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Abstract

Overparameterized ML models, including neural networks, typically induce underdetermined train-
ing objectives with multiple global minima. The implicit bias refers to the limiting global minimum
that is attained by a common optimization algorithm, such as gradient descent (GD). In this paper,
we characterize the implicit bias of GD for training a shallow ReLLU model with the squared loss
on high-dimensional random features. Prior work [15] showed that the implicit bias does not ex-
ist in the worst-case, or corresponds exactly to the minimum-¢2-norm interpolating solution under
exactly orthogonal data [3]. Our work interpolates between these two extremes and shows that, for
sufficiently high-dimensional random data, the implicit bias approximates the minimum-¢5-norm
solution with high probability with a gap on the order © (\/% ), where n is the number of data and
d is the feature dimension. Our results are obtained through a novel primal-dual analysis that care-
fully tracks the evolution of predictions, data-span coefficients, as well as their interactions, and
show that the ReLU activation pattern quickly stabilizes with high probability over random data.

1. Introduction

Modern machine learning objectives are often underdetermined, admitting infinitely many global
minima. Nevertheless, empirical evidence suggests that gradient descent (GD) converges to solu-
tions with strong generalization properties even without explicit regularization [13, 17]. This phe-
nomenon, termed implicit bias [11, 14], can be treated as a critical factor of scaling laws; it ensures
that as model capacity increases, the optimizer consistently selects high quality solutions [9]. Early
research focused on linear models to characterize this bias. In linear classification, GD applied to
exponentially-tailed losses converges in direction to the max-margin solution [11, 14]. For linear
regression with squared loss, GD converges to the interpolation with the minimum #5-norm [6].

Understanding the implicit bias in nonlinear models such as neural networks remains a signif-
icant challenge, primarily due to the induced non-convexity of the optimization objective. In this
work, we focus on regression with a one-hidden-layer ReLU neural network and the squared loss.
Remarkably, Vardi and Shamir [15] showed that establishing an implicit bias is known to be hard
in the worst case, even when the model consists only of a single neuron and assuming global con-
vergence. At the other extreme, Boursier et al. [3] showed that the implicit bias of gradient flow for
exactly orthogonal features is exactly the minimum-¢>-norm solution. Notably, high-dimensional
random features are near-orthogonal, raising the question of whether the implicit bias can be char-
acterized in this more realistic but also more challenging case.

2. Problem Setup

We consider a regression problem with feature vector x € X C R? and label y € Y C R. We
consider random feature vectors drawn according to a distribution D with zero mean, i.e., E[z] = 0,

© .
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Orthogonal data High dimensional data Worst-case data
ReLU models Implicit bias Global convergence only [5] TR
h(z) = EZL:l skrr(wa) characterization [3] This work: Implicit bias characterization No implicit bias in general [15]
) — 0)
Linear models h(x) == w ' x Implicit bias coincides with maximum margin SVM [10] w) dr}%g{“ [[w —w©T], 6]

Table 1: Our results contextualized with related literature.

and covariance matrix 3 = E[zz ). Let ¥ = VAV " € R%* be the eigendecomposition of the
covariance matrix, where V' € R%* is the matrix of eigenvectors and A € R%*“ is a diagonal
matrix whose entries are the eigenvalues of 3 in descending order. We make the mild assumption
that z = VAZz where 2 € R has independent, mean-zero, 1-subgaussian components. We
observe a dataset {x;, y; }]" ; where the features {x;}}" ; are drawn i.i.d. from the distribution D.
We denote the data matrix by X € R™*¢ and the label vector by y € R™. Since we operate in a
high-dimensional regime (d > n), we make the mild assumption that rank(X) = n.
Next, we assume that the magnitudes of the labels are bounded away from zero and infinity.

Assumption 1 (Bounded Labels) Foralli € [n], Ymin < |¥i| < Ymax for some Ymin, Ymax € R

We next impose a high-dimensional assumption. We define effective dimensions based on the spec-
trum X := [\, -+, \g] | of the covariance matrix X, by dy == || A[|% / H}\Hg oo = | Ay / Al

Assumption 2 (High-dim Features) ds > C3 nyy“‘“" and doo > Co y“’a" for a large Cy > 1.

General ReLLU Models and Empirical Risk Minimization. We denote by he : X — Y the
general ReLU model used for the regression task, defined as he () = Y 1", spo(w, 5 L), Where ©
denotes the collection of model parameters {wy, };* ; and {s,}}" ;. Here, s, € {—1,+1} denotes
the sign of the k-th neuron, o(2) := max{z, 0} is the ReLU activation, wy, € R is its weight, and
m > 1 is the number of neurons. We minimize the empirical risk under the squared loss
o) — L - 2 1 x 2
R(©) =3 ;(h@(w» —ui)" =5 he(X) — yll, (1)
1=

where we define heg as he(X) = [he(x1), - ,he(xz,)]" € R™. We employ the GD to mini-
mize (1), and we only update the neuron weights {wy, }}_; and fix the signs of the neurons {s; } 7" ;.

Gradient Descent and Primal-dual Representation. The gradient of the empirical risk in (1)
toward wy, is Vo, R(©) = s, X ' D(Xwy) (he(X) — y), where D(z) : R® — R™ ™ denotes
the diagonal matrix with entries D;; := 1,,~¢. Accordingly, the GD update for wy, takes the form

wi = w) —nVu, ROV) = w)) —nsi X D(Xw) (hgn(X) —y). @
To analyze these updates, we introduce a primal—dual representation used in mirror descent [12].
-1
B, = Xwi, aj= (XXT> Xwy, with B, = XX "oy, Vk € [m). 3)

This representation restricts attention to the components of wj, that lie in the span of the data matrix
X.! Under this parameterization, the gradient descent update (2) in primal—dual form becomes

(Primal) Bt — gl _ e xx TD(ﬁ,(f))(h@m (X)—y), (4)
(Dual) ol = ol — s D(BY) (g (X) — y). (4b)

1. In general, wy, may contain components orthogonal to span({«; };—, ). However, since the gradient updates act only
within span({; } i), the components not in the span remain unchanged throughout training.
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The sign of 3 ,(:Z determines whether the corresponding a,(fjl) is updated through D(,Bg)). The sign

of ﬁ,(:) and the dynamics of a,(f) is key to characterizing the behavior and implicit bias of GD.

Minimum-/5-norm Solution. For linear regression with zero initialization, GD converges to the
minimum-£s-norm interpolation: wWjipear-MNI = XT(XXT)_ly = arg miny, % ||'w||§, st.ow'a; =

Yi, Vi € [n]. Motivated by this, we consider the minimum-¢2-norm for ReLU regression problem

1 - .
{wi L, = argmin 5 Z |wp||3 s.t. Z spo(w] @) =y, forall i € [n]. 5)

wrlity =1 k=1

3. Implicit Bias of Single ReLLU Models (m = 1) Under Gradient Descent

We begin by analyzing the single positive ReLU neuron model heg(z) := o(w ' x).

3.1. Gradient Descent Updates and Convergence

For the single ReLU model, the GD update in (2) simplifies to wt+h) = ) — anR(w(t)) =
w® —nX T D(Xw®)(Xw® — y). Compared to linear regression, the difference is the diagonal
matrix D(Xw"). This matrix selects a subset of examples to contribute to each GD update.

3.1.1. SUFFICIENT CONDITIONS FOR GRADIENT DESCENT CONVERGENCE

In general, the optimization trajectory and loss landscape induced by gradient descent even on a
single ReLLU model are difficult to characterize. Suppose there exists tg > 0 that the activation
pattern remains unchanged after ty. We formalize this observation in the following lemma.

Lemma 1 Suppose there exists tg > 0 such that D(Xw*)) = D(Xw®) for all t > t,. Define
the subset of examples S = {i € [n] : & w(©) > 0}. Then, for all t > to, the gradient descent
dynamics of the single ReLU model are equivalent to gradient descent applied to a linear model
initialized at w*) and trained only on the subset S. (Lemma 1 is proved in Appendix D.1)

Convergence of Lemma 1 follows from classical convergence guarantees for linear regression.

Lemma 2 Suppose the effective dimension d, > cn, for some constant ¢ > 1, the step size satisfies

n < m, and there exists to > 0 such that D(X'w(to)) = D(Xw(t))for all t > tg. Then,

gradient descent applied to the single ReLU model converges to w(®) = arg min Hw — w(to) H2
w: X sw=yg

with probability at least 1 —2¢™/ 9, where S := {i € [n] : ] w") > 0}. (Proof in Appendix D.1)

3.2. Minimum-/5-norm Solution of Single ReL.LU models

Compared to Wiipear—MNI 10 Section 2, single ReLU models are restricted to non-negative outputs.
We write a convex optimization problem where the constraints with nonpositive labels are relaxed

Ta:i =y, forall y; > 0, wT:cj <0, forall y; <0. (6)

w* = arg min} w3 s.t. w
w2
We show that the solution of (6) coincides with the minimum-£5-norm solution associated with /in-
early fitting a suitable subset of training examples, after setting all negative labels to zero. We define
a subset S C [n] and Wiinear—MNILS = Xg(XSXg)*lg)s, where yg € RIS is the corresponding
label subvector with all negative entries replaced by zero. Lemma 3 is proved in Appendix D.1.



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

Lemma 3 Consider a single ReLU model hg(x) = o(w ' x). The minimum-£-norm solution w*
of he (x) satisfies wW* = Wiinear—MN1,5 for some index subset S C [n] that necessarily contains all
indices i such that y; > 0, where the corresponding labels are given by 3 ; = max{y;, 0}.

Note that w* is a fundamentally different inductive bias from wijpear— M1 @S the subset .S does not
have an explicit formula, and is training data-dependent.

3.3. High-dimensional Implicit Bias of Single ReLLU Models

Our first main result characterizes the GD dynamics of single ReLU models on high-dim data.

Theorem 4 Consider Assumptions 1 and 2, suppose the initialization is w® = X T(X X T)*le,

< A ; ; iSfy —+ < p< L
where 0 < €; < &—Yymin forall i € [n], and the step size to satisfy oL S 1S AT, Then,

the gradient descent limit w'™) for the single ReLU model coincides with the solution obtained
by linear regression trained only on the positively labeled examples with initialization w?) =

nX' ( —€+=+ (XXT) e) with probability at least 1 — 2 exp(—cn). Formally, we have w(>) =

arg min Hw —w( )HQ and X _w(®) < 0. (Theorem 4 is proved in Appendix D.2)
w:Xjw=y,

Theorem 4 characterizes a tractable regime of GD. Due to the ReLU activation, the main challenge
lies in monitoring which examples are active and which are inactive during gradient descent.

3.4. Approximation to Minimum-/5-norm Solution in High Dimensions
We show the limiting solution from Theorem 4 is different from, but close to the minimum-#5-norm.

Theorem 5 Consider Assumptions 1 and 2, suppose the initialization is w'® = X T(X X T)_le,
where 0 < ¢; < - Ymin for all i € [n], and the step size to satisfy O, <n< AT Then,

2 2
Ymin . < —wrll. < /15 Ymax 7 _ —en).
we have CCgH>\||1 H'w w H2 < CoIA with probability at least 1 — 2 exp(—cn)

Theorem 5 is proved in Appendix D.3 and heavily leverages our characterization result in Lemma 3.

4. Implicit Bias of Two ReLU Models (m = 2) Under Gradient Descent

We extend our analysis to a 2-ReLLU model, which combines one positive ReLU neuron and one
negative ReLU neuron: he(x) = o(wgz)—o(whx), The GD update in (2) simplifies to w(t“) =

wg) — NV R(OV) = wg) - nXTD(XwéB)) (hgm (X) — y). we follows the same format.

4.1. Minimum-/5>-norm Solution of 2-ReLLU Models
First, we characterize the minimum—ég-norm solution for the 2-ReLU model, defined below:
wy,, w;, —argmmf we]3 + ||w@\|§ st o(wha;) — o(wlx;) = y;, foralli € [n]. (7)
W, Wo

To analyze (7), we show that the optimal solution is also the optimal solution to a restricted convex
program obtained by fixing the activation pattern across the training examples. Let S = {i : y; >
0,Vie[n]},S-={j:y; <0,Vj €[n]},sothat S, US_ =[n]and S NS_ = 2.
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Lemma 6 The feasible set of (7) is nonempty, and there exist partitions S1USo = Sy, §1 NSy =
@, and S3U Sy = S_, S3 M Sy = @ such that the optimal solution {w?,, w5} of (7) is also an
optimal solution of the following convex program: (Lemma 6 is proved in Appendix E.1.)

1 1
whwh, = argmin w3 + w3 ®
wge,Wo
s.t. wgmi = i, wgwi <0,i€ 51, (wg-— 'we)Ta}i =y, wgwi >0,i € 85,,

T T - T T :
—wWoT; =Y, wex; <0,i €83, (wg —we) T =y, wex; >0,i € Sy

4.2. High-dimensional Implicit Bias of 2-ReLLU Models

Next, we characterize the gradient descent dynamics of two ReLLU models in the high dimensions.

Theorem 7 Consider Assumptions I and 2, suppose the initialization is 'wég )= xT (X X T) 716@
and w(eo) =XxT (XXT)_le@, where 0 < €g i, €0 < ﬁyminfor all i € [n], and the step size to

satisfy m <n< m Then, with probability at least 1 —2 exp(—cn), the gradient descent

limit 'wgBoo) coincides with the solution obtained by linear regression trained only on the positively

labeled examples, with the initialization wéal) =nXT (y — €g + € + %(XXT)_IG@), and

wé;)o) = argmin ‘w - wéal) H ; similarly, for w(eoo), we have w(el) = nXT (—y +ep —€s +
w: X w=y, 2
LXXT) ) andwl) = argmin Hw —wl )2, with X_w(® < 0 and X 4w <0,

w:X_w=—y_

Theorem 7 is proved in Appendix E.2. The optimization dynamics naturally decouple: wg learns
to fit all positively labeled examples, while wg learns to fit all negatively labeled examples.

4.3. Approximation to Minimum-/>-norm Solution in High Dimensions

Finally, we show that the limiting solution of Theorem 7 is close to the minimum-{3-norm {w,, wf }.

Theorem 8 Consider Assumptions I and 2, suppose the initialization is wég )= xT (X X T) ! €g»
wg)) = X' (XXT)_IEG, where 0 < €g i, €5, < ﬁymin forall i € [n|, and the step size sat-

16n_y2
< " Jmax
, SV M e
16m4y2 . .
< 1014 Ymax _ B .
g = SABYR with probability at least 1 — 2 exp(—cn)

Proof is in Appendix E.3 and leverages the restricted convex program that we derived in Lemma 6.

2
. 1 1 " —Ymin (OO) — *
isfies CCyIAT, S s AP Then, we have GADR < Hw69 wy,

2

"+ Ymin < (o0) *
w —w

CCylAlly = H © ©

5. Discussion

We showed that the implicit bias of single and 2-ReLU models, under appropriate initialization, is
remarkably close to the minimum-norm solution if the features are sufficiently high-dimensional.
Natural open questions include: 1) characterizing the dynamics for m > 2 neurons, and 2) studying
the effect of moderate dimension where d > n but not d > n. We provide partial results of
m > 2 neurons in Appendices F and G and simulate the effect of moderate-dimensional data on the
dynamics in Appendix H and observe that the primal dual variables intricately influence each other.



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

References

[1] Peter L. Bartlett, Philip M. Long, Gédbor Lugosi, and Alexander Tsigler. Benign overfitting in
linear regression. Proceedings of the National Academy of Sciences (PNAS), 117(48):30063—
30070, 2020.

[2] Rajendra Bhatia and Fuad Kittaneh. On the singular values of a product of operators. SIAM
Journal on Matrix Analysis and Applications, 11(2):272-277, 1990.

[3] Etienne Boursier, Loucas Pillaud-Vivien, and Nicolas Flammarion. Gradient flow dynamics of
shallow relu networks for square loss and orthogonal inputs. Advances in Neural Information
Processing Systems, 35:20105-20118, 2022.

[4] Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge university press,
2004.

[5] Léo Dana, Francis Bach, and Loucas Pillaud-Vivien. Convergence of shallow relu networks
on weakly interacting data. arXiv preprint arXiv:2502.16977, 2025.

[6] Heinz Werner Engl, Martin Hanke, and Andreas Neubauer. Regularization of inverse prob-
lems, volume 375. Springer Science & Business Media, 1996.

[7] Spencer Frei, Gal Vardi, Peter Bartlett, and Nathan Srebro. Benign overfitting in linear clas-
sifiers and leaky relu networks from kkt conditions for margin maximization. In The Thirty
Sixth Annual Conference on Learning Theory, pages 3173-3228. PMLR, 2023.

[8] Spencer Frei, Gal Vardi, Peter L Bartlett, and Wei Hu. Implicit bias in leaky relu networks
trained on high-dimensional data. /CLR, 2023.

[9] Suriya Gunasekar, Jason Lee, Daniel Soudry, and Nathan Srebro. Characterizing implicit bias
in terms of optimization geometry. In International Conference on Machine Learning, pages
1832-1841. PMLR, 2018.

[10] Daniel Hsu, Vidya Muthukumar, and Ji Xu. On the proliferation of support vectors in high
dimensions. In International Conference on Artificial Intelligence and Statistics, pages 91-99.
PMLR, 2021.

[11] Ziwei Ji and Matus Telgarsky. Risk and parameter convergence of logistic regression. arXiv
preprint arXiv:1803.07300, 2018.

[12] Ziwei Ji and Matus Telgarsky. Characterizing the implicit bias via a primal-dual analysis. In
Algorithmic Learning Theory, pages 772-804. PMLR, 2021.

[13] Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. In search of the real inductive bias:
On the role of implicit regularization in deep learning. arXiv preprint arXiv:1412.6614, 2014.

[14] Daniel Soudry, Elad Hoffer, Mor Shpigel Nacson, Suriya Gunasekar, and Nathan Srebro. The
implicit bias of gradient descent on separable data. The Journal of Machine Learning Re-
search, 19(1):2822-2878, 2018.



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

[15] Gal Vardi and Ohad Shamir. Implicit regularization in relu networks with the square loss. In
Conference on Learning Theory, pages 4224-4258. PMLR, 2021.

[16] Ke Wang and Christos Thrampoulidis. Binary classification of Gaussian mixtures: Abundance
of support vectors, benign overfitting, and regularization. SIAM Journal on Mathematics of
Data Science (SIMODS), 4:260-284, 2022.

[17] Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Under-
standing deep learning (still) requires rethinking generalization. Communications of the ACM,
64(3):107-115, 2021.



Appendix

Table of Contents
A Related work, our contribution and notation 10
B Main Proof Ideas 12
C Proofs of Key Lemmas Tracking Primal-Dual Gradient Dynamics 14
C.1 Concentration of Random Gram Matrices in High Dimensions . . . . . . . .. 14
C.2  Proof of Lemma 9 (Primal Variable Gradient Dynamics in High Dimensions) 15
C.3 Proof of Lemma 10 (Dual Variable Gradient Dynamics in High Dimensions) . . . . 16
D Proofs for the Single ReLLU model (m = 1) Trained with Gradient Descent 18
D.1 Proofs of Lemmas 1, 2 and 3 (Gradient Descent Convergence and w*) . . . . . 18
D.2 Proof of Theorem 4 (High-dimensional Implicit Bias) . . . . . ... ... ... 21
D.3 Proof of Theorem 5 (Implicit Bias Approximationto w*) . . . . . .. ... .. 28
E Proofs for the Two ReLLU Model (m = 2) Trained with Gradient Descent 33
E.1 Proof of Lemma 6 (Characterizationof w* ) . . . . .. .. ... ... ..... 33
E.2 Proof of Theorem 7 (High-dimensional Implicit Bias) . . . . . . .. ... ... 34
E.3 Proof of Theorem 8 (Implicit Bias Approximationto w*) . . . . . .. ... .. 41
F Implicit Bias of Multiple ReLU Models (m > 2) Under Gradient Descent 51
F.1 Gradient Descent Updates and Convergence . . . . . . . ... .. ... .... 51
F2 Minimum-#¢s-norm Solution of Multiple ReLU Models . . . . ... ... ... 52
FE3 High-dimensional Implicit Bias of Multiple ReLU Models . . . . . .. .. .. 52
F4  Approximation to Minimum-¢s-norm Solution in High Dimensions . . . . . . 53
G Proofs for Multiple ReLLU Models (m > 2) Trained with Gradient Descent 54
G.1 Proof of Lemma 16 (Gradient Descent Convergence) . . . . ... ....... 54
G.2 Proof of Theorem 17 (High-dimensional Implicit Bias) . . . .. ... ... .. 56
G.3 Proof of Theorem 18 (Implicit Bias Approximation to w™) . . . . . . ... .. 63
H Simulations 65
H.1 Moderate-Dimensional Data and Single ReLU Model . . . . . ... ... ... 65



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

H.2 Gradient Descent Dynamics of Two ReLLU Models

H.3 Gradient Descent Dynamics of Multiple ReLU Models . . . . ... ... .....




HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

Appendix A. Related work, our contribution and notation

We now briefly discuss the most closely related work and highlight key differences of our approach.
We contextualize our results within the most closely related prior studies on implicit bias of re-
gression models in Table 1. Boursier et al. [3] study the dynamics of gradient flow on two-layer
ReLU networks under an exact orthogonality assumption on the data. Exact orthogonality removes
interactions between examples and significantly simplifies the activation patterns induced by the
ReLU nonlinearity. As a result, their analysis primarily focuses on how the second-layer weights
evolve to fit all examples, leading to a multi-phase gradient flow dynamic. Under these assump-
tions, they show that gradient flow converges to the minimum-/>-norm solution (their Theorem
1). In contrast, our work focuses on understanding how interactions between examples—captured
through the Gram matrix—shape the active and inactive patterns in ReLLU models under more re-
alistic, controllable high-dimensional settings. Interestingly, we are able to show that the implicit
bias is no longer exactly the minimum-¢s-norm solution, but is close to it (Theorems 5 and 8). Dana
et al. [5] also analyze the high-dimensional regime and establish global convergence by showing
that each example can be fitted by at least one neuron with high probability and all active examples
stay active (their Theorem 1). However, their analysis does not address the behavior of inactive
examples suppressed by the ReLU nonlinearity and does not shed light on the implicit bias. As a
result, their work provides only a partial view of the gradient dynamics. In contrast, we introduce a
novel primal-dual framework that allows us to simultaneously track both active and inactive exam-
ples (Lemmas 9 and 10). This framework enables a full characterization of the gradient dynamics
and, consequently, the implicit bias in high dimensions. We use some of the observations of Dana
et al. [5] as a starting point for our primal-dual characterizations. More generally, most existing
analyses [3, 5, 15] rely on gradient flow and continuous-time ODE techniques, which assume in-
finitesimal step sizes. In contrast, our analysis directly studies gradient descent with finite (though
still small) step sizes. This distinction is both theoretically and practically important, as gradient
descent is the algorithm used in practice. Our primal-dual approach provides a new framework
for analyzing discrete-time optimization dynamics in ReLU networks and opens a complementary
direction to existing studies based on gradient flow.

Our contributions: In this paper, we provide a rich characterization of the implicit bias in-
duced by gradient descent for ReLU networks trained with the squared loss on sufficiently high-
dimensional data. Our main contributions are summarized as follows. First, we completely char-
acterize the implicit bias of gradient descent dynamics on ReLU models with 1 or 2 neurons for
high-dimensional data under sufficient conditions (Theorems 4 and 7). Second, we quantify the
relationship between the implicit bias of gradient descent and the global minimum that achieves the
minimum-¢2-norm. More specifically, we establish both upper and lower bounds on the distance
between the gradient descent limit and the minimum-#>-norm solution, showing that it scales as
O©(y/n/||A]|;) where n is the number of training examples and A denotes the spectrum of the data
covariance matrix (Theorems 5 and 8). Consequently, the solutions are very close, but not identical,
for high-dimensional features. Interestingly, a similar phenomenon was also shown to occur with
exponentially-tailed losses [7, 8] for classification.

Our techniques in a nutshell: Our main results are obtained through a novel primal-dual for-
mulation of the gradient descent dynamics under the squared loss with ReLU networks, which is
inspired by mirror descent (first studied by Ji and Telgarsky [12] for linear models). Instead of di-

10
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rectly tracking the weight vector in the original parameter space like previous work, we introduce
primal variables representing the predictions on training examples, and dual variables capturing the
coefficients in the data span. This representation is particularly well-suited for analyzing ReLU
networks because the sign of each primal variable directly determines whether the corresponding
example is active, and hence whether its dual variable receives a gradient update. Our analysis re-
veals that understanding the gradient dynamics hinges on tracking (i) the positivity of the primal
variables and (ii) the interactions between training examples. We introduce new tools to carefully
control the evolution of positive primal variables and sufficiently negative dual variables (Lemmas 9
and 10, which may be of independent interest). Underlying the proofs of our approximation results
to the minimum-#5-norm solutions are novel characterizations of the latter as minimum-£{-norm [in-
ear interpolations of a (possibly data-dependent) subset of training examples. This data-dependent
subset selection is a fundamental difference between the implicit bias of linear models and ReLU
models.

Notation: We use lowercase boldface letters (e.g. «) to denote vectors, lowercase letters (e.g. y)
to denote scalars, and uppercase boldface letters (e.g. X) to denote matrices. We use [|-[|,, to denote
the £,-norm of a vector for p € [1, 00) and |||, to additionally denote the operator norm of a matrix.
For a vector = € RY, we use z; to denote its i-th component. We use [n] to denote the set {1,...,n}.
For ease of subsequent notation, we consider without loss of generality the samples with positive
labels to appear in the upper block of the data matrix X, while those with negative labels appear in
the lower block. Let n denote the number of positive labels and n_ = n — ny denote the number
of negative labels. Accordingly, we write X = [X I X I] T where X 4+ € R™*4 contains the
features corresponding to positive labels and X _ € R™-* contains the features corresponding to
negative labels. We similarly partition the label vector as y = [yJTr y—f]—r. For a matrix X €
R™*?, a vector y € R”, and any index set S C [n], we use X g € RI*I*? to denote the submatrix
of X consisting of the rows indexed by S, and yg € RIS denotes the corresponding subvector.
We use C, c to denote universal constants that appear in upper and lower bounds respectively that
may change from line to line. We also use the notation . to denote universal constants with
a specific meaning that do not change from line to line. We specifically choose Cy > C? and
Co 2 max{Cz,C,Cy} in our analysis.

11
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Figure 1: Gradient descent transition dia- Figure 2: Approximation error between the
gram for the k-th neuron. implicit bias of the single ReLU model w (>

and the minimum-#s-norm solution w*.

Appendix B. Main Proof Ideas

Our analysis hinges on precisely tracking the activation patterns of ReLLU neurons across all
training examples. By controlling which examples remain active or inactive throughout training,
we are able to understand the resulting gradient dynamics and, consequently, the implicit bias of the
converged solution. To establish these results, we introduce two key lemmas. Lemma 9, inspired by
ideas in Dana et al. [5], shows that once the primal variable 3, ; corresponding to the k-th neuron and
the ¢-th example is active—and the sign of the neuron s agrees with the label y;—it remains active
in the next iteration. This ensures that such an example is not suppressed by the ReLU nonlinearity
and continues to contribute to the gradient updates.

Lemma 9 Under Assumptions I and 2, suppose the gradient descent step size satisfies 1 < m
1
Consider the k-th ReLU neuron in heg. For any t > 0 and any index i € [n| such that sy, - y; > 0, if
B> 0,8 > sihgo (1), and || hgw (X) =y, < Cyl|ylly, then BT > 0 with probability
at least 1 — 2 exp(—cn).

This lemma is proved in Appendix C.2. The main idea behind Lemma 9 is that as long as the primal
variable ﬂ,(fz is positive and the empirical risk remains uniformly bounded, the gradient update of

ﬁ,(fz is dominated by its self-interaction term for high-dimensional data — the reason, at a high level,
is that cross-sample interactions can be bounded in high dimensions (due to the concentration of the
random Gram matrix X X ' around ||A[|;I). As a result, the magnitude of the update is strictly
smaller than 8 ,(:Z, ensuring that 3 ,(;;jl) remains positive.

Lemma 10 concerns the behavior of inactive examples. It shows that once a dual variable oy, ;
associated with the k-th neuron and the j-th example becomes sufficiently negative, the correspond-
ing primal variable (3}, ; remains inactive. Consequently, the dual variable is no longer updated and
stays frozen throughout training. This mechanism effectively removes certain examples from the
optimization dynamics.

12
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Lemma 10 Under Assumptions 1 and 2, suppose the step size satisfies n < m Consider

the k-th ReLU neuron in he. For any t > 0 and any index j € [n], ifa,(:; < —Cy‘ﬁ‘i;H and
B [e 1

Ha,(f) H2 < %”ylm‘, then ﬁ,(:; < 0and oz,(fjl) = a,(f’)j with probability at least 1 — 2 exp(—cn).

The proof of Lemma 10 (see Appendix C.3) relies on the primal—-dual relationship 8, = X X Tay,
from Equation (3), together with concentration results for the Gram matrix. Specifically, if a dual
)

variable is sufficiently negative, then the corresponding primal variable B,(: f

According to the dual update rule in Equation (4b), a negative 3 ,(:g implies that the ReLLU is inactive

and the dual coordinate receives no further updates. As a result, a](f;.rl) = ag;, and sufficiently

negative dual variables remain frozen throughout training. Figure 1 depicts the transition of primal-
dual updates in Lemma 9 and Lemma 10.

In the following paragraphs, we outline the proof sketch for single ReLU models. The proof
ideas for the 2-ReL.U case follow analogously.

is strictly negative.

Proof Sketch of Theorem 4: The proof combines the insights from Lemma 9 and Lemma 10 to
obtain a complete picture of how activation patterns evolve during training. Together, these lemmas
allow us to track which examples remain active or inactive throughout gradient descent. Our goal
is to reach—and maintain—a configuration in which positive-labeled examples remain active while
negative-labeled examples remain inactive, as formalized by the sufficient conditions in Lemma 14
in Appendix D.2. To achieve this, we leverage two key properties of the initialization. First, the
positive initialization guarantees that every example initially has at least one active neuron capable
of fitting it. Second, the small initialization ensures that, after the first gradient step, positive-labeled
examples remain in the active regime while negative-labeled examples acquire sufficiently negative
dual variables and become inactive. Together, these properties place positive and negative examples
into their respective regimes after a single update. We then apply Lemma 14 to show that this
configuration is stable under subsequent iterations. As a result, the activation pattern becomes fixed
after the first step, and the dynamics enter the final phase described in Lemma 1.

Proof Sketch of Theorem 5: To compare the gradient descent limit w(>®) with the minimum-/5-
norm solution w*, we relate their distance in parameter space to their distance in prediction space.
Since both solutions interpolate all positive-labeled examples exactly, any discrepancy between
them must arise from their predictions on negative-labeled examples. We bound this discrepancy
using the KKT conditions characterizing w*, as established in Lemma 3. These conditions precisely
describe how w™* treats negative-labeled examples and allow us to control the prediction distance
in terms of the distance between the primal and dual variables. In particular, the KKT conditions
imply that this gap is nonzero, showing that w(*®) # w*. Translating our bounds back to parameter
space yields matching upper and lower bounds on ||w(*®) — w*||.

13
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Appendix C. Proofs of Key Lemmas Tracking Primal-Dual Gradient Dynamics

In this section, we present the proofs of the key lemmas used to track the gradient dynamics of
the primal and dual variables. The central factor governing these dynamics is the sign pattern of
the primal variables, which determines whether individual examples are active or inactive under the
ReLU nonlinearity and, consequently, whether the corresponding dual variables are updated.

Before presenting the proofs, we first recall two key technical lemmas: 1) a concentration result
on the eigenvalues of random Gram matrices in high dimensions from Bartlett et al. [1]; 2) a con-
centration bound on the operator norm of random Gram matrices from Hsu et al. [10]. Both these
lemmas play a crucial role throughout the analysis.

C.1. Concentration of Random Gram Matrices in High Dimensions

Our analysis relies heavily on properties of the Gram matrix on high-dimensional data. These
concentration results allow us to control cross-sample interactions and isolate the dominant self-
interaction terms that drive the gradient updates. As a result, we can rigorously characterize how
positivity and negativity patterns in the primal and dual variables evolve over time.

In Lemma 11, we characterize the typical behavior of the eigenvalues of a weighted sum of outer
products of independent subgaussian vectors. Recall from Section 2 that the feature vector x € R?
admits the representation = VA%z, where z € R? has independent, mean-zero, o2-subgaussian
components, and we take o, = 1. Under this model, the empirical Gram matrix can be written as
XX = Z?Zl /\jvjva where each v; € R" is an independent random vector with independent,
mean-zero, subgaussian entries. Concretely, Lemma 11 provides high-probability bounds on the

extreme eigenvalues of X X | .

Lemma 11 (1, Lemma 9, 16, Lemma 12) There exists a constant c such that with probability at
least 1 — 26_”/‘3, we have

d
1
3 N e < pn(XXT) < (XXT) < Z)\ +Ain
¢
d
1\
Moreover, if the effective dimension satisfies do, = % > bn for some constant b > 1, then
there exists a constant Cy > 1 such that
d d
Z (XX < (XX <C Z

with probability at least 1 — 2e~™/Cs.

Next, Lemma 12 provides a high-probability bound on the operator norm deviation between the
Gram matrix X X " and ||A||; I, which is fruitful for high-dimensional data, and Corollary 13
shows that the typical value of this deviation can be expressed in terms of n and effective dimensions
d27 doo

Lemma 12 (10, Lemma 8) There exists a universal constant ¢ > 0, for any 7 > 0,
p (HXXT By IH > )<2 9" e Y
r — >7]<2-9"-exp| —c-min< —, —— ,
Holl IS M

14
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where | All; = S0

d
Allz 1= 3251 A3, and ||\l = max;eiq Aj.

Corollary 13 With the choice of T = C - max (|| Ay /1, [|A]| o ) and the constant C' - ¢ > 1In?9,

we have
XX -1 §C-max< n’n>7
HP\Hl 2 V da doo
2
with probability at least 1 — 2 exp(—n(Cc —1n9)), where we have defined dy = ”iH; Aoy =
2

. Similarly, we have

Jixl (xx7) -1

m n
2§CgC’1’ﬂ&X< dQ,doo),

with probability at least 1 — 2 exp(—n(Cc — In9)).

C.2. Proof of Lemma 9 (Primal Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the sign of any ReL.U neuron
agrees with the label of an example, then the corresponding primal variable remains positive after
one gradient descent step.

Proof (Lemma 9) According to the primal gradient descent update in Equation (4a) for the k-th
neuron, we have

Bt = g s X XTD(BY) (hew (X) — ).

We aim to separate the gradient contribution arising from the diagonal and off-diagonal components
of the Gram matrix and to show that the updated primal coordinate remains positive, i.e., B () 5

Fix any ¢ > 0 and any index ¢ such that s - y; > 0 and 6,“. > 0. Then, the update of the i-th
coordinate can be written as

o = 81— nskel XX D) (heo (X) — y)
= B —nsve] [IAL I+ (XX T = Al I) | DY) (heo(X) ~ )
= (B = Al (srheo (2:) = si) | = nseel (XXT = A1 T) D(BY) (ke (X) — w),
€))
where the last equality uses the assumption ,6’,(:2 > 0, which implies Dj; = 1 ), = 1. We now

By,i>0
(t+1)

lower bound ﬂk, ;- By the step size condition ) < m and the assumption 51(:2 > sp-hgw (Ti),

the first term in Equation (9) satisfies

t
Bia = Il (suheo (@) = sivi) = Al il
Substituting this into Equation (9) yields

©) = 1Al il = nsvel (XXT = |AIL T) DB ) (g (X) — y)

> AL el = | XX = 1AL ]| o (X) = wll, (10)

15
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where the last inequality follows from the Cauchy—Schwarz inequality and the sub-multiplicativity
of the operator norm. Next, we upper bound the second term in Equation (10) using Corollary 13.
With probability at least 1 — 2 exp(—n(Cc —1n9)), we obtain

AR W e,
Q)
= 1Al |:ymin — C - max <\/Z > .C fymax]

(;) Ymin
= 77||>‘||1 ymin_C'Cy' Coy * Ymax

> 0.

Inequality (i) applies the lemma assumption that Hh@(i)(X) — yH2 < Cyllyllys £ Cyv/nYmax-
Inequality (ii) follows from Assumption 2, which guarantees that dy > Cg% and doo >

Co% with large enough Cy > C - Cy. This completes the proof of the lemma. |

C.3. Proof of Lemma 10 (Dual Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the dual variable a,(:)j for the k-th

neuron and j-th example is sufficiently negative, then it remains unchanged in the next iteration,

1. c., Oél(ct+1) l(:)

Proof (Lemma 10) By the definition of primal and dual variables in Equation (3), we have
B = xxTall,
According to the dual gradient update in Equation (4b), we have

o\ = o\~ D(BY) (hew (X) — v).
(t)

This update reveals that each coordinate o, . evolves independently and is governed by the sign of

the corresponding primal variable B,it) In particular, if 6,(:} < 0, then the j-th diagonal entry of

D(ﬁ](f ) vanishes, and consequently a;(fjl) O‘l(;)j'

We therefore establish a sufficient condition under which 3 ,(Ctz < 0 in terms of the dual variable

oz,(f)J Specifically, we separate the diagonal and off-diagonal components of the Gram matrix as

/8(t _eTXXT ()
—e] [nxulu (xXT = Al T)] o
= |l i) +ef (XX = [IAIL T) o

<Al affy + [ XX = Il 2| el (an

16
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where the last inequality follows from the sub-multiplicativity of the operator norm. Next, we upper
bound the two terms HXXT — |IAlly IH2 and Ha,(:) H2 appearing in Equation (11). Following the

same argument as in the proof of Lemma 9, we apply Corollary 13. Consequently, with probability
atleast 1 — 2 exp(—n(Cc —1n9)), we obtain

11 < Al [a,” +C - max <\f ) H M . (12)

(t)

Finally, substituting the upper bound of ; ’; and Ha’(:) H2 in lemma assumptions into Equation (12),

Ymin n Ce \fymax
12) < -
( >_HAH1[ Cal, T mX(\/; doo> 1Al ]

Ymin Ymin Caymax
— AL |- gl }
! COé HAHl CO?Jmax HAHl

we obtain

<0,

2,2
where the last inequality follows from Assumption 2, which ensures dy > Cg% and do, >

Co ”I;yma" with large enough Cy > C'- C2. We have thus shown that if ozgg is sufficiently negative,

then Bk) < 0, and consequently a]g ) _ a,(f)j. This completes the proof of the lemma. |

17



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

Appendix D. Proofs for the Single ReLLU model (m = 1) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the single ReLU model trained
with gradient descent.

D.1. Proofs of Lemmas 1, 2 and 3 (Gradient Descent Convergence and w*)

We present complete proofs of the gradient descent convergence for single ReLU models in Lem-
mas 1 and 2, as well as a characterization of the minimum-/5-norm solution in Lemma 3.

Proof (Lemma 1) We prove this lemma by showing that after iteration ¢y > 0, since the activation
pattern is fixed, the gradient of the single ReLU model is equivalent to the gradient of a linear model
using only a subset of examples. Consider a linear model

hiz)=w'z,

where w € R is the linear model parameter (also called weight). Let S C [n] denote the active set
for the single ReL.U model at iteration tg, defined by S := {i € [n] : ] w(®) > 0}. We write the
empirical risk with the linear model using only the examples in S as

1
Rs(w) = B Z(’mei — i)’
€S
The gradient descent update for this linear model is
w™) = w® — pVRg(w®)
=w® — ) (W@ ). (13)

€S

On the other hand, the original gradient descent dynamic for the single ReLLU model tells us that
w) = w® — X TD(Xw")(Xw® —y).

Under the lemma assumption, D(Xw(®)) = D(Xw®) for all ¢ > to. Thus, we know that
D;; = 1ies forall t > tg. Therefore, for ¢ > ¢y, we can write the gradient update of the original
single ReLLU model as

w) = w® — X TD(Xw®)(Xw® — y)
= w(t) —n Z(w(t)—r$z — yz).’L'Z
€S
This gradient update is equivalent to the gradient update of the linear model in Equation (13) for all

t > to. As aresult, for ¢ > ¢, the gradient update of the single ReLU model is equivalent to a linear
model using only data in S. This completes the proof of the lemma. |

Proof (Lemma 2) By Lemma 1, the activation pattern is fixed for all ¢ > %, so the gradient descent
update reduces to linear regression restricted to the active subset .S, given by
wt = w® — X TD(Xw®)(Xw® — y)
=w - n Z(w(t)Twi — i)
€S
= — X (Xsw® — yg).

18



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

The final phase empirical risk is given by
1 2 1 2
R(w) = 5 1 Xsw —yslla + 5 [ysell

where the second term comes from the examples in S with negative pre-activations, and it does not
depend on w because the activation pattern does not change after ¢y. Note that R(w) is a convex
quadratic with

VR(w) = X (Xsw —1yg), V*R(w)=X{Xs.
Therefore, R is L-smooth with
L= |[V*R(w)|, = || X5 X5, = m(xsX3).

A standard smoothness/descent result (e.g., Boyd and Vandenberghe 4, Equation 9.17) implies that
foranyn < 1,

)

2
R(wY) < R(w®) - 7 HVR('w(t))‘ i

and in particular, R(w(t)) is non-increasing for all £ > %o.

It remains to upper bound L. Since S is a subset of the training indices, |S| < n. Under the
effective dimension condition ds, > bn, Lemma 11 applies to the Gram matrix X X ', and yields
that with probability at least 1 — 2e™™/Co, 113 (X ¢ X §) < p1 (XX ") < Cy | A|l;,. On this event,
we have L < Cy ||Al|;, Hence, choosing 7 < m guarantees that R(w(t)) is non-increasing for
all t > tg. This establishes the desired step size condition in the final phase (and thus convergence
in function value for the single ReLLU dynamics after ¢y).

Finally, according to Gunasekar et al. [9, Section 2.1], the set of minimizers of R(w) is the
affine subspace,

Ws ={w: Xgw =yg},

and gradient descent with constant step size converges to the Euclidean projection of the initial-

ization w (%) onto this subspace w(*®) = arg min Hw — (o) H2 This completes the proof of the
weWs
lemma. |

Proof (Lemma 3) We prove the lemma by showing that the optimal solution w* of the original
convex program for single ReLU models also solves a reduced convex program whose solution is
the minimum-/-norm interpolation (MNI) over an index subset S C [n] with modified labels. First,
we restate the convex program (6) and its KKT conditions below:

1
w* € argmin = ||wl[3
w 2

s.t. ’U)Tiﬁi =y;, foralli € Sy,

wTa:j <0, forall j € Sy,
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where we denote S1 = {i : y; > 0, foralli € [n]}, So = {j : y; < 0, forallj € [n]} and
S1 U S2 = [n]. Since n < d and we have assumed rank(X ) = n, we can always find a feasible
solution satisfying all n equality constraints. This implies that the solution set is nonempty, and w*
always exists. Hence, the following KKT conditions are necessary (and also sufficient) to w* for
some A* € Rl and p* € RIS2I:

Stationarity:

w*—i—Z)\fa:i—i—Zu?@zO@u}*z—Z)\fwi—Zp,;asj.

1€S] JES2 €S JESs

Primal feasibility:

w* x; =y, foralli € Sy,

w*ij <0, forall j € Ss.
Dual feasibility:
A € R, foralli € Sy,
w; >0, forall j € Ss.

Complementary slackness:
Z 15 <'w*T:cj) =0.
JES2

Next, we further denote a subset 52 C S5 such that 5’2 ={j: u? > 0 forall j € S2} (note that 5’2
can be empty). By the KKT conditions, it is necessary for w™* to satisfy the following:

w" = — Z N — Z ,u;zr:j, with A7 € R and ,u; >0, (14a)
1€S] jGSQ

w* x; =y, foralli € Sy, (14b)

w*Tx; =0, forall j € Sy. (14c)

Now, we consider a reduced convex program:

1
W € argmin = |lwl|3 (15)
w2

stw' z; = yi, foralli € Sy,

'wT:cj =0, forall j € Ss.

Its KKT conditions are give below.
Stationarity:

ﬂ;—i—zxiwi—i—Zj\jwj:O@w:—Z:\ixi—ijmj.

ies, €8s i€S1 i€



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

Primal feasibility:

T

w x; =vy;, foralli € Sy,

T

w'x; =0, forall j € S,.

Dual feasibility:

X\ €R, foralli € Sy,

\; €R, forall j € S,.
Since w* satisfies all the conditions in Equation (14), it also satisfies the KKT conditions for the
reduced convex program (15). Thus, w™* is also the optimal solution of the reduced convex program.
Finally, we have a closed-form solution for the reduced convex program such that w* = w =

Wiinear—MNI,S = Xg(Xng)*li/S where S = S; U S5 and Y g denotes the corresponding label
subvector with all negative entries replaced by zero. This completes the proof of the lemma. |

D.2. Proof of Theorem 4 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 4. For the single ReLU model (m = 1), the

primal—dual gradient update in (4) simplifies to
(Primal) B =pY —nxXTD(BY)(BY ~y), (16a)
(Dual) ot = o) —nD(BD)(BY - y). (16b)
Before proceeding to the proof, we introduce a set of sufficient conditions under which the signs

of the primal variables agree with the signs of the labels at iteration ¢. Moreover, these conditions
are preserved at iteration ¢ + 1.

Lemma 14 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies n <
m. For any single ReLU model, if the following six conditions hold at some iteration t > (,
then they also hold at iteration t 4 1.

a. /BZ-(t) > 0, forall i € [n] withy; > 0.

— 3Ymax < (t) < — Ymin - . )
b =gl S < —auNp forall j € [n] with y; < 0.

e [8Y =y, < cylwlly

d. [Ja]], < Coygme:

e. B <0, forall j € [n) with y; < 0.

g[8
o= ).
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Consequently, the set of active examples consists exactly of the positively labeled examples, and the
activation pattern remains unchanged, i.e., D(,@(t)) = D(ﬁ(tﬂ))'

Proof (Lemma 14) In the following, we show that if the six sufficient conditions hold at some
iteration ¢ > 0, then they also hold at iteration ¢ + 1.

2
Part (a): By conditions (c) and (f) at iteration ¢, we have thu) (X) — yHg = HU(,@(t)) — y”2 =

2 2 . ..
Hﬁ(ﬁ) - y+H2 + Hy_H2 <C? |yll5. Together with hew (x;) = BZ-(t) and condition (a),
all the assumptions of Lemma 9 are satisfied for all ¢ with y; > 0. Consequently, we
obtain Bi(tﬂ) > 0 for all i € [n] with y; > 0, and thus condition (a) holds at iteration

t+ 1.

Part (b): According to the dual gradient update in Equation (16b), and using condition (e) at
iteration ¢, we conclude that the dual variables corresponding to negatively labeled ex-
(t+1) _

amples remain unchanged, i.e., a; agt) for all j € [n] with y; < 0. Therefore,

condition (b) continues to hold at iteration ¢ + 1.

Part (c): By conditions (a) and (e), the gradient update at iteration ¢ depends only on the posi-
tively labeled examples. Consequently, the update is equivalent to a linear regression
gradient descent step using only the positive-labeled subset. As similarly argued in the
proof of Lemma 2, since the step size satisfies n < m, the squared loss is monoton-

ically non-increasing, and we obtain H,Bgfﬂ) — y+H2 < H,Bif) — y+H2 <y Hy+H2

by condition (c) at iteration ¢. Therefore, condition (c) holds at iteration ¢ + 1.

Part (d): For this part, we use conditions (b) and (c) at iteration ¢ + 1. By the triangle inequality,
we have

o0, < a7, + a2

By condition (b) at iteration ¢ + 1, it follows that Ha(_tﬂ) H2 < 3&1&"{'“. It there-
1
(t+1)

fore remains to upper bound Ha ¥ ) . By condition (c) at iteration ¢ 4+ 1, we have
2

Hﬂgﬂ)Hz <Gy Hy+H2 + Hy+H2 < (Cy +1) ||ly||5- Moreover, we have

o], = [e-x e

Applying the triangle inequality yields

eI [ e XI5 0 X
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Since X+ X | € R™+ "+ is full rank, we obtain

2

1
)| (Cy+ 1) yll, + | XX TV
a —_

" 2 Mn+(X+XI)

For the denominator, the variational formulation for eigenvalues of a submatrix and
Lemma 11 imply that

d
1 A
,Un+(X+XT) > Nn(XXT )=~ Z)‘] ” Hl
g j=1
with probability at least 1 — 2¢~"/s. For the numerator, we have (C, + 1) ||y, <

(Cy + 1)v/nymax. Moreover, by Bhatia and Kittaneh [2, Theorem 1], we have

IN

1
x|, < pext oxx],

2

IN

1
> (e, + [ x-x7]))
2 (H T+ 2+ “ll2

d
<Gy N
j=1
= Cg ”’\H1 )

where the last inequality follows from Lemma 11. Combining these bounds yields

3 max
(Cy + D)v/mymax + Co [ Al - 5 Ao

al™ = ((Cy + 1)C, + 3C,) YV lmax
YR

o], < ML /Co

Consequently, we have

max 3 \/ﬁymax Ca \/ﬁymax
D < (o, +1)C, + 3C vy + <

« ’
H H2 ( ) 2 Al Cy [ Ally (R

with C,, 2

~

maX{C’g, CyCy}, and thus condition (d) holds at iteration ¢ + 1.

By Lemma 10, and since conditions (b) and (d) hold at iteration ¢ 4+ 1, we conclude that

B](-Hl) < Oforall j € [n] with y; < 0. Thus, condition (e) holds at iteration ¢ + 1.

By conditions (a) and (e) at iteration ¢ + 1, the signs of the primal variables continue
(t+1)
to agree with the signs of the labels. Consequently, O‘(,B(t+1)) = [ +0 ], and thus

condition (f) holds at iteration ¢ + 1.

We have shown that the six sufficient conditions hold at iteration ¢ + 1. Consequently, the signs of
the primal variables continue to agree with the signs of the labels, and hence D(3")) = D(3(+1),
This completes the proof. |
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Equipped with Lemma 14, we are now ready to prove Theorem 4.
Proof (Theorem 4) In the proof, we first show that after the first gradient step, the iterate at ¢ = 1
satisfies the conditions in Lemma 14. Next, since the conditions hold at ¢ = 1 and are preserved
fromt = ttot = t + 1 by Lemma 14, we fully characterize the gradient descent dynamics by
induction.

We begin by verifying that the iterate at ¢ = 1 satisfies the sufficient conditions in Lemma 14.
With the initialization w(® = X T (XX ") 'e, we have 3®) = Xw(®) = €. Therefore, using the
primal gradient update in Equation (16a), we obtain

pY =g —nx X DE)(BY - y)
—e—nXX"(e—y)

—xx' n< —e—i—n(XXT) le> . 17)

=al)

We denote a(V) = 5 <y —€+ = (X X T) e) according to the primal-dual formulation ,8(1) =

XX "aW in Equation (3). In the below, we show that at iteration ¢ = 1, the variables ,8(1) and
oD satisfy all the conditions in Lemma 14.

Part (a): Forall i € [n] with y; > 0, we apply Lemma 9. Since Bi( =€ >0, ﬁ heo (T:)
and [[o(89) — y|| < llelly + ylly < L2vmin +19lls < Cy llyll, with Cy > 1+ &,
it follows that 8" > 0 for all i € [n] with ; > 0.

Part (b): For all j € [n] with y; < 0, we verify that ag;) satisfies the required upper and lower
bounds. For the upper bound, recall that

ag-l) n(y]—e]—i-?l?ej (XXT) 1e>
-1
— <yj — e+ ie} [H>\1h1+ ((XXT) _ HAlhI)] e)
1 -1 1
”(”ﬂ"e nrxnﬁe'T((XXT) ‘wf)e)
@) 1 -1 1
S”(‘yﬁnuexwﬁ 6T<(XXT> - ||AHII> >

Do g (ex7
<nly+—2+= XX H | )
R DY ) ||>\||1 2

where inequality (i) drops the negative term —¢;, and inequality (ii) follows from the
submultiplicativity of the operator norm. By Corollary 13, we have

<7C’gC' max( ﬁ n)
o Al Vdo do )’

)
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with probability at least 1 — 2 exp(—n(Cc — In9)). Moreover, by the theorem assump-
tions, ||€|, < g—fymin and % < CCy || All;- Combining these bounds yields

w1 o 2 CC e non\ Vo o
Q> CCgHAnl ( Ymin + C, ym1n+c Cg max d27doo c. Ymin

1 cc 2 ~2 Ymin 1
< CCg H}‘Hl <_ymin + Ciagymin +C Cg . CoVma : C,Q?/min)
_ Ymin < Ca 1 Cngmin>
Ca H)‘Hl CoYmax
< _ﬂ_
— GallAly

The second inequality follows from dy > C2 ”212/‘2““ and do, > Coﬂ in As-

sumption 2, and the last inequality uses the followmg relationships between constants:
Co > C-C?and C, > C - max{ g,C’ng}. For the lower bound, we have

o) = < , 1 ( o1
=nly; — + e XX — I|e

! 77H>\H1 ( ) Al
-1
> _ _

1 1 9 9 [n n vn
> - _ ) BATNRATE I AL
= Cg ||)\||1 ( Ymax C. Ymin — C Cg max < d27 doo) c. ymln)

1 1 Ymin 1
> - C20?. s
- Cg||>\||1< Ymax G Ym0 O Caymm>
Z _3ymax’
Cy [[Ally

(1)

by the same arguments. Thus, o

j satisfies both the required upper and lower bounds
for all j with y; < 0.

Part (c): We now verify that the primal variables corresponding to positively labeled examples
2

minus y, satisfy the norm bound in Lemma 14. Specifically, we show that H ,633) -y, H <

Cg Hy 4 HZ According to Equation (17), we have

o = uf,= 32 (47 -)
) 0

LYi

2

= Z e —ne, XX (e—y)—wu | - (18)
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Next, we bound the term T}, := ¢; — neiTXXT (e —y) —y; foralli € [n] with y; > 0.
We have

Ti=e—ne] XX (e —y) —yi = (e — i) —nel [INL T+ (XX~ |AI, T)] (e~ »)
= (L= n Il (e — o) —ne] (XXT = AL T) (e~ ).

. . . 1 1
v < < v - <
Since the step size assumption guarantees that co, L = < o IR and ¢; <

Ciaymin, the term (1 — 7 || A||;)(&; — ;) is strictly negative. Hence, in order to upper
bound Tf, it suffices to find the lower bound for 7;. We have

T, = (1= Al —5:) —ne] (XXT = AL T) (e~ p)

>~y —n | XXT Al 1]

le=yll.

where the inequality drops the positive terms (1 —7 || A[|;)e; and 7 ||A]|; y;. We again up-
per bound HXXT — [|All; I||, by Corollary 13. With probability at least 1—2 exp(—n(Cc — In9)),

we have
=) le-vl
dQ’ doo Y 2

by applying n < m Finally, we apply the upper bounds for | €|, and ||y||,, and

T

v
<
|
3

Q

>
=
o
"

IV

<

|
S

E

jav}

i
VR
jo 8
‘BE
N———

=

<

o

l.Sy

2,2
Assumption 2 ensures that dy > Cg% and do, > Cp—Ymax We have

min

C n n n
T; > —y; — . max (\ / d d) <nymin + \/Eymax>
g o) «

C(ymin 1
>y — ———————— | — U <
Z —Yi Cgcoymax <Ca Ymin + Yma >
2C
> -y |1+ C Co
g
> _nyi)

with the choice of C, > 2. Substituting 7} < C7y? into Equation (18), we have

2
e S A
3:y; >0

(1)
+

As aresult, we conclude that H,@ — y+H2 < Cy HyJr H2 as required.

Part (d): We next verify that a(!) satisfies the required norm bound. Recall that

al) :77<y—e+717<XXT)_le).
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Taking the £ norm and applying the triangle inequality yields

= o (e (o))

1 —
< [l + lell + - | (xx7)

||eHQ] |
2

We now bound each term on the right-hand side. We apply the label bound, ||yl|, <
VYma

implies [|[(XX T)7!||, < ”g’:—ﬁl with probability at least 1 — 2¢~"/Cs, and the step size

< \C/—fymin. Moreover, Lemma 11

o 1 1 I .
v <N < .
condition ensures oL S S GIAT Substituting these bounds, we obtain

Cy Vn
(DH [f NG oo, ,
a NYmax + —~— Ymin + Al - — Ymin
H Cy H>\|!1 " Ca AL Ca
= 3\/7ymax
=4, H>\||1 ( )
< Ca\fymax’
Al
with Cy, 2 maX{CgQ, C,C,}. Therefore, (1) satisfies the required norm bound.

Part (e): Since we have shown that a§1) < —Cy‘lrl‘;‘“ and Ha(l)HZ < Caﬁgllym‘”‘ for all j € [n]
allAlly

with y; < 0, it follows from Lemma 10 that ﬂj(-l) < Oforall j € [n] withy; <O.

Part (f): Since we have shown that ﬁi(l) > 0 for all i € [n] with y; > 0 and Bj(-l) < 0 for all
J € [n] with y; < 0, the signs of the primal variables coincide with the signs of the

) g
labels. Consequently, o(8(1)) = ar .

We have shown that at iteration ¢ = 1, all conditions in Lemma 14 are satisfied. Consequently, all
positively labeled examples are active, while all negatively labeled examples are inactive. We now
complete the proof by induction and characterize the gradient descent dynamics for all subsequent
iterations. By Lemma 14, since the conditions hold att = 1, they also hold at ¢ = 2. More generally,
the same lemma implies that if the conditions hold at ¢ = # then they continue to hold at ¢ = # + 1.
This completes the induction argument.

As a result, for all ¢ > 1, the activation pattern remains fixed, i.e., D(8%) = D(8(). By
Lemma 1, the gradient descent dynamics from this point onward are equivalent to those of linear
regression trained on the positively labeled examples, with initialization w(!). Finally, by Lemma 2,
the w(>®) satisfies

arg min Hw —w(l)‘
we{w: X yw=y }

9

2

where we have w(!) = nX" (y —€+ %(XXT)_1€>. This completes the proof of Theorem 4. B
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D.3. Proof of Theorem 5 (Implicit Bias Approximation to w*)

In this section, we present the proof of implicit bias approximation to w* for single ReL.LU models.
Proof (Theorem 5) We restate the definition of w* in Equation (6) below.

* . 1 2
w* = argmin - ||w||;
w 2

s.t. wTazz- =y, forally; >0
wTa:j <0, forall y; <O0.

Recall that the gradient descent limit w(®°) satisfies the same set of constraints: it interpolates
all positively labeled examples and produces negative predictions for negatively labeled examples.
Consequently, both w(>) and w* are feasible solutions achieving the minimum empirical risk.

We start with showing the upper bound on ||w(*) — w*||o. We first relate the distance between
the predictors w(>) and w* to the distance in their predictions, i.e., | Xw(®) — Xw*||s. Since
both vectors lie in the span of the data {x;}]" ,, their difference has no component in the null space
corresponding to the smallest d — n eigenvalues of X ' X. Therefore, we have

- X (w®>) — w*
G

2

2
HX’UJ(OO) — Xw* ’2 > (X TX) Hw(oo) —w”

2
19)

As a result, to derive an upper bound for Hw(oo) — w™*||o, it suffices to upper bound the distance
between their prediction || Xw(®) — Xw*||s. We begin with analyzing w(>®). By Theorem 4,
w(®) satisfies the following:

w™® g, =y, for all y; > 0,

1 -1
ol = ol = (w — 6+ Ee} (XXT) e> for all y; < 0,

and also all the conditions in Lemma 14. On the other hand, according to the necessary conditions
in Equation (14) in Lemma 3, w™ satisfies

w* = — Z N — Z pixj, with \¥ € Rand pf > 0,
1€, jeS‘Q

w*T

.

x; =1, forall i € Sy,
w* x; =0, forall j € So,

where we have denoted S; = {i : y; > 0, foralli € [n]}, So = {j : y; <0, forall j € [n]},
So C Sy (note that S5 can be empty) and S = 57 U S5. Based on these necessary conditions, we
can define w* = X " a* where

=7 foralli € Sy
af = —uk forall i € Sy
0 foralli652U§§ = S5

28
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Let X 5 € RISI*4 denote the submatrix of X consisting of the rows indexed by S (taken in increas-
ing order), and let yg € R!S! denote the corresponding label subvector with all negative entries
replaced by zero. We have

Yg = XSXga’é,

and similarly, by taking the norm and using the matrix norm lower bound of the smallest eigenvalue
of XsX &, we have

§
lyslls = [ XsXZag

2
> (X sX$) ek, -

Consequently, we have

HySHQ < \/ﬁymax < Cg\/ﬁymax (20)

la*]ly = [lagll, < < < ,
? 27 s(XsX§) T pa(XXT) ALl

where the second inequality follows from the variational formulation of submatrix, and the last
inequality follows from Lemma 11 with probability at least 1 — 2¢~"™/Cs.

We know that for all i € Sy, w(OO)T:ci = w'le = y;, and w*Tan = 0 forall j € Ss.
Therefore, we can write

HXw(OO) - Xw*

- Z:; (W™, —wTa,)’
=3 (072 4 3 (0 - wTa) @1

i€Sy €S53

We start with upper bounding the term ('w(OO)TmZ-)2 for all i € So. Since w(>®)Tx; < 0 by the
conditions in Lemma 14, it suffices to lower bound w(>) T z;. We have

w® g, = el XX Tl

= el [IAI I+ (XXT — A, D)] ™)

—

= Al al™ + el (XXT — A, D™
> A ol = [ XXT = A, ]| e

> ||l [az(oo) — C - max (\/Z’ CZZO) Ha(oo)‘u ,

(c0)

7

—~

Ny

where the last inequality applies Corollary 13. Substituting the bounds of o;’ and Ha(o") Hz from

Lemma 14, we have

3 n n\ Covny
)T g > (Al | —_2Ymax o) HavtYmax
w x; > ||y [ Cy M, C - max (\/072’ doo> IBNIR }

Z ||)‘H1 |: 3ymax C Ymin Cocymax:|

Cg||}‘||1 C(]ymax H}‘Hl
4
Z _ngmaxa
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where the inequalities above substitute dy > C’O yg'"'”‘ and do, > ng in Assumption 2 with

Co 2 C2%and C,, >, max{ ,CyC,}. Therefore, we have (w(*®)Tx;)? < é@ Y2, foralli € So.

Next, we upper bound the term (w(oo) x; — w*'x;)? for all i € S3. We use the key idea that
a7 = 0 forall © € S3. We have

w® Tz, —w ez, = eZTXXTa(OO) — eiTXXTa*
—e] [IM T+ (XX~ Al D] (@~ a*)
= Al o™ + el (XXT — A, D)@ - a)
> AL o™ = |2 xT = AL 1 ([« + lal,)

2 H>‘”1 |:_3ymax — (C - max < E n) (Ca\/ﬁymax 4 Cg\/ﬁymax>:|

Cy [IAlly dy’ doo Al Al
3Ymax Ymin CaYmax C’g Ymax
= 1M =2 ¢ @ AL A
g 1Al 0Ymax \ [|Ally Al
4
=z ngmaXa

by applying the same argument and noting from Equation (20) that |ja* ||, < % T@TJ"‘“ Substitut-
ing the upper bounds into Equation (21) gives us

*Z:Z< (00)T Z) +Z( wqxi)z

€S2 ZGSg

16 5
= C2 Ymax + Z 2 ymax
1652 9 1€S3

16
02 - ymax

-

(22)

Finally, putting together Equation (19) and (22), we have

X — Xu' |2 16042
27 (XX  CylAll

-

which completes the proof od the upper bound. Next, we derive the lower bound of ||w () — w*||
in a similar approach. We again start with the prediction distance, given by

- 2

‘ < m(X'X) Hw("o) —w”

= (@ - )],

It suffices to lower bound || Xw(*®®) — Xw*||5 to get the lower bound of ||w(*) — w*||,. By
Equation (21), we have

= m(XXT) Hw(oo
(23)

2

e

* Z = Z (w(oo)Tmi)2 + Z (w(oo)—r:vi - w*Ta:Z)Q.

i€S2 €S53
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Therefore, we need to lower bound (u)(oo)Tac,;)2 fori € So, and (w(oo)Txi —w*Tx;)? fori € S3.
For w(OO)T:c,-, since w(‘x’)Ta:Z- < 0, we have

w® g, = el XX Tl

= el [IAI I+ (XXT — Al D)] ™)

—

= Al al™ + el (XXT — A, D™
< A ol 4+ [ XXT = A, ]| e

< Il of) + € e (/7. 25 ) o] ]

where the last inequality applies Corollary 13. Substituting the bounds of agoo) and Ha(oo) H2 from
Lemma 14, we have

. Cav/ny
T, <A, |—mimin_ 4 ¢ ) T
w x; < [|A[ [ Co [Nl + - max dy’ do BB

—~

N

Ymin Ymin Caymax
<Al == T 6 ]
IR [ Ca [N, Coymax | All4

C- Cgé Ymin
< —(1 — CO ) C.’

. ., . . 2 2 15 - . . .
where the inequalities above substitute dy > Cg% and d, > Co% in Assumption 2 with

min

Co 2 C’?X. Similarly, for w("o)—razi — w* " x;, we have
w® g, —w x; = eZTXXTa(‘X’) — eiTXXTa*
=l [IA T+ (XX = Al D] (@) - a)
= Al o™ +ef (XXT — A, D) (™) — o)
< 1A ol 4+ [ XXT = A ]| (|| + arly)

1

Ymin n n Ca \/ﬁymax Cg \/ﬁymax
[ ([, 1) (G
M| =E T, b d )\ AT, AT,

Ymin Ymin Caymax ngmax
< Al [—+c. ( + )}
P CallAly Coymax \ [IAlly 1Al
QC . Cg Ymin
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by applying the same argument and noting from Equation (20) that ||a* ||, < % Substitut-
1
ing the lower bounds into Equation (21) gives us

2

L= Z (w(oo)Ta:i)Q + iezs:s ('w(oo)Ta:i — w*Twi>2

HXw(oo) — Xw*

165'2
C-C2 92 2C - C2 L2,
> (1_ a)2 m;n_i_Z(l_ a)? m;n
= Co (OF brh Co (OF
B Co Cgé
2
_ n*gmin7 (24)
where we let C' = % > 1. Finally, putting together Equations (23) and (24), we have
2
H“’(OO) P X - Xty gy
27 m(XXT) T O |AlL
This completes the proof of the lower bound. |
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Appendix E. Proofs for the Two ReLU Model (m = 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the 2-ReLLU model trained with
gradient descent.

E.1. Proof of Lemma 6 (Characterization of w* )

Proof (Lemma 6) We first show that the feasible set of (7) is nonempty. Define wg = X T (XX T)*ly69
and we = X ' (XX ") 'y, where we define yg; = max{y;,0} and yo; == —min{y;,0}.
Then for all i € [n], we have o (Wi x;) — o(Wlz;) = 0(ys:) — 0(ye,) = yi- Thus, {We, ws} is
feasible, and the feasible set is nonempty.

Next, we show that any optimal solution of (7) corresponds to an optimal solution of (8). Let
{w},, wk} be an optimal solution of (7).

Case 1: i € S (positive labels)
For i € S, since a(wgwi) — U(w’gmi) =y; > 0, we have
(waa—er) =Y+ U(w@ x;) > y; > 0.

Hence, w@ x; > 0 and a(wgmz) w69 x;. There are two possible activation patterns:

o If 'w*@—raf:i < 0, then we have a(wg:cl) — a('w*@—rml) wg;—:lzZ = ;.
o If 'w*T:L'Z- > 0, then we have a(wgazl) — U(wéTwl) wg;—:cZ — 'w*eT:cz = y;.

(Note that w9 x; = 0 is covered by both cases.)
Case 2: i € S_ (negative labels)
Fori € S_, since o(w% ;) — o(ws ;) = y; < 0, we obtain
(wgazl) =—y; + U(w’gazi) > —y; >0,
which implies we x; > 0and a(wgw,) w9 x;. Again, two activation patterns are possible:
o If wEB x; < 0, then we have U(wg9 x;) — U('w*6 x;) = —'wgmi = ;.
*T

o If wEB x; > 0, then we have J(wggmi) — U(w*eTmi) = wgaci — W T = Y.

(Note that 'wEB x; = 0 is covered by both cases.)
Combining the two cases (in total four patterns), there exist disjoint partitions

S1USy =84, S1NSy =9, and S3USy =5_, S535NSy =0

such that the optimal solution {w},, w% } satisfies

* T

wy T; =y, we x; <0, forallie Sy,
'wgml w*@Ta:z— Yis — w@ x; <0, forallie S,

— w*@Tacz— Yi, w@ xz; <0, for all ¢ € S3,
'w’gBTa:z 'w’g:l:Z Ui, —'wEB z; <0, forall 7 € Sy.
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These constraints are exactly those in (8). Moreover, the feasible set of (8) is a subset of the feasible
set of (7), since every feasible solution of (8) also satisfies the constraints of (7) (the converse need
not hold). Since {w},,w}} is feasible for both problems and is optimal for the larger feasible
set (7), it must also be optimal for the restricted problem (8). |

E.2. Proof of Theorem 7 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 7. For the 2-ReL.U model (m = 2), the primal—dual
gradient update in (4) simplifies to

(Primal) ALY = BY — X XTD(BY) (hgw (X) — y), (252)

(Dual) al™ = o) —nD(BY) (hew (X) — ), (25b)
and

Primal) BT = Y + X XTD(BY) (hgw (X) — y), (262)

Oua) ol =al +yD(BY)(hgw (X) —y). (26b)

Before proceeding to the proof, we again introduce a set of sufficient conditions under which the
signs of the primal variables agree with the signs of the labels times the sign of the ReLU neuron
at iteration ¢, and moreover, these conditions are preserved at iteration ¢ + 1. We use the results of
Lemma 9 and Lemma 10 again to prove Lemma 15.

Lemma 15 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies n <
m. For a 2-ReLU model, if the following eight conditions hold at some iteration t > 0, then
1

they also hold at iteration t + 1.

a. (t) ; > 0 foralli € [n] withy; > 0.

b. B > 0 forall j € [n]withy; <O0.

— Symax < (
CQH)‘Hl - @

) < — y]ﬁﬁ;\h forall j € [n] withy; <O.

3Ymax ( ) Ymi . . )
d. — Tl Soag; S @ CulAl; foralli € [n] withy; > 0.

e 8Ly — || = ¢y llyally and 8O- +y || <y ly_]l,

£ ||t H2 < oy and o HQ S 1V

g ﬂg) < O0forall j € [n] withy; <O.

h. BY, <0 forall i € [n] with y; > 0.

Consequently, the set of active examples consists exactly of the positively labeled examples for the
positive neuron, and the activation pattern remains unchanged, i.e., D(Bg)) = D(B(Hl)) The set
of active examples consists exactly of the negatively labeled examples for the negative neuron, and
the activation pattern remains unchanged, i.e., D(,Bg)) = D(ﬁgﬂ)).
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Proof (Lemma 15) We now verify that these conditions are preserved from iteration ¢ to ¢ + 1.

Part (a): By conditions (a), (b), (e), (g) and (h) at iteration ¢, we have
9 2
Iheo (X) =yl = [#(8L) = o(BY) ~ y|

— o8 - [%] - ws+ | 7]

2

2

t 2 t ’
=88 — |+ |89 +u | < 2wz,

and therefore, ||hg (X) — yH2 < Oy ||yl|,- Together with hg ) (x;) = Bg?i and con-
dition (a), the assumptions of Lemma 9 are satisfied for all ¢ with y; > 0. Consequently,
BUTY > 0 forall i € [n] with ; > 0.

Part (b): According to the proof of part (a), we have || hg o) (X) — y||, < Cy llyll, and —hg (x;) =
Bg?j. Together with condition (b), the assumptions of Lemma 9 are satisfied for all j
with y; < 0. Consequently, we have ﬁg;l) > 0 forall j € [n] withy; <O.

Part (c): According to the dual gradient update in Equation (25b), and using condition (g) at
iteration ¢, we have:

LD _ O

oy =g, forallje [n] with y; < 0.

Therefore, condition (c) continues to hold at iteration ¢ + 1.

Part (d): According to the dual gradient update in Equation (26b), and using conditions (h) at
iteration ¢, we have:

agil) = ag?i for all i € [n] with y; > 0.

Therefore, condition (d) continues to hold at iteration ¢ + 1.

Part (e): By conditions (a), (b), (g), and (h), the gradient update at iteration ¢ for ,Bg) depends
only on the positively labeled examples, and the update for ﬁg) depends only on the
negatively labeled examples. Hence, the gradient update for an individual neuron is
equivalent to gradient descent on a certain linear regression problem. Since the step size
satisfies n < m, the linear regression squared loss is monotonically nonincreasing
(as in the proof of Lemma 2), and by condition (e) at iteration ¢, we obtain

Hﬁéé,i” - y+H2 < H/Bg?-i- - y+H2 < Cy Hy+] 27

REE T

2 )

where we use y, (y_) to denote the vector of positively labeled (negatively labeled)
examples. Therefore, condition (e) holds at iteration ¢ + 1.
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Part (f): Following the same argument as in Part (d) of Lemma 14, using conditions (c), (d), and
(e) at iteration ¢ + 1, together with the eigenvalue bounds from Lemma 11, we have

o], = e, o], < e

with probability at least 1 — 2e~"/Cs. Thus, condition (f) holds at iteration ¢ + 1.

Part (g): By Lemma 10, since conditions (c) and (f) hold at iteration ¢ 4+ 1, we conclude that
Bg;l) < Oforall j € [n] with y; < 0. Thus, condition (g) holds at iteration ¢ + 1.

Part (h): Similarly, since conditions (d) and (f) hold at iteration ¢ 4 1, we have Bg;l) < 0 for all
i € [n] with y; > 0. Thus, condition (h) holds at iteration ¢ + 1.

Equipped with Lemma 15, we are ready to prove Theorem 7.
Proof (Theorem 7) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics for both wg and we simultaneously. Equipped with
sufficient conditions under which the activation patterns are preserved in Lemma 15, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at £ = 1 satisfies all the sufficient conditions. With the initializa-

tion
-1 -1
wg) =x" (XXT) €, w(eo) =xT (XXT> €0,

we have ,Bég) = €g and 6(@0) = €g. By the theorem assumptions, 0 < eg; < ﬁymm and
0<eg; < ﬁymin for all ¢ € [n]. Using the primal gradient updates in Equations (25a) and (26a),
we have

BY = o —nX X D(es)(hew(X) —y)
=€p —nXX " D(eg)(0(€s) — o(ec) — y)
—ep — XX (e — €0 — 1Y), (27)

where the last equality uses the fact that €5, > 0 and €5 > 0 componentwise, so D(eg) = I,
o(€p) = €g, and 0(eg) = €. Similarly, we have

BY = eq + 1 XX D(es)(o(eq) — o(es) — y)
—ec +nXX (e — €0 — y). (28)

For the dual variables, we have aég) = (XX ") leg and a(@o) = (XX ") les. The dual updates
give:
1 0
all) = ol ~nD(es)(es — e — y)
—1
= (XXT> €s —n(€p — €0 — Y)

]. T_l
=7 y—e@—i-e@—i-E(XX) € |,

36



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

and

o) = o 4 nD(ec) (s — e — )

-1
= (XX ) €c +1(€x —€c —Y)
T\ 1
=1 y+e@—e@+n<XX> €o | .
We now verify each condition at t = 1.

Part (a): For all i € [n] with y; > 0, we apply Lemma 9. Since 5&1 =e€g; > 0, hgo (Ti) =
0 0 0
é%)z — 6(97)1- < éa)z and
|heo (X) =1y, = lles — e —yll,

NG
< lleally +lleally + 1yl < F=ymin +llyll < Cy llyll,. 29
«

where we have used C, % + 1. We conclude that Bg )l > 0 for all 7 with y; > 0.

Part (b): For all j € [n] with y; < 0, we apply Lemma 9. Since 5(90; =eo; >0, —hgo(x;) =
—ﬁég’)j—i—ﬂ(eo’)j < ﬁ(eo)j, (X) — yH2 < Cy |lyll5 by Equation (29), we conclude
that 5(@1,)1- > 0forall j € [n] withy; <O.

Part (¢): For all j € [n] with y; < 0, we verify that ag)j satisfies the required upper and lower

bounds. For the upper bound, we have
) _ 1 T\
Qg =10 ( —€p,j T eyt 7]6 (XX > 6@)
n(y + +1e [ I+<(XXT)_1 ! I>]e >
= €p,j T €o,j - @
’ ’ T LI, Al
< + +1e ((XXT)_1 . I)e >
=N\Yj —€aj T €, - ®
’ ’ iy ||>\H1 ALl
697]

—1 1
<n(y+e (XXT> € )
n (y] @,] ,'7”)\”1 ”>‘||1 ” 69||2

where the inequality drops the negative term —eg, ;. By Corollary 13, we have

< c,C a < n n >
>~ T~ X I R
o Al V d2’ deo

with probability at least 1 — 2 exp(—n(Cc — 1n9)). Moreover, by the theorem assump-
tions, eg j < ﬁymin, €o,j < ﬁymin, and % < CCy ||A||;. Combining these bounds

ol

G
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yields
W1 e L GG e nony vJn oo
a@J — CC HA”]_ ( ymln + 20Qym1n+ 2Ca ym1n+ g max d27 doo 2Caym1n

1 1 CC, Ymmi 1
< _ . . g . 0202 . min . .
= CCy|IAll, ( Ymin 55 Ymin 5 Ymin Cotmax  2Cq 0
_ Ymin Ca _ 1 1 _ Cngmin
9 2

AR CCy; 2 2C0Ymax
Ymin

< -
Ca A4

(30)

The second inequality follows from dy > C3 yymax and doo > C’oﬂ in Assump-

min

tion 2, and the last inequality follows the relationship between constants Cy > C?2 and
Co 2 max{Cg,C,Cy}. For the lower bound, we have

~

(1) _ ( ¥ A T(( AR
oy =n|yj —€py +eo;+ +-e; | (XX — I)eq
& T 77||>\H1 ’ IRV

> (e =0 - H ! Zue@u)

2 CngMh < Ymax — Eymm 0202 max <\/d72’ d7:0> . ngzymin>
3 max

ALY G31)

(1)

by the same arguments. Thus, oy, ; satisfies both the required upper and lower bounds
for all j with y; < 0.

Part (d): For all 7 € [n] with y; > 0, we verify that a(el)i satisfies the required bounds in the

approach analogous to Part (c). For the upper bound, we have

1)

1 —1
a(e,' n <—yi +epi —€oit Eez—'r (XXT> 6@)

L r T\ ! 1
N\ —Y +e€pi—€ci+ —e€; |: I+<(XX) —I>:| 6@)
< n LAl EP
< 4 + +1e <(XXT) o1 1> )
N\ —Y T €p,i — €o,i €
G e 77H>\||1 Il °
€oi 1 T -1
Sn<—yi+e,¢+ —+ = [ XX ||e \|>
ST DY ( ) IIAHl ol

where the inequality drops the negative term —es ;. Applying the upper bound in
Corollary 13 and the theorem assumptions €g; < ﬁymin, €0, < ﬁymin, and
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% < CCy ||A][y, we have
w1 g L CC e nony\ Vvn
Qg = CCg H)‘”l ( Ymin + 2Caym1n + 20, Ymin + C Cg max dy’ doe QCaymm
< - Ymin ’
Ca [l

where the second inequality follows the argument used in Equation (30). For the lower
bound, following the same argument as in Part (c), we have

) ( A ‘ . €5, 1 T << T -1 1
oy =0~y +epi —€oi + + —e; XX — I)es
o ] P [

1
||69H2>
2

1 -1
> (—ymax — o~ H (xx7) -1
n Al
1

1 2 2 n o on NLD
> ~ NIl - — Sy — . o LV .
= Og ||)\||1 < Ymax 2Ca Ymin C Cg max <\/;a doo> QCQ ymm>

> _ S3Ymax ’
Cy [IAlly

(1)

where the last inequality follows follows the argument used in Equation (31). Thus, a;
satisfies both bounds for all ¢ with y; > 0.

We verify that the primal variables ,88 ) corresponding to positively labeled examples

2
minus y, satisfy the norm bound. Specifically, we show that Hﬁg’) LYy H2 < C’g Hy i H;
According to Equation (27), we have

68—l = 3 (86 -w)’

2:y; >0
2
=Y |ewi—ne] XX (g —ec—y)—ui| - (32
1:y;>0 =T,

Next, we bound the term T; := eg; — ne] XX ' (g — € —y) — y; forall i € [n]
with y; > 0. We have

T =esi—ne] XX (€5 —€c —y) — v
= (cea—y) —nel [IAL I+ (XXT = AL )] (s —ec )
= (1= Al e +n Al eai — (1 =1 Iy —nel (XX = Al T) (e — €s — v).

ince the step size assumption guarantees that ~———~— < n < —=—. and €x ;. €05 <
S P ption g T, <1°S goaT, > 30 €y e <

1
20, Ymin, WE have

(1 =nlMDeai +nlAleei = (T =nlAl)Yi < eqi+n Al eei = (L=nlAl)yi

YA AT S A A
= Cg 2Ca ymln Cg ymln

<0,
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with Cy, 2 092. Hence, in order to upper bound 772, it suffices to find the lower bound
for T;. We have

T, = (1=l All e, + nlIA L eos = (1= A )y —nel (XXT = AL T) (e — ec — )

> —yi—n | XXT = A I)| lles — ec — yll,.

where the inequality drops the positive terms (1—7 [|A[|;)eq i, 7 [|All; €o,i- and 7 || Al vi-
We again upper bound HX XT— Al I H2 by Corollary 13. With probability at least
1 —2exp(—n(Cc—1n9)), we have

n
7,2 == C 1Al max (5 ) e — €6 =l
> = S () e — e — y
Z Y Cg d27doo @ e~ Ylla)

by applying n < ﬁ Finally, we apply the upper bounds for ||eg||,, ||€c||, and

|y||5, and Assumption 2 ensures that do > C? "yy"‘a" and do, > C()# We have

min min

T > —y; — g max < = n) <\/ﬁymin + \/ﬁymax>

Cy do’ dso Ca
Cymin 1
—Yi — m <Caymin + ymax>
>y (1 2C )
- CgCO
> —Cyyi,

with the choice of C, > 2. Substituting 7} < C7y? into Equation (32), we have
(1) 2 2 2
60 —v.| < > Gyt =Gy
1: y’L

As a result, we conclude that H ,6(1) -y +H Cy Hy +H2 as required. The same

derivation holds for H 5@,7 +y_ H2 < Cy Hy, H2 by an analogous argument. Therefore,
condition (e) holds att = 1.

Part (f): We verify the norm bounds on the dual variables. By the triangle inequality, we have

—1
n%m>-
2

—1
Hag,g>HQ:Hn<y_e@+e@+ (xx7) )

2

< (Il + leoll, + leoll, + 1 | (xx7)
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Using [[ylly < vViaymas llealls, leslly < 52 Yumin.

T\~1 C
(xxT) |, < & and
1 1
GO, =11 S oy, » We have
(1) H (f Vvn Cg Vn
o NYmax + ——Ymin + CCy [|A[[; - ~Ymin
H ® Cy ||>\H1 ¥ Ca AL Ca
3
< Cafymax
= Al
with C, 2 maX{CQQ, CyCy}. The same bound holds for Ha(el ) H2 Thus, condition (f)
holds att = 1.

Part (g): Since we have shown that aé;)j < —C%ﬁ and Hag)‘L < %ﬁmc for all j € [n]
B « 1

with y; < 0, it follows from Lemma 10 that ﬁgj < Oforall j € [n] withy; <O0.

Part (h): Similarly, since we have shown that a(@)z < — yr‘f“i;” and Ha(l) H < Caﬁg‘ymx for all
1

i € [n] with y; > 0, it follows from Lemma 10 that 5(91,)2' < 0foralli € [n] withy; > 0.

We have shown that at iteration ¢ = 1 the conditions in Lemma 15 are satisfied, and by induction,
these conditions will also hold for ¢ > 1. As a result, the positive neuron wg is trained with only
positive examples starting from the iteration ¢ = 1, and it is equivalent to linear regression using
only positive examples with initialization wg ) = nX" ( —€pt+es+ (X X T) > . Finally,

since wg and wg are trained on disjoint subsets of examples, wés *) satisfies
00 . (1)
Wy, ' = arg min w — wyg,

we{w: X yw=y, }

)

2

by Lemma 2. The same arguments apply to the negative neuron wg as well. This completes the
proof of Theorem 7.
|

E.3. Proof of Theorem 8 (Implicit Bias Approximation to w*)

Proof (Theorem 8) We divide the proof into four steps, and formally show the result for w7,. The
result for w7, follows an identical series of steps. In the first step, we derive an upper bound for
H()zg9 H2 and Ha*@ H2 where w, = XTag3 and wy, = XTa’é, by using the optimality of the ob-
jective function in (7). In the second step, we use the KKT conditions of (8) to find a representation
of {w},, w%}. In Steps 3 and 4, we derive the corresponding upper bound and lower bound.

Step 1: Upper bounds for ||o, ||, and ||a% ||,
{w;‘B,w*@} is the optimal solution to (7) and it achieves the minimum objective in (7). In the
proof of Lemma 6, we introduce {wg,, e} which is also a feasible solution to (7), where wg =
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XT(XX ) lygand s == X (XX ") yg, withye,; = max{y;,0} and yo ; = — min{y;, 0}.
Therefore, by the optimality of {w,, w7} in the objective, we have

s |5+ lws 5 = ot XX Tt + ot XX o
< |lwelf3 + |lws
-1 -1
—yl (XXT) Yo + yl (XXT> Yo

| (ex) | el + | (xx7)

IN

1
lyel;
2
Qanygnax
Al

n/Cqy

where the last inequality uses Lemma 11 with probability at least 1 — 2e™~ , and we have

max{Hy@Hg , HyeHZ} < HyH% < ny? ... Therefore, we have
M(XXT) ||lag]s < ot XX o

< ()@TXXT@E9 + a*@TXXTaé

2cgnyr2nax
Al
As a result, we have Ha’é H2 < % This bound applies to Ha’é H2 as well via an identical
1

argument.

Step 2: KKT conditions of {w,, w’ } by Lemma 6.
Based on Lemma 6, the optimal solution {w,, wZ } of (7) is also the optimal solution of a convex
program (8). Hence, we restate the convex program in (8) below

1 2 2
we, wg, = argmin o flwe|l; + 5 [[well;

wg,we
s.t. 'wémi =y, wgmi <0, forallie 5y,
wéalcZ wgacZ Yi, — ngi <0, forallie Sy,
— 'wga:Z Yis 'wgaji <0, for all 7 € Sy,
'wgml 'wgml Yi, 'wgmi <0, for all i € Sy.

The Lagrange function in terms of 6 € R™ and non-negative o € R'} is given by

1 2
L= S lwsl3+ 3 fwo 2+ 30 6 (wlas — ) + 3 s (wlar)

1€ST 1€S51

+ Z 0; ('w;azi — 'weazZ ) Z 14 (wew,>
1€S 1€S2

+ Z d; (*wgmi - yz> + Z Wi ('wéwi)
i€S3 1€S53

+ Z 0; (w;mi — wear:Z ) Z Lbi (w@wz> .
1€Sy €Sy
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HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

The KKT conditions are given below.

Stationarity:
aﬁ * * * * * *
e YD 3 SFD IS SU T
® €51 i€S5 i€Ss i€Sy
oL
LRSS ST SR p S
= €S 1€So 1€S3 1€S5y
Swh=—Y &zi— > Gxi— Y e+ Y (=0 + u)zi, (33)
€S 1€S2 1€S3 1€Sy
wy = — Z wrx; + Z(éz* + p)x; + Z S + Z S ;. (34)
1€ST 1€S2 i€S3 1€Sy
Primal feasibility:
wégml = Y, w6 x; <0, forallie Sy,
w’gazz 'w’gwl— Yi, — we x; <0, forallie Sy,
w*@Tmz— Vi, 'w@ z; <0, forall 7 € S3,
wggasz w*eTaciz Yi, _w@ xz; <0, forall i € Sy.
Dual feasibility:

07 € R, foralli € [n],
wy >0, foralli € [n].
Complementary slackness:
> (wia) + }:m( Ta) + }:m( i)+ > pi (~wila) =o.
€57 1€So 1€S3 1€Sy

Note that the representation of w7, and w?, shares the parameters {67 : i € So U S4}. As aresult,
since we define wj, = X Ta’é and w;, = X Ta*@, we can write af, ; and o, ; in terms of d; and
w; for all i € [n] by Equations (33) and (34) as

5 vies i Ve S
—or Vi € SQ OF + M* Vi e SQ
* R p— 7 * [ p— ? ?
Ya,i i Vie s Mdoss 55 VieSy
S 4t Vie Sy 55 VieS
Step 3: Upper bound for ‘ éBoo) — w} ,

We now generalize the proof of Theorem 5. We first relate the distance between the predictors w 2900)

(o) _ x wy, . Since both vectors lie in the
span of the data {z;}}" , their difference has no component in the null space corresponding to the
smallest d — n eigenvalues of X | X. Therefore, we have

and 'wga to the distance in their predictions, i.e.,

(o0) 2
HXwEB — Xw

o ()2 0

2
(35

43

= un(XXT) Hwéaoo) —w

*
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(c0)

As a result, to derive an upper bound for H'w69 — wp ||, it suffices to upper bound the distance

K We begin with analyzing wé;)o). By Theorem 7,

between their predictions HX 'wéaoo) - Xwy,

wéBoo) satisfies the following

wgBoo)Ta:i =1y for all y; > 0, (36a)

1 -1
al? = al) = n(y; — eay +eoy + He} (XXT) €s) forally; <0,  (36b)

and also all the conditions in Lemma 15.
We know that wéBOO)Tazi = wg:ni = y; for all ¢ € Sy, and wéBOO)Tazi = y; and wg;—:c,- =

Yi + w*@Tm,; for all 4 € Sy. Therefore, we can write

2 n 2

3 (0w
i=1

= i: (—ngcci)Q 4 Z (wégo)—rwi - w’éTwZ)? n Z (wéBOO)Twi _ w,éTa:i)Q

1€Ss 1€S3 1€Sy
(37)

HXwéBOO) — Xwg,

We start with upper bounding the term (—w*@Tmi)2 forall¢ € Sy. Fori € Sa, by the complementary

slackness, we either have —w*@Twi = 0 with p7 > 0 or —w’gazi < 0 with g7 = 0. In the
first case, we have (—w*eTaci)2 = 0. In the second case, we define Sy C S such that p = 0
and —'wgmi < 0 for all ¢ € Sy, and we will show that Sy is empty with probability at least

1 —2exp(—n(Cc—1n9)). Since wk z; — wi x; = y; foralli € Sy C S, we have

yi=wh & —wi z; = e/ XX (af, — af)
= Al (=267 = g7 )+ e (XXT = [IAl, I) (af —af).
=0

The, for all 7 € 5’2, we have

g vim el (XXT— AL D) (af — a2)
Z ~2[All
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Based on this representation of 07, for all ¢ € S, we have
wgml = eTX X

= Al <5*>+e (XXT—||A||1 I)ar

Yi =
e (e )
S HxxT— 1A I, (e, + et ]l,)
" n n Qﬁcgﬁymax
< 1Al = 2L, + C max (\/; doo> H)‘H1]

2 ||)‘||1 2 CoYmax ”}‘Hl

Ymin 1 Ymin 2\/§C Ymax
< [|Ally [ ¢ T

<0,

where the inequalities above apply Corollary 13 and the upper bound of Haje{

9 }a*@H2 from Step

1, and substitute dy > C2 nyym‘“‘ and do, > C’o ymax in Assumption 2 with Cy > C2 and C,, >

max{ ,CyCy}. However, 'we x; <0 contradlcts with the condition 'we x; < 0fori € Ss.
Therefore, Sy =@. By combining these two cases, we conclude that ), S5 ( 'w*@Tml) =0.

Next, we upper bound the term <w£B°O)Ta: w@TwJ forall i € S5. We know thatw( o) T x; <

0 in Theorem 7. For wX'x; with i € 53, by the complementary slackness, we either have
® y p y

wrx; = 0 with u* > 0 or u* = 0 with wt a; < 0. In the first case, wX' x; = 0, we have
@ Mz Nz 5] @

wEBOO)T:B wng wgo) x;
—eTXXT (OO)
—e] [HAHIH (XX = Al T)] o
= Al ol +el (XXT = |IAIL 1) ol

SEPVIRS s b'o iy YT (/I el

00 n o n 00
2 W [o) - (. 22) |71

where the last inequality applies Corollary 13. Substituting the bounds of aé;(;) and Hago) H2 from

Lemma 15, we have

T o Al [ B e (25, ) Gt
wg” x; —wh x; ’A||1[ Cy 1A, ¢ max<\/;7dm) (R

3Ymax Ymin  CalYmax :|
Ay |~ =3 —C-
1Al [ AR Coymax [|IAll4

4
2 Cigyma)o
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. .. . 2,2 1.5 . . .
where the inequalities substitute dy > Cg% and do, > Cy™—-“m2x in Assumption 2 with

min Ymin

Co 2 C%and O, > max{Cg, CyCy}. In the second case, o, ; = —pu; = 0 for i € S3, we have

wgo)—rmi —whw=el XX (aé;)o) - aé)
=l [INL T+ (XXT = A, )] (a8 — o)
= Al ol + el (XXT = AL 1) (ol - az)

> Mol = XX T = I 2] ([l + llesl,)

zuxull 0 ‘max<\/d? " ) (Cax/ﬁymax+ﬂcmymax
2

GolIXTh &)\ I, B
> I _ 3Ymax _ . Ywin CoYmax  V2CgYmax
> Al |- o g s, V2,
9” ||1 0Ymax H Hl ” H1
> _4
— ngma)h
V20, v/ mymax

by applying the same argument and the upper bound from Step 1 that Haé”z < B
1

2
T .
Therefore, we have ('wéBoo) x; — 'wg:ci> < é—%yﬁlax for all i € Ss.

2
Next, we upper bound the term (wé;’o)Ta:i — wéBTa:i) for all ¢ € Sy in a similar way com-

pared to Sy. For ¢ € S4, by the complementary slackness, we either have —wggmi = 0 with

pr > 0or —wh'x; < 0 with uf = 0. In the first case, (—wX x;)®> = 0, and we have
2 2
('wéaooﬁa:i — 'wgmi) = (wé;’o)Tazi) . Therefore, we can reuse the upper bound we derived

in S3 such that 0 > wégo)Tac,; > —Cigymax. In the second case, we define 5’4 C S4 such that

;= 0and —'wg;a:i < Oforalli € Sy, and we will show that Sy is empty with probability at least
1 —2exp(—n(Cc—1n9)). Since wk'x; — wi x; = y; foralli € Sy C Sy, we have

yi = wh m —wh = el XX (af —ab)
T T
A (265 ) el (XX — AL ) (o — ).
=0

For all 7 € 54, we have

o w el (XX AL D) (a2 o)
’ ~2 [l
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Based on this representation of 0%, for all i € Sy, we have
'w’gBT:cz = eTXXToz69
= Al (—6-*) +el (XXT AL I) e
= Uy Sel (XXT AL ) (o + a2)
%+5\\xxi— AL [, (o], + flacs )

., T 0\ 2VEC e
<A -C- Y
< AL [2H>‘l1 + Hax <\/; doo> [RIF

< Ymin 1 Ymin 2\/§Cg Ymax
< [IAlly

IN

_ + —C. .
2 H>‘”1 2 Coymax HAHl

<0,
where the inequalities apply Corollary 13 and the upper bound of Hozg9 H2 in Step 1, and substitute
dy > C2™ lr’nr:‘:“‘ and do, > CpZ o yma" in Assumption 2 with Cy > C?2 and C,, > max{Cj C? ,CyC, }
However, w@ x; < 0 contradicts w1th the condition w@ x; < 0forie 54 Therefore, S4 =
By combining these two cases, we have Zi654 (wéaoo)—r:c — wéBT )2 = Zie& ('wé;o)—r Z-)Q <
Zi€S4 %y;ax'
Substituting the upper bounds into Equation (37) gives us

2

2
X (c0) _ *||7 ( *T ) ( OO)T *T ) ( ()T . T ) )
H w ) Z wg T; +Z — Wy T; —1—2 we T — Wy T
€Sy 1€Sy
16 2 16 5
2 Ymax Z Qymax
16530 16540
16
C,Qn ymax (38)

Finally, putting together Equation (35) and (38), we have

_ X - Xw'lly 160y,
2_ (XXT) = CylAlly

-

which completes the proof of the upper bound.

Step 4: Lower bound for wago) — w},

.
Now, we derive the lower bound of ‘wgo) — 'wga

in a similar approach. We again start with the
2

prediction distance
2 2

bt [ = e (o) [ <0

= (XXT) [0l - wr
(39)

2 2’
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*

Therefore, it suffices to lower bound HX 'wgo) - Xwg, ) to get the lower bound of ngo) — wy,

X
By Equation (37), we have

Y (cua) Y (0 e — )+ Y (e -

HX'wéBOO) — Xw},

1€S9 i€S3 1€S5y
2
>3 (e wéfa:,) + 3 (0l - wiTa) (40)
’iGSg 1€Sy,

We omit the partition in Sy because we have shown that 3, ¢ (— w*@Ta:Z) = 0 with probability

atleast 1 — 2 exp(—n(Cc — In9)). Therefore, we need to lower bound ( é;o) x; wgac,> for

i € Sg and ( (OO)TCC wng) for i € Sy.

We start with lower bounding ('w(oo)Tw 'w’gmz) for i € S3. We know that wé;)o)Ta:i <0

in Theorem 7. For 'w@ x; with 7 Z € S3, by the complementary slackness, we either have 'w@ x; =0
with g5 > 0 or pf = 0 with wp, Tz, < 0. In the first case, w@sz = 0, we have

'wéaoo)T:L' 'w’gml wgeoo) x;
— e/ XX o

= el [IN T+ (XXT A, 1)] ol
= Al als + el (XXT =N, T) ol

< Al oS3+ || T A ]| {87

< I [al) + comex (2 ) o] ],

where the last inequality applies Corollary 13. Substituting the bounds of agc;) and Haégo) H2 from

Lemma 15, we have

(c0)T [ Ymin < n ) Ca \fymaxj|
w T; — wk :cz < [IA — + C - max
@ o m < M =7 T V) Il

Ymmin Ymin Caymax
<Al == T 6 ]
IRV [ Ca 1A CoYmax [ Ally

C . Cgé Ymin
< —(1 — CO ) C.’
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where the inequalities substitute dy > C’O ygm‘”‘ and do, > Cow in Assumption 2 with

min

Co 2, C2. In the second case, af ;= —p; = 0fori € S3, we have

'wgBoo) z, —wi i =e XX (aé;)o) - aé)
=el [N T+ (XXT Al )] (a8 - az)
= Al S + el (XXT — AL T) (ol - az)

< IAll, o } e il 1 (o], + flazll,)

Ymin n Ca \/ﬁymax \/ng \/ﬁymax
<INl + C - max < > +
" CalAll V do’ do [[Ally 1Al
A Ymin C Ymin CaYmax \/icgymax
<X =z e ) A
o ||1 0Ymax l ||1 | Hl

2C - 2 min

< _(1 - c Ca)y )
Co Cq
by applying the same argument and the upper bound from Step 1 that Haé||2 < ‘[CﬁAi‘ﬁym"

2 2 .2
Therefore, we have <wé§°)Tw — w’gazz> > (1 — 20'03‘) Ymin for all 4 € Ss.

Co Cg ’
Next, we lower bound the term (wé;)o)Ta: 'wéBT ) for all ¢ € S4. In Step 3, we already

showed the two cases in 'w@ x; with ¢« € 54 by the complementary slackness. In the first case,

2 2
T T
(—wx z;)? = 0, and we have (wéaoo) x; wgacZ) = (wé;”) acz> . Therefore, we can reuse

(2
the lower bound we derived in S5 such that wéa )Tac,- < —( Cci )yg‘“ In the second case,

- 2
we have shown that Sy = @. By concluding two cases, we have ;g ('wgo)Tm —wi ) =

()T, ) 20-C2\? 2y,
2iess <w@ wz) 2 D iess <1 e ) cz
Substituting the lower bounds into Equation (40) gives us

z > Z ('wé;x’)Tw 'wg:nl) + Z ('wé;o) wZBT:c )2

HXwéBOO) — Xwy,

1€S3 1€854
> Z 1— 2C - CZ ymln + Z 20 02 yrznin
o Co Co Cc?
1€S3 1€854
2
"—Ymin
= I'=Ymin @1)
C

c2c?

Where we let C = m

> 1. Finally, putting together Equation (39) and (41), we have

2
HX'w X'wé

2 S fl—?/rznin _
= p(XXT) CCy Al

(o0) *
Hw@ - wea
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This completes the proof of the lower bound.
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Appendix F. Implicit Bias of Multiple ReLU Models (m > 2) Under Gradient
Descent

In this section, we extend our analysis to multiple ReLU models trained with m > 2 neurons
under stronger assumptions on the initialization. We consider models of the form: he(x) =
My () = St sko(w) ), where wy, € RY are the model weights and there are at least one
positive neuron and one negative neuron. The parameter set is hence denoted by ® = {wy}]" ;.
The empirical risk is defined in (1) as

1 & 2 I (& - ’
R(©) = B ;(he(ﬂ%) —yi) = 3 ; <k21 spo(wy, ;) — y2> :
Here, we fix s;, € {£1} and only train the hidden weights {wy }7" ;.

F.1. Gradient Descent Updates and Convergence

The gradient of the empirical risk in (1) with respect to wy, is given in (2) as

wi™ = w — v, ROV) = w! — s X T D(Xw) (hgw (X) —y).  (42)

The primal—dual gradient update in (4) is given by

(Primal) W = 8 s X XTD(BY) (hgw (X) — ), (43a)
(Dual) o™ = o) — 15 D(BD) (hgw (X) — y). (43b)

Next, we consider a regime in which, after some time ¢y, each neuron activates on a fixed sub-
set of training examples, and this activation pattern remains unchanged throughout the subsequent
dynamics. Moreover, these active subsets are disjoint across different neurons. That is, for every
training example, at most one neuron is active, while each neuron may be active on a subset of
examples. In this regime, each neuron effectively reduces to a linear model trained only on its own
active examples.

Lemma 16 Consider a multiple ReLU model hg. For each neuron k € [m), suppose there exists
iteration to > 0 such that

1. At time tg, the subset of examples on which the k-th neuron is active is disjoint from the
subsets activated by all other neurons, i.e., D(X 'w,(fo) )D(X wéto)) = Oy xn forany  # k.

2. The activation pattern of the k-th remains unchanged after time ty, i.e., D(X w,(gto)) =
D(Xwgf))for all t > to.

Then, for all t > to, and each k € [m], the gradient descent dynamics of the k-th neuron are

equivalent to gradient descent applied to a linear model, initialized at w,(fo), and trained using only

the subset of samples satisfying :cjwffo) > 0.

The proof of Lemma 16 is provided in Appendix G.1.

51



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE L0OSss RELU

F.2. Minimum-/5-norm Solution of Multiple ReLU Models

The minimum-#2-norm solution for the multiple ReLU regression in (5) is given by

. 1
{wilil, = argmin o > w3 (44)

Wkik=1 " k=1

m
s.t. Z spo(wi x;) = y;, foralli € [n].
k=1

F.3. High-dimensional Implicit Bias of Multiple ReLU Models

In this section, we characterize the implicit bias of multiple ReLU models trained by gradient de-
scent in the high-dimensional regime. We identify a setup in which each neuron is only active
toward a fixed and disjoint subset of training examples, where the labels y; of these examples have
the same sign as the neuron’s sign sy.

To formalize this setup, we introduce an assignment vector a € [m]"™, where each entry a; € [m]
indicates which neuron is responsible for example <.

Assumption 3 For a multiple ReLU model, we assume that there exists an assignment vector
a € [m]"™ such that for each example i € [n|, a; = k, for some neuron k satisfying sy, - y; > 0. For
each neuron k € [m)], define a diagonal matrix Ay, € R™*"™ with diagonal entries

0, ifa; =k, orsi-y; <0
—sign(y;), otherwise '

(Ag)ii = {

Assumption 3 is used to design a proper initialization which ensures that the gradient descent can
converge to the desired regime. In this regime, we show that if a neuron’s primal variable [y ; is
positive and the sign of the neuron agrees with the label (i.e., s - y; > 0), then the corresponding
example remains active throughout training. Conversely, if the associated dual variable oy, ; stays
sufficiently negative, it remains frozen and is no longer updated.

Theorem 17 Under Assumptions 1, 2 and 3, suppose we choose wéo) = XT(XXT)*1 (C%Aky + ek>,

where 0 < ¢€j,; < ﬁymin forall k € [m] and i € [n], and the gradient descent step size sat-

isfies m <n< ﬁ Then, the gradient descent limit wl(:o) for multiple ReLU mod-
g 1 g9 1
els coincides with the solution obtained by training a linear model on disjoint subsets of exam-

ples, initialized at w,(:) with probability at least 1 — 2 exp(—cn). Formally, we have wl(:o) =

arg min Hw - w,(:)H and Xgiwéoo) =0, where S, == {i € [n] : a; = k}.
we{w: X g w=yg, } 2

The full proof is provided in Appendix G.2. Note that the initialization, constructed by the ma-
trices Ay, ensures that each training example ¢ is activated by exactly one neuron that matches
its sign—namely, the a;-th neuron. All other neurons with the same sign remain inactive on this
example.
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F.4. Approximation to Minimum-/>-norm Solution in High Dimensions

In this section, we show that in high dimensions, the implicit bias solution for multiple ReL.U models
derived in Theorem 17 is close to the corresponding minimum-/¢2-norm solution {w} }7* ; defined
in (44).

Theorem 18 Under Assumptions 1, 2 and 3, suppose we choose 'w](go) = XT(XXT)_1 (C%Aky + ek),

where 0 < €; < &—Ymin for all k € [m] and i € [n], and the gradient descent step size sat-

2
< 409 Cc2x mny?nax

with
9 — [IAfly

. 1 1 m (00) *
ﬁ = < < . § —
isfies CC, AT, n Co AT, Then, we have \/ k=1 Hwk wk

probability at least 1 — 2 exp(—cn).

The proof is deferred to Appendix G.3. Note that since the minimum-¢>-norm solution {wj }7*
is more involved to characterize, Theorem 18 only provides an upper bound for the approxima-
tion of the implicit bias to {w}};* ;. A more fine-grained characterization, as well as a deeper
understanding of the role of overparameterization, is left for future work.
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Appendix G. Proofs for Multiple ReLLU Models (m > 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the multiple ReLLU model trained
with gradient descent.

G.1. Proof of Lemma 16 (Gradient Descent Convergence)

Proof (Lemma 16) This proof is analogous to Lemma 1. The key idea is to show that once the
activation pattern becomes fixed after some iteration ¢tg > 0, the gradient descent dynamics of each
neuron are equivalent to those of a linear model trained on a fixed subset of examples.
Fix a neuron k € [m]. Consider the linear model
h(z) = spw ' x,

where w € R is the linear model parameter (also called weight). Let S ,(:0) C [n] denote the active

set of the k-th neuron at iteration ¢o, defined by .S ,ito) ={ie[n]: :c;r'wgo) > 0}. We define the
empirical risk with the linear model using only the examples in S,(:O) as

1
RS,it())(w) = 5 Z (SkwTwi - yi)2'

iest'o)
The gradient descent update for this linear model is then given by

wttD) — ) — WRS;;O) (w(t))

= w® — s, Z (spwDTx; — yi)a;. (45)
iesito)
On the other hand, the original gradient descent update of the multiple ReLU model in Equation (42)
tells us that
w!™ = w55 XTD(Xw\") (hgw (X) — ).

Under the first assumption in the lemma, D(X wgo))D(X wéto) ) = Opxy for any £ # k, the
activation patterns of different neurons are disjoint at iteration £3. Consequently, for any ¢ € S,(Cto),
only the k-th neuron is active, and therefore we have

m

hg o) (i) = Z spo(w ©;) = spw), ;.

k=1
Moreover, by the second assumption of the lemma, the activation pattern of the k-th neuron remains
unchanged after iteration ¢, i.e., D(Xwg())) = D(X'wff)) for all t > ty. Hence, for all ¢t > t,

the diagonal entries of D (X w,(:)) satisfy Dy = 1,_ o) forall i € [n]. Therefore, for all ¢ > to,
k

the gradient update of the k-th neuron in the multiple ReLU model is given by
wi ™ = w) — 95 XTD(Xw)(hgw (X) —y)

T
= w® —ns, Z (Sk’w;(f) Ti — Yi)®;.
ies'o)
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This update is identical to the gradient descent update of the linear model in Equation (45). Hence,
for all ¢ > tg, the gradient descent dynamics of the k-th neuron in the multiple ReLLU model are
equivalent to those of a linear model trained using only the examples in .S ,(:0) . This completes the

proof of the lemma. |
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G.2. Proof of Theorem 17 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 17. Before proceeding to the proof, we again
introduce a set of sufficient conditions under which the active pattern for a neuron at iteration ¢
will be preserved at iteration ¢ 4+ 1. Similar to the single ReLU model and 2-ReLLU model cases,
our analysis relies on Lemma 9 and Lemma 10 to characterize the dynamics of primal and dual
variables. Using these results, we establish Lemma 19, which characterizes that the active sets of
all neurons remain unchanged across gradient descent iterations.

Lemma 19 Under Assumption 1, 2 and 3, suppose the gradient descent step size satisfies n <
m. For a multiple ReLU model, if the following five conditions hold at some iterationt > 0,
1

then they also hold at iteration t + 1.

a. 55:)1 > 0, foralli € [n).

b. 3ymax < a](f) S

TGl o for all j € [n] with k # a;.

CII

< Cy ||lys, || for all k € [m].

t
“ HB’(“)S’C ~ kYs, 2
d. Hak H2 < ﬁg%ﬁ,forallk € [m].

e. B;(:z <0, forall j € [n| with k # a;.

Consequently, the activation pattern of each neuron remains unchanged from iteration t tot + 1. In
the above, we define Sy, := {i € [n] : a; = k}, and for any vector v € R", we use vg, to denote the
subvector of entries indexed by Sk.

Proof (Lemma 19) We now verify that these conditions are preserved from iteration ¢ to ¢ + 1.

Part (a): By conditions (a), (c) and (e) at iteration ¢, we have
2

|hew(X) —y|f; =

m

t 2 2

=3 || (8%, — sews, )|, = 2w
k=1

2
where the last inequality uses the fact that the sets {Sj}}" , are disjoint. Also, we
have s, hg (i) = 50(5)1 from conditions (a) and (e). Together with condition (a), the
assumptions of Lemma 9 are satisfied for all i € [n]. Consequently, B( TS 0 for all
i€ [n].

Part (b): According to the dual gradient update in Equation (43b), and using condition (e) at

iteration ¢, we have:

QD _

gy =ay; forallj € [n] withk # a;.

Therefore, condition (b) continues to hold at iteration ¢ + 1.
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Part (¢): By conditions (a) and (e), the gradient update at iteration ¢ for ,Bg) depends only on
the examples in the subset Si. Hence, the gradient update for an individual neuron is
equivalent to a linear regression gradient descent. As similarly argued in the proof of
Lemma 2, since the step size satisfies 7 < m, the linear regression squared loss is
monotonically nonincreasing, and by condition (c) at iteration ¢, we obtain

|8 = sivs. |, < |18, = sews. |, < o v,

Therefore, condition (c) holds at iteration ¢ + 1.

Part (d): Following the same argument as in Part (d) of Lemma 14, using conditions (b) and (c)
at iteration ¢ 4 1, together with the eigenvalue bounds from Lemma 11, we can establish
that o
HagH)H < CayMmax forall k € [m],
2 Al

with probability at least 1 — 2¢e~"/C. Thus, condition (d) holds at iteration ¢ + 1.

Part (e): By Lemma 10, since conditions (b) and (d) hold at iteration ¢ 4+ 1, we conclude that
B,(f;rl) < Oforall j € [n] with k # a;. Thus, condition (e) holds at iteration ¢ + 1.

Equipped with Lemma 19, we are ready to prove Theorem 17.
Proof (Theorem 17) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics of all the neurons {wy, }}* ; simultaneously. Equipped
with sufficient conditions under which the activation patterns are preserved in Lemma 19, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at ¢ = 1 satisfies all the sufficient conditions. With the initializa-
tion

-1/1
w” = X7 (XXT> (Aky + ek> ,
Cy
we have 6,&0) = CigAky + €g. Recalling the definition of Ay in Assumption 3, we have

( { Coir e =k, orspgi <0 )

kyi _% + €his otherwise
g K

for all k € [m] and i € [n]. Since the theorem assumption ensures €, ; < ﬁymin and C, 2 C2,

we have —% + €x; < 0. Therefore, we obtain

m
hoo (@) = Y 5k (BY)) = suai = 50, D ks 47

k=1 k:skyi<0
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for all ¢ € [n]. Therefore, using the primal gradient update in Equation (43a), we obtain

B0 = B — 1 XX DB (X) -~

= XX | (sDB) (v~ o (X)) + 1 (xX7) T 60) | 6w

1)

::ak

according to the primal-dual formulation ,8,(:) =XX Ta,(;) in Equation (3). In the below, we show

that at iteration ¢ = 1, the variables ﬁg) and ag) satisfy all the conditions in Lemma 19.

Part (a): For all i € [n], we show that B,

g,

> 0 by applying Lemma 9. According to Equa-
tion (46) and Equation (47), we have 5((1?)@ = €q;i > 0and sq; - hgo) (Ti) = €4, —
D keisg s <0 i < 3. Moreover, we have

a;,i°

m
Hh@(0>(X) - yH2 < Hh@(O)(X)Hg + Hsz < Z ||€k||2 + ||’£/||2 < \C/ﬁymin + ||'£IH2 <Gy ||yH27
k=1 @

with Cy > 1+ c% All the conditions of Lemma 9 are satisfied, and therefore, 3 S)Z >0
forall i € [n].
Part (b): For all j € [n] with k& # a;, we verify that a,(glj). satisfies the required upper and lower
bounds. We need to discuss two cases: 1) B,(COJ). = €, ; > 0 with s - y; < 0, and 2)
,(CO]) = —lg—;l + €g,; < 0 with s - y; > 0.

Case 1): For B,(COJ). = €x,; > 0 with s - y; < 0, we work from Equation (48) to get

1 -1
oft) = ne] (D) (0= hero () + - (xX7) " 5

Il
=
G
3

1 -1/1
—lyj| = sk | Sa;€a;.5 — Sa; Z €kj | + *ejT (XXT) (CAky + fk)
k:sg-y; <0 N 9

1 -1/ 1
=7 —|yj| + €a;5 — Z €k, t+ EGJT (XXT> <CAky + €k>
g

k:s-y; <0
1 1 -1 1 1
= | —ly| +ea,y — Z ek,j+e}{ X I+(<XXT) - I)] (CAkerek)
bisega<0 n 7 LAl IRV g

(i

=

) €k,j 1 T( T\ ! 1 1
n | —lyjl +€a;j — €k + + —e; XX - I)|—=—Ary+es
it = D nlAlly 0 ( ) Al Cy

k:sg -1y <0

(49)
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where equality (i) substitutes he o) (€5) = Sa;€a;,j = Sa; Dkusy ;<0 k,j rom Equa-

tion (46) and ,3 = L Aky + €, and equality (ii) applies (Ak) = 0 for k # a; with
s - y; < 0. For the upper bound, we have
)

o) < < 1 H w1
<n | —lyjl + €q;; + +-1(XxX I
kg ! & nHA!h ( ) IR (PP
(50)

1
— Ay +
Cg kY T €

by dropping negative terms — ;. sy <0 €k,j+ Next, by applying the upper bound in
Corollary 13 and the upper bounds for ||y||, and ||€x||,, we have

oV < <_ | L Chy Cy < n n> (x/ﬁymax Vi ))
=7 ) +6a-, + + C - max s + Ymin
¥ il + e T T AT Vi as )\e, T Cum

€k,j Cg Ymin Ymax Ymin
Sn(—y'+e.,»+ + C- ( + )),
bl ¥ s A Y T Cotnar \ Cy T Cam

where the second inequality substitutes dy > C3 yé’ma" and do, > Coﬂ in As-

min

sumption 2. Finally, by using the step size assumption 5 < CCy ||A||; and the theorem

assumption €x ; < ﬁymin, we have
«

1 ~ COymin  2C%C?
04](917]) S A N <_ymin + Ymin + gY + gymin

CCy I, Cam ' Cam Co
Ymin

S =
Co [|IAlly

with Cy > C2 and C,, >

> max{Cg, CyCy}. For the lower bound, starting from Equa-
tion (49), we have

1 -1 1 1
(1) 1> —|y;| — Z ek’j_H<XXT> Y I FAky“‘Ek
™ g 4 <,
@ C n - n \/ﬁymax \/ﬁ
> _|y| - €k — C - max ( e ) < + ymin)
’ k:s§<0 1P V d2 doo Cy Cam
(i) 1 Ymi Ymi y Y
> —Ymax — min o 0202 . min max min
N C_‘]HAHI < Yma Ca g Coymax ( Cg + Cam>>
(iii)
S 3Ymax ,
Cy [IAlly

where inequality (i) applies the upper bound in Corollary 13 and the upper bounds for
|lyll, and | /€|, inequalities (i) applies do > C2 ygmdx and dog > Cpl ¥max jp

min Ymin

Assumption 2, and inequality (iii) follows by the constant relationship that Cy > C2
and C,, 2 max{CZ,C,Cy}. Thus, for Blioj? = €,; > 0 with s, - y; <0, oz,(gl]). satisfies

both the required upper and lower bounds.
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Case 2): For ﬁ,(goj)» = ly]‘ + €k, < 0 with s - y; > 0, we work from Equation (48) to
get

1 -1
041(3]). = nejT <skD( I(CO)) (y — h@(g)(X)) + 5 (XXT) ,(CO)>
_ T T 4
=e; (XX ) <CgAky+ek>’

where we substitute ﬂg)) = C%Aky + €, and ﬁ,ioj) = —i|yj\ + €, < 0, and this
¢ )

eliminates the first term, since D;; = 0. Then, a;, ; can further be written as

(1) T \ ! 1 1
= I XX ——1T —A
Frg =G [nxul +<< ) AL )] (Og “’“")

1 |y;] ) T < ! 1 > ( 1 >
= ——— + € + e XX — I —Aky—l—ek .
Al ( Cy ! ( ) Al Cy
(51

For the upper bound, we have
(1) L o1 . (XXT>_1 1 I iA
ol < (i) + Y A i A

M 1 ’y]| / fymax \/>
H)\‘l< Fg‘i‘ k,J-i‘CC max< d27doo>< +anmm>)

Cy

i) 1 ( Ymin Ymin Ymin (ymax 1 ) )

< — + + C C- + min
AL\ Gy " Cam Coymax \ Cy  Ca’

Ymin

< -,
Co [IAll;

A

—

IN

—~

where inequality (i) applies the upper bound in Corollary 13 and the upper bounds for
2,2 .
|y|l, and ||€x]|,, inequalities (ii) substitutes dy > C2 nyg"‘ax and dog > CotYmax jp

in Ymin
Assumption 2. The last inequality follows by Cy 2 CZ and Co, 2 max{C},C,C,}.
For the lower bound, we work from Equation (51) to get

2ot ()l i
oy k> — 1T — Ary + €
A PY PN I e 2
> ! <—‘yj’—C’C’ max( > (f min))
A\ Gy V ds Cy Ca
1 Ymax Ymin < ymax ) >
> — -C,C-
IRV < Cy 7 CoYmax
_ Bymax
— CollAlly
by the same argument. Thus, for B,i?} = ijl + e < 0with s -y; >0, a( ) satisfies

both the required upper and lower bounds. Th1s completes the proof of this part.
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Part (c): We verify that the primal variables ﬁ,(cl)sk corresponding to active examples minus yg,

2
satisfy the norm bound. Specifically, we show that H ngk — ks, < C} lyll3.

According to Equation (48), we have

1 2 1 2
Hﬁig,)sk—skysk )= Z (5;(@@-)—816%)
i:a;=k
2
= 3" (80— nse] XXTD(BY) (how (X) — ) — sy
i:a;=k
2
= > | €ari — 150, XX D(BY)(hgo) (X) —y) — uil |
i:a;=k -7
(52)

where we substitute 51201') = ﬁé?)i = €q,,; for k = a;, and s, - y; > 0. Next, we bound
the term

Ty = eari — nsase; XX D(BY)(heo) (X) —y) — |y forall i € [n]. We have

T; = €a,i — n5a,6] XX D(BY)(hgo (X) — y) — |yil

= (cari = i) = msae] [IAIL T+ (XXT = A1, T)| DBY) (hgo (X) — v)

= (€aii = |Yil) = nsa; [[Ally | Sai€aii — Sa; Z €ki — Yi
k:sk-y; <0

—nsyel (XX = I T) D(BY) (how (X) —v)

= (1= Al eai — =Xl +0lIA, > e
k:sk-y; <0

~nsyel (XX =11 1) D(BY) (heo (X) ~ ),

by applying hgo) (i) = Sa,€a;i — Sa; Zk:sk~yi<0 e,; from Equation (47). Since the
: : 1 1 . 1 i

step size assumption guarantees that e, AT, <n< eADYIE and €ri < T Ymin, We

have

(L= IA)€ars — (T =nlIXIDIl + 0l Al Y e

k:sk-yi<0
<o — (L=n XDl +0lML D en
k:spy; <0
< 1 n 1 1 . 1 1 .
=\ Cg Caymln Cg Ymin

<0,
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with Cy, 2 092. Hence, in order to upper bound 772, it suffices to find the lower bound
for T;. We have

Ty = (1= nlIAlDeass — 0= n Ml +nlIAL D e
k:sg-y; <0

—nsiel (XXT — A1 I) D(BY) (heo (X) —y)
> — [yl || XXT = AL 1| [|heo (X) — y]l,.

where the inequality drops the positive terms (1 [[All})€q,i, 7 [|All1 ], and  [[Ally 2 s, <0 Ehsie
We again upper bound HX XT |\, I H2 by Corollary 13. With probability at least
1 —2exp(—n(Cc—1n9)), we have

Tiz_‘yi‘—n~CH}\|’1-maX<\/; ™ )Hh@«» (X) -y,
C n
> ol = e (\5 ) g ()~

by applying n < Cg” IR Finally, we apply the upper bound that Hh®<0) (X

IN

2

Y

py 1 H(—:kH2 < C”ymm and ||y|ly < \/NYmax, and Assumption 2 ensures that dy
o an? gm‘”‘ and do > C’oﬂ We have

C n on n
E > _’yz’ - F max ( 6727 d) <\C/>ymin + \/ﬁymax>
g 0 @

C1ymin 1
> _’yZ’ - Cgcoymax <C,aymin + ymax>
> —yil <1+ ¢ >
C,Co
> _Cy|yi|7

with the choice of C,, > 2. Substituting 7} 2 C2 < into Equation (52), we have

2
< > Cut = llus, Iy
i k

a;=

1
Hﬂ,ﬁék — SkYg,

As aresult, we conclude that H B,glgk — s5kYs, || < Cy Hy S || @s required.
: 2

I

Part (d): We verify the norm bounds on the dual variables. By the triangle inequality, we work
from Equation (48) to get

o], = Hn (skmﬂ,&“’) (v hoo(X) + - (XX7) ﬂ&j’))

2

<1 [Hsz + Hh®<0><X)H2 - 717 H (XXT) _1H2 H’BI(CO)Hz]

1
—A
c, kY 1 €

1 -1
= 1[Il + o (0], + 1 | (XX7)

J

2
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.. 0 .
by substituting Bi) = A+ e Using [yl < Vg [hew (X)]], <
T\ 1 C 1 1
Zk 1 HEICHQ > o, ymm, (XX ) H2 < W, €ki < Coym Ymin, and TN, <

< -
1< gy, We have

n C NYmax n
o], < 5 ||Au Vs L i+ CCp N - 5t (e g )|
1

Ca Al Cg  Cam
= 3v/NYmax
||>\H1 ( )
< C’oc\/iymax7
1Al
with C,, Z max{C?, C,C,}. Thus, condition (d) holds at ¢t = 1.

Part (¢): Since we have shown that a,(clj), < — Cyrﬁﬂ;“ and Ha,(:)HQ < % for all j € [n]
. «@ 1 1

with k # a;, by Lemma 10, it follows that B,(cl]). < Oforall j € [n| with k # a;.

We have shown that at iteration ¢ = 1 the conditions in Lemma 19 are satisfied, and by induction,
these conditions will also hold for ¢ > 1. As aresult, wy, is trained with only predefined active exam-
ples starting from the iteration ¢ = 0, and it is equivalent to linear regression using only active exam-

ples with initialization w,(gl) =nXT (skD(,B,(go)) (y — hgo (X)) + % (XXT)_1 ,BI(CO)>. Finally,

since wy, is trained on disjoint subset of examples by Assumption 3, by Lemma 2, 'w,(fo) satisfies

() (1)H _

w, = arg min Hw—wk
we{w: X g, w=yg, }

This completes the proof of Theorem 17. |

G.3. Proof of Theorem 18 (Implicit Bias Approximation to w*)
Proof (Theorem 18) We restate the definition of w* in Equation (44).

{wiit, = argmin o ankuz (53)

“’kk1 k=1

m
s.t. Z spo(w] x;) = s, foralli € [n].
k=1

Recall that the gradient descent limit {w k )} e, satisfies the same set of constraints: it interpolates
all examples. Consequently, both {'w L } v, and {w; }7* , are feasible solutions to (53). We show
(00

that the norm difference between w),, ) and w* % can be upper bounded by 2 times the norm of w!™.

k
o™ — [ < 25 @ 425 et < 45 [l
o0 o0
g Hwk — wj, ) <2 g Hwk H2+2 E lwglls <4 g Hwk
k=1 k=1 k=1 k=1
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2
where it follows the definition of (53). By Lemma 19, we have the upper bound for Hw,(fo) H2 as

2 2 2 2
Ca NYmax _ Cg Ca nymax

) 2 o) T [e%S) [e%S) 2
[, = ol XXl < paexT) a7 < €y a1 - = = =5
1

As a result, we have

m
3 [ — i A0, Camnypas
2| 2= AT,
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Appendix H. Simulations

We present visualizations of an exploratory nature, of the evolution of the primal variables at itera-

tion checkpoints in settings that violate the assumptions made in our theoretical results.
H.1. Moderate-Dimensional Data and Single ReLLU Model

t=0, (n=10, d=50)

t=0, (n=10, d=50)

training example index

(e) Initialization 1 (¢ = 80).

training example index

(f) Initialization 2 (t = 80).
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(a) Initialization 1 (t = 0). (b) Initialization 2 (t = 0).
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(c) Initialization 1 (¢t = 19). (d) Initialization 2 (t = 19).
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Figure 3: We illustrate the prediction dynamics of gradient descent for a single ReLU model under
different random initializations when d is comparable with n. In both cases, with sufficiently small
step size, the final solution converges to a linear minimum-£s-norm interpolator on some subset
of the training examples, i.e. of the form Winear—MNLS = Xg(Xng)_lg)S, where §g; =
max{y;,0}. In contrast to the high-dimensional regime, different initializations lead to different
subsets S, indicating that ReLU training implicitly performs an example “selection” process, that
is initialization-dependent, rather than fitting all positively-labeled samples. The experiment uses
n=10,d =50, ~ N(0,I),y ~N(0,1), w® ~ N (0,2 x 1076T), and p = 10~*.
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H.2. Gradient Descent Dynamics of Two ReLLU Models
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(c) Two ReLLU model gradient descent dynamic (¢ = 17).

Figure 4: Simulation illustrating Theorem 7. In the high-dimensional regime and under our “all-
positive” initialization, after the first gradient step, examples with positive labels remain active
while examples with negative labels become inactive, consistent with Lemma 15. The blue region
shows primal variables that remain positive over training, whereas the red region corresponds to
dual variables that are sufficiently negative and remain unchanged. As training proceeds, wg fits
all positively labeled examples and wg fits all negatively labeled examples. The experiment uses
n = 10, d = 2000, features * ~ N(0,I), and labels satisfying |y| ~ U(0.1,1) with sign(y)

uniformly distributed over {£1}.
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(c) Two ReLU model gradient descent dynamic (¢ = 40).

Figure 5: Simulation with random initialization in the high-dimensional regime, which violates our
initialization assumption in Theorem 7. Under random initialization, the sufficient conditions of
Lemma 15 are violated at the first gradient step. As a result, positively labeled examples do not
all remain in the active (blue) regime (e.g. example no. 5), nor do negatively labeled examples
consistently enter the inactive (red) regime (e.g. example no. 7). Consequently, during training,
this model fails to converge to a global minimum. The experiment uses n = 10, d = 2000, features
x ~ N (0, ), and labels satisfying |y| ~ ¢(0.1, 1) with sign(y) uniformly distributed over {£1}.
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(c) Two ReLU model gradient descent dynamic (¢ = 40).

Figure 6: Simulation with all-positive initialization outside the high-dimensional regime. When the
data dimension is not sufficiently large, the feature vectors are no longer approximately orthogonal.
As a result, the clear separation into active (blue) and inactive (red) regimes observed in Figures 4
and 5 disappears. Consequently, the gradient dynamics become highly coupled across examples
and are no longer analytically tractable using our high-dimensional arguments. The experiment
uses n = 10, d = 15, features © ~ N(0, I), and labels satisfying |y| ~ ¢(0.1,1) with sign(y)

uniformly distributed over {£1}.
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Figure 7: Failure of stable activation patterns in multiple ReLLU models. We illustrate the training
dynamics of a multiple ReLU model when multiple neurons share the same sign. In this setting,
the sufficient conditions of Lemma 19 are violated, and positive primal variables do not necessarily
remain in the active (blue) regime throughout training (e.g. training example no. 0). As a result, the
activation pattern becomes unstable, and the resulting primal dynamics are no longer tractable. The
experiment uses n = 10, d = 2000, m = 4, with neuron signs s; = s3 = 1 and s3 = s4 = —1,
features & ~ N (0, I), and labels satisfying |y| ~ U(0.1, 1) with sign(y) uniformly distributed over

{£1}.
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(b) Multiple ReLLU model gradient descent dynamic (t = 1).
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