexamples is the misalignment

between capacities and preferences.
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Figure 9  Variations of the cutoffs for three colleges. Note that in some plots the cutoffs overlap. Preference
vectors: 3' = (1/6,1/6,1/6,1/6,1/6,1/6), 8" = (1/32;1/8;1/32;1/4;1/16;1/2),
B = (1/2;1/16;1/4;1/32;1/8;1/32).
D.2. Four colleges

We compute the cutoffs as functions of group G3’s correlation 6y, for 36 different sets of values of the other
parameters:

e Group Proportions (7; :72): 10:90, 50:50

« Total Capacity (3, a'): 1/3,1/2,9/10

o College Capacity Allocation (%(al,oﬁ,ai”,a‘l)): (10,20, 30,40), (6.25,12.5,18.75,62.5)

o Correlation of Group 1 (6;): 0, 1i/62[j10.99

o Preference Vector (3): Uniform.

D.2.1. Cutoffs Out of the 36 points in the grid, we find four (around 11%) where one cutoff (namely, P*)

is not always decreasing. Some sets of parameters give cutoff functions with very similar shapes. Specifically,
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Figure 10  Variations of rank metrics for three colleges. Preference vectors: 8 = (1/6,1/6,1/6,1/6,1/6,1/6),

B =(1/32;1/8;1/32;1/4;1/16;1/2), 8™ = (1/2;1/16;1/4;1/32;1/8;1/32).

as for the three colleges case, group size and correlation of group G change the value of cutoffs but have
very little impact on the shape of the functions; as before, the allocation of the total capacity among colleges
makes a noticeable difference. Total capacity, while not having an equally sizeable impact, still sometimes
plays a role in making cutoffs non-decreasing, which is why we also display the results for different values
of total capacity. Figure 11 displays six points, corresponding to the three different total capacities and two
different capacity allocations; the choice of the other parameters is of little importance and is as follows:
group proportions 50:50, correlation of group Gy: 1/2.

Note that all cutoffs decrease over the whole interval [0,1] on the top row, corresponding to capacity
allocation 10:20:30:40. Cutoffs are also decreasing on the left figure of the bottom row, Figure 11d, corre-
sponding to capacity allocation 6.25:12.5:18.75:62.5 and total capacity 1/3. For total capacities 2/3 and 0.9,
however, we find that cutoffs are not always decreasing. More specifically, in Figures 11e and 11f, the cutoff

P* increases slightly when correlation approaches 1, similarly to what we observed in the three colleges
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case. With those parameters, college C* has a high capacity (respectively 0.42 and 0.56) compared to its
demand (the proportion of students ranking it first is 0.25), which further confirms the intuition we had in
the three colleges case that counterexamples arise in colleges that have a capacity significantly larger than

their demand.

0.950 4 JE— 1 —_— 1
— T —F e
09254 2 08 — P2 —p2
3 4 3
o000 | p? p o6 p
4 4
17 754 — Pt n 07 — P o P
0 087 054
= &= &=
S s 8 8
= = 0 = 04
© o254 © ©
034
0.8004
05
07754 024

0.750 4

0.0 0.2 04 06 038 10 0.0 0.2 0.4 0.6 08 1.0 00 0.2 0.4 0.6 08 1.0

correlation 0y correlation correlation 6,
(a) &« =(0.03,0.07,0.1,0.13) (b) @=(0.07,0.13,0.2,0.27) (¢) @=1(0.09,0.18,0.27,0.36)

0.9 \
0.8

—
0.90 \ o \ 1

v — P! " — P! o
2 0.7 P 4
&g 0| —— P? E — pi E .
] P = 0 P =
© o] — p S|l — p © — P
05 034 — P?
0.75 \ ol p3
04 \ _ — pt
0.70 01
0.0 0.2 0.4 0.6 08 10 0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
correlation 6 correlation correlation 6
(d) @ =1(0.02,0.04,0.06,0.21) (e) @ =1(0.04,0.08,0.12,0.42) (f) @« =(0.06,0.11,0.17,0.56)

Figure 11 Variations of the cutoffs for four colleges. First row: capacity allocation 10:20:30:40, second row:

6.25:12.5:18.75:62.5. Left column: total capacity 1/3, middle: 2/3, right:0.9.

D.2.2. Ranks We perform the same analysis that we performed for three colleges. We compute the rank
metrics le"’ with o = (4321) for all points of the grid, to look for counterexamples to Theorem 1. The results
are displayed in Figure 12. For the values of the parameters where cutoffs are decreasing (top row, as well
as Figure 12d), Theorem 1 applies and we find that all le"’ are increasing as predicted. For the cases where
cutoffs do not always decrease, i.e., in Figures 12e and 12f, the proportion of students who get their first
choice Ry decreases exactly where cutoffs increase as predicted. Contrary to the three colleges case, here the
proportion of students getting one of their two top choices R?"’ is never decreasing. This may be explained
by the fact that P3, in the three colleges case, was increasing at a higher rate than P* is in the four colleges

case. Making R>” decrease, thus probably requires a sufficiently high rate of increase.
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