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Abstract

Coordinating multiple large language models (LLMs) to solve complex tasks col-
laboratively poses a fundamental trade-off between the computation costs and
collective performance compared with individual model. We introduce a novel,
game-theoretically grounded reinforcement learning (RL) framework, the Multi-
Agent Cooperation Sequential Public Goods Game (MAC-SPGG), to systemat-
ically incentivize cooperation in multi-LLLM ensembles. In MAC-SPGG, LLM
agents move in sequence, observing predecessors’ outputs and updating beliefs to
condition their own contributions. By redesigning the public-goods reward, effort-
ful contributions become the unique Subgame Perfect Nash Equilibrium (SPNE),
which eliminates free-riding under traditional SPGG or PGG. Its sequential proto-
col replaces costly round-based information exchanges with a streamlined decision
flow, cutting communication overhead while retaining strategic depth. We prove
the existence and uniqueness of the SPNE under realistic parameters, and empiri-
cally show that MAC-SPGG-trained ensembles outperform single-agent baselines,
chain-of-thought prompting, and other cooperative methods, even achieving com-
parable performance to large-scale models across reasoning, math, code generation,
and NLP tasks. Our results highlight the power of structured, incentive-aligned
MAC-SPGG cooperation for scalable and robust multi-agent language generation.

1 Introduction

Multi-LLM ensembles can outperform single models but require effective coordination. Prior
paradigms span debate and strategic reasoning [[Cheng et al., 2024, |Du et al., 2024, [He et al.,|2023)
Liang et al.| [2024 Yi et al.,|2025a]] and cooperative role/vote frameworks [Li et al., 2024} 2023, Hong
et al., 2024 |Chen et al., 2024]. The core challenge is to retain performance gains while curbing
communication cost.

We propose MAC-SPGG, a two-phase, game-theoretic RL framework that formalizes sequential
collaboration: agents act in order, observe predecessors, and adapt contributions via incentives.
Unlike coordinator-based ensembles, MAC-SPGG induces cooperation through a public-goods
reward, yielding stable equilibria with reduced overhead; see Figure

In our framework, we prove that under reasonable conditions in the inference phase (the SPGG part),
a unique Subgame Perfect Nash Equilibrium (SPNE) emerges, shifting agents’ behaviors from free-
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riding in traditional public goods games toward positively cooperative participation. By embedding
such theoretically guaranteed equilibrium strategies—Ilargely absent in existing debate-, voting-, or
heuristic-based coordination methods [Du et al., 2024l [Li et al., [2024] |(Chen et al., [2023alb]]—our
framework achieves both strategic depth and significantly reduced communication overhead compared
to iterative information exchanges.

In the optimization phase (the learning part), our training process empirically demonstrates the effec-
tiveness of MAC-SPGG: multi-LLM ensembles are robustly directed toward cooperative equilibria,
consistently outperforming single-agent baselines, Chain-of-Thought prompting [Wei et al.| 2022,
and other cooperative frameworks across four diverse tasks, including code generation (HumanEval),
factual knowledge (MMLU), mathematical reasoning (GSM8K), and natural language understand-
ing (SummEval). We further assess two Bayesian belief update strategies, Partial Observation
(PO) and Full Observation (FO), reflecting varying levels of inter-agent transparency, and find that
optimal information sharing is context-dependent, with minimal transparency sometimes yielding
superior outcomes. Overall, our contributions are twofold: (i) we propose a theoretically grounded
MAC-SPGG framework for structured multi-LLM cooperation, whose equilibrium-driven behaviors
are guaranteed by the existence and uniqueness of the SPNE; and (ii) we provide comprehensive
empirical validation and ablation studies showing its consistent superiority over single-agent and
cooperative baselines.

2 Related Work

Our work connects multi-agent LLM collaboration and mechanism design. Prior collaboration
paradigms include role-playing [Li et al.,[2023} [Hong et al.,|2024]], voting/consensus [Wang et al.,
2023|, |Park et al., [2025, |Li et al., |2024]], and debate-style prompting [Du et al.,|2024| [Liang et al.,
2024 |Chen et al., 2024]], which improve robustness but typically lack guarantees. On the mechanism-
design side, studies probe LLM rationality and embed structured incentives [Mao et al., 2025, |Hua
et al., [2024} |Cheng et al.| 2024, |Sel et al.| |2024], yet convergence and stability are seldom proven.
MAC-SPGG offers a sequential, incentive-aligned alternative with SPNE guarantees, complementing
these empirical frameworks.
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Figure 1: MAC-SPGG Framework. Top: The Inference Phase, where LLM agents act in sequence,
conditioned on (Partial/Full) observation regimes. Bottom: The Optimization Phase, where SPGG
rewards drive PPO updates for policy and value networks.

3 Method

We introduce MAC-SPGG, a multi-agent cooperation framework for sequential public goods games.
The framework consists of n LLM agents performing a shared task ¢ in a sequential, decentralized
setting. Each agent ¢ provides a contribution 7; = T;(h;, ¢), with h; denoting the information set
that conditions its action, so the induced best response can be written as ¢} (h;). We consider two
observation modes: (1) Partial Observation (PO): hf 0 — {7i—1}, and (2) Full Observation (FO):
hF© = {71, 72,...,7i_1}. Each contribution is evaluated by a task-specific score ¢;(7;,¢) and cost
4 (Tzv q,T; )



In the PO schema, agent ¢ only observes the immediate predecessor’s contribution 7;_1, following
the SPGG setting, which is similar to the sense of Markov decision process. In contrast, the agents
under the FO regime have full access to the complete history of prior contributions. Although
the coordinator-free mechanism of MAC-SPGG saves computation resources, the FO mode would
consume more tokens than the PO mode. After all agents have committed their contribution, each
contribution 7; is evaluated by a task-specific metric (score ¢;(7;, ¢)) and a model-related metric (cost

ei (Ti7 q, Tl))
3.1 Reward Structure and Equilibrium

Our reward R; is rooted in the classic threshold public goods game (TPGG) [Ledyard, 1994, Anwar|
and Georgalos, [2023a, |Gallice and Monzon, 2018 \Guttman et al.,|2007] and directly serves as the
optimization target in training: each meta-policy 7y, (h;) is learned via PPO to maximize this R;,
ensuring alignment between the theoretical incentive and the learned behavior. Our analysis relies on
standard regularity assumptions on the score and cost functions (see in Appendix [C), which ensure
boundedness of contributions and convexity of costs.The basic form of the MAC-SPGG structure
enables collaboration among LLM agents, but it is not guaranteed to be efficient. As traditional
PGGe-related research has revealed, the equilibrium may collapse into a situation where no one
contributes, and hence the whole task fails.

Definition 1 (Reward with Cooperation Incentive). The reward for agent i € {1,...,n} in the
MAC-SPGG is defined as
_ p . o ci(7i,q) -
Ri - _Ei(Tiaani) + ﬁ C(T7 q) - P 1(C(T7 q) < B(Q)) + Ye W C(T7 C]) (1)

Here, B(q) serves as the provision point: the final score C(7, ¢) must exceed B(q) for the shared
reward to materialize. The . weighted cooperation term extends the standard group return by linking
an agent’s own contribution ¢; to the realized group performance C(7, q), thus aligning individual
incentives with collective success.

Theorem 1 (Equilibrium). Under a reasonable cooperation coefficient v and failure penalty P,
where ,
p>n- mlaxfi(cmax),

Ci(cmax) - Bg) = p/n

¥ > max , and
k=2,...,n cmin/B(q)
P> (mZaX {é: (Cmax)} + ’7% + %) . (Cmax - Cmin)a
there exists a joint strategy profile c*(h) = (¢i(h1), ..., ¢k (hy)) that constitutes a unique Subgame

Perfect Nash Equilibrium (SPNE),
c; € argmax {SPNE under R;} ,
C

where every agent i € {1,...,n} contributes positively, c; > 0, and the overall task would succeed
C(7,q) = B(q).
Theorem 2 (Comparative Statics Analysis). Under the MAC-SPGG equilibrium, total welfare

increases with cooperation incentive v and public-good sharing rate p, but decreases with task
threshold B.

These monotonic relationships hold as long as all LLM agents contribute non-negatively in equi-
librium. Detailed proofs of Theorems|[I|and [2]appear in Appendix [E] and numerical verification is
provided in Appendix [F

To ensure efficient optimization under the same theoretical reward R;, we adopt an early stopping
mechanism aligned with the success criterion of the MAC-SPGG framework rather than empirical
averages. pecifically, training terminates once two external conditions are jointly satisfied: (1)
the final integrator’s reward exceeds a predefined threshold, R,, > Ryy; and (2) the evaluator-
assessed collective score of the final output, C; = Ffna (75, ¢), meets or surpasses a target value,
Cy > Charger- These criteria ensure that early stopping reflects task-level success rather than
intermediate fluctuations, consistent with Deﬁnition For stability, both the final reward and the
collective score must remain within a small tolerance across consecutive episodes, | Rfinal — pfinal| < ¢
and |C; — C;_1] < ¢, so that training halts only after sustained and stable cooperative improvement.



System Category Configuration #Params HumanEval MMLU GSMSK SummEval (Avg)

SmolLM2-1.7B-Instruct 1.7 24.4 (-49.38) 29 (-46) 45 (-50) 4.607 (-0.12)
Zero-Shot COT Single-Agent Llama3.1-8B-Instruct 8 59.76 (-14.02) 57 (-18) 88 (-7) 4.638 (-0.09)
Qwen3-8B 8 64.63 (-9.15) 66(-9) 89 (-6) 4.677 (-0.05)
SmolLM2-1.7B 1.7 29.9(-43.88) 41(-34) 52(-43) -
Few-Shot COT Single-Agent Llama3.1-8B 8 72.6 (-1.18)  70(-5) 90 (-5) -
Qwen3-8B 8 72.0(-1.78)  67(-8) 92(-3) -
Majority Voting 17.7 - 71 (-4) 84 (-11) -
. . Multi-Agent Debate 17.7 - 66(-9) 86(-9) -
Multi-Agent Baselines CAMEL 16 48.78(-24.99) 42(-33) 88(7) -
ECON 25.7 70.73 (-3.05) 64 (-11) 89 (-6) 4.590 (-0.14)
.+ MAC-SPGG (PO) 17.7 67.07 (-6.71)  75(-) 95 (-) 4.449 (-0.28)
MAC-SPGG Framework (Ours) vj A pGG (FO) 177 3I8() 69(-6) 93(2) 4728 ()
Note. “-” indicates not applicable, e.g., voting-based methods cannot generate coherent outputs for HumanEval or SummEval.

Ordering used in both PO and FO settings: Smol — LLaMA — Qwen.

Table 1: Performance on four benchmarks with delta (in parentheses) relative to the best
MAC-SPGG setup. Metrics: HumanEval in Pass@1 (%), MMLU and GSM8K in accuracy
(%), and SummEval in averaged human score (0-5).

4 Experiment

We evaluate MAC-SPGG on HumanEval (code), MMLU (knowledge), GSM8K (math), and Sum-
mEval (summarization). Baselines include Zero-/Few-shot CoT, Majority Voting, Debate, CAMEL,
and ECON. We use three agents under PO/FO settings with heterogeneous backbones (Qwen3-8B,
SmolLM2-1.7B, LLaMA3.1-8B). Details and full ablations appear in Appendix [G]

Settings. Benchmarks: HumanEval [Chen et al.l [2021]], MMLU [Hendrycks et al.l [2021]],
GSMBS8K [Cobbe et al.,2021]], SummEval [[Fabbri et al.,|2021]]. Baselines: Zero-/Few-shot CoT [Ko+
jima et al 2022| Wei et al [2022], Majority Voting [Li et al., 2024]], Debate [Du et al., [2024],
CAMEL |[L1 et al., [2023]], ECON [Y1 et al., [2025b]. Setup: three sequential agents with heteroge-
neous backbones (Qwen3-8B, SmolLM2-1.7B, LLaMA3.1-8B) under PO/FO; hyperparameters in

Appendix

Main Results. We showed the performance of each method across four representative evaluation
tasks in Table[T} The MAC-SPGG, under both PO and FO regimes, consistently outperformed most
single-agent and multi-agent baselines. To provide reference points for upper-bound performance,
we included GPT-3.5 Turbo [[Ye et al.l [2023]], GPT-4-0613 [OpenAl, 2023|], and Qwen2.5-72B-
Instruct [[Yang et al., 2025]] in a zero-shot setting, without fine-tuning. We found that MAC-SPGG
achieved competitive performance with significantly fewer total parameters. Details could be found
in Appendix [G.6] These results highlighted the effectiveness of the cooperative mechanism in
MAC-SPGG: by strategically leveraging multiple smaller models and incentivizing collaboration
through game-theoretic design, the framework achieved strong performance with substantially fewer
parameters. For a detailed case study, we referred readers to Appendix [H]

Ablations and Ordering Effects. Agent ordering mildly affected task performance, with the
optimal sequence depending on both the task and observation regime (see Appendix Table [G.T).
Mechanism and heterogeneity ablations are summarized in Appendix Table[G.2} Efficiency ablation
is in Appendix Figure[G.1]

5 Conclusion

This paper presented a principled framework for structured cooperation among LLM agents, grounded
in Sequential Public Goods Games (SPGG). By embedding incentive-compatible mechanisms
into the interaction protocol, MAC-SPGG induced conditional cooperation and sequential adap-
tation—capabilities that were largely absent from existing multi-agent approaches. Empirically, it
improved performance across diverse tasks and regimes while reducing redundant communication.
Our findings invited further exploration into mechanism design for large-scale multi-agent LLM
systems, particularly in settings involving partial knowledge, bounded rationality, or open-ended
objectives. We believed this work took an essential step toward scalable, mechanism-grounded, and
adaptive cooperation among foundation models.
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Figure B.1: Comparison of coordination mechanisms across LLM-based multi-agent systems.
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A Notation

This section summarizes the notations used throughout the paper, categorized for clarity.

B Coordination Mechanism Illustration

This section provides a detailed comparison of coordination mechanisms across different LLM-based
multi-agent systems. The figure illustrates how MAC-SPGG differs from existing approaches in
terms of information flow, decision-making processes, and coordination strategies.

The comparison highlights three key aspects: (1) Information Flow: Traditional approaches often
rely on centralized coordination or simple sequential processing, while MAC-SPGG implements
a sophisticated partial observation regime that balances information sharing with computational
efficiency. (2) Decision Process: Our framework introduces a cumulative effect mechanism where
each agent’s contribution builds upon previous outputs, creating a more nuanced decision-making
process. (3) Coordination Strategy: Unlike existing methods that may suffer from information
overload or insufficient coordination, MAC-SPGG provides a structured approach to multi-agent
cooperation that optimizes both performance and efficiency.

C Assumptions and Remarks

Assumption 1 (Score Assumption). The score ¢; of each agent i € {1,...,n} is positive, bounded,
and finite
C; € [Cmina CmaxL where (0 < Cmin < Cmax < 0O.
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Meaning Symbol

Meaning

General Notations

n Total number of agents in the sys- ¢ The shared task
tem
i,k,j Index for a specific agent T The textual contribution from
agent ¢
T; Base Large Language Model 7 Vector of all agents’ contributions
(LLM) for agent %
hi Observable history available to hF° History under Partial Observation
agent ¢
ht© History under Full Observation G, Generation function of agent ¢
Tnax Maximum number of training e Convergence margin
episodes
Reinforcement Learning (RL) Framework
St State vector for the RL agent at b; Belief state of agent ¢
step ¢
T, Meta-policy of agent ¢ parameter- V;d’(bi) Value function parameterized by
ized by 91' ¢1
Si Configuration vector from policy A(b;, &) Advantage function
e,
Lrpo Clipped loss function for PPO  R(6;) Importance-sampling ratio in
PPO
€ Clipping parameter Avalue Coefficient for value loss
D(q) Task embedding & Contextual features (e.g., history
embeddings)
§i Positional embedding for agent D Experience buffer for PPO train-
o turn ing
R,C Avg. reward and score (early H Episode history log
stop)
05, o7 Optimized policy/value params R, Ctarger Early-stopping thresholds
TLoRA, &, d LoRA rank, scale, dropout Ry, Ct Reward/score at episode ¢
Yd Discount factor (PPO advantage)
MAC-SPGG Mathematical Model
Xi Theoretical contribution variable ¢;(-) Cost function of agent ¢’s contri-
(classical TPGG) bution
c; Evaluated quality of contribution C(7,q) Aggregate evaluator score
Ti
B(q) Task-dependent threshold (provi- B Threshold in classical TPGG
sion point)
R; Total reward assigned to agent¢ .S, Cumulative contribution
Z?:l Cj
Ye Cooperation coefficient p Multiplier for shared reward
P Penalty for not reaching B(q) 1(-) Indicator function (1 if true)
U; Classical threshold-PGG payoff R; Cooperation-incentive reward
c* SPNE contribution profile W () System welfare function
G(), f() Helper functions AT A Success/failure regions
tr Minimum contribution avoiding ¢, ¢, Optimal and alternative choices
penalty
Evaluator Model
E(Ti,q) Evaluator function returning ¢; ~ Leval Loss function for evaluator train-
ing
r Four-dimensional ~ SummEval ' """ Relevance, coherence,
flus Tcons fluency, consistency
score vector
i Input document-summary pair  y; Target token in fine-tuning
Tscore Token index set for evaluation

spans

Table A.1: Summary of Notations.



The upper bound cp,.x, wWhich is defined by

Cmax = Slip {Cn (Tn(Tn—l(' o (Tl (Q), Q) e )a Q)v Q) }7

can surpass the task-specific threshold cp,.x > B(q).

Assumption 2 (Cost Assumption). The individual cost function ¢;(c;) is strictly convex and twice
continuously differentiable over [Cpin, Cmax), and £;(c;) > 0.

Remark 1 (No-Observation Regime). When h; = (), agents have no cross-agent observability and
act only on the task context q. This reduces to the simultaneous-move PGG setting [[Suurmond et al.,
2004, |Andreonil [1988]]. Among the existing multi-agent LLM frameworks, ECON [Yi et al., 2025b|]
is the closest analogue: a central coordinator prescribes strategies to otherwise non-communicating
agents. Because MAC-SPGG is coordinator-free and sequentially observable, the No-Observation
regime is incompatible with the model. We omit the No-Observation setting and retain ECON as an
experimental benchmark.

Remark 2 (Cumulative Effect). Although other agents’ contribution is not on the surface of ¢,, (7, q),
we still denote the final score C' as a function of all the contributions 7 due to the cumulative effect
of the MAC-SPGG. Different from PGG, where the final performance is calculated by summing
up all the contributions, the nature of multi-agent LLM tasks and prompting needs a summary step
instead of concatenating the Al-generated content (AIGC) directly. In ECON [Yi et al.| 2025b]] or
other coordinator-based frameworks, a summary agent in the last step would absorb all the others’
outputs and generate the final answer. In our MAC-SPGG framework, predecessors’ outputs have
already been embedded into the sequential process. For instance, if we are under the FO mode, where
¢n = Ty(hn, q), hy, contains all the previous 7; information. If we are under the PO mode, we can
regard the final score as

0(7?, Q) =Cp, (Tn(Tn—la Q)v Q)
=cC, (Tn (Tn—l(Tn—27 q)a Q) 7Q)
=Cp, (Tn (Tn—l(' c (Tl(q)a Q) e 7q) aQ) .

In such a context, the impact of each contribution 7; on the final score is not explicit, but in an iterative
way.

D Algorithm: MAC-SPGG Training

E Proof of Theorems 1 and 2]

First, we need to prove a required Lemma.

Lemma 1 (Monotone Best Response). Under the reward in Definition[l] the best-response contribu-
tion ¢t (h;)
c;(hi) = ci(Ti*v Q)
is monotonically non-decreasing in c;_1; that is,
Gioi>cio1 = () = ¢fleim1)

Proof of Lemma([l; We present the argument for the terminal agent n; the same reasoning applies
to any interior agent ¢ after conditioning on the future best responses.

Step 1: Rewrite the payoff. Under Definition[I] agent n’s payoff is

Cn—1

B(q)
-+ % . (cn71 + Cn) - P- 1(Cn < B(q))

R"(C” | C"—l) = _gn(cn) + - - Cp

For convenience set

Cp—1

B(q)

G(Cnycn—l) = 7&1(6”) + Y cp + %(Cn—l +Cn)7



Algorithm 1 MAC-SPGG Framework

Require: Initial prompt ¢; base models {7;}?_;; evaluator £; game parameters p, 7y, P, B(q); max
episodes Tinay; early stopping thresholds R, Carget; €
Ensure: Optimized policy and value function parameters {6, ¢},
1: Initialize {0;, ; }}_,, encoder 04, buffer D, and history H
2: for episode t = 1 to T1,x do
3: Reset D+ 0, H + 0

4: for agent ¢ = 1to n do > Sequential rollout
5: Extract task embedding ®(q), context features &; and position embedding §;
6: Construct b; < [®(q); &;; 04
7: Sample configuration &; ~ g, (- | b;)
8: Generate output 7; < T;(q, h; | &)
9: Store (b;, S, 7;) in D, update H <+ H & 7;
10: end for
11: for agent: = 1 ton do > Reward computation
12: Evaluate quality ¢; < £(7;, q)
13: Compute reward R;, advantage A; = R; — Vi (b;)
14: Store (R;, A;) in D
15: end for
16: Final integration: obtain overall output 7,, and evaluate final score

Ct — gﬁnal(Tna Q)7 R?nal — Rn

17: for agent: = 1 ton do > PPO update
18: Update 0;, ¢; via gradient descent on —Lppo(6;)

19: end for

20: if Ri" > Ry and C; > Clarger and

21:  |Rinal _ Riinal| < ¢ and |Cy — Cy—1| < € then

22: break > Early stopping based on final integrator’s score
23: end if

24: end for

25: return {0}, ¢},

so that R, = G(cp,cn—1) — P 1(c,, < B(q)).

Step 2: Increasing the differences of the smooth part. Because ¢, is strictly convex, twice differen-
tiable, and independent of ¢,,_1,
0*G y

0c,, Ocp_1 - B(q) > 0,

so G has increasing differences in (¢, cp—1).

Step 3: Region decomposition. Define regions
A*: ¢, > B(q), A : ¢, < Blq),

with corresponding payoffs
R;(Cna Cn—l) = G(Cn7 Cn—l)a and
R (cn,cn-1) = G(en,cn-1) — P.
Note that the penalty term is constant within each region and jumps only at the boundary ¢,, = B(q).

Step 4: Monotonicity via a contradiction argument. Adapting the comparative-statics lemma in |Mil-
grom and Shannon|[1994]], assume for contradiction that there exist ¢, _; > ¢,—1 with ¢} (c),_;) <
¢ (cp—_1). By examining the three possible region combinations (A™, A™T), (A=, A7), (AT, A7)
and exploiting

* the increasing-difference property of G,

* the optimality conditions R}, (cfl(), ) > R? (¢n,-) for any feasible ¢, and

10



* the fact that the penalty term is region-constant,

one arrives in each case at a strict inequality both > 0 and < 0, a clear contradiction. Hence the
assumed ordering reversal cannot occur, and ¢, (-) must be non-decreasing in ¢,,_1. O

With the help of Lemmal[T] we can prove Theorem I}

Proof of Theorem [T} We proceed by backward induction over agents ¢ = n,n — 1,...,1. For any
history h; 1 = (c1,...,¢;_1), define S;_1 = Z;;ll ¢

Step 1: Agent n’s Best Response

Given h,,_1, Agent n maximizes:

Rn = _en(cn) +- % cCp T+ ann - P l(cn < B(Q))a

where S, = S,,_1 + ¢,. We analyze two regions: Define:
AY = {¢ € [Cmin, Cmax] | ¢ > B(q)},and
»Ai = {C € [Cmina Cmax] | c < B(q)}

Region A™:
Cpn—1

B(q)

RY = —tln(ch) +7- “Cn + p(Sn—1 + cn).

The first-order derivative is:

dR+ Cn—1
—n =7 (e, . -
To ensure R is strictly increasing on [B(q), Cmax], W€ require:
+
min ™ > 0.

CnE[B(‘I)vcmax] dcn
In the worst case, where Sy,—1 = (n — 1) * ¢min, ¢n = B(q), £, (¢n) = £, (Cmax):
AR}
dey,

Cmin

B(q)

> _E%(Cmax) + - + p.

Thus, the condition is:

0, (Cmax) — p
cmin/B<Q)

If p;, > £/, (Cmax)» the inequality holds trivially.

v > if p < (Cmax)-

Region A:
Cn—1

B(q)

R, =—l,(cn) + - “Cp+ p(Sp—1+cn) — P.
Penalty avoidance requirement:

max R > max R, .
cn€[B(q),Cmax] cn€[Cmin,B(q))

Define f(c,) = —€n(cn) +7- %@3 “Cn + pn(Sn—1+ cn). Then:
R::f(cn)a R, = f(cn) = P.

The critical condition is:

P > max Cp)— max Cn).
c,,L<B(q)f< ) CnZB(Q)f( )

By the Lagrange mean value theorem:
Imax f —min f| < [max|f"(cn)] - (Cmax — Cmin);

where
Cmax

B(q)

|f/(cn)| Séln(cma)c)Jr’Y' +p

11



Thus, a sufficient condition is:

C
P> (El Cmax) + v X + p) * {Cmax — Cmin)-
o) 7+ 25 ) )

Step 2: Agent & < n’s Best Response
Assume successors play equilibrium strategies. Agent k maximizes Ry given hg_.
Region A™ (¢ > t):

Ck—1
Rf = —li(cp) + - e +p- (Sk+ (n—k) - cmax)
f =t + 1 G (Sk+ (2= F) - Cma)
where Sy, = Si_1 + ci. The derivative is:
dR; Ck—1
-7 LSkl
Worst-case monotonicity, where Si_1 = (k — 1)¢min, Ck = Cmin, and ¢}, (cx) = £}, - (Cmax)):
dR+ Cmin
k Z _E%(Cmax)""'-y' +p

deg, B(q)

The condition is: ,
Ek (Cmax) — Pn

v >
Cmin/B(Q)
Region A~ (¢x < tg):

R, =R} —P.
Penalty avoidance:

P > max R; — max RZ‘.
cp <ty cp >ty

Using the mean value theorem:

P> gl Cmax) + 7~ Cmax + n) * {Cmax — Cmin)-
(hemas) 7+ 5 0 ) )

Step 3: Unified Parameter Conditions
Forall k € {1,...,n}, the following must hold:

1. Monotonicity:
K;C(Cmax) —Pn
S CE\Cmax) — Pn
v kirll?.}.(,n Cmin/B(q)
2. Penalty:

clTl ax

B(q)

P > (maxﬂg(cmax) + - + pn> : (Cmax - Cmin)-

3. Reward positivity:

pn >n-maxli(Chax) = 0 (Cmax) — % < 0.

As for the proof of uniqueness, it is still using backward induction:
Induction Init: Agent n.
Given history h,_1 = (c1,...,¢n—1), agent n maximizes:
Cn—
R'n(cn) = - gn(cn) +7- anl) Cn
+ B(Snfl + Cn)
n

— P 1(e, < B(q)).

12



On A™, we compute the derivative:
AR} Cn1 P
no_ _gl n . _n Ly
dc. nlcn) +7 "
This is minimized at ¢,, = B(q) and ¢;,—1 = Cmin:
dRT Crni
n > El C nax . min L > O
dey, n(Ctma) £ (9) -
Hence R, is strictly increasing on AT, and arg max R, = {cax }-

To eliminate A ™, define f(c) := R;} (c). Then by the mean value theorem:

max f —min f < max |f’(¢)| - (Cmax — Cmin),

and c P
f/ Cc S 6;1 Omax +'7 e + *-
710 < 6, (Coae) +7 - 25

So,

Ra(c) < min R,
12ex Fnle) < spin Bul0),

if P satisfies the given bound. Thus, .
€ = Cmax-
Inductive Step: Agent k& < n.
Assume ¢ | = -+ = C} = Cmax. Then:
Sp = Sk—1+ ¢k + (n — k)emax-
Let ¢; denote the minimal contribution required by agent k to avoid penalty under history hy_1, i.e.,

tr = max {Cmin7 B(Q) - Sk—l - (’II - k') . Cmax} .

and regions:

A; = [tk7 Cmax]a -A]: = [Cmimtk)-
Agent k maximizes:
Gk
Ri(cr) = — li(cy, +y
(ck) (ck) Blg)
(Sk 1+ ¢k + (7’L k) . Cmax)

_p. 1(S, < B(q)).

On A/:
dR;f o

=0 (ci) + -
k( Ic) 0 Blq

+

IS Y

de

~—

Using ¢x—1 = Cmin» Ck = tk = Cmin:

dR+ Cmin
Tor 2 ~lhlem) +7- 5 +£50

dey,
Thus R} is strictly increasing on A} and arg max R;” = {cmax }-
Same argument shows max R, < min R,i' under the given condition on P, so:
€}, = Cmax-
By induction, the unique SPNE is ¢* = (Ciax; - - - y Cmax)- O

Proof of Theorem[2; We study the comparative statics of the total welfare

n

W(,p,B) = Y Ri(¢'i7p, B), R = —c; + 2.8, 4772k,
i=1

13



where ¢o = 0 and S,, = Z?Zl c; > 0.

Step 1: Envelope-theorem setup.
For each agent i the equilibrium action ¢} (v, p, B) maximizes R; subject t0 ¢; € [Cimin, Cmax)- Let

0 € {v,p, B}. Because R; is continuously differentiable in both ¢; and 6, and the feasible set is
parameter-independent, the (Benveniste—Scheinkman) envelope theorem gives

OW < OR;
W:Z 90

1=1

c=c*

Step 2: Direct partial derivatives.

We list the explicit derivatives for each parameter:

OR; _ ¢ina c’ (always non-negative)

oy B ¥ - ’

oR; Sy . . .

5 = (identical across 1),
I n

OR; o

55 = B %¢; ¢l (always non-positive).

All signs follow from ¢;_1, ¢}, v, B > 0.
Step 3: Aggregate effect on welfare.
We obtain

w1
—_— = —Zci,lcf > 0,
87 Bi:l

W S,

oW 7% .
MW _ 2§~ e <
0B~ B? &

Step 4: Boundary validity check.

If for some ¢ we have ¢ = Cmin OF Cmax, then ¢ is locally constant in a neighborhood of 6, hence
Oc} /00 = 0 and the envelope argument remains intact. Therefore, the strict sign conclusions above
hold regardless of whether the equilibrium is interior or boundary. [

F Numerical Experiment of SPNE

To concretely realize SPNE in our sequential public goods game, we implement a backward induction
procedure grounded in nested optimization. The core idea is that each agent anticipates the rational
responses of future agents and selects their own contribution accordingly. Specifically, Agent 3
computes its best response given prior contributions, using one-dimensional numerical optimization
viascipy.optimize.minimize_scalar. Agent 2, in turn, optimizes its action by internally calling
Agent 3’s response function for every hypothetical contribution. Agent 1, at the top of the sequence,
embeds both lower-level solvers to simulate downstream reactions and chooses its optimal strategy
accordingly.

This recursive structure—captured by the functions optimal_c3, optimal_c2, and optimal_cl—
embeds the logic of subgame perfection and ensures equilibrium consistency across the decision tree.
The final equilibrium profile (c7, ¢3, ¢5) = (0.267, 1.000, 1.000) confirms that contribution incentives
align over time. As shown in Figure[F.I] cooperation is sustained before the final stage. Figure[F.2]
reveals that Agent 3 obtains the highest utility, benefiting from both informational advantage and
minimized coordination risk.

14



SPNE Trajectory in Sequential PGG
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[Parameters: p=1.8, n=3, B=1.0, P=0.5, y=1.5]

Figure F.1: SPNE contribution trajectory in sequential PGG

F.1 Simulated Nash Trajectory Experiment

To illustrate the structure and sufficiency of the Subgame Perfect Nash Equilibrium (SPNE) under
our sequential public goods game framework, we simulate a 3-agent game using backward induction.
Each agent contributes sequentially based on observed history and anticipates the best responses
of future agents. Based on previously established closed-form conditions, we set the parameters
p=18,B=10,P=05v=15,c¢€ [0,1]. The equilibrium strategy yields a contribution profile
(ct, ¢, c5) = (0.267,1.000, 1.000), with total contributions exceeding the cooperation threshold.

Figure [F:3|shows each agent’s utility landscape, revealing strictly positive best responses at equilib-
rium. In Figure[F4] the cumulative contribution reaches the cooperation threshold by the second
agent and is reinforced by the third, illustrating stable coordination under forward-looking reasoning.

This stylized simulation supports our theoretical claim: cooperation can emerge endogenously in
MAC-SPGG, even without centralized control. We also provide a comparative statics analysis in

Appendix [

F.2 Parameter Sampling and Analysis

We analyze three primary parameters critical to shaping the reward structure and strategic dynamics
in our MAC-SPGG framework: Cooperation coefficient v € [0.5, 3.0], Reward multiplier p €
[1.0,3.0], and Threshold requirement B € [0.5, 2.0]. We sample each parameter at 25 evenly spaced
points across its respective range, applying backward induction to solve for the SPNE. Equilibrium
outcomes include individual utilities, total social utility, and contributions.

F.3 Parameter and Metric Selection

We analyze three primary parameters critical to shaping the reward structure and strategic dynamics
in our MAC-SPGG framework: Cooperation coefficient v € [0.5,3.0]: Governs the marginal
benefit of aligning contributions with preceding agents, influencing cooperative incentives. Reward
multiplier p € [1.0,3.0]: Determines the magnitude of the total public reward pool, affecting
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Utility Comparison in SPNE

2.260

2.0
o 1.5
N
)
=
Gl 1.093
>
2
= 1.0
5 0.760

0.5

0.0 )

Agent Index (i)
[Parameters: p=1.8, n=3, B=1.0, P=0.5, y=1.5]
Figure F.2: Utility comparison under SPNE strategy profile
Nash Equilibrium in Sequential Public Goods Game: Utility Surfaces with y = 1.5
Agent 1 (Position 1/3) Agent 2 (Position 2/3) Agent 3 (Position 3/3)

—— Nash Trajectory. 35
=== Zero Contribution

Threshold Plane.
40 =
35 1
30 -
25 1
20 +

('y) Amwn
(y) A

Utility Value

Parameters: p=1.8, n-3, B-1.0, P=0.5, 7-1.5

Figure F.3: Utility surfaces for Agents 1, 2, and 3 in the sequential PGG. Red curve: SPNE trajectory;
shaded plane: task threshold B; dashed line: zero-contribution baseline.

resource distribution and overall incentives. Threshold requirement B € [0.5,2.0]: Sets the

minimum collective contribution necessary to realize the public good, directly impacting group
coordination.

We sample each parameter at 25 evenly spaced points across its respective range while maintaining
other parameters at baseline values. The penalty term P is not directly varied, as it is derived from
the threshold B to maintain comparability across analyses.

After parameter selection, we apply backward induction to solve for the Subgame Perfect Nash
Equilibrium (SPNE) at each sampled parameter value. The equilibrium outcomes recorded in-
clude individual utilities { Ry, Rz, R3}, total social utility 7, R;, and individual contributions
{clv C2, 03}'
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Cumulative Contribution vs. Threshold

-@- Cumulative Contribution

25| ——- Threshold B =1.0

2.267

[
o

1.5

Cumulative Contribution (S;)

e
W

0.0

1 2 3
Agent Index (/)

[Parameters: p=1.8, n=3, B=1.0, P=0.5, y=1.5]

Figure F.4: Cumulative contribution trajectory. The cooperation threshold B = 1.0 is reached by
Agent 2.

F.4 Results and Observations

Effect of Cooperation Coefficient 7. As shown in Figures[F-3|and [F.6] both individual and total
utilities exhibit strong positive correlation with ~y. This validates our theoretical result that increasing
synergy incentives amplifies cooperative behavior and leads to higher welfare. Notably, marginal
utility gains taper slightly as -y exceeds 2.5, indicating diminishing returns in coordination incentives.

Effect of Reward Multiplier p. Figures[F.7 and [F.8]demonstrate a similar monotonic trend: as p
increases, the total public good grows and agents receive higher individual rewards. However, the
distribution remains sensitive to contribution ordering, and some agents benefit disproportionately
depending on their sequence position and coordination exposure.

Effect of Threshold B. Unlike the previous parameters, increasing the task threshold B exerts a
two-sided effect. As shown in Figures[F-9]and[F.T0] agents respond by increasing their contributions to
meet the higher requirement. However, this also imposes greater effort costs, leading to a net decline
in total utility. This trade-off illustrates the importance of setting realistic cooperation thresholds that
maintain coordination feasibility without overburdening contributors.

F.5 Pareto Proximity Assessment

To evaluate the allocative efficiency of our equilibrium outcome, we conduct a Monte Carlo-based
test of Pareto optimality under representative parameters (y = 1.5, p = 1.8, B = 1.0), using
the backward induction method described in Section [F.I] We uniformly sample 10,000 alternative
contribution profiles from the strategy space [0, 1]> and compute their corresponding utility vectors
under the same reward structure.

We define a profile as Pareto dominating the SPNE solution c* if it yields weakly higher utility for all
agents and strictly higher utility for at least one. Among the sampled profiles, no such dominated
profile was identified. As shown in Figure[F.T1] this result provides numerical evidence that the SPNE
outcome is not only strategically stable but also Pareto efficient within the explored strategy space.
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Individual Utilities vs. Cooperation Coefficient (y)
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Figure F.5: Individual utilities under varying cooperation coefficient .

G Technical Details of Section 4

This section provides additional technical details and extended formulations for the MAC-SPGG
framework. The main formulation and theoretical results are presented in Section [3]

G.1 Extended Formulation Details

For the history h;, we have two modes of observations under the MAC-SPGG framework: (1)
Partial Observation (PO): The agent 7 can observe only the contribution from the immediately
preceding agent (if any), h7’© = {r;_1}, and (2) Full Observation (FO): The agent i can observe
all contributions made by previous agents, hf'C = {11, 79,...,7_1}.

In the PO schema, agent ¢ only observes the immediate predecessor’s contribution 7;_1, following
the SPGG [Anwar and Georgalos| 2023b), |Gallice and Monzonl, 2018]] setting, which is similar to the
sense of Markov decision process. In contrast, the agents under the FO regime have full access to the
complete history of prior contributions. Both types of observation settings exist in multi-agent LLM
studies [Du et al.||2024] [Wu et al., 2023]]. Such a difference in information availability and resource
usage will lead to distinct comprehensibility in various types of tasks in our experiment.

The score indicates the performance of the contribution, which is evaluated by a given task-specific
function &, ¢; = £(7y, q). For instance, in multiple-choice tasks, the score represents the accuracy
of the test; in more complex tasks, such as a generation task, the score is evaluated by a fine-tuned
evaluator; see training details in Appendix We denote the score by ¢;(7;, ¢) to show its relevance
to 7; and g. For the cost part, under the usage of LLM, the number of consumed tokens would be
a straightforward measure of cost, and different base models 7" will lead to various levels of token
usage.
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Total Utility vs. Cooperation Coefficient (y)
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Figure F.6: Total social utility under varying cooperation coefficient .

G.2 Learning Framework and Training Details

We learn per-agent meta-policies via decentralized PPO to optimize generation parameters dynami-
cally. The training process uses Algorithm [T] (Appendix [D) with early stopping based on reward and
quality thresholds.

To ensure efficient optimization and convergence, we apply an early stopping mechanism based
on the empirical performance. Specifically, training is terminated once two external criteria are
jointly satisfied. First, the average episodic reward across agents exceeds a predefined threshold,
Z?:l R;/n > Rinreshold- Second, the average evaluator-assessed output quality meets or surpasses a
target value, C' > Ciarger. Here, C' denotes the average of final task scores C(7, ¢) across evaluation
episodes. Also, we monitor convergence stability by requiring both the average reward and quality
scores to remain within a small margin e across consecutive episodes, |R;y1 — Ry| < e and [Cy11 —
(| < ¢, to ensure training halts only after meaningful improvements have plateaued. This early
stopping strategy ensures that agents not only achieve high collaborative performance but also
maintain consistent quality in generation.

Detailed training specifications and convergence criteria are provided in Appendix [G.7}

G.3 Efficiency (Token Usage)

We analyze the computational efficiency of different frameworks by measuring token usage across
various tasks. This analysis is crucial for understanding the practical deployment considerations of
multi-agent systems, as token consumption directly impacts both computational cost and inference
speed.

Figure [G.I| demonstrates that MAC-SPGG achieves superior efficiency compared to baseline ap-
proaches. The framework’s optimized coordination mechanism reduces redundant token consumption
while maintaining high performance, making it particularly suitable for resource-constrained en-
vironments. The partial observation (PO) regime shows the lowest token usage, highlighting the
effectiveness of our selective information sharing strategy.
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Individual Utilities vs. Reward Multiplier (p)
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Figure F.7: Individual utilities under varying reward multiplier p.

Setting Agent Order MMLU GSMSK
Qwen — LLaMA — Smol 56 66
Qwen — Smol — LLaMA 74 91

PO Smol — Qwen — LLaMA 76 91
LLaMA — Smol — Qwen 78 93
LLaMA — Qwen — Smol 48 71
Smol — LLaMA — Qwen 75 95
Qwen — LLaMA — Smol 49 61
Qwen — Smol — LLaMA 77 90

FO Smol — Qwen — LLaMA 76 90
LLaMA — Smol — Qwen 72 96
LLaMA — Qwen — Smol 44 72
Smol — LLaMA — Qwen 69 93

Table G.1: Agent ordering under PO and FO settings.

G.4 Agent Sequential Ordering Effects (Full)

This subsection presents comprehensive results from our investigation into how the sequential ordering
of agents affects overall performance. The ordering of agents in a multi-agent system can significantly
impact the quality of final outputs, as each agent’s contribution builds upon the previous agents’
work. Understanding these ordering effects is crucial for optimizing system design and deployment
strategies.

Table [G.T] reveals several key insights about agent ordering effects. First, the optimal ordering
varies significantly between tasks: for MMLU, the sequence LLaMA — Smol — Qwen achieves
the highest performance (78%) under PO, while for GSM8K, Smol — LLaMA — Qwen performs
best (95%) under PO. Second, ending with smaller models (like Smol) often leads to performance
degradation, as the final agent bears greater responsibility in cumulative decision-making. Third, the
full observation (FO) setting does not consistently outperform partial observation (PO), suggesting that
more information is not always beneficial and can sometimes introduce redundancy or distractions.
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Total Utility vs. Reward Multiplier (p)
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Figure F.8: Total social utility under varying reward multiplier p.

Obs. Agents Het. SPGG MMLU GSMSK
LLaMA + Smol + Qwen v~ v 78 93

PO LLaMA + Smol + Qwen v/ 72 79
Qwenx3 v 78 94
Qwenx3 71 77
LLaMA + Smol + Qwen v 72 96

FO LLaMA + Smol + Qwen v~ 71 77
Qwenx3 v 80 95
Qwenx3 68 74

Table G.2: Mechanism and heterogeneity ablation (complete).

G.5 Mechanism and Heterogeneity (Full)

This subsection provides a comprehensive ablation study examining the individual contributions of
the MAC-SPGG mechanism and agent heterogeneity to overall system performance. Understanding
these factors is essential for designing effective multi-agent systems and determining the optimal
balance between coordination mechanisms and model diversity.

Table[G.2]demonstrates the critical importance of both the MAC-SPGG mechanism and agent hetero-
geneity. When both factors are present (heterogeneous agents with SPGG mechanism), the system
achieves optimal performance across most settings. However, the MAC-SPGG mechanism alone can
compensate for the lack of heterogeneity: using three identical Qwen models with SPGG achieves
competitive performance (78% on MMLU, 94% on GSM8K under PO). Conversely, heterogeneous
agents without the SPGG mechanism show significantly degraded performance, highlighting that co-
ordination mechanisms are essential for leveraging model diversity effectively. This finding suggests
that the MAC-SPGG framework provides a robust foundation for multi-agent cooperation that can
work effectively with both homogeneous and heterogeneous agent compositions.

To facilitate fine-grained evaluation of generated summaries, we train a dedicated evaluator to
assign scores on four quality dimensions—relevance, coherence, consistency, and fluency—based
on a given document-summary pair [Fabbri et al., 2021]. The evaluator outputs a score vector
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Figure F.9: Individual contributions under varying threshold B.
T = (Trelevances Teoherences Tconsistencys fiuency) € |0, 5]%, aligned with the scoring guidelines of the

underlying dataset. These scores are used as reward signals in the reinforcement learning pipeline.

G.5.1 Training Procedure

We frame the evaluator training task as a structured text-generation problem. Each instance in our
dataset consists of a prompt comprising the source document and a candidate summary, followed by
a structured output format requesting four numeric scores corresponding to the specified dimensions.
During training, we only supervise numeric score tokens, masking all other tokens with the label
—100, effectively constraining optimization exclusively to numeric generation.

The evaluator is a fine-tuned Qwen2.5-7B-Instruct model, quantized in 4-bit precision with Low-Rank
Adaptation (LoRA). The LoRA configuration includes a rank of r ,gra = 4, scaling factor o = 8,
and dropout rate d = 0.05, specifically targeting the model’s attention and feed-forward layers
(gkv_proj, o_proj, gate_up_proj, down_proj). The training optimizer used was AdamW with a
learning rate of 1 x 10~%, warmup steps set to 50, and gradient accumulation steps set to 8, resulting
in an effective batch size of 16. We trained the evaluator for three epochs on the cleaned SummEval
dataset [Fabbri et al.l[2021]], normalizing the scores to the range [0, 5]. Data was split into training
and testing subsets at a 9:1 ratio with a fixed seed for reproducibility.

The training loss is computed as:

Leva = — Z 10gpeeva](yt | 961‘71/<t)7
€ Tscore

where x; is the input prompt (document-summary pair), y; the target token at position ¢, and Tgcore
denotes indices corresponding specifically to numeric scores.

G.5.2 Evaluator Performance

We evaluated the trained evaluator on the held-out SummEval test set using Mean Squared Error
(MSE) and Mean Absolute Error (MAE) across the four quality dimensions. Table |G_'3| presents
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Figure F.10: Total utility under varying threshold B.

a side-by-side comparison of the pretrained and fine-tuned models. Fine-tuning led to substantial
improvements, reducing overall MSE by 72.2% and MAE by 60.8%, demonstrating the effectiveness
of our training strategy and the improved accuracy of the evaluator.

Metric Pretrained Model Fine-tuned Model
MSE MAE MSE MAE
Relevance  1.398 0.913 0.666 0.618
Coherence  0.795 0.670 0.966 0.757
Consistency 4.096 1.737 0.539 0.227
Fluency 2.989 1.483 0.412 0.281

Overall 2.320 1.201 0.646 (172.2%) 0.471 (160.8%)

Table G.3: Evaluator performance on the SummEval test set before and after fine-tuning. Relative
improvements are shown in parentheses for overall metrics.

G.6 Comparison with Large LLMs

To further assess the efficiency of MAC-SPGG parameters, Figure [G.2| compares its performance
with strong proprietary models, including GPT-3.5-Turbo [Ye et al.| [2023]], GPT-4-0613 [OpenAlL
2023]], and Qwen2.5-72B-Instruct [ Yang et al., |2025]]. Despite comprising only three smaller LLMs
totaling 17.7B parameters, MAC-SPGG achieves performance comparable to or even exceeding these
large-scale systems on certain benchmarks, notably GSM8K and SummEval.

G.7 Technical Details of MAC-SPGG Training
For reward evaluation, we use Qwen2.5-7B-Instruct [[Yang et al.,|2024] as the scoring model. This

evaluator is fine-tuned using QLoRA [Dettmers et al.l 2023|] on 4-bit quantized weights for efficient
parameter adaptation.
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Figure F.11: SPNE utility (red star) and sampled profiles (gray) in projected utility space under
(y=15, p=1.8, B=1.0).
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Figure G.1: Token usage per task across different frameworks. MAC-SPGG reduces tokens under
both FO and PO (lowest under PO).

G.7.1 State-to-Policy Network Architecture

To efficiently train cooperative policies in the MAC-SPGG summarization workflow, we adopt
a modular and decoupled reinforcement learning architecture. A lightweight Actor-Critic policy
network is trained to dynamically select optimal generation parameters for each LLM based on the
evolving context of the multi-agent interaction.

Specifically, we use a pretrained bert-base-uncased model as a state encoder. For each agent at
each step, we construct a comprehensive state vector s; € R%96 by concatenating the 768-dimensional
[CLS] embedding of the source document, a 64-dimensional context vector (representing historical
performance and task progress), and a 32-dimensional positional embedding indicating the agent’s
turn.

The policy network is a multi-layer perceptron (MLP) composed of a shared hidden layer and two
task-specific heads:
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Figure G.2: Performance comparison across four benchmarks: HumanEval, MMLU, GSM8K, and
SummEval. MAC-SPGG (ours) achieves competitive performance with significantly fewer total
parameters.

* Actor Head: Predicts the mean and standard deviation for a multi-dimensional continuous
action space, representing six key generation parameters: temperature, top-p, top-k, max
tokens, repetition penalty, and presence penalty.

* Critic Head: Estimates the expected return (value) from the current state.

This architecture enables fast policy learning over the complex parameter space while avoiding the
computationally prohibitive cost of backpropagation through the LLM’s forward pass.

G.7.2 PPO Training Setup and Hyperparameters

Training was conducted on summarization tasks from the CNN/DailyMail dataset, where each
document served as a MAC-SPGG-compatible episode. Each agent generated its summary using a
frozen LLM guided by the parameters selected by its policy network. A trained evaluator, based on
Qwen?2.5-7B-Instruct, computed scalar rewards from the semantic quality of these summaries. We
employed Proximal Policy Optimization (PPO) to update each agent’s actor-critic network, using the
Adam optimizer with a learning rate of 5 x 10~*. The PPO configuration included 4 training epochs
with a mini-batch size of 16, a discount factor v = 0.99, and a generalized advantage estimation
(GAE) parameter A = 0.95. The clip ratio was set to 0.2, the value loss coefficient to 0.5, and the
entropy coefficient to 0.02, with gradient norm clipping of 0.5 and a target KL divergence of 0.015.
For the MAC-SPGG reward function, we applied a task reward scaling factor p = 1.8, a cooperation
bonus coefficient ¥ = 1.5, a success threshold B(q) = 0.85, and a failure penalty P = 1.5.

G.7.3 Evaluator as Reward Model

We train a scalar reward model based on Qwen2.5-7B-Instruct using Low-Rank Adaptation (LoRA)
on the cleaned SummEval dataset. The evaluator predicts four continuous quality dimensions —
relevance, coherence, consistency, and fluency — each normalized to the [0, 1] range. These scores
are averaged to produce a scalar reward for each agent’s contribution. During RL training, the
evaluator remains frozen to ensure consistent and non-drifting reward signals. For evaluator training,
we use a 90/10 train-test split of SummEval and constrain generation to numeric score spans via
partial masking. This setup enables reward shaping with semantically meaningful, fine-grained
supervision without the need for human annotators.

G.8 Evaluation Details

HumanEval To assess agents’ code generation capabilities, we evaluate all models on the full
HumanEval benchmark. Following standard practice, we adopt the pass @ I metric—indicating the
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percentage of problems correctly solved by the first generated solution—as our main performance
indicator.

MMLU To evaluate MMLU, we measured the accuracy with which models were able to select
the correct multiple-choice answer in each problem. We evaluated models on one hundred randomly
selected MMLU questions randomly distributed across each of the subject areas.

GSMS8K To assess mathematical reasoning ability, we evaluate models on the GSM8K dataset,
which consists of grade-school math word problems requiring multi-step arithmetic and logical
reasoning.We randomly selected one hundred problems from the dataset and report accuracy as the
percentage of problems for which the model produces the correct final numerical answer.

SummkEval To evaluate agents’ natural language processing ability, we use models to test all the
SummEval problems and also the 1600 examples and corresponding scores given by datasets, we
used them to fine-tune our evaluator.

CNN/DailyMail In addition to the benchmark tasks above, we trained our MAC-SPGG models on
the CNN/DailyMail dataset (HuggingFace version 1.0.0), which contains 287,113 examples in its
training split. This large-scale summarization corpus, structurally similar to SummEval, was used
since SummEval’s scale is insufficient for reliable reinforcement learning.

H Case Study

To qualitatively illustrate the collaborative dynamics fostered by our MAC-SPGG framework, we
present three representative case studies in Figures [H.T] and [H.2] These examples involve a di-
verse ensemble of large language models (LLMs), including Qwen3-8B, SmolLM2-1.7B-Instruct,
LLaMA3.1-8B-Instruct, and Qwen2.5-7B-Instruct. Among these, Qwen2.5-7B-Instruct is used as
a trained evaluator, which is fine-tuned for contribution assessment tasks and kept frozen during
inference (i.e., it does not generate content or update parameters). See Appendix [G.7] for training
details. The remaining models function as sequential contributors, collaboratively refining the output
through the MAC-SPGG protocol. To ensure computational efficiency and compatibility with limited
GPU memory, all models are deployed using 8-bit quantization.

These case studies highlight MAC-SPGG’s capacity to integrate diverse models into a structured
collaboration framework, facilitating improvement over time even when the individual models are
imperfect. This collaborative mechanism proves effective across both reasoning-intensive (MMLU)
and generation-intensive (SummEval) tasks, showcasing the generality and extensibility of the
proposed approach.
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Question ID: high_school_chemistry_121
S <Formatted_Task>: A 50.0 mL sample of 0.0025 M HBr is mixed with 50.0 mL of 0.0023 M KOH. What is the pH of the resulting
'[‘E mixture 2\n\nOptions:\nA. 1\nB. 4\nC. 5\nD. 11\n\nPlease analyze this multiple choice question and provide your answer as one
of the options (A, B, C, or D).

**My Final Answer: A**. The pH of the resulting mixture can be calculated using the formula: pH = -log, [H,0"]. Since the reaction
between HBr and KOH is a neutralization reaction, the resulting mixture will be neutral. In a neutral solution, the concentration of
‘¥, H,O" is equal to the concentration of OH". The concentration of HBr is 0.0025 M, and the concentration of KOH is 0.0023 M. To
'-§. find the concentration of H,O*, we can use the formula: [H,0*] = (Kw/Kb) * [OH], where Kw is the ionization constant of water (1.0
x 10™) and Kb is the base ionization constant of KOH (1.1 x 10"). Solving for [H,0"], we get [H O] = (1.0 x 10")/(1.1 x 10) *
(1/0.0023) = 4.74 x 107 M. Now, we can calculate the pH using the formula: pH = -log, [H,O*]. pH = -log (4.74 x 107) = 6.36. So,
the pH of the resulting mixture is approximately 6.36.

**My Final Answer: C**. To solve this problem, we need to determine the pH of the resulting mixture after the reaction between
HBr and KOH. The balanced chemical equation for this reaction is: HBr (aq) + KOH (aq) — KBr (aq) + H20 (l). Since HBr is a
strong acid and KOH is a strong base, the reaction will proceed completely to produce water and potassium bromide. The initial
concentrations of HBr and KOH are 0.0025 M and 0.0023 M, respectively. Since the volumes of the two solutions are equal (50.0
mL each), we can assume that the total volume of the resulting mixture is 100 mL or 0.1 L. The number of moles of HBr and KOH
(w3} can be calculated as follows: Moles of HBr = concentration x volume (in L) = 0.0025 M x 0.05 L = 0.000125 mol Moles of KOH =
L  concentration x volume (in L) =0.0023 M x 0.05 L = 0.000115 mol Since HBr is in excess, the limiting reactant is KOH. The
number of moles of HBr that will react with KOH can be calculated as follows: Moles of HBr reacted = moles of KOH = 0.000115
mol The remaining moles of HBr = initial moles of HBr - moles of HBr reacted = 0.000125 mol - 0.000115 mol = 0.00001 mol The
concentration of H+ ions in the resulting solution will be equal to the concentration of HBr that did not react, which is 0.00001 M.
The pH of the solution can be calculated using the formula: pH = -log[H+]. pH = -log(0.00001) = 5. Therefore, the pH of the
resulting mixture is 5.

**My Final Answer: B** The reaction between HBr (a strong acid) and KOH (a strong base) is a neutralization reaction. Here's
the detailed, accurate analysis: 1. **Determine moles of HBr and KOH:** - Moles of HBr = Molarity x Volume = 0.0025 M x 0.050
L = 0.000125 mol- Moles of KOH = Molarity x Volume = 0.0023 M x 0.050 L = **0.000115 mol 2. **Reaction between HBr and
KOH:** - The balanced chemical equation is: ** HBr + KOH — KBr + H,0 **This is a **1:1 molar ratio** reaction. **Determine
excess reactant:**- HBr has more moles (0.000125 mol) than KOH (0.000115 mol), so HBr is in excess. - Moles of HBr
remaining after reaction = 0.000125 mol - 0.000115 mol = **0.000010 mol** 4. **Calculate concentration of excess H* ions:**\n-
Total volume of the mixture = 50.0 mL + 50.0 mL = **100.0 mL = 0.100 L**\n- Concentration of H* = Moles of HBr remaining /
Total volume = 0.000010 mol / 0.100 L = **0.00010 M** 5. **Calculate pH:**\n- pH = -log = -log(0.00010) = **-log(1.0 x 10¥) =
4.0"\n**Correction:** The initial calculation in the original solution mistakenly concluded the answer was A (pH = 1), but the
correct pH is **4.0**, which corresponds to **Option B**. However, the **Agent_Llama** solution incorrectly calculated the pH as
5, and the **Agent_SMOLLM2** solution introduced irrelevant quadratic analysis and incorrect formulas. ** Re-evaluation of the
problem:**- The correct pH is **4.0**, which is **not** among the options. However, the options provided are A (1), B (4), C (5), D
(11). Since **4.0** is the correct pH, the correct answer is **B**.\n**Final Correction:** The original solution mistakenly concluded
A (pH = 1), but the correct answer is **B (pH = 4)**. The **Agent_Llama** solution also incorrectly calculated the pH as 5, but the
correct value is **4.0**. **Final Answer: B** (Note: The original solution mistakenly concluded A, but the correct answer is B
based on the accurate calculation of pH = 4.0.)

Figure H.1: MMLU Case Study. The first agent provides an ambiguous or under-reasoned answer.
Through the MAC-SPGG protocol, subsequent agents critically reassess and enhance the explanation,
eventually converging on a more accurate and robust response.
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Doc_id: SummEval_01

<Document>: (CNN)A North Pacific gray whale has earned a spot in the record books after completing the longest migration of a
mammal ever recorded. The whale, named Varvara, swam nearly 14,000 miles (22,500 kilometers), according to a release from
Oregon State University, whose scientists helped conduct the whale-tracking study. Varvara, which is Russian for "Barbara," left her
primary feeding ground off Russia's Sakhalin Island to cross the Pacific Ocean and down the West Coast of the United States to Baja,
Mexico. Varvara's journey surpassed a record listed on the Guinness Worlds Records website. It said the previous record was set by a
humpback whale that swam a mere 10,190-mile round trip between the "warm breeding waters near the equator and the colder food-
rich waters of the Arctic and Antarctic regions." Records are nice, but Bruce Mate, the lead author of the study, thinks the long trip
might say more about the whale than just its ability to swim. During her 14,000-mile journey, Varvara visited "three major breeding
areas for eastern gray whales," which was a surprise to Mate, who is also the director of the Marine Mammal Institute at Oregon State
University. "For her to go to Mexico," Mate said, "It's pretty strong evidence that it's where she's from." Varvara was thought to be an
endangered western whale, but her ability to "navigate across open water over tremendously long distances is impressive," he said in
the release, which could mean that some western gray whales are actually eastern grays. With only 150 western gray whales believed
to be in existence, that number might be even lower. "Past studies have indicated genetic differentiation between the species, but this
suggests we may need to take a closer look," Mate said.

I'm building upon the insights provided by previous participants. My summary continues to emphasize the importance of reevaluating
the classification of western and eastern gray whales based on their remarkable migrations. | propose further research into the genetic
differences observed in these whales to enhance our understanding of their evolutionary history and ecological roles.

73

{'relevance’: 2.5, ‘coherence’:2.5, 'consistency’: 2.5, fluency’: 3.125}

) Building upon the foundational contributions from Agents Qwen and SmolLM2, | would like to add that Varvara's extraordinary 14,000-
mile migration not only underscores the complexity of gray whale migration patterns but also raises intriguing questions about the
adaptability and resilience of these magnificent creatures in the face of climate change and habitat fragmentation. By shedding light
on potential genetic connections between western and eastern gray whale populations, this discovery has significant implications for
conservation efforts and the development of effective management strategies to protect these vulnerable species. Further research
into the migratory behaviors and genetic diversity of gray whales will be essential to ensure their survival and continued thrive inan
increasingly changing world.

%

{'relevance’: 4.3, 'coherence ’: 4.7, 'consistency’: 3.7, 'fluency’: 4.0}

A North Pacific gray whale named Varvara has completed the longest mammalian migration ever recorded, traveling nearly 14,000
miles from Russia’s Sakhalin Island to Baja, Mexico, surpassing previous records and challenging existing classifications of western
and eastern gray whale populations. This unprecedented journey provides critical insights into potential genetic links between the two
groups, raising important questions about their distinctiveness and implications for conservation strategies.

{'relevance’:5.0, 'coherence’: 5.0, 'consistency’: 5.0, 'fluency’: 4.7}

Figure H.2: SummEval Case Study. A summarization task where the initial response lacks cohesion
and informativeness. Subsequent agents improve sentence structure, factual completeness, and
coherence. Evaluations at each stage are conducted by Qwen2.5-7B-Instruct (frozen evaluator). The
final summary exhibits significantly enhanced quality as judged by the evaluator, confirming the

utility of MAC-SPGG in generation tasks.
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