
Pattern Over-Generalization of Knowledge Graph Embedding

Anonymous ACL submission

Abstract001

Knowledge graph embedding (KGE) demon-002
strates its effectiveness for predicting missing003
links in knowledge graphs (KGs) by projecting004
entities and relations into a low-dimensional005
vector space. It is crucial for KGE mod-006
els to effectively capture inference patterns007
(patterns) inherent in KGs, such as symme-008
try/antisymmetry, inversion and composition.009
Although recent KGE models exhibit strong010
capabilities in modeling such diverse patterns,011
they suffer from inherent limitations stemming012
from pattern over-generalization, where em-013
beddings learned from only a single pattern014
instance inevitably generalize that pattern to015
all related instances, i.e., generalize the pattern016
universally. To address this issue, we propose017
POGE (Pattern Over-Generalization Addressed018
Embedding), a simple but effective method that019
utilizes linear transformations and compound020
operations for relation representation. Our the-021
oretical analysis demonstrates that a simple022
linear transformation allows a pattern to be-023
come progressively universal as more triples024
are observed in the pattern. Furthermore, after025
observing d + 1 linearly independent entities026
(d + 1 denotes the dimension of entity), the027
linear transformation guarantees universal gen-028
eralization of the pattern across all related in-029
stances. Experimental results on three standard030
benchmark datasets show that POGE outper-031
forms existing state-of-the-art KGE models in032
link prediction. Moreover, our empirical results033
indicate that POGE effectively addresses the034
negative impact of over-generalization.035

1 Introduction036

Knowledge graphs (KGs) store vast amounts of037

human knowledge in the form of factual triples038

(h, r, t), where h and t represent the head and tail039

entities and r denotes the relationship between enti-040

ties. KGs have demonstrated their effectiveness in041

various downstream tasks (Wang et al., 2025; Sui042

et al., 2025; Ma et al., 2025). However, real-world043

KGs such as Freebase (Bollacker et al., 2008) and 044

WordNet (Miller, 1995), even on a large scale, still 045

suffer from incompleteness (Bordes et al., 2013). 046

To address this issue, Knowledge graph embedding 047

(KGE), which represents entities and relations in 048

a low-dimensional vector space, has been widely 049

studied as an effective method for predicting miss- 050

ing links. 051

A fundamental challenge in KGE lies in effec- 052

tively capturing the inference patterns (patterns) 053

inherent in KGs, such as symmetry/antisymmetry, 054

inversion, and composition. To address this, ex- 055

isting works focus on designing specific score 056

functions to capture these patterns. For instance, 057

TransE (Bordes et al., 2013) represents relations as 058

translations to model inversion and composition, 059

while RotatE (Sun et al., 2018) employs rotations 060

to capture symmetry/antisymmetry, inversion and 061

composition. PairRE (Chao et al., 2021) and Com- 062

poundE (Ge et al., 2023) leverage scaling and com- 063

pound operators to effectively model more patterns, 064

including subrelation as well as complex relations 065

such as 1-N, N-1, and N-N. 066

Despite their strong ability to capture various 067

inference patterns, existing KGE models tend to 068

over-generalize the patterns they observe. In partic- 069

ular, once a model observes a pattern, it generalizes 070

the pattern universally across the entire graph, even 071

when the pattern is supported by only a small num- 072

ber of observed triples. Consequently, patterns 073

that are valid locally in the graph are treated as 074

universally valid. We refer to this phenomenon 075

as over-generalization, which leads to erroneous 076

predictions. 077

To address this issue, we propose a simple but 078

effective method, POGE, that prevents locally valid 079

patterns from being generalized universally. POGE 080

uses linear transformations and compound oper- 081

ations for relation representation, where the lin- 082

ear transformation is decomposed into a relation- 083

specific orthogonal matrix and a shared upper- 084
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triangular matrix This framework theoretically085

guarantees that patterns supported by only a small086

number of observed triples are generalized locally,087

while ensuring that any pattern supported by suf-088

ficient observed triples is generalized universally089

across the entire graph, when patterns are repre-090

sented as connected relational paths.091

Our contributions are as follows:092

• We introduce pattern over-generalization, the093

phenomenon in which patterns supported by094

only a small number of observed triples are095

generalized universally across the entire graph096

in existing KGE models.097

• We propose a novel KGE method, Pattern098

Over-Generalization Addressed Embedding099

(POGE), and theoretically guarantee that it100

effectively addresses over-generalization. In101

particular, POGE allows any pattern repre-102

sented as a connected relational path to be-103

come progressively universal as more triples104

are observed in the pattern. Moreover, suffi-105

cient triples are observed, POGE guarantees106

universal generalization of the pattern across107

all related instances.108

• Experimental results on three benchmark109

datasets demonstrate that POGE consistently110

outperforms baseline KGE models in link pre-111

diction and effectively addresses the negative112

impact of over-generalization.113

2 Background114

Knowledge Graph Embedding Given sets of en-115

tities and relationsE andR, a KG can be defined as116

a collection of factual triples G = {(h, r, t)|h, t ∈117

E, r ∈ R}, where h is head entity, t is tail entity,118

and r is the relation. KGE maps entities and rela-119

tions to low-dimensional vectors in a latent embed-120

ding space and defines a score function to measure121

the plausibility of each triple. Distance-based mod-122

els (DBMs) (Bordes et al., 2013; Sun et al., 2018;123

Chao et al., 2021; Ge et al., 2023) are trained to124

minimize the distance of the factual triple (h, r, t),125

while maximizing the distance of corrupted nega-126

tive triples (h′, r, t) or (h, r, t′), which are gener-127

ated by randomly replacing the head h or tail t with128

other entities in E. PairRE (Chao et al., 2021), a129

representative model of DBMs, defines the score130

function as the distance between h ◦ rH and t ◦ rT ,131

i.e.,132

fr(h, t) = ∥h ◦ rH − t ◦ rT ∥, (1)133

where h, t, rH , rT ∈ Rd, ◦ denotes a Hadamard 134

product and ∥ · ∥ is a vector norm. 135

Tensor decomposition models (TDMs) (Yang 136

et al., 2015; Trouillon et al., 2016; Balažević et al., 137

2019) are trained to maximize the plausibility (or 138

semantic similarity) of the factual triple calculated 139

via the multi-linear product of the head entity h, 140

the relation r and the tail entity t, while minimizing 141

the score of negative triples. DistMult (Yang et al., 142

2015), a representative model of TDMs, defines the 143

score function as the multi-linear product of h, r, 144

and t, i.e., 145

fr(h, t) = ⟨h, r, t⟩ =
∑d

i=1 hiriti, (2) 146

where h, r, t ∈ Rd, and ⟨·, ·, ·⟩ denotes the three- 147

way dot product, defined as the sum of element- 148

wise products. 149

Inference Pattern Inference patterns (patterns) 150

are widely used to analyze the generalization ca- 151

pabilities of KGEs. A pattern, notated as ψ ⇒ ϕ, 152

has the body ψ and the head ϕ, which are sets 153

of triples composed of observed entities and re- 154

lations in the data. For example, a composition 155

pattern for relations r1, r2, r3 ∈ R is defined as 156

r1(X,Y ) ∧ r2(Y,Z) ⇒ r3(X,Z). A pattern im- 157

plies that if the body is in the graph, the head is 158

also in the graph (Pavlović and Sallinger, 2023). 159

3 Problem 160

3.1 Problem Formulation 161

Pattern Instance We further define a pattern in- 162

stance as an instantiation of pattern ψ ⇒ ϕ. For 163

the composition pattern of relations r1, r2, r3 ∈ 164

R, a pattern instance ψ1 ⇒ ϕ1 is expressed 165

as r1(ex, ey) ∧ r2(ey, ez) ⇒ r3(ex, ez), where 166

r1(ex, ey) ∧ r2(ey, ez) corresponds to a body in- 167

stance ψ1, r3(ex, ez) corresponds to the head in- 168

stance ϕ1, and ex, ey, ez ∈ E. 169

Pattern Over-Generalization Although well- 170

known KGE models such as TransE (Bordes et al., 171

2013), RotatE (Sun et al., 2018), PairRE (Chao 172

et al., 2021), and CompoundE (Ge et al., 2023) 173

demonstrate strong generalization capabilities by 174

modeling various patterns, they suffer from in- 175

herent limitations stemming from pattern over- 176

generalization. Pattern over-generalization is the 177

phenomenon where a model, after observing a 178

single instance of a pattern (ψ1 ⇒ ϕ1) in the 179

graph G, generalizes the pattern to every body in- 180

stance that appears in the graph; for example, if 181
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the body ψ2 appears in graph G, the model infers182

that the corresponding head ϕ2 must also exist (i.e.,183

ψ2 ⇒ ϕ2). This issue arises because existing mod-184

els are trained to generalize a pattern universally.185

This phenomenon of pattern over-generalization is186

formally defined as follows.187

Pattern Over-Generalization

The model generalizes a local pattern to all
unseen triples, without observing sufficient
triples, i.e., the model treats a local pattern
as a universal pattern.
• Local Pattern: ψi ∈ Go ⇒ ϕi ∈ Gp
s.t. Gp ⊂ Gu and Gp ̸= Gu
• Universal Pattern: ψi ∈ Go ⇒ ϕi ∈ Gp
s.t. Gp = Gu
for a given set of instantiated relations
{ri}ni=1.

188

where189

Go : {f |f is a set of triples observed in the given

KG data}
Gp : {f |f is ψi ∈ Go or ϕi that corresponds to ψi,

s.t. ϕi is semantically correct.}
Gu : {f |f is ψi ∈ Go or ϕi that corresponds to ψi)}

(3)190

While this phenomenon can serve as a crucial191

inductive bias in KGE, universally generalizing a192

local pattern without sufficient observations can193

lead to erroneous predictions by injecting incorrect194

information into the embeddings.195

3.2 Cause and Evidence196

Why Does The Problem Appear? The cause197

is that the pattern condition depends only on re-198

lation embeddings in KGE methods. This entity-199

independent pattern condition allows the model to200

generalize local patterns to unseen triples.201

For example, in PairRE, if body instance202

(ex1 , r1, ey1), (ey1 , r2, ez1) ∈ G and head instance203

(ex1 , r3, ez1) ∈ G, we have204

ex1 ◦ rH1 = ey1 ◦ rT1 ∧ ey1 ◦ rH2 = ez1 ◦ rT2
∧ ex1 ◦ rH3 = ez1 ◦ rT3

⇒ rT1 ◦ rT2 ◦ rH3 = rH1 ◦ rH2 ◦ rT3

(4)205

Under this pattern condition, if a new body in-206

stance (ex2 , r1, ey2), (ey2 , r2, ez2) is observed as207

ex2 ◦ rH1 = ey2 ◦ rT1 ∧ ey2 ◦ rH2 = ez2 ◦ rT2 (5)208

Local Pattern

: Body (𝜓) : Head (𝜙)

𝜓1 𝜙1

Generalize Pattern
Universally

Observing
Single Instance

(Jon Favreau, 𝑟1, Iron Man 2)

(Iron Man 2, 𝑟2, Iron Man) (Jon Favreau, 𝑟3, Iron Man)

(Ridley Scott, 𝑟1, Hannibal)

(Hannibal, 𝑟2, Hannibal Rising)
(Ridley Scott, 𝑟3, Hannibal Rising)

(Sam Raimi, 𝑟1, Spider-Man 3)

(Spider-Man 3, 𝑟2, Spider-Man 2)
(Sam Raimi, 𝑟3, Spider-Man 2)

𝑟1: film/director
𝑟2: film/prequel
𝑟3: film/actor

# of Pattern 
Instance: 22

Composition

(𝑋, 𝑟1, 𝑌)

(𝑋 𝑟3, 𝑍)

(𝑌, 𝑟2, 𝑍)

Relations

Example of Over-Generalization

Pattern Over-Generalization

Universal Pattern
𝐺𝑜

𝜓1 𝜓2 𝜓3 𝜓4 𝜓𝑖𝜓5

𝜙1 𝜙2 𝜙3 𝜙4 𝜙𝑖𝜙5

𝐺𝑜 𝐺𝑝

𝐺𝑜
𝜓1 𝜓2 𝜓3 𝜓4 𝜓𝑖𝜓5

𝜙1 𝜙2 𝜙3 𝜙4 𝜙𝑖𝜙5

𝐺𝑝 = 𝐺𝑢
𝐺𝑜

𝜓𝑖 𝜙𝑖

𝜓5 𝜙5𝜓1 𝜙1

𝜓2 𝜙2

𝜓3 𝜙3

𝜓4 𝜙4

Over-Generalized Local Pattern

𝐺𝑢

Over-Generalization

Semantically Incorrect Head

Semantically Incorrect Head

Figure 1: Illustration of local and universal patterns, and
the process and examples of over-generalization. Exist-
ing models suffer from over-generalization by treating
local patterns as universal patterns. The example shows
that a local pattern is generalized universally, which
leads to erroneous predictions.

then the model guarantees that 209

ex2 ◦ rH3 = ez2 ◦ rT3 , (6) 210

thereby leading the model to treat the correspond- 211

ing head as valid for every new body instance of 212

the same pattern. This phenomenon is further illus- 213

trated in Figure 1, where the model generalizes the 214

pattern universally to every body instance. 215

However, not all patterns in real-world KGs 216

are universally valid. Some patterns are observed 217

across many instances inG, indicating that they rep- 218

resent universal patterns. In contrast, other patterns 219

are observed across few instances in G, indicating 220

that they represent local patterns. 221

Empirical Evidence Despite this fundamental 222

difference, existing KGE models overlook the dif- 223

ference between local and universal patterns, treat- 224

ing all observed patterns as universally valid re- 225

gardless of their frequency. Figure 2 shows the 226

histograms of the embedding difference ∆ = 227

rT1 ◦ rT2 ◦ rH3 − rH1 ◦ rH2 ◦ rT3 , that is presented 228

in Equation 4. Elements of ∆ close to zero indi- 229

cate that the model recognizes the given relation set 230

(r1, r2, r3) as a valid pattern, therefore, the model 231

generalizes the pattern universally to every body 232

instance. Figures 2(a) and 2(b) show that the ele- 233

ments of ∆ are concentrated near zero for both lo- 234

cal and universal patterns, indicating that the model 235

recognizes both as valid composition patterns re- 236

3



0.2 0.1 0.0 0.1 0.2
Element Values of 

0

650

1300
Fr

eq
ue

nc
y

# of PI: 22

0.2 0.1 0.0 0.1 0.2
Element Values of 

0

650

1300

Fr
eq

ue
nc

y

# of PI: 13

(a) Histograms of local patterns that are supported by scarce
pattern instances. The relation sets for the left and right figures
are (film/written_by, actor/film, film/prequel) and (film/director,
film/prequel, actor/film), respectively
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(b) Histograms of universal patterns that are supported by many
pattern instances. The relation sets for the left and right fig-
ures are (actor/film, film/country, people/nationality) and (peo-
ple/place_of_birth, location/country, people/nationality), respec-
tively

Figure 2: Histograms of embedding difference ∆ =
rT1 ◦ rT2 ◦ rH3 − rH1 ◦ rH2 ◦ rT3 for different relation
set (r1, r2, r3). # of PI denotes the number of pattern
instances. (r1, r2, r3) are retrieved from FB15k-237.
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Figure 3: The number of pattern instances and body
instances for the local patterns introduced in Figure 2(a).

gardless of instance frequency. This demonstrates237

that PairRE is trained to generalize local patterns238

as if they were universal, even when the supporting239

instances are scarce.240

While local patterns are supported by only a241

scarce number of pattern instances, they often have242

a vast number of body instances. Figure 3 presents243

the number of pattern instances and body instances244

of the local patterns displayed in Figure 2(a). This245

indicates that a large number of body instances are246

affected by only a few pattern instances, leading the247

model to predict the corresponding head instances248

as valid for all body instances.249

To address this issue, we propose a novel KGE250

framework POGE that explicitly models the dis-251

tinction between pattern universality and locality.252

Our core idea is to generalize patterns differentially253

based on their observation frequency in G, rather254

than generalizing all patterns equally.255

Model Score Function Over-generalization
Sym/Asym Inversion Composition

TransE ∥h + r − t∥ -/✓ ✓ ✓
RotatE ∥h ◦ r − t∥ ✓/✓ ✓ ✓
Rotae3D ∥h ⊙ r − t∥ ✓/✓ ✓ ✓

PairRE ∥h ◦ rH − t ◦ rT ∥ ✓/✓ ✓ ✓

CompoundE ∥Mr · h − M̂r · t∥ ✓/✓ ✓ ✓

POGE (Ours) ∥Lrhr − tr∥ ✗/✗ ✗ ✗

Table 1: Comparison between POGE and KGE models.
h and t denote head and tail embeddings and hr and
tr indicate head and tail embeddings in the relation-
specific space, as presented in Equation 10.

Which Methods Are Affected? Table 1 presents 256

representative examples of KGE methods that suf- 257

fer from over-generalization. In contrast to other 258

models that suffer from over-generalization (indi- 259

cated by checkmarks), our model addresses this 260

issue by utilizing the relation-specific linear trans- 261

formation in the score function. 262

4 Method 263

In this section, we present the formulation of POGE 264

and provide a theoretical analysis demonstrating 265

how the proposed method effectively addresses 266

over-generalization. 267

4.1 Pattern Over-Generalization Addressed 268

Embedding (POGE) 269

Final Form We define the score function as the 270

distance between the head entity hr and tail en- 271

tity tr in relation-specific space, after the linear 272

transformation Lr ∈ Rd×d: 273

fr(h, t) = ∥Lrhr − tr∥ (7) 274

where hr, tr ∈ Rd denote the head and tail embed- 275

dings in relation-specific space, respectively. 276

QR Decomposition and Partial Sharing for Effi- 277

cient Parameterization Although existing mod- 278

els such as RESCAL (Nickel et al., 2011) and 279

TransR (Lin et al., 2015) employ linear transfor- 280

mations, they suffer from overfitting or are not 281

designed to model inference patterns. Furthermore, 282

representing relations as Rn×n linear transforma- 283

tions incurs significant computational costs. To 284

address this limitation, inspired by QR decompo- 285

sition, we decompose Lr into a relation-specific 286

orthogonal matrix Qr and an upper-triangular ma- 287

trix R that is shared across all relations: 288

Lr = QrR

Qr = H1H2...Hk

(8) 289

In addition, Qr is approximated using a product 290

of k Householder reflections (where k ≪ d). This 291

4



approximation significantly reduces the number292

of parameters from nrd
2 to d(d + 1)/2 + nrkd,293

where nr denotes the number of relations, thereby294

effectively reducing the model complexity. Details295

about computational complexity with respect to k296

are presented in Appendix C.297

Additionally, let R̄ be the learnable upper-298

triangular parameter matrix. The final shared ma-299

trix R is formulated as:300

R =
R̄

∥R̄∥2
(9)301

where ∥ · ∥2 denotes the spectral norm. We argue302

that even for local patterns, the pattern should be303

generalized to entities that are not observed in the304

patterns but are semantically similar to entities that305

are observed in the patterns. Spectral Normaliza-306

tion (SN) enables this generalization by bounding307

the Lipschitz constant of the transformations to308

one (Miyato et al., 2018). Detailed derivations are309

provided in the Appendix B.310

Relation-Specific Affine Mapping for Expres-311

sive Power Sharing an upper-triangular matrix R312

reduces the expressive power of relation-specific313

transformations. To address this limitation and314

enhance the model capacity, following (Ge et al.,315

2023), each entity is mapped into an relation-316

specific space via three affine operators before ap-317

plying Lr. By employing homogeneous coordi-318

nates, these operators can be unified into a single319

matrix multiplication:320

hr =Mrh, tr = M̂r · t
Mr = Sr ·Rr · Tr, M̂r = Ŝr · R̂r · T̂r

(10)321

where h, t are head and tail embeddings, Sr, Rr,322

and Tr denote the scaling, rotation, and translation323

operators, and Ŝr, R̂r, and T̂r denote the scaling,324

rotation, and translation operators for tail entity325

embedding, respectively. This mapping strategy326

ensures that each relation has sufficient expressive327

power despite the shared components in Lr.328

Optimization Following Sun et al. (2018), we329

adopt self-adversarial negative sampling for train-330

ing. The loss function can be written as:331

L = − log σ(γ − fr(h, t))

−
n∑
i=1

p(h′i, r, t
′
i) log σ(fr(h

′
i, t

′
i)− γ)

(11)332

where σ is the sigmoid function, γ is a fixed margin, 333

(h′i, r, t
′
i) is the i-th negative triple and p(h′i, r, t

′
i) 334

is the weight of the negative triple, defined as: 335

p(h′j , r, t
′
j |{(hi, ri, ti)}) =

expαfr(h′j ,t
′
j)∑

i expαfr(h′i,t
′
i)

(12) 336

where α is the temperature of sampling. 337

4.2 How Is Pattern Over-Generalization 338

Addressed? 339

To analyze how POGE addresses over- 340

generalization, we first consider a simple 341

case using only linear transformation Lr, and then 342

extend this to our framework, which incorporates 343

the affine operators. 344

Theoretical Analysis: Linear Transformation 345

To the best of our knowledge, all patterns studied 346

in existing research are based on connected paths 347

formed by relations. This implies that a body (ψ) 348

and head (ϕ) can be represented as a relational path 349

between the start entity eu and the end entity ev, 350

where each path is formulated as a product of linear 351

matrix multiplications. Consequently, the body (ψ) 352

and head (ϕ) of a pattern can be expressed as: 353

Body (ψ) : Lψeu = Lrn . . . Lr2Lr1eu = ev,

Head (ϕ) : Lϕeu = Lr′m . . . Lr′2Lr′1eu = ev.
(13) 354

where L ∈ Rd×d and e ∈ Rd denote the transfor- 355

mation matrix and entity vector, respectively. 356

From Equation 13, since both paths map eu to 357

the same entity ev, we explicitly have Lψeu = 358

Lϕeu, which is equivalent to: 359

(Lψ − Lϕ)eu = 0 ⇐⇒ Eeu = 0 (14) 360

where E = Lψ − Lϕ denotes the constraint ma- 361

trix. Next, consider a set of d linearly independent 362

entities {eu1 , eu2 , . . . , eud} that satisfy the pattern, 363

such that: 364

Eeui = 0, for all i = 1, 2, . . . , d (15) 365

For any arbitrary entity a ∈ Rd, since {eui} forms 366

a basis in Rd, a can be expressed as a linear com- 367

bination a = c1eu1 + c2eu2 + · · ·+ cdeud . By the 368

linearity of the transformation E, it follows that: 369

Ea = c1Eeu1+c2Eeu2+· · ·+cdEeud = 0 (16) 370

This result implies that POGE enables any pat- 371

tern to become progressively universal as more 372

linearly independent entity eu are observed. Ad- 373

ditionally, when the number of observed entities 374

reaches d, POGE guarantees the universal general- 375

ization of the pattern across all related instances. 376
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Extension to Relation-Specific Affine Mapping377

This analysis can be extended to our proposed378

framework by employing homogeneous coordi-379

nates. By representing entities in an augmented380

(d+1)-dimensional space, the integration of affine381

operators and linear transformations for a rela-382

tion r can be unified into a single linear matrix383

Ar ∈ R(d+1)×(d+1) when M̂r is non-singular:384

Ar = M̂−1
r LrMr (17)385

Therefore, the relational path can be expressed as a386

product of linear transformation Ar. Consequently,387

the same proof used in the linear case can be ap-388

plied, demonstrating that the pattern becomes uni-389

versal only when d+1 linearly independent entities390

are observed in the augmented space. 1 The linear391

independence of entity embeddings is discussed in392

Section 6.3.393

5 Related Work394

5.1 Distance-based Model395

TransE (Bordes et al., 2013), RotatE (Sun et al.,396

2018) and Rotate3D (Gao et al., 2020) represent397

relations as translation, rotation and 3D rotation398

between entities, respectively. To model semantic399

hierarchies, HAKE (Zhang et al., 2020) maps enti-400

ties into the polar coordinate system. DualE (Cao401

et al., 2021) models relations as a combination of402

translation and rotation to satisfy the key pattern403

and the multiple relations pattern. PairRE (Chao404

et al., 2021) applies a scaling operation to both head405

and tail entities. DFieldE (Nayyeri et al., 2021)406

embeds entities on the trajectories of Ordinary Dif-407

ferential Equations and represents each relation as408

a vector field on manifolds to preserve complex409

structures. HopfE (Bastos et al., 2021) models the410

structural embedding in 3D Euclidean space, and411

maps the entity embedding from a 3D Euclidean412

space to a 4D hypersphere using the inverse Hopf413

Fibration. DensE (Lu et al., 2022) decomposes414

each relation into rotation and scaling operations in415

3D Euclidean space. ReflectE (Zhang et al., 2022)416

regards each relation as a Householder transforma-417

tion to model complex relations. TranSHER (Li418

et al., 2022) utilizes relation-specific translation419

to address the constraint of hyper-ellipsoid restric-420

tions. ExpressivE (Pavlović and Sallinger, 2023)421

embeds entities as points and each relation as hyper-422

parallelograms in the latent space, while Octagon423

1Refer to Appendix B for constraint matrices for various
patterns.

Embedding (Charpenay and Schockaert, 2024) em- 424

beds each relation as composed of axis-aligned 425

octagons. CompoundE (Ge et al., 2023) applies 426

compound operators, including translation, rota- 427

tion, and scaling to both head and tail entities. 428

SpeedE (Pavlović and Sallinger, 2024) designs a 429

Euclidean geometric KGE that is efficient under 430

low-dimensional conditions. To reduce the compu- 431

tational cost of rotation-based methods, Orthogo- 432

nalE (Zhu and Shimodaira, 2024) employs matrices 433

for entities and block-diagonal orthogonal matrices 434

with Riemannian optimization for relations. 435

5.2 Tensor Decomposition Model 436

DistMult (Yang et al., 2015) embeds entities as vec- 437

tors and each relation as a diagonal matrix, comput- 438

ing the score via the product of entities and relation. 439

ComplEx (Trouillon et al., 2016) extends DistMult 440

to complex embeddings. HolE (Nickel et al., 2016) 441

uses the circular correlation of entity embeddings 442

to capture rich interactions between entities and 443

relation. ANALOGY (Liu et al., 2017) models re- 444

lations as normal linear operators, and utilizes the 445

commutativity property of these matrices to cap- 446

ture analogical structures. SimplE (Kazemi and 447

Poole, 2018) adapts Canonical Polyadic decompo- 448

sition to allow independent embeddings for both 449

head and tail entities. TuckER (Balažević et al., 450

2019) employs Tucker decomposition to capture in- 451

teractions between entity and relation embeddings. 452

QuatE (Zhang et al., 2019) extends the rotation 453

to 4D space using quaternion and the Hamilton 454

product. 455

6 Experiments 456

6.1 Experimental Setting 457

Dataset We evaluate POGE on three widely 458

used KG datasets: WN18RR (Dettmers et al., 459

2018), FB15k-237 (Toutanova and Chen, 2015) 460

and YAGO3-10 (Mahdisoltani et al., 2013). The 461

statistics of the three benchmarks are presented in 462

Appendix E 463

Evaluation Protocol We evaluate link prediction 464

performance in the filtered setting (Bordes et al., 465

2013). In this setting, test triples are ranked against 466

all other candidate triples that are generated by cor- 467

rupting subjects or objects: (h′, r, t) or (h, r, t′), 468

and all the triples that appear either in the train- 469

ing, validation or test set are removed from the 470

candidate triples, except the test triple of interest. 471

We adopt MRR, Hits@1, and Hits@10 to compare 472
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Model WN18RR FB15k-237 YAGO3-10
MRR H@1 H@10 MRR H@1 H@10 MRR H@1 H@10

TransE .226 - .501 .294 - .465 - - -
DistMult .430 .390 .490 .241 .155 .419 - - -
ComplEx .440 .410 .510 .247 .158 .428 - - -
RotatE .476 .428 .571 .338 .241 .533 .495 .402 .670
TuckER .470 .443 .526 .358 .266 .544 - - -
QuatE .488 .438 .582 .348 .248 .550 - - -
Rotate3D .489 .442 .579 .347 .250 .543 - - -
HAKE .497 .452 .582 .346 .250 .542 .545 .462 .694
DualE .492 .444 .584 .365 .268 .559 - - -
PairRE - - - .351 .256 .544 - - -
DFieldE .48 .44 .57 .36 .27 .55 .51 .41 .68
HopfE .472 .413 .586 .343 .247 .534 .529 .438 .695
DensE .492 - .586 .351 - .544 .541 - .678
ReflectE .488 .450 .559 .358 .263 .546 - - -
TranSHER - - - .360 .264 .551 .490 .404 .647
ExpressivE .482 .407 .619 .350 .256 .535 - - -
CompoundE .491 .450 .576 .357 .264 .545 - - -
SpeedE .493 .446 - .320 .227 - .413 .332 -
OctagonE .479 .436 .561 .332 .241 .517 - - -
OrthogonalE .494 .446 .573 .334 .242 .518 - - -

POGE .506 .461 .595 .369 .273 .562 .556 .474 .699
±.001 ±.001 ±.000 ±.001 ±.001 ±.001 ±.000 ±.001 ±.000

Table 2: Link prediction results on WN18RR, FB15k-237 and YAGO3-10. Bold indicates the best result and
underline indicates the second best result. ± indicates standard deviation.

Model MRR
WN18RR FB15k-237 YAGO3-10

POGE .506 .369 .556
+ w/o R .505 .365 .517
+ w/o Qr .501 .364 .540
+ w/o SN .505 .360 .523
+ w/o Lr .491 .357 .477

Table 3: Ablation study of POGE on WN18RR, FB15k-
237 and YAGO3-10. MRR is used for performance com-
parison. R, Qr, SN , and Lr denote the shared upper-
triangular parameter matrix, relation-specific House-
holder reflection, Spectral Normalization, and linear
transformation respectively

the performance of different KGE models. MRR473

denotes the mean reciprocal rank of the correct474

entities, and Hits@N represents the proportion of475

correct entities ranked within the top N .476

Baselines We compare POGE with KGE base-477

lines including TransE (Bordes et al., 2013),478

DistMult (Yang et al., 2015), ComplEx (Trouil-479

lon et al., 2016), RotatE (Sun et al., 2018),480

TuckER (Balažević et al., 2019), QuatE (Zhang481

et al., 2019), HAKE (Zhang et al., 2020), Ro-482

tate3D (Gao et al., 2020), DualE (Cao et al., 2021),483

PairRE (Chao et al., 2021), DFieldE (Nayyeri et al.,484

2021), HopfE (Bastos et al., 2021), DensE (Lu485

et al., 2022), ReflectE (Zhang et al., 2022), Tran-486

SHER (Li et al., 2022), ExpressivE (Pavlović and487

Sallinger, 2023), CompoundE (Ge et al., 2023),488

SpeedE (Pavlović and Sallinger, 2024), Octagon489

Embedding (Charpenay and Schockaert, 2024) and490

OrthogonalE (Zhu and Shimodaira, 2024). 491

6.2 Main Results 492

Link Prediction Performance As shown in Ta- 493

ble 2, POGE exhibits superior or competitive per- 494

formance compared with the baselines. Specifi- 495

cally, POGE outperforms other baselines on FB15k- 496

237 and YAGO3-10. On WN18RR, it achieves 497

the best results in all metrics except for Hits@10. 498

These results indicate the effectiveness and robust- 499

ness of POGE across diverse datasets. 500

Ablation Study Table 3 summarizes the results 501

of an ablation study conducted to verify the effec- 502

tiveness of each proposed component. As shown in 503

the results, POGE consistently outperforms the ab- 504

lated models across all datasets. This result demon- 505

strates that every component of POGE contributes 506

to the effectiveness of the proposed model. 507

6.3 Analysis 508

Entity Independence As discussed in Sec- 509

tion 4.2, POGE ensures that any pattern becomes 510

progressively universal as more linearly indepen- 511

dent entities are observed in the pattern. This im- 512

plies that if the entity embeddings trained by POGE 513

are linearly independent, POGE can achieve such 514

progressive universality in practice. To investigate 515

entity independence, we randomly sample entity 516

embeddings trained by POGE and compute the 517

rank of the space spanned by the sampled enti- 518
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Number of
Sample Vector

Rank
WN18RR FB15k-237 YAGO3-10

100 100.0 100.0 100.0
200 200.0 200.0 200.0
500 500.0 500.0 500.0
1,000 994.4 ± 1.5 1000.0 999.5 ± 0.5
1,500 1000.0 1497.4 ± 0.6 1000.0
2,000 1000.0 1500.0 1000.0

Table 4: Mean rank of the subspace spanned by ran-
domly sampled entities over 100 random trials across
three benchmarks. The entity dimensions of POGE
are 1,000 on WN18RR and YAGO3-10, and 1,500 on
FB15k-237.

# of Pattern
Instances (n)

WN18RR FB15k-237 YAGO3-10
# of Patterns Prop. (%) # of Patterns Prop. (%) # of Patterns Prop. (%)

n = 1 17 48.6 1,546 26.3 56 17.6
1 < n ≤ 10 14 40.0 2,288 39.0 112 35.2

10 < n ≤ 102 4 11.4 1,439 24.5 91 28.6
102 < n ≤ 103 - - 489 8.3 53 16.7

n > 103 - - 111 1.9 6 1.9
Total 35 100% 5,873 100% 318 100%

Table 5: Distribution of composition patterns accord-
ing to the number of pattern instances (n) across three
benchmark datasets. # of Pattern Instances and # of Pat-
terns indicate the number of pattern instances and the
number of patterns, respectively. Prop. (%) is calculated
as the number of patterns within each range of n divided
by the total number of patterns, within each dataset.

ties. Table 4 shows the mean rank of the subspace519

spanned by sampled entities over 100 random tri-520

als. We empirically observe that the rank of the521

space spanned by the randomly sampled entities is522

approximately equal to the number of sampled enti-523

ties, demonstrating that the sampled entities are lin-524

early independent. In addition, with 1,000 sampled525

entities, the mean rank is 994.4 in WN18RR, and526

999.5 in YAGO3-10. These results indicate that,527

since entities in practice are shown to be linearly528

independent, the pattern becomes increasingly uni-529

versal as the number of observed entities increases,530

and that universal generalization is achieved when531

around d+ 1 entities are observed.532

Distribution of Patterns by Number of Pattern533

Instances Table 5 presents the distribution of534

composition patterns according to the number of535

their pattern instances n across three KG bench-536

marks. We compute the number of composition pat-537

terns as the number of relation sets (rx, ry, rz) ∈ R538

that have at least one observed composition pat-539

tern instance (ψ1 ⇒ ϕ1) in the KG. In WN18RR,540

FB15k-237 and YAGO3-10, 88.6%, 65.3% and541

52.8% of composition patterns have 10 or fewer542

pattern instances, respectively. This result indicates543

that a substantial proportion of patterns in real-544

world KGs are observed in only a few instances.545

These patterns can be generalized universally when546
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Figure 4: MRR comparison between POGE and base-
line models across different local pattern definitions on
FB15k-237. The black line indicates the number of test
triples of Gover.

a model suffers from over-generalization. The dis- 547

tributions of symmetry/antisymmetry and inversion 548

are presented in Appendix D. 549

Quantified Impact of Over-generalization To 550

investigate the impact of over-generalization, we 551

extract Gover, a set of triples (h, r, t), where candi- 552

dates (h, r, t′) or (h′, r, t) (with t′ ̸= t and h′ ̸= h) 553

are heads of pattern instances whose bodies are in 554

the training set, i.e., candidates (h, r, t′) or (h′, r, t) 555

are ϕi ∈ Gu \Go for which there is a correspond- 556

ing ψi ∈ Go. Intuitively, if the model suffers from 557

over-generalization, the rank of (h, r, t) is lower 558

than the rank of the candidate triples. To extract 559

Gover, we only consider three representative infer- 560

ence patterns (symmetry, inversion, composition) 561

where the number of pattern instances is n = 1, 562

n ≤ 10, n ≤ 102, and n ≤ 103. We compare 563

the MRR of POGE with other baseline models: 564

TransE, RotatE, PairRE, and CompoundE on this 565

extracted triple set. Figure 4 presents the results on 566

FB15k-237. We observe that POGE consistently 567

outperforms the baselines, regardless of the number 568

of pattern instances. These results demonstrate that 569

POGE effectively addresses the negative impact of 570

over-generalization. 2 571

7 Conclusion 572

In this paper, we propose POGE, a novel KGE 573

method that utilizes linear transformations and 574

compound operations. POGE is theoretically guar- 575

anteed to address over-generalization, in which 576

a model generalizes a pattern to every body in- 577

stance in the graph after observing only a single 578

instance. Experimental results on three benchmark 579

datasets demonstrate the effectiveness of our pro- 580

posed method. 581

2The detailed definitions of Gover and the comparison
results for WN18RR and YAGO3-10 are presented in Ap-
pendix D.
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Limitations582

To universally generalize patterns, POGE does not583

utilize the semantics of patterns, which can be a584

useful inductive bias for pattern generalization. In585

future work, we will leverage the semantics of pat-586

terns for pattern generalization.587
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A Implementation Details 764

For the experiments, we adopt the hyperparam- 765

eter settings from RotatE (Sun et al., 2018) for 766

WN18RR and YAGO3-10, and from PairRE (Chao 767

et al., 2021) for FB15k-237. Additionally, for 768

POGE, the number of Householder reflections k is 769

selected from {2, 4, 8, 12, 20}. Our presented re- 770

sults represent the mean of three independent runs 771

for each dataset. Furthermore, Scaling Sr and Ro- 772

tation Rr are used for FB15k-237 and YAGO3-10, 773

whereas Translation Tr and Rotation Rr are used 774

for WN18RR. Finally, following Rotate3D (Gao 775

et al., 2020), an L2 regularizer is applied to entity 776

embeddings for WN18RR. 777

B Local Pattern Generalization and 778

Constraint Matrices for Patterns 779

Bounding Lipschitz Constants for Local Pattern
Generalization to Unobserved Entities By ap-
plying Spectral Normalization to the shared ma-
trix R, we ensure that the spectral norm of each
relation-specific linear transformation is bounded:
∥Lr∥2 ≤ 1. Since the constraint matrix E is de-
fined as Lψ − Lϕ, the spectral norm of E is also
bounded by the triangle inequality:

∥E∥2 = ∥Lψ − Lϕ∥2 ≤ ∥Lψ∥2 + ∥Lϕ∥2 ≤ 2

This bound ensures that the transformation defined
by the constraint matrix is Lipschitz continuous.
For an entity eobs that is known to satisfy the pat-
tern (i.e., ∥Eeobs∥ ≈ 0) and a semantically simi-
lar but unobserved entity eunobs, the pattern error
∥Eeunobs∥ for eunobs is bounded as follows:

∥Eeunobs∥ ≤ ∥E∥2∥eunobs − eobs∥+ ∥Eeobs∥
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Figure 5: MRR, training time, and number of parameters of POGE on three benchmark datasets.

Pattern Constraint Matrices (E = Aψ −Aϕ)

Hierarcy
r1(X,Y ) ⇒ r2(X,Y )

(Ar1 −Ar2)X = 0

Symmetry
r(X,Y ) ⇒ r(Y,X)

(A2
r − I)X = 0

Antisymmetry
r(X,Y ) ⇒ ¬r(X,Y )

(A2
r − I)X ̸= 0

Inversion
r1(X,Y ) ⇒ r2(Y,X)

(Ar2Ar1 − I)X = 0

Intersection
r1(X,Y ) ∧ r2(X,Y ) ⇒ r3(X,Y )

(Ar1 −Ar3)X = (Ar2 −Ar3)X = 0

Transitivity
r(X,Y ) ∧ r(Y,Z) ⇒ r(X,Z)

(A2
r −Ar)X = 0

Composition
r1(X,Y ) ∧ r2(Y, Z) ⇒ r3(X,Z)

(Ar2Ar1 −Ar3)X = 0

Gen. Intersection
r1(X,Y ) ∧ r1(Y,X) ⇒ r2(X,Y )

(Ar1Ar2 − I)X = (Ar1 −Ar2)X = 0

B. Transitive
r(Y,Z) ∧ r(Z,X) ⇒ r(X,Y )

(A3
r − I)X = 0

Equality
r(X,Z) ∧ r(Y, Z) ⇒ r(X,Y )

(I −Ar)X = 0

B. Composition
r1(Y, Z) ∧ r2(Z,X) ⇒ r3(X,Y )

(Ar2Ar1Ar3 − I)X = 0

Commonality
r1(X,Z) ∧ r2(Y,Z) ⇒ r3(X,Y )

(A−1
r2 Ar1 −Ar3)X = 0

Table 6: Constraint matrices corresponding to various
inference patterns. The patterns are presented in (Krish-
nan and Rivero, 2024)

As shown in the inequality, if the distance ∥eunobs−780

eobs∥ is small, the error ∥Eeunobs∥ remains small.781

This mathematically guarantees that the model gen-782

eralizes the learned pattern from observed entities783

to semantically similar entities with similar embed-784

dings.785

Constraint Matrices for Various Patterns Ta-786

ble 6 summarizes the derived constraint matrices787

for various patterns widely used in KG. Note that788

for patterns having multiple paths (e.g., Intersec-789

tion), E represents a set of matrices {E1, E2, . . . }790

to be satisfied simultaneously.791

C Computational Complexity792

Figure 5 presents computational complexity and793

performance with respect to Householder reflec-794

tion k. In WN18RR and FB15k-237, performance795

improves as k increases but shows no significant796

improvement after k = 20. In YAGO3-10, the797
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Figure 6: MRR comparison between POGE and base-
line models across different local pattern definitions on
three benchmarks: WN18RR (a), and YAGO3-10 (b).
The black line indicates the number of test triples for
each group.

MRR is highest at k = 2 and decreases as k in- 798

creases. These results suggest that while a larger 799

k can improve performance by increasing the ex- 800

pressive power, excessive complexity may lead to 801

a decrease in performance due to overfitting. 802

D Impact of Over-generalization 803

Detailed Definition of Group Gover Group 804

Gover consists of test triples (h, r, t) where at least 805

one candidate triple (h, r, t′) (where t′ ̸= t) is 806

ϕi ∈ Gu \ Go for which there is a correspond- 807

ing ψi ∈ Go. In this case, the body instances 808

corresponding to the candidate appear in the train- 809

ing set. For instance, consider a local composition 810

pattern ψ ⇒ ϕ consisting of the relation triplet 811

11



Pattern # of Pattern
Instances (n)

WN18RR FB15k-237 YAGO3-10
# of Patterns Prop. (%) # of Patterns Prop. (%) # of Patterns Prop. (%)

Symmetry

n = 1 - - 6 13.6 - -
1 < n ≤ 10 1 20.0 4 9.1 5 41.7

10 < n ≤ 102 1 20.0 10 22.7 - -
102 < n ≤ 103 1 20.0 17 38.6 4 33.3

n > 103 2 40.0 7 15.9 3 25.0
Total 5 100% 44 100% 12 100%

Antisymmetry

n = 1 1 9.1 1 1.8 - -
1 < n ≤ 10 2 18.2 13 22.8 3 20.0

10 < n ≤ 102 2 18.2 26 45.6 5 33.3
102 < n ≤ 103 2 18.2 13 22.8 2 13.3

n > 103 4 36.4 4 7.0 5 33.3
Total 11 100% 57 100% 15 100%

Inversion

n = 1 3 30.0 52 18.6 6 35.3
1 < n ≤ 10 2 20.0 86 30.7 4 23.5

10 < n ≤ 102 5 50.0 83 29.6 4 23.5
102 < n ≤ 103 - - 51 18.2 1 5.9

n > 103 - - 8 2.9 2 11.8
Total 10 100% 280 100% 17 100%

Composition

n = 1 17 48.6 1,546 26.3 56 17.6
1 < n ≤ 10 14 40.0 2,288 39.0 112 35.2

10 < n ≤ 102 4 11.4 1,439 24.5 91 28.6
102 < n ≤ 103 - - 489 8.3 53 16.7

n > 103 - - 111 1.9 6 1.9
Total 35 100% 5,873 100% 318 100%

Table 7: Distribution of inference patterns: Symmetry/Antisymmetry, Inversion, and Composition according to the
number of pattern instances (n) across three benchmark datasets.

(r1, r2, r). If the training set contains the body812

instances (h, r1, x) and (x, r2, t
′) for at least one813

candidate t′ and some entity x ∈ E, then the test814

triple (h, r, t) is assigned to Gover. If KGE models815

suffer from over-generalization, they are likely to816

assign a high score to such a candidate (h, r, t′),817

treating it as a valid triple. For simplicity, we only818

describe the case of tail prediction, but the same819

procedure applies to head prediction. For pattern,820

we only consider symmetry, inversion, and compo-821

sition patterns, as they are the most representative822

inference patterns extensively investigated across823

a wide range of KGE models. Antisymmetry is824

not considered because it ensures the absence of a825

head, rather than ensuring the presence of head.826

Quantified Impact of Over-generalization Fig-827

ure 6 presents the performance comparison on the828

Gover across WN18RR and YAGO3-10. Also in829

WN18RR and YAGO3-10, POGE consistently out-830

performs the baselines regardless of the local pat-831

tern criteria and the dataset. These results demon-832

strate that POGE effectively addresses the negative833

impact of over-generalization, and shows robust-834

ness across datasets.835

Distribution of Patterns by Number of Pattern836

Instances Table 7 presents the distribution of837

Dataset Entities Relations Triples
Train Valid Test

WN18RR 40,943 11 86,835 3,034 3,134
FB15k-237 14,541 237 272,115 17,535 20,466
YAGO3-10 123,182 37 1,079,040 5,000 5,000

Table 8: Statistics of three benchmark datasets

each pattern according to the number of its pat- 838

tern instances (n) across three KG benchmark 839

datasets.In WN18RR, FB15k-237, and YAGO3-10, 840

respectively, 20.0%, 22.7%, and 41.7% of sym- 841

metry patterns, 27.3%, 24.6%, and 20.0% of anti- 842

symmetry patterns, and 50.0%, 49.3%, and 58.8% 843

of inversion patterns have 10 or fewer pattern in- 844

stances. This result indicates that for symmetry, 845

antisymmetry, and inversion, a substantial propor- 846

tion of patterns in real-world KGs are observed in 847

only a few instances. 848

E Datasets 849

WN18RR, FB15k-237 and YAGO3-10 are used to 850

evaluate POGE. WN18RR and FB15k-237 are sub- 851

sets of WN18 (Bordes et al., 2013) and FB15k (Bor- 852

des et al., 2013) with inverse relations removed, 853

and YAGO3-10 is a subset of YAGO3 (Mahdis- 854

oltani et al., 2013) containing only entities with a 855

minimum of 10 relations each. The statistics are 856

summarized in Table 8. 857
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