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Abstract

The remarkable generalization ability of neural
networks is usually attributed to the implicit bias
of SGD, which often yields models with lower
complexity using simpler (e.g. linear) and low-
rank features (Huh et al., 2021). Recent works
have provided empirical and theoretical evidence
for the bias of particular variants of SGD (such
as label noise SGD) toward flatter regions of the
loss landscape. Despite the folklore intuition that
flat solutions are ’simple’, the connection with
the simplicity of the final trained model (e.g. low-
rank) is not well understood. In this work, we take
a step toward bridging this gap by studying the
simplicity structure that arises from minimizers
of the sharpness for a class of two-layer neural
networks. We show that, for any high dimensional
training data and certain activations, with small
enough step size, label noise SGD always con-
verges to a network that replicates a single linear
feature across all neurons; thereby, implying a
simple rank one feature matrix. To obtain this
result, our main technical contribution is to show
that label noise SGD always minimizes the sharp-
ness on the manifold of models with zero loss for
two-layer networks. Along the way, we discover a
novel property — a local geodesic convexity — of
the trace of Hessian of the loss at approximate sta-
tionary points on the manifold of zero loss, which
links sharpness to the geometry of the manifold.
This tool may be of independent interest.

1. Introduction

Overparameterized neural networks trained by stochastic
gradient descent (SGD) have demonstrated remarkable gen-
eralization ability. The emergence of this ability, even when
the network perfectly fits the data and without any explicit

"Massachusetts Institute of Technology *Toyota Technologi-
cal Institute at Chicago *Google Research. Correspondence to:
Khashayar Gatmiry <gatmiry @mit.edu>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

regularization, still remains a mystery (Zhang et al., 2017).
A line of recent works have attempted to provide a theoreti-
cal basis for such observations by showing that SGD has an
implicit bias toward functions with “low complexity” among
all possible networks with zero training loss (Neyshabur
etal., 2017; Soudry et al., 2018; Gunasekar et al., 2017; Li
et al., 2018; Gunasekar et al., 2018; Woodworth et al., 2020;
Li et al., 2019; HaoChen et al., 2021; Pesme et al., 2021).
In particular, it is noted that SGD tends to pick simpler fea-
tures to fit the data over more complex ones (Hermann &
Lampinen, 2020; Kalimeris et al., 2019; Neyshabur et al.,
2014; Pezeshki et al., 2021). This tendency is typically
referred to as simplicity bias. Notably, Huh et al. (2021) em-
pirically observes that the feature matrix on the training set
tends to become low-rank and that this property is amplified
in deeper networks.

On the other hand, recently, a different form of implicit
bias of SGD based on the sharpness of loss landscape has
garnered interest. The study of flatness of the loss land-
scape and its positive correlation with generalization is not
new (e.g. (Hochreiter & Schmidhuber, 1997)), and has been
supported by a plethora of empirical and theoretical evi-
dence (Keskar et al., 2016; Dziugaite & Roy, 2017; Jastrzeb-
ski et al., 2017; Neyshabur et al., 2017; Wu et al., 2018;
Jiang et al., 2019; Blanc et al., 2019; Wei & Ma, 2019a;b;
HaoChen et al., 2020; Foret et al., 2021; Damian et al., 2021;
Lietal., 2021; Ma & Ying, 2021; Ding et al., 2022; Nacson
et al., 2022; Wei et al., 2022; Lyu et al., 2022; Norton &
Royset, 2021). It has been suggested that, after reaching
zero loss, neural networks trained using some variants of
SGD are biased toward regions of the loss landscape with
low sharpness (Blanc et al., 2019; Damian et al., 2021; Li
et al., 2021; Arora et al., 2022; Lyu et al., 2022; Li et al.,
2022a; Wen et al., 2022; Bartlett et al., 2022). In particu-
lar, Blanc et al. (2020) discovered the sharpness-reduction
implicit bias of a variant of SGD called label noise SGD,
which explicitly adds noise to the labels. They proved that
SGD locally diverges from points that are not stationary for
the trace of the Hessian of the loss after fitting the training
data. Along this line, Li et al. (2021) show that in the limit
of step size going to zero, label noise SGD converges to a
gradient flow according to the trace of Hessian of the loss
after reaching almost zero loss. This flow can be viewed as
a Riemannian gradient flow with respect to the sharpness
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on the manifold of zero loss, i.e., the flow following the
gradient of sharpness projected onto the tangent space of
the manifold. Furthermore, a standard Bayesian argument
based on minimum description length suggests such flat
minimizers correspond to “simple” models.

From a conceptual point of view, both simplicity bias and
sharpness minimization bias suggest that SGD learns simple
solutions; however, the nature of ”simplicity” is different.
Simplicity bias is defined in the feature space, meaning the
model learns simple features, e.g., low-rank features, but
low sharpness is defined in the parameter space, meaning
the loss landscape around the learned parameter is flat, such
that the model is resilient to random parameter perturbations
and admits a short and simple description from a Bayesian
perspective. It is thus an interesting question whether these
two notions of “simplicity” for neural networks have any
causal relationship. Existing works that attempt to study this
connection are restricted to somewhat contrived settings (e.g.
(Blanc et al., 2020; Shallue et al., 2018; Szegedy et al., 2016;
Shallue et al., 2018; HaoChen et al., 2021)). For instance,
Blanc et al. (2020) study 1-D two-layer ReLU networks and
two-layer sigmoid networks trained on a single data point,
where they show the stationary points of the trace of Hessian
on the manifold of zero loss are solutions that are simple
in nature. They further prove that label noise SGD locally
diverges from non-stationary points. As another example,
Li et al. (2021) and Vivien et al. (2022) independently show
that label noise SGD can recover the sparse ground truth,
but only for a simple overparameterized quadratic linear
model. In this paper, we study the following fundamental
question:

(1) Is there a non-linear general setting where
the sharpness-reduction implicit bias provably
implies simplicity bias?

However, even if we can show that a model with minimum
flatness is a simple model, a key open question is whether
the sharpness-reduction implicit bias, characterized by the
Riemannian gradient flow of sharpness in (Li et al., 2021),
even successfully minimizes the sharpness in the first place.
The convergence of the gradient flow so far is only known
in very simple settings, i.e., quadratically overparametrized
linear nets (Li et al., 2021). In this regard, a central open
question in the study of sharpness minimization for label
noise SGD is:

(2) Does label noise SGD converge to the global
minimizers of the sharpness on the manifold of
zero loss, and if it does, how fast does it converge?
In particular, for what class of activations does
global convergence happen?

In this paper, we show sharpness regularization provably

leads to simplicity bias for two-layer neural networks with
certain activation functions. We further prove that the Rie-
mannian gradient flow on the manifold linearly converges
to the global minimizer of the sharpness for all initializa-
tion. To our best knowledge, this is the first global linear
convergence result for the gradient flow of trace of Hessian
on manifolds of minimizers.

More formally, we consider the mean squared loss
£O) =%, Q. o0;) ) (1)

for a two-layer network model where the weights of the sec-
ond layer are fixed to one and {z;,y;}" ; are the training
dataset. | We consider label noise SGD on £, that is, run-
ning gradient descent on the loss >, (37"} ¢(6] ;) —
Yi + Q,i)2 at each step ¢, in which independent Gaussian
noise (;; ~ N(0,0?) is added to the labels. The follow-
ing is a corollary of the main results of our paper, which
proves the asymptotic convergence of label noise SGD to
the global minimizer of the sharpness. This result holds
under Assumptions 3.1, 3.2, 3.4) and for sufficiently small
learning rate.

Theorem 1.1 (Convergence to simple solutions from any ini-
tialization). Given any € > 0 and arbitrary initial parameter
0[0], for label noise SGD with any noise variance o> > ()
initialized at 0]0], there exists a threshold 1y such that for
any learning rate 1 < ng, running label noise SGD with step
size ) and number of iterations T = O(log(1/e€) - n~202),
with probability at least 1 — ,

1. LO[T)) < e
2. Te(D2L(0[T))) < infg. . (6)—0 Tr(D2L(0)) + ¢

3. For all neurons 0;[T| and all data points z;,
05(7) i = 67" (wi/m)| < e

where D?L is the Hessian of the loss and we hide constants
about loss L and initialization 0[0] in O(-).

Informally, Theorem 1.1 states that, first, label noise SGD
reaches zero loss and then (1) successfully minimizes the
sharpness to its global optima (2) and more importantly, it
recovers the simplest possible solution that fits the data, in
which the feature matrix is rank one (see Appendix B.3 for
proof details). In particular, Theorem 1.1 holds for pure
label noise SGD without any additional projection. Addi-
tionally, if we initialize the weights at zero, then because
the update of label noise SGD is always in the span of the
data points, the weights remain in the data span as well.
On the other hand, property 3 in Theorem 1.1 states that

'We discuss how our result generalizes to the case of unequal
weights at the end of Section 4.2.
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Results | Assumptions | Basic Description
Theorem 3.3 #,¢" > 0or ¢ =z | The global minimizer of the squared loss,
' X is full-rank all neurons collapse into the same vector in the data subspace
/ 7
Theorem 3.5 ;b(l?i)( >> 3 7 The Riemannian gradient flow of sharpness converges
’ B—norm;lity [34] to the global minimizer of sharpness on the manifold of zero loss
AP — 3
4 ’T¢ >0org=z label noise SGD with small enough step size
Theorem 1.1 | X' X > ul C .
B-normality [3.4] converges to the global minimizer of the sharpness on the manifold of zero loss

Table 1. Summary of main theoretical results and key assumptions

the dot products of all the neurons with each single data
point converge to each other, which means all the neurons
collapse into the same vector. Finally note that Theorem 1.1
is obtained by combining Theorem 4.6 in (Li et al., 2021)
with our main result in this paper, which concerns the global
convergence of the Riemannian gradient flow of sharpness
(Theorems 3.3 and 3.5). See section A for a detailed deriva-
tion of Theorem 1.1 from these results. To summarize, our
technical contributions cover the following two aspects:

» Simplicity bias: We prove that at every minimizer of the
trace of Hessian, the pre-activation of different neurons
becomes the same for every training data. In other words,
all of the feature embeddings of the dataset with respect
to different neurons collapse into a single vector, e.g., see
Figure 1. This combined with our convergence result
mathematically proves that the low-rank feature observa-
tion by (Huh et al., 2021) holds in our two-layer network
setting trained by sharpness minimization induced regu-
larizer algorithms, such as label noise SGD and 1-SAM.

* Convergence analysis: Under an additional normality
assumption on the activation (Assumption 3.2), we show
that the gradient flow of the trace of Hessian converges
exponentially fast to the global optima on the manifold
of zero loss, and as a result, label noise SGD with a
sufficiently small step size successfully converges to the
global minimizer of trace of Hessian among all the mod-
els achieving zero loss. Importantly, we do not assume
additional technical conditions (such as PL inequality and
non-strict saddle property used in prior works) about the
landscape of the loss or its sharpness, and our constants
are explicit and only depend on the choice of the activation
and coherence of the data matrix. Moreover, our conver-
gence results hold in the strong sense i.e., the convergence
holds for the last iterations of label noise SGD.

We have summarized our main results in Table 1. The
novelty of our approach (after that we show it converges
to zero loss) is that we characterize the convergence on
the manifold of zero loss in two phases (1) the first phase
where the algorithm is far from stationary points, trace of
Hessian decreases with a at least constant rate and there

is no convexity in trace of Hessian, (2) the second phase
where the algorithm gets close to stationarity, we prove
a novel g-convexity property of trace of Hessian which
holds only locally on the manifold, but we show implies
an exponentially fast convergence rate by changing the
Lyapunov potential from value of trace of Hessian to the
norm squared of its gradient on the manifold. We further
prove that approximate stationary points are close to a
global optimum via a semi-monotonicity property.
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Figure 1. The rank of the feature and weight matrices go to one as
Theorem 1.1 predicts in the high dimensional setting d > n.

Interestingly, we observe this simplicity bias even beyond
the regime of our theory; namely when the number of data
points exceeds the ambient dimension, instead of a single
vector, the feature embeddings of the neurons cluster and
collapse into a small set of vectors (see Figure 2).

2. Related Work

Implicit Bias of Sharpness Minimization. Recent theo-
retical investigations, including those by Blanc et al. (2019),
Damian et al. (2021), and Li et al. (2021), have indicated
that Stochastic Gradient Descent (SGD) with label noise
intrinsically favors local minimizers with smaller Hessian
traces. This is under the assumption that these minimizers
are connected locally as a manifold and these analyses focus
on the final phase of training when iterates are close to the
manifold of minimizes. The effect of label noise or mini-
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Figure 2. The feature embeddings of neurons collapse into clusters
in the low dimensional regime d < n. The plot visualizes this
phenomenon using the first and second principal components of
the feature embedding ©* X.

batch noise in the central phase of training, i.e., when the
loss is still substantially above zero is more difficult and is
only known for simple quadratically overparametrized linear
models (Vivien et al., 2022; Andriushchenko et al., 2023b).
Further, Arora et al. (2022) demonstrated that normalized
Gradient Descent (GD) intrinsically penalizes the Hessian’s
largest eigenvalue. Ma et al. (2022) proposes that such
sharpness reduction phenomena could also be triggered by a
multi-scale loss landscape. In the context of scale-invariant
loss functions, Lyu et al. (2022) found that GD with weight
decay implicitly reduces the spherical sharpness, defined as
the Hessian’s largest eigenvalue evaluated at the normalized
parameter.

Another line of research examines the sharpness minimiza-
tion effect of large learning rates, assuming that (stochastic)
gradient descent converges at the end of training. This anal-
ysis primarily hinges on the concept of linear stability, as
referenced in works by Wu et al. (2018), Cohen et al. (2021),
Ma & Ying (2021), and Cohen et al. (2022). More recent
theoretical analyses, such as those by Damian et al. (2022)
and Li et al. (2022b), suggest that the sharpness minimiza-
tion effect of large learning rates in gradient descent does
not necessarily depend on the convergence assumption and
linear stability. Instead, they propose a four-phase charac-
terization of the dynamics in the so-called Edge of Stability
regime, as detailed in Cohen et al. (2021).

Sharpness-aware Minimization (SAM, Foret et al. (2021)) is
a highly effective regularization method that improves gener-
alization by penalizing the sharpness of the landscape. SAM
was independently developed in (Zheng et al., 2021; Nor-
ton & Royset, 2021). Recently, Wen et al. (2022); Bartlett

et al. (2022) proved that SAM successfully minimizes the
worst-direction sharpness under the assumption that the min-
imizers of training loss connect as a smooth manifold. Wen
et al. (2022) also analyze SAM with batch size 1 for re-
gression problems and show that the implicit bias of SAM
becomes penalizing average-direction sharpness, which is
approximately equal to the trace of the Hessian of the train-
ing loss. Andriushchenko et al. (2023a) observe that the
SAM update rule for ReLU networks is locally biased to-
ward sparsifying the features leading to low-rank features.
However, their analysis is local and does not provide a con-
vergence proof. They further confirm empirically that deep
networks trained by SAM are biased to produce low-rank
features.

3. Main Results

Problem Setup. In this paper, we focus on the following
two-layer neural network model:

m

ronn(z) £ (0] ). ©)
j=1

Here § = (64, ...,0,,) and ¢ are the set of parameters and
activation of the neural network, respectively. As illustrated
in Equation (2), we assume that all the second-layer weights
are equal to one. At the end of section 4.2 we discuss how
our approach in Theorem 3.3 generalizes to any fixed choice
of weights in the second layer. We denote the matrix of
the weights by © € R™*%, whose j" row is ;. Given a
training dataset {(z;,v;)}._,, we study the mean squared
loss

n

L0) 2> (roan(zi) — yi)*. 3)

i=1

For simplicity, we assume that the data points have unit
norm, i.e. Vi € [n], ||z;]] = 1. Let M denote the zero
level set of £: M £ {6 € R™?| L(6) = 0}. As we show
in Lemma G.2 in the Appendix, M is well-defined as a
manifold due to a mild non-degeneracy condition implied by
Assumption 3.1. We equip M with the standard Euclidean
metric in R™9,

The starting point of our investigation is the work (Li et al.,
2021), which characterizes the minimizer of the trace of the
Hessian of the loss, TrD?L, as the implicit bias of label
noise SGD by showing that, in the limit of step size going
to zero, label noise SGD evolves on the manifold of zero
loss according to the following deterministic gradient flow:

d A 2
Z0() & ~VTrD’L(6(1)). )

Here, V is the Riemannian gradient operator on the manifold
M, which is the projection of the normal Euclidean gradient
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onto the tangent space of M at §(t). We use this result of (Li
et al., 2021) to relate the convergence of label noise SGD to
the convergence of the flow (4). Our main object of study
in this paper is then the global convergence of this flow.
Note that starting from a point #(0) on M, 6(t) remains
on M for all times ¢ (for a quick recap on basic notions
in Differential Geometry such as covariant derivative and
gradient on a manifold, we refer the reader to Appendix I.)
On a manifold, similar to Euclidean space, having a zero
gradient || VTrD2L(0*)| = 0 (the gradient defined on the
manifold) at some points 6* is a necessary condition for
being a local minimizer, or equivalently the projection of
Euclidean gradient onto the tangent space at 8* has to vanish.
More generally, we call # an e-stationary point on M if
IVTrD2L(9)| <e.

3.1. Characterization of Stationary Points

Before characterizing the stationary points of TrD? L, we in-
troduce an important assumption on the activation function,
namely the convexity and positivity of its derivative.

Assumption 3.1 (Strict positivity and convexity of ¢'). For
all z € R, ¢/(2) > 01 > 0,0"(2) > 02 > 0.

For example, Assumption 3.1 is satisfied for ¢(z) = z3+vz
with constants 91 = v, g2 = 1. In Lemma G.1, given the
condition ¢’ > 0 we show that §(¢) remains in a bounded
domain along the gradient flow, which means having the
weaker assumption that ¢’, ¢"” > 0 automatically implies
Assumption 3.1 for some positive constants g; and g2. An-
other activation of interest to us that happens to be exten-
sively effective in NLP applications is the cube (z?) acti-
vation (Chen & Manning, 2014). Although x> does not
satisfy the strict positivity required in Assumption 3.1, we
separately prove Theorem 3.3 for 22 (see Lemma G.4 in the
Appendix.)

Next, let X £ (z1|...|x,) be the data matrix. We make a
coherence assumption on X which requires the input dimen-
sion d to be at least as large as the number of data points,
denoted by n.

Assumption 3.2 (Data matrix coherence). The data matrix
X satisfies X "X > ul.

Assumption 3.1 implies that M is well-defined as a mani-
fold (see Lemma G.2 for a proof). Under aforementioned
Assumptions 3.1 and 3.2, we show that the trace of the
Hessian regularizer has a unique stationary point on the
manifold.

Theorem 3.3 (First-order optimal points). Under Assump-
tions 3.1 and 3.2, the first order optimal points and global
optimums of TrD? L on M coincide and are equal to the set
of all 0* = {Qﬂ such that for all i € [n] and j € [m]

j=1

satisfy the following:
07 i = 07 (yi/m). 3)

Note that instead of Assumption 3.2, just having the linear
independence of {z;}" ; suffices to prove Theorem 3.3,
as pointed out in section 4.2. In particular, Theorem 3.3
means that the feature matrix is rank one at a global op-
timum 6*, which together with our main convergence re-
sult Theorem 1.1 proves the low-rank bias conjecture pro-
posed by (Huh et al., 2021) in the two-layer network setting
for label noise SGD and 1-SAM. Notice the 1/m effect
of the number of neurons on the global minimizers of the
implicit bias in Equation (5). While Theorem 3.3 concerns
networks with equal second-layer weights, the case of un-
equal weights can be analyzed similarly, as we discuss after
the proof of Theorem 3.3 in Section 4.2.

3.2. Convergence Rate

Next, to state our convergence result, we introduce the key
[B-normality assumption, under which we bound the rate of
convergence of the trace of Hessian to its global minimizer.

Assumption 3.4 (5-normality). For all z € R the second
derivative of ¢(z) can be bounded by the first and third
derivatives as:

B¢"(2) < ¢ (2)¢"(2).

An example class of activations that satisfies both Assump-
tions 3.1 and 3.4 is of the form ¢(z) = 2%**! 4 vz for
v > 0, which is well-known in the deep learning theory
literature (Li et al., 2018; Jelassi et al., 2022; Allen-Zhu
& Li, 2020; Woodworth et al., 2020). Notably, these acti-
vations satisfy Assumption 3.4 with normality coefficient

ﬁ = mln{m, 1/2}.

Under Assumptions 3.1, 3.2, and 3.4, we show that 6(t)
converges to 6* exponentially fast in Theorem 3.5. This
results from strong local g-convexity of trace of Hessian for
approximate stationary points (see Lemmas 4.4 and B.4),
plus a semi-monotonicity property for the trace of Hessian
(Lemma 4.6).

Theorem 3.5 (Convergence of the gradient flow). Consider
the limiting flow of Label noise SGD on the manifold of
zero loss, which is the gradient flow in (4). Then, under
Assumptions 3.1,3.2, and 3.4,

(C.1) The gradient flow reaches e-stationarity for all times

log(3%/(0705€?) V 1)

S TrD2L(6(0))
010214 .

- 12
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(C.2) Forall j € [m]andi € [n], the dot product of the jth
neuron to the ith data point becomes e-close to that of
any global optimum 6*:

10;(t) i — Q;Tmi’ <e, (6)
where 0% is defined in Theorem 3.3.

The formal proof of Theorem 3.5 is given in Section B.3.
We sketch its proof in Section 4.3. Note that the rate is
logarithmic in the accuracy parameter e, i.e., the flow has
exponentially fast convergence to the global minimizer.

4. Proof Sketches

Before delving into the technical details of the proofs, we
discuss some necessary background and additional notation
used in the proofs.

4.1. Additional Notation

We use f;(6) to denote the output of the network on the ith
input z;, i.e.,

fi(0) = ro nn(zs). (7)

We use f(0) 2 (f1(0),...,f.(0)) to denote the array
of outputs of the network on {z;}! ;. We use D for
the Euclidean directional derivative or Euclidean gradient,
and V for the covariant derivative on the manifold or the
gradient on the manifold. We denote the Jacobian of f
at point 8 by Df(0) whose ith row is Df;(0), the Eu-
clidean gradient of f; at §. Recall the definition of the
manifold of zero loss as the zero level set of the loss L,
which is the intersection of zero level sets of functions
fi,Vi € Iml: M = {§eR™|Vien], f;(0)=y}.
The tangent space To(M) of M at point 6 can be iden-
tified by the tangents to all curves on M passing through
0, and the normal space 7 (M) in this setting is just the
orthogonal subspace to Ty(M). We denote the projection
operators onto Tg(M) and T,N (M) by Py and P}, respec-
tively. For a set of vectors {v;}}_; where for all i € [n],

n
to denote the vector
i=1

in R™? obtained by stacking vectors {v; }™_;.

v; € R?, we use the notation [vl]

4.2. Proof Sketch of Theorem 3.3

In this section, we describe the high-level proof idea of
Theorem 3.3. Note that Theorem 3.3 characterizes the first
order stationary points of TrD?L on M, i.e., points §* on
M for which VTrD?£(6*) = 0. The starting point of the
proof is the observation that the gradients D f;(0) form a
basis for the normal space at 6.

Lemma 4.1 (Basis for the normal space). For every 6, the

set of vectors {Df;(0)}._, form a basis for the normal
space Tg¥ (M) of M at 0.

For a stationary point 6* with VF(6*) = 0, the Euclidean
gradient at 0* should be in the normal space 7, (M). But
by Lemma 4.1, this means there exist coefficients {c; };-_;
such that

D(TrD?L)(0%) = 20:Df;(67). (8)

i=1
To further understand what condition (8) means for our two-
layer network (2), we first state a result from prior work
in Lemma 4.2 (see e.g. (Blanc et al., 2020)) regarding the

trace of the Hessian of the mean squared loss £ for some
parameter 6 € M (see Section C.2 for a proof).

Lemma 4.2. For the loss on the dataset defined in Equa-
tion (3) and parameters 0 with L(0) = 0, we have

TeD2L(0) = > | Df:(0)|*.
i=1

Using Lemma 4.2, we can explicitly calculate the trace of
Hessian for our two-layer network in (2).

Lemma 4.3 (Trace of Hessian in two-layer networks). For
the neural network model (2) and the mean squared loss L
in Equation (3), for any 0 with L(0) = 0 we have

TrD?L(0) =) > ¢'(6] ). )
i=1 j=1

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. From Equation (8) and by explicitly
calculating the gradients {D f;(6*)}?_, using Lemma 4.3,
we have

m

[Z 2¢/(9;Txi)¢u(9;Ta:i)xi}
=1

n

Jj=1

i=1

But using our assumption that the data points {z;};_, are
linearly independent, we have for all ¢ € [n] and j € [m],
¢”(9;Txi) = «;. Now, because ¢’ is positive and ¢” is
strictly monotone, its inverse is well-defined:

05 T = v 2 ¢ ), (10)
This implies ¢(07 " ;) = ¢(v;). Therefore,

yi =Y 607 x;) = mo(vy). (11)

Jj=1
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But note that from strict monotonicity of ¢ from Assump-
tion 3.1, we get that it is invertible. Therefore, Equation (11)
implies

vi=¢ "(yi/m), and ;= ¢" (¢ (yi/m)).

This characterizes the first order optimal points of TrD2L.

On the other hand, note that TrD2£ > 0, so its infimum
over M is well-defined. Moreover, from Lemma G.1 the
set of §’s with TrD?L(#) < c for arbitrary c is bounded in
R™4, Therefore TrD?L has a global minimizer on M. But
the global minimizers are also stationary points and from
Equation (10) we see that all of the first order optimal points
have the same value of TrD?L. Therefore, all first order
optimal points are global optima and satisfy Equation (10).

O

Results for General Second Layer Weights: Note that
if the weights of the second layer are fixed arbitrarily to
(w;)7L,, then Equation (10) simply turns into 0;-‘Tmi =
" o/ w;); namely, the ¢” image of the feature matrix
O©*X is rank one. Interestingly, this shows that in the gen-
eral case, the right matrix to look for obtaining a low-rank
structure is the embedding of the feature matrix by the sec-
ond derivative of the activation (for the cube activation this
embedding is the feature matrix itself.) Next, we investigate
the convergence of the gradient flow in Equation (4).

4.3. Proof Sketch of Theorem 3.5

The first claim (C.1) of Theorem 3.5 is that after time ¢ >
Q(log(1/€)), the gradient will always be smaller than e. It
is actually trivial to prove that there exists some time at
most t = O(1/€?) such that | VTrD2L(8(t))|| < e without
any assumption, based on a standard argument which is
a continuous version of descent lemma. Namely, if the
gradient of TrD? L remains larger than some ¢ > 0 along
the flow until time ¢ > TrD2£(6(0))/€?, then we get a
contradiction:

TrD?L(0(0)) — TrD*L(0(t))

- /Ot |vTeD2L(0)|* > TeD2£(6(0)).

Our novelty here is a new characterization of the loss land-
scape under Assumptions 3.1, 3.2 (Lemma 4.4 proved in
Appendix B.1).

Lemma 4.4 (PSD Hessian when gradient vanishes). Sup-
pose that activation ¢ satisfies Assumptions 3.1, 3.2, and 3.4.
Consider a point 6 on the manifold where the gradient is
small, namely ||V ¢ TrD?L(0)|| < \/iB. Then, the Hessian
of TrD? L on the manifold is PSD at point 0, or equivalently
TrD2L is locally g-convex on M around 6.

Lemma 4.4 implies that whenever the gradient is sufficiently
small, the time derivative of the squared gradient norm will
also be non-positive:

L yvmepc )P
= —VTrD2L(0(t)) T V>TrD2L(0(t))VTrD2L(A(t)) < 0,

Therefore, once the gradient is sufficiently small at some
t, it will always remain small for all ¢ > ¢. In fact, we
show that the Hessian of TrD2£ on the manifold is strictly
positive with a uniform g; 0ot lower bound in a suitable
subspace which includes the gradient (Lemma B.4). Then

d||VTrD?L(0(t))]?

dt
= —VTrD?L(0(t)) "V2TrD2L(0(t)) VTrDL(0(t))
< —01020|| VIED*L(6(1)) 1%,

which further implies a linear convergence of gradient norm:

[VTrD2L0(t)||? < |[VTrD?L((8(to)))||2e~ - to)erezn,

Next, we state the high level ideas that we use to prove
Lemma 4.4, which is the key to proving Theorem 3.5. Be-
fore that, we review some necessary background.

Computing the Hessian on M. To prove Lemma 4.4,
we calculate the Hessian of F' £ TrD?£ on the manifold
in Lemma 4.5. The Hessian of a function F' on R™¢ is
defined as D?F[u, w] = (D(DF(0))[u], w), where DF ()
is the usual Euclidean gradient of F" at 6, and D(.)[u] de-
notes directional derivative. To calculate the Hessian on
the manifold, one needs to substitute the Euclidean gradient
DF(0) by the gradient VF'(¢) on the manifold. Moreover,
D(DF(0))[u] has to be substituted by the covariant deriva-
tive V,,VF(0), a different differential operator than the
usual derivative. We recall the characterization of the covari-
ant derivative as the projection of the Euclidean directional
derivative onto the tangent space. For more background on
covariant differentiation, we refer the reader to Appendix I.

Fact 1. For vector fields V, W on M, we have VW (6) =
Po(DW(0))[V].

We also recall the definition of Hessian V2F on M based
on covariant derivative.

Fact 2. The Hessian of I at point § on M is given by
V2F (w,u) = (V,VE, u).

Next, we state Lemma 4.5, which is proved in Ap-
pendix B.1.1.

Lemma 4.5 (Hessian of the implicit regularizer on the man-
ifold). Recall that {Df;(0)}._, is a basis for the normal
space T (M) according to Lemma 4.1. Let o/ = (o)™

i=1
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be the coefficients representing PN (D(TrD?L)(9)) €
T (M) in the basis {D f;(0)};_,, i.e.

By (D(TrD2L‘)(0)) =" D).

Then, the Hessian of TrD? L on M can be explicitly written
(in the Euclidean chart R™?) using o' as

V2TrD?L(6)[u, w]
= D*TD?L(O)[u,w] = Y alDfi(0)[u,w], (12)

for arbitrary u,w € To(M), where D? and V? denote the
normal Euclidean Hessian and Hessian over the manifold.

Observe in the formula of VZ(TrD?L) in Equation (12) the
first term is just the normal Euclidean Hessian of TrD2L
while we get the second “projection term” due to the differ-
ence of covariant differentiation with the usual derivative.
Finally, to prove the second claim (C.2) of Theorem 3.5,
we prove Lemma 4.6 in Appendix C.5 which shows that
the small gradient norm of ||[VTrD2L(6)|| < 4 implies the
(approximate) alignment of features.

Lemma 4.6 (Small gradient implies close to optimum). Sup-
pose |VTrD2L(0)|| < 8. Then, for all i € [n],j € [m],

GJT:UZ- - H;T:ci‘ < 6/(\/Bo102), for 0 in Equation (5).

5. Experimental Setup

We examine our theory on the convergence to a rank one
feature matrix in Figure 1 via a synthetic experiment by
considering a network with m = 10 neurons on ambient
dimension d = 3 and n = 3 data points. We further pick
learning rate 7 = 0.05 and noise variance ¢ = 0.03 for im-
plementing label noise SGD. Each entry of the data points
is generated uniformly on [0, 1], which is the same data gen-
erating process in all the experiments. As Figure 1 shows,
the second and third eigenvalues converge to zero which
is predicted by Theorem 3.3. On the other hand, in a simi-
lar setting with the same learning rate 7 = 0.05 but larger
o = 0.2 we run a synthetic experiment with d = 5 this
time smaller than the number of data points n = 6. In this
case, the feature matrix cannot be rank one anymore. How-
ever, one might guess that it still converges to something
low-rank even though our theoretical result is shown only
for the high dimensional case; in this case, the smallest
possible rank to fit the data is indeed two, and surprisingly
we see in Figure 3 that except the first and second eigen-
values of the feature matrix, the rest go to zero. To further
test extrapolating our theory to the low dimensional case
(d < m), this time we use a higher number of data points
n = 15 with ambient dimension d = 10 and 30 neurons,
with learning rate 7 = 0,1 and noise variance ¢ = 0.2.
We observe a very interesting property: even though the

feature matrix is high rank in this case, the neurons tend
to converge to one another, especially when they are close,
as if there is a hidden attraction force between them. To
visualize our experimental discovery, in Figure 2 we plot
the first two principal components (with the largest singular
values) of the feature vectors for each neuron, and observe
how it changes while running label noise SGD. We further
pick 12 neurons for which the first and second components
are bounded in [0, 0.1] and [0, 0.5], respectively. As one can
see in Figure 2, most of the principal components of the
neurons except possibly one outlier are converging to the
same point. This is indeed the case for the feature vectors
of neurons as well, namely, they collapse into clusters, but
unfortunately, we only have two dimensions to visualize
this, and we have picked the most two effective indicators
(the first and second principal components.)

6. Conclusion

In this paper, we take an important step toward understand-
ing the implicit bias of label noise SGD with trace of Hes-
sian induced regularizer for a class of two layer networks.
We discover an intriguing relationship between this induced
regularizer and the low-rank simplicity bias conjecture of
neural networks proposed in (Huh et al., 2021): we show
that by initializing the neurons in the subspace of high-
dimensional input data, all of the neurons converge into a
single vector. Consequently, for the final model, (i) the rank
of the feature matrix is effectively one, and (ii) the functional
representation of the final model is very simple; specifically,
its sub-level sets are half-spaces. To prove this, in spite
of the lack of convexity, we uncover a novel structure in
the landscape of the loss regularizer: the trace of Hessian
regularizer becomes locally geodetically convex at points
that are approximately stationary. Furthermore, in the limit
of step size going to zero, we prove that label noise SGD or
1-SAM converge exponentially fast to a global minimizer.

Furthermore, generalizing the class of activations that enjoy
fast convergence or proving the existence of fundamental
barriers and handling the case of low-dimensional input data
are interesting future directions. Based on the compelling
empirical evidence from (Huh et al., 2021) and our results
for two-layer networks, we hypothesize that a low-rank sim-
plicity bias can also be shown for deeper networks, possibly
using the sharpness minimization framework.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Proof of Theorem 1.1

Theorem 1.1 is a direct combination of Theorem 4.6 of Li et al. (2021), Theorem 3.3, and Theorem 3.5. For the convenience
of the reader, we restate Theorem 4.6 of Li et al. (2021) here. To avoid any confusions, we have specialized Theorem 4.6
of Li et al. (2021) into our case for label noise SGD with our notation. We remind the reader that we use 6(t) for the gradient
flow at time ¢ and 6, for the ¢th iteration of label noise SGD (Note that we do not necessarily set #(0) equal to 6, see the
theorem below). Before restating Theorem 4.6, we first restate its two prerequisite assumptions.

Assumption A.1 (Assumption 3.1. in Li et al. (2021)). Assume that the loss L : R¢ — R is C? function, and that M is a
(md — n)-dimensional C2-submanifold of R™%, where for all § € M, § is a local minimizer of £ and rank(V2£(6)) = n.
Assumption A.2 (Assumption 3.2. in Li et al. (2021)). For arbitrary § € R™4, let /() € M be the point of convergence
of the gradient flow according to L starting from 6, assuming it exists. Assume that U is an open neighborhood of M
satisfying that gradient flow of £ starting in U converges to some point in M, i.e., V0 € U, ¢(x) € M.

Theorem A.3 (Theorem 4.6 in Li et al. (2021)). Suppose the loss function L, the manifold of local minimizer M and
the open neighborhood U satisfy Assumptions 3.1 and 3.2 stated above, and 0y € U is fixed for all choices of step size
n > 0. If the gradient flow of trace of hessian (4) has a global solution 0(t) with 0(0) = 1(6y) and 0(t) never leaves U, i.e.
P(0(t) € U,Vt > 0) = 1. Then for any T > 0, 0|7/ (,242)| converges in distribution to 6(T) as n — 0.

First note that from Lemma D.1, the gradient flow in the limit of step size going to zero always converges to the manifold of
zero, independent of the initialization. Therefore, we can set the neighborhood U in Theorem 4.6 of (Li et al., 2021) to be
the whole R™?. Now we need to check Assumptions 3.1. and 3.2. in (Li et al., 2021).

Checking Assumption A.1 The smoothness of the squared loss £ defined in Equation (3) follows from the smoothness
of the activation function ¢. Furthermore, as we derived in Equation (22), we have V2L =23"" | Df;(0)Df;(0)", and
from the non-singularity of the Jacobian of f stated in Lemma G.3 and the linear independence of the inputs z;’s due
to Assumption (3.2), we get that D f;’s are always linearly independent, and as a result, the Hessian V2L is always rank
n. Combining these with the fact that M is a well-defined smooth submanifold of R™“ due to Lemma G.2 fully checks
Assumption A.1.

Checking Assumption A.2 We take U to be the entire R"?. Then according to Lemma D.1, starting from any 6, the
gradient flow of the loss converges to a point on the manifold M.

Since Assumptions A.l1 and A.2 are satisfied, we can apply Theorem A.3: namely, Theorem A.3 implies there exists
a threshold 7o such that for step size 7 < 7o, we have 0, /,21 is 0 to 6(t) in distribution, where recall that §(t) is the
Riemannian gradient flow according to the trace of Hessian defined in Equation (4), initialized at ¢)(6y).

In order to obtain Lipschitz bounds for 6(¢) which evolves according to (4), we need to obtain information about the initial
point 6(0) on the manifold, which is the limiting point 8 of the trace of hessian gradient flow. This limiting point is defined
in Lemma D.1. In particular, in that Lemma we show that the trace of Hessian of the final point is bounded as

2
+ —=+/L(0o),
TV (6o)
for C' = 4my0?. On the other hand, note that from Theorem 3.5, 6(t) converges to é-proximity of a global minimizer 6* of
trace of Hessian on M in the sense of Equation (6) after time at most

TrD2L(0(0)) = TrD2L(0) < 2TrD2L(6,)

TDL(0(0)) | log(5/(gtede?) v1) _ 2TrD*L(0) + T VEWG0) | log(5/(ehe3e?) v 1)
i3 0102/t - i3 010244

S,

Now using Theorem A.3 for T = T, we get that 0,7/ (y202) CONVerges to 0(T) in distribution. But A(T) is a deterministic
point mass, so convergence in distribution implies convergence in probability. Namely, for every € > 0, there exists a
threshold 7 such that for step size n < 79, with probability 1 — e,

~ T T ~
0(T) @ — 017 /202)) x| <& (13)

On the other hand, from Theorem 3.5, after |T'/(n?¢?)] iterations of label noise SGD, with probability at least 1 — e,
Hijxi is close to H;Tx,- forall j € [m] and i € [n]:

0(T)] w; — 0" 2] <& (14)

12



Simplicity Bias via Global Convergence of Sharpness Minimization

Combining Equations (14) and (13):

* T T ~
0 x; — 017202, ; i < 26 (15)

Moreover, note that from Lemma G.1, there exists ¢’, ¢’ depending on the activation ¢ such that for all i € [n], j € [m] and
times ¢t > 0:

16(t) 2 — 2*| < TeD2L(0(0)) /(€'8') + €' /2 < (2Tr02,c(90) + \% .c(ao)) J(€8)+€/2:=R

where z* is the global minimizer of ¢’ and we defined the RHS to be parameter R. This means that (¢) ] ; T; always remains
within distance R from z* along the gradient flow on the manifold. Comblmng this with Equation (13) implies that the points
H(T) T GLT J(n202)) xl, and 0* x; are within distance at most R + € of z*. On the other hand, the functions TrD?£ and

L are smooth, and in part1cu1ar have bounded Lipschitz constants Ly, Lo in the hypercube [—(R + €), (R + €)]™". Using
these Lipschitz constants with Equation (15) implies

TrD>L(0)7,2) — TrD>L(6")

< 2L1€7
‘c(emw) - ﬁ(@*)’ < 2Lye.

Picking € < min(e/(2L1),€/(2L3)) completes the proof.
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Figure 3. The feature embeddings of neurons collapse into clusters in the low dimensional regime d < n. The plot visualizes this
phenomenon using the first and second principal components of the feature embedding ©* X .

B. Full proof of Theorem 3.5

In order to prove Theorem 3.5, we take these steps:
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* In Section B.1, we show that the norm of the gradient of TrD? £ becomes decreasing at approximate stationary points
in Lemma B.1. To this end, we show that under Assumptions 3.1, 3.2, 3.4, at each point # € M, we either have a large
enough gradient or we are in a neighborhood of the global optima of the trace of Hessian in which trace of Hessian
becomes g-convex as stated in Lemma 4.4.

* In Section B.2, Lemma B.3, we show that the norm of the gradient of TrD?£ decays exponentially fast under
Assumptions 3.1, 3.2, and 3.4. To show this, we prove Lemma B.4 in which we show under Assumptions 3.1, 3.2,and 3.4
the Hessian of TrD?L on M becomes positive definite at approximate stationary points.

* Finally, we combine Lemmas B.1, B.3, and 4.6 to show Theorem 3.5 in Appendix B.3.

B.1. Local g-convexity at approximate stationary points

In this section we prove Lemma B.1.

Lemma B.1 (PSD Hessian when gradient vanishes). The norm of the gradient | N'TrD?L(0(t))|| on the gradient flow (4)
becomes decreasing with respect to t at \/ji3-approximate stationary points, i.e. when |VTrD2L(0(t))|| < \/1p.

To prove Lemma B.1, we prove Lemma 4.4 in the rest of this section. Note that from the continuity of HVTrD2£(9)f ,
we see that the Hessian of the implicit regularizer TrD2L is PSD in a neighborhood of a /143 /2-stationary point 6 € M.
This implies that TrD?L is g-convex in a neighborhood of such . We state a short proof of this in Lemma H.1 in the
appendix. Even though under Assumption 3.1 we get that TrD?L has a convex extension in R™?, it is not necessarily
g-convex over the manifold. This is because the Hessian over the manifold is calculated based on covariant differentiation,
which is different from the normal Euclidean derivative. In particular, for a hypersurface M in R™%, the covaraint derivative
is obtained by taking the normal Euclidean derivative from the tangent of a curve on M, then projecting the resulting vector
back onto the tangent space. This projecting back operation in the definition of Covariant derivative results in an additional
“projection term” in the algebraic formula of the Hessian of TrD?L£ on M, in addition to its normal Euclidean Hessian. The
inversion in the projection operator makes it fundamentally difficult to derive good estimates on the projection term that are
relatable to the Euclidean Hessian of TrD?2L. Nonetheless, we discover a novel structure in M which is that even though we
cannot control the projection term in the Hessian of TrD2L globally, but for e-stationary points § on the manifold, we can
relate it to the approximate stationarity condition (equivalently approximate KKT condition) at f. This relation enables us to
control the projection term and show that the Hessian of TrD?£ on M is indeed PSD at approximate stationary points. To
prove Lemma 4.4, first we calculate the formula for the Hessian of an arbitrary function F' on a hypersurface M embedded
in R™¢, in Lemma B.2. We then use this formula to calculate the Hessian of TrD?£ on M in Lemma 4.5. Finally we use
this formula to prove Lemma 4.4 in Section 4.3.

Now we derive a general formula for the Hessian of any smooth function F' on the manifold in Lemma B.2, proved in
Appendix C.3.

Lemma B.2 (Hessian formula on a submanifold of R™4). For any smooth function F defined on R™¢, the Hessian of F on
M is given by:

V2F(0)[u,w] = D*Flu,w] — D*£(0)[u,w] "(Df(O)Df(0) ")~ Df(0)(DF(0)),

Sor u,w € To(M).

Next, we prove Lemma 4.5, exploiting the formula that we derived in Lemma B.2 for the Hessian of a general smooth
function F" over M.

14
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B.1.1. PROOF OF LEMMA 4.5

Proof. Using the formula for the Hessian of a function over the manifold in Lemma B.2, we have
V2TrD?L(6) [u, w]
= D*TrD?L(0)[u, w] — D f(0)[u,w] " (Df(0)Df(6) )" D f(0)(DTrD*L(0))
= D*TrD?L(6)[u, w)

= D2f(O)[u,w] (DS O)DF(6) ) DF(0) (VeTrDL(O) +2 ) o Di(0))
i=1

U DRTD2L(8){u,u] - 20 (8){u, ] (DFODIO) ) D7(O)( Y 0 DA(6)) o

— D*TeD?Llu, w] — 2D2£(0)u, ] (DF(B)DF(6) ) (DFO)DFB) )’
= D*TeD*L(0)[u,w] — 2> o} D? fi(6)[u, w],
i=1
where equality (16) follows from the fact that Vo(TrD?L) € Tp(M), which means it is orthogonal to D f;(6) for all
i€ [n]. O

Using Lemma 4.5, we prove Lemma 4.4. We restate Lemma 4.4 here for the convenience of the reader.

Lemma (see Lemma 4.4). Suppose that activation ¢ satisfies Assumptions 3.1, 3.2, 3.4. Consider a point 6 on the manifold
where the gradient is small, namely ||VyTrD2L(0)|| < /f3. Then, the Hessian of TrD?L on the manifold is PSD at point
6, or equivalently TrD?L is locally g-convex on M around 6.

B.1.2. PROOF OF LEMMA 4.4

Proof. Suppose ||V TrD?L(6)|| = 6. Write the projection of the Euclidean gradient D(TrD?L)(6) onto the normal space
T (M) in the row space of D f(6), i.e. there exists a vector o/ = () such that

PYID(TeD?L)(0)] £ 2 a!D(0),
i=1

where P, is the projection onto the normal space at point 6 on the manifold. Then, if we decompose D(TrD?£)(6) into
the part in the tangent space and the part in the normal space, because the part on the tangent space is the gradient of TrD?L
on the manifold, we have

D(TrD?L)(0) = VoTrDL(0) + 2 Y o} Df;(6).
=1

Now from the assumption that the norm of VTrD?£(6) is at most & and using the formula for TrD?£ in Lemma 4.3, we
have

o = [oief - [omereyn -2 o]
=1
-4y H i((b"(@;—xz) o) (O )|
j=1 i=1
which implies
n 2
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This further implies Vi € [n],j € [m]:

|(@"(05 z:) — a})¢' (0] )| < 6/(2y/1).- (17)

Now using the 3-normality of ¢, the fact that /,/1z < /3, and the positivity of ¢’ and ¢"’, we have for all i € [n] and
j € [m],

2|6 (0] wi) (0} = 8" (0] ws))| < &/ (0] @) (9] ). (18)

On the other hand, using Lemma 4.5, we can explicitly calculate the Hessian of TrD?L as

V2TrD2L(0)[u,u) = D*TrD*L(6)[u,u] — 2 i o, D? £;(0) [u, u].

i=1

Now using the formula for the Euclidean Hessian of TrD?L and f;’s in Lemmas F.1 and F.2, we get

VATRDL( ZZ (2067 210" (0] ) + 26 (6] ) (2] wy)?
Jj=11i=

m

- 2220‘;‘15” (z; “J)2
Jj=11i=

1

.MS
M:

<
I
—
.
I
—

>~ (20/(6] )0 (0] ) + 26" (6] 22) (6 (8] ) — o)) (2] wy)?

¢'(0) )" (0] x:) (2] u;)® >0, (19)

NE

I
—

i

<.
Il
—

where the second to last inequality follows from Equation (18). Hence, the Hessian over the manifold is PSD at /13-
stationary points. O

Based on Lemma 4.4, the proof of Lemma B.1 is immediate.

B.1.3. PROOF OF LEMMA B.1

Proof. To prove Lemma B.1 simply note that the derivative of the norm squared of the gradient becomes negative:
d 2 2 2 T2 2 2
%HVTrD LO®)|* =-=VTrD>L(6(t)) V*TrD*L(0(t))VTrD*L(6(t)) < 0.
O

Next, we show a strict positive definite property for the hessian of approximate stationary points under our Assump-
tions 3.1, 3.2, and 3.4.

B.2. Strong local g-convexity

It turns out we can obtain an exponential decay on the norm of the gradient at approximate stationary points, given explicit
positive lower bounds on ¢’ and ¢’ stated in Assumption 3.1. As we mentioned, from Lemma G.1 the gradient flow does
not exit a bounded region around 6* on M, which means Assumption 3.1 automatically holds for some positive constants
01, 02 for the flow in Equation (4), given that we have the weaker condition ¢’, ¢"” > 0 everywhere; this is because of
compactnesss of bounded regions in the Euclidean space.

We state the exponential decay in Lemma B.3.

Lemma B.3 (Decay of norm of gradient). Under assumptions 3.1, 3.1, and 3.2, given time tq such that | V' TrD?L(6(to))| <
/LB, then the norm of gradient of TrD?L is exponentially decreasing for times t > to. Namely,

IVTeD2 L0 < [IVTD2L(O(t0))|[2e(—ereer,

16
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The key idea to obtain this exponential decay in Lemma B.3 is that at approximate stationary points #, under Assumption 3.1,
the Hessian of TrD2L becomes strictly positive definite on a subspace of Tp(M) which is spanned by {x;};"_, in the
coordinates corresponding to 6. Fortunately, the gradient VIrD?£(6) is in this subspace, hence we can obtain the following
Lemma. We show this formally in Lemma B.4, proved in Appendix C.4.

Lemma B.4 (Strong convexity). Under Assumptions 3.1, 3.1, and 3.2 we have for \/jB3-stationary 0, i.e. when
IVoTrD2L|| < /i,

VTrD2L(6)" (V2TrD2c(9)) VTrD2L(6) > 01001 VT D2L(0)]|2.

B.2.1. PROOF OF LEMMA B.3

Proof. Using Lemma B.4, we get positive definite property of the Hessian V2TrD?L on the manifold by Lemma B.4,
which implies
d||[VTrD2L(0(t))]?
dt

= —VTrD2L(0(t)) " V>TrD2L(0(t))Vg(0(t))
—01020|| VIrD2L(O(t)) .

IN

This inequality implies an exponential decay in the size of the gradient, namely for any ¢ > t,

IVTED2L(0(0)) | < [V TRD2L((to))|[2e ¢ to)eresr,

Next, we prove Theorem 3.5.

B.3. Proof of Theorem 3.5

Using the non-decreasing property and exponential decay of the gradient at approximate stationary points that we showed in
Lemmas B.1 and B.3 respectively, we bound the rate of convergence of the gradient flow (4) stated in Theorem 3.5. The idea
is that once the flow enters the approximate stationary state, it gets trapped there by the local g-convexity. Finally, under
Assumption 3.1, we show a semi-monotonicity property of TrD?L in Lemma 4.6, proved in Appendix C.5; namely, having
small gradient at a point on the manifold implies that the neurons are close to an optimal point 8%, as defined in Equation (5),
in the subspace spanned by data. This automatically translates our rate of decay of gradient in Lemma B.3 to a convergence
rate of 0(t) to 6*.

First, note that once the norm of gradient satisfies

IVIED2L(0(1))]| < e

for any € < ,/u/3, it remains bounded by e due to the non-increasing property of the norm of gradient guaranteed by
Lemma B.1. Therefore, if for some time ¢ we have ||[VTrD?L(6(t))|| < e then |[VTrD2L(0(t'))|| < e forall ¢’ > t. On
the other hand, observe that the implicit regularizer decays with rate of squared norm of its gradient along the flow:

dTrD2L(6(t))

L = —|VTrD2L(6(t))|*.

Therefore, if for some time ¢ we have |[VTrD2L(0(t))| > € we can lower bound the value of TrD2L(6) at time ¢ as

0 < TeD2L(0(t)) < TrD2L(6(0)) — /t
< TrD?L(6(0)) — /t e2dt’ = TrD?L(6(0)) — te?,
t'=0

|VTrD2L(6(t))||%dt’
0

which implies

t < TrD?L(6(0)) /€.

17
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To further strengthen this into an exponential convergence rate, we know once the norm of the gradient goes below /13 it
will decay exponentially fast due to Lemma B.3. From the first part, it takes at most TrD2£(6(0))/(1/3?) time for the norm
of gradient to go under threshold /73, then after time log((p3%/€"?) V 1)/(01024) it goes below € using the exponential
decay. Hence, the overall time ¢ it takes so that norm of the gradient goes below threshold €’ is bounded by

_ TD2L(6(0) | log((uB/e?) V1)

o < . (20)
B2 010214
Now we want to combine this result with Lemma 4.6. For the convenience of the reader, we restate Lemma 4.6.
Lemma (see Lemma 4.6). Suppose ||[VTrD2L(6)|| < 4. Then, for alli € [n],j € [m],
0] @i — 07 " w;| < 6/(Vior02),
for a 6* as defined in Equation (5).
Combining Equation (20) with Lemma 4.6, we find that to guarantee the property
07 (t);2: — 07 i < €,Yi € [n],j € [m], 1)
we need to pick € = €,/J101 02, which implies that we have condition (21) guaranteed for all times
;> TED2L(9(0)) | log(62/(efose?) V1)
- nB? 010244 '
C. Remaining proofs for characterizing the stationary points and convergence
C.1. Proof of Lemma 4.2
For any § € R™¢ we can write
D2L(6) =2 Z Dfi(0)Dfi(0)" +2 Z D2 f;(0)(fi(0) — ).
i=1 i=1
But from £(6) = y; we get for every i € [n], f;(6) = 0, which implies
D’L =2 "Df;(0)Df:(6)". (22)
i=1

Taking trace from both sides completes the proof.

C.2. Proof of Lemma 4.3

Note that the gradient of the neural network function calculated on x; with respect to the parameter ¢; of the jth neuron is
Dy, f:(0) = ¢/ (0] z;)a;.

This implies
IDE@O)> =D ¢ (6] ). (23)
j=1

Summing Equations (23) for all j € [m] completes the proof.

18
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C.3. Proof of Lemma 4.5
Combining Facts 1 and 2 implies
V2P(O)[u, w] = (Vu(VF(0)),w)
(Po(D(Py(DF(O)u])w)
L (D(Po(DF(O))ul. w) 4

- <D((I - p;V)(DF(e)))[u],w>, (25)

where Equality (24) follows because w € To(M), the fact that for any vector v,
v=Pp(v) + By’ (v),

and that the part P}V (D(Pg (DF(6))) (u)) has zero dot product with w. Now note that from Lemma 4.1, the rows of the

Jacobian matrix D f(6) spans the normal space 7, (M) for any § € M. Therefore, the projection matrix onto the normal
space T4 (M) at point § € M regarding the operator P, is given by

Fj¥(v) = D(0)" (Df(0)DS(6)") "' Df(O)v. (26)
Plugging Equation (26) into Equation (25), we get:
V2F(©O)u,w] = (D(( - D) (DF(O)DF(6) ) DF () DF () )[u], w)
—w"D((1 = DfT(DFDFT) ' DF)DF) U
=w' (I—Df(0) (DFO)DF©O) ") Df(6)D*F(O)u
+w"D(I~Df©6) (DFO)DS(®)) ' DF(0))[u|DF(®), @7)
where in the last line we used the chain rule. But note that w € Ty(M), which implies Py(w) = w. This means
(I—Df(O) (DFO)DFO) ") Df(0))w = w.
Plugging this back into Equation (27) and noting the fact that D(I)[u] = 0,
V2F(0)[u,w] = w" D2F(0)u — wTD(D FOT(DFODFO) D f(e)) [W]DF(). (28)

Now regarding the second term in Equation (28), note that the directional derivative in direction « can either hit the D f ()
terms or the middle part (D f(8)Df(0)7)™!, i.e. we get

wD(Df(O) (DFODFO) ) DFO))lu] = w  D2FO)[u] (DFO)DF©) ) Df(O)
+w D) D((DFODFO) DO 29
Now the key observation here is that because w € T5(M), we have
Df(0)w =0,
which means the second term in Equation (29) is zero. Plugging this back into Equation (28) implies
v

VZF(0)[u,w] = w' D*F(0)u — D*f(0)[u,w] (Df(0)Df(9)") " Df(0)DF(®),

which completes the proof.
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C4. Proof of Lemma B.4
Let A be the subspace of Tg(M) which can be represented by
m

v= [me] - (30)
i=1

Jj=1

for arbitrary coefficients (v/)i—1.n_j—1....m. First, we show that VTrD2L(6) € A. Recall the definition of the gradient
of TrD2L on M, i.e.

VTrD?L(0) = Py(DTrD?*L(#)) = DTrD?L(0) — P (DTrD?L(6)).

Note that P} (DTrD?£L(6)) € N This is because from Lemma 4.1 we know that {D f;(6)}""_, is a basis for 7;¥ (M) and
each D f;(0) is clearly in the form (30). Now we argue for any vector v € A/, we have

VQTrDQE(H)[v,v] > ug192||v||2. (31)

Letv £ [Z?:l z/j;vi] . Note that for all j € [m], from Assumptions 3.1 and 3.2:
j=1

i

VIRD2L(0) e, o] = 3030 0] 206" (0] ) (3 viw) )

j=11i=1 =
m n 2
> 01003 > (3 via) i)
j=li=1  i'=
m n )
2 szﬂz | Z vizl?,
j=1 i'=1

where in the last inequality, we used the fact that from Assumption 3.2, for any vector x in the subspace spanned by {z; }1_,
we have " X X "2 > pl|z||2. Combining this with Equation (19) in the proof of Lemma 4.4 completes the proof.

Next, we prove Lemma 4.6 which translates the approximate stationary property into topological closeness to a global
optimum.
C.5. Proof of Lemma 4.6
Similar to the proof of Lemma 4.4, we have (17):
107 (6] i) — ajlor < [(@"(8] x:) —af)e! (6] )| < 6/(2y/),

which implies

0" (6] 2:) — ] < 6/(2y/her). (32)
Now since ¢ > 0, we have that ¢” is strictly monotone and invertible. Define

v =¢" (). (33)

3

The fact that ¢"” > gy provides us with a Lipschitz constant of 1/ g5 for ¢” -1 Using this with Equations (32) and (33)
implies

< 6/(24/10102)- 34

T !
’0]- T — U

From Equation (34) we want to show |v; —v}| < §/(2,//10102). Suppose this is not true. Then either v; > v;+8/(2./110102)
or v; < v — §/(2y/1t0102). In the first case, using Equation (34) we get for all j € [m]:

v; > 9;—1}“
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which from the strict monotonicity of ¢ implies

yi/m = ¢(vi) > $(0] z;),

which means f;(0) < y;. But this clearly contradicts with the fact that § is on the manifold of zero loss, i.e. f;(0) = y;. In
the other case v; < vj — §/(2./0102) We can get a similar contradiction. Hence, overall we proved

i — vj| < 8/(2¢/10102).

Combining this with Equation (34) completes the proof.

D. Proof of convergence of the flow to M

In this section, we analyze the behavior of label noise SGD starting from 6y with positive loss, when step size goes to zero.
To this end, we study a different gradient flow than the one in Equation (4).

D.1. Gradient flow regarding label noise SGD in the limit

In Lemma D.1, we prove that under Assumptions 3.1, 3.2, the gradient flow with respect to the gradient — D L(6) converges
to the manifold M exponentially fast. This is in particular important to in the proof of Theorem 1.1, in particular in proving
that SGD with small enough step size will reach zero loss, because SGD in the limit of step size going to zero will converge
to this gradient flow outside of M. The key to show this result is a PL inequality that we prove in this setting for £, in
Lemma D.2. Here we obtain explicit constants which is not necessary for proving Theorem 1.1.

Lemma D.1 (Convergence of the gradient flow to the manifold). In the limit of step size going to zero, label noise SGD
initialized at a point 0y converges to the following gradient flow

)

(0) = b, (35)
g'(t) = —DL(A(t)). (36)

Under Assumption 3.1 and 3.2, after time
t > log(1/e)

we have,
L(O(1)) < e " L(00),

for constant C' = 4mpu3. Furthermore, (t) converges to 0 € M such that for all t > 0

_ . 2 —
O(t) — || < ——=e=Ct/2\/L(6,), 37
16(2) — 0[] < Niei (6o) 37
and
N n m n m 2
TrD?L(0) <> > ¢(00; i) + > max{d(0o; ' 2:) £ —=+/L(00)}
=1 j—1 = 0=t e
2
< 2TrD*L(6o) + —=+/L(bo).
D.2. Proof of Lemma D.1
First, taking derivative from £(6(t)) and using the PL inequality from Lemma D.2:
d . - _ _
7L0®) = = DLO)|* < ~4mpoi£(0),
which implies
LO(1)) < e *mueitL(gy). (38)
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Moreover, similar to page 38 in (Li et al., 2021), given the PL constant C' = 4m0? we have

A0 || _ o ns HW@WHZ_ —LECW) g a/L(@)
H dt HfHVE(G(t))HS VCL@(t)) N VCL@A(t)) O dt (39
This implies
Oy e ey
2 — 2 =
—ﬁ<¢c<9<o>>—¢£<e<t>>>sﬁ £(8(0)). (40)
Additionally, from Equation (39) we get for t; > t5:
\\9<t1)—§(t2)llé%( £(0(t)), (41)

which combined with Equation (38) implies that §() converges to some 6. On the other hand, since £(6(t)) converges to
L(0) by continuity of £ and because L(6(t)) is going to zero, we conclude that the limit point ¢ should have zero loss, i.e.
0 € M. Now applying Equation (41) for to = ¢ and sending ¢; to infinity implies for all ¢ > 0:

i1 < 2 o < 2 ~cue
1) 01l < —=\/£00) < £(60).

On the other hand, recall that from Equation, trace of Hessian on the manifold is equal to
n _ 2 n m _
TeD2L(0) = Y ||VAO)| = XD /(0] i) “2)
i=1 i=1 j=1
But under Assumption 3.1 we have that ¢'2 is convex, because

2
0 =26 () +20/(2)6"(2) 2 .

But from Equation (40) we have

> 6] ®)zi — 8] (0)a:| < [16(t) — 6(0)]| < L(6(0)).-

\f

2
Combining the convexity and positivity of ¢’? with Equation (40) and the formula for HV fi(0) H :

o] - fosuo| < o wne o200 - afiomy
< i {¢(6; <0>xzi\ﬁ £(0(0)))}, 3)

where + above in the argument of ¢’ means we take maximum with respect to both + and —. Summing Equation (43) for
all 7, we have for constant

Cy = Z max{q5’2 (0)z; &

we have
3 Hvﬁ(é(t))H2 <3 HVfi(eo)Hercz,,
=1 i=1
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Sending ¢ to infinity implies
S [vso)] <3 [wr@o + o
1=1 i=1

But since § € M, from (42) we have

which completes the proof.

D.3. A PL inequality for £

Next, in Lemma D.2 we show a PL inequality for £ under Assumptions 3.1 and 3.2, which we then use to show Lemma D.1.

Lemma D.2 (PL inequality outside of manifold). Under Assumptions 3.1 and 3.2, the loss L(0) satisfies a PL inequality of
the form

IDLO)II* > 4mpeiL(0).

Proof. Note that for all j € [m], Dy, £(0) is given by
ngll(é) = QZ(W,NN(%‘) - yi)qﬁ/(é;a:i)xi.
i=1

Hence

2

105, £@)2 = 4| Y g (@) = )6 (0 wi)as

>4 Z ¢/(§;xi)2(r§,NN(xi) —y;)?
1=1
> 4poi L(6). (44)

summing Equation (44) for all neurons completes the proof. O

E. Proof of the final guarantee for Label noise SGD

In this section we prove Theorem 1.1.

E.1. Proof of Theorem 1.1

Our main theorem (Theorem 1.1) is a direct combination of Theorem 4.6 of Li et al. (2021), and Theorem 3.3 and
Theorem 3.5. First note that from Lemma D.1, the gradient flow in the limit of step size going to zero always converges to
the manifold of zero, independent of the initialization. Therefore, the neighborhood U in Theorem 4.6 of (Li et al., 2021) is
the whole R™?, which implies that for step size 7 < 79 less than a certain threshold 7o, Or¢ /27 is close enough to 0(t) in
distribution, where 6(¢) is the Riemannian gradient flow defined in Theorem 3.5 which is initialized as 6(0) = 6. Recall that
0 is the limit point of the first gradient flow (before reaching the manifold M) defined in Lemma D.1.

Moreover, again from Lemma D.1, the gradient flow 6(¢) defined in that Lemma remains within distance of O(% VL (0))

of initialization. Therefore, trace of Hessian of the loss at 6 is bounded and only depends on the initialization 8. This enables
us to have a bounded initial value for the second ODE in (4), depending only on the primary initialization 6(0) (which can
be outside the manifold). In particular, note that from Theorems 3.3 and 3.5, this flow converges to ¢’-proximity of a global
minimizer §* of trace of Hessian on M in the sense of (6) after time at most O (log(1/e)).khasha:fix the dependency here
from e to €, also make the dependence on lipschitz constants more explicit.
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Now using the unit norm assumption ||z;|| = 1 and picking the step size threshold 7y small enough, we see that after at
most K = O((1 + log(1/€'))/n?) iterations of label noise SGD for 1 < 7o, for all j € [m] and i € [n] we have with high
probability

IQT;FJL‘Z — 9*j$2| < 2€. 45)
Therefore, picking €’ < €/2, we get forall ¢ € [n] and j € [m]:
|9T;»rxi — ¢71(y1/m)| <e.

Moreover, note that from Equation (37) and Lemma G.1, § remains in a ball of bounded radius depending only on 6y, hence
L and TrD? L both have a bounded Lipschitz constant only depending on the initialization as well. Therefore, we pick €’

small enough so that we get L(0) < € and ‘TrDQE(HK) - ’ITD2£(9*)‘ < e for the final iteration K of label noise SGD.
This completes the proof.

F. Derivative formulas
F.1. Derivative tensors

In Lemma F.1 we calculate the Jacobian of f and the Hessian of f;’s.

Lemma F.1. The Jacobian of f is given by:

¢ (0] 1)z
Df = ¢/( ) T ¢/(9]+1‘r)

Moreover, the Hessian of f;’s is given by

¢ (z] 01)zsw] 0
0...
2, _
D f?(a) - 0... QS//(Z';F@J)I'Z.TZT 0...

As a result
N
D? f;(u,u) Zgb Tuj)?.
j=1

In this Lemma F.2, we calculate the Hessian of the trace of Hessian regularizer in our two-layer setting.

Lemma F.2. For the implicit regularizer F = TrD?L regarding our two-layer network with mean squared loss as in (3),
we have

n m

0) =33 ¢2(6] 2, i]? = Zzw

i=1 j=1
and
D?F(.,.) (46)
(26" (x] 01) + 6" (2] 01)¢' (2] 61))wiz] 0
=y 0... 0. (20" T49)+¢"'( T9)¢'( T0) ] 0.
. -
Hence
D*F(0)[u,u) =) > (26" (] 0;) + 20" (2] 0,)¢' (2] 0;)) (i, u;)*. (48)
i=1 j=1
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G. Other proofs

In Lemma G.1 we show that the gradient flow in Equation (4) remains in a bounded region.

Lemma G.1 (Bounded region). Under the positivity assumption ¢""" > 0, the gradient flow %0(t) = —VTrD?L(0(t))
remains in a bounded region for all times t.

Proof. Note that the value of TrD? L is decreasing along the flow, so for all t > 0:
TeD2L(0(t)) < TrD>L(6y).
But noting the formula of TrD2£ in Lemma 4.3, we get that for all j € [m] and i € [n]:
¢'(0) :)* < TrD?L(6y). (49)

Now let z* be the minimizer of ¢’. Now from the assumption of the Lemma we have ¢/’ (z*) > 0, which implies from
continuity of ¢” that for €/, § > 0 we have for all z € (z* — €/, 2* + ¢'),

¢///(Z) Z 5/.

This means for all z < 2* — ¢ we have ¢ (z) < —€2§’/2 and for z > z* + € we have ¢'(z) > €26’ /2. Even more, for
any |z — z*| > € we have

' (2) > (|2 — 2| = ) + 20 )2 = (|2 — 2*| — € /2)€'d.
Therefore, Equation (49) implies for z = HJT x;:
(|2 — 2| — €/2)€'8’ < TrD?L(6y),
or
|z — 2*| < TrD?L(00)/(¢'8') + € /2.
This implies the boundedness of the arguments of all the activations for all data points, which completes the proof. O

Lemma G.2 (M is well-defined). The intersection of the sub-level sets f;(0) = y;, defined in Section 4 as M, is well-defined
as a differentiable manifold.

Proof. Due to a classical application of the implicit function theorem after a linear change of coordinates using a basis for
the kernel of the Jacobian, it turns out that there exists a local chart for M around each point § € M for which the Jacobian
matrix is non-degenerate. But due to Lemma G.3 the Jacobian is always non-degenerate, so M is indeed well-defined as a
manifold. O

Lemma G.3 (Non-singularity of the Jacobian). Under assumption 3.1, the Jacobian D f is non-singular, i.e. its rank is
equal to the number of its rows.

Proof. For an arbitrary data point 6, we show the non-singularity of the submatrix of D f whose columns corresponds to
0, namely Dy, f. Any linear combination of the rows of this matrix is of the form

> aid (0] wi)w. (50)
i=1

But from the coherence assumption in 3.1, we see that {z;}? ; are linearly independent, so the linear combination in
Equation (50) is also non-zero, which implies the non-singularity of Dy, f and completes the proof. O

Lemma G.4 (Cube activation). If the distribution of the labels does not have a point mass on zero (i.e. if P(y = 0) = 0),
then for the cube activation the manifold M is well-defined, and Theorem 2 also holds.
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Proof. To show that M is well-defined, similar to Lemma G.2 we show the jacobian D f(#) is non-degenerate for all
6. To this end, it is enough to show that for each x;, there is a j such that Dy, fi is non zero. This is because Dy, fiis
always a scaling of x;, so if it is non-zero, then it is a non-zero scaling of z;, and since x;’s are linearly independent from
Assumption 3.1 the non-degeneracy of D f follows. To show the aformentioned claim, note that for each 8 € M, from the
assumption on the distribution of the label, we have with probability one:

m

Z ¢(0; " z;) = y; # 0.
j=1
Therefore, there exists j such that
¢(6; " wi) #0,
which implies
0, x; #0,
which means
¢/(0; i) # 0.

Therefore,
Dy, fi(0) = ¢/ (6, wi)a; #0,
and the proof of the non-degeneracy of D f is complete.

Next, we show that proof of Theorem 3.3 is still valid even though Assumption 3.1 does not hold for ¢(z) = 3. This is
because the only argument that we use in the proof of Theorem 3.3 which depends on Assumption 3.1 is the invertibility of
¢ and ¢’ which holds for the cube activation. Hence, the proof of complete.

O

H. G-convexity
In the following Lemma H.1, we show that PSD property of the Hessian of an arbitrary smooth function ' on M at point ¢
implies that its locally g-convex at 6.

Lemma H.1 (Local g-convexity). For a function F' on manifold M, given that its Hessian is PSD in an open neighborhood
C C M, then F is g-convex in C on M.

Proof. Consider a geodesic y(t) C M. Then taking derivative of F' on «y with respect to ¢:

d
ZE0) = (VFE(y(1),7' (1)),
and for the second derivative

2
& FG()

(VE(Y (1)), Voreyy (8)) + (V2E ()7 (t),7 (1))

= <VF(’Y(t))7 V’y’(t)’yl(t»v
where we used the fact that V.. ;)7 (t) = 0 for a geodesic, and the fact that the Hessian of F" is PSD. Therefore, I is convex
in the normal sense on any geodesic in C, which means it is g-convex in C. O
I. Background on Riemannian Geometry

In this section, we recall some of basic concepts in differential geometry, related to our analysis in this work. The material
here is directly borrowed from (Gatmiry & Vempala, 2022; Gatmiry et al., 2023). For a more detailed treatment on
Differential Geometry, we refer the reader to (Do Carmo, 2016).
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Abstract manifold. A manifold M is a topological space such that for an integer n € N and given each point p € M,
there exists an open set U around p such that U is a homeomorphism to an open set of R™. We call a function f defined on
M smooth if for every p € M and open set U around p which is homeomorphism to an open set V' C R"™ with mapping ¢,
then f o ¢ is a smooth function of V. This is how we define vector fields on M later on.

Note that the manifold we consider in this work is a sub-manifold embedded in the Euclidean space, given by the
intersection of sublevel sets of f;(#)’s. Given that the Jacobian of f = (f;)?_; is non-singular(Lemma G.3), the manifold
M={z]| Vie[n]: fi(r) =y} is well-defined.

Tangent space. For any point p € M, one can define the notion of tangent space for p, T),(M), as the set of equivalence
class of differentiable curves ~ starting from p (y(0) = p), where we define two such curves 7, and 7 to be equivalent if
for any function f on the manifold:

%f(%(tmt:o - %f(%(t))‘t:o'

When the manifold is embedded in R?, the tangent space at p can be identified by the subspace of R? obtained from the
tangent vectors to curves on M passing through p.

Vector field. A vector field V' is a smooth choice of a vector V' (p) € T},(M) in the tangent space for all p € M.

Metric and inner product. A metric (., .) is a tensor on the manifold M that is simply a smooth choice of a symmetric
bilinear map on the tangent space of each point p € M. Namely, for all w, v, z € T,,(M):

(v+w,z) = (v,2) + (w, 2),
(aw, fw) = af{v,w).

Covariant derivative. Given two vector fields V' and W, the covariant derivative, also called the Levi-Civita connection
Vv W is a bilinear operator with the following properties:

Varvitaa v, W = a1 Vy W+ aoVy, W,
Vy (W1 + W) = Vy (W) + Vy (Wa),
Vv (aWi) = aVy (W1) + V()W

where V' («) is the action of vector field V' on scalar function «.. Importantly, the property that differentiates the covariant
derivative from other kinds of derivaties over the manifold is that the covariant derivative of the metric is zero, i.e., Vyy g = 0
for any vector field V. In other words, we have the following intuitive rule:

Vv (Wi, Wa) = (Vy Wi, Wa) + (W7, Vy Wa).
Moreover, the covariant derivative has the property of being torsion free, meaning that for vector fields Wy, W:
Vi, Wa — Vi, W1 = [Wy, Wa],
where [W7, W5] is the Lie bracket of Wy, W5 defined as the unique vector field that satisfies
(W1, Walf = Wi (Wa(f)) — Wa(W1(f))

for every smooth function f.

In a local chart with variable z, if one represent V' =3 Vidzx,;, where Oz; are the basis vector fields, and W = > Widx;,
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the covariant derivative is given by

VVW:ZWVW ZWZV (WIdz;)
—ZWZB (W) ax]+ZVlZanx]
—ZV (W) axJ+ZZVlWJZF Oy, =
:Z Vwh) +ZZVZWJF’“ )0z

P

The Christoffel symbols I‘ are the representations of the Levi-Cevita derivatives of the basis {Ox; }:
Vo, 0m; = Z I},0m,
and are given by the following formula:
F?j = % Z 9" (0 9mi + OiGmj — Omij)-

Above, g% refers to the (i, j) entry of the inverse of the metric.

Gradient. For a function F' over the manifold, it naturally acts linearly over the space of vector fields: given a vector field
V, the mapping V' (F) is linear in V. Therefore, by Riesz representation theorem there is a vector field W where

V(F)=W,V)

for any vector field V. This vector field IV is defined as the gradient of F', which we denote here by VF'. To explicitly
derive the form of gradient in a local chart, note that

= (Q_0mVi)(F) =Y _ViiF = 3 Vigjmg™0iF = (V,(D_g™0F),)

The above calculation implies
VF = Z(Z g™ 0z F)0x,,.

So g ' DF is the representation of V F in the Euclidean chart with basis {0z;}.

Given a smooth function I on R™% and sub-manifold M C R™9, the gradient VF on M at any point § € M is given by
the Euclidean projection of the normal Euclidean gradient of F' at 6 onto the tangent space Ty(M).
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