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ABSTRACT

Training recurrent neural networks typically relies on backpropagation through
time (BPTT). BPTT depends on forward and backward passes to be completed,
rendering the network locked to these computations before loss gradients are avail-
able. Recently, Jaderberg et al.| proposed synthetic gradients to alleviate the need
for full BPTT. In their implementation synthetic gradients are learned through a
mixture of backpropagated gradients and bootstrapped synthetic gradients, analo-
gous to the temporal difference (TD) algorithm in Reinforcement Learning (RL).
However, as in TD learning, heavy use of bootstrapping can result in bias which
leads to poor synthetic gradient estimates. Inspired by the accumulate TD())
in RL, we propose a fully online method for learning synthetic gradients which
avoids the use of BPTT altogether: accumulate BP()). As in accumulate TD(\),
we show analytically that accumulate BP(\) can control the level of bias by using
a mixture of temporal difference errors and recursively defined eligibility traces.
We next demonstrate empirically that our model outperforms the original imple-
mentation for learning synthetic gradients in a variety of tasks, and is particularly
suited for capturing longer timescales. Finally, building on recent work we reflect
on accumulate BP()) as a principle for learning in biological circuits. In sum-
mary, inspired by RL principles we introduce an algorithm capable of bias-free
online learning via synthetic gradients.

1 INTRODUCTION

A common approach for solving temporal tasks is to use recurrent neural networks (RNNs), which
with the right parameters can effectively integrate and maintain information over time. The temporal
distance between inputs and subsequent task loss, however, can make optimising these parameters
challenging. The backpropagation through time (BPTT) algorithm is the classical solution to this
problem that is applied once the task is complete and all task losses are propagated backwards in
time through the preceding chain of computation. Exact loss gradients are thereby derived and are
used to guide updates to the network parameters.

However, BPTT can be undesirably expensive to perform, with its memory and computational re-
quirements scaling intractably with the task duration. Moreover, the gradients can only be obtained
after the RNN forward and backward passes have been completed. This makes the network param-
eters effectively locked until those computations are carried out. One common solution to alleviate
these issues is to apply truncated BPTT, where error gradients are only backpropagated within fixed
truncation windows, but this approach can limit the network’s ability to capture long-range temporal
dependencies.

One proposed method which avoids the need for many-step BPTT whilst still capturing long-range
dependencies is to apply synthetic gradients (Jaderberg et al., 2017; |Czarnecki et al.,|2017). In this
method gradients from future errors are predicted by a separate network, a “synthesiser”, given the
current RNN activity (Fig.[T). Synthetic gradients enable the network to model long-range depen-
dencies on future errors whilst avoiding the waiting time imposed by BPTT. The independence of
memory and computational complexity with respect to the total task length makes synthetic gradi-
ents an attractive alternative compared to BPTT (Marschall et al., 2020). Recently, these properties
have led neuroscientists to speculate that synthetic gradients are computed at the systems-level in
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Figure 1: Schematic of a recurrent neural network (RNN) which learns via synthetic gradients.
(a) External input z; is provided to the RNN which has hidden state h;. Due to recurrency this state
will affect the task loss at the current timestep L; and future timesteps L~ not yet seen. A distinct
synthesiser network receives h; as input and estimates its future loss gradient Gy~ aaLhit, which is
provided to the RNN for learning. The synthesiser learns to mimic a target gradient v;. How vy is
defined and learned is the focus of this paper. (b) An illustration of the accumulate BP(\) algorithm
for learning synthetic gradients in an unrolled version of the network. Current activity h; must be
correctly associated to the later task loss L. Here the parameters 6 of the synthesiser are updated
via a mixture of temporal difference errors § (red) and eligibility traces e (green). As in accumulate
TD(A) in RL, ¢ is computed online using bootstrapping whilst e propagates forwards with a decay
component A with 0 < A < 1. Together, they approximate the true loss gradient. In contrast to the
original synthetic gradient algorithm by Jaderberg et al.| (2017}, our model does not require BPTT.

the brain, explaining a range of experimental observations (Marschall et al., 2019} |Pemberton et al.,
2021; Boven et al., [2023)).

Despite their promise, the full potential of approximating BPTT with synthetic gradients has not
yet been realised. In particular, it is not yet clear what are the optimal conditions for learning
synthetic gradients. In its original implementation, Jaderberg et al.| use synthetic gradients alongside
truncated BPTT, and define the synthesiser target as a mixture of backpropagated gradients with its
own predicted (future) gradient. That is, the synthesiser uses its own estimations — bootstrapping
— for learning. As the original authors note, this is highly reminiscent of temporal difference (TD)
algorithms used in Reinforcement Learning (RL) which use bootstrapping for estimating the future
return (Sutton & Barto, [2018). Indeed, in their supplementary material Jaderberg et al.| extend this
analogy and introduce the notion of the A\-weighted synthetic gradient, which is analogous to the
A-return in RL. However, A-weighted synthetic gradients were only presented conceptually and it
remained unclear whether they would be of practical benefits as they still require BPTT.

In this study, inspired by established RL theory, we make conceptual and experimental advance-
ments on A-weighted synthetic gradients. In particular, we propose an algorithm for learning syn-
thetic gradients, accumulate BP()), which mirrors the accumulate TD(\) algorithm in RL (Van
Seijen et al., [2016). Just as how accumulate TD(\) provides an online solution to learning the A-
return in RL, we show that accumulate BP () provides an online solution to learning A-weighted
synthetic gradients. The algorithm uses forward-propagating eligibility traces and has the advantage
of not requiring (even truncated) BPTT at all. Moreover, we demonstrate that accumulate BP(\) can
alleviate the bias involved in directly learning bootstrapped estimations as suffered in the original
implementation (Jaderberg et al., 2017).

We now provide a brief background into the application of synthetic gradients for RNN learning.
We then introduce the accumulate BP(\) algorithm and demonstrate both analytically and empiri-
cally can it alleviates the problem of bias suffered in the original implementation. Next, we touch
upon accumulate BP(\) as a mechanism for learning in biological circuits. Finally, we discuss the
limitations and conclusions of our work.
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Table 1: Relationship between terms used in value estimation in RL and synthetic gradient (SG)
estimation in supervised learning. For RL R; denotes the reward, ¢, the representation of the current
state, and V' the value function for future return. For main text for more details.

2.1 SYNTHETIC GRADIENTS FOR SUPERVISED LEARNING

Consider an RNN with free parameters ¥ performing a task of sequence length 7' (which may be
arbitrarily long). At time ¢ RNN dynamics follow h; = f(x¢, hy—1; V), where h is the RNN hidden
state, x is the input, and f is the RNN computation. Let L; = L(9:, y:) denote the loss at time ¢,
where g, is the RNN-dependent prediction, y; is the desired target, and L the task loss function (e.g.
mean-squared error). Let L~; = >, ., L, denote the total loss strictly after timestep ¢.

During training, we wish to update W to minimise all losses from timestep ¢ onwards. Using gradient

.. . . 17} -
descent this is achieved with ¥ = ¥ — 7)2’3% for some RNN learning rate 7. We can write

this gradient as
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future errors are effectively ignored. With BPTT, this term is only computed after tthe forward
pass and the corresponding backward pass so that all future errors are observed and appropriately
backpropagated. This has memory and computational complexity which scales with 7', and thereby
relies on arbitrarily long waits before the loss gradient is available.

The aim of synthetic gradients is to provide an immediate prediction G of the future loss gradient,
Gy~ Gy = ()L =t (Jaderberg et al., 2017). We use notation Gy both to represent “gradient” but also
to highlight its resemblance to the return in RL. Note that this gradient is a vector of the same size as
h. AsinJaderberg et al.|(2017), we consider Gy tobe computed via a separate “synthesiser” network:

G, = g(hy; 0), where g denotes the synthesiser computation with parameters 6. An approximation
for the loss gradient with respect to the RNN parameters can then be written as

3Zt§T§TL 0Ly e Ohy
BN? ohy ') o

This is available at timestep ¢ and removes the dependence of the memory and computational com-
plexity on 7" as in Eq.[3]

“4)

2.2 LEARNING SYNTHETIC GRADIENTS

The quality of the synthetic gradient used in Eq. [d]is critical for enabling good RNN parameter up-
dates. However, how the synthesiser parameters themselves (6) should be learned remains relatively



Under review as a conference paper at ICLR 2024

unexplored and is the focus of this paper. One option is to directly minimise the distance between the
where

synthesiser prediction and true backpropagated loss gradient; that is, minimise HGt yes
2

[I-ll2 denotes the Euclidean norm. However, deriving G; relies on full backpropagation and the
synthesiser network now suffers from the exact locking constraints we wish to avoid.

To alleviate this problem Jaderberg et al.| proposed a creative solution based on bootstrapping. In
particular, they formulated a target gradient for the synthesiser which uses backpropagated gradi-
ents for nearby losses and the synthesiser’s own prediction for losses later on in the task sequence.
Specifically, given some truncation size n, the synthesiser parameters are optimised to minimise

.

, where G\" is defined as
2
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where v is some fixed discount factor with 0 < v < 1 which weighs down future loss gradients. In
its original implementation all loss gradients were weighted equally such that v = 1, but we find
in our experiments that some degree of future discount such that v < 1 is necessary. Note that the
left term side of Eq. 5] is derived using BPTT with truncation size n, whilst the right term is the
bootstrapped term which models error gradients beyond the truncation horizon. Interestingly, GE")
can be mapped to the n-step return in Reinforcement Learning (see Table[I)), and we accordingly

refer to this term as the n-step synthetic gradient.

Learning synthetic gradients using Eq. [5] has been shown to be effective for various temporally
challenging tasks (Jaderberg et al.,[2017). However, just as in RL, choosing an appropriate truncation
size can be challenging. Specifically, whilst small truncation sizes n will reduce waiting times

and the complexity of deriving GE”), small n may lead to an overly strong dependency on the
boostrapped term such that the synthesiser suffers from bias in its estimation. This is akin to the bias
often obtained by TD learning algorithms in RL (Sutton & Barto, 2018)).

3 ACCUMULATE BP()\)

To correct for bias in the synthesiser predictions, whilst simultaneously not requiring truncated
BPTT, we build on well established RL theory. Specifically, inspired by the TD(\) in RL, we for-
mulate an algorithm for learning synthetic gradients — accumulate BP(\) — which has the advantage
of reduced bias compared to the original n-step implementation.

Like TD()), the core idea of accumulate BP () is that learning can be improved by employing
eligibility traces in the synthesiser parameters 6 (dotted green arrow in Fig. [Ib). Specifically, let A
be such that 0 < A < 1. At timestep ¢ we compute an eligibility trace vector e; which is deﬁne(ﬂ
recursively according to

[
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where e is defined as the zero vector, ey = 0. Note that this is the same as the eligibility trace update
defined in accumulate TD except that g maps onto a vector space (as opposed to scalar rewards) and
the Jacobian 8‘?:; is incorporated to model the temporal dependency between RNN states. We then
define the temporal difference error ¢, at timestep ¢ (red arrow in Fig. [Ip). This is computed as the

difference between the synthesiser prediction and the 1-step synthetic gradient Ggl) as follows
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"Note that there is some abuse of notation with respect to the matrix multiplication operations defined in
Eqs.[§land[6] If ing, oute are the sizes of the input and output dimension of 6, respectively, then the eligibility
trace e; is a three-dimensional tensor of shape (|h|, oute, ing), where |h| is size of h. To compute the matrix
product Ae; for a matrix A of shape (r, |h|) we concatenate the latter two dimensions of e; so that is of shape
(|h|,oute x ing) and once the product is computed reshape it as (r, outg, ing). Note that if » = 1 (as in Eq.[3)
then the first dimension is removed.
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Algorithm 1 RNN learning with accumulate BP(\). Updates RNN parameters using estimated
gradients provided by synthesiser function g.

Require: Vo, 0o, {(z¢, ) <<t 7 7, A

U« T {init. RNN parameters}
R {init. synthesiser parameters}
h,Op,e + 0 {init. RNN state, Jacobian, and elig. trace}
fort=1toT do
e < yAdhe + Vog(h; 0) {update eligibility trace}
B < f(zy, h;U), L« L(W,yt) {compute next hidden state and task loss}
Oy, %—7{, Jp, %, Oy ‘g}&; {compute local gradients}
5+ [0 +vg(h';0)] T — g(h;0) {compute synthesiser TD error}
Af—ad'e {update synthesiser parameters}
AV« oL +g(h';0)] T 0y {update RNN parameters}
h W {update RNN hidden state}
end for

The update for the synthesiser parameters is then defined as
01 = 0; + ad/ e;. (8)

Together, Eqs. define the accumulate BP()\) algorithm. An implementation whereby the RNN
parameters are simultaneously updated with BP(\) is provided in Algorithm

The main analytical result in this paper shows that accumulate BP(\) provides an efficient online
method for learning A\-weighted synthetic gradientsﬂ which are A\-weighted mixtures of n-step syn-
thetic gradients and are analogous to A-returns in RL (see Theorem[A.T|in Appendix). Formally, by
applying accumulate BP () the synthesiser approximately learns the A-weighted synthetic gradient
G defined as

T—t—-1
Gr=(1-X) Y XTG4+ ATTG, ©)

n=1

Just as in the A-return in RL, a higher choice of A reduces the dependence on bootstrapping. For
example, without eligibility traces (i.e. A = 0, accumulate BP(0)) the synthesiser learns the one-

step synthetic gradient G,gl) and arrives at the original implementation with truncation size n = 1
(Jaderberg et al., 2017). Conversely, when A = 1 (accumulate BP(1)), the synthesiser learns to
approximate the fully backpropagated, unbiased error gradient G;. Importantly, Eqgs. [ and [7] only
consider gradients between variables of at most 1 timestep apart. In this respect, at least in the
conventional sense, there is no use of BPTT.

4 EXPERIMENTS

Next, we tested empirically the ability of accumulate BP(\), which we henceforth simply call
BP()), to produce good synthetic gradients and can drive effective RNN parameter updates. In
all experiments we take the synthesiser computation g simply as a linear function of the RNN hid-
den state, g(hy; 0) = Ohy.

4.1 APPROXIMATING TRUE ERROR GRADIENTS IN A TOY TASK

We first analyse the alignment of BP(\)-derived synthetic gradients and true gradients derived by
full BPTT, which we use to quantify the bias in synthesiser predictions. For this we consider a toy
task in which a fixed (randomly connected) linear RNN receives a static input z; at timestep 1 and
null input onwards, x; = 0 for ¢ > 1. To test the ability of BP(\) to transfer error information
across time the error is only defined at the last timestep L1, where Lt is the mean-squared error

The relatively small cost of accumulate BP()) is notable when contrasted with the online method for
directly learning A\-weighted synthetic gradients — online A-SG algorithm (akin to the online A-return algorithm)
— whose computational complexity scales intractably with the task length at T2 (see Appendix section
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Figure 2: BP()\) approximations of BPTT gradients over time. In this toy task, input is only
provided at timestep 1 and the task target is only available at the end of the task at time 7" = 10. (a)
Alignment between synthetic gradients and true gradients for a fixed RNN model across different
timesteps within the task. Synthetic gradients are learned using (accumulate) BP()\). Alignment is
defined using the cosine similarity metric. (b) The average alignment over the last 10% of epochs in
(a) across all timesteps.

a b
fixed RNN plastic RNN T=10 T =30 T =60
= 1.01
5 0.15 1 1.00 A BP(0) J
S " (Jaderberg et al.)
50.8 = 0.75 4 \_ BP(0.5)
"é 0.10 4 g | BP(1)
° < 0.50 ]
g 0.6 2
o 0.05 1 o 0.25 1
: A
2 R 4
E 04 T T T T OOO -l T T T T T
0 1 0 1 0 200 0 200 0 200
A A epoch

Figure 3: BP()) drives better RNN learning in a toy task. (a) Average cosine similarity between
synthetic gradients and true gradients for fixed (left) and plastic (right) RNNs. Cosine similarity for
plastic RNNSs is taken over the first 5 training epochs, since this initial period is the key stage of
learning (i.e. before the task is perfected). (b) Learning curves of RNNs which are updated using
synthetic gradients derived by BP () over different sequence lengths 7. Results show average (with
SEM) over 5 different initial conditions.

(MSE) between a two-dimensional target y and a linear readout of the final hidden activity hy. We
use a task length of T = 10 timesteps. Note that since the network is linear and the loss is a function
of the MSE, the linear synthesiser should in principle be able to learn perfectly model the true BPTT
gradient (Czarnecki et al., 2017).

As expected, we find that a high A improves the alignment of synthetic gradients and true gradients
compared to the A = 0 case (i.e. BP(0) as in Jaderberg et al|(2017); Fig. ). Specifically,
these results show, as predicted, that the heavy reliance on bootstrapping of BP(0) means that loss
gradients near the end of the sequence must first be faithfully captured before earlier timesteps can be
learned. When eligibility traces are applied in BP(1), however, the over-reliance on the bootstrapped
estimate is drastically reduced and the synthesiser can very quickly learn faithful predictions across
all timesteps. Indeed, we observe that high A avoids the deterioration of synthetic gradient quality
at earlier timesteps as suffered by BP(0) (Fig. ). We also observe that BP(\) often outperforms
n-step synthetic gradients (Fig. [ST).

Next, to verify that BP()) is actually beneficial for RNN learning, we followed the scheme of
Jaderberg et al.|(2017) and applied RNN weight updates together with synthesiser weight updates
(Algorithm|I). To ensure that the RNN needs to learn a temporal association (as opposed to a fixed
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readout), in this case we consider 3 input/target pairs and consider large sequence lengths T°; we also
now apply a tanh non-linearity to bound RNN activity.

Consistent with our results for the case of fixed RNNs, we observe that BP()\) gives rise to bet-
ter predictions for high A when the RNN is learning (Fig. [3h). Notably, however, the alignment is
weaker for plastic RNNs when compared to fixed RNNs. This is because of the differences lister
above which make it harder for the synthesiser, since changes to the RNN will affect its error gra-
dients and therefore lead to a moving synthesiser target. Nonetheless, we find that BP(\) improves
RNN learning even in the presence of relatively long temporal credit assignment (Fig. [3b). Next,
we contrasted the ability of both BP(\) and n-step methods to achieve near-zero error. Our results
show that BP(1) is able to solve tasks more than double the length of those solved by the next best
model (Table2]and Fig. [S2).

BPTT BPTT + SG no BPTT
n=2 n=3 n=4 n=5|n=2 n=3 n=4 n=5|n=1 BP(0) BP(0.5) BP(1)
toy task 16 10 20 8 36 38 24 20 4 16 32 90
sequential MNIST | 73.4 78.4 82.0 87.1|78.2 83.0 86.5 90.4|64.1 69.6 76.6 90.6
copy-repeat 9.0 9.0 12.0 150(12.0 9.0 15.0 23.0| 82 9.0 15.8 29.0

Table 2: Overview of model performance for sequential MNIST and copy-repeat tasks. Results
for toy and copy-repeat tasks shows the average task sequence length solved by the models (see
text). Results for the sequential MNIST task show the average test accuracy as a percentage after
training. Values denote average over 5 different initial conditions.

4.2 SEQUENTIAL MNIST TASK
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Figure 4: Performance of BP()\) in sequential MNIST task. (a) Schematic of task. Rows of
an MNIST image are fed sequentially as input and the model must classify the digit at the end.
(b) Validation accuracy during training for BP(A) models. (¢) Validation accuracy during training
for models which learn synthetic gradients (SG) with n-step truncated BPTT as in original imple-
mentation (Jaderberg et all, 2017); final performance of BP(1) (as in (b); dotted green) is given
for reference. Results show mean performance over 5 different initial conditions with shaded areas
representing standard error of the mean.

To test the ability of BP()) to generalise to non-trivial tasks, we now consider the sequential MNIST
task (Le et al,, [2015). In this task the RNN is provided with a row-by-row representation of an
MNIST image which it must classify at the end (Fig.[dp). That is, as in the toy task above, the task
loss is only defined at the final timestep and must be effectively associated to prior inputs. Since this
is a harder task we now use non-linear LSTM units in the RNN which are better placed for these
temporal tasks (Hochreiter & Schmidhuber,|1997).

Our results show that the use of BP()\) significantly improves on a standard no-BPTT model, i.e.

with aaL,Zt = 0 in Eq. ]3| (Fig. ). Consistent with our results from the toy task we find that a
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high A produces faster rates of learning and higher performance. For example, BP(1) achieves error
less than a third of that achieved by the eligibility trace free model, BP(0) (~ 10% vs ~ 30%).
Moreover, BP(1) generally outperforms the models considered by [Jaderberg et al.[ (2017) which
rely on truncated BPTT and the n-step synthetic gradient with n > 1 (Fig. @ and Table[2).

4.3 COPY-REPEAT TASK
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Figure 5: Performance of BP()\) in copy-repeat task. (a) Maximum sequence length solved for
BP(A) models. A sequence length is considered as solved if the model achieves an average of 0.15
bits error for a given length. (b) Maximum sequence length solved for models with n-step synthetic
gradient (SG) learning methods (Jaderberg et al., [2017); best task performance of BP(1) (as in
(a); dotted green) is shown for reference. See also Table [2| for more details. Results show mean
performance over 5 different initial conditions with shaded areas representing standard error of the
mean.

Finally, we consider a task with more complex and longer temporal dependencies — the copy-repeat
task (Graves et al., [2014). In this task the model receives as input a start delimiter followed by
an 8-dimensional binary sequence of length N and a repeat character R. The model must then
output the sequence R times before finishing with a stop character. The total sequence length is then
T = N x (R+ 1) + 3. We follow the procedure as set out in Jaderberg et al.[(2017) and deem a
sequence length solved if the average error is less than 0.15 bits. Once solved we increment N and
R alternatively.

We again observe that BP(1) provides the best BPTT-free solution in solving large sequence lengths
and outperforms the n-step synthetic gradient methods (Fig. [5]and Table. [2).

5 RELEVANCE FOR LEARNING IN BIOLOGICAL NETWORKS

The BP(\) algorithm is of potential interest to neuroscience. Unlike BPTT which is considered
biologically implausible (Lillicrap & Santoro, 2019), BP()) is fully online and avoids the need to
store intermediate activations (and complex gradient calculations back in time) across an arbitrary
number of timesteps. Moreover, the application of synthetic gradients has relatively cheap com-
putational and memory costs when compared to other online learning algorithms (Marschall et al.,
2020). Perhaps most interestingly, BP(\) employs a combination of retrospective and prospective
learning, each of which are thought to take place in the brain (Namboodiri & Stuber;, [2021)). Specif-
ically, whilst the main network learns via prospective learning signals (i.e. synthetic gradients), the
synthesiser itself learns in a retrospective manner by using forward-propagating eligibility traces.

One possible candidate for the expression of synthetic gradients in the nervous system are neuro-
modulators. For example, dopaminergic neurons are known to encode expectation of future reward
or error signals (Hollerman & Schultzl [1998)) and have been observed to play an important role
in mediating synaptic plasticity (Yagishita et al.| [2014; |Gerstner et al., |2018). Furthermore, as re-
quired for synthetic gradient vectors, there is increasing evidence for significant heterogeneity in the
dopaminergic population in areas such as the ventral tegmental area, both in its variety of encoded
signals and the targeted downstream circuits (Lerner et al., 2015} |Beier et al.l |2015; |Avvisati et al.|
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2022). Each signal may thus reflect a predicted gradient with respect to the target cortical cell or cell
ensemble.

More recently, it has also been suggested that a particular subcortical structure — the cerebellum
— predicts cortical error gradients via the cortico-cerebellar loop (Pemberton et al., [2021; Boven
et al.,[2023). The cerebellum would thus act as a synthesiser for the brain, and it is suggested that
a bootstrapped learning strategy may be in line with experimentally observations (Ohmae S| 2019;
Kawato et al., 2021). BP()) offers an extra degree of biological plausibility to these studies by
removing the need for BPTT at all. Moreover, the algorithm makes specific predictions regarding
the need for eligibility traces (cf. Eq.[6) at key learning sites such as the cerebellar parallel fibres
(Kawato et al.,[2011).

6 LIMITATIONS

Like the originally proposed algorithm for synthetic gradients, BP(\) makes the assumption that
future error gradients can be modeled as a function of the current activity in the task-performing
network. The algorithm may therefore suffer when the mapping between activity and future errors
becomes less predictable, for example when the task involves stochastic inputs. Indeed, we find that
whilst BP(\) works well for tasks with fairly structured temporal structure as in the experiments
presented, the algorithm can fall short in tasks with little or no temporal correlation between task
inputs. For example, we failed to observe meaningful gains with BP(\) in the LISTOPS task which
employs randomly generated inputs (Tay et al.,2020). On a related note, it may be that in the case of
variable, non-deterministic settings BP(\) may be prone to a high variance in the synthesiser target
gradient, resulting in potential instability during learning as can occur, for example, in Monte Carlo
algorithms in RL. We emphasise that in all of the tasks presented higher A values are optimal, but
whether mid-range values can be beneficial for certain task conditions deserves future exploration.

Additionally, whilst the operations of BP()\) are time-dependent, the algorithm can still be expen-
sive if there are many hidden units in the RNN. Specifically, if there are || RNN units and a linear
synthesiser is applied then, due to the requirements of storing and updating the synthesiser eligibility
traces, the memory and computational complexity of the algorithm is O(|h|?) and O(|h|*) respec-
tively; this is as costly as the notoriously expensive real-time recurrent learning algorithm (Williams
& Zipser, |[1989). We postulate that one way to alleviate this issue is to not learn error gradients with
respect to RNN activity directly, but instead some low dimensional representation of that error gra-
dient. In particular, it has been recently demonstrated that gradient descent often takes place within
a small subspace |Gur-Ari et al.| (2018). In principle, therefore, the synthesiser could learn some
encoding of the error gradient of dimensionality s << |h/, significantly reducing the complexity of
BP(\). We predict that such low dimensional representations, which can reduce the noise of high
dimensional error gradients, may also lead to more stable synthesiser learning. Speculating further,
it may be that this bottleneck role is played by the thalamus in the communication of predicted error
feedback in cerebellar-cortico loops (see previous section; Pemberton et al.|(2021)).

7 CONCLUSION

BPTT can be expensive and enforce long waiting times before gradients become available. Synthetic
gradients remove these locking constraints imposed by BPTT as well as the associated computa-
tional and memory complexity with respect to the task length (Jaderberg et al., 2017). However, the
bootstrapped n-step algorithm for learning synthetic gradients as proposed by [Jaderberg et al.| can
lead to biased estimates and also maintains some dependence on (truncated) BPTT to be performed.

Inspired by the TD()) algorithm in RL we propose a novel algorithm for learning synthetic gra-
dients: BP()). This algorithm applies forward propagating eligibility traces in order to reduce the
bias of its estimates and is fully online. We thus extend the work of Jaderberg et al| in develop-
ing a computational bridge between estimating expected return in the RL paradigm and future error
gradients in supervised learning.

Through a combination of analytical and empirical work we show that BP()\) outperforms the orig-
inal implementation for synthetic gradients. Moreover, our model offers an efficient online solution
for temporal supervised learning that is of relevance for both artificial and biological networks.
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A RELATIONSHIP BETWEEN LEARNING SYNTHETIC GRADIENTS AND
LEARNING EXPECTED RETURN IN REINFORCEMENT LEARNING

This section serves as a more detailed supplement to the problem of learning synthetic gradients,
and its exploited relationship to Reinforcement Learning (RL).

A.1 DESCRIPTION OF PROBLEM

The problem of learning synthetic gradients can be stated as trying to minimise the synthesiser loss
function L9(0) defined as

1 A
LI(0) :==Ep,~p {2 HUt -Gy

2
} (10)
2

1
= 5 S P () llon — g(hes 0)]3, an
t

where P is the probability distribution over RNN hidden states, v, is the target synthetic gradient for
state hy, and ||.||2 denotes the Euclidean norm. By taking samples of hidden states h; and applying
the chain rule, the stochastic updates for 6 can be written as

Orp1 =0, + a (ve — g(hy; et))T Vog(he; 6:), (12)

where « is the synthesiser learning rate. Note the transpose operation - | since all terms in Eq.
are vectors.

Ideally v, is the true error gradient, v, = G, but this requires full BPTT which is exactly what
synthetic gradients are used to avoid.

A.2 ORIGINAL SOLUTION TO LEARNING SYNTHETIC GRADIENTS

In its original formulation, Jaderberg et al| instead propose a target which is based on mixture
of backpropagated error gradients within a fixed window and a bootstrapped synthetic gradient to
incorporate errors beyond. The simplest version of this, which only uses one-step BPTT, only incor-
porates the error at the next timestep and relies on a bootstrap prediction for all timesteps onwards.

We denote this target Ggl).

0L 1 & Ohipr
_ G
O, + 7G4+ Oy

Gt = (13)

where, inspired by RL, v € [0, 1] is the gradient discount factor which if v < 1 scales down later
error gradients. Note that in its original implementation v = 1, but in our simulations we find it
important to set 7 < 1 (see Section DJ.

Notably, Eq. [I3] resembles the bootstrapped target involved in the TD algorithm in RL (Sutton &

Barto, 2018). In particular, Ggl) can be considered analogous to the one-step return at state .Sy
defined as R;11 + vV (Sty1), where Ry is the reward, Sy is the subsequent state, and V' is the
(bootstrapped) value function.

A.3 n-STEP SYNTHETIC GRADIENTS

In practice, in its original implementation [Jaderberg et al. primarily consider applying synthetic
gradients alongside truncated BPTT for truncation size n > 1.

In this case, the left side term in Eq.[T3]can be extended to incorporate loss gradients backpropagated
within the n timesteps of the truncation. Jaderberg et al.| then set the synthesiser target as v; = GE”)

12
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where ng) is the n-step synthetic gradient defined as

aht+n
ohy

n T—t— 8LT n A
Gz(t): Z Y tlaiht‘f")’ Giin (14)

t<T<t+n

which is analogous to the n-step return in RL. Importantly, in practice this scheme uses truncated
BPTT to both define the synthesiser target and the error gradient used to update the RNN. Specif-
ically, Jaderberg et al.| apply the n backpropagated gradients to directly learn ¥ as well as 6, with
the synthetic gradients themselves only applied at the end of each truncation window (see original
paper for details).

Just as in RL, increasing the truncation size n provides a target which assigns more weight to the
observations than the bootstrapped term, thus reducing its bias and potentially leading to better syn-
thesiser learning. On the other hand, Eq. [I4]requires n-step BPTT and thereby enforces undesirable
waiting time and complexity for large n.

A.4 EXTENSION TO A\-BASED METHODS

In the supplementary material of the original paper (Jaderberg et al., 2017), Jaderberg et al.| fur-
ther develop the relationship between learning synthetic gradients and methods in Reinforcement
Learning by introducing the notion of a A-weighted synthetic gradient.

We now define A\-weighted synthetic gradients as used in this study. We highlight that our definition
is similar, but not the same, as that first introduced in [Jaderberg et al.| (2017). Specifically, our
definition incorporates loss gradients for losses strictly after the current timestep and can therefore
naturally be used in the context of learning the synthesiser.

A.5 A-WEIGHTED SYNTHETIC GRADIENT

Let A be such that 0 < A < 1. We define the \-weighted synthetic gradient as

Gr = (1> ata (15)
n=1
T—t—1
=(1-x) > avla AT, (16)
n=1

which is analogous to the A-return in RL.

Note the distinction in notation between the A\-weighted synthetic gradient G and the n-step syn-

thetic gradient ng). Moreover, note that Eq. is similar but distinct to the recursive definition as
proposed in Jaderberg et al.| (2017) (see Appendix section [C). In particular, whilst Jaderberg et al.
also incorporate the loss gradient at the current timestep in their definition, Eq. [16| only consid-
ers strictly future losses. Since the synthesiser itself is optimised to produce future error gradients
(Eq.[), this enables the A-weighted synthetic gradient to be directly used as a synthesiser target.

As in RL, a higher choice of A results in stronger weighting of observed gradients compared to the

bootstrapped terms. For example, whilst GY = GEU is just the one-step synthetic gradient which
relies strongly on the bootstrapped prediction (cf. Eq.|13), Gf = G is the true (unbiased) gradient
as obtained via full BPTT.

We also define the interim \-weighted synthetic gradient GilH as

H—-k—1
G2|H — (1 _ )\) Z )\n—ngﬂ) + /\H—k—lGI(CH*k). (17)

n=1

Unlike Eq.[16] this is available at time (“horizon™) H with k < H < T

Table ] provides an overview of the terms defined along with their respective counterparts in RL.

13
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A.5.1 OFFLINE A\-SG ALGORITHM

We define the offline A-SG algorithm to learn 6, which is analogous to the offline A-return algorithm
in RL but for synthetic gradients (SG), by taking v; = G in Eq. It is offline in the sense that it
requires the completion of the sequence at timestep 7" before updates are possible.

A.5.2 ONLINE A\-SG ALGORITHM

We define the online A\-SG algorithm to learn 6, which is analogous to the online A-return algorithm
in RL but for synthetic gradients. At the current timestep ¢, the algorithm updates 6 based on its
prediction over all prior RNN hidden states hy, from & = 0 up to k = t. Explicitly, the update at
timestep ¢ for state k is

t t At t T t
0h =0y +a (G — ghns0i_1)) Vir glhni 0y, (18)

where 03 = 0y is the initialisation weight and 0f = 6/~ for ¢ > 0.

The information used for the weight updates in Eq. [[§]is available at the current timestep and the
algorithm is therefore online. Moreover, as in RL, the online A-SG algorithm produces weight
updates similar to the offline A-SG algorithm. In particular, at the end of the sequence with the

horizon H = T note that Gi‘ ' and G are the same.

However, to store the previous hidden states and iteratively apply the online A-SG algorithm requires
undesirable computational cost. In particular, the 1 + 2 + --- + T operations in Eq. [I§] result in
computational complexity which scales intractably with T2

A.6 ACCUMULATE BP()\)

The accumulate BP(\) algorithm is defined by Egs. @ and in the main text. The main analytical
result in this paper is that accumulate BP(\) provides an approximation to learning A-weighted
synthetic gradients, which are analogous to A-returns in RL. This theorem uses the term A! defined
as

7

_ T
ALi= (G = g(his00)) Vog(his00), (19)

where Gg\lt is the A\-weighted synthetic gradient which uses the initial weight vector 6, for all syn-

thetic gradient estimations.

Theorem A.1. Let 6y be the initial weight vector, 9T be the weight vector at time t computed by
accumulate BP()\), and 0} be the weight vector at time t computed by the online \-SG algorithm.

Furthermore, assume that Zf;é Al does not contain any zero-elements. Then, for all time steps t:

1677 — 6211,

||9tBP*90 -0 as a—0

I

Proof: The full proof is presented next in Section [B] In general, the structure of the proof closely
follows that provided in the analogous RL paradigm for accumulate 7' D()\) (Van Seijen et al | 2016)
0.

B PROOF OF THEOREM

As this section is more involved, for clarity we denote scalar variables in italics and vectors in bold.

Approach: We demonstrate that Theorem holds for arbitrary synthesiser parameter 67 (at the
ith column and jth row of 6) ; that is,

14
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ji,BP Gi,\
t _Eat

250, as a—0.

ji,BP Jt
[

This is proved in Proposition

For reference, we explicitly write the weight updates for parameter 7% according to the accumulate
BP()\) algorithm:

ei‘i =7\ 5‘h et 1+ Vafig(ht; 0,), (20)
t—1 g
oL oh
0 = g +79(hes100)T = — g(hi; 00), @1
0L, = 0" +ad/ e’ (22)
we also define the helper variable d, + as
0L 11 Ohyy1 oh oh
Sat = e +19(he1:00) T 5 — g(hei 6T % = 6 S (23)

In general, we follow the structure of the analogous proof for the accumulate TD()) algorithm (Van
Seijen et al., [2016).

B.1 STATEMENTS AND PROOFS

LemmaB.1. G)'""' = G)" + (A)'798,, 4, where

oL +0h oh
0, = a;;rl +7g(hiy1:0:) " 3,:1 - g(ht;et—l)Tah:- (24)
Proof:
t—a
G — @Mt =(1 - )) Z Anlgn) 4 \tregti-a) Definition: Equation[17]
n=1
t—a—1
_ (1 _ )\) Z )\n—lG((Zn) _ /\t—a—lGl(lt—a)
n=1
:(1 _ )\))\t—a—lG((lt—a) + )\t—aGELt—&-l—a) _ )\t—a—lG((lt—a)
:)\t—ath-‘rl—a) o )\t—ath—a)
:)\t—a (G((lt—l-l—a) _ th—a))
t+1—a 8L oh t—a oL oh
_\t—a k 1 a+k t+1—a TOR+1 k—19%Latk t—a . T t
=A ( 2:: + g(hy; 0;) h, Z Oh, -7 "g(hy;0¢-1) ah,a>
—a _,OL —a oh @ oh
=\ <’Yt ﬁ + ’)’t+1 g(hy; Gt)—rﬁ — At g(hy; 0 1)T8ht)
—a ((OLi41 Ohy i1 Ohy
=(\y)' hi;0:) " —g(hy;60,20)"
(M) ( oh, +vg(ht; 0;) oh, g(ht;0: 1) oh,
8,

Lemma B.2. G/ = gl + Zb a+1(7>\)b_a5fz,b
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Proof: We apply Lemma recursively:
G)\\t G)\|t 1 ()\’Y)t 1— ag!

a,t—1
= (@2 ()28 ) + ()T
= Gl () 6+ (M) T,

a,t—1
t—1
=G+ Y (e, m
b=a+1
LemmaB.3. G)**! = 0, o+ g(ha;00-1)
Proof:
GA|a+1 — Gl

_ OLgn o T Ohat
= on, +v9(hat1;64) O,

IL, Ohq
= h +19(ha41i6) " =5 = g(hii6,-) "

= 6:141 + g(ha; 0(1—1)

LemmaBd. ;") (yA)"98, , = G2 — g(ha;0.-1)
Proof:

t—1
Gt = GNlatt 4 Z (YA)’=8,, Lemma[B.2]
b=a+1

t—1
= 6(/1,(1 +g(hg; 60,-1) + Z (VA)b_aébe LemmalB3
b=a+1

t—1

=0, 1ha+ Y (YN, 0
b=a

Lemma B.5. eb = Zﬁzo(vk)b‘a%ﬁvegig(ha; 0.)
Proof:

” oh
e] = 'y)\ahl b el + Veﬂg(hb, 0,)

ahb ahb 1 ]7, ) ) )
w‘ahb_l ( Aah s, b2 + Vit g(ho—1;05-1) | + Vi g(ho; 0)
Ohy, Ohy_ Oh, . Oh, 8h2
= (yA)" giig(h ; 6, A1 o7 hi:0
( ) ahb—l ahb 2 8h0v g( 05 0)+<’7 ) 8hb_1 ah —V g( 15 1)
Oh
+oeet Wb:vegglg(hbq; Ob-1) + Viig(hy; 0,)

=(vA) e ggig(ho;eo) + (YA Oh, p719(h1; 01)

Ohy,
+-t (VA)mvgiilg(hb—l; 0y-1) + Vgiig(hy; 65)
b

. oh
= Z(’Y/\)b aihbvefjg(ha;ea)
a=0 @

LemmaB.6. 3/~ (y\)"=%6,, = G2 — g(ha;0._1) + O(a)
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Proof: Using 8. = &, , — g(hs;6:) " 5 8}“ + g(hys; 05— 1)Tg,’l” , we have

t—1 t—1
Ooh oh
SN b= SN (= alhi 00T g+ a(hui0,-0)T S )

b=a b=a 6ha
t—1 t—1 8h
— b—agr b—a h::0.) —ag(h,_1:0,_ T b
;:a(V)\) 5a,b b§:a(7)\) (g(ht;0;) — g(hi—1;0:-1)) oh,

:Z(’Y)\b “op + O()

=G — g(he;00-1) + O(0) LemmaB4 O

Proposition B.7. Letr 0y be the initial weight vector and let 67t be an _arbitrary parameter of
6. 61" be the weight at time t computed by accumulate BP(\), and 6}”" be the weight at time
t computed by the online \ -SG algorithm. Furthermore, assume that ZZ_:B ALIT £ 0, where

- _ T _
ALIT = (G{}‘t —g(hg; 00)) Vi g(ha;6q) and Gl is the A-weighted synthetic gradient which
uses 0 for all synthetic gradient estimations. Then, for all time steps t:
I~

— 12 0 as a—0
-0
t 01,

Proof: The updates according to accumulate BP(\) (Equations [21]to 22) follow
t—1

07 = 07" + o Z 5, ey Definition: Equation 20|
b=0

. O‘Z 5 (Z a%vegig(ha; 9a)> Lemma[B.3]

a=0

7 a ah
_9] —|—azz b 6;—87’7/1) ggig(ha;ea)
=0 a=0 @
t—1 b

=0) 4+« Z Z(M)b—%;bve#g(ha; 0,) Definition: Equation
b=0 a=0

— t—1 n b n n
_931+az (Z AA) b a5 ) eﬂg(ha;Oa) Zmeb:ZZLLb

b=a b=k a=k a=k b=a

_ i NE_ o "o -
0) +az G = g(ha;0a-1) + O(e)) Viysig(ha;6,) LemmalB8

a=0

y =1 T
=6 +a > (GN = g(hai60) + 0(@) V,9(hai 00).
a=0

Where the last line holds as & — 0. On the other hand, the updates according to the online A-SG
algorithm produce

t—1
- - T
007" =0 + E (G{}'t — g(hg; 0a)) Vi g(ha; 0a) Definition: Equation [T§]
a=0

N = T
=0 +a > (G~ glhai60) + O(a)) Vyyi(ha; 0a).

a=0
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Hence
-, [ o)l o
i, ~ [ -a) e, CrO@
where
— T t—1
¢= HZ (Gilt - g(ha;eo)) Vosig(ha;0)|| = > AL,
= 2 a=0

From the condition that Zt 4 ALt 2 0 we have C' > 0. Therefore

7‘ - - 2 50 as a—0 O
o o5

Ji b
0;" — 0y

C RECURSIVE DEFINITION OF G}

In Proposition we provide a recursive definition of the \-weighted synthetic gradient G as
defined in Equation@ Note that this is similar, but not the same, as the recursive definition defined
in A.3 in the supplementary material of Jaderberg et al.|(2017). In particular, this definition strictly
considers future losses as in the context of a synthesiser target, whilst that provided in Jaderberg

et al.[(2017) also considers the loss at the current timestep (L;).
We first require the following Lemma

Lemma C.1. For any sequence {x,},>1,

Z)\" 1xnf 1-X ZA” IZxk.

n=1

Proof: By the sum rule,

A=Y D> Ao =1-0> ) Ay

n=1k=1 k=1n=k

Now,

Z)\nl Z)\nl Z)\nl

n=1
-3 - S
n=0
1 1— M\t
1= 1-— )\
Ak_l
1o
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So

Proposition C.2. We can define the \-weighted synthetic gradient (Eq. incrementally. In par-
ticular,

0Ly 41
Ohy;

TOhip
Ohy

TOh
oh;

G) = +MG) +9(1 = A)g(hit1;6:) (26)

Proof: Let " < oo be the sequence length and define GET) := 0 for 7 > T'. Then we can write
G}, as

Gl =(1-NY A'G

n=1
I 3 T 1000

0D O 1) SO
_Z)‘n T 185;;::” +(1_A)i)\"_l’yng(hwrurn;9t+n)T(92;:r:L LemmalCT]
:Ti)\n—2,yn—2‘;i1:z+ ;/\n 2" g(Rign; Opn— 1)ngz:?
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So
G =(1-)N> rtG
n=1
= " oL oh
—(1—=\ An—l k—1 t+k na(h, o 0 . T t+n
( )nZ::l [;’Y “oh, +7"9(Rtn; Otin-1) “oh,
= - oL = Ohiin
— (1 _ )\) Z )\n—l ka—lﬂ + (1 _ )\) Z )\71,—1,77Lg<ht+n;0t+n71)-|— t+
n—1 k=1 Oh n=1 Ohy
> oL > oh .
_ n—1_n—1 t+n _ n—1_.n . T t+n
= nz::l ATy “oh, +(1-=X) nz::l AT g(Rign; Opn—1) oh, Lemmal[C.1]
0L - 9 n—90Liyn | Oy T0hi
= T 4 A" nTe__1T7 1o 1—-X hi;0;) ———
oh, ;2 Y Sy | om, T AR 8 =
= oh oh
1— n—2,.n—1 . B T t+n t+1
+ Ay [(1=A) Z A" g (Rtsns Q1) sy | Oy
n=2
0Lty — \n2 n20Litn 2 1 TRty | Ol
A A" nTe 1 1—-A A" " Riin; Oy
Tt 7;2 7 e )T; VT g R Orn) =5 | 5
Ohy i1
+ (1= Nvg(hie1:60,) "
( )v9(hig1;6y) oh,
_ OLip A TR TR
= “on, +AMGq) oh, +y(1 = N)g(hiy1;6¢) oh,

D EXPERIMENTAL DETAILS

For the experiments which analyse the alignment of synthetic gradients to true gradients (Figures
and [ST)), we use an RNN with a linear activation function. For the experiments for which we train
the RNN using synthetic gradients (Figures [d] and [5), we use LSTM units in our RNN architecture
(Hochreiter & Schmidhuber, 1997).

The model output for a given task is a (trained) linear readout of the RNN (output) state. The synthe-
siser network performs a linear operation (with a bias term) on the RNN hidden state (concatenation
of cell state and output state for LSTM) to produce an estimate of its respective loss gradient. The
synthetic gradient at the final timestep is defined as zero. As in|Jaderberg et al|(2017), the synthe-
siser parameters 6 are initialised at zero.

When truncated BPTT with truncation size n is used for a task sequence length 7', the sequence
is divided such that the first truncation is of size R where R = 7' mod n and each following
truncation is of size n.

For (accumulate) BP(\) we often find it empirically important to use a discount factor v < 1. Except
in the experiments using fixed RNNs (Fig. [2)) for which v = 1, for all conditions we set v = 0.9.

We often observe it necessary to scale down the synthetic gradient before it is received by the RNN.
We find this particularly necessary when using synthetic gradients alongside truncated BPTT, and in
this case generally find a scaling factor 0.1 optimal as in Jaderberg et al.|(2017). We find that BP()\)
is less sensitive to this condition and choose scaling factors depending on the task (see below).

Data is provided to the model in batches. Though it is in principle possible to update the model as
soon as the synthetic gradient is provided (e.g. every timestep), we find that this can lead to unstable
learning, particularly when explicit supervised signals are sparse (as in the sequential-MNIST task).
For this reason we instead accumulate gradients over timesteps and update the model at the end
of the batch sequence. We use an ADAM optimiser for gradient descent on the model parameters
(Kingma & Bal 2014)).
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All experiments are run using the PyTorch library. Code will be released after the anonymous peer
review.

The toy task experiments used to analyse gradient alignment were conducted with an Intel i17-8665U
CPU, where each run with a particular seed took approximately one minute. The sequential MNIST
task and copy-repeat tasks were conducted on NVIDIA GeForce RTX 2080 Ti GPUs. Each run in
the sequential MNIST task took approximately 3 hours or less (depending on the model used); each
run in the copy-repeat task took approximately 12 hours or less.

D.1 TOY TASK USED TO ANALYSE GRADIENT ALIGNMENT

Fo analyse gradient alignment for fixed RNNs in the toy task we provide the model an input at
timestep 1 and the model is trained to produce a target 2-d coordinate on the unit-circle at the final
timestep 1" where T' = 10. The input is a randomly generated binary vector of dimension 10. The
task error is defined as the mean-squared error between the model output and target coordinate.

We also consider plastic RNNs which are themselves updated at the same time as the synthesiser.
To ensure that the RNN has to discover the temporal association between input and target, and not
simply readout a fixed value, in this case we consider 3 input/target pairs, where the targets are spread
equidistantly on the unit circle. For this case we are interested in the limits of temporal association
that can be capture and consider increasing sequence lengths T'; specifically, we consider T' as
multiples of 10 up to 100. We deem a sequence length solved by a model with a certain initialisation
(i.e. a given seed) if the model is able to achieve less that 0.025 — averaged over the last 20 of 250
training epochs — for that sequence length and all smaller sequence lengths. To improve readability,
for this task the training curves are smoothed using a Savitzky—Golay filter (with a filter window of
length 25 and polynomial of order 3).

For this task we provide the model in batches of size 10, where 1 epoch involves 100 batches. The
number of RNN units is 30 and the initial learning rate for the synthesiser is set as 1 x 10~* and
1 x 1073 for the fixed and plastic RNN cases respectively.

D.2 SEQUENTIAL-MNIST TASK

For the sequential-MNIST task we present a row-by-row presentation of a given MNIST image to
the model (Dengl 2012; |Le et al., 2015). That is, the task is divided into 28 timesteps where at the
ith timestep the ith row of 28 pixels is provided to the model. At the end of the presentation, the
model must classify which digit the input represents. The task loss is defined as the cross entropy
between the model output and the target digit.

For this task we provide the model in batches of size 50 with an initial learning rate of 3 x 10~%.
The number of hidden LSTM units is 30. For BP()) the synthetic gradient is scaled by a factor of
0.1.

During training, the models with the lowest validation score over 50 epochs are selected to produce
the final test error.

D.3 COPY-REPEAT TASK

For the copy-repeat task (Graves et al., 2014} the model receives a delimiter before an 8-dimensional
binary pattern of length NV and then a repeat character R The model must then repeat the binary
pattern R times followed by a stop character. The total sequence length is therefore N x (R+1) + 3.
For easier absorption R is normalised by 10 when consumed by the model.

We follow the curriculum in Jaderberg et al.| (2017) and alternatively increment N and R when a
batch average less than 0.15 bits is achieved.

For this task we provide the model in batches of size 100. For the RNN and readout parameters we
use an initial learning rate of 1 x 103, whilst we find a smaller learning rate of 1 x 10~ for the
synthesiser parameters necessary for stable learning. The number of hidden LSTM units is 100. For
BP(\) we do not apply scaling to the synthetic gradient.
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Figure S1: Learning synthetic gradients with the n-step synthetic gradient (Eq.[T4) as in (Jaderberg
et al., 2017) in the toy task; inputs are provided at timestep 1 and the corresponding target is only
available at the end of the task at time 7' = 10. (a) Alignment between synthetic gradients and
true gradients for a fixed RNN model across different timesteps within the task, where the synthetic
gradients are learned with BPTT truncation size n = 2 (left) and n = 3 (right). Alignment is defined
using the cosine similarity metric. (b) The average alignment over the last 10% of epochs in a across
all timesteps. (c¢) Alignment of synthetic gradients at the first timestep of the task for different n;
BP(1) (dotted green) is shown for reference. Results show average (with SEM) over 5 different
initial conditions.
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Figure S2: RNN learning using n-step synthetic gradients in the toy task (a) (Left) Learning curves
of RNNs which are updated using n-step truncated BPTT over different sequence lengths 7'. (Right)
Task error at end of training for increasing 7'. (b) Same as (a) but n-step synthetic gradients are also
applied. (c) Task error for RNNs updated using BP(\) at end of training for increasing 7'. Results
show average (with SEM) over 5 different initial conditions.
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