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Abstract

We study regret minimization in online episodic
linear Markov Decision Processes, and propose
a policy optimization algorithm that is computa-
tionally efficient, and obtains rate optimal O (VK)
regret where K denotes the number of episodes.
Our work is the first to establish the optimal rate
(in terms of K) of convergence in the stochastic
setting with bandit feedback using a policy opti-
mization based approach, and the first to estab-
lish the optimal rate in the adversarial setup with
full information feedback, for which no algorithm
with an optimal rate guarantee was previously
known.

1. Introduction

Policy Optimization (PO) algorithms are a class of meth-
ods in Reinforcement Learning (RL; Sutton & Barto, 2018;
Mannor et al., 2022) where the agent’s policy is iteratively
updated according to the (possibly preconditioned) gradient
of the value function w.r.t. policy parameters. From a theo-
retical perspective, framing the optimization process as one
that follows Mirror Descent (Nemirovskij & Yudin, 1983;
Beck & Teboulle, 2003) updates leads to strong online guar-
antees that go beyond stationary or stochastic rewards, and
apply more generally for any (possibly adversarial) reward
sequence (Shani et al., 2020; Luo et al., 2021). Furthermore,
PO methods are easy to implement in practice and (per-
haps, one could say, somewhat in line with theory) exhibit
favorable robustness properties when applied to real world
problems ranging from robotics (Levine & Koltun, 2013;
Schulman et al., 2015; Haarnoja et al., 2018), computer
games (Schulman et al., 2017), and more recently training
of large language models (Ouyang et al., 2022).

Notwithstanding their popularity and theoretical appeal, cur-
rent results (Agarwal et al., 2020; Zanette et al., 2021; Liu
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et al., 2023b; Zhong & Zhang, 2023) in the function ap-
proximation setting with linear MDP (Jin et al., 2020) as-
sumptions fall short of establishing the optimal dependence
on the number of episodes K; arguably, the most important
problem parameter.

In this work, we establish that an optimistic variant of the
classic natural policy gradient ! (NPG; Kakade, 2001) ob-
tains the optimal (up to logarithmic factors) O(VK) regret
when combined with a short reward free warmup period
and a suitable bonus update schedule. Our results hold for
adversarial losses when the learner is given full information
feedback, and for stochastic losses when given bandit feed-
back. Thus our algorithm is also the first (and currently, the
only) method to obtain rate optimal regret (be it by PO or
any other approach) for adversarial losses with full feedback
in the linear MDP setup.

1.1. Summary of contributions

We consider online learning in a finite horizon episodic lin-
ear MDP, where an agent interacts with the environment over
the course of K episodes. In each episode k € [K], the agent
interacts with the MDP M, = (S, A, H, {P;}, {fﬁ} ,51),
that shares all elements with MDPs of other episodes except
for the loss functions. Our central structural assumption
is that the dynamics and losses are linear; that there exist
feature embeddings ¢, ¥, ..., ¥y such that Py (s'|s,a) =
¢(S’ a)lebh(Sl)’ and E [fﬁ (S’ CZ) |S’ (,l] = ¢(S’ a)Tgh,]w for
some gj,.x € R¥. The objective of the agent is to minimize
her regret, defined by the sum of value functions (namely,
the expected cumulative loss) of the agent minus the sum of
values of the best policy in hindsight.

Our main contribution in this paper is a computationally
efficient policy optimization algorithm (see Algorithm 1),
that guarantees an O (VK) regret bound under either of the
following two conditions:

« For any (possibly adversarial) loss sequence {gn.},
when given full feedback, meaning the agent observes
81,k - - -»8H. k after each episode k.

ITo be precise, our algorithm is the classic NPG with soft-
max parametrization equipped with an optimistic linear function
approximation routine for action-value estimates.
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* For stationary losses, namely g, x = g5Vk, when given
noisy bandit feedback, meaning the agent observes only
I} = £5(sy,af), and it holds that I} € [—1,1] and that
the expected value of / ﬁ conditioned on past interactions
is p(s5,ak) gn.

1.2. Overview of techniques

The difficulty encountered in recent attempts (Liu et al.,
2023b; Zhong & Zhang, 2023, and to an extent also in
Sherman et al., 2023) towards establishing the rate optimal
VK stems from the need to control the capacity of the pol-
icy class explored by the optimization process. Since the
dynamics in linear MDPs cannot be estimated pointwise,
the estimation procedure of the action-value function in-
volves a linear regression sub-routine where the dependent
variable is given by the value function estimate from the
previous timestep, which depends on past rollouts in a way
that breaks the martingale structure. Thus, to establish con-
centration, an additional uniform convergence argument is
required in which the capacity of the policy class plays a
central role.

To illustrate, let us consider a simplified, non-optimistic
estimation routine with non-zero immediate losses only at

. . . k-1
step H, and let {(s}, a;i, sh.1)}._, denote a dataset of past
agent transitions, and V]f ., the value function estimated in
step i + 1. Then the estimation step on time # is given by:

k-1
. . —~ . 2
vfz = arg min {Z (¢(s’h, glh)Tv - V/I;+1(Slh+1)) } ,
i=1

veRd
Qﬁ(s, a) = truncate [ﬁﬁ\’/ﬁ] (s,a) = ¢(s, a)TVfZ] ,

where truncate[-] denotes some form of clipping used to
keep the estimated action-values in reasonable range (e.g.,
[-H, H]). Notably, V}’f+1 was itself estimated using the
same procedure in the previous backward induction step,
combined with an expectation given by the agent’s policy:

VII:H (s) = <7r£+1 (-5, Qiﬂ (s, )> >

which means the estimated quantity is a random variable
that depends on all past trajectories through the agent’s
policy. Hence, to establish a least squares concentration
bound, the common technique (originally proposed in this
context in the work of Jin et al., 2020) dictates arguing
uniform convergence over the class of all possible value
functions ‘7}’;1 explored by the learner. Further, the capacity
of the class of learner value functions is inevitably tied to
the capacity of the learner’s policies, and when employing
mirror descent updates, these are parameterized by the sum
of past action-value functions:

k=1
Ty (als) o< exp (—77 Z QZH (s, a)) .
i=1

Now, the problem is that the truncation of the Q-functions
implies the above expression does not admit a low dimen-
sional (independent of k) representation, and thus leads to
the agent’s policy and value classes having prohibitively
large covering number.

The main component of our approach is to employ a re-
ward free warmup period, that eventually allows to forgo
the truncation of the action value function, thereby reducing
the policy class capacity. Indeed, if the action-value func-
tions were not truncated, the policy parameterization could
be made effectively independent (up to log factors) of k,
as the sum of Q-functions will “collapse” into a single d
dimensional parameter of larger norm:

JTZ+1(Q|S) o exp (¢(S’ a)TQZ+1) s

where 9; =1 Zf:_]l 37;! ,1- In order to remove the trunca-
tions, we observe they are actively involved only in those
regions of the state space that are poorly explored; indeed,

assume the least squares errors are boudned as:
Tkirk Tk
Pth+l (s,a) - [FDth+1 (s,a)| < BlloCs, a)”AZ,lh s

where Ay j =1+ 3, ¢(s, a})p(s).a})T foisome S that
depends (among other quantities) on max V}’;1 (s”), and

assume we have already shown that V}’;l (s’) < H for all
s’. Then as long as ¢(s,a) points in a well explored di-
rection in the state-action space — concretely one where

o (s, a)||AIle < 1/(BH) — we will get that:

—~ —~ 1
Qfl(s,a) = PhV}I;] (s,a) = 7

= |Q£(s,a)| < |Ph‘7}’f+1(s, a)| + % S H+ %

Thus, forgoing truncations and if all directions were well
explored, we would get “V}’f”m < ”V}]fn ||, + 7;- and contin-
uing inductively we accumulate errors across the horizon in
an additive manner; ||V;f”m < H+ (H — h)/H. Now, while
we cannot ensure sufficient exploration in all directions, we
can in fact ensure it in “most” directions (those which are
reachable w.p. > 1/VK) using a properly tuned reward free
warmup phase, which is based on the algorithm developed in
Wagenmaker et al. (2022b). The technical argument roughly
follows the above intuition, carefully controlling the least
squares errors through an inductive argument. This way,
we establish the estimated value functions remain in the
low capacity function class, for which we have a suitable
uniform concentration bound.

1.3. Additional related work

Linear MDPs with adversarial costs. Most relevant to
our paper is the recent work of Zhong & Zhang (2023), who
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consider the same adversarial setup as ours and establish
a O(K>/*) regret bound, using an optimistic policy opti-
mization framework similar to ours, but with an additional
batching mechanism. Several recent papers consider the
more general setting consisting of adversarial costs and
bandit-feedback. Neu & Olkhovskaya (2021) obtain a rate
optimal regret bound assuming known dynamics and a cer-
tain exploratory condition. In the general setting without
additional assumptions, Luo et al. (2021) was the first to
establish a sublinear regret bound. The followup works
of Dai et al. (2023); Sherman et al. (2023) obtain respec-
tivelyLO(KS/g), O(K®/7) regret, and Kong et al. (2023) ob-
tain O(K*° + 1 /A%, (here, A*. denotes the minimum
eigenvalue of the best exploratory policy’s 2nd moment
matrix) albeit with a computationally inefficient algorithm.
Finally, a very recent preprint (Liu et al., 2023a) establishes
the current state-of-the-art results for this setting; O (K 34y
with a computationally efficient algorithm, and O (VK) with
a computationally inefficient one.

Policy optimization in tabular and linear MDPs. Most
of the currently published works that consider policy opti-
mization algorithms in the learning setup that necessitates
exploration were mentioned in the introduction. In par-
ticular, the work of Liu et al. (2023b) considers the same
stochastic setup as ours and obtains a O(1/€e>) sample com-
plexity for a different variant of the optimistic NPG algo-
rithm. Many recent works (e.g., Bhandari & Russo, 2019;
Liu et al., 2019; Agarwal et al., 2021; Lan, 2022; Xiao,
2022; Yuan et al., 2022) study convergence properties of
policy optimization methods from a pure optimization per-
spective or subject to exploratory assumptions; in this setup,
exploration need not be handled algorithmically, and rates
much faster than O (VK) regret are achievable when access
to exact value function gradients is granted.

RL with function approximation The study of MDPs
with linear structure in the form we adopt here was initiated
with the works of Yang & Wang (2019; 2020); Jin et al.
(2020), and has lead to an abundance of papers consider-
ing algorithmic approaches to various problem setups (e.g.,
Zanette et al., 2020; Wei et al., 2021; Wagenmaker et al.,
2022b). The linear mixture MDP (Modi et al., 2020; Ayoub
et al., 2020; Zhou et al., 2021a;b) is a different model that
in general is incomparable with the linear MDP (Zhou et al.,
2021b). There is also a rich line of works studying statistical
properties of RL with more general function approximation
(e.g., Jiang et al., 2017; Jin et al., 2021; Du et al., 2021),
although these usually do not provide computationally effi-
cient algorithms.

2. Preliminaries

Episodic MDPs. A finite horizon episodic MDP is defined
by the tuple M = (S, A,H,P,¢,s;), where S denotes
the state space, A the action set, H € Z, the length of
the horizon, P = {P,}¢#) the time dependent transition
function, ¢ = {{,},e ) @ sequence of loss functions, and
s1 € S the initial state that we assume to be fixed w.l.0.g.
The transition density given the agent is at state s € S at time
h and takes action a is given by Py, (+|s, a) € A(S). After the
agent takes an action on the last time step H, she transitions
to a fixed terminal state s € S and the episode terminates
immediately. We assume the state space S is a (possibly
infinite) measurable space, and that the action set A is finite
with A = |A|. A policy is defined by a mapping 7: S X
[H] — A(A), where A(A) denotes the probability simplex
over the action set A. We let 75, (+|s) € A(A) denote the
distribution over actions given by 7 at s, 4. Finally, we use
the convention that for any function V: & — R, we interpret
PpV:S x A — R as the result of applying the conditional
expectation operator Py; PV (s,a) = Eg.p, (1s,a)V (5).

Episodic Linear MDPs. Our central structural assump-
tion is that the learner interacts with a linear MDP (Jin et al.,
2020), defined next.

Definition 1 (Linear MDP). An MDP M = (S, A, H,
P, ¢, sy) is a linear MDP if the following holds. There is
a feature mapping ¢: S x A — R? that is known to the
learner, and H signed vector-valued measures ¢, : S — R4
that are unknown, such that for all 4, s,a,s’” € [H — 1] X
SXAXS:

Pu(s'ls,a) = ¢(s,a) "yn(s"). ey

W.l.o.g., we assume ||¢(s, a)|| < 1 for all s, a, and that for
any measurable function f: S — R with ||f]l, < 1, it
holds that || [ ¢ (s") f(s")ds’|| < Vd for all h € [H]. In
addition, for all s, a, h:

gh(s’ a) = ¢(S7a)Tgh’ (2)

where {g,} ¢ R?. W.lo.g., we assume |¢(s,a)gn| < 1
for all s,a, h, and ||gx|| < Vd for all h.

Problem setup. We consider linear MDPs in two setups;
adversarial and stochastic. In the adversarial setup defined
formally next, we assume the agent interacts with a sequence
of K > 1 MDPs over the course of K episodes that share all
elements other than the loss functions, which may change
adversarially.

Assumption 1 (Adversarial Linear MDP with full-feed-
back). The learner interacts with a sequence of MDPs

{Mk}le, MK = (S, A,H,P, " s) that share all ele-

ments other than the loss functions. Each MDP M¥ is
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a linear MDP as per Definition 1. The feedback provided to
the learner on episode k time step 4 is the low dimensional
cost vector gx , € RY, where gx = (gx.1,- - -, gk.n) € R
is the d dimensional representation of €% = (¢F,. .., ¢F).

In the stochastic setup, we assume the agent interacts with a
single linear MDP over the course of K > 1 episodes, and
receives only noisy bandit-feedback.

Assumption 2 (Stochastic Linear MDP with bandit-feed-
back). In each episode, the learner interacts with the same
linear MDP M = (S, A, H,P,¢,s;). The feedback pro-
vided to the learner on episode k time step / is the random
instantaneous loss I} := €5 (s}, a}), where s}, af denote the
state and action visited by the agent on episode k time step /.
It holds that E [1§ | sk, af, (15", sk al') .| = (s}, af),
and \fﬁ(sfl, a];l)| < 1 almost surely.

The pseudocode for learner environment interaction, encom-
passing both assumptions is provided below in Protocol 1.
We make the following final notes with regards to the model
we consider: (1) for any s,a € S X A, the agent may evalu-
ate ¢(s,a) in O(1) time; (2) In the adversarial setup, we as-
sume an oblivious and deterministic adversary. Specifically,
that the sequence of loss functions is chosen in advance,
before interaction begins.

Protocol 1 Learner-Environment Interaction

parameters: (S, A, H,P, ¢, s1; K)
Adv:  {gi}r., € R,
Stoch.: g € R andsets g = g Vk
fork=1,...,Kdo

agent decides on a policy 7%

environment resets to s’lc =51

forh=1,...,Hdo

agent observes sK € S

h
agent chooses aj ~ 7y (+|sf)
agent incurs loss ¢(sk, ak)T gy
Full-feedback: 8k.h

Bandit-feedback: ¢ ﬁ (sk, “Z)

Nature chooses

agent observes {

h
environment transitions to sﬁ b1~ Pu(ls,a)
end for
end for

Learning objective. The expected loss of a policy 7 when
starting from state s € S at time step h € [H] is given by
the value function;

H
Vi(s:0) =E| Y b(sna) | sn=s,me,  (3)

t=h
where we use the extra (; £) notation to emphasize the spe-
cific loss function considered. The expected loss condi-
tioned on the agent taking action a € A on time step & at

s and then continuing with 7 is given by the action-value
function;

H
O (s,a;0) = E| ) b(si,ar) | sn=s,an = a,m,€|. 4)
t=h

The value and action-value functions of a policy 7 in the
MDP (S, A, H,P, {¥, 51) associated with episode k € [K]
are denoted by, respectively;

V;f’”(s) = VI (s;6%); th“"(s,a) = QX (s,a; %), (5)

where V[ (s; %) and Q7 (s,a;€*) have been defined in
Equations (3) and (4). For the sake of conciseness, we
further define

VET = VR (s))

We let 7* denote the best policy in hindsight;

K
a* = argmin {Z Vlk’”(sl)} ,
4 k=1

and seek to minimize the pseudo regret of the agent policy

sequence 7!, ..., 7K;

K
Regret := Z vkt _yka* (©)
k=1

Occupancy measures.
of a policy 7 by

We denote the occupancy measure

Hy (s,a) =Pr(sp=s,ap=aln), (M

*

and additionally denote yf = pu7f ", and ur o=
Additional notation. We let ||-|| = ||-||, denote the stan-
dard Euclidean norm, and for a positive definite matrix
A € R4 we let |[v]|, = VwTAv denote the weighted
norm induced by A. Further, we let [|All = [|Allo, =
max, ||y|i=1 V' Av denote the operator norm of A.

3. Algorithm and Main Result

In this section, we present Algorithm 1 and our main theo-
rem providing its regret guarantees. At a high level, Algo-
rithm 1 follows an optimistic policy optimization paradigm
similar to Shani et al. (2020) in the tabular case and more
recently Liu et al. (2023b); Zhong & Zhang (2023) in the lin-
ear MDP case. The important difference is the utilization of
a pure exploration warmup period provided by Algorithm 2
(which we describe in more detail in Section 3.1), and the
usage of restricted value functions. The restricted value
functions, in contrast to truncated ones, take zero value
outside the confidence state set.
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The core property required from the warmup period is that
the data it collects is sufficient to ensure a small error when
using it in the least squares regression step of Algorithm 1.
The degree to which the error should be small is determined
by the multiplicative factor in the confidence bound for a
single regression step (determined by the bonus parameter
[ along with other problem parameters), and the number of
times we perform this step (H; the length of the horizon).
The analysis leads to the following definition for the “known”
states set of step A:

Zi={seSIvallg(sallyy < 1/CBM},  ®)

where Ay, denotes the warmup covariate matrix returned
by Algorithm 2 for step h. The set Zj contains the states
for which we collected enough data, so that the least squares
regression error when estimating their value can be well
controlled without employing truncation.

On episode k, the standard ORtimistic estimates value func-
tion estimates are denoted QZ, V;'l‘, while their restricted
counterparts are defined by:

0,°(s.a) =1{s € Zy} 0} (s. ).
Vi (s) = (05 (5, ) 7k (19))

During the backward dynamic programming step, the esti-
mate of the non-restricted action-value function Qfl_] then
makes use of the least squares solution w.r.t. the restricted
Vllf *°, which has a well bounded ||-||,. Further, the warmup
ensures the known state set Zj, is large enough so that we do
not lose much by this restriction; concretely, that no policy
has total occupancy larger than O (o) outside the known
states set.

The other important ingredient of Algorithm 1 is the epoch
schedule in the updates of bonus functions b¥, determined
by the determinant of the covariate matrices Ak . This
ensures we update the bonus functions at most O (log K)
times, which, when combined with the truncation-less least
squares routine, allows keeping the number of variables
in the policy parameterization O(d”log K). We conclude
this section with our main theorem, providing the regret
guarantees of Algorithm 1.

Theorem 1. Let § > 0, assume K > H>d* log®(dHK /5),
H > 3 logA < K, and consider setting 3 =
2cﬁd3/2H log(dHK |8) where cg is specified by Lemma 3,
€cov = H32d? log*(dHK /6) /VK and 1 = \Jlog AJ(HVK).
Suppose we run Algorithm I with these parameters for ei-
ther the adversarial case with full-feedback (Assumption 1),
or the stochastic case with bandit-feedback (Assumption 2).
Then we obtain the following bound w.p. 1 — 46:

K

. dHK
Z Vk,ﬂk _ Vk,ﬂ =0 d2H7/2 10g4 T\/KIOgA s
k=1

where big-O hides only constant factors independent of
problem parameters.

Algorithm 1 Optimistic PO for Linear MDPs
input: (1,48, B, €cov) -
{(Dh: Ao} e gy < Algorithm 2 (6, B, €cov)
Let Ko — 1 be the number of rounds Algorithm 2 played
Init Vs : 7} (-|s) = Unif(A), Vh € [H] : Ak, =0.
for k = Ky,...,K do
liollout 7 to generate {(sﬁ aﬁ, K}’j)}le.
Vll-<1+] ()=0.
forh=H,...,1do
k 0 i i k-1
Dy « D,V {(Sl;wa;z’fhu‘)}i:m} .
Agp — I+ Ziei),’;’ o(s),ah)(s),a,)T

if det Ay, > 2det Ay, then

Ain — A
b (s.a) = ByJd(5.0) AL, 6(s. )
end if

= - 1 i \17k:0 ¢ i

sz A Ak,lh Ziel),’:’ ¢(Slh’ alh)vh+1 (Slh+l)

S~k .

[F"’]thH (s.a) = ¢(s,a)Tv%

Adv.: 8k,h

Stoch.: A];’lh Ziel);’: ¢(s§l,a;l)€;l(s§l,a;l)

27;(& a) = ¢(s,a) " g.n

Set
0(s,a) =Ll (s,a) +PKVFS (s,a) — bk (s, a)

0F°(s,a) =I{s e Zy} 0k (s,a)

8kh —

VE(s) = é’,;(sp),n’,;('ls)}
TEs) = {085, 7k Cls))
end for

# Policy improvement:
Nk
ﬂfl”(als) o ﬂ;‘l(als)e_"Qh(s’“)

end for

3.1. Reward-free warmup

In this section we present Algorithm 2, which we employ for
a pure exploration warmup period. The algorithm invokes
the CovTraj algorithm (Wagenmaker et al., 2022b) for each
step of the horizon, and thus follows the same high level
design of reward free exploration outlined in Algorithm 1
of Wagenmaker et al. (2022b).

The basic guarantee provided by the warmup period is given
by the next lemma.

Lemma 1. Assume we execute Algorithm 2 with the setting
of B = O(d**H) and e.oy > 1/K. Then it will terminate
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after O (% log’ %) episodes, and with probability >

1 -6, outputs N1, ..., Ao, such that:

Vh,¥r, Pr (Sh ¢ Zh) < €cov-

Sh’“ﬂh

The proof of Lemma 1 is provided in Appendix B, and
mostly follows from the basic guarantees of the CovTraj al-
gorithm.

Algorithm 2 Reward Free Warmup

input: ¢, 3, ecov

Set m = [log —'|

SetVi € [m], y;i =1/(2BH)

Zh+1 = {sa+1}

forh=H,...,1do
{(Xi.i D )| CovTrai(h,s/H,m, {:)
92 — U 5h,i
Ao =T+ 2 cpp o(sh.al)o(s),al)T

end for

return {(DE,AOJL)}

he[H]

4. Proof of Main Theorem

In this section, we outline the technical arguments leading
up to the proof of Theorem 1. At the core of most of the
analyses of linear MDP algorithms that involve a value esti-
mation step, is a uniform convergence argument that ensures
the regression errors concentrate uniformly over the class
of value functions explored by the algorithm. The need
for uniform convergence stems from the fact that we esti-
mate the value function using past rollouts and a previously
estimated value function, which in itself depends on past
rollouts through the current agent policy. The lemma below
is used to establish this part of the argument, and is stated in
a generic manner — this is essentially the same argument
used in Jin et al. (2020).

Lemma 2. LetV C S — R be a class of functions where
VeV, |flle £C, ﬁx h € [H], and consider a transitions
dataset Dy, = {(sh, aj,, sh+l)} e [k] collected by agent roll-
outs in the environment. Let I]:th(s, a) = ¢(s, a)Tf)i: be the
approximation of Py f(s,a) = Eg.p,, (|s,a) f(s") given by
the least squares es{imqte \7£ = A;ll Zf.‘:] ¢(s2, ail)f(s;lﬂ),
Ap =1+ Zl]le ¢(s),.ay)¢(s),a,)T. Then, w.p. 1 -6 over
the generation of Dy, we have Vs,a € S X ANf € V;

|(Ph —ﬁh)f(s,a)|

< (4C\/2d10gk+10g NV )) o (s, @llp

where N, (V) denotes the ||-||., covering number of V.

Compared to other works, our analysis differs most sig-
nificantly in how the above lemma is applied in order to
control the estimation errors of the algorithm; the important
parameter being the bound C on the magnitude of the target
function. Usually, the regression step for Vp’f uses a trun-
cated version of VZL‘ ., from the previous horizon step, which
simplifies the analysis and unfortunately leads to a too large
value function class. The core of our argument lies in the
next lemma; specifically, in the proof of &',

Lemma 3 (The good event). There exists a universal con-
stant cg, such that for any 6 > 0, executing Algorithm 1
with B > cﬁd3/2H log(dHK /8), we have that the following
hold w.p. > 1 —494.

Y, Vh:
Prn(sh ¢ -Zh) < Ecovs (Srfw)
Sh~Hy,
Yk > Ko, h,s,a:
0k (s, < 28, (&)
Py - BRTE )l < S oG,y @™
@ - thsal< Sy, @
andVh € [H]:
K
pICH AT
=Ky
ud 4KH
k _k
< ZkZK lo(sf. af)llz,, +41og (&™)
=10

The proof of Lemma 3 is provided fully in Appendix A.3;
below we provide an overview. The success of &V is given
by Lemma 1, while the proofs for &% and £ follow from
standard arguments; we provide their proofs in Lemmas 6
and 8, respectively.

Proof sketch (8™ U &% — gad y g¥bu), Establishing
the bound in &P involves showing (i) £4°¢ holds for Qﬁfl,
and (ii) that the policy 7r .1 belongs to a “small” policy class.

Given (i) and (ii), it 1mmed1ately follows that V,k:; belongs
to a small and bounded value function class, which leads to

&P through an application of Lemma 2.

We proceed by an inductive argument as follows. Let &, &,
and assume we have already proved (i), (ii) and &' for
(k', 1), k" < k and (k, "), h’ > h. Our Q estimate on step
h decomposes as:

082 (s. @) = [ (5. @) + PV (s.) = B (5. )|
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Now we may apply &'° for the loss term, and the induc-
tive hypothesis combined with &™ for the regression term;
which gives us that it is close to the true and well bounded
value — this gives (i). For (ii), we employ the inductive
hypothesis for k&’ < k to show that the policy n’; has com-
pact parametric form. As mentioned above, (i) + (ii) now
lead to &Y®", which completes the inductive step and thus
the proof. O

Throughout the remainder of the analysis, we let K}, denote
the event that a random state s, is “known””:

Kn = {sn € Zn}. )]

Lemma 4 (Regret decomposition). Upon execution of Al-
gorithm 1, conditioned on the good event Lemma 3, it holds
that:

Ko
H K R
+Z Z [ESlntthllﬁ [—AZ(Sh,ah) +bfl(sh,ah) |(](h]

Bias

NI (@ s ). e Clsn) = i Clsw) ) 1%

OMD

Optimism
where
AX (snyap) = Elﬁ(sh,ah) — Cf (sn, an)
o ko
+ (Pﬁ - [P’h) Vi (snsan).

Proof sketch. For any k, we have by the extended value
difference lemma (Lemma 16);

k *
Vlk,ﬂ _ Vlk,”

M= iDJrﬁm NGE:

E, [fl;f(Sh,ah) + PRV, (snoan) — QZ;O(Sh,ah)]
By [(OF° (onso), 7k Clsn) = i Clsn) )|

Epx [él;l;o(sh,ah) = L5 (sn.an) - th,]fi(sh,ah)] .

>
Il

1

Now, note that for any s € Zp,a € A;
0}°(s,a) = ¢(5,a) gin + PRV, " (s,a) = b} (s, a),
thus

Er(s,a) + PRV, (s,0) - 0)° (s, )
= —A’;l(s, a)+ Eﬁ(s, a).
In addition, by the good event, specifically &4 and the

assumption that the instantaneous loss is € [—1, 1], we have
forany s ¢ Zp,a € A:

‘f,’f(s, a)+ PhV}f+j (s,a) - Qz;o(s, a)) <2H.

Thus by the law of total expectation,

E,x [@Ii(sh, an) +PrVye (spoan) = OF° (sn, ah)]
< [EI‘Z [—Al;l(sh,ah) + Efl(s, a) | 7(;1] +2€e.ovH,
where the inequality follows since the good event Equa-
tion (E™) implies u,’i(S \ Z»n) < €cov. For similar reasons,
we also have,
Epx [Q'I;,;O(Sh,ah) — Cy (sn.an) — th;]fﬁ(sh,ah)]
< Eyr (A4 (snsan) = by (s,a) | K] + 2eco H.

Finally, again by the law of total expectation and definition
of the restricted Q-function;

Eapepiy |(OF° (on o Clsn) = i Clow))|
< Eyypy [(QF (o) Clsn) = i Clon) ) 1 5|

Combining the last three displays with the first equation,
and summing over k = Ky,...,K, h € [H], the proof is
complete. O

We are now ready for the proof of the main theorem.

Proof of Theorem 1. Given our choice of parameters, by
Lemma 1, we have that the number of warmup episodes
satisfies

log (10)

d*H? dHK
Kozo( 0 7_).

€cov

For the remainder of the proof, we assume the good event
defined in Lemma 3 holds, which indeed occurs w.p. 1 — 44
by that lemma. Proceeding, we will bound the regret for
the remaining rounds using the decomposition given by
Lemma 4.
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Bias term. By Equation (£'*"), we have for all s, a:

SO 1.
(Pr - Pﬁ)V:’l(s,a) + Ebz(s, a)

+

<

™

1.
(s, @l + 55 (5. a).

In addition, in the stochastic case, owed to Equation (&%),
for all s, a:

— 1.
th(s,a) - 2L((s, a) = ¢(sn.an)" (8kn — Gkon) + Eblli(s’ a)
B 1.
< S 1865, )llag, + 5015 a).

In the adversarial case, the above bound holds trivially
since €p(s,a) = al‘(s,a). By a simple algebraic argu-
ment given in Lemma 14, we additionally have 5fl(s, a) =
B ||¢(s,a)||7\21h < 2B 1é(s, a)”A;lh , thus the sum of the last

two displays is bounded by 38 ||¢(s,a)|| AL therefore

Bias < 38

M=

3 e [l bl

I
S

= T
M=

4KH
<68 loCshapllyo +128H1og =,

>
I
—_

k

L
S

where the second inequality follows from Equation (&°").
Further, by Lemma 20, for any & € [H],

K K
5, skl <k 3 oot by

k=Ko k=Kj

<24/KdlogKk,

hence,

4KH
Bias < 128H (\/Kd log K +log ) .
OMD Term. By Equation (§%%) we have that for all
k > Ko, h,s € Zp,a € A;|0k(s,a)| = |0} (s,a)| < 2H .

Thus, applying the OMD regret bound Lemma 24 for any
s € Zn, h € [H] we have;

K
PR (DR ACOEEACBY

k=

o

IA

K
logA ~
+n ), ), mials)@h(s.a)°
T] k=Ko aeA
logA

IA

+4nH’K.

Therefore, we may bound the OMD term as follows:

i i Espup [<§2(Sh"),”£('|sh) —FZ('|Sh)> | ‘Kh]
h=1 k=Ko

H K
= Egpopr [Z (Oh (s mh Clon) = i Clsn) ) | ml
h=1 k=K,
H
log A
< Z[Eshw;[ i +4 H2K|‘Kh}
h=1
_HlogA k.

Optimism term. By Equation (§*™), for s,a € Z), X A:
_ . 1,
(P} - Ph)V:jrl(s,a) - Ebz(s, a)
B B
<35 lI¢Cs, alllag, = 5 g (s, a)||7\£’1h <0,

since K;lh > A;}h by construction. Similarly, owed to
Equation (&)
—~ 1.
¢(s,a)" (8k.n — &k.n) — Ebﬁ(s, a)
B B
< Sl @y, =5 160 0)liz <0.

Thus, we immediately obtain the optimism term is non
positive.

Concluding the proof. Combining the bound on the num-
ber of warmup episodes Equation (10), with Lemma 4 and
the bounds on all three terms, we have:

K 4175

: d*H dHK Hlog A
Sy g BE o, HIoA
= €cov 0 n

KH
+nHK + BH (\/Kdlog K + log |

where < hides only constant factors. Finally, setting

€oov = W B = 2cpd**Hlog(dHK /5) and
n= \1/1%’ we obtain:

K Vv < 2T log! dHTK\/m’

k=1
which completes the proof. O
Acknowledgements

The authors thank Asaf Cassel for spotting a bug in an ear-
lier version of this manuscript. This project has received



Rate-Optimal Policy Optimization for Linear Markov Decision Processes

funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innova-
tion program (grant agreements No. 101078075; 882396).
Views and opinions expressed are however those of the
author(s) only and do not necessarily reflect those of the
European Union or the European Research Council. Nei-
ther the European Union nor the granting authority can be
held responsible for them. This project has also received
funding from the Israel Science Foundation (ISF, grant num-
bers 2549/19; 2250/22), the Yandex Initiative for Machine
Learning at Tel Aviv University, the Tel Aviv University
Center for Al and Data Science (TAD), the Len Blavatnik
and the Blavatnik Family foundation, and from the Adelis
Foundation.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References

Abbasi-Yadkori, Y., Pal, D., and Szepesvari, C. Improved
algorithms for linear stochastic bandits. Advances in
neural information processing systems, 24, 2011.

Agarwal, A., Henaff, M., Kakade, S., and Sun, W. Pc-
pg: Policy cover directed exploration for provable policy
gradient learning. Advances in neural information pro-
cessing systems, 33:13399-13412, 2020.

Agarwal, A., Kakade, S. M., Lee, J. D., and Mahajan, G.
On the theory of policy gradient methods: Optimality,
approximation, and distribution shift. J. Mach. Learn.
Res., 22(98):1-76, 2021.

Ayoub, A., Jia, Z., Szepesvari, C., Wang, M., and Yang, L.
Model-based reinforcement learning with value-targeted
regression. In International Conference on Machine
Learning, pp. 463—474. PMLR, 2020.

Beck, A. and Teboulle, M. Mirror descent and nonlinear
projected subgradient methods for convex optimization.
Operations Research Letters, 31(3):167-175, 2003.

Bhandari, J. and Russo, D. Global optimality guar-
antees for policy gradient methods. arXiv preprint
arXiv:1906.01786, 2019.

Cai, Q., Yang, Z., Jin, C., and Wang, Z. Provably efficient
exploration in policy optimization. In International Con-
ference on Machine Learning, pp. 1283-1294. PMLR,
2020.

Cohen, A., Koren, T., and Mansour, Y. Learning linear-
quadratic regulators efficiently with only VT regret. In
International Conference on Machine Learning, pp. 1300—
1309. PMLR, 2019.

Dai, Y., Luo, H., Wei, C.-Y., and Zimmert, J. Refined regret
for adversarial mdps with linear function approximation.
arXiv preprint arXiv:2301.12942, 2023.

Du, S., Kakade, S., Lee, J., Lovett, S., Mahajan, G., Sun, W,
and Wang, R. Bilinear classes: A structural framework for
provable generalization in tl. In International Conference
on Machine Learning, pp. 2826-2836. PMLR, 2021.

Haarnoja, T., Zhou, A., Hartikainen, K., Tucker, G., Ha,
S., Tan, J., Kumar, V., Zhu, H., Gupta, A., Abbeel, P.,
et al. Soft actor-critic algorithms and applications. arXiv
preprint arXiv:1812.05905, 2018.

Hazan, E. et al. Introduction to online convex optimization.
Foundations and Trends® in Optimization, 2(3-4):157—-
325, 2016.

Jiang, N., Krishnamurthy, A., Agarwal, A., Langford, J.,
and Schapire, R. E. Contextual decision processes with
low bellman rank are pac-learnable. In International Con-
ference on Machine Learning, pp. 1704-1713. PMLR,
2017.

Jin, C., Yang, Z., Wang, Z., and Jordan, M. I. Provably
efficient reinforcement learning with linear function ap-
proximation. In Conference on Learning Theory, pp.
2137-2143. PMLR, 2020.

Jin, C., Liu, Q., and Miryoosefi, S. Bellman eluder di-
mension: New rich classes of 1l problems, and sample-
efficient algorithms. Advances in neural information
processing systems, 34:13406-13418, 2021.

Kakade, S. M. A natural policy gradient. Advances in neural
information processing systems, 14, 2001.

Kong, F., Zhang, X., Wang, B., and Li, S. Improved regret
bounds for linear adversarial mdps via linear optimization.
arXiv preprint arXiv:2302.06834, 2023.

Lan, G. Policy mirror descent for reinforcement learning:
Linear convergence, new sampling complexity, and gen-
eralized problem classes. Mathematical programming,
pp. 1-48, 2022.

Lattimore, T. and Szepesvari, C. Bandit algorithms. Cam-
bridge University Press, 2020.

Levine, S. and Koltun, V. Guided policy search. In Interna-
tional conference on machine learning, pp. 1-9. PMLR,
2013.



Rate-Optimal Policy Optimization for Linear Markov Decision Processes

Liu, B., Cai, Q., Yang, Z., and Wang, Z. Neural trust
region/proximal policy optimization attains globally opti-
mal policy. In Wallach, H., Larochelle, H., Beygelzimer,
A., d'Alché-Buc, F., Fox, E., and Garnett, R. (eds.), Ad-
vances in Neural Information Processing Systems, vol-
ume 32. Curran Associates, Inc., 2019.

Liu, H., Wei, C.-Y., and Zimmert, J. Towards optimal regret
in adversarial linear mdps with bandit feedback. arXiv
preprint arXiv:2310.11550, 2023a.

Liu, Q., Weisz, G., Gyorgy, A., Jin, C., and Szepesviri, C.
Optimistic natural policy gradient: a simple efficient pol-
icy optimization framework for online rl. arXiv preprint
arXiv:2305.11032, 2023b.

Luo, H., Wei, C.-Y., and Lee, C.-W. Policy optimization
in adversarial mdps: Improved exploration via dilated

bonuses. Advances in Neural Information Processing
Systems, 34:22931-22942, 2021.

Mannor, S., Mansour, and Tamar, A. Re-
inforcement Learning:  Foundations. -, 2022.
URL https://sites.google.com/view/
rlfoundations/home.

Y-’

Modi, A., Jiang, N., Tewari, A., and Singh, S. Sample com-
plexity of reinforcement learning using linearly combined
model ensembles. In International Conference on Artifi-
cial Intelligence and Statistics, pp. 2010-2020. PMLR,
2020.

Nemirovskij, A. S. and Yudin, D. B. Problem complexity
and method efficiency in optimization, 1983.

Neu, G. and Olkhovskaya, J. Online learning in mdps
with linear function approximation and bandit feedback.
Advances in Neural Information Processing Systems, 34:
10407-10417, 2021.

Ouyang, L., Wu, J., Jiang, X., Almeida, D., Wainwright, C.,
Mishkin, P., Zhang, C., Agarwal, S., Slama, K., Ray, A.,
et al. Training language models to follow instructions
with human feedback. Advances in Neural Information
Processing Systems, 35:27730-27744, 2022.

Rosenberg, A., Cohen, A., Mansour, Y., and Kaplan, H.
Near-optimal regret bounds for stochastic shortest path.
In International Conference on Machine Learning, pp.
8210-8219. PMLR, 2020.

Schulman, J., Moritz, P., Levine, S., Jordan, M., and Abbeel,
P. High-dimensional continuous control using generalized
advantage estimation. arXiv preprint arXiv:1506.02438,
2015.

Schulman, J., Wolski, F., Dhariwal, P., Radford, A., and
Klimov, O. Proximal policy optimization algorithms.
arXiv preprint arXiv:1707.06347, 2017.

10

Shani, L., Efroni, Y., Rosenberg, A., and Mannor, S. Op-
timistic policy optimization with bandit feedback. In
International Conference on Machine Learning, pp. 8604—
8613. PMLR, 2020.

Sherman, U., Koren, T., and Mansour, Y. Im-
proved regret for efficient online reinforcement learn-
ing with linear function approximation. arXiv preprint
arXiv:2301.13087, 2023.

Sutton, R. S. and Barto, A. G. Reinforcement learning: An
introduction. MIT press, 2018.

Wagenmaker, A. and Jamieson, K. G. Instance-dependent
near-optimal policy identification in linear mdps via on-
line experiment design. Advances in Neural Information
Processing Systems, 35:5968-5981, 2022.

Wagenmaker, A. J., Chen, Y., Simchowitz, M., Du, S., and
Jamieson, K. First-order regret in reinforcement learning
with linear function approximation: A robust estimation
approach. In International Conference on Machine Learn-
ing, pp. 22384-22429. PMLR, 2022a.

Wagenmaker, A. J., Chen, Y., Simchowitz, M., Du, S., and
Jamieson, K. Reward-free rl is no harder than reward-
aware 1l in linear markov decision processes. In Inter-
national Conference on Machine Learning, pp. 22430—
22456. PMLR, 2022b.

Wei, C.-Y., Jahromi, M. J., Luo, H., and Jain, R. Learning
infinite-horizon average-reward mdps with linear function
approximation. In International Conference on Artificial
Intelligence and Statistics, pp. 3007-3015. PMLR, 2021.

Xiao, L. On the convergence rates of policy gradient meth-
ods. The Journal of Machine Learning Research, 23(1):
12887-12922, 2022.

Yang, L. and Wang, M. Sample-optimal parametric g-
learning using linearly additive features. In Interna-
tional Conference on Machine Learning, pp. 6995-7004.
PMLR, 2019.

Yang, L. and Wang, M. Reinforcement learning in feature
space: Matrix bandit, kernels, and regret bound. In In-
ternational Conference on Machine Learning, pp. 10746—
10756. PMLR, 2020.

Yuan, R., Du, S. S., Gower, R. M., Lazaric, A., and Xiao, L.
Linear convergence of natural policy gradient methods
with log-linear policies. arXiv preprint arXiv:2210.01400,
2022.

Zanette, A., Lazaric, A., Kochenderfer, M., and Brunskill, E.
Learning near optimal policies with low inherent bellman
error. In International Conference on Machine Learning,
pp- 10978-10989. PMLR, 2020.


https://sites.google.com/view/rlfoundations/home
https://sites.google.com/view/rlfoundations/home

Rate-Optimal Policy Optimization for Linear Markov Decision Processes

Zanette, A., Cheng, C.-A., and Agarwal, A. Cautiously
optimistic policy optimization and exploration with lin-
ear function approximation. In Conference on Learning
Theory, pp. 4473-4525. PMLR, 2021.

Zhong, H. and Zhang, T. A theoretical analysis of optimistic
proximal policy optimization in linear markov decision
processes. arXiv preprint arXiv:2305.08841, 2023.

Zhou, D., Gu, Q., and Szepesvari, C. Nearly minimax
optimal reinforcement learning for linear mixture markov
decision processes. In Conference on Learning Theory,
pp. 4532-4576. PMLR, 2021a.

Zhou, D., He, J., and Gu, Q. Provably efficient reinforce-
ment learning for discounted mdps with feature mapping.

In International Conference on Machine Learning, pp.
12793-12802. PMLR, 2021b.

11



Rate-Optimal Policy Optimization for Linear Markov Decision Processes

A. Deferred Proofs

In this section, we provide details of the analysis that weren’t fully included in the main text. The central component is the
proof of Lemma 3, which is given in Appendix A.3. In Appendix A.2 we define the value and policy classes which will be
shown in Appendix A.3 to contain (w.h.p.) the values and policies explored by the algorithm. Appendix A.4 includes the
technical details for the covering number bounds of the value classes defined in Appendix A.2.
Additional notation. We will make use of the following filtration;

Fr=0 ((s}l,,a}l,,l}l,)gzl,...,(sfl, Lay R (s ar, ) 1), Fr = 7, (11)
where (s;l, az, 11 are the (state, action, loss) random variables generated during policy rollouts. In addition, for any function

classE C X — IR ‘where X is an arbitrary set, we let N, (E) denote the ||-||,, covering number of E; that is, the cardinality
of the smallest set E C E such that for all f € E, there exists f € E such that maxcx | f(x) - (x)\ <.

A.1. Proof of Lemma 2

Proof of Lemma 2. Denote
k
. ’ ’ ’. P | i i i
Vh = / lﬁh(s )f(S )ds ) Vh = Ah Z¢(Sh’ah)f(sh+1)'
i=1
Then, we have

\3h—vh=Ah

k k
YD (i ai) fsh) = [T+ ¢<sz,a;>¢<s;,a;>T)vh)

i=1 i=1

k
= A D 0(shal) (F(shn) = Bsh i) Tva) = Ay v
i=1

k
= A, 008 a)) (F(sh) = Eo [£(5)) | sk al]) = Ayt v (12)
i=1
Now, note that
Iz vally, = Ival o < llval?® < dC?.
In addition, for the first term in Equation (12), we consider the filtration defined in Equation (11), and note that ¢ (s’ e h)

is ¥, i_measurable while s el 18 ?'h ,,-measurable. Hence we may apply Lemma 23 to obtain that for any €, p > 0, with
probability > 1 — p we have

k
AR D 9(sh i) (F(sh) = E [£() | s} ])
i=1

An

d e
< 4¢*? (—10g(k+ 1) +log N )) +8k2€?

Nij(V ))
p

<4c? (dlog (k) +log +8 (setting € = 1/k)

Combining Equation (12) with the inequalities from the last two displays gives;

Nk (V
1on = Vh”ih < 16C? (Zd log (k) +log %)

Ny (V
= |[Pn = valla, < 4C\/2dlog (k) +log M
p

12
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Finally,

(P =BV (s @)| = 85,07 (0 = v)] < 195 @)Lz 19 = vila,
which completes the proof after plugging in the bound from the previous display. O
A.2. Value and policy classes
Given an input parameter 8 given to Algorithm 1, we consider the softmax policy class as defined below:

‘y(DWs/l—v/l+,JmaX) = {y(';W, Wl:]) | ”W” < DWs/l—I =< Wj =< /1+1,J < Jmax}v

J
where y(x;w, Wi.y) == x"w+ Z llxllw; ;
j=1
= {x(|5y) |y € Y(3dHK* K%, B*K?,2d logK)} ,
oY (#(5,0))

where n(als;y) = W. (13)
We further consider the following class of empirical restricted (Q-)functions:
0°(s.a:w. W.Z) = 1{s € Z} (#(s. @) 'w ~ Vo(s.a) Wo(5.a)
Q(Z.C) = {Q°C. 5w W.Z) | Iwlh < 24HK Wl < B2 [0°Csww )< e} a9
and their corresponding value functions:
V(s 0%) = (mn(1s),0°(5.)
Now define the following empirical restricted value function class:
V(Z.C) = {V(:m,0°): S 5 R 0° € @(Z,C),my € 1T} (15)

The following lemma (of which the proof is deferred to Appendix A.4) provides the bound on the covering number of the
function class defined in Equation (15) above.

Lemma 5. There exists a universal constant c y, such that for any v > 0, Z C S,

logNV((V°(Z, C)) < cnd’log (BCK/v) .

A.3. Proof of Lemma 3

In this section we provide the full technical details for the analysis of the good event Lemma 3. The core part of the argument
establishes the confidence bounds for the regression step in spite of the absence of the truncation. To begin, we first define
an additional success event; the concentration of least squares errors uniformly over the class of empirical value functions
(recall the function class V° is defined in Equation (15)).

Yk > Ko, 1Vt € VO (Zne1, 2H); Vs, a : ’([F"h - @ﬁ)Vh+1(s,a)| < (B/2) |lo(s, a)||A21h , (&)
The core argument pertaining to the regression errors proceeds as follows.

1. Lemma I, establishes the success probability of &™. For the most part this follows from the guarantees of the CovTraj
algorithm developed in the prior work of Wagenmaker et al. (2022b).

2. Lemma 7 establishes the success probability of &"S; ensuring concentration of the regression errors w.r.t. the value
function classes V°(Zp+1,2H).

13
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3. Given that &™ and & both hold, Lemma 11 provides, using a careful inductive argument, that the value functions
estimated in Algorithm 1 are contained in the function class V°(Zp+1,2H). Thus, &4 apd EVU hold.

Lemma 6 (success of E®"). For any § > 0, we have that with probability > 1 — 6, for all h:

4H

K
D E [||¢(Sh’ah)“/\;1h] ZZH(ﬁ(sh,ah)HA , +4log
k=1 ’

Proof. Denote X, = ||¢>(s and recall the definition of ¥ in Equation (11). Then X; is X measurable, and

h’ h)HA Lo
£ oo anlyy | = € %17,

In addition, by the definition of Ak = I+ Xcpr ¢ (s, al)¢(s}.a})T in Algorithm 1, and by the assumption that
[¢(s,a)]| <1 (Definition 1), we have that 0 < X; < 1. Thus by Lemma 19 and the union bound, we have that w.p. 1 — 6,
forall h € [H]:

K K K 2KH
k-1 k _k
g:] E[Xk | 747 szk; Xk +log ——— (6/ ) § (sh,ah)HA;}h +4log ——,

which completes the proof. O

Lemma 7 (success of 8'S). There exists a constant c¢g > 0, such that when running Algorithm 1 with § >
2cpdH log(dHK [5), we have that the event &S holds with probability > 1 — 6.

Proof. Let h, k € [H] X {Ky, ..., K}, and note that since we define the regression solution using

Dh = Dh ) {(Sh7ah’sh+l)}l =Ky’

this dataset is independent of the known states set Zp+; which is defined using 2)2 ,1- Indeed, this is because {Dg} helH]

were generated by independent runs of CovTraj in Algorithm 2. Hence, the value class e (Zn+1,2H) is independent of
Z);l‘, and we may apply Lemma 2 to obtain that w.p. > 1 — ¢,

YWhi1 € V°(Zne1,2H), Vs € S,a € A : )(Ph - @lﬁ)Vh+1(s,a)| < Bllig(s.a)lp-

where

N1/k((v°(Zh+1, 2H))
6/

B= SH\/Zdlogk + log

By Lemma 5, we have
log N1k (V°(Zpsa1,2H)) < cd” log (BHK)
for some universal constant ¢, which implies that
B < c'd**Hlog(BHK[§"),
for a suitable constant ¢’ > 0. Setting ¢’ = §/KH, we now have by the union bound that,
Yk, h;¥Vhe € V°(Zner, 2H): Vs, a :
‘(Ph — PNV (s, a)

< 2¢'d**Hlog(BHK/S) |6 (s, a)|| A -
Finally, by Lemma 18, for a suitable cg > 0 we have
B/2 > cpd**Hlog(dHK /§) > 2¢'d**H log(BHK /6),

which completes the proof.

14
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Lemma 8 (success of &%°). Consider running Algorithm 1 in the stochastic case with bandit feedback, with § >
2cpdH log(dHK [6) as specified by Lemma 7. Then, we have that the event &% holds w.p. 1 - 6.

Proof. For a given k, h, we have

Vs, a : ‘?Z(S, a) = £ (s, a)) =|o(s,a)" (Zrn — gron)| < 116, a)”/\i.'h llgw.n - gk,h”AM . (16)

Following the same algebraic argument as that given in Lemma 2, we have

k-1
~ § o o
I8k = gnla,, = [Nk D @ Cshrab) (€, (sh i) = Eulsyy a})) = Agh,gin
i=1 Ak.h
k-1

D sk aly) (6, (sho @) = En(sh @)
i=1

< el

-1
Ak,h

By Lemma 22 (the application of which is legitimate due to Assumption 2) and the union bound, for any ¢ > 0 the first term
above is bounded by /4d log(HK /6) for all k, h, while the second term is bounded a.s. by Vd owed to the assumption in
Definition 1 and that A;lh < I. Concluding, we have w.p. > 1 — ¢, for all &, h:

|8k — gk,h”/\k’h < \f4d1og(HK/8) + Vd < B/2.

The proof is complete after plugging the above inequality into Equation (16). m}
Lemma9. Let Dy, = {(sil, ail)}ielkj, and Ap =1+ Yiep, ¢(s§l, ail)qﬁ(s;;, a;l)T. Then,

A,_l1 Z ¢(s§l,a2) < Vdk.

€Dy

2

Proof. Follows from the exact same argument as in Jin et al. (2020), Lemma B.2. O
Lemma 10. Let Ko < 7 < K, h € [H], and assume V"5, € V°(Zy,2H) for all k € {Ko, ..., 7~ 1}. Then a7+ € 1,
where I1 is defined in Equation (13), and ﬂ;“ is a mirror descent step from nt; as defined in Algorithm 1.

Proof. By the definition of the OMD update step in Algorithm 1, we have for any a, s;

o1 Zik, Oh(5:0)

At (als) = — .
" Za/ e_nZ’T"ZKo Qﬁ(x,a’)

In addition, by the definition of the estimated Q-functions FQv];l in Algorithm 1, we have;

-n ZT: é’fl(s,a) =-7n ZT: (z;;(s, a) + @ﬁ\a‘ﬁ(s, a)) - Bz(s,a)

k=Ko k=Kj
T T
=0 . ¢(s.a)" (Zen+75) +1 Y bi(s.a)
k=K() k:K()
T T
= = ~k
= ) 0(5.0) G +75) +18 ) I6(s.a)llzy
k=Ko k=K
T J
=¢(s,a)" (—r] kZ}; Sk,h +Vfl +nB Zl(kj_H —k;)llo(s, a)”/\i,‘-,h ,
—Ko = .

where k ; are the episodes on which we update the bonus matrices Kk,h in Algorithm 1. Now, since for all Ky < k < K we
have

Al =1+ D" (i aiatsiai) ™ < I+ ) lle(si, ai)e(siai) T < 1+ K,

€Dy, €Dy,
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and I < Ay p, it follows that

27 det Ak < detAg s < [[Ara]? < (K +1)9,
and 1 < detAg,, . Thus it is implied that J < dlog(K + 1) < 2dlogK. In addition, nB(k .1 — k;) ||¢(s,a)llz-1 =

kj,h
& (s, a)lle when we define
1
2 2 241 25241 22
W;=n"B(kj —kj) Akj,h’ and thus Fl <W; 2pBK Akj’h < B°K-“I.

Furthermore, in the adversarial case ||§kh|| = ”gk,hH < Vd by assumption (see Definition 1), and in the stochastic case,

”A ||=A’1 (st al )i (st ab)|| < VaK

8k.h k.h ¢ (s, a3)C, (s, ap)|| < ,

ieDk

where the inequality follows from Lemma 9 and our assumption that |€ ;: (s;l, ail)\ < 1. In addition, in both the stochastic and
adversarial cases, we have

[l = Agh D #(sh @)V (shy)|| < 2HVK,
ieDk

which follows again by Lemma 9, and our assumption that V;:l % (Zn,2H) = HV;’:

||§k,h + Vﬁ” < 3HVdK for all k < 7. Concluding, we have shown that

< 2H for all k < r. Thus,

J
a5t (als) o exp| p(s, ) i+ D e (s, @), |

J=1

where “WZ” < 3dHK? and K721 < W; < ﬁszl, therefore n;“ € I, as required. m|

Lemma 11 (success of gabd SVb“). Assume that the event E™ U EYS U %€ holds. Then, we have that,
Vk > Ko, h € [H] : 0F° € Q(Zn.Cn). VS € V°(Zn, Ca),
where C, := (H — h+ 1) (1 +2/H). Furthermore, we have that the event &'®" holds, that is,
Vi 2 Ko, he [H];Vs,a |(Ba = BE) V255 5,0 < (B/2) 1605, @), (17)

Proof. We begin first by establishing simple bounds on the instantaneous loss estimates. For any k > K, we have in the
adversarial case Z’Zﬁ(s, a) = é’,’j(s, a) for all s,a, h, k, so \27;(5, a)| < 1 by the assumption in Definition 1. In the stochastic
case on the other hand, for any s, a € Z; X A, owed to our assumption that &€ holds;

ok k ok k
|€h(s, a)| < |ek(s.a)| + (5h(s, a) - €5 (s, a)| < 1+B10(s @)l -
Furthermore, we have,
Vhe [Hl.s.ae Zyx A: [o(s.a)ly, < 00y, < o0l < 1/(2BH). (18)

where the last inequality follows from the definition of Zj, thus we obtain 3 ||¢ (s, a)|| AL S 1/(2H). To conclude, in both
the stochastic and adversarial cases we have: ’

Vk > Ko, h € [H],s € Zn,a € A: )?,;(s,a)‘ < 1+1/2H). (19)

The rest of the proof proceeds by an inductive argument as follows. Fix Ky < k < K, and assume we have already proved
the claim for all k', h € {Ky, ...,k — 1} X [H]. We will now establish the claim for episode k by inductionon h = H, ..., 1.
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Base case 7 = H: Here, we have
’élf_,(s,a)‘ - )ﬁ,f,(s,a)—ls,’;(s,a) <1+ 1/QH)+Bllé(s,a)llz 1 < 1+1/H,
k,h

where the first inequality follows from Equation (19), and the last inequality from Equation (18). Thus, we obtain
Q’;f € Q°(Zu,1+1/H) c Q°(Zy,Cy). Further, since V;‘HZ = 0 for any k’ € [K], we may apply Lemma 10 which
ensures ”?1 € I1. Thus, it also follows that VI];;O(S) €V (Zu.Ch).

Inductive step: Let 4 < H and assume ‘7}';"1 € V°(Zns1, Chs1). For s € Zn,a € A, we have;

|§z;°(s, a)| = ‘{ﬂg(s, a)+ @ZV;Q (s,a) - E’,;(s, a)

h+1
<L+ 1/H +Cha +BlIg(s.)llap, +BlIo (s )iz

_ (Z’,;(s, a) +PLVE (s, a) + (B - P)VE (s, 0) = BE(s, a)

where the last inequality follows from Equation (19), the inductive hypothesis, and by the assumption that & holds.
Applying Equation (18) again, this implies that the empirical Q is well bounded on the known states;

05 (s, )| < 1+ 1/H+ Cpr + 1/H = .
In addition, for any s,a € S X A;
0% (5.0) = 95, @) G + PRV (5.@) = B (5. ) = 95,007 (B +75) = Bl#(5, Iz,
Further, as argued in the proof of Lemma 10, by Lemma 9 and our assumption that HV;;OI HDO < 2H, we have that

HTF,’Z” <2HVdK, and ||§k,h|| < VdK.

In addition, B 16(s. a)ll3,1, = l16(s. )l for
W = ﬁZK;}h, and thus |W|| = g2 ”/A\,Zlh” < B

Therefore, we establish that Q h;° € é“(Zh, Cp). Now, by our (first) inductive assumption that V;f;f € "V"(Z;Hl ,Che1)
for all k¥’ < k, we may apply Lemma 10 to obtain that "Z € II. This immediately implies that V;f © € V(Zn Cp), and

completes the inductive argument. Finally, combined with our assumption that & holds, this implies &'** holds, which
completes the proof. O

We conclude this section with the proof of the good event Lemma 3, which now follows easily by combining the above
lemmas.

Proof of Lemma 3. By Lemmas 1, 6 and 7, and the union bound, we have that &™ U &Y U &*1¢ U £P°" holds w.p.> 1 — 46.
By Lemma 11, this now implies that £4°¢ U P! holds as well, which completes the proof. O
A 4. Covering of empirical value functions

Lemma 12 (Policy class is Lipschitz). For any n, &y € I, m,(-|-) = n(-|-;yn), An(-|-) = #(-|-; 1), parameterized by
yu(:) =y (3w, Wig), §r(-) = yn (s W, Wi.y) , we have for any s € S:

J

7 C5) = 7n Cls)ll, < 6KJ llw = I+ [[w; = W[

J=1

17
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Proof. We have, for any x € R?,

Vy(xsw, Wiy) =x

1
Vw,y(x;w, Wi.y) = Vi, (\/xTva) = ——xx'.
’ / ) TWix

Thus, considering y(x; w, W}.y) € Y implies K2 < Wi

([Vw; v Cesw, Wi )| = |pex || = |I I <€ ———— Ikl < K |Ixll,

1
2\1XTWJ'X 2\/ 2\/ mm(W ” ”

which implies that when ||x|| < 1,

J J
2
IV0y(x:0)1l = J 1930+ [,y 0)[}, < J el + K D Il < 3 ] K < 3K

j=1 j=1
Hence, the parameterization 6 +— y(-; ) is (3K)-Lipschitz, and the result follows from Lemma 13. O

The next lemma follows from similar arguments to those given in Wagenmaker & Jamieson (2022, Lemma A.12).

Lemma 13. Let fy: R? — R be any function parameterized by 6 € RP, and assume the mapping 0 — fo(¢(s,a)) € R
is L-Lipschitz for any s, a. Consider softmax policies n2(|) =7n(-|; fo), n2(|) =mp(|5 fg): S = Aag as defined in
Equation (13). Then, for any 0,8 € RP, it holds that for any s € S:

|7icts) = 71w, < 2Ll6 -],
Proof. Let v¥(6) := fo(o(s,-)) € RA, and let

Vofo(o(s,ar))’
v (0) = : € RAXP
Vofo(o(s,an))”
denote the Jacobian of v* at § € R”. Then, we have by the chain rule:

Vory (als) = Jv(6) "V (0 (u)a),

where u = v*(6) and o (u); = €"//(X;e") denotes the softmax function. Combining with the softmax gradient
Vu(o(u)g) =0 (u)g (eq — o (u)), we get

[Vors (als)|| = (o (wa) [Iv* ()T (ea — o (w))]| < 207 () max ||V fo (¢ (s, @)l < 2L7j, (als),

where the last inequality uses our Lipschitz assumption and that o~ (u), = ﬂZ (a|s). Now, by the mean-value theorem, we get
that for some 6’ € [0, 4],

‘ﬂg(als) - ﬂs(a|s)‘ - ‘Vﬂfl"(a|s) (0 - é)( <2Lxf (als)]0 - 8],
which implies
=19 =19, < 2zllo -4l

and completes the proof. m}
Proof of Lemma 5. Let nty,, ) € Il be parameterized by 7, (+|-) = 7 (+|-; yn), 7, (") = n(+|-; ¥},), where yp (1) = y(-;w, Wi.g),
v, () =y(;w’, W] ,), and consider ¢, q" € Q°(Z,C). For any s € Z, we have;

V(s:mth, q) — ‘7(5;71';1, N < |\7(s;7rh, q) - V(s;ﬂh,q’)| + |\7(s;7rh,q’) - V(s;ﬂ;l,q’) )

18



Rate-Optimal Policy Optimization for Linear Markov Decision Processes

For the first term,

|\7(s;7rh, q) - V(s;mh, q’)| < max {|¢(s, a)’ (w- w’)| +]o(s,a)T (W —W’) ¢(s, a)|>
< lw=wll++||W-w|. (20)

For the second term,

’V(s; Thq') — V(s; m,.q")

= [(mn(-1s) = 75, (15). 4" (s, )|
< Cllan(ls) = 7 C19)lly

J
< 6CKJ Iw = w2+ " [w; - w;
=

J
< 6CK | llw —w[[+ ij — W,
=1

2

s

where the last inequality follows from Lemma 12. As per Equation (13), we have that w, w’ € 84(3dHK?), J < 2dlogK,
and W;, W/ € B4 (VdB*K?) for all j < J, where this last claim follows since the Frobenius norm of any matrix is

larger than its spectral norm by a factor of at most Vd. Thus, for simplicity, we consider covering the larger set given by
E := BP(4dHB?K?) and p = 4d> log K. By Lemma 17, given any v, we have a (v; = v/(12CK))-covering with cardinality
< (1+ (4dHB*K?) + 12CK /v)P = (1 + 48dCHB*K> /v)P.

Similarly, we v/4 construct a cover corresponding to each of the terms in Equation (20) with sets of cardinality (1 +
64ﬁ2/v2)d2 and (1 + 16dHK?/v)4. This gives,
log Ny, (V°(Z,C)) < plog (1 + 48dCHBK? /v) +2d% log (1 + 64B/v) + d log(1 + 16dHK?/v)
< cnd’log (BCK |v),

for an appropriate constant ¢ 5, which completes the proof. o

A.5. Proof of Lemma 4

Proof of Lemma 4. For any k, we have by Lemma 16;

k * k ~. ~. *
LA e A

H
Z E,.x [f]pf(sh, an) + PV (snyan) = O (shs ah)]
=1

+ > (@5 ntlon) - miclon)

h=1
H ~ —_~
+ Z Epx [Q];,’O(Sh,ah) = C; (s, an) — PhV,]ffl(Sh,ah)] .
h=1
Now, note that for any s € Zp,a € A;

OF°(s,a) = ¢(s,a) " Grn + PRV (5,a) - BE(s,a),

thus

6 (5,0) + PV, (5,@) = 0F°(5,a) = 05,0 (g = 8ren) + (P = PE) V53 (5,0 + B (5. ).
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In addition, by the good event, specifically £9*¢, and the assumption that the instantaneous loss is € [—1, 1], we have for
any s ¢ Zp,a € A:

|€,’j(s, a)+ thll;ol (s,a) — éﬁ;o(s, a)‘ = )fﬁ(s, a)+ thil;ol (s,a)|<1+H+2<2H.
Thus by the law of total expectation,
E,x [f;]f(sh, an) + PV (snyan) = OF° (shs ah)]
<Epx [5Z (Shsan) = & (snoan) + (Ph - @ﬁ) Vi (s, an) + bl (s,a) | su € Zh] +2ecovH,
where the inequality follows since the good event &rtw implies ,uz (S8\ Zn) < €ov, and for similar reasons;
E,.x [éz;o(sh, an) = & (sn.an) — PuV,5 (s, ah)]
7k k Dk Tkso 7k
< Eur [fh(sh,ah) =€, (sn,an) + (Ph - I]:Dh) Vi1 (Snyan) = by (s,a) | sp € Zh] +2€covH.
Finally, again by the law of total expectation and definition of the restricted Q-function;
Eavpiz [(OF° (one ) mhClon) = 7 Clom) )| < B [(@5Con o Clsn) = 2 Clow) ) 1 s € Za

Combining the last three displays with the first equation and summing over k = Ky, ..., K and & € [H] completes the
proof. O

Lemma 14. Upon execution of Algorithm 1, for all k, h it holds that

d
; 1 < - < -
VueRYG lullyg, < llulizy < V2lullyg,

~ ~ ~ det A7l
Proof. By definition, we have at all times Ak, < Ak, and det A j < 2det Ag . Therefore, A,;lh < A,;lh and d::% <2.
’ ’ k,h
Now, by Lemma 21, we have
AL <AL <2A7Y
kh = Den = “ po
which completes the proof. O

B. Proof of Lemma 1

In this section, we provide the technical details of the reward free algorithm guarantees. As mentioned, the algorithm is
based on the work of Wagenmaker et al. (2022b) — the basic guarantee we build upon is formally stated below and follows
immediately from Theorem 2 and Corollary 2 in their work. The bound on the number of episodes 7 follows from plugging
the guarantees of FORCE (Wagenmaker et al., 2022a, Algorithm 1) into the precise setting of K; given in the beginning of
Appendix B of (Wagenmaker et al., 2022b).

Theorem 2 (Wagenmaker et al., 2022b). The COVERTRAJ algorithm (Wagenmaker et al., 2022b, Algorithm 4) when
instantiated with FORCE (Wagenmaker et al., 2022a, Algorithm 1) enjoys the following guarantee. Given a sequence of

tolerance parameters yi,...,ym > 0 and h € [H], the algorithm interacts with the environment for T steps, where
UL d 2! 1
T <C ) 2'max — log = d*H>m? log7/2 -+, C > 0a constant,
i=1 Yi i 0
and outputs {(Xh,,-,ﬁh,i,xh,,-)}jil such that U;f;l Xni = Bg(l) partitions the euclidean unit ball, Kh,i =1+

ZTE@M ¢(sp.ap)p(sp.ar)", and with probability 1 — 6, it holds that:
Vieml, ¢TALL < yE Vo € X

and Vi € [m + 1], sup {/ I {¢(s,a) € Xh,i},UZ(S, a)} < i+l
© JSxaA

X
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Lemma 15. Assume h € [H],€,6 > 0,7y, = --- > y; > 0, and let {Ah’i}ie[m]
CovTraj(h,8,m =log(1/€),{yi}). Then under the assumption that the event from Theorem 2 holds, we have for any policy
mandi € [m]:

be the covariate matrices returned from

(Ela s.t. ||¢(sh,a)||/\;1i > ym) <e.

T
h

Pr
Sh~H

Proof. By Theorem 2, we have that the total probability density induced by any policy 7 € [H] X S — A(A) on the last
partition set Xj,_,,,+1 is at most 27™ = €. In addition, since on each of the remaining partition sets {Xh»i}ie[m] we have the
guarantee that ¢ € Xp,; = ||¢||A;1_ < i £ ¥Ym, it follows that,

vas e (IgGmanliag, > vm) = Pr (¢(snan) € Ximar) < €. @)

Sh,An~My; Sh,an~py,

Assume by contradiction that  is a policy for which the statement of the theorem does not hold. Then
Pr_(3a,ll9Csn st > vm) > €
Sh~Hy, h.i

But, if this happens, we can consider a transformed policy 7; that rolls into timestep # with x, then takes (with prob-
ability 1) the action a that maximizes ||¢(Sh’a)||A,_l.' Formally, 7y, = mpy for all A # h, and 7,(als) = I{a €

argmax  [|¢(s, a’)l|5-1 }. This implies,
P (IgCsman)linzs > ) > €,

Sh,An~Hj;

thus reaching a contradiction which completes the proof. m}
Proof of Lemma 1. For the episode count, in order to apply Theorem 2, first note that given S =
O(d*?H log(dHK /5)), €coy > 1/K, we have:

Vi : 12 log 2—2 = 0(dp*H?10g(2'BH)) = O(dB*H? log*>(BHK)) = O(d*H*1og* (dHK /§)).
Vi i

4

In addition,
A Hm? 721 4173 1003 721 a3 1K
H"m” log 5:0 d"H” log’ K log 5:0 dHlogg

Hence, we have that for every h, with 7}, denoting the number of episodes run by CovTraj, by Theorem 2;

m
T, = 0 |a*H*1og’ (dHK /5) Z 2

i=1

d*H*

-0 (2’"”d4H4 log7(dHK/6)) -0 ( 10g7(dHK/6)) .

CcCov

Given that Algorithm 2 executes CovTraj H times, the claim follows. For the claim on the un-reachability of S \ Zj, fix
h € [H], and observe that by Lemma 15, w.p. 1 — §/H, for any x;

Pr (sn#2)= Pr. (3a st 180G Dz, > ) < o
Sh~Hy, >

Sh~Hp,
where in the inequality we use that Kh,i < Ag,;. The proof is complete by a union bound over /. O

C. Auxiliary Lemmas

Lemma 16 (Extended value difference; Shani et al., 2020, Lemma 1; Cai et al., 2020). Let M = (H,S, A, P, ) be any
MDP and nt,n’ € S — Az be any two policies. Then, for any sequence of functions O : SX A — R, VT: S — R, where
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V;:r(s) = <7T(-|s),§h(s, ~)>, h=1,...,H, we have

H

VE=VE = 3 By g [(OF Con ) mnClsw) = 7, Clsw)) |

h=1

H
+ Z Eyan~ar [QZ(Sh»ah) = ln(sp,an) =PV, (sn, ah)] :
=1

Lemma 17 (Covering number of Euclidean Ball). For any € > 0, the e-covering of the Euclidean ball in R? with radius
R > 0 is upper bounded by (1 + 2R /€)<.

Lemma 18. Let R,z > 1, and x > 2z10g(Rz). Then z1og(Rx) < x.
Proof. If x = 2z10g(Rz);
zlog(Rx) = zlog R + z1log(2zlog(Rz))
= zlog R + zlog(2z) + zloglog(Rz)
< zlogR + zlogz + zlog(Rz)
=2zlogR+2zlogz

=X.

For larger values, the result follows by noting x — z+/log(Rx) is monotonically increasing in x for all x > z. O

Lemma 19 (Lemma D.4 in Rosenberg et al., 2020). Let (Fi),., be a filtration, and let (X)), be a sequence of random
variables that are F.-measurable, and supported on [0, B]. Then with probability > 1 — 6, we have that for any K > 1;

K K 2K
Z[E [Xe | Fior] < 2Zxk +4Blog = .
k=1 k=1 0

Lemma 20 (Elliptical potential lemma, Lattimore & Szepesvari, 2020, Lemma 19.4). Let (¢i)kK=1 c R with ||¢x]| < 1,
and set Ay = Al + 2,1-:11 (15,-(15;r where A > 1. Then,

K K
12
D 1011 < 2o (1 + —dﬂ)

Proof. Note that A > 1 implies [|¢;[15_1 < Amax(Ag") llg:]1> < 27" < 1. Thus
k

K K
Dol = Y min {1l
k=1 ok .

The rest of the proof is identical to Lattimore & Szepesvari (2020), with L = 1 and Vj = Al. O
Lemma 21 (Cohen et al., 2019, Lemma 27). For any two matrices A, B € R which satisfy 0 < A < B, we have
B < dCtBA.

— detA

The following lemma is a direct consequence of the concentration of Self-Normalized Processes due to Abbasi-Yadkori et al.
(2011).

Lemma 22. Let k € N and let £: R? — R denote a linear function £(¢) = ¢ g*, g* € R%. Assume {ﬁ}le is a filtration,
and that ¢; € Fi_y is an R? valued stochastic process with ||¢;|| < 1. Further, assume €' = ((¢;) + &; where & is a random
variable such that E[&; | Fi-1] =0, and |€i| < D almost surely. Then for any § > 0, w.p. 1 — 6, we have

k 2

Doe(e7 - e(o0))

7=1

k+A
< 2D2d10g (%) s

Al
where Ax = Al + Zle bip]
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The next lemma establishes the uniform concentration of least squares solutions over a class of functions, and follows from
a standard covering argument combined with the concentration of Self-Normalized Processes (Abbasi-Yadkori et al., 2011).

Lemma 23 (OLS uniform concentration; Jin et al., 2020, Lemma D.4). Let {7}, be a filtration. Let {x} be a stochastic
process on state space S that is Fr-measurable, and {¢} be an R%-valued stochastic process that is F_|-measurable and
satisfies ||¢-|| < 1. Further, let Ay = Al + 3"_| ¢-p7. Then for any 6 > 0, with probability at least 1 — 6, for all n > 1 and
anyV € V so that ||V||, < D, we have;

2

S 00 (Vix) E VG171
7=1

d A 8n’e?
S4D2(—log(n+ )+logNs((V))+ e
o 2 1 5 2

where N¢ (V) is the |||« €-covering number of V.

The next lemma is standard, for proof see e.g., Hazan et al. (2016); Lattimore & Szepesvari (2020).

Lemma 24 (Entropy regularized OMD). Let yi,...,yr € RA be any sequence of vectors, and n > 0 such that
ny;(a) > =1 forallt € [T],a € [A]. Then if {x;} C Ay is given by x1(a) = 1/nVa, and fort > 1:

Xt (a)e_"yt (a)

Zare[Al] x;(a’)e=myi(@)’

Xi41(a) =

then,

d log A e
max {Z (V> xs —x)} < ; +nz th(a)yz(a)z.
i k=1 a=1
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