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Abstract

Knowledge graph embedding (KGE) demon-
strates its effectiveness for predicting missing
links in knowledge graphs (KGs) by projecting
entities and relations into a low-dimensional
vector space. It is crucial for KGE mod-
els to effectively capture inference patterns
(patterns) inherent in KGs, such as symme-
try/antisymmetry, inversion and composition.
Although recent KGE models exhibit strong
capabilities in modeling such diverse patterns,
they suffer from inherent limitations stemming
from pattern over-generalization, where em-
beddings learned from only a single pattern
instance inevitably generalize that pattern to
all related instances, i.e., generalize the pattern
universally. To address this issue, we propose
POGE (Pattern Over-Generalization Addressed
Embedding), a simple but effective method that
utilizes linear transformations and compound
operations for relation representation. Our the-
oretical analysis demonstrates that a simple
linear transformation allows a pattern to be-
come progressively universal as more triples
are observed in the pattern. Furthermore, after
observing d + 1 linearly independent entities
(d + 1 denotes the dimension of entity), the
linear transformation guarantees universal gen-
eralization of the pattern across all related in-
stances. Experimental results on three standard
benchmark datasets show that POGE outper-
forms existing state-of-the-art KGE models in
link prediction. Moreover, our empirical results
indicate that POGE effectively addresses the
negative impact of over-generalization.

1 Introduction

Knowledge graphs (KGs) store vast amounts of
human knowledge in the form of factual triples
(h,r,t), where h and t represent the head and tail
entities and r denotes the relationship between enti-
ties. KGs have demonstrated their effectiveness in
various downstream tasks (Wang et al., 2025; Sui
et al., 2025; Ma et al., 2025). However, real-world

KGs such as Freebase (Bollacker et al., 2008) and
WordNet (Miller, 1995), even on a large scale, still
suffer from incompleteness (Bordes et al., 2013).
To address this issue, Knowledge graph embedding
(KGE), which represents entities and relations in
a low-dimensional vector space, has been widely
studied as an effective method for predicting miss-
ing links.

A fundamental challenge in KGE lies in effec-
tively capturing the inference patterns (patterns)
inherent in KGs, such as symmetry/antisymmetry,
inversion, and composition. To address this, ex-
isting works focus on designing specific score
functions to capture these patterns. For instance,
TransE (Bordes et al., 2013) represents relations as
translations to model inversion and composition,
while RotatE (Sun et al., 2018) employs rotations
to capture symmetry/antisymmetry, inversion and
composition. PairRE (Chao et al., 2021) and Com-
poundE (Ge et al., 2023) leverage scaling and com-
pound operators to effectively model more patterns,
including subrelation as well as complex relations
such as 1-N, N-1, and N-N.

Despite their strong ability to capture various
inference patterns, existing KGE models tend to
over-generalize the patterns they observe. In partic-
ular, once a model observes a pattern, it generalizes
the pattern universally across the entire graph, even
when the pattern is supported by only a small num-
ber of observed triples. Consequently, patterns
that are valid locally in the graph are treated as
universally valid. We refer to this phenomenon
as over-generalization, which leads to erroneous
predictions.

To address this issue, we propose a simple but
effective method, POGE, that prevents locally valid
patterns from being generalized universally. POGE
uses linear transformations and compound oper-
ations for relation representation, where the lin-
ear transformation is decomposed into a relation-
specific orthogonal matrix and a shared upper-



triangular matrix This framework theoretically
guarantees that patterns supported by only a small
number of observed triples are generalized locally,
while ensuring that any pattern supported by suf-
ficient observed triples is generalized universally
across the entire graph, when patterns are repre-
sented as connected relational paths.
Our contributions are as follows:

* We introduce pattern over-generalization, the
phenomenon in which patterns supported by
only a small number of observed triples are
generalized universally across the entire graph
in existing KGE models.

* We propose a novel KGE method, Pattern
Over-Generalization Addressed Embedding
(POGE), and theoretically guarantee that it
effectively addresses over-generalization. In
particular, POGE allows any pattern repre-
sented as a connected relational path to be-
come progressively universal as more triples
are observed in the pattern. Moreover, suffi-
cient triples are observed, POGE guarantees
universal generalization of the pattern across
all related instances.

* Experimental results on three benchmark
datasets demonstrate that POGE consistently
outperforms baseline KGE models in link pre-
diction and effectively addresses the negative
impact of over-generalization.

2 Background

Knowledge Graph Embedding Given sets of en-
tities and relations E and R, a KG can be defined as
a collection of factual triples G = {(h,r,t)|h,t €
E,r € R}, where h is head entity, ¢ is tail entity,
and r is the relation. KGE maps entities and rela-
tions to low-dimensional vectors in a latent embed-
ding space and defines a score function to measure
the plausibility of each triple. Distance-based mod-
els (DBMs) (Bordes et al., 2013; Sun et al., 2018;
Chao et al., 2021; Ge et al., 2023) are trained to
minimize the distance of the factual triple (h, r, t),
while maximizing the distance of corrupted nega-
tive triples (h’,r,t) or (h,r,t'), which are gener-
ated by randomly replacing the head h or tail ¢ with
other entities in F. PairRE (Chao et al., 2021), a
representative model of DBMs, defines the score
function as the distance between h o r and ¢t o 77,
ie.,

fr(ht) = ||horf —torT|, (1)

where h,t,rH rT € R?, o denotes a Hadamard
product and || - || is a vector norm.

Tensor decomposition models (TDMs) (Yang
et al., 2015; Trouillon et al., 2016; BalaZevic et al.,
2019) are trained to maximize the plausibility (or
semantic similarity) of the factual triple calculated
via the multi-linear product of the head entity h,
the relation 7 and the tail entity ¢, while minimizing
the score of negative triples. DistMult (Yang et al.,
2015), a representative model of TDMs, defines the
score function as the multi-linear product of h, 7,
and ¢, i.e.,

fr(ht) = (hyrty = S8 hirity,  (2)

where h,r,t € R%, and (-,-,-) denotes the three-
way dot product, defined as the sum of element-
wise products.

Inference Pattern Inference patterns (patterns)
are widely used to analyze the generalization ca-
pabilities of KGEs. A pattern, notated as ¢ = ¢,
has the body ¥ and the head ¢, which are sets
of triples composed of observed entities and re-
lations in the data. For example, a composition
pattern for relations 71,792,773 € R is defined as
r(X,Y)Ar(Y,Z) = r3(X, Z). A pattern im-
plies that if the body is in the graph, the head is
also in the graph (Pavlovi¢ and Sallinger, 2023).

3 Problem

3.1 Problem Formulation

Pattern Instance We further define a pattern in-
stance as an instantiation of pattern ¢ = ¢. For
the composition pattern of relations 71,719,713 €
R, a pattern instance ¥; = ¢; is expressed
as ri(ez, ey) A ra(ey,e;) = r3(€z,e.), where
r1(ex, ey) A 2(ey, e,) corresponds to a body in-
stance 1, 73(€ez, €,) corresponds to the head in-
stance ¢1, and e;, ey, e, € F.

Pattern Over-Generalization Although well-
known KGE models such as TransE (Bordes et al.,
2013), RotatE (Sun et al., 2018), PairRE (Chao
et al., 2021), and CompoundE (Ge et al., 2023)
demonstrate strong generalization capabilities by
modeling various patterns, they suffer from in-
herent limitations stemming from pattern over-
generalization. Pattern over-generalization is the
phenomenon where a model, after observing a
single instance of a pattern (17 = ¢1) in the
graph G, generalizes the pattern to every body in-
stance that appears in the graph; for example, if



the body 12 appears in graph G, the model infers
that the corresponding head ¢o must also exist (i.e.,
19 = ¢2). This issue arises because existing mod-
els are trained to generalize a pattern universally.
This phenomenon of pattern over-generalization is
formally defined as follows.

Pattern Over-Generalization

The model generalizes a local pattern to all
unseen triples, without observing sufficient
triples, i.e., the model treats a local pattern
as a universal pattern.

* Local Pattern: v; € G, = ¢; € G,

st. Gp, C Gy and G, # Gy

* Universal Pattern: ¢; € G, = ¢; € G,
s.t. Gp = Gy,

for a given set of instantiated relations

{ritie,-

where

G, : {f|f is a set of triples observed in the given
KG data}

Gy : {f|f is ¢; € G, or ¢; that corresponds to 1;,
s.t. ¢; is semantically correct. }

Gy {f|f is; € G, or ¢; that corresponds to ;) }
3)
While this phenomenon can serve as a crucial
inductive bias in KGE, universally generalizing a
local pattern without sufficient observations can
lead to erroneous predictions by injecting incorrect
information into the embeddings.

3.2 Cause and Evidence

Why Does The Problem Appear? The cause
is that the pattern condition depends only on re-
lation embeddings in KGE methods. This entity-
independent pattern condition allows the model to
generalize local patterns to unseen triples.

For example, in PairRE, if body instance
(€z1,71,€y,), (€y,, 72, €z ) € G and head instance
(ex1,73,€2) € G, we have

€21 org

A or? =€z OT:{ (4)

r{orgorglzrflorforg

exlorfzeylorlT A 611107"51’:

=

Under this pattern condition, if a new body in-
stance (ez,, 71, €y, ), (€yy, I'2, €2,) is observed as

emoT‘{I:eworr{ A eyzorfzeZQOrQT &)
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Figure 1: Illustration of local and universal patterns, and
the process and examples of over-generalization. Exist-
ing models suffer from over-generalization by treating
local patterns as universal patterns. The example shows
that a local pattern is generalized universally, which
leads to erroneous predictions.

then the model guarantees that

(6)

thereby leading the model to treat the correspond-
ing head as valid for every new body instance of
the same pattern. This phenomenon is further illus-
trated in Figure 1, where the model generalizes the
pattern universally to every body instance.

However, not all patterns in real-world KGs
are universally valid. Some patterns are observed
across many instances in G, indicating that they rep-
resent universal patterns. In contrast, other patterns
are observed across few instances in (7, indicating
that they represent local patterns.

H __ T
ex201"3 —622OT3,

Empirical Evidence Despite this fundamental
difference, existing KGE models overlook the dif-
ference between local and universal patterns, treat-
ing all observed patterns as universally valid re-
gardless of their frequency. Figure 2 shows the
histograms of the embedding difference A =
rforl orll — ¢l orll or] that is presented
in Equation 4. Elements of A close to zero indi-
cate that the model recognizes the given relation set
(r1,79,73) as a valid pattern, therefore, the model
generalizes the pattern universally to every body
instance. Figures 2(a) and 2(b) show that the ele-
ments of A are concentrated near zero for both lo-
cal and universal patterns, indicating that the model
recognizes both as valid composition patterns re-
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(a) Histograms of local patterns that are supported by scarce
pattern instances. The relation sets for the left and right figures
are (film/written_by, actor/film, film/prequel) and (film/director,
film/prequel, actor/film), respectively
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(b) Histograms of universal patterns that are supported by many
pattern instances. The relation sets for the left and right fig-
ures are (actor/film, film/country, people/nationality) and (peo-
ple/place_of _birth, location/country, people/nationality), respec-

tively

Figure 2: Histograms of embedding difference A =
T ord orll — rH orll o 7] for different relation
set (r1,72,73). # of PI denotes the number of pattern

instances. (r1, 79, r3) are retrieved from FB15k-237.
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Figure 3: The number of pattern instances and body
instances for the local patterns introduced in Figure 2(a).

gardless of instance frequency. This demonstrates
that PairRE is trained to generalize local patterns
as if they were universal, even when the supporting
instances are scarce.

While local patterns are supported by only a
scarce number of pattern instances, they often have
a vast number of body instances. Figure 3 presents
the number of pattern instances and body instances
of the local patterns displayed in Figure 2(a). This
indicates that a large number of body instances are
affected by only a few pattern instances, leading the
model to predict the corresponding head instances
as valid for all body instances.

To address this issue, we propose a novel KGE
framework POGE that explicitly models the dis-
tinction between pattern universality and locality.
Our core idea is to generalize patterns differentially
based on their observation frequency in G, rather
than generalizing all patterns equally.

Table 1: Comparison between POGE and KGE models.
h and t denote head and tail embeddings and h, and
t, indicate head and tail embeddings in the relation-
specific space, as presented in Equation 10.

Which Methods Are Affected? Table 1 presents
representative examples of KGE methods that suf-
fer from over-generalization. In contrast to other
models that suffer from over-generalization (indi-
cated by checkmarks), our model addresses this
issue by utilizing the relation-specific linear trans-
formation in the score function.

4 Method

In this section, we present the formulation of POGE
and provide a theoretical analysis demonstrating
how the proposed method effectively addresses
over-generalization.

4.1 Pattern Over-Generalization Addressed
Embedding (POGE)

Final Form We define the score function as the
distance between the head entity h, and tail en-
tity ¢, in relation-specific space, after the linear
transformation L, € R4¥4:

fr(hvt) - HLrhr - tr” (7)

where h,, t, € R? denote the head and tail embed-
dings in relation-specific space, respectively.

QR Decomposition and Partial Sharing for Effi-
cient Parameterization Although existing mod-
els such as RESCAL (Nickel et al., 2011) and
TransR (Lin et al., 2015) employ linear transfor-
mations, they suffer from overfitting or are not
designed to model inference patterns. Furthermore,
representing relations as R™*™ linear transforma-
tions incurs significant computational costs. To
address this limitation, inspired by QR decompo-
sition, we decompose L, into a relation-specific
orthogonal matrix (), and an upper-triangular ma-
trix R that is shared across all relations:

L, = QrR

8
Q, = HyHs...H, ®

In addition, @), is approximated using a product
of k Householder reflections (where £ < d). This



approximation significantly reduces the number
of parameters from n,d? to d(d 4+ 1)/2 + n,kd,
where n, denotes the number of relations, thereby
effectively reducing the model complexity. Details
about computational complexity with respect to k
are presented in Appendix C.

Additionally, let R be the learnable upper-
triangular parameter matrix. The final shared ma-
trix R is formulated as:

R

—_ ——— 9
IRl ©)

where || - ||2 denotes the spectral norm. We argue
that even for local patterns, the pattern should be
generalized to entities that are not observed in the
patterns but are semantically similar to entities that
are observed in the patterns. Spectral Normaliza-
tion (SN) enables this generalization by bounding
the Lipschitz constant of the transformations to
one (Miyato et al., 2018). Detailed derivations are
provided in the Appendix B.

Relation-Specific Affine Mapping for Expres-
sive Power Sharing an upper-triangular matrix R
reduces the expressive power of relation-specific
transformations. To address this limitation and
enhance the model capacity, following (Ge et al.,
2023), each entity is mapped into an relation-
specific space via three affine operators before ap-
plying L,. By employing homogeneous coordi-
nates, these operators can be unified into a single
matrix multiplication:

h, = M,h, ty =M, -t
M, =S5, -R,-T,, M,=S, R, T,
(

10)
where h,t are head and tail embeddings, S,, R,
and 7T’ denote the scaling, rotation, and translation
operators, and ﬁr, Rr, and 7, » denote the scaling,
rotation, and translation operators for tail entity
embedding, respectively. This mapping strategy
ensures that each relation has sufficient expressive
power despite the shared components in L.

Optimization Following Sun et al. (2018), we
adopt self-adversarial negative sampling for train-
ing. The loss function can be written as:

L= —log o(y— fr(h,t))

—Zp h’ T, t 10g0'(fr(h;7t;) v) (n

where o is the sigmoid function, 7 is a fixed margin,
(h},r t) is the i-th negative triple and p(h}, r,t})
is the weight of the negative triple, defined as:

expafr(hj,t})

P 51 iy i, t)}) = s~ ooty (12)
where « is the temperature of sampling.
4.2 How Is Pattern Over-Generalization
Addressed?
To analyze how POGE addresses over-

generalization, we first consider a simple
case using only linear transformation L,., and then
extend this to our framework, which incorporates
the affine operators.

Theoretical Analysis: Linear Transformation
To the best of our knowledge, all patterns studied
in existing research are based on connected paths
formed by relations. This implies that a body (1))
and head (¢) can be represented as a relational path
between the start entity e,, and the end entity e,,
where each path is formulated as a product of linear
matrix multiplications. Consequently, the body (1))
and head (¢) of a pattern can be expressed as:

Body (¢) :
Head (¢) :

Lyey =1Ly, ..
Lgey = Ly ..L,ﬂéL,,/1 €y = €y.
(13)

where I € R%*? and e € R? denote the transfor-
mation matrix and entity vector, respectively.

From Equation 13, since both paths map e, to
the same entity e,, we explicitly have Lye, =
Lgey, which is equivalent to:

(Lw — L¢)€u =0

where & = L, — Ly denotes the constraint ma-
trix. Next, consider a set of d linearly independent
entities {€y,, €ys, - - - , €y, } that satisfy the pattern,
such that:

FEe,, =0,

Lypy Ly ey = ey,

<~ Fe,=0 (14

foralle =1,2,....d (15)

For any arbitrary entity a € RY, since {e,, } forms
a basis in R%, a can be expressed as a linear com-
bination a = cie,, + c2€y, + - -+ + cqey,. By the
linearity of the transformation F, it follows that:

Ea=ci1Fey, +coFey,+---+cqFe,, =0 (16)

This result implies that POGE enables any pat-
tern to become progressively universal as more
linearly independent entity e, are observed. Ad-
ditionally, when the number of observed entities
reaches d, POGE guarantees the universal general-
ization of the pattern across all related instances.



Extension to Relation-Specific Affine Mapping
This analysis can be extended to our proposed
framework by employing homogeneous coordi-
nates. By representing entities in an augmented
(d+ 1)-dimensional space, the integration of affine
operators and linear transformations for a rela-
tion r can be unified into a single linear matrix
A, € RE+Dx(A+1) when M, is non-singular:

Ay = ML, M, (17)

Therefore, the relational path can be expressed as a
product of linear transformation A,.. Consequently,
the same proof used in the linear case can be ap-
plied, demonstrating that the pattern becomes uni-
versal only when d+ 1 linearly independent entities
are observed in the augmented space. ' The linear
independence of entity embeddings is discussed in
Section 6.3.

5 Related Work

5.1 Distance-based Model

TransE (Bordes et al., 2013), RotatE (Sun et al.,
2018) and Rotate3D (Gao et al., 2020) represent
relations as translation, rotation and 3D rotation
between entities, respectively. To model semantic
hierarchies, HAKE (Zhang et al., 2020) maps enti-
ties into the polar coordinate system. DualE (Cao
et al., 2021) models relations as a combination of
translation and rotation to satisfy the key pattern
and the multiple relations pattern. PairRE (Chao
etal., 2021) applies a scaling operation to both head
and tail entities. DFieldE (Nayyeri et al., 2021)
embeds entities on the trajectories of Ordinary Dif-
ferential Equations and represents each relation as
a vector field on manifolds to preserve complex
structures. HopfE (Bastos et al., 2021) models the
structural embedding in 3D Euclidean space, and
maps the entity embedding from a 3D Euclidean
space to a 4D hypersphere using the inverse Hopf
Fibration. DensE (Lu et al., 2022) decomposes
each relation into rotation and scaling operations in
3D Euclidean space. ReflectE (Zhang et al., 2022)
regards each relation as a Householder transforma-
tion to model complex relations. TranSHER (Li
et al., 2022) utilizes relation-specific translation
to address the constraint of hyper-ellipsoid restric-
tions. ExpressivE (Pavlovi¢ and Sallinger, 2023)
embeds entities as points and each relation as hyper-
parallelograms in the latent space, while Octagon

'Refer to Appendix B for constraint matrices for various
patterns.

Embedding (Charpenay and Schockaert, 2024) em-
beds each relation as composed of axis-aligned
octagons. CompoundE (Ge et al., 2023) applies
compound operators, including translation, rota-
tion, and scaling to both head and tail entities.
SpeedE (Pavlovi¢ and Sallinger, 2024) designs a
Euclidean geometric KGE that is efficient under
low-dimensional conditions. To reduce the compu-
tational cost of rotation-based methods, Orthogo-
nalE (Zhu and Shimodaira, 2024) employs matrices
for entities and block-diagonal orthogonal matrices
with Riemannian optimization for relations.

5.2 Tensor Decomposition Model

DistMult (Yang et al., 2015) embeds entities as vec-
tors and each relation as a diagonal matrix, comput-
ing the score via the product of entities and relation.
ComplEx (Trouillon et al., 2016) extends DistMult
to complex embeddings. HolE (Nickel et al., 2016)
uses the circular correlation of entity embeddings
to capture rich interactions between entities and
relation. ANALOGY (Liu et al., 2017) models re-
lations as normal linear operators, and utilizes the
commutativity property of these matrices to cap-
ture analogical structures. SimplE (Kazemi and
Poole, 2018) adapts Canonical Polyadic decompo-
sition to allow independent embeddings for both
head and tail entities. TuckER (BalaZevi¢ et al.,
2019) employs Tucker decomposition to capture in-
teractions between entity and relation embeddings.
QuatE (Zhang et al., 2019) extends the rotation
to 4D space using quaternion and the Hamilton
product.

6 Experiments

6.1 Experimental Setting

Dataset We evaluate POGE on three widely
used KG datasets: WN18RR (Dettmers et al.,
2018), FB15k-237 (Toutanova and Chen, 2015)
and YAGO3-10 (Mahdisoltani et al., 2013). The
statistics of the three benchmarks are presented in
Appendix E

Evaluation Protocol We evaluate link prediction
performance in the filtered setting (Bordes et al.,
2013). In this setting, test triples are ranked against
all other candidate triples that are generated by cor-
rupting subjects or objects: (R, r,t) or (h,r,t'),
and all the triples that appear either in the train-
ing, validation or test set are removed from the
candidate triples, except the test triple of interest.
We adopt MRR, Hits@1, and Hits@ 10 to compare



Model WN18RR FB15k-237 YAGO3-10
MRR H Hel MRR He@l H MRR H H@1
TransE 226 - 501 294 - 465 - - -
DistMult 430 .390 490 241 .155 419 - - -
ComplEx 440 410 510 247 .158 428 - - -
RotatE 476 428 571 .338 241 .533 495 402 .670
TuckER 470 443 526 .358 .266 544 - - -
QuatE 488 438 582 .348 .248 .550 - - -
Rotate3D 489 442 579 347 .250 543 - - -
HAKE 497 452 582 .346 250 542 545 462 .694
DualE 492 444 584 365 268 .559 - - -
PairRE - - - 351 256 544 - - -
DFieldE 48 44 57 .36 27 .55 51 41 .68
HopfE 472 413 .586 343 247 534 .529 438 .695
DensE 492 - .586 351 - 544 541 - .678
ReflectE 488 450 .559 .358 263 .546 - - -
TranSHER - - - .360 264 551 490 404 .647
ExpressivE 482 407 619 .350 .256 535 - - -
CompoundE 491 450 576 357 264 .545 - - -
SpeedE 493 446 - .320 227 - 413 332 -
OctagonE 479 436 561 332 241 517 - - -
OrthogonalE ~ .494 446 573 .334 242 518 - - -
POGE 506 461 595 369 273 562 556 474 .699
£+.001 +£.001 +£.000 +.001 =£.001 £.001 £.000 =+.001 =£.000

Table 2: Link prediction results on WN18RR, FB15k-237 and YAGO3-10. Bold indicates the best result and

underline indicates the second best result. + indicates standard deviation.

MRR

Model

WNISRR  FB15k-237  YAGO3-10
POGE .506 .369 .556
+wlo R .505 .365 517
+wlo Qr .501 364 .540
+wlo SN .505 .360 523
+w/o L, 491 357 A77

Table 3: Ablation study of POGE on WN18RR, FB15k-
237 and YAGO3-10. MRR is used for performance com-
parison. R, Q,-, SN, and L,. denote the shared upper-
triangular parameter matrix, relation-specific House-
holder reflection, Spectral Normalization, and linear
transformation respectively

the performance of different KGE models. MRR
denotes the mean reciprocal rank of the correct
entities, and Hits@N represents the proportion of
correct entities ranked within the top V.

Baselines We compare POGE with KGE base-
lines including TransE (Bordes et al., 2013),
DistMult (Yang et al., 2015), ComplEx (Trouil-
lon et al., 2016), RotatE (Sun et al., 2018),
TuckER (Balazevi¢ et al., 2019), QuatE (Zhang
et al., 2019), HAKE (Zhang et al., 2020), Ro-
tate3D (Gao et al., 2020), DualE (Cao et al., 2021),
PairRE (Chao et al., 2021), DFieldE (Nayyeri et al.,
2021), HopfE (Bastos et al., 2021), DensE (Lu
et al., 2022), ReflectE (Zhang et al., 2022), Tran-
SHER (Li et al., 2022), ExpressivE (Pavlovi¢ and
Sallinger, 2023), CompoundE (Ge et al., 2023),
SpeedE (Pavlovi¢ and Sallinger, 2024), Octagon
Embedding (Charpenay and Schockaert, 2024) and

OrthogonalE (Zhu and Shimodaira, 2024).

6.2 Main Results

Link Prediction Performance As shown in Ta-
ble 2, POGE exhibits superior or competitive per-
formance compared with the baselines. Specifi-
cally, POGE outperforms other baselines on FB15k-
237 and YAGO3-10. On WNI18RR, it achieves
the best results in all metrics except for Hits@10.
These results indicate the effectiveness and robust-
ness of POGE across diverse datasets.

Ablation Study Table 3 summarizes the results
of an ablation study conducted to verify the effec-
tiveness of each proposed component. As shown in
the results, POGE consistently outperforms the ab-
lated models across all datasets. This result demon-
strates that every component of POGE contributes
to the effectiveness of the proposed model.

6.3 Analysis

Entity Independence As discussed in Sec-
tion 4.2, POGE ensures that any pattern becomes
progressively universal as more linearly indepen-
dent entities are observed in the pattern. This im-
plies that if the entity embeddings trained by POGE
are linearly independent, POGE can achieve such
progressive universality in practice. To investigate
entity independence, we randomly sample entity
embeddings trained by POGE and compute the
rank of the space spanned by the sampled enti-



Number of Rank

Sample Vector ~ WNISRR FB15k-237 YAGO3-10
100 100.0 100.0 100.0
200 200.0 200.0 200.0
500 500.0 500.0 500.0
1,000 9944+ 1.5 1000.0 999.5 + 0.5
1,500 1000.0 1497.4 £ 0.6 1000.0
2,000 1000.0 1500.0 1000.0

Table 4: Mean rank of the subspace spanned by ran-
domly sampled entities over 100 random trials across
three benchmarks. The entity dimensions of POGE
are 1,000 on WN18RR and YAGO3-10, and 1,500 on
FB15k-237.

WNI18RR FB15k-237 YAGO3-10
# of Patterns  Prop. (%) # of Patterns  Prop. (%) # of Patterns  Prop. (%)

# of Pattern
Instances (n)

n=1 17 48.6 1,546 26.3 56 17.6
1<n<10 14 40.0 2,288 39.0 112 352
10 <n < 10? 4 114 1,439 24.5 91 28.6
102 <n < 10° - 489 8.3 53 16.7
n>10° - - 111 1.9 6 1.9
Total 35 100% 53873 100% 318 100%

Table 5: Distribution of composition patterns accord-
ing to the number of pattern instances (n) across three
benchmark datasets. # of Pattern Instances and # of Pat-
terns indicate the number of pattern instances and the
number of patterns, respectively. Prop. (%) is calculated
as the number of patterns within each range of n divided
by the total number of patterns, within each dataset.

ties. Table 4 shows the mean rank of the subspace
spanned by sampled entities over 100 random tri-
als. We empirically observe that the rank of the
space spanned by the randomly sampled entities is
approximately equal to the number of sampled enti-
ties, demonstrating that the sampled entities are lin-
early independent. In addition, with 1,000 sampled
entities, the mean rank is 994.4 in WN18RR, and
999.5 in YAGO3-10. These results indicate that,
since entities in practice are shown to be linearly
independent, the pattern becomes increasingly uni-
versal as the number of observed entities increases,
and that universal generalization is achieved when
around d + 1 entities are observed.

Distribution of Patterns by Number of Pattern
Instances Table 5 presents the distribution of
composition patterns according to the number of
their pattern instances n across three KG bench-
marks. We compute the number of composition pat-
terns as the number of relation sets (5, 7,,7,) € R
that have at least one observed composition pat-
tern instance (1)1 = ¢1) in the KG. In WNI18RR,
FB15k-237 and YAGO3-10, 88.6%, 65.3% and
52.8% of composition patterns have 10 or fewer
pattern instances, respectively. This result indicates
that a substantial proportion of patterns in real-
world KGs are observed in only a few instances.
These patterns can be generalized universally when
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Figure 4: MRR comparison between POGE and base-
line models across different local pattern definitions on
FB15k-237. The black line indicates the number of test
triples of Goyer-

a model suffers from over-generalization. The dis-
tributions of symmetry/antisymmetry and inversion
are presented in Appendix D.

Quantified Impact of Over-generalization To
investigate the impact of over-generalization, we
extract Goyer, a set of triples (h, 7, t), where candi-
dates (h,r,t") or (b, r,t) (with ¢’ # t and b’ # h)
are heads of pattern instances whose bodies are in
the training set, i.e., candidates (h, r,t") or (b/,r,t)
are ¢; € Gy, \ G, for which there is a correspond-
ing ¥; € G,. Intuitively, if the model suffers from
over-generalization, the rank of (h,r,t) is lower
than the rank of the candidate triples. To extract
Gover, we only consider three representative infer-
ence patterns (symmetry, inversion, composition)
where the number of pattern instances is n = 1,
n < 10, n < 10%, and n < 10%. We compare
the MRR of POGE with other baseline models:
TransE, RotatE, PairRE, and CompoundE on this
extracted triple set. Figure 4 presents the results on
FB15k-237. We observe that POGE consistently
outperforms the baselines, regardless of the number
of pattern instances. These results demonstrate that
POGE effectively addresses the negative impact of
over-generalization. 2

7 Conclusion

In this paper, we propose POGE, a novel KGE
method that utilizes linear transformations and
compound operations. POGE is theoretically guar-
anteed to address over-generalization, in which
a model generalizes a pattern to every body in-
stance in the graph after observing only a single
instance. Experimental results on three benchmark
datasets demonstrate the effectiveness of our pro-
posed method.

The detailed definitions of Gyyer and the comparison

results for WN18RR and YAGO3-10 are presented in Ap-
pendix D.



Limitations

To universally generalize patterns, POGE does not
utilize the semantics of patterns, which can be a
useful inductive bias for pattern generalization. In
future work, we will leverage the semantics of pat-
terns for pattern generalization.
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A Implementation Details

For the experiments, we adopt the hyperparam-
eter settings from RotatE (Sun et al., 2018) for
WN18RR and YAGO3-10, and from PairRE (Chao
et al.,, 2021) for FB15k-237. Additionally, for
POGE, the number of Householder reflections k& is
selected from {2,4,8,12,20}. Our presented re-
sults represent the mean of three independent runs
for each dataset. Furthermore, Scaling S, and Ro-
tation R, are used for FB15k-237 and YAGO3-10,
whereas Translation 7;. and Rotation R, are used
for WN18RR. Finally, following Rotate3D (Gao
et al., 2020), an Lo regularizer is applied to entity
embeddings for WN18RR.

B Local Pattern Generalization and
Constraint Matrices for Patterns

Bounding Lipschitz Constants for Local Pattern
Generalization to Unobserved Entities By ap-
plying Spectral Normalization to the shared ma-
trix R, we ensure that the spectral norm of each
relation-specific linear transformation is bounded:
|L+|l2 < 1. Since the constraint matrix E' is de-
fined as L, — L, the spectral norm of £ is also
bounded by the triangle inequality:

[Ell2 = [[Ly = Lgllz < [[Lyll2 + [[Loll2 < 2

This bound ensures that the transformation defined
by the constraint matrix is Lipschitz continuous.
For an entity e that is known to satisfy the pat-
tern (i.e., || Eegps|| ~ 0) and a semantically simi-
lar but unobserved entity e, s, the pattern error
| E€unobs || for eynops is bounded as follows:

||EeunobsH < ||E||2||eunobs - eobs” + ||EeobsH
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Figure 5: MRR, training time, and number of parameters of POGE on three benchmark datasets.

Pattern Constraint Matrices (£ = A, — Ayp)
HLY) o ma(X.Y) W Ao
Y)Y X) .
STy | s
HEY) 5 . X) Wradn 20270
r1(X,Y) AI?:?;?CYH)OI; ry(X,y) | (An = Ar)X = (Ar, = A X =0
HEY) A2 o £(X,2) Ao
Composition (A Ay = A )X =0

(X, Y)Ar(Y,Z) = r3(X, 2)
Gen. Intersection
Tl(X, Y) A 7‘1(Y7 X) = 7‘2<X, Y)
B. Transitive
r(Y,Z)Nr(Z,X) = r(X,Y)
Equality
r(X,Z)Ar(Y,Z) = r(X,Y)
B. Composition
(Y, Z) ANro(Z,X) = r3(X,Y)
Commonality
(X, Z) Ara(Y, Z) = r3(X,Y)

(ATlATZ - I)X = (Arl - ATz)X =0

(A2-DX=0

(I-A)X =0

(A A Ay — DX =0

(A A, —A)X =0

Table 6: Constraint matrices corresponding to various
inference patterns. The patterns are presented in (Krish-
nan and Rivero, 2024)

As shown in the inequality, if the distance ||€0bs —
€obs || is small, the error || E€ypops|| remains small.
This mathematically guarantees that the model gen-
eralizes the learned pattern from observed entities
to semantically similar entities with similar embed-
dings.

Constraint Matrices for Various Patterns Ta-
ble 6 summarizes the derived constraint matrices
for various patterns widely used in KG. Note that
for patterns having multiple paths (e.g., Intersec-
tion), F represents a set of matrices { £, Fs, ... }
to be satisfied simultaneously.

C Computational Complexity

Figure 5 presents computational complexity and
performance with respect to Householder reflec-
tion k. In WN18RR and FB15k-237, performance
improves as k increases but shows no significant
improvement after & = 20. In YAGO3-10, the
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Figure 6: MRR comparison between POGE and base-
line models across different local pattern definitions on
three benchmarks: WN18RR (a), and YAGO3-10 (b).
The black line indicates the number of test triples for
each group.

MRR is highest at k = 2 and decreases as k in-
creases. These results suggest that while a larger
k can improve performance by increasing the ex-
pressive power, excessive complexity may lead to
a decrease in performance due to overfitting.

D Impact of Over-generalization

Detailed Definition of Group G,,.r Group
G over consists of test triples (h, r, t) where at least
one candidate triple (h,r,t") (where t' # t) is
¢; € Gy \ G, for which there is a correspond-
ing ¥; € G,. In this case, the body instances
corresponding to the candidate appear in the train-
ing set. For instance, consider a local composition
pattern ©» = ¢ consisting of the relation triplet



Pattern # of Pattern WNISRR FB15k-237 YAGO3-10
Instances (n) # of Patterns Prop. (%) # of Patterns Prop. (%) # of Patterns Prop. (%)
n=1 - - 6 13.6 - -
1<n<10 1 20.0 4 9.1 5 41.7
2
Symmetry 102< n <10 ) 1 20.0 10 227 - -
102 <n< 10 1 20.0 17 38.6 4 33.3
n> 103 2 40.0 7 15.9 3 25.0
Total 5 100% 44 100% 12 100%
n=1 I 0.1 1 1.8 - -
1<n<10 2 18.2 13 22.8 3 20.0
2
Antisymmetry 102 <n<10 ) 2 18.2 26 45.6 5 33.3
102 <n< 10 2 18.2 13 22.8 2 13.3
n>10° 4 36.4 4 7.0 5 33.3
Total 11 100% 57 100% 15 100%
n=1 3 30.0 52 8.6 6 35.3
1<n<10 2 20.0 86 30.7 4 23.5
2
Inversion 102 <n<10 ) 5 50.0 83 29.6 4 23.5
10> <n < 10 - - 51 182 1 5.9
n>10% - - 8 2.9 2 11.8
Total 10 100% 280 100% 17 100%
n=1 17 48.6 1,546 26.3 56 17.6
1<n<10 14 40.0 2,288 39.0 112 35.2
. 10 < n < 102 4 114 1,439 24.5 91 28.6
C t =Y ’
OMPOSIHON 902 - < 10° - - 489 8.3 53 16.7
n> 103 - - 111 1.9 6 1.9
Total 35 100% 5,873 100% 318 100%

Table 7: Distribution of inference patterns: Symmetry/Antisymmetry, Inversion, and Composition according to the
number of pattern instances (n) across three benchmark datasets.

(r1,7r2,7). If the training set contains the body
instances (h,r1,z) and (x,r9,t") for at least one
candidate ¢’ and some entity x € F, then the test
triple (h,r, t) is assigned to G yyer. If KGE models
suffer from over-generalization, they are likely to
assign a high score to such a candidate (h,r,t),
treating it as a valid triple. For simplicity, we only
describe the case of tail prediction, but the same
procedure applies to head prediction. For pattern,
we only consider symmetry, inversion, and compo-
sition patterns, as they are the most representative
inference patterns extensively investigated across
a wide range of KGE models. Antisymmetry is
not considered because it ensures the absence of a
head, rather than ensuring the presence of head.

Quantified Impact of Over-generalization Fig-
ure 6 presents the performance comparison on the
Gover across WN18RR and YAGO3-10. Also in
WN18RR and YAGO3-10, POGE consistently out-
performs the baselines regardless of the local pat-
tern criteria and the dataset. These results demon-
strate that POGE effectively addresses the negative
impact of over-generalization, and shows robust-
ness across datasets.

Distribution of Patterns by Number of Pattern
Instances Table 7 presents the distribution of
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Triples
Valid
3,034
17,535
5,000

Dataset Entities

WNI8RR
FB15k-237
YAGO3-10

Train
86,835
272,115
1,079,040

Test
3,134
20,466
5,000

40,943
14,541
123,182

11
237
37

Table 8: Statistics of three benchmark datasets

each pattern according to the number of its pat-
tern instances (n) across three KG benchmark
datasets.In WN18RR, FB15k-237, and YAGO3-10,
respectively, 20.0%, 22.7%, and 41.7% of sym-
metry patterns, 27.3%, 24.6%, and 20.0% of anti-
symmetry patterns, and 50.0%, 49.3%, and 58.8%
of inversion patterns have 10 or fewer pattern in-
stances. This result indicates that for symmetry,
antisymmetry, and inversion, a substantial propor-
tion of patterns in real-world KGs are observed in
only a few instances.

E Datasets

WNI18RR, FB15k-237 and YAGO3-10 are used to
evaluate POGE. WN18RR and FB15k-237 are sub-
sets of WN18 (Bordes et al., 2013) and FB15k (Bor-
des et al., 2013) with inverse relations removed,
and YAGO3-10 is a subset of YAGO3 (Mahdis-
oltani et al., 2013) containing only entities with a
minimum of 10 relations each. The statistics are
summarized in Table 8.



	Introduction
	Background
	Problem
	Problem Formulation
	Cause and Evidence

	Method
	Pattern Over-Generalization Addressed Embedding (POGE)
	How Is Pattern Over-Generalization Addressed?

	Related Work
	Distance-based Model
	Tensor Decomposition Model

	Experiments
	Experimental Setting
	Main Results
	Analysis

	Conclusion
	Implementation Details
	Local Pattern Generalization and Constraint Matrices for Patterns
	Computational Complexity
	Impact of Over-generalization
	Datasets

