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Abstract
Overparameterized ML models, including neural networks, typically induce underdetermined train-
ing objectives with multiple global minima. The implicit bias refers to the limiting global minimum
that is attained by a common optimization algorithm, such as gradient descent (GD). In this paper,
we characterize the implicit bias of GD for training a shallow ReLU model with the squared loss
on high-dimensional random features. Prior work [15] showed that the implicit bias does not ex-
ist in the worst-case, or corresponds exactly to the minimum-ℓ2-norm interpolating solution under
exactly orthogonal data [3]. Our work interpolates between these two extremes and shows that, for
sufficiently high-dimensional random data, the implicit bias approximates the minimum-ℓ2-norm
solution with high probability with a gap on the order Θ

(√
n
d

)
, where n is the number of data and

d is the feature dimension. Our results are obtained through a novel primal-dual analysis that care-
fully tracks the evolution of predictions, data-span coefficients, as well as their interactions, and
show that the ReLU activation pattern quickly stabilizes with high probability over random data.

1. Introduction

Modern machine learning objectives are often underdetermined, admitting infinitely many global
minima. Nevertheless, empirical evidence suggests that gradient descent (GD) converges to solu-
tions with strong generalization properties even without explicit regularization [13, 17]. This phe-
nomenon, termed implicit bias [11, 14], can be treated as a critical factor of scaling laws; it ensures
that as model capacity increases, the optimizer consistently selects high quality solutions [9]. Early
research focused on linear models to characterize this bias. In linear classification, GD applied to
exponentially-tailed losses converges in direction to the max-margin solution [11, 14]. For linear
regression with squared loss, GD converges to the interpolation with the minimum ℓ2-norm [6].

Understanding the implicit bias in nonlinear models such as neural networks remains a signif-
icant challenge, primarily due to the induced non-convexity of the optimization objective. In this
work, we focus on regression with a one-hidden-layer ReLU neural network and the squared loss.
Remarkably, Vardi and Shamir [15] showed that establishing an implicit bias is known to be hard
in the worst case, even when the model consists only of a single neuron and assuming global con-
vergence. At the other extreme, Boursier et al. [3] showed that the implicit bias of gradient flow for
exactly orthogonal features is exactly the minimum-ℓ2-norm solution. Notably, high-dimensional
random features are near-orthogonal, raising the question of whether the implicit bias can be char-
acterized in this more realistic but also more challenging case.

2. Problem Setup

We consider a regression problem with feature vector x ∈ X ⊂ Rd and label y ∈ Y ⊂ R. We
consider random feature vectors drawn according to a distribution D with zero mean, i.e., E[x] = 0,
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Orthogonal data High dimensional data Worst-case data
ReLU models

h(x) :=
∑m

k=1 skσ(w
⊤
k x)

Implicit bias
characterization [3]

Global convergence only [5]
This work: Implicit bias characterization No implicit bias in general [15]

Linear models h(x) := w⊤x Implicit bias coincides with maximum margin SVM [10] w(∞) = argmin
w:Xw=y

∥∥w −w(0)
∥∥
2

[6]

Table 1: Our results contextualized with related literature.

and covariance matrix Σ = E[xx⊤]. Let Σ = V ΛV ⊤ ∈ Rd×d be the eigendecomposition of the
covariance matrix, where V ∈ Rd×d is the matrix of eigenvectors and Λ ∈ Rd×d is a diagonal
matrix whose entries are the eigenvalues of Σ in descending order. We make the mild assumption
that x = V Λ

1
2z where z ∈ Rd has independent, mean-zero, 1-subgaussian components. We

observe a dataset {xi, yi}ni=1 where the features {xi}ni=1 are drawn i.i.d. from the distribution D.
We denote the data matrix by X ∈ Rn×d and the label vector by y ∈ Rn. Since we operate in a
high-dimensional regime (d > n), we make the mild assumption that rank(X) = n.

Next, we assume that the magnitudes of the labels are bounded away from zero and infinity.

Assumption 1 (Bounded Labels) For all i ∈ [n], ymin ≤ |yi| ≤ ymax for some ymin, ymax ∈ R+.

We next impose a high-dimensional assumption. We define effective dimensions based on the spec-
trum λ := [λ1, · · · , λd]

⊤ of the covariance matrix Σ, by d2 := ∥λ∥21 / ∥λ∥
2
2 , d∞ := ∥λ∥1 / ∥λ∥∞.

Assumption 2 (High-dim Features) d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
for a large C0 > 1.

General ReLU Models and Empirical Risk Minimization. We denote by hΘ : X → Y the
general ReLU model used for the regression task, defined as hΘ(x) :=

∑m
k=1 skσ(w

⊤
k x), where Θ

denotes the collection of model parameters {wk}mk=1 and {sk}mk=1. Here, sk ∈ {−1,+1} denotes
the sign of the k-th neuron, σ(z) := max{z, 0} is the ReLU activation, wk ∈ Rd is its weight, and
m ≥ 1 is the number of neurons. We minimize the empirical risk under the squared loss

R(Θ) =
1

2

n∑
i=1

(
hΘ(xi)− yi

)2
=

1

2
∥hΘ(X)− y∥22 , (1)

where we define hΘ as hΘ(X) := [hΘ(x1), · · · , hΘ(xn)]
⊤ ∈ Rn. We employ the GD to mini-

mize (1), and we only update the neuron weights {wk}mk=1 and fix the signs of the neurons {sk}mk=1.

Gradient Descent and Primal-dual Representation. The gradient of the empirical risk in (1)
toward wk is ∇wk

R(Θ) = skX
⊤D(Xwk)

(
hΘ(X) − y

)
, where D(z) : Rn → Rn×n denotes

the diagonal matrix with entries Dii := 1zi>0. Accordingly, the GD update for wk takes the form

w
(t+1)
k = w

(t)
k − η∇wk

R(Θ(t)) = w
(t)
k − ηskX

⊤D(Xw
(t)
k )
(
hΘ(t)(X)− y

)
. (2)

To analyze these updates, we introduce a primal–dual representation used in mirror descent [12].

βk := Xwk, αk :=
(
XX⊤

)−1
Xwk, with βk = XX⊤αk ∀k ∈ [m]. (3)

This representation restricts attention to the components of wk that lie in the span of the data matrix
X .1 Under this parameterization, the gradient descent update (2) in primal–dual form becomes

(Primal) β
(t+1)
k = β

(t)
k − ηskXX⊤D(β

(t)
k )(hΘ(t)(X)− y), (4a)

(Dual) α
(t+1)
k = α

(t)
k − ηskD(β

(t)
k )(hΘ(t)(X)− y). (4b)

1. In general, wk may contain components orthogonal to span({xi}ni=1). However, since the gradient updates act only
within span({xi}ni=1), the components not in the span remain unchanged throughout training.
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The sign of β(t)
k,i determines whether the corresponding α

(t+1)
k,i is updated through D(β

(t)
k ). The sign

of β(t)
k and the dynamics of α(t)

k is key to characterizing the behavior and implicit bias of GD.

Minimum-ℓ2-norm Solution. For linear regression with zero initialization, GD converges to the
minimum-ℓ2-norm interpolation: wlinear-MNI = X⊤(XX⊤)−1y = argminw

1
2 ∥w∥22, s.t. w⊤xi =

yi, ∀i ∈ [n]. Motivated by this, we consider the minimum-ℓ2-norm for ReLU regression problem

{w⋆
k}mk=1 = argmin

{wk}mk=1

1

2

m∑
k=1

∥wk∥22 s.t.
m∑
k=1

skσ(w
⊤
k xi) = yi, for all i ∈ [n]. (5)

3. Implicit Bias of Single ReLU Models (m = 1) Under Gradient Descent

We begin by analyzing the single positive ReLU neuron model hΘ(x) := σ(w⊤x).

3.1. Gradient Descent Updates and Convergence

For the single ReLU model, the GD update in (2) simplifies to w(t+1) = w(t) − η∇wR(w(t)) =
w(t) − ηX⊤D(Xw(t))(Xw(t) −y). Compared to linear regression, the difference is the diagonal
matrix D(Xw(t)). This matrix selects a subset of examples to contribute to each GD update.

3.1.1. SUFFICIENT CONDITIONS FOR GRADIENT DESCENT CONVERGENCE

In general, the optimization trajectory and loss landscape induced by gradient descent even on a
single ReLU model are difficult to characterize. Suppose there exists t0 ≥ 0 that the activation
pattern remains unchanged after t0. We formalize this observation in the following lemma.

Lemma 1 Suppose there exists t0 ≥ 0 such that D(Xw(t0)) = D(Xw(t)) for all t ≥ t0. Define
the subset of examples S := {i ∈ [n] : x⊤

i w
(t0) > 0}. Then, for all t ≥ t0, the gradient descent

dynamics of the single ReLU model are equivalent to gradient descent applied to a linear model
initialized at w(t0) and trained only on the subset S. (Lemma 1 is proved in Appendix D.1)

Convergence of Lemma 1 follows from classical convergence guarantees for linear regression.

Lemma 2 Suppose the effective dimension d∞ ≥ cn, for some constant c ≥ 1, the step size satisfies
η ≤ 1

Cg∥λ∥1
, and there exists t0 ≥ 0 such that D(Xw(t0)) = D(Xw(t)) for all t ≥ t0. Then,

gradient descent applied to the single ReLU model converges to w(∞) = argmin
w:XSw=yS

∥∥w −w(t0)
∥∥
2

with probability at least 1−2e−n/Cg , where S := {i ∈ [n] : x⊤
i w

(t0) > 0}. (Proof in Appendix D.1)

3.2. Minimum-ℓ2-norm Solution of Single ReLU models

Compared to wlinear−MNI in Section 2, single ReLU models are restricted to non-negative outputs.
We write a convex optimization problem where the constraints with nonpositive labels are relaxed

w⋆ = argmin
w

1

2
∥w∥22 s.t. w⊤xi = yi, for all yi > 0, w⊤xj ≤ 0, for all yj ≤ 0. (6)

We show that the solution of (6) coincides with the minimum-ℓ2-norm solution associated with lin-
early fitting a suitable subset of training examples, after setting all negative labels to zero. We define
a subset S ⊆ [n] and wlinear−MNI,S = X⊤

S (XSX
⊤
S )

−1ỹS , where ỹS ∈ R|S| is the corresponding
label subvector with all negative entries replaced by zero. Lemma 3 is proved in Appendix D.1.
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Lemma 3 Consider a single ReLU model hΘ(x) = σ(w⊤x). The minimum-ℓ2-norm solution w⋆

of hΘ(x) satisfies w⋆ = wlinear−MNI,S for some index subset S ⊆ [n] that necessarily contains all
indices i such that yi > 0, where the corresponding labels are given by ỹS,i = max{yi, 0}.

Note that w⋆ is a fundamentally different inductive bias from wlinear−MNI as the subset S does not
have an explicit formula, and is training data-dependent.

3.3. High-dimensional Implicit Bias of Single ReLU Models

Our first main result characterizes the GD dynamics of single ReLU models on high-dim data.

Theorem 4 Consider Assumptions 1 and 2, suppose the initialization is w(0) = X⊤(XX⊤)−1ϵ,
where 0 < ϵi ≤ 1

Cα
ymin for all i ∈ [n], and the step size to satisfy 1

CCg∥λ∥1
≤ η ≤ 1

Cg∥λ∥1
. Then,

the gradient descent limit w(∞) for the single ReLU model coincides with the solution obtained
by linear regression trained only on the positively labeled examples with initialization w(1) =

ηX⊤
(
y−ϵ+ 1

η (XX⊤)−1ϵ
)

with probability at least 1−2 exp(−cn). Formally, we have w(∞) =

argmin
w:X+w=y+

∥∥w −w(1)
∥∥
2

and X−w
(∞) ⪯ 0. (Theorem 4 is proved in Appendix D.2)

Theorem 4 characterizes a tractable regime of GD. Due to the ReLU activation, the main challenge
lies in monitoring which examples are active and which are inactive during gradient descent.

3.4. Approximation to Minimum-ℓ2-norm Solution in High Dimensions

We show the limiting solution from Theorem 4 is different from, but close to the minimum-ℓ2-norm.

Theorem 5 Consider Assumptions 1 and 2, suppose the initialization is w(0) = X⊤(XX⊤)−1ϵ,
where 0 < ϵi ≤ 1

Cα
ymin for all i ∈ [n], and the step size to satisfy 1

CCg∥λ∥1
≤ η ≤ 1

Cg∥λ∥1
. Then,

we have

√
n−y2min
CCg∥λ∥1

≤
∥∥w(∞) −w⋆

∥∥
2
≤
√

16n−y2max
Cg∥λ∥1

with probability at least 1− 2 exp(−cn).

Theorem 5 is proved in Appendix D.3 and heavily leverages our characterization result in Lemma 3.

4. Implicit Bias of Two ReLU Models (m = 2) Under Gradient Descent

We extend our analysis to a 2-ReLU model, which combines one positive ReLU neuron and one
negative ReLU neuron: hΘ(x) = σ(w⊤

⊕x)−σ(w⊤
⊖x), The GD update in (2) simplifies to w

(t+1)
⊕ =

w
(t)
⊕ − η∇w⊕R(Θ(t)) = w

(t)
⊕ − ηX⊤D(Xw

(t)
⊕ )
(
hΘ(t)(X)− y

)
. w⊖ follows the same format.

4.1. Minimum-ℓ2-norm Solution of 2-ReLU Models

First, we characterize the minimum-ℓ2-norm solution for the 2-ReLU model, defined below:

w⋆
⊕,w

⋆
⊖ =argmin

w⊕,w⊖

1

2
∥w⊕∥22 +

1

2
∥w⊖∥22 s.t. σ(w⊤

⊕xi)− σ(w⊤
⊖xi) = yi, for all i ∈ [n]. (7)

To analyze (7), we show that the optimal solution is also the optimal solution to a restricted convex
program obtained by fixing the activation pattern across the training examples. Let S+ = {i : yi >
0, ∀i ∈ [n]}, S− = {j : yj < 0,∀j ∈ [n]}, so that S+ ∪ S− = [n] and S+ ∩ S− = ∅.
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Lemma 6 The feasible set of (7) is nonempty, and there exist partitions S1∪S2 = S+, S1∩S2 =
∅, and S3 ∪ S4 = S−, S3 ∩ S4 = ∅ such that the optimal solution {w⋆

⊕,w
⋆
⊖} of (7) is also an

optimal solution of the following convex program: (Lemma 6 is proved in Appendix E.1.)

w⋆
⊕,w

⋆
⊖ = argmin

w⊕,w⊖

1

2
∥w⊕∥22 +

1

2
∥w⊖∥22 (8)

s.t. w⊤
⊕xi = yi, w

⊤
⊖xi ≤ 0, i ∈ S1, (w⊕ −w⊖)

⊤xi = yi, w
⊤
⊖xi ≥ 0, i ∈ S2,

−w⊤
⊖xi = yi, w

⊤
⊕xi ≤ 0, i ∈ S3, (w⊕ −w⊖)

⊤xi = yi, w
⊤
⊕xi ≥ 0, i ∈ S4.

4.2. High-dimensional Implicit Bias of 2-ReLU Models

Next, we characterize the gradient descent dynamics of two ReLU models in the high dimensions.

Theorem 7 Consider Assumptions 1 and 2, suppose the initialization is w(0)
⊕ = X⊤(XX⊤)−1

ϵ⊕

and w
(0)
⊖ = X⊤(XX⊤)−1

ϵ⊖, where 0 < ϵ⊕,i, ϵ⊖,i ≤ 1
2Cα

ymin for all i ∈ [n], and the step size to
satisfy 1

CCg∥λ∥1
≤ η ≤ 1

Cg∥λ∥1
. Then, with probability at least 1−2 exp(−cn), the gradient descent

limit w(∞)
⊕ coincides with the solution obtained by linear regression trained only on the positively

labeled examples, with the initialization w
(1)
⊕ = ηX⊤

(
y − ϵ⊕ + ϵ⊖ + 1

η (XX⊤)−1ϵ⊕

)
, and

w
(∞)
⊕ = argmin

w:X+w=y+

∥∥∥w −w
(1)
⊕

∥∥∥
2
; similarly, for w(∞)

⊖ , we have w
(1)
⊖ = ηX⊤

(
−y + ϵ⊕ − ϵ⊖ +

1
η (XX⊤)−1ϵ⊖

)
and w

(∞)
⊖ = argmin

w:X−w=−y−

∥∥∥w −w
(1)
⊖

∥∥∥
2
, with X−w

(∞)
⊕ ⪯ 0 and X+w

(∞)
⊖ ⪯ 0.

Theorem 7 is proved in Appendix E.2. The optimization dynamics naturally decouple: w⊕ learns
to fit all positively labeled examples, while w⊖ learns to fit all negatively labeled examples.

4.3. Approximation to Minimum-ℓ2-norm Solution in High Dimensions

Finally, we show that the limiting solution of Theorem 7 is close to the minimum-ℓ2-norm {w⋆
⊕,w

⋆
⊖}.

Theorem 8 Consider Assumptions 1 and 2, suppose the initialization is w(0)
⊕ = X⊤(XX⊤)−1

ϵ⊕,

w
(0)
⊖ = X⊤(XX⊤)−1

ϵ⊖, where 0 < ϵ⊕,i, ϵ⊖,i ≤ 1
2Cα

ymin for all i ∈ [n], and the step size sat-

isfies 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

. Then, we have

√
n−y2min
CCg∥λ∥1

≤
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2
≤
√

16n−y2max
Cg∥λ∥1

and√
n+y2min
CCg∥λ∥1

≤
∥∥∥w(∞)

⊖ −w⋆
⊖

∥∥∥
2
≤
√

16n+y2max
Cg∥λ∥1

with probability at least 1− 2 exp(−cn).

Proof is in Appendix E.3 and leverages the restricted convex program that we derived in Lemma 6.

5. Discussion

We showed that the implicit bias of single and 2-ReLU models, under appropriate initialization, is
remarkably close to the minimum-norm solution if the features are sufficiently high-dimensional.
Natural open questions include: 1) characterizing the dynamics for m > 2 neurons, and 2) studying
the effect of moderate dimension where d > n but not d ≫ n. We provide partial results of
m > 2 neurons in Appendices F and G and simulate the effect of moderate-dimensional data on the
dynamics in Appendix H and observe that the primal dual variables intricately influence each other.
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Appendix A. Related work, our contribution and notation

We now briefly discuss the most closely related work and highlight key differences of our approach.
We contextualize our results within the most closely related prior studies on implicit bias of re-
gression models in Table 1. Boursier et al. [3] study the dynamics of gradient flow on two-layer
ReLU networks under an exact orthogonality assumption on the data. Exact orthogonality removes
interactions between examples and significantly simplifies the activation patterns induced by the
ReLU nonlinearity. As a result, their analysis primarily focuses on how the second-layer weights
evolve to fit all examples, leading to a multi-phase gradient flow dynamic. Under these assump-
tions, they show that gradient flow converges to the minimum-ℓ2-norm solution (their Theorem
1). In contrast, our work focuses on understanding how interactions between examples—captured
through the Gram matrix—shape the active and inactive patterns in ReLU models under more re-
alistic, controllable high-dimensional settings. Interestingly, we are able to show that the implicit
bias is no longer exactly the minimum-ℓ2-norm solution, but is close to it (Theorems 5 and 8). Dana
et al. [5] also analyze the high-dimensional regime and establish global convergence by showing
that each example can be fitted by at least one neuron with high probability and all active examples
stay active (their Theorem 1). However, their analysis does not address the behavior of inactive
examples suppressed by the ReLU nonlinearity and does not shed light on the implicit bias. As a
result, their work provides only a partial view of the gradient dynamics. In contrast, we introduce a
novel primal–dual framework that allows us to simultaneously track both active and inactive exam-
ples (Lemmas 9 and 10). This framework enables a full characterization of the gradient dynamics
and, consequently, the implicit bias in high dimensions. We use some of the observations of Dana
et al. [5] as a starting point for our primal-dual characterizations. More generally, most existing
analyses [3, 5, 15] rely on gradient flow and continuous-time ODE techniques, which assume in-
finitesimal step sizes. In contrast, our analysis directly studies gradient descent with finite (though
still small) step sizes. This distinction is both theoretically and practically important, as gradient
descent is the algorithm used in practice. Our primal–dual approach provides a new framework
for analyzing discrete-time optimization dynamics in ReLU networks and opens a complementary
direction to existing studies based on gradient flow.

Our contributions: In this paper, we provide a rich characterization of the implicit bias in-
duced by gradient descent for ReLU networks trained with the squared loss on sufficiently high-
dimensional data. Our main contributions are summarized as follows. First, we completely char-
acterize the implicit bias of gradient descent dynamics on ReLU models with 1 or 2 neurons for
high-dimensional data under sufficient conditions (Theorems 4 and 7). Second, we quantify the
relationship between the implicit bias of gradient descent and the global minimum that achieves the
minimum-ℓ2-norm. More specifically, we establish both upper and lower bounds on the distance
between the gradient descent limit and the minimum-ℓ2-norm solution, showing that it scales as
Θ(
√

n/∥λ∥1) where n is the number of training examples and λ denotes the spectrum of the data
covariance matrix (Theorems 5 and 8). Consequently, the solutions are very close, but not identical,
for high-dimensional features. Interestingly, a similar phenomenon was also shown to occur with
exponentially-tailed losses [7, 8] for classification.

Our techniques in a nutshell: Our main results are obtained through a novel primal-dual for-
mulation of the gradient descent dynamics under the squared loss with ReLU networks, which is
inspired by mirror descent (first studied by Ji and Telgarsky [12] for linear models). Instead of di-

10
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rectly tracking the weight vector in the original parameter space like previous work, we introduce
primal variables representing the predictions on training examples, and dual variables capturing the
coefficients in the data span. This representation is particularly well-suited for analyzing ReLU
networks because the sign of each primal variable directly determines whether the corresponding
example is active, and hence whether its dual variable receives a gradient update. Our analysis re-
veals that understanding the gradient dynamics hinges on tracking (i) the positivity of the primal
variables and (ii) the interactions between training examples. We introduce new tools to carefully
control the evolution of positive primal variables and sufficiently negative dual variables (Lemmas 9
and 10, which may be of independent interest). Underlying the proofs of our approximation results
to the minimum-ℓ2-norm solutions are novel characterizations of the latter as minimum-ℓ2-norm lin-
ear interpolations of a (possibly data-dependent) subset of training examples. This data-dependent
subset selection is a fundamental difference between the implicit bias of linear models and ReLU
models.

Notation: We use lowercase boldface letters (e.g. x) to denote vectors, lowercase letters (e.g. y)
to denote scalars, and uppercase boldface letters (e.g. X) to denote matrices. We use ∥·∥p to denote
the ℓp-norm of a vector for p ∈ [1,∞) and ∥·∥2 to additionally denote the operator norm of a matrix.
For a vector x ∈ Rd, we use xi to denote its i-th component. We use [n] to denote the set {1, . . . , n}.
For ease of subsequent notation, we consider without loss of generality the samples with positive
labels to appear in the upper block of the data matrix X , while those with negative labels appear in
the lower block. Let n+ denote the number of positive labels and n− = n− n+ denote the number
of negative labels. Accordingly, we write X =

[
X⊤

+ X⊤
−
]⊤ where X+ ∈ Rn+×d contains the

features corresponding to positive labels and X− ∈ Rn−×d contains the features corresponding to
negative labels. We similarly partition the label vector as y =

[
y⊤
+ y⊤

−
]⊤. For a matrix X ∈

Rn×d, a vector y ∈ Rn, and any index set S ⊆ [n], we use XS ∈ R|S|×d to denote the submatrix
of X consisting of the rows indexed by S, and yS ∈ R|S| denotes the corresponding subvector.
We use C, c to denote universal constants that appear in upper and lower bounds respectively that
may change from line to line. We also use the notation C(·) to denote universal constants with
a specific meaning that do not change from line to line. We specifically choose C0 ≳ C2

α and
Cα ≳ max{C2

g , CyCg} in our analysis.

11
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(t) (t+ 1)

yi > 0: β
(t)
i > 0 β

(t+1)
i > 0

Lemma 9

yj < 0:

β
(t)
j < 0

α
(t)
j < 0 α

(t+1)
j = α

(t)
j

Lemma 10
Equation (4b)

Figure 1: Gradient descent transition dia-
gram for the k-th neuron.

Figure 2: Approximation error between the
implicit bias of the single ReLU model w(∞)

and the minimum-ℓ2-norm solution w⋆.

Appendix B. Main Proof Ideas

Our analysis hinges on precisely tracking the activation patterns of ReLU neurons across all
training examples. By controlling which examples remain active or inactive throughout training,
we are able to understand the resulting gradient dynamics and, consequently, the implicit bias of the
converged solution. To establish these results, we introduce two key lemmas. Lemma 9, inspired by
ideas in Dana et al. [5], shows that once the primal variable βk,i corresponding to the k-th neuron and
the i-th example is active—and the sign of the neuron sk agrees with the label yi—it remains active
in the next iteration. This ensures that such an example is not suppressed by the ReLU nonlinearity
and continues to contribute to the gradient updates.

Lemma 9 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies η ≤ 1
Cg∥λ∥1

.
Consider the k-th ReLU neuron in hΘ. For any t ≥ 0 and any index i ∈ [n] such that sk · yi > 0, if
β
(t)
k,i > 0, β(t)

k,i ≥ sk ·hΘ(t)(xi), and
∥∥hΘ(t)(X)− y

∥∥
2
≤ Cy ∥y∥2, then β

(t+1)
k,i > 0 with probability

at least 1− 2 exp(−cn).

This lemma is proved in Appendix C.2. The main idea behind Lemma 9 is that as long as the primal
variable β

(t)
k,i is positive and the empirical risk remains uniformly bounded, the gradient update of

β
(t)
k,i is dominated by its self-interaction term for high-dimensional data — the reason, at a high level,

is that cross-sample interactions can be bounded in high dimensions (due to the concentration of the
random Gram matrix XX⊤ around ∥λ∥1I). As a result, the magnitude of the update is strictly
smaller than β

(t)
k,i , ensuring that β(t+1)

k,i remains positive.
Lemma 10 concerns the behavior of inactive examples. It shows that once a dual variable αk,j

associated with the k-th neuron and the j-th example becomes sufficiently negative, the correspond-
ing primal variable βk,j remains inactive. Consequently, the dual variable is no longer updated and
stays frozen throughout training. This mechanism effectively removes certain examples from the
optimization dynamics.

12
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Lemma 10 Under Assumptions 1 and 2, suppose the step size satisfies η ≤ 1
Cg∥λ∥1

. Consider

the k-th ReLU neuron in hΘ. For any t ≥ 0 and any index j ∈ [n], if α(t)
k,j ≤ − ymin

Cα∥λ∥1
and∥∥∥α(t)

k

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
, then β

(t)
k,j ≤ 0 and α

(t+1)
k,j = α

(t)
k,j with probability at least 1− 2 exp(−cn).

The proof of Lemma 10 (see Appendix C.3) relies on the primal–dual relationship βk = XX⊤αk

from Equation (3), together with concentration results for the Gram matrix. Specifically, if a dual
variable is sufficiently negative, then the corresponding primal variable β

(t)
k,j is strictly negative.

According to the dual update rule in Equation (4b), a negative β(t)
k,j implies that the ReLU is inactive

and the dual coordinate receives no further updates. As a result, α(t+1)
k,j = α

(t)
k,j , and sufficiently

negative dual variables remain frozen throughout training. Figure 1 depicts the transition of primal-
dual updates in Lemma 9 and Lemma 10.

In the following paragraphs, we outline the proof sketch for single ReLU models. The proof
ideas for the 2-ReLU case follow analogously.

Proof Sketch of Theorem 4: The proof combines the insights from Lemma 9 and Lemma 10 to
obtain a complete picture of how activation patterns evolve during training. Together, these lemmas
allow us to track which examples remain active or inactive throughout gradient descent. Our goal
is to reach—and maintain—a configuration in which positive-labeled examples remain active while
negative-labeled examples remain inactive, as formalized by the sufficient conditions in Lemma 14
in Appendix D.2. To achieve this, we leverage two key properties of the initialization. First, the
positive initialization guarantees that every example initially has at least one active neuron capable
of fitting it. Second, the small initialization ensures that, after the first gradient step, positive-labeled
examples remain in the active regime while negative-labeled examples acquire sufficiently negative
dual variables and become inactive. Together, these properties place positive and negative examples
into their respective regimes after a single update. We then apply Lemma 14 to show that this
configuration is stable under subsequent iterations. As a result, the activation pattern becomes fixed
after the first step, and the dynamics enter the final phase described in Lemma 1.

Proof Sketch of Theorem 5: To compare the gradient descent limit w(∞) with the minimum-ℓ2-
norm solution w⋆, we relate their distance in parameter space to their distance in prediction space.
Since both solutions interpolate all positive-labeled examples exactly, any discrepancy between
them must arise from their predictions on negative-labeled examples. We bound this discrepancy
using the KKT conditions characterizing w⋆, as established in Lemma 3. These conditions precisely
describe how w⋆ treats negative-labeled examples and allow us to control the prediction distance
in terms of the distance between the primal and dual variables. In particular, the KKT conditions
imply that this gap is nonzero, showing that w(∞) ̸= w⋆. Translating our bounds back to parameter
space yields matching upper and lower bounds on ∥w(∞) −w⋆∥2.

13
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Appendix C. Proofs of Key Lemmas Tracking Primal–Dual Gradient Dynamics

In this section, we present the proofs of the key lemmas used to track the gradient dynamics of
the primal and dual variables. The central factor governing these dynamics is the sign pattern of
the primal variables, which determines whether individual examples are active or inactive under the
ReLU nonlinearity and, consequently, whether the corresponding dual variables are updated.

Before presenting the proofs, we first recall two key technical lemmas: 1) a concentration result
on the eigenvalues of random Gram matrices in high dimensions from Bartlett et al. [1]; 2) a con-
centration bound on the operator norm of random Gram matrices from Hsu et al. [10]. Both these
lemmas play a crucial role throughout the analysis.

C.1. Concentration of Random Gram Matrices in High Dimensions

Our analysis relies heavily on properties of the Gram matrix on high-dimensional data. These
concentration results allow us to control cross-sample interactions and isolate the dominant self-
interaction terms that drive the gradient updates. As a result, we can rigorously characterize how
positivity and negativity patterns in the primal and dual variables evolve over time.

In Lemma 11, we characterize the typical behavior of the eigenvalues of a weighted sum of outer
products of independent subgaussian vectors. Recall from Section 2 that the feature vector x ∈ Rd

admits the representation x = V Λ
1
2z, where z ∈ Rd has independent, mean-zero, σ2

z -subgaussian
components, and we take σz = 1. Under this model, the empirical Gram matrix can be written as
XX⊤ =

∑d
j=1 λjvjv

⊤
j where each vj ∈ Rn is an independent random vector with independent,

mean-zero, subgaussian entries. Concretely, Lemma 11 provides high-probability bounds on the
extreme eigenvalues of XX⊤.

Lemma 11 (1, Lemma 9, 16, Lemma 12) There exists a constant c such that with probability at
least 1− 2e−n/c, we have

1

c

d∑
j=1

λj − cλ1n ≤ µn(XX⊤) ≤ µ1(XX⊤) ≤ c

 d∑
j=1

λj + λ1n

 .

Moreover, if the effective dimension satisfies d∞ =
∑d

j=1 λj

λ1
≥ bn for some constant b ≥ 1, then

there exists a constant Cg ≥ 1 such that

1

Cg

d∑
j=1

λj ≤ µn(XX⊤) ≤ µ1(XX⊤) ≤ Cg

d∑
j=1

λj .

with probability at least 1− 2e−n/Cg .

Next, Lemma 12 provides a high-probability bound on the operator norm deviation between the
Gram matrix XX⊤ and ∥λ∥1 I , which is fruitful for high-dimensional data, and Corollary 13
shows that the typical value of this deviation can be expressed in terms of n and effective dimensions
d2, d∞.

Lemma 12 (10, Lemma 8) There exists a universal constant c > 0, for any τ > 0,

Pr
(∥∥∥XX⊤ − ∥λ∥1 I

∥∥∥
2
≥ τ

)
≤ 2 · 9n · exp

(
−c ·min

{
τ2

∥λ∥22
,

τ

∥λ∥∞

})
,

14
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where ∥λ∥1 :=
∑d

j=1 λj , ∥λ∥22 :=
∑d

j=1 λ
2
j , and ∥λ∥∞ := maxj∈[d] λj .

Corollary 13 With the choice of τ = C ·max(∥λ∥2
√
n, ∥λ∥∞ n) and the constant C · c > ln 9,

we have ∥∥∥∥ 1

∥λ∥1
XX⊤ − I

∥∥∥∥
2

≤ C ·max

(√
n

d2
,
n

d∞

)
,

with probability at least 1 − 2 exp(−n(Cc− ln 9)), where we have defined d2 :=
∥λ∥21
∥λ∥22

, d∞ :=

∥λ∥1
∥λ∥∞

. Similarly, we have∥∥∥∥∥λ∥1 (XX⊤
)−1

− I

∥∥∥∥
2

≤ CgC ·max

(√
n

d2
,
n

d∞

)
,

with probability at least 1− 2 exp(−n(Cc− ln 9)).

C.2. Proof of Lemma 9 (Primal Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the sign of any ReLU neuron
agrees with the label of an example, then the corresponding primal variable remains positive after
one gradient descent step.
Proof (Lemma 9) According to the primal gradient descent update in Equation (4a) for the k-th
neuron, we have

β
(t+1)
k = β

(t)
k − ηskXX⊤D(β

(t)
k )(hΘ(t)(X)− y).

We aim to separate the gradient contribution arising from the diagonal and off-diagonal components
of the Gram matrix and to show that the updated primal coordinate remains positive, i.e., β(t+1)

k,i > 0.

Fix any t ≥ 0 and any index i such that sk · yi > 0 and β
(t)
k,i > 0. Then, the update of the i-th

coordinate can be written as

β
(t+1)
k,i = β

(t)
k,i − ηske

⊤
i XX⊤D(β

(t)
k )(hΘ(t)(X)− y)

= β
(t)
k,i − ηske

⊤
i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
D(β

(t)
k )(hΘ(t)(X)− y)

=
[
β
(t)
k,i − η ∥λ∥1

(
skhΘ(t)(xi)− skyi

)]
− ηske

⊤
i

(
XX⊤ − ∥λ∥1 I

)
D(β

(t)
k )(hΘ(t)(X)− y),

(9)

where the last equality uses the assumption β
(t)
k,i > 0, which implies Dii = 1

β
(t)
k,i>0

= 1. We now

lower bound β
(t+1)
k,i . By the step size condition η ≤ 1

Cg∥λ∥1
and the assumption β

(t)
k,i ≥ sk ·hΘ(t)(xi),

the first term in Equation (9) satisfies

β
(t)
k,i − η ∥λ∥1

(
skhΘ(t)(xi)− skyi

)
≥ η ∥λ∥1 |yi|.

Substituting this into Equation (9) yields

(9) ≥ η ∥λ∥1 |yi| − ηske
⊤
i

(
XX⊤ − ∥λ∥1 I

)
D(β

(t)
k )(hΘ(t)(X)− y)

≥ η ∥λ∥1 |yi| − η
∥∥∥XX⊤ − ∥λ∥1 I

∥∥∥
2

∥∥hΘ(t)(X)− y
∥∥
2
, (10)
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where the last inequality follows from the Cauchy–Schwarz inequality and the sub-multiplicativity
of the operator norm. Next, we upper bound the second term in Equation (10) using Corollary 13.
With probability at least 1− 2 exp(−n(Cc− ln 9)), we obtain

(10) ≥ η ∥λ∥1
[
|yi| − C ·max

(√
n

d2
,
n

d∞

)∥∥hΘ(t)(X)− y
∥∥
2

]
(i)

≥ η ∥λ∥1
[
ymin − C ·max

(√
n

d2
,
n

d∞

)
· Cy

√
nymax

]
(ii)

≥ η ∥λ∥1
[
ymin − C · Cy ·

ymin

C0ymax
· ymax

]
> 0.

Inequality (i) applies the lemma assumption that
∥∥hΘ(t)(X)− y

∥∥
2
≤ Cy ∥y∥2 ≤ Cy

√
nymax.

Inequality (ii) follows from Assumption 2, which guarantees that d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥

C0
n1.5ymax

ymin
with large enough C0 > C · Cy. This completes the proof of the lemma.

C.3. Proof of Lemma 10 (Dual Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the dual variable α(t)
k,j for the k-th

neuron and j-th example is sufficiently negative, then it remains unchanged in the next iteration,
i.e., α(t+1)

k,j = α
(t)
k,j .

Proof (Lemma 10) By the definition of primal and dual variables in Equation (3), we have

β
(t)
k = XX⊤α

(t)
k .

According to the dual gradient update in Equation (4b), we have

α
(t+1)
k = α

(t)
k − ηD(β

(t)
k )(hΘ(t)(X)− y).

This update reveals that each coordinate α
(t)
k,j evolves independently and is governed by the sign of

the corresponding primal variable β
(t)
k,j . In particular, if β(t)

k,j ≤ 0, then the j-th diagonal entry of

D(β
(t)
k ) vanishes, and consequently α

(t+1)
k,j = α

(t)
k,j .

We therefore establish a sufficient condition under which β
(t)
k,j ≤ 0 in terms of the dual variable

α
(t)
k,j . Specifically, we separate the diagonal and off-diagonal components of the Gram matrix as

β
(t)
k,j = e⊤j XX⊤α

(t)
k

= e⊤j

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
α

(t)
k

= ∥λ∥1 α
(t)
k,j + e⊤j

(
XX⊤ − ∥λ∥1 I

)
α

(t)
k

≤ ∥λ∥1 α
(t)
k,j +

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥∥α(t)
k

∥∥∥
2
, (11)

16



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE LOSS RELU

where the last inequality follows from the sub-multiplicativity of the operator norm. Next, we upper
bound the two terms

∥∥XX⊤ − ∥λ∥1 I
∥∥
2

and
∥∥∥α(t)

k

∥∥∥
2

appearing in Equation (11). Following the
same argument as in the proof of Lemma 9, we apply Corollary 13. Consequently, with probability
at least 1− 2 exp(−n(Cc− ln 9)), we obtain

(11) ≤ ∥λ∥1
[
α
(t)
k,j + C ·max

(√
n

d2
,
n

d∞

)∥∥∥α(t)
k

∥∥∥
2

]
. (12)

Finally, substituting the upper bound of α(t)
k,j and

∥∥∥α(t)
k

∥∥∥
2

in lemma assumptions into Equation (12),
we obtain

(12) ≤ ∥λ∥1
[
− ymin

Cα ∥λ∥1
+ C ·max

(√
n

d2
,
n

d∞

)
Cα

√
nymax

∥λ∥1

]
= ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C · ymin

C0ymax

Cαymax

∥λ∥1

]
≤ 0,

where the last inequality follows from Assumption 2, which ensures d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥

C0
n1.5ymax

ymin
with large enough C0 > C ·C2

α. We have thus shown that if α(t)
k,j is sufficiently negative,

then β
(t)
k,j ≤ 0, and consequently α

(t+1)
k,j = α

(t)
k,j . This completes the proof of the lemma.
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Appendix D. Proofs for the Single ReLU model (m = 1) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the single ReLU model trained
with gradient descent.

D.1. Proofs of Lemmas 1, 2 and 3 (Gradient Descent Convergence and w⋆)

We present complete proofs of the gradient descent convergence for single ReLU models in Lem-
mas 1 and 2, as well as a characterization of the minimum-ℓ2-norm solution in Lemma 3.
Proof (Lemma 1) We prove this lemma by showing that after iteration t0 ≥ 0, since the activation
pattern is fixed, the gradient of the single ReLU model is equivalent to the gradient of a linear model
using only a subset of examples. Consider a linear model

h(x) = w⊤x,

where w ∈ Rd is the linear model parameter (also called weight). Let S ⊆ [n] denote the active set
for the single ReLU model at iteration t0, defined by S := {i ∈ [n] : x⊤

i w
(t0) > 0}. We write the

empirical risk with the linear model using only the examples in S as

RS(w) =
1

2

∑
i∈S

(w⊤xi − yi)
2.

The gradient descent update for this linear model is

w(t+1) = w(t) − η∇RS(w
(t))

= w(t) − η
∑
i∈S

(w(t)⊤xi − yi)xi. (13)

On the other hand, the original gradient descent dynamic for the single ReLU model tells us that

w(t+1) = w(t) − ηX⊤D(Xw(t))(Xw(t) − y).

Under the lemma assumption, D(Xw(t0)) = D(Xw(t)) for all t ≥ t0. Thus, we know that
Dii = 1i∈S for all t ≥ t0. Therefore, for t ≥ t0, we can write the gradient update of the original
single ReLU model as

w(t+1) = w(t) − ηX⊤D(Xw(t))(Xw(t) − y)

= w(t) − η
∑
i∈S

(w(t)⊤xi − yi)xi.

This gradient update is equivalent to the gradient update of the linear model in Equation (13) for all
t ≥ t0. As a result, for t ≥ t0, the gradient update of the single ReLU model is equivalent to a linear
model using only data in S. This completes the proof of the lemma.

Proof (Lemma 2) By Lemma 1, the activation pattern is fixed for all t ≥ t0, so the gradient descent
update reduces to linear regression restricted to the active subset S, given by

w(t+1) = w(t) − ηX⊤D(Xw(t))(Xw(t) − y)

= w(t) − η
∑
i∈S

(w(t)⊤xi − yi)xi

= w(t) − ηX⊤
S (XSw

(t) − yS).

18



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE LOSS RELU

The final phase empirical risk is given by

R(w) =
1

2
∥XSw − yS∥

2
2 +

1

2
∥ySc∥22 ,

where the second term comes from the examples in Sc with negative pre-activations, and it does not
depend on w because the activation pattern does not change after t0. Note that R(w) is a convex
quadratic with

∇R(w) = X⊤
S (XSw − yS), ∇2R(w) = X⊤

SXS .

Therefore, R is L-smooth with

L =
∥∥∇2R(w)

∥∥
2
=
∥∥∥X⊤

SXS

∥∥∥
2
= µ1(XSX

⊤
S ).

A standard smoothness/descent result (e.g., Boyd and Vandenberghe 4, Equation 9.17) implies that
for any η ≤ 1

L ,

R(w(t+1)) ≤ R(w(t))− η

2

∥∥∥∇R(w(t))
∥∥∥2
2
,

and in particular, R(w(t)) is non-increasing for all t ≥ t0.
It remains to upper bound L. Since S is a subset of the training indices, |S| ≤ n. Under the

effective dimension condition d∞ ≥ bn, Lemma 11 applies to the Gram matrix XX⊤, and yields
that with probability at least 1 − 2e−n/Cg , µ1(XSX

⊤
S ) ≤ µ1(XX⊤) ≤ Cg ∥λ∥1. On this event,

we have L ≤ Cg ∥λ∥1, Hence, choosing η ≤ 1
Cg∥λ∥1

guarantees that R(w(t)) is non-increasing for
all t ≥ t0. This establishes the desired step size condition in the final phase (and thus convergence
in function value for the single ReLU dynamics after t0).

Finally, according to Gunasekar et al. [9, Section 2.1], the set of minimizers of R(w) is the
affine subspace,

WS = {w : XSw = yS},

and gradient descent with constant step size converges to the Euclidean projection of the initial-
ization w(t0) onto this subspace w(∞) = argmin

w∈WS

∥∥w −w(t0)
∥∥
2
. This completes the proof of the

lemma.

Proof (Lemma 3) We prove the lemma by showing that the optimal solution w⋆ of the original
convex program for single ReLU models also solves a reduced convex program whose solution is
the minimum-ℓ2-norm interpolation (MNI) over an index subset S ⊆ [n] with modified labels. First,
we restate the convex program (6) and its KKT conditions below:

w⋆ ∈ argmin
w

1

2
∥w∥22

s.t. w⊤xi = yi, for all i ∈ S1,

w⊤xj ≤ 0, for all j ∈ S2,
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where we denote S1 = {i : yi > 0, for all i ∈ [n]}, S2 = {j : yj ≤ 0, for all j ∈ [n]} and
S1 ∪ S2 = [n]. Since n ≤ d and we have assumed rank(X) = n, we can always find a feasible
solution satisfying all n equality constraints. This implies that the solution set is nonempty, and w⋆

always exists. Hence, the following KKT conditions are necessary (and also sufficient) to w⋆ for
some λ⋆ ∈ R|S1| and µ⋆ ∈ R|S2|:
Stationarity:

w⋆ +
∑
i∈S1

λ⋆
ixi +

∑
j∈S2

µ⋆
jxj = 0 ⇔ w⋆ = −

∑
i∈S1

λ⋆
ixi −

∑
j∈S2

µ⋆
jxj .

Primal feasibility:

w⋆⊤xi = yi, for all i ∈ S1,

w⋆⊤xj ≤ 0, for all j ∈ S2.

Dual feasibility:

λ⋆
i ∈ R, for all i ∈ S1,

µ⋆
j ≥ 0, for all j ∈ S2.

Complementary slackness: ∑
j∈S2

µ⋆
j

(
w⋆⊤xj

)
= 0.

Next, we further denote a subset S̃2 ⊆ S2 such that S̃2 = {j : µ⋆
j > 0 for all j ∈ S2} (note that S̃2

can be empty). By the KKT conditions, it is necessary for w⋆ to satisfy the following:

w⋆ = −
∑
i∈S1

λ⋆
ixi −

∑
j∈S̃2

µ⋆
jxj , with λ⋆

i ∈ R and µ⋆
j > 0, (14a)

w⋆⊤xi = yi, for all i ∈ S1, (14b)

w⋆⊤xj = 0, for all j ∈ S̃2. (14c)

Now, we consider a reduced convex program:

w̃ ∈ argmin
w

1

2
∥w∥22 (15)

s.t. w⊤xi = yi, for all i ∈ S1,

w⊤xj = 0, for all j ∈ S̃2.

Its KKT conditions are give below.
Stationarity:

w̃ +
∑
i∈S1

λ̃ixi +
∑
j∈S̃2

λ̃jxj = 0 ⇔ w̃ = −
∑
i∈S1

λ̃ixi −
∑
j∈S̃2

λ̃jxj .
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Primal feasibility:

w̃⊤xi = yi, for all i ∈ S1,

w̃⊤xj = 0, for all j ∈ S̃2.

Dual feasibility:

λ̃i ∈ R, for all i ∈ S1,

λ̃j ∈ R, for all j ∈ S̃2.

Since w⋆ satisfies all the conditions in Equation (14), it also satisfies the KKT conditions for the
reduced convex program (15). Thus, w⋆ is also the optimal solution of the reduced convex program.
Finally, we have a closed-form solution for the reduced convex program such that w⋆ = w̃ =
wlinear−MNI,S = X⊤

S (XSX
⊤
S )

−1ỹS where S = S1 ∪ S̃2 and ỹS denotes the corresponding label
subvector with all negative entries replaced by zero. This completes the proof of the lemma.

D.2. Proof of Theorem 4 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 4. For the single ReLU model (m = 1), the
primal–dual gradient update in (4) simplifies to

(Primal) β(t+1) = β(t) − ηXX⊤D(β(t))(β(t) − y), (16a)

(Dual) α(t+1) = α(t) − ηD(β(t))(β(t) − y). (16b)

Before proceeding to the proof, we introduce a set of sufficient conditions under which the signs
of the primal variables agree with the signs of the labels at iteration t. Moreover, these conditions
are preserved at iteration t+ 1.

Lemma 14 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies η ≤
1

Cg∥λ∥1
. For any single ReLU model, if the following six conditions hold at some iteration t ≥ 0,

then they also hold at iteration t+ 1.

a. β
(t)
i > 0, for all i ∈ [n] with yi > 0.

b. − 3ymax

Cg∥λ∥1
≤ α

(t)
j ≤ − ymin

Cα∥λ∥1
, for all j ∈ [n] with yj < 0.

c.
∥∥∥β(t)

+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2
.

d.
∥∥α(t)

∥∥
2
≤ Cα

√
nymax

∥λ∥1
.

e. β
(t)
j ≤ 0, for all j ∈ [n] with yj < 0.

f. σ(β(t)) =

[
β
(t)
+

0

]
.
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Consequently, the set of active examples consists exactly of the positively labeled examples, and the
activation pattern remains unchanged, i.e., D(β(t)) = D(β(t+1)).

Proof (Lemma 14) In the following, we show that if the six sufficient conditions hold at some
iteration t ≥ 0, then they also hold at iteration t+ 1.

Part (a): By conditions (c) and (f) at iteration t, we have
∥∥hΘ(t)(X)− y

∥∥2
2
=
∥∥∥σ(β(t))− y

∥∥∥2
2
=∥∥∥β(t)

+ − y+

∥∥∥2
2
+
∥∥y−

∥∥2
2
≤ C2

y ∥y∥
2
2. Together with hΘ(t)(xi) = β

(t)
i and condition (a),

all the assumptions of Lemma 9 are satisfied for all i with yi > 0. Consequently, we
obtain β

(t+1)
i > 0 for all i ∈ [n] with yi > 0, and thus condition (a) holds at iteration

t+ 1.

Part (b): According to the dual gradient update in Equation (16b), and using condition (e) at
iteration t, we conclude that the dual variables corresponding to negatively labeled ex-
amples remain unchanged, i.e., α(t+1)

j = α
(t)
j for all j ∈ [n] with yj < 0. Therefore,

condition (b) continues to hold at iteration t+ 1.

Part (c): By conditions (a) and (e), the gradient update at iteration t depends only on the posi-
tively labeled examples. Consequently, the update is equivalent to a linear regression
gradient descent step using only the positive-labeled subset. As similarly argued in the
proof of Lemma 2, since the step size satisfies η ≤ 1

Cg∥λ∥1
, the squared loss is monoton-

ically non-increasing, and we obtain
∥∥∥β(t+1)

+ − y+

∥∥∥
2
≤
∥∥∥β(t)

+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2

by condition (c) at iteration t. Therefore, condition (c) holds at iteration t+ 1.

Part (d): For this part, we use conditions (b) and (c) at iteration t+ 1. By the triangle inequality,
we have ∥∥∥α(t+1)

∥∥∥
2
≤
∥∥∥α(t+1)

+

∥∥∥
2
+
∥∥∥α(t+1)

−

∥∥∥
2
.

By condition (b) at iteration t + 1, it follows that
∥∥∥α(t+1)

−

∥∥∥
2
≤ 3

√
nymax

Cg∥λ∥1
. It there-

fore remains to upper bound
∥∥∥α(t+1)

+

∥∥∥
2
. By condition (c) at iteration t + 1, we have∥∥∥β(t+1)

+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2
+
∥∥y+

∥∥
2
≤ (Cy + 1) ∥y∥2. Moreover, we have∥∥∥β(t+1)

+

∥∥∥
2
=
∥∥∥X+X

⊤α(t+1)
∥∥∥
2

=

∥∥∥∥∥X+

[
X⊤

+X
⊤
−
] [α(t+1)

+

α
(t+1)
−

]∥∥∥∥∥
2

=
∥∥∥X+X

⊤
+α

(t+1)
+ +X+X

⊤
−α

(t+1)
−

∥∥∥
2
.

Applying the triangle inequality yields∥∥∥X+X
⊤
+α

(t+1)
+

∥∥∥
2
≤
∥∥∥β(t+1)

+

∥∥∥
2
+
∥∥∥X+X

⊤
−α

(t+1)
−

∥∥∥
2
≤ (Cy + 1) ∥y∥2 +

∥∥∥X+X
⊤
−α

(t+1)
−

∥∥∥
2
.
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Since X+X
⊤
+ ∈ Rn+×n+ is full rank, we obtain

∥∥∥α(t+1)
+

∥∥∥
2
≤

(Cy + 1) ∥y∥2 +
∥∥∥X+X

⊤
−α

(t+1)
−

∥∥∥
2

µn+(X+X
⊤
+)

.

For the denominator, the variational formulation for eigenvalues of a submatrix and
Lemma 11 imply that

µn+(X+X
⊤
+) ≥ µn(XX⊤) ≥ 1

Cg

d∑
j=1

λj =
∥λ∥1
Cg

,

with probability at least 1 − 2e−n/Cg . For the numerator, we have (Cy + 1) ∥y∥2 ≤
(Cy + 1)

√
nymax. Moreover, by Bhatia and Kittaneh [2, Theorem 1], we have∥∥∥X+X

⊤
−

∥∥∥
2
≤ 1

2

∥∥∥X+X
⊤
+ +X−X

⊤
−

∥∥∥
2

≤ 1

2

(∥∥∥X+X
⊤
+

∥∥∥
2
+
∥∥∥X−X

⊤
−

∥∥∥
2

)
≤ Cg

d∑
j=1

λj

= Cg ∥λ∥1 ,

where the last inequality follows from Lemma 11. Combining these bounds yields

∥∥∥α(t+1)
+

∥∥∥
2
≤

(Cy + 1)
√
nymax + Cg ∥λ∥1 ·

3
√
nymax

Cg∥λ∥1
∥λ∥1 /Cg

= ((Cy + 1)Cg + 3Cg)

√
nymax

∥λ∥1
.

Consequently, we have∥∥∥α(t+1)
∥∥∥
2
≤ ((Cy + 1)Cg + 3Cg)

√
nymax

∥λ∥1
+

3
√
nymax

Cg ∥λ∥1
≤ Cα

√
nymax

∥λ∥1
,

with Cα ≳ max{C2
g , CyCg}, and thus condition (d) holds at iteration t+ 1.

Part (e): By Lemma 10, and since conditions (b) and (d) hold at iteration t+ 1, we conclude that
β
(t+1)
j ≤ 0 for all j ∈ [n] with yj < 0. Thus, condition (e) holds at iteration t+ 1.

Part (f): By conditions (a) and (e) at iteration t + 1, the signs of the primal variables continue

to agree with the signs of the labels. Consequently, σ(β(t+1)) =

[
β
(t+1)
+

0

]
, and thus

condition (f) holds at iteration t+ 1.

We have shown that the six sufficient conditions hold at iteration t + 1. Consequently, the signs of
the primal variables continue to agree with the signs of the labels, and hence D(β(t)) = D(β(t+1)).
This completes the proof.
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Equipped with Lemma 14, we are now ready to prove Theorem 4.
Proof (Theorem 4) In the proof, we first show that after the first gradient step, the iterate at t = 1
satisfies the conditions in Lemma 14. Next, since the conditions hold at t = 1 and are preserved
from t = t̃ to t = t̃ + 1 by Lemma 14, we fully characterize the gradient descent dynamics by
induction.

We begin by verifying that the iterate at t = 1 satisfies the sufficient conditions in Lemma 14.
With the initialization w(0) = X⊤(XX⊤)−1ϵ, we have β(0) = Xw(0) = ϵ. Therefore, using the
primal gradient update in Equation (16a), we obtain

β(1) = β(0) − ηXX⊤D(β(0))(β(0) − y)

= ϵ− ηXX⊤(ϵ− y)

= XX⊤

η
(
y − ϵ+

1

η

(
XX⊤

)−1
ϵ

)
︸ ︷︷ ︸

=:α(1)

 . (17)

We denote α(1) := η
(
y − ϵ+ 1

η (XX⊤)−1ϵ
)

according to the primal-dual formulation β(1) =

XX⊤α(1) in Equation (3). In the below, we show that at iteration t = 1, the variables β(1) and
α(1) satisfy all the conditions in Lemma 14.

Part (a): For all i ∈ [n] with yi > 0, we apply Lemma 9. Since β
(0)
i = ϵi > 0, β(0)

i = hΘ(0)(xi)

and
∥∥∥σ(β(0))− y

∥∥∥
2
≤ ∥ϵ∥2 + ∥y∥2 ≤

√
n

Cα
ymin + ∥y∥2 ≤ Cy ∥y∥2 with Cy > 1+ 1

Cα
,

it follows that β(1)
i > 0 for all i ∈ [n] with yi > 0.

Part (b): For all j ∈ [n] with yj < 0, we verify that α(1)
j satisfies the required upper and lower

bounds. For the upper bound, recall that

α
(1)
j = η

(
yj − ϵj +

1

η
e⊤j

(
XX⊤

)−1
ϵ

)
= η

(
yj − ϵj +

1

η
e⊤j

[
1

∥λ∥1
I +

((
XX⊤

)−1
− 1

∥λ∥1
I

)]
ϵ

)
= η

(
yj − ϵj +

ϵj
η ∥λ∥1

+
1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ

)
(i)

≤ η

(
yj +

ϵj
η ∥λ∥1

+
1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ

)
(ii)

≤ η

(
yj +

ϵj
η ∥λ∥1

+
1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ∥2
)
,

where inequality (i) drops the negative term −ϵj , and inequality (ii) follows from the
submultiplicativity of the operator norm. By Corollary 13, we have∥∥∥∥(XX⊤

)−1
− 1

∥λ∥1
I

∥∥∥∥
2

≤ CgC

∥λ∥1
·max

(√
n

d2
,
n

d∞

)
,
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with probability at least 1− 2 exp(−n(Cc− ln 9)). Moreover, by the theorem assump-
tions, ∥ϵ∥2 ≤

√
n

Cα
ymin and 1

η ≤ CCg ∥λ∥1. Combining these bounds yields

α
(1)
j ≤ 1

CCg ∥λ∥1

(
−ymin +

CCg

Cα
ymin + C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

Cα
ymin

)
≤ 1

CCg ∥λ∥1

(
−ymin +

CCg

Cα
ymin + C2C2

g · ymin

C0ymax
· 1

Cα
ymin

)
= − ymin

Cα ∥λ∥1

(
Cα

CCg
− 1− CCgymin

C0ymax

)
≤ − ymin

Cα ∥λ∥1
.

The second inequality follows from d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in As-

sumption 2, and the last inequality uses the following relationships between constants:
C0 > C · C2

α and Cα > C ·max{C2
g , CyCg}. For the lower bound, we have

α
(1)
j = η

(
yj − ϵj +

ϵj
η ∥λ∥1

+
1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ

)
≥ η

(
−ymax − ϵj −

1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ∥2
)

≥ 1

Cg ∥λ∥1

(
−ymax −

1

Cα
ymin − C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

Cα
ymin

)
≥ 1

Cg ∥λ∥1

(
−ymax −

1

Cα
ymin − C2C2

g · ymin

C0ymax
· 1

Cα
ymin

)
≥ −3ymax

Cg ∥λ∥1
,

by the same arguments. Thus, α(1)
j satisfies both the required upper and lower bounds

for all j with yj < 0.

Part (c): We now verify that the primal variables corresponding to positively labeled examples

minus y+ satisfy the norm bound in Lemma 14. Specifically, we show that
∥∥∥β(1)

+ − y+

∥∥∥2
2
≤

C2
y

∥∥y+

∥∥2
2
. According to Equation (17), we have∥∥∥β(1)

+ − y+

∥∥∥2
2
=
∑
i:yi>0

(
β
(1)
i − yi

)2

=
∑
i:yi>0

ϵi − ηe⊤i XX⊤ (ϵ− y)− yi︸ ︷︷ ︸
=:Ti


2

. (18)
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Next, we bound the term Ti := ϵi − ηe⊤i XX⊤ (ϵ− y)− yi for all i ∈ [n] with yi > 0.
We have

Ti = ϵi − ηe⊤i XX⊤ (ϵ− y)− yi = (ϵi − yi)− ηe⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
(ϵ− y)

= (1− η ∥λ∥1)(ϵi − yi)− ηe⊤i

(
XX⊤ − ∥λ∥1 I

)
(ϵ− y) .

Since the step size assumption guarantees that 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

, and ϵi ≤
1
Cα

ymin, the term (1 − η ∥λ∥1)(ϵi − yi) is strictly negative. Hence, in order to upper
bound T 2

i , it suffices to find the lower bound for Ti. We have

Ti = (1− η ∥λ∥1)(ϵi − yi)− ηe⊤i

(
XX⊤ − ∥λ∥1 I

)
(ϵ− y)

≥ −yi − η
∥∥∥XX⊤ − ∥λ∥1 I

∥∥∥
2
∥ϵ− y∥2 ,

where the inequality drops the positive terms (1−η ∥λ∥1)ϵi and η ∥λ∥1 yi. We again up-
per bound

∥∥XX⊤ − ∥λ∥1 I
∥∥
2

by Corollary 13. With probability at least 1−2 exp(−n(Cc− ln 9)),
we have

Ti ≥ −yi − η · C ∥λ∥1 ·max

(√
n

d2
,
n

d∞

)
∥ϵ− y∥2

≥ −yi −
C

Cg
·max

(√
n

d2
,
n

d∞

)
∥ϵ− y∥2 ,

by applying η ≤ 1
Cg∥λ∥1

. Finally, we apply the upper bounds for ∥ϵ∥2 and ∥y∥2, and

Assumption 2 ensures that d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
. We have

Ti ≥ −yi −
C

Cg
max

(√
n

d2
,
n

d∞

)(√
n

Cα
ymin +

√
nymax

)
≥ −yi −

Cymin

CgC0ymax

(
1

Cα
ymin + ymax

)
≥ −yi

(
1 +

2C

CgC0

)
≥ −Cyyi,

with the choice of Cy ≥ 2. Substituting T 2
i ≤ C2

yy
2
i into Equation (18), we have∥∥∥β(1)

+ − y+

∥∥∥2
2
≤
∑
i:yi>0

C2
yy

2
i = C2

y

∥∥y+

∥∥2
2
.

As a result, we conclude that
∥∥∥β(1)

+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2

as required.

Part (d): We next verify that α(1) satisfies the required norm bound. Recall that

α(1) = η

(
y − ϵ+

1

η

(
XX⊤

)−1
ϵ

)
.
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Taking the ℓ2 norm and applying the triangle inequality yields∥∥∥α(1)
∥∥∥
2
=

∥∥∥∥η(y − ϵ+
1

η

(
XX⊤

)−1
ϵ

)∥∥∥∥
2

≤ η

[
∥y∥2 + ∥ϵ∥2 +

1

η

∥∥∥∥(XX⊤
)−1

∥∥∥∥
2

∥ϵ∥2
]
.

We now bound each term on the right-hand side. We apply the label bound, ∥y∥2 ≤
√
nymax and the construction of the initialization, ∥ϵ∥2 ≤

√
n

Cα
ymin. Moreover, Lemma 11

implies
∥∥(XX⊤)−1

∥∥
2
≤ Cg

∥λ∥1
with probability at least 1 − 2e−n/Cg , and the step size

condition ensures 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

. Substituting these bounds, we obtain

∥∥∥α(1)
∥∥∥
2
≤ 1

Cg ∥λ∥1

[√
nymax +

√
n

Cα
ymin + CCg ∥λ∥1 ·

Cg

∥λ∥1
·
√
n

Cα
ymin

]
≤ 1

Cg ∥λ∥1

(
3
√
nymax

)
≤ Cα

√
nymax

∥λ∥1
,

with Cα ≳ max{C2
g , CyCg}. Therefore, α(1) satisfies the required norm bound.

Part (e): Since we have shown that α(1)
j ≤ − ymin

Cα∥λ∥1
and

∥∥α(1)
∥∥
2
≤ Cα

√
nymax

∥λ∥1
for all j ∈ [n]

with yj < 0, it follows from Lemma 10 that β(1)
j ≤ 0 for all j ∈ [n] with yj < 0.

Part (f): Since we have shown that β(1)
i > 0 for all i ∈ [n] with yi > 0 and β

(1)
j ≤ 0 for all

j ∈ [n] with yj < 0, the signs of the primal variables coincide with the signs of the

labels. Consequently, σ(β(1)) =

[
β
(1)
+

0

]
.

We have shown that at iteration t = 1, all conditions in Lemma 14 are satisfied. Consequently, all
positively labeled examples are active, while all negatively labeled examples are inactive. We now
complete the proof by induction and characterize the gradient descent dynamics for all subsequent
iterations. By Lemma 14, since the conditions hold at t = 1, they also hold at t = 2. More generally,
the same lemma implies that if the conditions hold at t = t̃ then they continue to hold at t = t̃+ 1.
This completes the induction argument.

As a result, for all t ≥ 1, the activation pattern remains fixed, i.e., D(β(t)) = D(β(1)). By
Lemma 1, the gradient descent dynamics from this point onward are equivalent to those of linear
regression trained on the positively labeled examples, with initialization w(1). Finally, by Lemma 2,
the w(∞) satisfies

w(∞) = argmin
w∈{w:X+w=y+}

∥∥∥w −w(1)
∥∥∥
2
,

where we have w(1) = ηX⊤
(
y − ϵ+ 1

η (XX⊤)−1ϵ
)

. This completes the proof of Theorem 4.
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D.3. Proof of Theorem 5 (Implicit Bias Approximation to w⋆)

In this section, we present the proof of implicit bias approximation to w⋆ for single ReLU models.
Proof (Theorem 5) We restate the definition of w⋆ in Equation (6) below.

w⋆ = argmin
w

1

2
∥w∥22

s.t. w⊤xi = yi, for all yi > 0

w⊤xj ≤ 0, for all yj ≤ 0.

Recall that the gradient descent limit w(∞) satisfies the same set of constraints: it interpolates
all positively labeled examples and produces negative predictions for negatively labeled examples.
Consequently, both w(∞) and w⋆ are feasible solutions achieving the minimum empirical risk.

We start with showing the upper bound on ∥w(∞) −w⋆∥2. We first relate the distance between
the predictors w(∞) and w⋆ to the distance in their predictions, i.e., ∥Xw(∞) − Xw⋆∥2. Since
both vectors lie in the span of the data {xi}ni=1, their difference has no component in the null space
corresponding to the smallest d− n eigenvalues of X⊤X . Therefore, we have∥∥∥Xw(∞) −Xw⋆

∥∥∥2
2
=
∥∥∥X (

w(∞) −w⋆
)∥∥∥2

2
≥ µn(X

⊤X)
∥∥∥w(∞) −w⋆

∥∥∥2
2
= µn(XX⊤)

∥∥∥w(∞) −w⋆
∥∥∥2
2
.

(19)

As a result, to derive an upper bound for ∥w(∞) − w⋆∥2, it suffices to upper bound the distance
between their prediction ∥Xw(∞) − Xw⋆∥2. We begin with analyzing w(∞). By Theorem 4,
w(∞) satisfies the following:

w(∞)⊤xi = yi for all yi > 0,

α
(∞)
j = α

(1)
j = η

(
yj − ϵj +

1

η
e⊤j

(
XX⊤

)−1
ϵ

)
for all yj < 0,

and also all the conditions in Lemma 14. On the other hand, according to the necessary conditions
in Equation (14) in Lemma 3, w⋆ satisfies

w⋆ = −
∑
i∈S1

λ⋆
ixi −

∑
j∈S̃2

µ⋆
jxj , with λ⋆

i ∈ R and µ⋆
j > 0,

w⋆⊤xi = yi, for all i ∈ S1,

w⋆⊤xj = 0, for all j ∈ S̃2,

where we have denoted S1 = {i : yi > 0, for all i ∈ [n]}, S2 = {j : yj ≤ 0, for all j ∈ [n]},
S̃2 ⊆ S2 (note that S̃2 can be empty) and S = S1 ∪ S̃2. Based on these necessary conditions, we
can define w⋆ = X⊤α⋆ where

α⋆
i =


−λ⋆

i for all i ∈ S1

−µ⋆
i for all i ∈ S̃2

0 for all i ∈ S2 ∪ S̃c
2 =: S3

.
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Let XS ∈ R|S|×d denote the submatrix of X consisting of the rows indexed by S (taken in increas-
ing order), and let yS ∈ R|S| denote the corresponding label subvector with all negative entries
replaced by zero. We have

yS = XSX
⊤
Sα

⋆
S ,

and similarly, by taking the norm and using the matrix norm lower bound of the smallest eigenvalue
of XSX

⊤
S , we have

∥yS∥2 =
∥∥∥XSX

⊤
Sα

⋆
S

∥∥∥
2

≥ µ|S|(XSX
⊤
S ) ∥α⋆

S∥2 .

Consequently, we have

∥α⋆∥2 = ∥α⋆
S∥2 ≤

∥yS∥2
µ|S|(XSX

⊤
S )

≤
√
nymax

µn(XX⊤)
≤ Cg

√
nymax

∥λ∥1
, (20)

where the second inequality follows from the variational formulation of submatrix, and the last
inequality follows from Lemma 11 with probability at least 1− 2e−n/Cg .

We know that for all i ∈ S1, w(∞)⊤xi = w⋆⊤xi = yi, and w⋆⊤xj = 0 for all j ∈ S̃2.
Therefore, we can write∥∥∥Xw(∞) −Xw⋆

∥∥∥2
2
=

n∑
i=1

(
w(∞)⊤xi −w⋆⊤xi

)2
=
∑
i∈S̃2

(
w(∞)⊤xi

)2
+
∑
i∈S3

(
w(∞)⊤xi −w⋆⊤xi

)2
. (21)

We start with upper bounding the term (w(∞)⊤xi)
2 for all i ∈ S̃2. Since w(∞)⊤xi ≤ 0 by the

conditions in Lemma 14, it suffices to lower bound w(∞)⊤xi. We have

w(∞)⊤xi = e⊤i XX⊤α(∞)

= e⊤i

[
∥λ∥1 I + (XX⊤ − ∥λ∥1 I)

]
α(∞)

= ∥λ∥1 α
(∞)
i + e⊤i (XX⊤ − ∥λ∥1 I)α

(∞)

≥ ∥λ∥1 α
(∞)
i −

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥∥α(∞)
∥∥∥
2

≥ ∥λ∥1
[
α
(∞)
i − C ·max

(√
n

d2
,
n

d∞

)∥∥∥α(∞)
∥∥∥
2

]
,

where the last inequality applies Corollary 13. Substituting the bounds of α(∞)
i and

∥∥α(∞)
∥∥
2

from
Lemma 14, we have

w(∞)⊤xi ≥ ∥λ∥1
[
− 3ymax

Cg ∥λ∥1
− C ·max

(√
n

d2
,
n

d∞

)
Cα

√
nymax

∥λ∥1

]
≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C · ymin

C0ymax

Cαymax

∥λ∥1

]
≥ − 4

Cg
ymax,
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where the inequalities above substitute d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with

C0 ≳ C2
α and Cα ≳ max{C2

g , CyCg}. Therefore, we have (w(∞)⊤xi)
2 ≤ 16

C2
g
y2max for all i ∈ S̃2.

Next, we upper bound the term (w(∞)⊤xi − w⋆⊤xi)
2 for all i ∈ S3. We use the key idea that

α⋆
i = 0 for all i ∈ S3. We have

w(∞)⊤xi −w⋆⊤xi = e⊤i XX⊤α(∞) − e⊤i XX⊤α⋆

= e⊤i

[
∥λ∥1 I + (XX⊤ − ∥λ∥1 I)

]
(α(∞) −α⋆)

= ∥λ∥1 α
(∞)
i + e⊤i (XX⊤ − ∥λ∥1 I)(α

(∞) −α⋆)

≥ ∥λ∥1 α
(∞)
i −

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

(∥∥∥α(∞)
∥∥∥
2
+ ∥α⋆∥2

)
≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C ·max

(√
n

d2
,
n

d∞

)(
Cα

√
nymax

∥λ∥1
+

Cg
√
nymax

∥λ∥1

)]
≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C · ymin

C0ymax

(
Cαymax

∥λ∥1
+

Cgymax

∥λ∥1

)]
≥ − 4

Cg
ymax,

by applying the same argument and noting from Equation (20) that ∥α⋆∥2 ≤ Cg
√
nymax

∥λ∥1
. Substitut-

ing the upper bounds into Equation (21) gives us∥∥∥Xw(∞) −Xw⋆
∥∥∥2
2
=
∑
i∈S̃2

(
w(∞)⊤xi

)2
+
∑
i∈S3

(
w(∞)⊤xi −w⋆⊤xi

)2
≤
∑
i∈S̃2

16

C2
g

y2max +
∑
i∈S3

16

C2
g

y2max

=
16

C2
g

n−y
2
max. (22)

Finally, putting together Equation (19) and (22), we have∥∥∥w(∞) −w⋆
∥∥∥2
2
≤
∥∥Xw(∞) −Xw⋆

∥∥2
2

µn(XX⊤)
≤ 16n−y

2
max

Cg ∥λ∥1
,

which completes the proof od the upper bound. Next, we derive the lower bound of ∥w(∞) −w⋆∥2
in a similar approach. We again start with the prediction distance, given by∥∥∥Xw(∞) −Xw⋆

∥∥∥2
2
=
∥∥∥X (

w(∞) −w⋆
)∥∥∥2

2
≤ µ1(X

⊤X)
∥∥∥w(∞) −w⋆

∥∥∥2
2
= µ1(XX⊤)

∥∥∥w(∞) −w⋆
∥∥∥2
2
.

(23)

It suffices to lower bound ∥Xw(∞) − Xw⋆∥2 to get the lower bound of ∥w(∞) − w⋆∥2. By
Equation (21), we have∥∥∥Xw(∞) −Xw⋆

∥∥∥2
2
=
∑
i∈S̃2

(
w(∞)⊤xi

)2
+
∑
i∈S3

(
w(∞)⊤xi −w⋆⊤xi

)2
.
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Therefore, we need to lower bound (w(∞)⊤xi)
2 for i ∈ S̃2, and (w(∞)⊤xi −w⋆⊤xi)

2 for i ∈ S3.
For w(∞)⊤xi, since w(∞)⊤xi < 0, we have

w(∞)⊤xi = e⊤i XX⊤α(∞)

= e⊤i

[
∥λ∥1 I + (XX⊤ − ∥λ∥1 I)

]
α(∞)

= ∥λ∥1 α
(∞)
i + e⊤i (XX⊤ − ∥λ∥1 I)α

(∞)

≤ ∥λ∥1 α
(∞)
i +

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥∥α(∞)
∥∥∥
2

≤ ∥λ∥1
[
α
(∞)
i + C ·max

(√
n

d2
,
n

d∞

)∥∥∥α(∞)
∥∥∥
2

]
,

where the last inequality applies Corollary 13. Substituting the bounds of α(∞)
i and

∥∥α(∞)
∥∥
2

from
Lemma 14, we have

w(∞)⊤xi ≤ ∥λ∥1
[
− ymin

Cα ∥λ∥1
+ C ·max

(√
n

d2
,
n

d∞

)
Cα

√
nymax

∥λ∥1

]
≤ ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C · ymin

C0ymax

Cαymax

∥λ∥1

]
≤ −(1− C · C2

α

C0
)
ymin

Cα
,

where the inequalities above substitute d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with

C0 ≳ C2
α. Similarly, for w(∞)⊤xi −w⋆⊤xi, we have

w(∞)⊤xi −w⋆⊤xi = e⊤i XX⊤α(∞) − e⊤i XX⊤α⋆

= e⊤i

[
∥λ∥1 I + (XX⊤ − ∥λ∥1 I)

]
(α(∞) −α⋆)

= ∥λ∥1 α
(∞)
i + e⊤i (XX⊤ − ∥λ∥1 I)(α

(∞) −α⋆)

≤ ∥λ∥1 α
(∞)
i +

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2
(
∥∥∥α(∞)

∥∥∥
2
+ ∥α⋆∥2)

≤ ∥λ∥1
[
− ymin

Cα ∥λ∥1
+ C ·max

(√
n

d2
,
n

d∞

)(
Cα

√
nymax

∥λ∥1
+

Cg
√
nymax

∥λ∥1

)]
≤ ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C · ymin

C0ymax

(
Cαymax

∥λ∥1
+

Cgymax

∥λ∥1

)]
≤ −(1− 2C · C2

α

C0
)
ymin

Cα
,
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by applying the same argument and noting from Equation (20) that ∥α⋆∥2 ≤ Cg
√
nymax

∥λ∥1
. Substitut-

ing the lower bounds into Equation (21) gives us∥∥∥Xw(∞) −Xw⋆
∥∥∥2
2
=
∑
i∈S̃2

(
w(∞)⊤xi

)2
+
∑
i∈S3

(
w(∞)⊤xi −w⋆⊤xi

)2
≥
∑
i∈S̃2

(1− C · C2
α

C0
)2
y2min

C2
α

+
∑
i∈S3

(1− 2C · C2
α

C0
)2
y2min

C2
α

≥
(
1− 2C · C2

α

C0

)2
n−y

2
min

C2
α

=
n−y

2
min

C̃
, (24)

where we let C̃ :=
C2

0C
2
α

(C0−2C·C2
α)

2 > 1. Finally, putting together Equations (23) and (24), we have

∥∥∥w(∞) −w⋆
∥∥∥2
2
≥
∥∥Xw(∞) −Xw⋆

∥∥2
2

µ1(XX⊤)
≥ n−y

2
min

C̃Cg ∥λ∥1
.

This completes the proof of the lower bound.
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Appendix E. Proofs for the Two ReLU Model (m = 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the 2-ReLU model trained with
gradient descent.

E.1. Proof of Lemma 6 (Characterization of w⋆ )

Proof (Lemma 6) We first show that the feasible set of (7) is nonempty. Define w̃⊕ := X⊤(XX⊤)−1y⊕
and w̃⊖ := X⊤(XX⊤)−1y⊖, where we define y⊕,i := max{yi, 0} and y⊖,i := −min{yi, 0}.
Then for all i ∈ [n], we have σ(w̃⊤

⊕xi)− σ(w̃⊤
⊖xi) = σ(y⊕,i)− σ(y⊖,i) = yi. Thus, {w̃⊕, w̃⊖} is

feasible, and the feasible set is nonempty.
Next, we show that any optimal solution of (7) corresponds to an optimal solution of (8). Let

{w⋆
⊕,w

⋆
⊖} be an optimal solution of (7).

Case 1: i ∈ S+ (positive labels)
For i ∈ S+, since σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = yi > 0, we have

σ(w⋆⊤
⊕ xi) = yi + σ(w⋆⊤

⊖ xi) ≥ yi > 0.

Hence, w⋆⊤
⊕ xi > 0 and σ(w⋆⊤

⊕ xi) = w⋆⊤
⊕ xi. There are two possible activation patterns:

• If w⋆⊤
⊖ xi ≤ 0, then we have σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = w⋆⊤

⊕ xi = yi.

• If w⋆⊤
⊖ xi ≥ 0, then we have σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = w⋆⊤

⊕ xi −w⋆⊤
⊖ xi = yi.

(Note that w⋆⊤
⊖ xi = 0 is covered by both cases.)

Case 2: i ∈ S− (negative labels)
For i ∈ S−, since σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = yi < 0, we obtain

σ(w⋆⊤
⊖ xi) = −yi + σ(w⋆⊤

⊖ xi) ≥ −yi > 0,

which implies w⋆⊤
⊖ xi > 0 and σ(w⋆⊤

⊖ xi) = w⋆⊤
⊖ xi. Again, two activation patterns are possible:

• If w⋆⊤
⊕ xi ≤ 0, then we have σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = −w⋆⊤

⊖ xi = yi.

• If w⋆⊤
⊕ xi ≥ 0, then we have σ(w⋆⊤

⊕ xi)− σ(w⋆⊤
⊖ xi) = w⋆⊤

⊕ xi −w⋆⊤
⊖ xi = yi.

(Note that w⋆⊤
⊕ xi = 0 is covered by both cases.)

Combining the two cases (in total four patterns), there exist disjoint partitions

S1 ∪ S2 = S+, S1 ∩ S2 = ∅, and S3 ∪ S4 = S−, S3 ∩ S4 = ∅,

such that the optimal solution {w⋆
⊕,w

⋆
⊖} satisfies

w⋆⊤
⊕ xi = yi, w⋆⊤

⊖ xi ≤ 0, for all i ∈ S1,

w⋆⊤
⊕ xi −w⋆⊤

⊖ xi= yi, −w⋆⊤
⊖ xi ≤ 0, for all i ∈ S2,

−w⋆⊤
⊖ xi= yi, w⋆⊤

⊕ xi ≤ 0, for all i ∈ S3,

w⋆⊤
⊕ xi −w⋆⊤

⊖ xi= yi,−w⋆⊤
⊕ xi ≤ 0, for all i ∈ S4.

33



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE LOSS RELU

These constraints are exactly those in (8). Moreover, the feasible set of (8) is a subset of the feasible
set of (7), since every feasible solution of (8) also satisfies the constraints of (7) (the converse need
not hold). Since {w⋆

⊕,w
⋆
⊖} is feasible for both problems and is optimal for the larger feasible

set (7), it must also be optimal for the restricted problem (8).

E.2. Proof of Theorem 7 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 7. For the 2-ReLU model (m = 2), the primal–dual
gradient update in (4) simplifies to

(Primal) β
(t+1)
⊕ = β

(t)
⊕ − ηXX⊤D(β

(t)
⊕ )(hΘ(t)(X)− y), (25a)

(Dual) α
(t+1)
⊕ = α

(t)
⊕ − ηD(β

(t)
⊕ )(hΘ(t)(X)− y), (25b)

and

(Primal) β
(t+1)
⊖ = β

(t)
⊖ + ηXX⊤D(β

(t)
⊖ )(hΘ(t)(X)− y), (26a)

(Dual) α
(t+1)
⊖ = α

(t)
⊖ + ηD(β

(t)
⊖ )(hΘ(t)(X)− y). (26b)

Before proceeding to the proof, we again introduce a set of sufficient conditions under which the
signs of the primal variables agree with the signs of the labels times the sign of the ReLU neuron
at iteration t, and moreover, these conditions are preserved at iteration t + 1. We use the results of
Lemma 9 and Lemma 10 again to prove Lemma 15.

Lemma 15 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies η ≤
1

Cg∥λ∥1
. For a 2-ReLU model, if the following eight conditions hold at some iteration t ≥ 0, then

they also hold at iteration t+ 1.

a. β
(t)
⊕,i > 0 for all i ∈ [n] with yi > 0.

b. β
(t)
⊖,j > 0 for all j ∈ [n] with yj < 0.

c. − 3ymax

Cg∥λ∥1
≤ α

(t)
⊕,j ≤ − ymin

Cα∥λ∥1
for all j ∈ [n] with yj < 0.

d. − 3ymax

Cg∥λ∥1
≤ α

(t)
⊖,i ≤ − ymin

Cα∥λ∥1
for all i ∈ [n] with yi > 0.

e.
∥∥∥β(t)

⊕,+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2
, and

∥∥∥β(t)
⊖,− + y−

∥∥∥
2
≤ Cy

∥∥y−
∥∥
2
.

f.
∥∥∥α(t)

⊕

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
and

∥∥∥α(t)
⊖

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
.

g. β
(t)
⊕,j ≤ 0 for all j ∈ [n] with yj < 0.

h. β
(t)
⊖,i ≤ 0 for all i ∈ [n] with yi > 0.

Consequently, the set of active examples consists exactly of the positively labeled examples for the
positive neuron, and the activation pattern remains unchanged, i.e., D(β

(t)
⊕ ) = D(β

(t+1)
⊕ ). The set

of active examples consists exactly of the negatively labeled examples for the negative neuron, and
the activation pattern remains unchanged, i.e., D(β

(t)
⊖ ) = D(β

(t+1)
⊖ ).
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Proof (Lemma 15) We now verify that these conditions are preserved from iteration t to t+ 1.

Part (a): By conditions (a), (b), (e), (g) and (h) at iteration t, we have∥∥hΘ(t)(X)− y
∥∥2
2
=
∥∥∥σ(β(t)

⊕ )− σ(β
(t)
⊖ )− y

∥∥∥2
2

=

∥∥∥∥σ(β(t)
⊕ )−

[
y+

0

]
− (σ(β

(t)
⊖ ) +

[
0
y−

]
)

∥∥∥∥2
2

=
∥∥∥β(t)

⊕,+ − y+

∥∥∥2
2
+
∥∥∥β(t)

⊖,− + y−

∥∥∥2
2
≤ C2

y ∥y∥
2
2 ,

and therefore,
∥∥hΘ(t)(X)− y

∥∥
2
≤ Cy ∥y∥2. Together with hΘ(t)(xi) = β

(t)
⊕,i and con-

dition (a), the assumptions of Lemma 9 are satisfied for all i with yi > 0. Consequently,
β
(t+1)
⊕,i > 0 for all i ∈ [n] with yi > 0.

Part (b): According to the proof of part (a), we have
∥∥hΘ(t)(X)− y

∥∥
2
≤ Cy ∥y∥2 and −hΘ(t)(xj) =

β
(t)
⊖,j . Together with condition (b), the assumptions of Lemma 9 are satisfied for all j

with yj < 0. Consequently, we have β
(t+1)
⊖,j > 0 for all j ∈ [n] with yj < 0.

Part (c): According to the dual gradient update in Equation (25b), and using condition (g) at
iteration t, we have:

α
(t+1)
⊕,j = α

(t)
⊕,j for all j ∈ [n] with yj < 0.

Therefore, condition (c) continues to hold at iteration t+ 1.

Part (d): According to the dual gradient update in Equation (26b), and using conditions (h) at
iteration t, we have:

α
(t+1)
⊖,i = α

(t)
⊖,i for all i ∈ [n] with yi > 0.

Therefore, condition (d) continues to hold at iteration t+ 1.

Part (e): By conditions (a), (b), (g), and (h), the gradient update at iteration t for β(t)
⊕ depends

only on the positively labeled examples, and the update for β(t)
⊖ depends only on the

negatively labeled examples. Hence, the gradient update for an individual neuron is
equivalent to gradient descent on a certain linear regression problem. Since the step size
satisfies η ≤ 1

Cg∥λ∥1
, the linear regression squared loss is monotonically nonincreasing

(as in the proof of Lemma 2), and by condition (e) at iteration t, we obtain∥∥∥β(t+1)
⊕,+ − y+

∥∥∥
2
≤
∥∥∥β(t)

⊕,+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2
,∥∥∥−β

(t+1)
⊖,− − y−

∥∥∥
2
≤
∥∥∥−β

(t)
⊖,− − y−

∥∥∥
2
≤ Cy

∥∥y−
∥∥
2
,

where we use y+ (y−) to denote the vector of positively labeled (negatively labeled)
examples. Therefore, condition (e) holds at iteration t+ 1.
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Part (f): Following the same argument as in Part (d) of Lemma 14, using conditions (c), (d), and
(e) at iteration t+ 1, together with the eigenvalue bounds from Lemma 11, we have∥∥∥α(t+1)

⊕

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
,
∥∥∥α(t+1)

⊖

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
with probability at least 1− 2e−n/Cg . Thus, condition (f) holds at iteration t+ 1.

Part (g): By Lemma 10, since conditions (c) and (f) hold at iteration t + 1, we conclude that
β
(t+1)
⊕,j ≤ 0 for all j ∈ [n] with yj < 0. Thus, condition (g) holds at iteration t+ 1.

Part (h): Similarly, since conditions (d) and (f) hold at iteration t+ 1, we have β
(t+1)
⊖,i ≤ 0 for all

i ∈ [n] with yi > 0. Thus, condition (h) holds at iteration t+ 1.

Equipped with Lemma 15, we are ready to prove Theorem 7.
Proof (Theorem 7) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics for both w⊕ and w⊖ simultaneously. Equipped with
sufficient conditions under which the activation patterns are preserved in Lemma 15, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at t = 1 satisfies all the sufficient conditions. With the initializa-
tion

w
(0)
⊕ = X⊤

(
XX⊤

)−1
ϵ⊕, w

(0)
⊖ = X⊤

(
XX⊤

)−1
ϵ⊖,

we have β
(0)
⊕ = ϵ⊕ and β

(0)
⊖ = ϵ⊖. By the theorem assumptions, 0 < ϵ⊕,i ≤ 1

2Cα
ymin and

0 < ϵ⊖,i ≤ 1
2Cα

ymin for all i ∈ [n]. Using the primal gradient updates in Equations (25a) and (26a),
we have

β
(1)
⊕ = ϵ⊕ − ηXX⊤D(ϵ⊕)(hΘ(0)(X)− y)

= ϵ⊕ − ηXX⊤D(ϵ⊕)(σ(ϵ⊕)− σ(ϵ⊖)− y)

= ϵ⊕ − ηXX⊤(ϵ⊕ − ϵ⊖ − y), (27)

where the last equality uses the fact that ϵ⊕ > 0 and ϵ⊖ > 0 componentwise, so D(ϵ⊕) = I ,
σ(ϵ⊕) = ϵ⊕, and σ(ϵ⊖) = ϵ⊖. Similarly, we have

β
(1)
⊖ = ϵ⊖ + ηXX⊤D(ϵ⊖)(σ(ϵ⊕)− σ(ϵ⊖)− y)

= ϵ⊖ + ηXX⊤(ϵ⊕ − ϵ⊖ − y). (28)

For the dual variables, we have α
(0)
⊕ = (XX⊤)−1ϵ⊕ and α

(0)
⊖ = (XX⊤)−1ϵ⊖. The dual updates

give:

α
(1)
⊕ = α

(0)
⊕ − ηD(ϵ⊕)(ϵ⊕ − ϵ⊖ − y)

=
(
XX⊤

)−1
ϵ⊕ − η(ϵ⊕ − ϵ⊖ − y)

= η

(
y − ϵ⊕ + ϵ⊖ +

1

η

(
XX⊤

)−1
ϵ⊕

)
,
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and

α
(1)
⊖ = α

(0)
⊖ + ηD(ϵ⊖)(ϵ⊕ − ϵ⊖ − y)

=
(
XX⊤

)−1
ϵ⊖ + η(ϵ⊕ − ϵ⊖ − y)

= η

(
−y + ϵ⊕ − ϵ⊖ +

1

η

(
XX⊤

)−1
ϵ⊖

)
.

We now verify each condition at t = 1.

Part (a): For all i ∈ [n] with yi > 0, we apply Lemma 9. Since β
(0)
⊕,i = ϵ⊕,i > 0, hΘ(0)(xi) =

β
(0)
⊕,i − β

(0)
⊖,i ≤ β

(0)
⊕,i, and∥∥hΘ(0)(X)− y
∥∥
2
= ∥ϵ⊕ − ϵ⊖ − y∥2

≤ ∥ϵ⊕∥2 + ∥ϵ⊖∥2 + ∥y∥2 ≤
√
n

Cα
ymin + ∥y∥2 ≤ Cy ∥y∥2 , (29)

where we have used Cy ≥ 1
Cα

+ 1. We conclude that β(1)
⊕,i > 0 for all i with yi > 0.

Part (b): For all j ∈ [n] with yj < 0, we apply Lemma 9. Since β
(0)
⊖,j = ϵ⊖,j > 0, −hΘ(0)(xj) =

−β
(0)
⊕,j+β

(0)
⊖,j ≤ β

(0)
⊖,j , and

∥∥hΘ(0)(X)− y
∥∥
2
≤ Cy ∥y∥2 by Equation (29), we conclude

that β(1)
⊖,j > 0 for all j ∈ [n] with yj < 0.

Part (c): For all j ∈ [n] with yj < 0, we verify that α(1)
⊕,j satisfies the required upper and lower

bounds. For the upper bound, we have

α
(1)
⊕,j = η

(
yj − ϵ⊕,j + ϵ⊖,j +

1

η
e⊤j

(
XX⊤

)−1
ϵ⊕

)
= η

(
yj − ϵ⊕,j + ϵ⊖,j +

1

η
e⊤j

[
1

∥λ∥1
I +

((
XX⊤

)−1
− 1

∥λ∥1
I

)]
ϵ⊕

)
= η

(
yj − ϵ⊕,j + ϵ⊖,j +

ϵ⊕,j

η ∥λ∥1
+

1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ⊕

)
≤ η

(
yj + ϵ⊖,j +

ϵ⊕,j

η ∥λ∥1
+

1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ⊕∥2
)
,

where the inequality drops the negative term −ϵ⊕,j . By Corollary 13, we have∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

≤ CgC

∥λ∥1
·max

(√
n

d2
,
n

d∞

)
,

with probability at least 1− 2 exp(−n(Cc− ln 9)). Moreover, by the theorem assump-
tions, ϵ⊕,j ≤ 1

2Cα
ymin, ϵ⊖,j ≤ 1

2Cα
ymin, and 1

η ≤ CCg ∥λ∥1. Combining these bounds
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yields

α
(1)
⊕,j ≤

1

CCg ∥λ∥1

(
−ymin +

1

2Cα
ymin +

CCg

2Cα
ymin + C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

2Cα
ymin

)
≤ 1

CCg ∥λ∥1

(
−ymin +

1

2Cα
ymin +

CCg

2Cα
ymin + C2C2

g · ymin

C0ymax
· 1

2Cα
ymin

)
= − ymin

Cα ∥λ∥1

(
Cα

CCg
− 1

2CCg
− 1

2
− CCgymin

2C0ymax

)
≤ − ymin

Cα ∥λ∥1
. (30)

The second inequality follows from d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assump-

tion 2, and the last inequality follows the relationship between constants C0 ≳ C2
α and

Cα ≳ max{C2
g , CyCg}. For the lower bound, we have

α
(1)
⊕,j = η

(
yj − ϵ⊕,j + ϵ⊖,j +

ϵ⊕,j

η ∥λ∥1
+

1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ⊕

)
≥ η

(
−ymax − ϵ⊕,j −

1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ⊕∥2
)

≥ 1

Cg ∥λ∥1

(
−ymax −

1

2Cα
ymin − C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

2Cα
ymin

)
≥ 1

Cg ∥λ∥1

(
−ymax −

1

2Cα
ymin − C2C2

g · ymin

C0ymax
· 1

2Cα
ymin

)
≥ − 3ymax

Cg ∥λ∥1
, (31)

by the same arguments. Thus, α(1)
⊕,j satisfies both the required upper and lower bounds

for all j with yj < 0.

Part (d): For all i ∈ [n] with yi > 0, we verify that α(1)
⊖,i satisfies the required bounds in the

approach analogous to Part (c). For the upper bound, we have

α
(1)
⊖,i = η

(
−yi + ϵ⊕,i − ϵ⊖,i +

1

η
e⊤i

(
XX⊤

)−1
ϵ⊖

)
= η

(
−yi + ϵ⊕,i − ϵ⊖,i +

1

η
e⊤i

[
1

∥λ∥1
I +

((
XX⊤

)−1
− 1

∥λ∥1
I

)]
ϵ⊖

)
= η

(
−yi + ϵ⊕,i − ϵ⊖,i +

ϵ⊖,i

η ∥λ∥1
+

1

η
e⊤i

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ⊖

)
≤ η

(
−yi + ϵ⊕,i +

ϵ⊖,i

η ∥λ∥1
+

1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ⊖∥2
)
,

where the inequality drops the negative term −ϵ⊖,i. Applying the upper bound in
Corollary 13 and the theorem assumptions ϵ⊕,i ≤ 1

2Cα
ymin, ϵ⊖,i ≤ 1

2Cα
ymin, and
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1
η ≤ CCg ∥λ∥1, we have

α
(1)
⊖,i ≤

1

CCg ∥λ∥1

(
−ymin +

1

2Cα
ymin +

CCg

2Cα
ymin + C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

2Cα
ymin

)
≤ − ymin

Cα ∥λ∥1
,

where the second inequality follows the argument used in Equation (30). For the lower
bound, following the same argument as in Part (c), we have

α
(1)
⊖,i = η

(
−yi + ϵ⊕,i − ϵ⊖,i +

ϵ⊖,i

η ∥λ∥1
+

1

η
e⊤i

((
XX⊤

)−1
− 1

∥λ∥1
I

)
ϵ⊖

)
≥ η

(
−ymax − ϵ⊖,i −

1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥ϵ⊖∥2
)

≥ 1

Cg ∥λ∥1

(
−ymax −

1

2Cα
ymin − C2C2

g ·max

(√
n

d2
,
n

d∞

)
·
√
n

2Cα
ymin

)
≥ − 3ymax

Cg ∥λ∥1
,

where the last inequality follows follows the argument used in Equation (31). Thus, α(1)
⊖,i

satisfies both bounds for all i with yi > 0.

Part (e): We verify that the primal variables β
(1)
⊕ corresponding to positively labeled examples

minus y+ satisfy the norm bound. Specifically, we show that
∥∥∥β(1)

⊕,+ − y+

∥∥∥2
2
≤ C2

y

∥∥y+

∥∥2
2
.

According to Equation (27), we have∥∥∥β(1)
⊕,+ − y+

∥∥∥2
2
=
∑
i:yi>0

(
β
(1)
⊕,i − yi

)2

=
∑
i:yi>0

ϵ⊕,i − ηe⊤i XX⊤ (ϵ⊕ − ϵ⊖ − y)− yi︸ ︷︷ ︸
=:Ti


2

. (32)

Next, we bound the term Ti := ϵ⊕,i − ηe⊤i XX⊤ (ϵ⊕ − ϵ⊖ − y) − yi for all i ∈ [n]
with yi > 0. We have

Ti = ϵ⊕,i − ηe⊤i XX⊤ (ϵ⊕ − ϵ⊖ − y)− yi

= (ϵ⊕,i − yi)− ηe⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
(ϵ⊕ − ϵ⊖ − y)

= (1− η ∥λ∥1)ϵ⊕,i + η ∥λ∥1 ϵ⊖,i − (1− η ∥λ∥1)yi − ηe⊤i

(
XX⊤ − ∥λ∥1 I

)
(ϵ⊕ − ϵ⊖ − y) .

Since the step size assumption guarantees that 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

, and ϵ⊕,i, ϵ⊖,i ≤
1

2Cα
ymin, we have

(1− η ∥λ∥1)ϵ⊕,i + η ∥λ∥1 ϵ⊖,i − (1− η ∥λ∥1)yi ≤ ϵ⊕,i + η ∥λ∥1 ϵ⊖,i − (1− η ∥λ∥1)yi

≤
(
1 +

1

Cg

)
1

2Cα
ymin −

(
1− 1

Cg

)
ymin

< 0,
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with Cα ≳ C2
g . Hence, in order to upper bound T 2

i , it suffices to find the lower bound
for Ti. We have

Ti = (1− η ∥λ∥1)ϵ⊕,i + η ∥λ∥1 ϵ⊖,i − (1− η ∥λ∥1)yi − ηe⊤i

(
XX⊤ − ∥λ∥1 I

)
(ϵ⊕ − ϵ⊖ − y)

≥ −yi − η
∥∥∥XX⊤ − ∥λ∥1 I

∥∥∥
2
∥ϵ⊕ − ϵ⊖ − y∥2 ,

where the inequality drops the positive terms (1−η ∥λ∥1)ϵ⊕,i, η ∥λ∥1 ϵ⊖,i, and η ∥λ∥1 yi.
We again upper bound

∥∥XX⊤ − ∥λ∥1 I
∥∥
2

by Corollary 13. With probability at least
1− 2 exp(−n(Cc− ln 9)), we have

Ti ≥ −yi − η · C ∥λ∥1 ·max

(√
n

d2
,
n

d∞

)
∥ϵ⊕ − ϵ⊖ − y∥2

≥ −yi −
C

Cg
·max

(√
n

d2
,
n

d∞

)
∥ϵ⊕ − ϵ⊖ − y∥2 ,

by applying η ≤ 1
Cg∥λ∥1

. Finally, we apply the upper bounds for ∥ϵ⊕∥2, ∥ϵ⊖∥2 and

∥y∥2, and Assumption 2 ensures that d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
. We have

Ti ≥ −yi −
C

Cg
max

(√
n

d2
,
n

d∞

)(√
n

Cα
ymin +

√
nymax

)
≥ −yi −

Cymin

CgC0ymax

(
1

Cα
ymin + ymax

)
≥ −yi

(
1 +

2C

CgC0

)
≥ −Cyyi,

with the choice of Cy ≥ 2. Substituting T 2
i ≤ C2

yy
2
i into Equation (32), we have∥∥∥β(1)

⊕,+ − y+

∥∥∥2
2
≤
∑
i:yi>0

C2
yy

2
i = C2

y

∥∥y+

∥∥2
2
.

As a result, we conclude that
∥∥∥β(1)

⊕,+ − y+

∥∥∥
2
≤ Cy

∥∥y+

∥∥
2

as required. The same

derivation holds for
∥∥∥β(1)

⊖,− + y−

∥∥∥
2
≤ Cy

∥∥y−
∥∥
2

by an analogous argument. Therefore,
condition (e) holds at t = 1.

Part (f): We verify the norm bounds on the dual variables. By the triangle inequality, we have∥∥∥α(1)
⊕

∥∥∥
2
=

∥∥∥∥η(y − ϵ⊕ + ϵ⊖ +
1

η

(
XX⊤

)−1
ϵ⊕

)∥∥∥∥
2

≤ η

(
∥y∥2 + ∥ϵ⊕∥2 + ∥ϵ⊖∥2 +

1

η

∥∥∥∥(XX⊤
)−1

∥∥∥∥
2

∥ϵ⊕∥2
)
.
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Using ∥y∥2 ≤
√
nymax, ∥ϵ⊕∥2 , ∥ϵ⊖∥2 ≤

√
n

2Cα
ymin,

∥∥∥(XX⊤)−1
∥∥∥
2

≤ Cg

∥λ∥1
, and

1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

, we have

∥∥∥α(1)
⊕

∥∥∥
2
≤ 1

Cg ∥λ∥1

(√
nymax +

√
n

Cα
ymin + CCg ∥λ∥1 ·

Cg

∥λ∥1
·
√
n

Cα
ymin

)
≤ 1

Cg ∥λ∥1

(
3
√
nymax

)
≤ Cα

√
nymax

∥λ∥1
,

with Cα ≳ max{C2
g , CyCg}. The same bound holds for

∥∥∥α(1)
⊖

∥∥∥
2
. Thus, condition (f)

holds at t = 1.

Part (g): Since we have shown that α(1)
⊕,j ≤ − ymin

Cα∥λ∥1
and

∥∥∥α(1)
⊕

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
for all j ∈ [n]

with yj < 0, it follows from Lemma 10 that β(1)
⊕,j ≤ 0 for all j ∈ [n] with yj < 0.

Part (h): Similarly, since we have shown that α(1)
⊖,i ≤ − ymin

Cα∥λ∥1
and

∥∥∥α(1)
⊖

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
for all

i ∈ [n] with yi > 0, it follows from Lemma 10 that β(1)
⊖,i ≤ 0 for all i ∈ [n] with yi > 0.

We have shown that at iteration t = 1 the conditions in Lemma 15 are satisfied, and by induction,
these conditions will also hold for t ≥ 1. As a result, the positive neuron w⊕ is trained with only
positive examples starting from the iteration t = 1, and it is equivalent to linear regression using
only positive examples with initialization w

(1)
⊕ = ηX⊤

(
y− ϵ⊕ + ϵ⊖ + 1

η (XX⊤)−1ϵ⊕

)
. Finally,

since w⊕ and w⊖ are trained on disjoint subsets of examples, w(∞)
⊕ satisfies

w
(∞)
⊕ = argmin

w∈{w:X+w=y+}

∥∥∥w −w
(1)
⊕

∥∥∥
2
,

by Lemma 2. The same arguments apply to the negative neuron w⊖ as well. This completes the
proof of Theorem 7.

E.3. Proof of Theorem 8 (Implicit Bias Approximation to w⋆)

Proof (Theorem 8) We divide the proof into four steps, and formally show the result for w⋆
⊕. The

result for w⋆
⊖ follows an identical series of steps. In the first step, we derive an upper bound for∥∥α⋆

⊕
∥∥
2

and
∥∥α⋆

⊖
∥∥
2

where w⋆
⊕ := X⊤α⋆

⊕ and w⋆
⊖ := X⊤α⋆

⊖, by using the optimality of the ob-
jective function in (7). In the second step, we use the KKT conditions of (8) to find a representation
of {w⋆

⊕,w
⋆
⊖}. In Steps 3 and 4, we derive the corresponding upper bound and lower bound.

Step 1: Upper bounds for
∥∥α⋆

⊕
∥∥
2

and
∥∥α⋆

⊖
∥∥
2
.

{w⋆
⊕,w

⋆
⊖} is the optimal solution to (7) and it achieves the minimum objective in (7). In the

proof of Lemma 6, we introduce {w̃⊕, w̃⊖} which is also a feasible solution to (7), where w̃⊕ :=
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X⊤(XX⊤)−1y⊕ and w̃⊖ := X⊤(XX⊤)−1y⊖, with y⊕,i = max{yi, 0} and y⊖,i = −min{yi, 0}.
Therefore, by the optimality of {w⋆

⊕,w
⋆
⊖} in the objective, we have∥∥w⋆

⊕
∥∥2
2
+
∥∥w⋆

⊖
∥∥2
2
= α⋆⊤

⊕ XX⊤α⋆
⊕ +α⋆⊤

⊖ XX⊤α⋆
⊖

≤ ∥w̃⊕∥22 + ∥w̃⊖∥22

= y⊤
⊕

(
XX⊤

)−1
y⊕ + y⊤

⊖

(
XX⊤

)−1
y⊖

≤
∥∥∥∥(XX⊤

)−1
∥∥∥∥
2

∥∥y⊕
∥∥2
2
+

∥∥∥∥(XX⊤
)−1

∥∥∥∥
2

∥∥y⊖
∥∥2
2

≤ 2Cgny
2
max

∥λ∥1
,

where the last inequality uses Lemma 11 with probability at least 1 − 2e−n/Cg , and we have
max{

∥∥y⊕
∥∥2
2
,
∥∥y⊖

∥∥2
2
} ≤ ∥y∥22 ≤ ny2max. Therefore, we have

λn(XX⊤)
∥∥α⋆

⊕
∥∥2
2
≤ α⋆⊤

⊕ XX⊤α⋆
⊕

≤ α⋆⊤
⊕ XX⊤α⋆

⊕ +α⋆⊤
⊖ XX⊤α⋆

⊖

≤ 2Cgny
2
max

∥λ∥1
.

As a result, we have
∥∥α⋆

⊕
∥∥
2
≤

√
2Cg

√
nymax

∥λ∥1
. This bound applies to

∥∥α⋆
⊖
∥∥
2

as well via an identical
argument.

Step 2: KKT conditions of {w⋆
⊕,w

⋆
⊖} by Lemma 6.

Based on Lemma 6, the optimal solution {w⋆
⊕,w

⋆
⊖} of (7) is also the optimal solution of a convex

program (8). Hence, we restate the convex program in (8) below

w⋆
⊕,w

⋆
⊖ = argmin

w⊕,w⊖

1

2
∥w⊕∥22 +

1

2
∥w⊖∥22

s.t. w⊤
⊕xi = yi, w⊤

⊖xi ≤ 0, for all i ∈ S1,

w⊤
⊕xi −w⊤

⊖xi= yi, −w⊤
⊖xi ≤ 0, for all i ∈ S2,

−w⊤
⊖xi= yi, w⊤

⊕xi ≤ 0, for all i ∈ S3,

w⊤
⊕xi −w⊤

⊖xi= yi,−w⊤
⊕xi ≤ 0, for all i ∈ S4.

The Lagrange function in terms of δ ∈ Rn and non-negative µ ∈ Rn
+ is given by

L =
1

2
∥w⊕∥22 +

1

2
∥w⊖∥22 +

∑
i∈S1

δi

(
w⊤

⊕xi − yi

)
+
∑
i∈S1

µi

(
w⊤

⊖xi

)
+
∑
i∈S2

δi

(
w⊤

⊕xi −w⊤
⊖xi − yi

)
−
∑
i∈S2

µi

(
w⊤

⊖xi

)
+
∑
i∈S3

δi

(
−w⊤

⊖xi − yi

)
+
∑
i∈S3

µi

(
w⊤

⊕xi

)
+
∑
i∈S4

δi

(
w⊤

⊕xi −w⊤
⊖xi − yi

)
−
∑
i∈S4

µi

(
w⊤

⊕xi

)
.
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The KKT conditions are given below.
Stationarity:

∂L
∂w⊕

= w⋆
⊕ +

∑
i∈S1

δ⋆i xi +
∑
i∈S2

δ⋆i xi +
∑
i∈S3

µ⋆
ixi +

∑
i∈S4

(δ⋆i − µ⋆
i )xi = 0,

∂L
∂w⊖

= w⋆
⊖ +

∑
i∈S1

µ⋆
ixi −

∑
i∈S2

(δ⋆i + µ⋆
i )xi −

∑
i∈S3

δ⋆i xi −
∑
i∈S4

δ⋆i xi = 0,

⇔ w⋆
⊕ = −

∑
i∈S1

δ⋆i xi −
∑
i∈S2

δ⋆i xi −
∑
i∈S3

µ⋆
ixi +

∑
i∈S4

(−δ⋆i + µ⋆
i )xi, (33)

w⋆
⊖ = −

∑
i∈S1

µ⋆
ixi +

∑
i∈S2

(δ⋆i + µ⋆
i )xi +

∑
i∈S3

δ⋆i xi +
∑
i∈S4

δ⋆i xi. (34)

Primal feasibility:

w⋆⊤
⊕ xi = yi, w⋆⊤

⊖ xi ≤ 0, for all i ∈ S1,

w⋆⊤
⊕ xi −w⋆⊤

⊖ xi= yi, −w⋆⊤
⊖ xi ≤ 0, for all i ∈ S2,

−w⋆⊤
⊖ xi= yi, w⋆⊤

⊕ xi ≤ 0, for all i ∈ S3,

w⋆⊤
⊕ xi −w⋆⊤

⊖ xi= yi,−w⋆⊤
⊕ xi ≤ 0, for all i ∈ S4.

Dual feasibility:

δ⋆i ∈ R, for all i ∈ [n],

µ⋆
i ≥ 0, for all i ∈ [n].

Complementary slackness:∑
i∈S1

µ⋆
i

(
w⋆⊤

⊖ xi

)
+
∑
i∈S2

µ⋆
i

(
−w⋆⊤

⊖ xi

)
+
∑
i∈S3

µ⋆
i

(
w⋆⊤

⊕ xi

)
+
∑
i∈S4

µ⋆
i

(
−w⋆⊤

⊕ xi

)
= 0.

Note that the representation of w⋆
⊕ and w⋆

⊖ shares the parameters {δ⋆i : i ∈ S2 ∪ S4}. As a result,
since we define w⋆

⊕ = X⊤α⋆
⊕ and w⋆

⊖ = X⊤α⋆
⊖, we can write α⋆

⊕,i and α⋆
⊖,i in terms of δi and

µi for all i ∈ [n] by Equations (33) and (34) as

α⋆
⊕,i =


−δ⋆i ∀i ∈ S1

−δ⋆i ∀i ∈ S2

−µ⋆
i ∀i ∈ S3

−δ⋆i + µ⋆
i ∀i ∈ S4

, and α⋆
⊖,i =


−µ⋆

i ∀i ∈ S1

δ⋆i + µ⋆
i ∀i ∈ S2

δ⋆i ∀i ∈ S3

δ⋆i ∀i ∈ S4

.

Step 3: Upper bound for
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2
.

We now generalize the proof of Theorem 5. We first relate the distance between the predictors w(∞)
⊕

and w⋆
⊕ to the distance in their predictions, i.e.,

∥∥∥Xw
(∞)
⊕ −Xw⋆

⊕

∥∥∥
2
. Since both vectors lie in the

span of the data {xi}ni=1, their difference has no component in the null space corresponding to the
smallest d− n eigenvalues of X⊤X . Therefore, we have∥∥∥Xw

(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2
=
∥∥∥X (

w
(∞)
⊕ −w⋆

⊕

)∥∥∥2
2
≥ µn(X

⊤X)
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥2
2
= µn(XX⊤)

∥∥∥w(∞)
⊕ −w⋆

⊕

∥∥∥2
2
.

(35)
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As a result, to derive an upper bound for
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2
, it suffices to upper bound the distance

between their predictions
∥∥∥Xw

(∞)
⊕ −Xw⋆

⊕

∥∥∥
2
. We begin with analyzing w

(∞)
⊕ . By Theorem 7,

w
(∞)
⊕ satisfies the following

w
(∞)⊤
⊕ xi = yi for all yi > 0, (36a)

α
(∞)
⊕,j = α

(1)
⊕,j = η(yj − ϵ⊕,j + ϵ⊖,j +

1

η
e⊤j

(
XX⊤

)−1
ϵ⊕) for all yj < 0, (36b)

and also all the conditions in Lemma 15.
We know that w(∞)⊤

⊕ xi = w⋆⊤
⊕ xi = yi for all i ∈ S1, and w

(∞)⊤
⊕ xi = yi and w⋆⊤

⊕ xi =
yi +w⋆⊤

⊖ xi for all i ∈ S2. Therefore, we can write

∥∥∥Xw
(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2
=

n∑
i=1

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
=
∑
i∈S2

(
−w⋆⊤

⊖ xi

)2
+
∑
i∈S3

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
+
∑
i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
.

(37)

We start with upper bounding the term (−w⋆⊤
⊖ xi)

2 for all i ∈ S2. For i ∈ S2, by the complementary
slackness, we either have −w⋆⊤

⊖ xi = 0 with µ⋆
i ≥ 0 or −w⋆⊤

⊖ xi ≤ 0 with µ⋆
i = 0. In the

first case, we have (−w⋆⊤
⊖ xi)

2 = 0. In the second case, we define S̃2 ⊆ S2 such that µ⋆
i = 0

and −w⋆⊤
⊖ xi ≤ 0 for all i ∈ S̃2, and we will show that S̃2 is empty with probability at least

1− 2 exp(−n(Cc− ln 9)). Since w⋆⊤
⊕ xi −w⋆⊤

⊖ xi = yi for all i ∈ S̃2 ⊆ S2, we have

yi = w⋆⊤
⊕ xi −w⋆⊤

⊖ xi = e⊤i XX⊤ (α⋆
⊕ −α⋆

⊖
)

= ∥λ∥1 (−2δ⋆i − µ⋆
i︸︷︷︸

=0

) + e⊤i (XX⊤ − ∥λ∥1 I)
(
α⋆

⊕ −α⋆
⊖
)
.

The, for all i ∈ S̃2, we have

δ⋆i =
yi − e⊤i (XX⊤ − ∥λ∥1 I)

(
α⋆

⊕ −α⋆
⊖
)

−2 ∥λ∥1
.
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Based on this representation of δ⋆i , for all i ∈ S̃2, we have

w⋆⊤
⊖ xi = e⊤i XX⊤α⋆

⊖

= ∥λ∥1 (δ
⋆
i ) + e⊤i

(
XX⊤ − ∥λ∥1 I

)
α⋆

⊖

= −yi
2
+

1

2
e⊤i

(
XX⊤ − ∥λ∥1 I

) (
α⋆

⊕ +α⋆
⊖
)

≤ −yi
2
+

1

2

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

(∥∥α⋆
⊕
∥∥
2
+
∥∥α⋆

⊖
∥∥
2

)
≤ ∥λ∥1

[
− yi
2 ∥λ∥1

+
1

2
C ·max

(√
n

d2
,
n

d∞

)
· 2

√
2Cg

√
nymax

∥λ∥1

]

≤ ∥λ∥1

[
− ymin

2 ∥λ∥1
+

1

2
C · ymin

C0ymax
· 2

√
2Cgymax

∥λ∥1

]
< 0,

where the inequalities above apply Corollary 13 and the upper bound of
∥∥α⋆

⊕
∥∥
2
,
∥∥α⋆

⊖
∥∥
2

from Step

1, and substitute d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with C0 ≳ C2

α and Cα ≳

max{C2
g , CyCg}. However, w⋆⊤

⊖ xi < 0 contradicts with the condition −w⋆⊤
⊖ xi ≤ 0 for i ∈ S̃2.

Therefore, S̃2 = ∅. By combining these two cases, we conclude that
∑

i∈S2

(
−w⋆⊤

⊖ xi

)2
= 0.

Next, we upper bound the term
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for all i ∈ S3. We know that w(∞)⊤

⊕ xi <

0 in Theorem 7. For w⋆⊤
⊕ xi with i ∈ S3, by the complementary slackness, we either have

w⋆⊤
⊕ xi = 0 with µ⋆

i ≥ 0 or µ⋆
i = 0 with w⋆⊤

⊕ xi ≤ 0. In the first case, w⋆⊤
⊕ xi = 0, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi = w
(∞)⊤
⊕ xi

= e⊤i XX⊤α
(∞)
⊕

= e⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
α

(∞)
⊕

= ∥λ∥1 α
(∞)
⊕,i + e⊤i

(
XX⊤ − ∥λ∥1 I

)
α

(∞)
⊕

≥ ∥λ∥1 α
(∞)
⊕,i −

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥∥α(∞)
⊕

∥∥∥
2

≥ ∥λ∥1
[
α
(∞)
⊕,i − C ·max

(√
n

d2
,
n

d∞

)∥∥∥α(∞)
⊕

∥∥∥
2

]
,

where the last inequality applies Corollary 13. Substituting the bounds of α(∞)
⊕,i and

∥∥∥α(∞)
⊕

∥∥∥
2

from
Lemma 15, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi ≥ ∥λ∥1
[
− 3ymax

Cg ∥λ∥1
− C ·max

(√
n

d2
,
n

d∞

)
Cαymax

∥λ∥1

]
≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C · ymin

C0ymax

Cαymax

∥λ∥1

]
≥ − 4

Cg
ymax,
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where the inequalities substitute d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with

C0 ≳ C2
α and Cα ≳ max{C2

g , CyCg}. In the second case, α⋆
⊕,i = −µ⋆

i = 0 for i ∈ S3, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi = e⊤i XX⊤
(
α

(∞)
⊕ −α⋆

⊕

)
= e⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)](
α

(∞)
⊕ −α⋆

⊕

)
= ∥λ∥1 α

(∞)
⊕,i + e⊤i

(
XX⊤ − ∥λ∥1 I

)(
α

(∞)
⊕ −α⋆

⊕

)
≥ ∥λ∥1 α

(∞)
⊕,i −

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

(∥∥∥α(∞)
⊕

∥∥∥
2
+
∥∥α⋆

⊕
∥∥
2

)
≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C ·max

(√
n

d2
,
n

d∞

)(
Cα

√
nymax

∥λ∥1
+

√
2Cg

√
nymax

∥λ∥1

)]

≥ ∥λ∥1

[
− 3ymax

Cg ∥λ∥1
− C · ymin

C0ymax

(
Cαymax

∥λ∥1
+

√
2Cgymax

∥λ∥1

)]
≥ − 4

Cg
ymax,

by applying the same argument and the upper bound from Step 1 that
∥∥α⋆

⊕
∥∥
2
≤

√
2Cg

√
nymax

∥λ∥1
.

Therefore, we have
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
≤ 16

C2
g
y2max for all i ∈ S3.

Next, we upper bound the term
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for all i ∈ S4 in a similar way com-

pared to S2. For i ∈ S4, by the complementary slackness, we either have −w⋆⊤
⊕ xi = 0 with

µ⋆
i ≥ 0 or −w⋆⊤

⊕ xi ≤ 0 with µ⋆
i = 0. In the first case, (−w⋆⊤

⊖ xi)
2 = 0, and we have(

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
=
(
w

(∞)⊤
⊕ xi

)2
. Therefore, we can reuse the upper bound we derived

in S3 such that 0 ≥ w
(∞)⊤
⊕ xi ≥ − 4

Cg
ymax. In the second case, we define S̃4 ⊆ S4 such that

µ⋆
i = 0 and −w⋆⊤

⊕ xi ≤ 0 for all i ∈ S̃4, and we will show that S̃4 is empty with probability at least
1− 2 exp(−n(Cc− ln 9)). Since w⋆⊤

⊕ xi −w⋆⊤
⊖ xi = yi for all i ∈ S̃4 ⊆ S4, we have

yi = w⋆⊤
⊕ xi −w⋆⊤

⊖ xi = e⊤i XX⊤ (α⋆
⊕ −α⋆

⊖
)

= ∥λ∥1 (−2δ⋆i + µ⋆
i︸︷︷︸

=0

) + e⊤i (XX⊤ − ∥λ∥1 I)
(
α⋆

⊕ −α⋆
⊖
)
.

For all i ∈ S̃4, we have

δ⋆i =
yi − e⊤i (XX⊤ − ∥λ∥1 I)

(
α⋆

⊕ −α⋆
⊖
)

−2 ∥λ∥1
.
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Based on this representation of δ⋆i , for all i ∈ S̃4, we have

w⋆⊤
⊕ xi = e⊤i XX⊤α⋆

⊕

= ∥λ∥1 (−δ⋆i ) + e⊤i

(
XX⊤ − ∥λ∥1 I

)
α⋆

⊕

=
yi
2
+

1

2
e⊤i

(
XX⊤ − ∥λ∥1 I

) (
α⋆

⊕ +α⋆
⊖
)

≤ yi
2
+

1

2

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

(∥∥α⋆
⊕
∥∥
2
+
∥∥α⋆

⊖
∥∥
2

)
≤ ∥λ∥1

[
yi

2 ∥λ∥1
+

1

2
C ·max

(√
n

d2
,
n

d∞

)
· 2

√
2Cg

√
nymax

∥λ∥1

]

≤ ∥λ∥1

[
− ymin

2 ∥λ∥1
+

1

2
C · ymin

C0ymax
· 2

√
2Cgymax

∥λ∥1

]
< 0,

where the inequalities apply Corollary 13 and the upper bound of
∥∥α⋆

⊕
∥∥
2

in Step 1, and substitute

d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with C0 ≳ C2

α and Cα ≳ max{C2
g , CyCg}.

However, w⋆⊤
⊕ xi < 0 contradicts with the condition −w⋆⊤

⊕ xi ≤ 0 for i ∈ S̃4. Therefore, S̃4 = ∅.

By combining these two cases, we have
∑

i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
=
∑

i∈S4

(
w

(∞)⊤
⊕ xi

)2
≤∑

i∈S4

16
C2

g
y2max.

Substituting the upper bounds into Equation (37) gives us∥∥∥Xw(∞) −Xw⋆
∥∥∥2
2
=
∑
i∈S2

(
−w⋆⊤

⊖ xi

)2
+
∑
i∈S3

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
+
∑
i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
.

≤
∑
i∈S3

16

C2
g

y2max +
∑
i∈S4

16

C2
g

y2max

=
16

C2
g

n−y
2
max. (38)

Finally, putting together Equation (35) and (38), we have

∥∥∥w(∞) −w⋆
∥∥∥2
2
≤
∥∥Xw(∞) −Xw⋆

∥∥2
2

µn(XX⊤)
≤ 16n−y

2
max

Cg ∥λ∥1
,

which completes the proof of the upper bound.

Step 4: Lower bound for
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2
.

Now, we derive the lower bound of
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2

in a similar approach. We again start with the
prediction distance∥∥∥Xw

(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2
=
∥∥∥X (

w
(∞)
⊕ −w⋆

⊕

)∥∥∥2
2
≤ µ1(X

⊤X)
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥2
2
= µ1(XX⊤)

∥∥∥w(∞)
⊕ −w⋆

⊕

∥∥∥2
2
.

(39)
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Therefore, it suffices to lower bound
∥∥∥Xw

(∞)
⊕ −Xw⋆

⊕

∥∥∥
2

to get the lower bound of
∥∥∥w(∞)

⊕ −w⋆
⊕

∥∥∥
2
.

By Equation (37), we have∥∥∥Xw
(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2
=
∑
i∈S2

(
−w⋆⊤

⊖ xi

)2
+
∑
i∈S3

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
+
∑
i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
≥
∑
i∈S3

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
+
∑
i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
. (40)

We omit the partition in S2 because we have shown that
∑

i∈S2

(
−w⋆⊤

⊖ xi

)2
= 0 with probability

at least 1− 2 exp(−n(Cc− ln 9)). Therefore, we need to lower bound
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for

i ∈ S3 and
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for i ∈ S4.

We start with lower bounding
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for i ∈ S3. We know that w(∞)⊤

⊕ xi < 0

in Theorem 7. For w⋆⊤
⊕ xi with i ∈ S3, by the complementary slackness, we either have w⋆⊤

⊕ xi = 0
with µ⋆

i ≥ 0 or µ⋆
i = 0 with w⋆⊤

⊕ xi ≤ 0. In the first case, w⋆⊤
⊕ xi = 0, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi = w
(∞)⊤
⊕ xi

= e⊤i XX⊤α
(∞)
⊕

= e⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
α

(∞)
⊕

= ∥λ∥1 α
(∞)
⊕,i + e⊤i

(
XX⊤ − ∥λ∥1 I

)
α

(∞)
⊕

≤ ∥λ∥1 α
(∞)
⊕,i +

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥∥α(∞)
⊕

∥∥∥
2

≤ ∥λ∥1
[
α
(∞)
⊕,i + C ·max

(√
n

d2
,
n

d∞

)∥∥∥α(∞)
⊕

∥∥∥
2

]
,

where the last inequality applies Corollary 13. Substituting the bounds of α(∞)
⊕,i and

∥∥∥α(∞)
⊕

∥∥∥
2

from
Lemma 15, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi ≤ ∥λ∥1
[
− ymin

Cα ∥λ∥1
+ C ·max

(√
n

d2
,
n

d∞

)
Cα

√
nymax

∥λ∥1

]
≤ ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C · ymin

C0ymax

Cαymax

∥λ∥1

]
≤ −(1− C · C2

α

C0
)
ymin

Cα
,
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where the inequalities substitute d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in Assumption 2 with

C0 ≳ C2
α. In the second case, α⋆

⊕,i = −µ⋆
i = 0 for i ∈ S3, we have

w
(∞)⊤
⊕ xi −w⋆⊤

⊕ xi = e⊤i XX⊤
(
α

(∞)
⊕ −α⋆

⊕

)
= e⊤i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)](
α

(∞)
⊕ −α⋆

⊕

)
= ∥λ∥1 α

(∞)
⊕,i + e⊤i

(
XX⊤ − ∥λ∥1 I

)(
α

(∞)
⊕ −α⋆

⊕

)
≤ ∥λ∥1 α

(∞)
⊕,i +

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

(∥∥∥α(∞)
⊕

∥∥∥
2
+
∥∥α⋆

⊕
∥∥
2

)
≤ ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C ·max

(√
n

d2
,
n

d∞

)(
Cα

√
nymax

∥λ∥1
+

√
2Cg

√
nymax

∥λ∥1

)]

≤ ∥λ∥1

[
− ymin

Cα ∥λ∥1
+ C · ymin

C0ymax

(
Cαymax

∥λ∥1
+

√
2Cgymax

∥λ∥1

)]

≤ −(1− 2C · C2
α

C0
)
ymin

Cα
,

by applying the same argument and the upper bound from Step 1 that
∥∥α⋆

⊕
∥∥
2
≤

√
2Cg

√
nymax

∥λ∥1
.

Therefore, we have
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
≥
(
1− 2C·C2

α
C0

)2 y2min
C2

α
, for all i ∈ S3.

Next, we lower bound the term
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
for all i ∈ S4. In Step 3, we already

showed the two cases in w⋆⊤
⊕ xi with i ∈ S4 by the complementary slackness. In the first case,

(−w⋆⊤
⊖ xi)

2 = 0, and we have
(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
=
(
w

(∞)⊤
⊕ xi

)2
. Therefore, we can reuse

the lower bound we derived in S3 such that w(∞)⊤
⊕ xi ≤ −(1 − C·C2

α
C0

)ymin
Cα

. In the second case,

we have shown that S̃4 = ∅. By concluding two cases, we have
∑

i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
=∑

i∈S4

(
w

(∞)⊤
⊕ xi

)2
≥
∑

i∈S4

(
1− 2C·C2

α
C0

)2 y2min
C2

α
.

Substituting the lower bounds into Equation (40) gives us∥∥∥Xw
(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2
≥
∑
i∈S3

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
+
∑
i∈S4

(
w

(∞)⊤
⊕ xi −w⋆⊤

⊕ xi

)2
≥
∑
i∈S3

(
1− 2C · C2

α

C0

)2
y2min

C2
α

+
∑
i∈S4

(
1− 2C · C2

α

C0

)2
y2min

C2
α

=
n−y

2
min

C̃
, (41)

where we let C̃ :=
C2

0C
2
α

(C0−2C·C2
α)

2 > 1. Finally, putting together Equation (39) and (41), we have

∥∥∥w(∞)
⊕ −w⋆

⊕

∥∥∥2
2
≥

∥∥∥Xw
(∞)
⊕ −Xw⋆

⊕

∥∥∥2
2

µ1(XX⊤)
≥ n−y

2
min

C̃Cg ∥λ∥1
.
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This completes the proof of the lower bound.

50



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARE LOSS RELU

Appendix F. Implicit Bias of Multiple ReLU Models (m > 2) Under Gradient
Descent

In this section, we extend our analysis to multiple ReLU models trained with m > 2 neurons
under stronger assumptions on the initialization. We consider models of the form: hΘ(x) :=
h{wk}mk=1

(x) =
∑m

k=1 skσ(w
⊤
k x), where wk ∈ Rd are the model weights and there are at least one

positive neuron and one negative neuron. The parameter set is hence denoted by Θ = {wk}mk=1.
The empirical risk is defined in (1) as

R(Θ) =
1

2

n∑
i=1

(
hΘ(xi)− yi

)2
=

1

2

n∑
i=1

(
m∑
k=1

skσ(w
⊤
k xi)− yi

)2

.

Here, we fix sk ∈ {±1} and only train the hidden weights {wk}mk=1.

F.1. Gradient Descent Updates and Convergence

The gradient of the empirical risk in (1) with respect to wk is given in (2) as

w
(t+1)
k = w

(t)
k − η∇wk

R(Θ(t)) = w
(t)
k − ηskX

⊤D(Xw
(t)
k )
(
hΘ(t)(X)− y

)
. (42)

The primal–dual gradient update in (4) is given by

(Primal) β
(t+1)
k = β

(t)
k − ηskXX⊤D(β

(t)
k )(hΘ(t)(X)− y), (43a)

(Dual) α
(t+1)
k = α

(t)
k − ηskD(β(t))(hΘ(t)(X)− y). (43b)

Next, we consider a regime in which, after some time t0, each neuron activates on a fixed sub-
set of training examples, and this activation pattern remains unchanged throughout the subsequent
dynamics. Moreover, these active subsets are disjoint across different neurons. That is, for every
training example, at most one neuron is active, while each neuron may be active on a subset of
examples. In this regime, each neuron effectively reduces to a linear model trained only on its own
active examples.

Lemma 16 Consider a multiple ReLU model hΘ. For each neuron k ∈ [m], suppose there exists
iteration t0 ≥ 0 such that

1. At time t0, the subset of examples on which the k-th neuron is active is disjoint from the
subsets activated by all other neurons, i.e., D(Xw

(t0)
k )D(Xw

(t0)
ℓ ) = 0n×n for any ℓ ̸= k.

2. The activation pattern of the k-th remains unchanged after time t0, i.e., D(Xw
(t0)
k ) =

D(Xw
(t)
k ) for all t ≥ t0.

Then, for all t ≥ t0, and each k ∈ [m], the gradient descent dynamics of the k-th neuron are
equivalent to gradient descent applied to a linear model, initialized at w(t0)

k , and trained using only
the subset of samples satisfying x⊤

i w
(t0)
k > 0.

The proof of Lemma 16 is provided in Appendix G.1.
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F.2. Minimum-ℓ2-norm Solution of Multiple ReLU Models

The minimum-ℓ2-norm solution for the multiple ReLU regression in (5) is given by

{w⋆
k}mk=1 = argmin

{wk}mk=1

1

2

m∑
k=1

∥wk∥22 (44)

s.t.
m∑
k=1

skσ(w
⊤
k xi) = yi, for all i ∈ [n].

F.3. High-dimensional Implicit Bias of Multiple ReLU Models

In this section, we characterize the implicit bias of multiple ReLU models trained by gradient de-
scent in the high-dimensional regime. We identify a setup in which each neuron is only active
toward a fixed and disjoint subset of training examples, where the labels yi of these examples have
the same sign as the neuron’s sign sk.

To formalize this setup, we introduce an assignment vector a ∈ [m]n, where each entry ai ∈ [m]
indicates which neuron is responsible for example i.

Assumption 3 For a multiple ReLU model, we assume that there exists an assignment vector
a ∈ [m]n such that for each example i ∈ [n], ai = k, for some neuron k satisfying sk · yi > 0. For
each neuron k ∈ [m], define a diagonal matrix Ak ∈ Rn×n with diagonal entries

(Ak)ii =

{
0, if ai = k, or sk · yi < 0

−sign(yi), otherwise
.

Assumption 3 is used to design a proper initialization which ensures that the gradient descent can
converge to the desired regime. In this regime, we show that if a neuron’s primal variable βk,i is
positive and the sign of the neuron agrees with the label (i.e., sk · yi > 0), then the corresponding
example remains active throughout training. Conversely, if the associated dual variable αk,j stays
sufficiently negative, it remains frozen and is no longer updated.

Theorem 17 Under Assumptions 1, 2 and 3, suppose we choose w(0)
k = X⊤(XX⊤)−1

(
1
Cg

Aky + ϵk

)
,

where 0 < ϵk,i ≤ 1
Cαm

ymin for all k ∈ [m] and i ∈ [n], and the gradient descent step size sat-

isfies 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

. Then, the gradient descent limit w(∞)
k for multiple ReLU mod-

els coincides with the solution obtained by training a linear model on disjoint subsets of exam-
ples, initialized at w(1)

k with probability at least 1 − 2 exp(−cn). Formally, we have w
(∞)
k =

argmin
w∈{w:XSk

w=ySk
}

∥∥∥w −w
(1)
k

∥∥∥
2

and XSc
k
w

(∞)
k ⪯ 0, where Sk := {i ∈ [n] : ai = k}.

The full proof is provided in Appendix G.2. Note that the initialization, constructed by the ma-
trices Ak, ensures that each training example i is activated by exactly one neuron that matches
its sign—namely, the ai-th neuron. All other neurons with the same sign remain inactive on this
example.
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F.4. Approximation to Minimum-ℓ2-norm Solution in High Dimensions

In this section, we show that in high dimensions, the implicit bias solution for multiple ReLU models
derived in Theorem 17 is close to the corresponding minimum-ℓ2-norm solution {w⋆

k}mk=1 defined
in (44).

Theorem 18 Under Assumptions 1, 2 and 3, suppose we choose w(0)
k = X⊤(XX⊤)−1

(
1
Cg

Aky + ϵk

)
,

where 0 < ϵk,i ≤ 1
Cαm

ymin for all k ∈ [m] and i ∈ [n], and the gradient descent step size sat-

isfies 1
CCg∥λ∥1

≤ η ≤ 1
Cg∥λ∥1

. Then, we have

√∑m
k=1

∥∥∥w(∞)
k −w⋆

k

∥∥∥2
2
≤
√

4CgC2
αmny2max
∥λ∥1

with

probability at least 1− 2 exp(−cn).

The proof is deferred to Appendix G.3. Note that since the minimum-ℓ2-norm solution {w⋆
k}mk=1

is more involved to characterize, Theorem 18 only provides an upper bound for the approxima-
tion of the implicit bias to {w⋆

k}mk=1. A more fine-grained characterization, as well as a deeper
understanding of the role of overparameterization, is left for future work.
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Appendix G. Proofs for Multiple ReLU Models (m > 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the multiple ReLU model trained
with gradient descent.

G.1. Proof of Lemma 16 (Gradient Descent Convergence)

Proof (Lemma 16) This proof is analogous to Lemma 1. The key idea is to show that once the
activation pattern becomes fixed after some iteration t0 ≥ 0, the gradient descent dynamics of each
neuron are equivalent to those of a linear model trained on a fixed subset of examples.

Fix a neuron k ∈ [m]. Consider the linear model

h(x) = skw
⊤x,

where w ∈ Rd is the linear model parameter (also called weight). Let S(t0)
k ⊆ [n] denote the active

set of the k-th neuron at iteration t0, defined by S
(t0)
k := {i ∈ [n] : x⊤

i w
(t0)
k > 0}. We define the

empirical risk with the linear model using only the examples in S
(t0)
k as

R
S
(t0)
k

(w) =
1

2

∑
i∈S(t0)

k

(skw
⊤xi − yi)

2.

The gradient descent update for this linear model is then given by

w(t+1) = w(t) − η∇R
S
(t0)
k

(w(t))

= w(t) − ηsk
∑

i∈S(t0)
k

(skw
(t)⊤xi − yi)xi. (45)

On the other hand, the original gradient descent update of the multiple ReLU model in Equation (42)
tells us that

w
(t+1)
k = w

(t)
k − ηskX

⊤D(Xw
(t)
k )
(
hΘ(t)(X)− y

)
.

Under the first assumption in the lemma, D(Xw
(t0)
k )D(Xw

(t0)
ℓ ) = 0n×n for any ℓ ̸= k, the

activation patterns of different neurons are disjoint at iteration t0. Consequently, for any i ∈ S
(t0)
k ,

only the k-th neuron is active, and therefore we have

hΘ(t0)(xi) =

m∑
k=1

skσ(w
⊤
k xi) = skw

⊤
k xi.

Moreover, by the second assumption of the lemma, the activation pattern of the k-th neuron remains
unchanged after iteration t0, i.e., D(Xw

(t0)
k ) = D(Xw

(t)
k ) for all t ≥ t0. Hence, for all t ≥ t0,

the diagonal entries of D(Xw
(t)
k ) satisfy Dii = 1

i∈S(t0)
k

for all i ∈ [n]. Therefore, for all t ≥ t0,

the gradient update of the k-th neuron in the multiple ReLU model is given by

w
(t+1)
k = w

(t)
k − ηskX

⊤D(Xw
(t)
k )(hΘ(t)(X)− y)

= w(t) − ηsk
∑

i∈S(t0)
k

(skw
(t)⊤
k xi − yi)xi.
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This update is identical to the gradient descent update of the linear model in Equation (45). Hence,
for all t ≥ t0, the gradient descent dynamics of the k-th neuron in the multiple ReLU model are
equivalent to those of a linear model trained using only the examples in S

(t0)
k . This completes the

proof of the lemma.
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G.2. Proof of Theorem 17 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 17. Before proceeding to the proof, we again
introduce a set of sufficient conditions under which the active pattern for a neuron at iteration t
will be preserved at iteration t + 1. Similar to the single ReLU model and 2-ReLU model cases,
our analysis relies on Lemma 9 and Lemma 10 to characterize the dynamics of primal and dual
variables. Using these results, we establish Lemma 19, which characterizes that the active sets of
all neurons remain unchanged across gradient descent iterations.

Lemma 19 Under Assumption 1, 2 and 3, suppose the gradient descent step size satisfies η ≤
1

Cg∥λ∥1
. For a multiple ReLU model, if the following five conditions hold at some iteration t ≥ 0,

then they also hold at iteration t+ 1.

a. β
(t)
ai,i

> 0, for all i ∈ [n].

b. − 3ymax

Cg∥λ∥1
≤ α

(t)
k,j ≤ − ymin

Cα∥λ∥1
, for all j ∈ [n] with k ̸= aj .

c.
∥∥∥β(t)

k,Sk
− skySk

∥∥∥
2
≤ Cy

∥∥ySk

∥∥
2
, for all k ∈ [m].

d.
∥∥∥α(t)

k

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
, for all k ∈ [m].

e. β
(t)
k,j ≤ 0, for all j ∈ [n] with k ̸= aj .

Consequently, the activation pattern of each neuron remains unchanged from iteration t to t+1. In
the above, we define Sk := {i ∈ [n] : ai = k}, and for any vector v ∈ Rn, we use vSk

to denote the
subvector of entries indexed by Sk.

Proof (Lemma 19) We now verify that these conditions are preserved from iteration t to t+ 1.

Part (a): By conditions (a), (c) and (e) at iteration t, we have

∥∥hΘ(t)(X)− y
∥∥2
2
=

∥∥∥∥∥
m∑
k=1

skσ(β
(t)
k )− y

∥∥∥∥∥
2

2

=

m∑
k=1

∥∥∥sk (β(t)
k,Sk

− skySk

)∥∥∥2
2
≤ C2

y ∥y∥
2
2 ,

where the last inequality uses the fact that the sets {Sk}mk=1 are disjoint. Also, we
have saihΘ(t)(xi) = β

(t)
ai,i

from conditions (a) and (e). Together with condition (a), the

assumptions of Lemma 9 are satisfied for all i ∈ [n]. Consequently, β(t+1)
ai,i

> 0 for all
i ∈ [n].

Part (b): According to the dual gradient update in Equation (43b), and using condition (e) at
iteration t, we have:

α
(t+1)
k,j = α

(t)
k,j for all j ∈ [n] with k ̸= aj .

Therefore, condition (b) continues to hold at iteration t+ 1.
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Part (c): By conditions (a) and (e), the gradient update at iteration t for β(t)
k depends only on

the examples in the subset Sk. Hence, the gradient update for an individual neuron is
equivalent to a linear regression gradient descent. As similarly argued in the proof of
Lemma 2, since the step size satisfies η ≤ 1

Cg∥λ∥1
, the linear regression squared loss is

monotonically nonincreasing, and by condition (c) at iteration t, we obtain∥∥∥β(t+1)
k,Sk

− skySk

∥∥∥
2
≤
∥∥∥β(t)

k,Sk
− skySk

∥∥∥
2
≤ Cy

∥∥ySk

∥∥
2
.

Therefore, condition (c) holds at iteration t+ 1.

Part (d): Following the same argument as in Part (d) of Lemma 14, using conditions (b) and (c)
at iteration t+1, together with the eigenvalue bounds from Lemma 11, we can establish
that ∥∥∥α(t+1)

k

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
for all k ∈ [m],

with probability at least 1− 2e−n/Cg . Thus, condition (d) holds at iteration t+ 1.

Part (e): By Lemma 10, since conditions (b) and (d) hold at iteration t + 1, we conclude that
β
(t+1)
k,j ≤ 0 for all j ∈ [n] with k ̸= aj . Thus, condition (e) holds at iteration t+ 1.

Equipped with Lemma 19, we are ready to prove Theorem 17.
Proof (Theorem 17) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics of all the neurons {wk}mk=1 simultaneously. Equipped
with sufficient conditions under which the activation patterns are preserved in Lemma 19, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at t = 1 satisfies all the sufficient conditions. With the initializa-
tion

w
(0)
k = X⊤

(
XX⊤

)−1
(

1

Cg
Aky + ϵk

)
,

we have β
(0)
k = 1

Cg
Aky + ϵk. Recalling the definition of Ak in Assumption 3, we have

β
(0)
k,i =

{
ϵai,i, if ai = k, or sk · yi < 0

− |yi|
Cg

+ ϵk,i, otherwise
, (46)

for all k ∈ [m] and i ∈ [n]. Since the theorem assumption ensures ϵk,i ≤ 1
Cαm

ymin and Cα ≳ C2
g ,

we have − |yi|
Cg

+ ϵk,i < 0. Therefore, we obtain

hΘ(0)(xi) =
m∑
k=1

skσ
(
β
(0)
k,i

)
= saiϵai,i − sai

∑
k:sk·yi<0

ϵk,i, (47)
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for all i ∈ [n]. Therefore, using the primal gradient update in Equation (43a), we obtain

β
(1)
k = β

(0)
k − ηskXX⊤D(β

(0)
k )(hΘ(0)(X)− y)

= XX⊤

η
(
skD(β

(0)
k )

(
y − hΘ(0)(X)

)
+

1

η

(
XX⊤

)−1
β
(0)
k

)
︸ ︷︷ ︸

=:α
(1)
k

 , (48)

according to the primal-dual formulation β
(1)
k = XX⊤α

(1)
k in Equation (3). In the below, we show

that at iteration t = 1, the variables β(1)
k and α

(1)
k satisfy all the conditions in Lemma 19.

Part (a): For all i ∈ [n], we show that β(1)
ai,i

> 0 by applying Lemma 9. According to Equa-

tion (46) and Equation (47), we have β
(0)
ai,i

= ϵai,i > 0 and sai · hΘ(0)(xi) = ϵai,i −∑
k:sk·yi<0 ϵk,i ≤ β

(0)
ai,i

. Moreover, we have

∥∥hΘ(0)(X)− y
∥∥
2
≤
∥∥hΘ(0)(X)

∥∥
2
+ ∥y∥2 ≤

m∑
k=1

∥ϵk∥2 + ∥y∥2 ≤
√
n

Cα
ymin + ∥y∥2 ≤ Cy ∥y∥2 ,

with Cy ≥ 1+ 1
Cα

. All the conditions of Lemma 9 are satisfied, and therefore, β(1)
ai,i

> 0
for all i ∈ [n].

Part (b): For all j ∈ [n] with k ̸= aj , we verify that α(1)
k,j satisfies the required upper and lower

bounds. We need to discuss two cases: 1) β(0)
k,j = ϵk,j > 0 with sk · yj < 0, and 2)

β
(0)
k,j = − |yj |

Cg
+ ϵk,j < 0 with sk · yj > 0.

Case 1): For β(0)
k,j = ϵk,j > 0 with sk · yj < 0, we work from Equation (48) to get

α
(1)
k,j = ηe⊤j

(
skD(β

(0)
k )

(
y − hΘ(0)(X)

)
+

1

η

(
XX⊤

)−1
β
(0)
k

)
(i)
= η

−|yj | − sk

saj ϵaj ,j − saj
∑

k:sk·yj<0

ϵk,j

+
1

η
e⊤j

(
XX⊤

)−1
(

1

Cg
Aky + ϵk

)
= η

−|yj |+ ϵaj ,j −
∑

k:sk·yj<0

ϵk,j +
1

η
e⊤j

(
XX⊤

)−1
(

1

Cg
Aky + ϵk

)
= η

−|yj |+ ϵaj ,j −
∑

k:sk·yj<0

ϵk,j +
1

η
e⊤j

[
1

∥λ∥1
I +

((
XX⊤

)−1
− 1

∥λ∥1
I

)](
1

Cg
Aky + ϵk

)
(ii)
= η

−|yj |+ ϵaj ,j −
∑

k:sk·yj<0

ϵk,j +
ϵk,j

η ∥λ∥1
+

1

η
e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)(
1

Cg
Aky + ϵk

)
(49)
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where equality (i) substitutes hΘ(0)(xj) = saj ϵaj ,j − saj
∑

k:sk·yj<0 ϵk,j from Equa-

tion (46) and β
(0)
k = 1

Cg
Aky+ ϵk, and equality (ii) applies (Ak)jj = 0 for k ̸= aj with

sk · yj < 0. For the upper bound, we have

α
(1)
k,j ≤ η

(
−|yj |+ ϵaj ,j +

ϵk,j
η ∥λ∥1

+
1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥∥∥∥ 1

Cg
Aky + ϵk

∥∥∥∥
2

)
,

(50)

by dropping negative terms −
∑

k:sk·yj<0 ϵk,j . Next, by applying the upper bound in
Corollary 13 and the upper bounds for ∥y∥2 and ∥ϵk∥2, we have

α
(1)
k,j ≤ η

(
−|yj |+ ϵaj ,j +

ϵk,j
η ∥λ∥1

+
Cg

η ∥λ∥1
C ·max

(√
n

d2
,
n

d∞

)(√
nymax

Cg
+

√
n

Cαm
ymin

))
≤ η

(
−|yj |+ ϵaj ,j +

ϵk,j
η ∥λ∥1

+
Cg

η ∥λ∥1
C · ymin

C0ymax

(
ymax

Cg
+

ymin

Cαm

))
,

where the second inequality substitutes d2 ≥ C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in As-

sumption 2. Finally, by using the step size assumption 1
η ≤ CCg ∥λ∥1 and the theorem

assumption ϵk,j ≤ 1
Cαm

ymin, we have

α
(1)
k,j ≤

1

CCg ∥λ∥1

(
−ymin +

ymin

Cαm
+

CCgymin

Cαm
+

2C2C2
g

C0
ymin

)
≤ − ymin

Cα ∥λ∥1
,

with C0 ≳ C2
α and Cα ≳ max{C2

g , CyCg}. For the lower bound, starting from Equa-
tion (49), we have

α
(1)
k,j ≥ η

−|yj | −
∑

k:sk·yj<0

ϵk,j −
1

η

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥∥∥∥ 1

Cg
Aky + ϵk

∥∥∥∥
2


(i)

≥ η

−|yj | −
∑

k:sk·yj<0

ϵk,j −
Cg

η ∥λ∥1
C ·max

(√
n

d2
,
n

d∞

)(√
nymax

Cg
+

√
n

Cαm
ymin

)
(ii)

≥ 1

Cg ∥λ∥1

(
−ymax −

ymin

Cα
− C2C2

g · ymin

C0ymax

(
ymax

Cg
+

ymin

Cαm

))
(iii)

≥ − 3ymax

Cg ∥λ∥1
,

where inequality (i) applies the upper bound in Corollary 13 and the upper bounds for
∥y∥2 and ∥ϵk∥2, inequalities (ii) applies d2 ≥ C2

0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in

Assumption 2, and inequality (iii) follows by the constant relationship that C0 ≳ C2
α

and Cα ≳ max{C2
g , CyCg}. Thus, for β(0)

k,j = ϵk,j > 0 with sk · yj < 0, α(1)
k,j satisfies

both the required upper and lower bounds.
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Case 2): For β(0)
k,j = − |yj |

Cg
+ ϵk,j < 0 with sk · yj > 0, we work from Equation (48) to

get

α
(1)
k,j = ηe⊤j

(
skD(β

(0)
k )

(
y − hΘ(0)(X)

)
+

1

η

(
XX⊤

)−1
β
(0)
k

)
= e⊤j

(
XX⊤

)−1
(

1

Cg
Aky + ϵk

)
,

where we substitute β
(0)
k = 1

Cg
Aky + ϵk and β

(0)
k,j = − 1

Cg
|yj | + ϵk,j < 0, and this

eliminates the first term, since Djj = 0. Then, α(1)
k,j can further be written as

α
(1)
k,j = e⊤j

[
1

∥λ∥1
I +

((
XX⊤

)−1
− 1

∥λ∥1
I

)](
1

Cg
Aky + ϵk

)
=

1

∥λ∥1

(
−|yj |

Cg
+ ϵk,j

)
+ e⊤j

((
XX⊤

)−1
− 1

∥λ∥1
I

)(
1

Cg
Aky + ϵk

)
.

(51)

For the upper bound, we have

α
(1)
k,j ≤

1

∥λ∥1

(
− 1

Cg
|yj |+ ϵk,j

)
+

∥∥∥∥(XX⊤
)−1

− 1

∥λ∥1
I

∥∥∥∥
2

∥∥∥∥ 1

Cg
Aky + ϵk

∥∥∥∥
2

(i)

≤ 1

∥λ∥1

(
−|yj |

Cg
+ ϵk,j + CgC ·max

(√
n

d2
,
n

d∞

)(√
nymax

Cg
+

√
n

Cα
ymin

))
(ii)

≤ 1

∥λ∥1

(
−ymin

Cg
+

ymin

Cαm
+ CgC · ymin

C0ymax

(
ymax

Cg
+

1

Cα
ymin

))
≤ − ymin

Cα ∥λ∥1
,

where inequality (i) applies the upper bound in Corollary 13 and the upper bounds for
∥y∥2 and ∥ϵk∥2, inequalities (ii) substitutes d2 ≥ C2

0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
in

Assumption 2. The last inequality follows by C0 ≳ C2
α and Cα ≳ max{C2

g , CyCg}.
For the lower bound, we work from Equation (51) to get

α
(1)
k,j ≥

1

∥λ∥1

(
−|yj |

Cg

)
−
∥∥∥∥(XX⊤

)−1
− 1

∥λ∥1
I

∥∥∥∥
2

∥∥∥∥ 1

Cg
Aky + ϵk

∥∥∥∥
2

≥ 1

∥λ∥1

(
−|yj |

Cg
− CgC ·max

(√
n

d2
,
n

d∞

)(√
nymax

Cg
+

√
n

Cα
ymin

))
≥ 1

∥λ∥1

(
−ymax

Cg
− CgC · ymin

C0ymax

(
ymax

Cg
+

ymin

Cα

))
≥ − 3ymax

Cg ∥λ∥1
,

by the same argument. Thus, for β(0)
k,j = − |yj |

Cg
+ ϵk,j < 0 with sk · yj > 0, α(1)

k,j satisfies
both the required upper and lower bounds. This completes the proof of this part.
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Part (c): We verify that the primal variables β(1)
k,Sk

corresponding to active examples minus ySk

satisfy the norm bound. Specifically, we show that
∥∥∥β(1)

k,Sk
− skySk

∥∥∥2
2
≤ C2

y ∥y∥
2
2.

According to Equation (48), we have∥∥∥β(1)
k,Sk

− skySk

∥∥∥2
2
=
∑

i:ai=k

(
β
(1)
k,i − skyi

)2
=
∑

i:ai=k

(
β
(0)
k,i − ηske

⊤
i XX⊤D(β

(0)
k )(hΘ(0)(X)− y)− skyi

)2

=
∑

i:ai=k

ϵai,i − ηsaie
⊤
i XX⊤D(β(0)

ai )(hΘ(0)(X)− y)− |yi|︸ ︷︷ ︸
=:Ti


2

,

(52)

where we substitute β
(0)
k,i = β

(0)
ai,i

= ϵai,i for k = ai, and sai · yi > 0. Next, we bound
the term
Ti := ϵai,i − ηsaie

⊤
i XX⊤D(β

(0)
ai )(hΘ(0)(X)− y)− |yi| for all i ∈ [n]. We have

Ti = ϵai,i − ηsaie
⊤
i XX⊤D(β(0)

ai )(hΘ(0)(X)− y)− |yi|

= (ϵai,i − |yi|)− ηsaie
⊤
i

[
∥λ∥1 I +

(
XX⊤ − ∥λ∥1 I

)]
D(β(0)

ai )
(
hΘ(0)(X)− y

)
= (ϵai,i − |yi|)− ηsai ∥λ∥1

saiϵai,i − sai
∑

k:sk·yi<0

ϵk,i − yi


− ηske

⊤
i

(
XX⊤ − ∥λ∥1 I

)
D(β

(0)
k )

(
hΘ(0)(X)− y

)
= (1− η ∥λ∥1)ϵai,i − (1− η ∥λ∥1)|yi|+ η ∥λ∥1

∑
k:sk·yi<0

ϵk,i

− ηske
⊤
i

(
XX⊤ − ∥λ∥1 I

)
D(β

(0)
k )

(
hΘ(0)(X)− y

)
,

by applying hΘ(0)(xi) = saiϵai,i − sai
∑

k:sk·yi<0 ϵk,i from Equation (47). Since the
step size assumption guarantees that 1

CCg∥λ∥1
≤ η ≤ 1

Cg∥λ∥1
, and ϵk,i ≤ 1

Cαm
ymin, we

have

(1− η ∥λ∥1)ϵai,i − (1− η ∥λ∥1)|yi|+ η ∥λ∥1
∑

k:sk·yi<0

ϵk,i

≤ ϵai,i − (1− η ∥λ∥1)|yi|+ η ∥λ∥1
∑

k:sk·yi<0

ϵk,i

≤
(

1

m
+

1

Cg

)
1

Cα
ymin −

(
1− 1

Cg

)
ymin

< 0,
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with Cα ≳ C2
g . Hence, in order to upper bound T 2

i , it suffices to find the lower bound
for Ti. We have

Ti = (1− η ∥λ∥1)ϵai,i − (1− η ∥λ∥1)|yi|+ η ∥λ∥1
∑

k:sk·yi<0

ϵk,i

− ηske
⊤
i

(
XX⊤ − ∥λ∥1 I

)
D(β

(0)
k )

(
hΘ(0)(X)− y

)
≥ −|yi| − η

∥∥∥XX⊤ − ∥λ∥1 I
∥∥∥
2

∥∥hΘ(0)(X)− y
∥∥
2
,

where the inequality drops the positive terms (1−η ∥λ∥1)ϵai,i, η ∥λ∥1 |yi|, and η ∥λ∥1
∑

k:sk·yi<0 ϵk,i.
We again upper bound

∥∥XX⊤ − ∥λ∥1 I
∥∥
2

by Corollary 13. With probability at least
1− 2 exp(−n(Cc− ln 9)), we have

Ti ≥ −|yi| − η · C ∥λ∥1 ·max

(√
n

d2
,
n

d∞

)∥∥hΘ(0)(X)− y
∥∥
2

≥ −|yi| −
C

Cg
·max

(√
n

d2
,
n

d∞

)∥∥hΘ(0)(X)− y
∥∥
2
,

by applying η ≤ 1
Cg∥λ∥1

. Finally, we apply the upper bound that
∥∥hΘ(0)(X)

∥∥
2
≤∑m

k=1 ∥ϵk∥2 ≤
√
n

Cα
ymin and ∥y∥2 ≤

√
nymax, and Assumption 2 ensures that d2 ≥

C2
0
n2y2max

y2min
and d∞ ≥ C0

n1.5ymax

ymin
. We have

Ti ≥ −|yi| −
C

Cg
max

(√
n

d2
,
n

d∞

)(√
n

Cα
ymin +

√
nymax

)
≥ −|yi| −

Cymin

CgC0ymax

(
1

Cα
ymin + ymax

)
≥ −|yi|

(
1 +

2C

CgC0

)
≥ −Cy|yi|,

with the choice of Cy ≥ 2. Substituting T 2
i ≤ C2

yy
2
i into Equation (52), we have∥∥∥β(1)

k,Sk
− skySk

∥∥∥2
2
≤
∑

i:ai=k

C2
yy

2
i = C2

y

∥∥ySk

∥∥2
2
.

As a result, we conclude that
∥∥∥β(1)

k,Sk
− skySk

∥∥∥
2
≤ Cy

∥∥ySk

∥∥
2

as required.

Part (d): We verify the norm bounds on the dual variables. By the triangle inequality, we work
from Equation (48) to get∥∥∥α(1)

k

∥∥∥
2
=

∥∥∥∥η(skD(β
(0)
k )

(
y − hΘ(0)(X)

)
+

1

η

(
XX⊤

)−1
β
(0)
k

)∥∥∥∥
2

≤ η

[
∥y∥2 +

∥∥hΘ(0)(X)
∥∥
2
+

1

η

∥∥∥∥(XX⊤
)−1

∥∥∥∥
2

∥∥∥β(0)
k

∥∥∥
2

]
= η

[
∥y∥2 +

∥∥hΘ(0)(X)
∥∥
2
+

1

η

∥∥∥∥(XX⊤
)−1

∥∥∥∥
2

∥∥∥∥ 1

Cg
Aky + ϵk

∥∥∥∥
2

]
,
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by substituting β
(0)
k = 1

Cg
Aky + ϵk. Using ∥y∥2 ≤

√
nymax,

∥∥hΘ(0)(X)
∥∥
2

≤∑m
k=1 ∥ϵk∥2 ≤

√
n

Cα
ymin,

∥∥∥(XX⊤)−1
∥∥∥
2
≤ Cg

∥λ∥1
, ϵk,i ≤ 1

Cαm
ymin, and 1

CCg∥λ∥1
≤

η ≤ 1
Cg∥λ∥1

, we have

∥∥∥α(1)
k

∥∥∥
2
≤ 1

Cg ∥λ∥1

[√
nymax +

√
n

Cα
ymin + CCg ∥λ∥1 ·

Cg

∥λ∥1
·
(√

nymax

Cg
+

√
n

Cαm
ymin

)]
≤ 1

∥λ∥1

(
3
√
nymax

)
≤ Cα

√
nymax

∥λ∥1
,

with Cα ≳ max{C2
g , CyCg}. Thus, condition (d) holds at t = 1.

Part (e): Since we have shown that α(1)
k,j ≤ − ymin

Cα∥λ∥1
and

∥∥∥α(1)
k

∥∥∥
2
≤ Cα

√
nymax

∥λ∥1
for all j ∈ [n]

with k ̸= aj , by Lemma 10, it follows that β(1)
k,j ≤ 0 for all j ∈ [n] with k ̸= aj .

We have shown that at iteration t = 1 the conditions in Lemma 19 are satisfied, and by induction,
these conditions will also hold for t ≥ 1. As a result, wk is trained with only predefined active exam-
ples starting from the iteration t = 0, and it is equivalent to linear regression using only active exam-
ples with initialization w

(1)
k = ηX⊤

(
skD(β

(0)
k )

(
y − hΘ(0)(X)

)
+ 1

η

(
XX⊤)−1

β
(0)
k

)
. Finally,

since wk is trained on disjoint subset of examples by Assumption 3, by Lemma 2, w(∞)
k satisfies

w
(∞)
k = argmin

w∈{w:XSk
w=ySk

}

∥∥∥w −w
(1)
k

∥∥∥
2
.

This completes the proof of Theorem 17.

G.3. Proof of Theorem 18 (Implicit Bias Approximation to w⋆)

Proof (Theorem 18) We restate the definition of w⋆ in Equation (44).

{w⋆
k}mk=1 = argmin

{wk}mk=1

1

2

m∑
k=1

∥wk∥22 (53)

s.t.
m∑
k=1

skσ(w
⊤
k xi) = yi, for all i ∈ [n].

Recall that the gradient descent limit {w(∞)
k }mk=1 satisfies the same set of constraints: it interpolates

all examples. Consequently, both {w(∞)
k }mk=1 and {w⋆

k}mk=1 are feasible solutions to (53). We show
that the norm difference between w

(∞)
k and w⋆

k can be upper bounded by 2 times the norm of w(∞)
k .
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k −w⋆
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2
≤ 2
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∥∥∥w(∞)
k

∥∥∥2
2
+ 2

m∑
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∥w⋆
k∥

2
2 ≤ 4

m∑
k=1

∥∥∥w(∞)
k

∥∥∥2
2
,
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where it follows the definition of (53). By Lemma 19, we have the upper bound for
∥∥∥w(∞)

k

∥∥∥2
2

as

∥∥∥w(∞)
k

∥∥∥2
2
= α

(∞)⊤
k XX⊤α

(∞)
k ≤ µ1(XX⊤)

∥∥∥α(∞)
k

∥∥∥2
2
≤ Cg ∥λ∥1 ·

C2
αny

2
max

∥λ∥21
=

CgC
2
αny

2
max

∥λ∥1
.

As a result, we have

m∑
k=1

∥∥∥w(∞)
k −w⋆

k

∥∥∥2
2
≤ 4CgC

2
αmny2max

∥λ∥1
.
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Appendix H. Simulations

We present visualizations of an exploratory nature, of the evolution of the primal variables at itera-
tion checkpoints in settings that violate the assumptions made in our theoretical results.
H.1. Moderate-Dimensional Data and Single ReLU Model

(a) Initialization 1 (t = 0). (b) Initialization 2 (t = 0).

(c) Initialization 1 (t = 19). (d) Initialization 2 (t = 19).

(e) Initialization 1 (t = 80). (f ) Initialization 2 (t = 80).

Figure 3: We illustrate the prediction dynamics of gradient descent for a single ReLU model under
different random initializations when d is comparable with n. In both cases, with sufficiently small
step size, the final solution converges to a linear minimum-ℓ2-norm interpolator on some subset
of the training examples, i.e. of the form wlinear−MNI,S = X⊤

S (XSX
⊤
S )

−1ỹS , where ỹS,i =
max{yi, 0}. In contrast to the high-dimensional regime, different initializations lead to different
subsets S, indicating that ReLU training implicitly performs an example “selection” process, that
is initialization-dependent, rather than fitting all positively-labeled samples. The experiment uses
n = 10, d = 50, x ∼ N (0, I), y ∼ N (0, 1), w(0) ∼ N (0, 2× 10−6I), and η = 10−4.
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H.2. Gradient Descent Dynamics of Two ReLU Models

(a) Two ReLU model gradient descent dynamic (t = 0).

(b) Two ReLU model gradient descent dynamic (t = 1).

(c) Two ReLU model gradient descent dynamic (t = 17).

Figure 4: Simulation illustrating Theorem 7. In the high-dimensional regime and under our ”all-
positive” initialization, after the first gradient step, examples with positive labels remain active
while examples with negative labels become inactive, consistent with Lemma 15. The blue region
shows primal variables that remain positive over training, whereas the red region corresponds to
dual variables that are sufficiently negative and remain unchanged. As training proceeds, w⊕ fits
all positively labeled examples and w⊖ fits all negatively labeled examples. The experiment uses
n = 10, d = 2000, features x ∼ N (0, I), and labels satisfying |y| ∼ U(0.1, 1) with sign(y)
uniformly distributed over {±1}.
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(a) Two ReLU model gradient descent dynamic (t = 0).

(b) Two ReLU model gradient descent dynamic (t = 1).

(c) Two ReLU model gradient descent dynamic (t = 40).

Figure 5: Simulation with random initialization in the high-dimensional regime, which violates our
initialization assumption in Theorem 7. Under random initialization, the sufficient conditions of
Lemma 15 are violated at the first gradient step. As a result, positively labeled examples do not
all remain in the active (blue) regime (e.g. example no. 5), nor do negatively labeled examples
consistently enter the inactive (red) regime (e.g. example no. 7). Consequently, during training,
this model fails to converge to a global minimum. The experiment uses n = 10, d = 2000, features
x ∼ N (0, I), and labels satisfying |y| ∼ U(0.1, 1) with sign(y) uniformly distributed over {±1}.
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(a) Two ReLU model gradient descent dynamic (t = 0).

(b) Two ReLU model gradient descent dynamic (t = 1).

(c) Two ReLU model gradient descent dynamic (t = 40).

Figure 6: Simulation with all-positive initialization outside the high-dimensional regime. When the
data dimension is not sufficiently large, the feature vectors are no longer approximately orthogonal.
As a result, the clear separation into active (blue) and inactive (red) regimes observed in Figures 4
and 5 disappears. Consequently, the gradient dynamics become highly coupled across examples
and are no longer analytically tractable using our high-dimensional arguments. The experiment
uses n = 10, d = 15, features x ∼ N (0, I), and labels satisfying |y| ∼ U(0.1, 1) with sign(y)
uniformly distributed over {±1}.
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H.3. Gradient Descent Dynamics of Multiple ReLU Models

(a) Multiple ReLU model gradient descent dynamic (t = 0).

(b) Multiple ReLU model gradient descent dynamic (t = 1).

Figure 7: Failure of stable activation patterns in multiple ReLU models. We illustrate the training
dynamics of a multiple ReLU model when multiple neurons share the same sign. In this setting,
the sufficient conditions of Lemma 19 are violated, and positive primal variables do not necessarily
remain in the active (blue) regime throughout training (e.g. training example no. 0). As a result, the
activation pattern becomes unstable, and the resulting primal dynamics are no longer tractable. The
experiment uses n = 10, d = 2000, m = 4, with neuron signs s1 = s2 = 1 and s3 = s4 = −1,
features x ∼ N (0, I), and labels satisfying |y| ∼ U(0.1, 1) with sign(y) uniformly distributed over
{±1}.
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