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Abstract

Schrodinger-Follmer sampler (SFS) (Huang et al., 2021) is a novel and efficient approach
for sampling from possibly unnormalized distributions without ergodicity. SFS is based on
the Euler-Maruyama discretization of Schrodinger-Follmer diffusion process

dX, = —VU (X, t)dt +dBy, t€[0,1], Xo=0

on the unit interval, which transports the degenerate distribution at time zero to the target
distribution at time one. In|Huang et al.| (2021)), the consistency of SF'S is established under
a restricted assumption that the potential U(z,t) is uniformly (on ¢) strongly convex (on
x). In this paper we provide a non-asymptotic error bound of SFS in Wasserstein distance
under some smooth and bounded conditions on the density ratio of the target distribution
over the standard normal distribution, but without requiring the strongly convexity of the
potential.

1 Introduction

Sampling from possibly unnormalized distributions is an import task in Bayesian statistics and machine
learning. Ever since the Metropolis-Hastings (MH) algorithm (Metropolis et all [1953; [Hastings| [1970)
was introduced, various random sampling methods were proposed, including Gibbs sampler, random walk
sampler, independent sampler, Lagevin sampler, bouncy particle sampler, zig-zag sampler (Geman & Geman),
1984; |Gelfand & Smith) [1990; [Tierneyl (1994} [Liul 2008} Robert et al., [2010; [Bouchard-Coété et al., 2018
Bierkens et al., 2019, among others, see|Brooks et al.| (2011}); |Dunson & Johndrow] (2020) and the references
therein. The above mentioned sampling algorithms generate random samples by running an ergodic Markov
chain whose stationary distribution is the target distribution.

In|[Huang et al.| (2021)), the Schrodinger-Foéllmer sampler (SFS), a novel sampling approach without requiring
the property of ergodicity is proposed. SFS is based on the Schrédinger-Follmer diffusion process, defined
as

dX, = b(X,,t)dt +dB;,, te[0,1], X, =0, (1)

where the drift function

B Ezonvo)[Vi@+V1-tZ)] 1
bant) = ~VU (e, ) = M TR R 0,1) o R

with f(-) = ﬁé‘lp)(-). According to Léonard (2014) and Eldan et al.| (2020)), the process {X;}i¢jo,1) in
was first formulated by Follmer (Follmer) 1985; (1986 [1988) when studying the Schrédinger bridge problem
(Schrodinger) [1932). The main feature of the above Schrodinger-Follmer process is that it interpolates dg

and the target p in time [0,1], ie., X1 ~ p, see Proposition SEFS samples from p via the following
Euler-Maruyama discretization of ,

1/75k+1 =Y +Sb()/tkvtk)+\/g€k+1, Y, =0, k=0,1,...,K -1,
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where s = 1/K is the step size, t, = sk, and {ek}le are independent and identically distributed from
N(0,1I,). If the expectations in the drift term b(z,¢) do not have analytical forms, one can use Monte Carlo
method to evaluate b (Y3, ,tx) approximately, i.e., one can sample from p according

ﬁk+1 :ﬁk +SB7TL (ﬁkvtk> +\/§6k+17 ?2-50 :07 kzovl)"'7K_1)

s = LN V(Yo +VI— 1 Z5)]
here by, (Y, . te) = =1k
where ( tk k) 1 TR =

m j=1

Huang et al.|(2021)) demonstrate that SF'S outperforms the exiting samplers based on egordicity.

with Z1,..., Z,, ii.d N(0,I,). The numerical simulations in

In Section 4.2 of [Huang et al| (2021), they prove that
Wo(Law(Y;,. ), 1) — 0, as s — 0,m — 0o
under a restricted assumption that the potential U(x,t) is uniformly strongly convex, i.e.,
U, t) = Uy, t) = VU, 0) (@ —y) = (M/2) |lo =y, ¥,y € P, ¥t € [0,1], (2)

where M is one finite and positive constant. In this paper we provide a new analysis of the above SFS
iteration. We establish a non-asymptotic error bound on Wa(Law (Y%, ), #) under the condition that f and
V f are Lipschitz continuous and f has positive lower bound, but without using the uniformly strongly
convexity requirement .

The rest of this paper is organized as follows. In Section [2] we recall the SF'S method. In Section [3| we
present our theoretical analysis. We conclude in Section [d] Proofs for all the theorems are provided in
Appendix.

2 Schrodinger-Follmer sampler

In this section we recall the Schrédinger-Follmer sampler briefly. More backgrounds on the Schrodinger-
Foéllmer diffusion process please see Dai Praf (1991)); |Léonard, (2014)); |Chen et al.| (2021)); [Huang et al.| (2021).

Let p € P (RP) be the target distribution and absolutely continuous with respect to the p-dimensional
standard normal measure G = N(0, I,). Let

fla) = L)

We assume that

(A1) f,Vf are Lipschitz continuous with constant -,
(A2) There exists £ > 0 such that f > &.

Define the heat semigroup Q,t € [0,1] as
Quf(x) = Egnclf (@ + ViZ)].
Proposition 2.1. Define a drift function
b, t) = Viog Q1o f(2).
If f satisfies assumptions (A1) and (A2), then the Schrédinger-Féllmer diffusion
dX; =b (X3, t)dt +dB;, te€][0,1], Xo=0, (3)

has a unique strong solution and X1 ~ pu.
Remark 2.1.
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(i) From the definition of b(x,t) in Proposition[2.1] it follows that U(z,t) = —log Q1_.f(z).

(it) If the target distribution is p(dx) = exp(=V(z))dx/C with the normalized constant C, then f(x) =

(\/?) exp (—V(x) + %) Once V(x) is twice differentiable and

lim sup exp (—V(x) + ||x||%/2) |l — VV|2 < o0,
R=o0z),>R

lim sup exp (—V(J:) + ||a:\|§/2) [Hess(V)|l2 < oo,
R=o0 iz),>R

then both f and Vf are Lipschitz continuous, i.e., (A1) holds. (A2) is equivalent to the growth condition
2
on the potential that V(x) < @ — log € + contant.

(iii) Under (A1) and (A2), some calculation shows that

IVFll2 <, [[Hess(f)ll2 <,

and
sup  [[VQi—¢f(z)ll2 <y, sup [Hess(Qi—+f(z))ll2 <,
z€RP,t€(0,1] z€RP,t€(0,1]
e V0L () Hess(@1-f)(x)
_ Yt/ &) _ Hesstbr—¢J )\T) T
b(x,t) = oS @) Vb(z,t) O oS (@) b(x,t)b(z,t) .

We conclude that
ol v 7
sup  Ib(z, )ll2 < =, sup  [[Vb(z,t)|l2 < - + -
z€RP,t€(0,1] f z€RP,t€[0,1] 5 5

Proposition [2.1] shows that the Schrodinger-Follmer diffusion will transport &y to the target p on the u-
nite time interval. Since drift term b(x,t) is scale-invariant with respect to f in the sense that b(z,t) =
VliegQ1-+Cf(x),VC > 0. Therefore, the Schrodinger-Follmer diffusion can be used for sampling from
u(dx) = exp(—V (z))dz/C, where the normalizing constant of C' may not to be known. To this end, we use
the Euler-Maruyama method to discretize the Schrodinger-Follmer diffusion . Let

tp,=%k-s, k=0,1,...,K, with s=1/K, Y;, =0,
the Euler-Maruyama scheme reads

Yioo = Ye, + 50 (Ve th) + Vs€oq1, k=0,1,..., K — 1, (4)
where {e} 1 | are i.i.d. N(0,I,) and

:EZ[Vf(Ytk—i-\/l—th)} _ Ez[Zf (Y, + VI —t12)]
Ez[f(Ye, + VI—tZ)]  Ez[f(Ye, + VI-t2)VI -1
From the definition of b(Y:,, ti) in , we may not get its explicit expression. Here, we can get one estimator
b, of b by replacing Ez in b with m-sample mean, i.e.,
b (Yo 1) et VIV, + VI=TZ))]
m slk) = m y
" o g [ Ve + VI =10 Z)))

b(Yiy, k) ()

k=0,...,K—1, (6)

or

bV 14) = o e [Zi f (Yo + VT =T Z;)]
e T S (Y, A VT Zy)] VIl

where Zy,...,Z,, are i.i.d. N(0,I,). The detailed description of SFS is summarized in following Algorithm
below, which is Algorithm 2 in Huang et al.| (2021).

k=0,...,K—1, (7)
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Algorithm 1 SFS for p = exp(—V (z))/C with Monte Carlo estimation of the drift term

Input: m, K. Initialize s = 1/ K, f/t(, =0.
for k=0,1,..., K —1 do

Sample ex41 ~ N(0, I,).
Sample Z;,1,...,m, from N(0,I,).
Compute b, according to @ or @

f@kﬂ = 57tk + 8bm (fﬁk,tk) + V/5€p 1.

end for
Output: {Y;, } ;.

In Section 4.2 of Huang et al.| (2021)), they proved that
Wo(Law(Yy, ), 1) — 0, as s — 0,m — oo

under a restricted assumption that the potential is uniformly strongly convex, i.e, U(x,t) satisfies
However, (2)) is not easy to Verlfy In the next section, we establish a nonasymptotic bound on the Wasserstem

distance between the law of V; « generated by SE'S (Algorlthm' and the target p under smooth and bounded
conditions (A1) and (A2) but without using the strongly uniform convexity assumption (2)) on U(x,t).

3 Bound on Wy(Law(Y;, ), ;1) without convexity

Under conditions (A1) and (A2), one can easily deduce the growth condition and Lipschitz/Hélder continuity
of the drift term b(z,t) (Huang et al., [2021), i.e

I, )1 < Co(1 + [12]3). ()

and
bz, t) ~ by, 1) < Cilla — o, (C2)

and
Iz, 2) — by, ) < €y (e~ vlla + It — 5] (C3)

where Cy and C; are two finite and positive constants.

Remark 3.1. and are the essentially sufficient conditions such that the Schrédinger-Follmer
SDE (@ admits the unique strong solution. has been introduced in Theorem 4.1 of |Tzen & Raginsky
(2019), and it is also similar to the condition H2 of |Chau et al.| (2019) and Assumption 8.2 of |Barkhagen)
et al| (2018). Obviously, implies and hold if the drift term b(z,t) is bounded over RP x [0, 1].

Let D(v1,1v2) be the collection of coupling probability measures on (Rzp 7IS’(R2P)) such that its respective
marginal distributions are vy and v5. The Wasserstein of order d > 1 with which we measure the discrepancy
between Law(Y:,.) and p is defined as

1/d
. d
Wd(l/l,l/Q) = VED18/€7V2) <‘/Rp AP ||01 — 92“2 dl/ (91,92)) .
Theorem 3.1. Assume (A1) and (A2) hold, then

WalZau(Ti ) < OV +0 ([ R,

where s = 1/K is the step size.
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Remark 3.2. This theorem provides some guidance on the selection of s and m. To ensure convergence of the
distribution of Y., we should set the step size s = o(1/p) and m = exp(p/o(1)). In high-dimensional models
with a large p, we need to generate a large number of random vectors from N(0,I,) to obtain an accurate
estimate of the drift term b. If we assume that f is bounded above we can improve the nonasymptotic error

bound, in which O ( p/ log(m)) can be improved to be O (\/p/m).
Theorem 3.2. Assume that, in addition to the conditions of Theorem[3.d], f has a finite upper bound, then

p

Wa(Law(Viy ), 1) < O(yF5) + O ( ) |

m

where s = 1/K is the step size.

Remark 3.3. With the boundedness condition on f, to ensure convergence of the sampling distribution, we
can set the step size s = o(1/p) and m = p/o(1). Note that the sample size requirement for approzimating
the drift term is significantly less stringent than that in Theorem[3.1}

Remark 3.4. Langevin sampling method has been studied under the (strongly) convex potential assumption
(Durmus & Moulines, [2016d[b; [Durmus et al), [2017; [Dalalyan, [2017d[t;: [Cheng & Bartlett, |2018; [Dalalyan]
& Karagulyanl, |2019); the dissipativity condition for the drift term (Raginsky et all |2017; |Mou et all, |2019;
Zhang et al., 2019); the local convexity condition for the potential function outside a ball (Durmus et al.
2017; |Cheng et al., |2018; |Ma et all,|2019; |Bou-Rabee et al., [2020). However, these conditions may not hold
for models with multiple modes, for example, Gaussian mizrtures, where their potentials are not convex and
the log Sobolev inequality may not be satisfied. Moreover, the constant in the log Sobolev inequality depends on
the dimensionality exponentially (Wang et al., |2009; |Hale, |2010; |Menz et all, |2014; |Raginsky et al., |2017),
implying that the Langevin samplers suffers from the curse of dimensionality. SFS does not require the
underlying Markov process to be ergodic, therefore, our results in Theorem [3.1] and[3-9 are established under
the smooth and bounded assumptions (A1) and (A2) on f but do not need the above mentioned conditions
used in the analysis of Langevin samplers.

In Theorem and Theorem we use (A2), i.e, f has positive lower bound, however, (A2) may not hold
if the target distribution admits compact support. To circumvent this difficulty, we consider the regularized
probability measure

pe = (1 —e)u+eG, €€ (0,1).
The corresponding density ratio is
s dpie

°dG

Obviously, f. satisfies (A1) and (A2) if f and Vf are Lipschitz continuous. Since p. can approximate to
w well if we set & small enough, then we consider sampling from p. by running SFS (Algorithm [1)) with f
being replaced by f.. We use f’ti( to denote the last iteration of SFS.

Theorem 3.3. Assume (A1) holds and set e = (log(m))~/5, then

=(1—-¢e)f +e.

WalLan(F5)) < OG0+ O (ot )

where s = 1/K is the step size, ép is a constant depending on p. Moreover, if f has the finite upper bound
and set e = m~1/5, then

WalZau(T5, ). ) < O/ + G- O —ir ).

4 Conclusion

In [Huang et al| (2021)), Schrédinger-Follmer sampler (SFS) was proposed for sampling from possibly unnor-
malized distributions. The key feature of SFS is that it does not need ergodicity as its theoretical basis. The
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consistency of SFS proved in [Huang et al. (2021)) relies a restricted assumption that the potential function
is uniformly strongly convex. In this paper we provide a new convergence analysis of the SFS without the
strongly convexity condition on the potential. We establish a non-asymptotic error bound on Wasserstein
distance between the law of the output of SFS and the target distribution under smooth and bounded
assumptions on the density ratio of the target distribution over the standard normal distribution.
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A Appendix
In this appendix, we prove Proposition [2.I] and Theorems

A.1 Proof of Proposition [2.]]

Proof. This is a known result, see [Dai Pra| (1991); [Lehec| (2013]) for details. O

A.2 Preliminary lemmas for Theorems [3.1}{3.2]

First, we introduce Lemmas [ATHA 5] in preparing for the proofs of Theorems [3.1}3.2}
Lemma A.1. Assume (A1) and (A2) hold, then

E[|| X¢[[3] < 2(Co + p) exp(2Cot).

Proof. From the definition of X; in 1) we have || X¢|l2 < fot |6(Xy, w)|l2du + || Be]|2. Then, we can get

t 2
nxm§§2<lnwxmwme 2By

t
gzg/HMXMum%u+mwm%
0
t
S%/GM&ﬁ+MWMw%,
0

where the first inequality holds by the inequality (a + b)? < 2a? + 2b2, the last inequality holds by (C1)).
Thus,

t
mx@sy/%@wm%MM+EWM
0
t
< 200/ E||X,[3du + 2(Cy + p).
0

By Bellman-Gronwall inequality, we have

E[| X3 < 2(Co + p) exp(2Cot).

Lemma A.2. Assume (A1) and (A2) hold, then for any 0 <t; <ty <1,

E[||Xt2 — th H%] <4C) eXp(2CO)(CQ —|—p)(t2 — t1)2 + 200(t2 - t1)2 + 2p(t2 — tl).
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Proof. From the definition of X; in , we have

ta
[ X, — Xi, [l2 < / [6(X, w)ll2du + | By, — By, |2
ty

Then, we can get

to 2
1X0 — X0l <2 ( / ||b<Xu,u>|2du) 2By, — B2

t1
ta
<oty — 1) / 1B(X . w)|2du + 2| By, — By, |2
t
b
<oty —t2) [ CollXull? + 1)du+ 2B,y — By |,

t1

where the last inequality holds by (C1f). Hence,

to
El| X, — Xe, |13 < 2(t2 — 751)/ Co(E[|Xul3 + 1)du + 2E|| By, — By, I3
ty
< 4Cqexp(200)(Co + p)(ta — t1)? + 20 (ta — t1)? + 2p(ta — t1),
where the last inequality holds by Lemma [A1]

Lemma A.3. Assume (A1) and (A2) hold, then for any R > 0,

wp B [[0(e.t) ~ (o)1) < 0 (2

[[z]|2<R,t€[0,1]

pexp(R2)> .

Moreover, if f has the finite upper bound, then

E [|[b(z,t) — b (t,2)2] <O (£).
s Eflbet) - bato)lE] <O (1)

Proof. Denote two independent sets of independent copies of Z ~ N(0, I,,), that is, Z = {Z,, ..

Z'={Zj,...,Z! }. For notation convenience, we denote

0= By (a4 VT 12), dy = 2=t VI 4

m
e Bpf(z+ VIZEZ), ey = 2zt S @HVIZ1Z)

m
SV VITIZ) S St T2
m »om m '

d/
Due to d — d,, = E[d],, — dy|Z], then ||d — d,,[|3 < E [||d], — di||3]Z]. Then,

Elld - dw|* < E [E[lld},, — dml|3|Z]] = E|ld;,, — dll3

m

 Ep |V VT 1) - Vi@ VT2

m

(-t 2
< TEzl,Z; 121 = Z11I;

2py?

b

IA

v Zm} and
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where the second inequality holds by (A1). Similarly, we also have

Ele — en|? < Elel, — em|?

2
C Byyz [+ VT —12)) — fle+ VT —127)]
o m
(1-1t)y? 2
< T]EZl,Z{ ||Z1 - Zi||2
2
< 2py

)
m

where the second inequality holds due to (A1). Thus, by and @D, it follows that

2 2
sup B ld— dyll; < 2,
z€RP,t€(0,1]

2 2
sup  Ele —ep|* < Py

z€RP,t€[0,1] m

Then, by (A1) and (A2), through some simple calculation, it yields that

d dm

e  enm

Ib(x, t) — Bm(x,t)Hg =

2
< ldlizlem — el + ||d = dm|l2|e]

leem]
< Alem —el £ |ld = dm|l2|e]
< &

Let R > 0, then

sup f(z) < O (exp(R*/2)) .
lzll<R

Therefore, by -, it can be concluded that

7 exp(R?
sup  E[[|b(z,t) = bn(z,)|3] <O (PP()) .
llz]l2<R,t€[0,1] m

(10)

(11)

Moreover, if f has the finite upper bound, that is, there exists one finite and positive constant ¢ such that

f < (. Then, similar to , it follows that for all © € R? and ¢ € [0, 1],

72|em - e|2 + CQHd - dmn%
¢ '

bz, ) = b (, )13 < 2

Then, by — and 7 it follows that

up  E[[|b(x,t) — b (8, 2) ]3] <O (L)
e Eflbed) - bato)lE] <O (1)

Lemma A.4. Assume (A1) and (A2) hold, then for k=0,1,..., K,
~ 672
E[||Yz, ]3] < @ + 3p.

10

(14)
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Proof. Define Oy ; = ﬁk + (t — tk)ém(f/tk,tk) and f’t = O+ + By — By, where ¢, <t < 541 with k =
0,1,...,K — 1. By (A1) and (A2), it follows that for all x € R? and ¢ € [0, 1],

Ib(z, )13 < Z5 llom (@, O3 < 2 (15)

Then, by , we have

19k el13 = Ve, 13 + (¢ = ta)1[Bm (YVeri, ta) 13 + 2(t — ta) V3 b (Ve )
> (s + %)y
< (L4 8)[Yeell3 + =

Further, we can get

E[||Y:|31Yz.] = E[|Ok,el13Ye,] + (t — ti)p
(s +5%)9°

< (L4 9)E[Ve |13 + &

+ sp.

Therefore,

(s +5°)7°

E[l[Yey, 3] < (1 + $)E[ Yy, |13 + &

+ sp.

Since }7,50 = 0, then by induction, we have

~ 672
[V, 13] < —5 + 3p-

=
O
Lemma A.5. Assume (A1) and (A2) hold, then for k=0,1,..., K,
~ L~ 2 p
E Hb(Ytk,tk) - bm(Ytk,tk)H2 <O (log(m)) -
Moreover, if f has the finite upper bound, then
- .~ 2
2|t -huGiof} 20 (2)
Proof. Let R > 0, then
B o, t) — T )], = B, B | [oFi00) = BFa ) [ 10Fs e < )
(16)

~ ~ ~ 2 ~
8y, B | [T t0) = B it [ 10Ti e >

Next, we need to bound the two terms of (16]). First, by Lemma we have

pexp(Rz)) .

~ - ~ 2 ~
Es, Bz [ [oT: ) bn(Fivot0) [ 10Tk < )] < 0 (2228

Secondly, combining and Lemma with Markov inequality, it yields that

Eg, Ez |:Hb(}7;tk7tk) - Em(iwtk)Hz AT R)] <0 (p/R).

11
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Thence

E[[oFiot0) — b ), < 0 (222 ) 4 0 o). (")

1/2
Set R = (%) in , then we have

~ ~ ~ 2 P
E .t - T, <0 (105 ).

Moreover, if f has the finite upper bound, then by Lemma[A73] we can similarly get

E [b(¥e i) - Em(ik,tk>\)z —E;, E; [Hb(qu,tk) - I;m(fftk,tk)Hﬂ <o(L).

This completes the proof. O

A.3 Proof of Theorem [3.1]

Proof. From the definition of fftk and Xy, , we have
HY;fk - th ||§

2
< Fos — X B+ ( / 1b(X.0, w) bmmwtk_l)nQdu)
te—1

k—1

tr _ .
+ 2H)/tk—1 - th71 ”2 (/ ||b(Xu,U) - bm(}/tkwtk—l)”Qdu)
t

< (14 9)| Vs — Ko I3+ (L +9) / 16(X s ) = B (Vi i) [3clu

th—1

- 23 -
<A+ ) Ve, — Xep 15 +2(1+ 5) / 16(Xu,w) = b(Ye, s tr—1)ll5du

tr—1

+25(1+ ) [D(Ve s trm1) = b (Ve B 113

~ tk .
< (1 + S)HY;fk—l - th—l Hg + 4012(1 + S)/ [HXU - Y;fk—l ||g + |’LL - fk71|]du

th—1

+25(1+ )bV, trm1) = b (Ve tra) 113

~ tk
< (4 9Ty = X [F+8C31+5) [ 11X = X B

te—1
F8CEs(L+8) | Xpy, — Yoo, |3 +4C2(1 + 5)52
+25(1+ 8)[b(Ye 1 s tre1) — b (Ve to1) |13
~ tk
S (1 + s+ 8012(8 + SQ))H}/;IC—I - th—l ||§ + 8012(1 + S) / ||XU - th—l ||§du

th—1

+ 4012(1 + 5)82 + 23(1 + S)Hb(i;tk—l ) tk—l) - B"L(ik—l ) tk—1)||§7

12
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where the second inequality holds duo to 2ab < sa? + %, the fourth inequality holds by 1| Then,

E||Y:, — Xo, |3 < (145 +8CT(s + "))V, _, — X, |13

tr
+8CF(1+ s) / E|| X, — X, ||2du + 4C3(s* + 5°)

tp—1
+25(1 4+ $)E[|[6(Ye s ti1) — bm (Yer_1» tre1)|2]
< (1+s+8C%s+s2)E|Y,_, — Xe,_, |12 + h(s)
+A4CT (s + 5%) + 25(1 + )E[||b(YVs, s te-1) — b (Ye, s tr—1) 3]
< (1+s+8C%(s+s2)E|Y, , — Xo, |12 + h(s)

+4C3(s* + 5%) +25(1 4+ 5)0O (logl()m)) ) (18)

where h(s) = 8CF(s + s2)[4Cy exp(2Cy)(Co + p)s? + 2Cos* + 2ps], and the last inequality holds by Lemma
Owing to Y3, = Xy, = 0, we can conclude that

]E”YiK _XtKHg
(14+5s+8C2(s+s%)K —1
- s+ 8C%(s + s?)

<(9(ps)+(’)( b )

[h(s) +4CT(s* + 5%) + 2(s + 5%)O (lmgl()m))]

log(mn)

Therefore,

WalLau (T < O +0 ([P

log(m)
O
A.4 Proof of Theorem
Proof. This proof is same as that of Theorem Similar to , by Lemma it yields that
E||Yy, — Xi, 13 < (145 +8C7 (s + 8*)E|Ys,, — Xoo_, [I3 + 1(s)
+ 407 (s* 4+ 8%) +25(1 + 5)0O (%) .
Then, we also have
]EHY;K - XtK ||§
(1+s+8CF(s+5*)" —1 2.2, .3 2 1
h 4C' 2 o\ —
- s+ 8C%(s + s?) (8) +4C7(s" + 87) +2s +57) m
<O(ps)+0O (£> .
m
Hence, it follows that
Wa(Lau (T < 05 + 0 (1/2).
O

13
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A.5 Preliminary lemmas for Theorem [3.3]

To prove Theorem we first prove the Lemmas
Lemma A.6. Assume (A1) holds, then for any R > 0,

sup B [[[b(x,t) — (. 1)[|2] < O <pexp(RW) +0 (p(cp)2> ,

4 2
|z]l2<R,t€[0,1] me me

where C, = (271’)1)/2071, Moreover, if f has the finite upper bound, then

sup  E[||b(z,t) — Bm(t,w)llg] <0 (p;i;) ) +0 (

z€RP,t€(0,1]

p(Cp)2> .

me2

Proof. Denote two independent sets of independent copies of Z ~ N(0,I,) by Z = {Zi,...

Z'={Z,...,Z! }. For notation convenience, we denote
m V1-—1tZ;
0= E V(e + VI 12), dy, = 2= VIO T ),
m
5 gl +V1—12;) €

=E VI—tZ)+ |, em = == ,
¢ =Bz |9(x+ taa—a ¢ m Toa-9
J - S Ve(z + V1 —tZ)) oo Srigle+V1—-tZ)) N 5

m m om m Cp(l—¢)’

, Zm} and

where g(z) = exp(||z]|3/2 — V(2)). Since d — d,,, = E[d},, — dn|Z], we have ||d — d,,[|3 < E[||d), — din3|Z].
By (A1), it yields that g and Vg are Lipschitz continuous. Thus there exists a finite and positive constant

~ such that for all z,y € RP,
l9(z) = 9W)| < vllz —yll2,

Vg(z) = Va2 < vllz -yl

Therefore,

Eld — dp|* < E[E[||dy, — dul3|Z]] = Elld;, — dm||3

2
Bz, 2 |Vyle + VT —121) = Vg(z + VT =127)|
o m
(1-t)y° 2
< Es 2 - 71,
2
< 2py

9

m
where the second inequality follows from . Similarly, we also have
Ele — em|? < Ele), — eml|?
9z +VT=12)) — gz + VT =12
m

(1—t)? 2
—En 2 120 - Zill

Bz z

IA

2
< 2pry
m

where the second inequality follows from .Hence7 by and , we have

b

sup EHd*deg <

2py?
z€RP,t€[0,1] m

14
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2 2
sup  Ele —ep|* < v (24)
z€RP,t€[0,1] m
Then, by and , through some simple calculation, it yields that
~ d d
b(x,t) — by (z,t)|]2 = || - — =
o6, 0) =BGzl = | 5 = 2|
ldllz2lem — €| + [ld = dm||2e]
- leem |
VNem — el +|ld — dim|lle]
< . (25)
(e/(Cp — Cpe))?
Let R > 0, then
sup g(z) <O (exp(R2/2)) . (26)

llzll2<R

Therefore, by —, it can be concluded that

e pexp(R?) )
el LG %“WMSOQWWQQWJ+OCWﬂ@@mJ

<o (PRGN o (MG

met me2

Moreover, f has a finite upper bound so does g. Then there exists a finite and positive constant ¢ such that
g < ¢. Similar to (2F)), it follows that for all z € R? and t € [0, 1],

"/2|em - €|2 + (¢ + 5/(017 - Cp€))2||d - dm”%

b(x,t —Bmx,t 2<9 27
|| ( ) ( )H2 (8/(Cp—0p5))4 ( )
Then, by — and , it follows that
7 D p
sup E|||b(x,t —bmt,x2§(9< >+(’)< )
e et = bt )] < O\ e = 51 ) O\ e, - 6o
4 2
<0 p(Cp) + 0 P(Cp) .
me? me2
O

Lemma A.7. Assume (A1) holds, then for k=0,1,..., K,

Bl <0 (Y50 ) +ow),

where C, = (2m)P/2C~1.

Proof. Define ©5, = Y + (t — t)by (Y7, tx) and Y7 = ©5, + By — By,, where t; < t < tyq1 with
k=0,1,..., K — 1. By (A1), then there exists one finite and positive constant v such that g is y-Lipschitz

continuous. Then, for all z € RP and ¢ € [0, 1], we have
2 2

- v
om0 < e, e

v

||b(x,t)||§ < m7

(28)

By , we have
107,415 = IV 113 + (¢t = )10 (Vi )13 + 208 — ) (V) "o (Vi ta)

(s +5*)7?

<L+ 9V I3+ (E/(Cy —Cpe))?

15
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Furthermore, it can be shown that
E[IY7I31Y5] = E[IO5F, 31V ] + (t — to)p

(s + 5%)7

< QU+ 9BV + e~ P

+ sp.

Therefore,
E[|V,, [I3] < (1 + )E[|Yz (3] +

Since l~/tf) = 0, then by induction, we have

62

(e/(Cp = Cpe))?

BE <0 (%) rop).

Y.,

Lemma A.8. Assume (A1) holds, then for k=0,1,..., K andt € [0, 1],

(b7 1) — bVt <o<ﬁ))+0(%>+@(%>

where Cp, = (277)"/20_1. Moreover, if f has a finite upper bound, then
Ve 7 (ve 2 p Cp)* p Cp)?
IEHb(Ytk,tk)—bm(Ytk,tk)HQg(’)(Engpz Lo (PO

Proof. Let R > 0, then

~ 2 ~ ~
E||b(¥i 1) ~ Bn(¥i 1), = By B2 [Hbm‘z,tk)—b Tt 1075 ||2<R>]
(29)
+Ey. Bz {Hb(Yti,tk)—b Y t) H (Y5 ||2>R)]

Next, we need to bound the two terms on the right hand of (29)). First, by Lemma we have

E;. E {Hb(ffti,tk) — b (VE 1) H (|15 |2 < R)] <0 (peXp(RW) +O <W> .

me# me2

Second, by combining and Lemma with the Markov inequality, we have

e . (Cp)* p(Cp)?
Ep. E {Hb(Ytk,tk) b (V1) H 172 2 >R)] < 0<R2€4 +0 (Tt )-

Therefore,

B30 b (700 < 0 (PSS 4 o (MG

me?

Lo ((Cp)4> Lo (p(Cp)2> . (30)

R2e4 R2g2

Setting R = (%)1/2 in , we have
-l = (4GE) o (46) o (A1)

16
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Moreover, if f has a finite upper bound, then by Lemma we can similarly get
~ .~ 2 ~ o~ 2
B 5t — T 0 = B B [0 — BTt

<o (M) o (MG,

met me?

This completes the proof. O

A.6 Proof of Theorem 3.3

Proof. By triangle inequality, we have W5 (Law(fffk),u) < Wy (Law(f’ti(),ug) + Wa(u, te), then we obtain
the upper bound of two terms on the right hand of this inequality, respectively.

First, similar to the proof of Theorem by Lemma and ?tf) = X, = 0 and through some calculation,
we can conclude that

Wa(Law(YE,), pue) < O(V/ps) + O (%) +0 (%) +0 (%) . (31)

Second, we need to get the upper bound of Wa(u, pe). Let Y ~ p and Z ~ N(0,1I,), 6 is one Bernoulli
random variable satisfying P(§ = 1) =1—¢ and P(6 =0) =e. Assume Y, Z and 6 are independent of each
other. Then (Y, (1 — 6)Z 4 0Y") is one coupling of (u, u), and denote its joint distribution by 7. Therefore,
we have

[ eyl =By - (- 0)2 +6)]3
RP XRP

=E[E[|Y — (1 -0)Z+6Y)|3]0]]

=E[E[|Y - ((1-0)Z+06Y)|3/6=1]] P(6 =1)
+E[E[|Y - ((1-6)Z+6Y)|3]60 =0]] P(6 =0)

=E[|Y - Z|)30 = 0]P(6 = 0)

= ¢E[|Y - Z|I3
< O(pe).
Then we have
Wa(p, pe) < O(y/pe). (32)

Combining with , it yields that

Wa(Law (Y[, ), 1)

2 2
< O(Vpe) + O(y/ps) + O (m) +0 <\/1£+;)€2> +0 (%) : (33)

Set € = (log(m))~/% in , then there exist one constant C, depending on p such that
- ~ 1
WalLauw(T5)) < Gy O (o ) + OW).

Moreover, if f has the finite upper bound, then similar to the proof of Theorem and by and Lemma
we have

Wa(Lau(T5) ) < O(E) +0pm) + 0 (VD) 4 o (V2 (34)

17
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Set e =m~/5 in , then there exists one constant CN'p depending on p such that

WalLaw(Ve, ). < Gy -0 (i ) + O

18
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