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Abstract

Representative subset selection from data streams is a critical prob-
lem with wide-ranging applications in web data mining and ma-
chine learning, such as social media marketing, big data summariza-
tion, and recommendation systems. This problem is often framed
as maximizing a monotone submodular function subject to a knap-
sack constraint, where each data element in the stream has an
associated cost, and the goal is to select elements within a bud-
get B to maximize revenue. However, existing algorithms typically
rely on restrictive assumptions about the costs of data elements,
and their performance bounds heavily depend on the budget B. As
a result, these algorithms are only effective in limited scenarios
and have super-linear time complexity, making them unsuitable
for large-scale data streams. In this paper, we introduce the first
linear-time streaming algorithms for this problem, without any
assumptions on the data stream, while also minimizing memory
usage. Specifically, our single-pass streaming algorithm achieves
an approximation ratio of 1/8 — € under O(n) time complexity and
O(klog %) space complexity, where k is the largest cardinality of
any feasible solution. Our multi-pass streaming algorithm improves
this to a (1/2 — €)-approximation using only three passes over the
stream, with O (2 log %) time complexity and O(é log %) space
complexity. Extensive experiments across various applications re-
lated to web data mining and social media marketing demonstrate
the superiority of our algorithms in terms of both effectiveness and
efficiency.
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1 Introduction

Representative subset selection from large datasets is a fundamental
problem with various data-driven applications related to web data
mining and machine learning, including but not limited to social
media marketing [36, 40, 43, 61], recommendation systems [16, 17,
22, 58, 64], document summarization [13, 48, 52, 54, 55] and feature
selection [4, 10, 41, 67]. Many studies (e.g., [6, 15-17, 26, 40, 64])
have formulated this problem as the task of selecting a subset that
maximizes a submodular function. This approach leverages the
“diminishing returns” property of submodular functions to quantify
the “representativeness” or “utility” of the selected subset. Moreover,
constraints such as cardinality or knapsack constraints are typically
imposed on the objective submodular function to model real-world
limitations [3, 5, 16, 26, 40, 56, 64].

Since the seminal work of Fisher et al. [30], constrained sub-
modular maximization problems have been extensively studied,
with a variety of algorithms proposed that achieve good approx-
imation ratios [32, 44, 50, 56, 62, 65]. However, the advent of big
data has introduced new challenges, rendering many of these al-
gorithms less practical due to their computational demands. Over
the past decades, the exponential growth in data size has placed
increasing demands on algorithmic efficiency, leading to substan-
tial research efforts to develop faster submodular maximization
algorithms. Early work in this line has achieved nearly linear time
complexity of O¢(nlogk) [7, 23-25, 33, 46], where O, hides € fac-
tors, n denotes the size of the ground set and k denotes the maxi-
mum cardinality of any feasible solution'. More recent work (e.g.,
[9, 11, 12, 15, 20, 47, 53, 57, 59]) has focused on further reducing
runtime, surpassing the nearly linear complexities of previous ap-
proaches and proposing clean linear-time algorithms for submod-
ular maximization problems. Since linear time complexity is the
minimum required to read all elements of the ground set, it is un-
likely that any algorithm can be more efficient without employing
parallelization, while still maintaining a reasonable approximation
ratio [53]. Moreover, in many domains, data volumes are expanding
at a rate exceeding the capacity of computers to store them in main
memory [7]. Therefore, many studies such as [5, 6, 15-17, 26, 58, 64]
have focused on memory-efficient algorithms and proposed stream-
ing submodular maximization algorithms, which takes a constant
number of passes through the ground set while accessing only a
small fraction of the data stored in main memory at any given time.

In this paper, we formulate the representative subset selection
problem as the problem of monotone submodular maximization
subject to a knapsack constraint (abbreviated as the SMKC prob-
lem). The knapsack constraint is a fundamental constraint that can
capture real-world limitations such as budget, time, or size, and thus
the SMKC problem has been extensively studied since 1982 [65].

!'The time complexity of submodular maximization algorithms is typically measured by
the number of oracle queries to the objective function, as these queries are significantly
more time-consuming than other basic operations [1, 2, 29, 46].
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Currently, for this problem, existing work [53, 59] has only success-
fully proposed linear-time algorithms with provable approximation
ratios in the offline setting, where all data must be stored in main
memory—an impractical requirement for many real-world appli-
cations. In the streaming setting, the current best single-pass [39]
(resp. multi-pass [34]) streaming algorithm can only achieve the
super-linear time complexity of O(g log B) and the space complex-
ity of O(]‘l—e3 log B) (resp. O(% log B)) with an approximation ratio
of 1/3 — € (resp. 1/2 — €), where B is the budget for the knapsack
constraint. Note that the value of B also influences the complexities
of other existing streaming algorithms for the SMKC problem to
the same extent, if not more (refer to Table 1). In the worst case, the
budget B can be arbitrarily large and grow exponentially with the
input size n, resulting in a quadratic or worse complexity for these
algorithms. More critically, the approximation ratios of existing
algorithms are derived under the assumption that the cost of each
element is no less than 1. These algorithms suggest using normal-
ization to ensure the assumption holds, thereby supporting their
approximation ratios. However, such normalization is impractical
for single-pass streaming algorithms as the costs are not known in
advance, rendering their performance guarantees perhaps invalid.
Meanwhile, this normalization implies that B cannot be normalized
to reduce time and space complexity in these algorithms, further
compounding the efficiency issues. Therefore, we aim to answer
the following questions in this paper:

o Given that the assumptions and performance guarantees
of existing streaming algorithms for the SMKC problem
may not always hold in practical scenarios, is it possible to
design more practical streaming algorithms for the SMKC
problem that maintain provable performance guarantees
without relying on restrictive assumptions?

e Furthermore, if such algorithms exist, can they achieve
linear time complexity while using minimal memory?

1.1 Our Contributions

In this paper, we provide confirmative answers to the above ques-
tions, by presenting two novel streaming algorithms for the SMKC
problem without any assumptions on the data stream. The contri-
butions of our paper can be summarized as follows:

e We propose a single-pass streaming algorithm dubbed On-
eStream that achieves an approximation ratio of 1/8 — €
for the SMKC problem. The time and space complexities of
the OneStream algorithm are O(n) and O (k log %), respec-
tively. To our knowledge, OneStream is the first streaming
algorithm with a provable approximation ratio and linear
time complexity for the SMKC problem.

o Based on the OneStream algorithm, we further propose
a multi-pass streaming algorithm, dubbed MultiStream,
which achieves an approximation ratio of 1/2 — e within
three passes over the data stream. This matches the best ra-
tio achieved by existing streaming algorithms for the SMKC
problem. However, while existing streaming algorithms
require super-linear time complexity, our MultiStream al-
gorithm only has a linear time complexity of O(2 log %)

under O(% log é) space complexity.

Anon.

e We conduct extensive experiments using several real-world
applications related to the web, including maximum cover-
age on networks and revenue maximization on networks.
The experimental results strongly demonstrate the effec-
tiveness and efficiency of our algorithms.

1.2 Challenges and Techniques

To our knowledge, existing streaming submodular maximization
algorithms with linear time complexity are limited to handling
cardinality [15, 47] or matroid constraints [9, 12, 20], and fail to
offer performance guarantees for the knapsack constraint. Addi-
tionally, many techniques used in these algorithms are specific to
cardinality or matroid constraints and do not easily extend to knap-
sack constraints. For example, the linear-time streaming algorithms
for cardinality constraints rely heavily on the fact that a solution
with k elements satisfies the constraint. This property is used (1)
to control the number of elements maintained by the algorithm,
thereby ensuring that memory consumption stays within an ac-
ceptable bound of O(k), and (2) to select the last k elements from
the tail of the solution set to form the final feasible solution. How-
ever, in the SMKC problem, we lack prior knowledge of the value
of k, and a solution with k elements may not necessarily satisfy
the knapsack constraint. Similarly, the performance guarantees
of linear-time streaming algorithms for matroid constraints rely
on the exchange property of matroids, a characteristic absent in
knapsack constraints.

Moreover, existing streaming algorithms for the SMKC problem
rely on guessing an “ideal threshold” to achieve their approximation
ratios, and they find this threshold through a canonical geomet-
ric search process under the assumption that each element’s cost
is at least 1. However, their threshold guessing approach needs
extra time and memory complexity of O(log B), resulting in unsat-
isfactory super-linear time complexity, especially since the budget
B can be arbitrarily large and even grow exponentially with the
input size n in the worst-case scenario. To address cases where
elements’ costs are less than 1, existing streaming algorithms sug-
gest using normalization to ensure that each element’s cost is at
least 1. However, such normalization is impractical for single-pass
streaming algorithms as the costs are not known in advance, which
invalidates their performance guarantees. Furthermore, this nor-
malization implies that B cannot be normalized to reduce time and
space complexity in these algorithms, further compounding the
efficiency issues.

To address the above challenges, our OneStream algorithm main-
tains a “cumulative set” 5: y S, which consists of a small number
of candidate solutions S;: t € [J, i]. Each candidate solution S; is
initialized as an empty set and grows by adding elements from
the data stream until it becomes a “nearly feasible solution”, i.e., a
set that satisfies the knapsack constraint by removing at most one
element. OneStream also computes a threshold based on the utility
of the cumulative set to control the cost-effectiveness of elements
added to the candidate solutions. This approach eliminates the need
for the time-consuming geometric search process used in previous
streaming algorithms to find an ideal threshold. By constructing
nearly feasible solutions, OneStream offers two key benefits: (1) it
limits the size of each candidate solution to at most k + 1 = O(k);
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Table 1: Streaming algorithms for monotone submodular maximization subject to a knapsack constraint.

Passes  Reference Ratio  Space Complexity —Time / Query Complexity
=1 [17] 1/6—¢ O(k log B) O(k 1og B)
[39] 4/11-¢  O(Llog"B) O(%log*B)
[37] 2/5-¢ 0(£ 1og* B) O(% log*B)
[39] 1/3-¢ O0(£1logB) O(ZlogB)
Algorithm1  1/8 - ¢ O(klogl) O(n)
> 1 [66] 1/2 € O(B) O(n(L +logB))
[38] 1/2—¢ 0(£ 10g? B) 0(£ 1og? B)
[34] 1/2—¢ O(k log B) O(Zlog B)
Algorithm 2 1/2 — ¢ O(k1ogl) O(Zlogl)

indicate the best result(s) in each setting.

~

k denotes the largest cardinality of any feasible solution, B is the budget. Bold font and magenta color

Apart from our results, the approximation ratios in existing work are based on the assumption that each

element’s cost is at least 1. They suggest normalization to enforce this assumption, thereby supporting their
approximation ratios. However, such normalization is impractical for single-pass streaming algorithms as
the costs are not known in advance, potentially invalidating their performance guarantees.

w

In the worst case, B can be arbitrarily large and even grow exponentially with n, resulting in a complexity

worse than O(n?) for algorithms dependent on B. Note that normalization may not be applicable for
reducing B, as these algorithms rely on it to ensure the cost assumption and uphold their performance

guarantees.

*

and (2) it ensures the final solution (a subset of the cumulative
set satisfying budget B) is of high quality, as each element in the
cumulative set has a cost-effectiveness ratio above the computed
threshold. Besides, OneStream employs a sliding window mecha-
nism to control the total number of nearly feasible solutions stored
in memory. Thanks to these techniques, OneStream achieves linear
time complexity with minimal memory usage.

Our MultiStream algorithm leverages the OneStream algorithm
to efficiently guess the “ideal threshold” (associated with the utility
of the optimal solution), which guides a better selection of elements
to obtain an improved approximation ratio. Different from existing
threshold guessing approaches, we dynamically choose an easier-
to-find ideal threshold based on the cost distribution of elements
in the optimal solution in our proof, which is combined with On-
eStream’s ability to provide accurate upper and lower bounds for
the utility of the optimal solution in linear time, enabling an effi-
cient threshold guess process without relying on the assumption
that each element’s cost is at least 1. This guess process incurs only
a small amount of extra O(1/¢) (rather than O(log B)) time and
memory overhead, ensuring that MultiStream achieves a better
approximation ratio while maintaining linear complexities. More
details about our algorithms can be found in Section 4-5.

Due to the space limit, we defer the detailed proofs of most
lemmas and theorems to Appendix A, while only providing some
intuitions and key ideas for them in the main text.

2 Related Work
2.1 Algorithms for Monotone Submodular
Maximization Under a Knapsack Constraint

Monotone submodular maximization under a knapsack constraint
(i.e., the SMKC problem) has been extensively studied [27, 44, 62, 65]

The approximation ratio is derived from flawed analysis as pointed out by [34].

in the offline setting. Among these works, [62] achieved the opti-
mal approximation ratio of 1 — 1/e, but its O(n°) time complexity
renders it impractical for real-world applications. Subsequent stud-
ies [7, 23, 49, 63, 66] put effort into more efficient algorithms, and
recent work [53, 59] have proposed linear-time algorithms for the
SMKC problem, where [53] achieves (1/2 — €)-approximation using
O(Zlog %) time complexity. However, these algorithms are still
limited to the offline setting, requiring all elements to be stored in
memory, which is impractical in many real-world scenarios.
Recently, great efforts have been devoted to designing streaming
algorithms for the SMKC problem, as shown by Table 1. Among
single-pass streaming algorithms, [37] achieves the best approxima-
tion ratio of 2/5—€ with time complexity of O( e—'i log? B), while [39]
offers the best time complexity of O(2 log B) with a worse approx-
imation ratio of 1/3 — e. Among multi-pass streaming algorithms,
[38] first achieved an approximation ratio of 1/2 — € using O(%)
passes over the data stream, with time complexity of O( :% log? B).
Subsequently, [66] developed a new streaming algorithm aimed at
avoiding the large polynomial factors of 1/€ in [38]’s complexity,
reducing the time complexity to O(n(% +log B)) while maintaining
the same approximation ratio and number of passes over the data
stream. However, [34] later pointed out errors in the theoretical
analysis of [66], invalidating its approximation guarantee. [34] pro-
posed a new algorithm that restores the 1/2 — € approximation
ratio using two passes over the data stream with time complexity of
O(2 log B). However, as shown in Table 1, the complexities of all
existing streaming algorithms depend on B, which, in the worst case,
can grow exponentially with the input size n, leading to quadratic
or worse time complexity for these algorithms. More critically, the
approximation ratios of existing algorithms are derived under the
assumption that the cost of each element is no less than 1. These

291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

324

326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348



362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406

WWW ’25, 28 April - 2 May, 2025, Sydney, Australia

algorithms suggest using normalization to ensure the assumption
holds, thereby supporting their approximation ratios. However,
such normalization is impractical for single-pass streaming algo-
rithms, rendering their performance guarantees perhaps invalid.
Meanwhile, this normalization implies that B cannot be normalized
to reduce time and space complexity in these algorithms, further
compounding the efficiency issues.

2.2 Linear-Time Algorithms for Streaming
Submodular Maximization

Chakrabarti and Kale [12] pioneered the achievement of linear com-
plexity for streaming submodular maximization. Their algorithm
is tailored for matroid constraints, requires one pass over the data
stream, and uses O(n) time complexity and O(k) space complexity
to achieve a 1/4 approximation ratio. Subsequently, [20] reduces
the number of queries in [12]’s algorithm from 27 to n, while main-
taining the same approximation ratio and complexities. [9] further
generalize [20]’s algorithm to handle not necessarily monotone sub-
modular functions, achieving a 1/11.66 approximation ratio with
the same complexities.

For simpler cardinality constraints, [47] proposed a linear-time
single-pass (resp. multi-pass) streaming submodular maximization
algorithm, achieving 1/4 (resp. 1 — 1/e — €) approximation ratio
with O(n) (resp. O(n/e€)) time complexity and O (k log k log(1/€))
(resp. O(k log k)) space complexity. [15] extends [47]’s algorithms
to handle not necessarily monotone submodular functions, achiev-
ing 1/23.313 — € (resp. 0.25 — €) approximation ratio using one (resp.
O(1/€)) pass(es) over the data stream with unchanged complexities.

However, as explained in Section 1.2, none of these algorithms
offer any approximation guarantee for our SMKC problem, and
many techniques used in these algorithms are tailored to cardinality
or matroid constraints, which do not readily generalize to knapsack
constraints. Thus, whether there exists a linear-time streaming
algorithm for the SMKC problem remains an open question.

3 Problem Statement

We consider the problem of selecting a representative subset of
elements from a streaming dataset AV of size n, aiming to maximize
a non-negative set function f: 2V  Rx. For any subset S C N,
f(S) quantifies the utility of S, i.e., how well S represents NV accord-
ing to some objective. In many data summarization problems (e.g.,
[6, 15, 17, 26, 58, 64]), the utility function f(-) exhibits an intuitive
property known as submodularity characterized by diminishing
returns. The function with submodularity can be defined as follows:

Definition 3.1 (Submodular Function). A set function f: 2N
R0 is submodularifforall X C Y € Nandu € N'\Y, it holds that
fw|Y) < f(u|X),where f(u|S) = f(SU{u}) - f(S) represents
the marginal gain of u with respect to S for any S € {X,Y}.

Intuitively, submodularity implies that adding an element u to
a set Y yields no more utility gain than adding u to a subset X of
Y. Besides, f(-) is monotone if f(X) < f(Y) forall X C Y C N,
indicating that adding a new element never decreases the utility. In
this paper, we assume that the utility function f(-) is monotone and
submodular. Furthermore, we consider a fundamental constraint

Anon.

that the feasible solution follows a knapsack constraint, which can
model real-world constraints such as budget, time, and size.

Assume that each element u € N has an associated cost ¢(u), and
the total cost of a set S € N is defined as a modular function ¢(S) =
lues c(u). Our subset selection problem can then be formulated
as the problem of submodular maximization subject to a knapsack
constraint (abbreviated as the SMKC problem):

max{f(S):S € N Ac(S) < B},

where f(-) is submodular and monotone; B > 0 is the given budget.
Following common practice in submodular optimization, we assume
that there exists an oracle that can return the value of f(S) for
any S C N. Oracle queries typically have a significantly higher
time complexity than other basic operations, so the efficiency of
submodular optimization problems is commonly measured by the
number of oracle queries [1, 2, 29, 46]. We study the SMKC problem
in the streaming setting, where elements in A arrive sequentially
in an arbitrary order. The streaming algorithm is allowed to make
a few passes over the elements, using a small memory.

Without loss of generality, we assume that c(u) < B for every
u € N, as any element with a cost exceeding the budget can be im-
mediately discarded upon arrival. Throughout this paper, we denote
an optimal solution to the SMKC problem as O, the element with
the highest cost in O as o, (i.e., 0, = argmaxy,eo c(u)), and the
maximum cardinality of any feasible solution as k. For notational
convenience, let [i] = {1,...,i} for any natural number i.

4 The Single-Pass Streaming Algorithm

In this section, we propose our single-pass streaming algorithm
dubbed OneStream, which is the first streaming algorithm with
a provable approximation ratio and linear time/query complexity
for the SMKC problem. Moreover, OneStream does not rely on the
assumption that each element’s cost is at least 1, which may not
hold in single-pass scenarios where elements cannot be normalized
in advance. This makes OneStream more practical than existing
single-pass streaming algorithms.

4.1 Algorithm Design

As shown by Algorithm 1, the OneStream algorithm maintains a
“cumulative set” Ui: ; St composed of a small number of candidate
solutions, where each candidate solution is initialized as an empty
set when first added to the cumulative set and then gradually grows
by incorporating valuable elements from the data stream until it
becomes a “nearly feasible solution” (a set that satisfies the knap-
sack constraint after removing no more than one element). More
specifically, the algorithm uses a threshold based on the utility (i.e.,
objective function value) of the cumulative set to check the mar-
ginal cost-effectiveness (i.e., marginal gain/cost) of each incoming
element from the data stream (Line 4). If the element satisfies the
threshold requirement, it is added to the most recent candidate set
S; in the cumulative set (Line 5). Once this candidate set grows as
a nearly feasible solution, a new candidate set S;;; is initialized
to receive elements that meet the threshold requirement, and the
process repeats (Line 6 and Line 9). By using the threshold based
on the utility of the cumulative set itself, the OneStream algorithm
avoids the geometric search for a suitable threshold, thus achieving
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Algorithm 1: OneStream (%)
Input: integer 7 > 1
1 initialize i «— 1, j « 1, S; « @ and e* « null;

2 take a new pass over the data stream;
3 while there is an incoming element e do

4 if f(eIUt:j St) > f(Ut:j St) then
c(e) B
5 Si « SiU{e};
6 if ¢(S;) > B then
7 if i — j+1 = 2% then
8 L Delete sets Sj, Sj+1,+** > Sjan—15J < j+ 7
9 i—i+1;S; « 0;
0 | e« arg maxye {e+,e} f({u});

11 ip < 05 jn < J;
2 if c(Uj';jn S;) < B then Q* — U?;j,. Sis
13 else
14 let S(x) denote the set of the last x elements added to
Uﬁ":jn Sy;find z € [| U?;jn S¢|] such that
¢(S(z)) < BAc(S(z+1)) > B;
15 | QF « argmaxpe(s(z).er) f(Q)s

16 return Q*,U;”_j St
—Jn

linear complexity. Moreover, constructing candidate solutions as
nearly feasible solutions offers a two-fold benefit: (1) limiting the
cardinality of each solution to no more than k + 1 = O(k), ensuring
less memory consumption; (2) ensuring the cost of each solution is
no less than B, coupled with the fact that the cost-effectiveness of
each element in the solution surpasses the threshold, guarantees a
satisfactory overall utility.

OneStream algorithm also employs a sliding window mechanism
to control the number of the nearly feasible solution, to ensure the
total memory consumption is small. Specifically, if the total number
of these solutions reaches the predefined limit of 2, OneStream
deletes the oldest 7 sets from the cumulative set U;z y St (Line 7-8).
Recall that the threshold used to add elements in Line 4 depends on
f (U;: ;St), which increases as the algorithm runs. Thus, elements
added earlier are tested by lower thresholds and are likely to have
lower utility. Consequently, deleting these older elements results
in only a small loss in utility.

When the data stream ends, the cumulative set [ Ji_ ; St may be
an unfeasible solution. To extract a good feasible solution from it
as the final output, OneStream searches for a feasible solution S(z)
from the tail of | Ji_ St (Line 14). The intuition behind this is that
elements added later have passed the test by higher thresholds and
are more likely to possess good utility. The one with better utility
between S(z) and the best singleton element set (generated by Line
10) is then returned as the final solution Q* (Line 15).

4.2 Theoretical Analysis

Our overall analysis approach is as follows. We first demonstrate
that the complete “cumulative set” | J;_; S¢ without any deletions
can provide an upper bound for the utility of the optimal solution

WWW ’25, 28 April - 2 May, 2025, Sydney, Australia

upon the termination of the algorithm (Lemma 4.1); then show that
the utility loss caused by deleting old nearly feasible solutions from
the cumulative set is small and can be bounded (Lemma 4.2-4.4).
Based on these, we can prove that the final solution obtained after
solution deletion and element extraction can also upper bound the
utility of the optimal solution, resulting in the approximation ratio
of the algorithm (Lemma 4.5).

Lemma 4.1. Upon termination of Algorithm 1, the following in-
equality holds:f(U;":1 St) = f(0)/2.

To demonstrate that the utility loss caused by deleting nearly
feasible solutions in Line 8 is small, we first demonstrate that in-
corporating a new nearly feasible solution S; into the cumulative
set U?:_jl S; doubles the utility of it (Lemma 4.2), resulting in a con-
tinuous increase in the utility of the cumulative set as OneStream
runs, even when the deletion occurs (Lemma 4.3).

LEMMA 4.2. At the end of the each iteration of the while loop in
Algorithm 1, we must have f(U?:j St) =2 f(U?:_j1 St) for any
g€ [j+1i]:c¢(Sq) = B.

LEMMA 4.3. Let T; (i > 1) denote the state OfULJ- S; right before
the execution of Line 9 in Algorithm 1. Consider the iteration of the
while loop in Algorithm 1 when T; is generated, then:

o Ifthe deletion in Line 8 is not executed in the current iteration,
we have 2 - f(Ti—1) < f(T;).
e Otherwise, we have f(Ti—1) < f(T;).

Building upon the previous two lemmas, we can demonstrate
that solution deletions do not result in a significant utility loss and
the cumulative set finally stored in memory retains a substantial
utility, as shown by Lemma 4.4.

Lemma 4.4. f(UZ, ) < (1+ 53 F (UL, St)

Before deriving the approximation ratio of Alg. 1, we only need
to prove the solution Q returned by the algorithm can upper bound
the final cumulative set U;’; n St, based on the observation that

elements added later to Ui’; i St have passed higher threshold tests
than those added earlier, thus possessing high utility of Ui’; in St.

LEMMA 4.5. f(U;’;jn Si) <4-f(Q)

Combining Lemma 4.1, 4.4 and 4.5, we can immediately get the
performance bounds of OneStream, as shown by Theorem 4.6.

THEOREM 4.6. By setting h = logz(é) + 1 where e € (0,1),
OneStream can return a solution Q* satisfying ¢(Q*) < B and
f(Q*) = (1/8 = €)f(O) for the SMCK problem in a single pass
over the data stream. The time/query and space complexities of the
algorithm are O(n) and O(k log é), respectively.

Proor. The approximation ratio can be directly derived by com-
bining Lemmas 4.1, 4.4, and 4.5. For each incoming element, the
algorithm incurs one oracle query at Line 4 and another at Line 10,
resulting in a total of 2n oracle queries and a time complexity of
O(n). As shown in Lines 6-9, the algorithm maintains at most 7
candidate solutions, each with a size no more than k + 1, leading to
a space complexity of O (k log %). O
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Algorithm 2: MultiStream (h, €)
Input: integer /i > 1 and number € € (0,1)
1 My, My « OneStream(h); P «— {(1—¢€)"?:z €

_ 1+—2—) F(M,
ZA L) (e o I

2 initialize Ay < @ for each p € P and L* « M;;

3 take a new pass over the data stream;
4 while there is an incoming element e do
5 foreach p € P A p < f(e)/c(e) do

6 if c(Ap) +c(e) < BA f(e| Ap) = p-c(e) then
7 L Ay —ApU{e};

8 if f(Ap) > f(L*) then

9 L L* « Ap;

10 take a new pass over the data stream;
11 while there is an incoming element e do
12 foreach p € P do

13 ifeg Ay Ac(Ap)+c(e) < BAf(ApU{e}) = f(L)
then
14 L L* « Ap U {e};

15 foreach p € P do
16 foreach e € A, do
17 L ife¢ L* Ac(L*) +c(e) < Bthen L* « L* U {e};

s return L*

—

5 The Multi-Pass Streaming Algorithm

In this section, we propose our multi-pass streaming algorithm
dubbed MultiStream, which improves the approximation ratio to
1/2 — €, matching the best ratio achieved by existing streaming
algorithms for the SMKC problem while maintaining linear time
complexity.

5.1 Algorithm Design

As shown by Algorithm 2, MultiStream algorithm first efficiently
guess the “ideal threshold” related to the utility (i.e., objective func-
tion value) of the optimal solution, based on OneStream algorithm
(Line 1). It then performs element selection based on each guessed
threshold p € P (i.e., potential ideal threshold) within two passes
over the data stream (Line 2-14). The specific element selection
process is as follows. For each incoming element in the data stream,
the algorithm first selects thresholds from P that are smaller than
the current element’s cost-effectiveness (Line 5), as the candidate so-
lution with a threshold larger than the element’s cost-effectiveness
would not accept the element, rendering further checking unneces-
sary. Then, for each selected threshold p, the algorithm adds the
element to A, if the element satisfies both the knapsack constraint
and the threshold requirement (Line 6-7). The candidate solution
with the best utility is stored in L* (Line 8-9). Subsequently, the
algorithm re-reads the data stream and attempts to insert each
element into each existing candidate solution without violating
the knapsack constraint, thereby enhancing the candidate solu-
tion’s utility (Line 10-14). Finally, the algorithm attempts to insert
elements stored in memory into the current optimal solution L*,

Anon.

further improving the utility of the returned solution in practice
(Line 15-17).

5.2 Theoretical Analysis

As shown by Lemma 5.1, if the element with the highest cost in
the optimal solution (i.e., o) has a large utility, we can directly
conclude the algorithm exhibits a favorable approximation ratio.

LemMma 5.1. If f({om}) = f(O)/2, the solution returned by L*
Algorithm 2 satisfying ¢(L*) < B and f(L*) > (1/2 - €)f(O).

Proor. The lemma follows as f(M;) < f(L*) and OneStream
ensures that f(M;) > maxy,en f({u}). O

Now focus on the case where the utility of o, is relatively small.
We divide our following analysis into two cases based on whether
om consumes the majority of the budget of the optimal solution O,
and then demonstrate that in both cases, the algorithm can find a
candidate solution with a corresponding ideal threshold that can
upper bound the utility of the optimal solution (Lemma 5.2-5.3). A
key purpose of the case-by-case discussion is to quickly find the
ideal threshold without relying on the assumption that the cost
of any element is no less than 1, which can be better understood
through the following example. The B—c(0y,) in the ideal threshold
p* of Lemma 5.3 might be very small or even zero. Therefore, we
consider the case where it is greater than or equal to €B, ensuring
that p* can be quickly found through geometric search.

The proof ideas for Lemma 5.2 can be explained as follows. We
first establish the existence of a candidate solution with the ideal
threshold p*. Then we show that if the cost of this candidate solu-
tion is sufficiently large, its utility is also sufficiently large due to
the threshold filtering process. Otherwise, the candidate solution re-
tains enough budget to include all elements in the optimal solution
except for op,. Thus, elements in O \ {0} that are excluded from
this candidate solution must have low marginal cost-effectiveness,
which implies excluding these elements causes little utility loss.
The proof of Lemma 5.3 follows a similar line of reasoning.

LEMMA 5.2. IfB—c(om) < €Band f({om}) < f(O)/2, then Algo-
rithm 2 can generate a candidate solution A+ satisfying c(Ap+) < B

and f(Ap) = (1/2 - €)f(0), where p* € [L=[Q) [(O)}

LEMMA 5.3. IfB — c(omm) > €B, then Algorithm 2 can generate a
candidate solution Ay~ satisfying one of the following conditions:
(1) c(Ap*) < Band f(Ap+) 2 (1/2-€)f(0)
(2) c(Ap- Ufom}) < Band f(Ap- U{om}) 2 (1/2 - €)f(0)
(1-¢)f(0) £(0) ]
2(B=c(om))’ 2(B—c(om)) "
Based on the two lemmas above, we can readily derive the per-
formance bounds of MultiStream, as shown in Theorem 5.4.

where p* € |

THEOREM 5.4. By setting h = O(1), MultiStream can return a
solution L* satisfying ¢(L*) < B and f(L*) = (1/2 — €)f(O) for
the SMCK problem within three passes over the data stream. The
time/query and space complexities of the algorithm are O (% log %)

and O(é log %) respectively.

Proor. Since Line 11-14 of Algorithm 2 ensure that f(L*) >
f(Ap+ U {om}) when the second condition of Lemma 5.3, we also
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Figure 1: Experimental results of maximum coverage on networks

have f(L*) > f(0O)/2 when the case described by Lemma 5.3 hap-
pens. Combining this result with Lemmas 5.1-5.2 yields the approx-
imation ratio.

Note that Algorithm 2 maintains at most O(|P|) candidate so-
lutions. Moreover, for each candidate solution Ap (p € P), the
algorithm incurs at most n oracle queries at Lines 5, 6 and 13, respec-
tively. Thus, the query/time and space complexities of Algorithm 2
are O(n|P|) and O(k|P|), respectively. Based on the definition of
P and the fact that (M) < 4 - f(M;) due to Lemma 4.5, we have
|P| = O(% log é) Combining these results completes the proof.

|

6 Performance Evaluation

In this section, we empirically evaluate the performance of our
algorithms against the state-of-the-art streaming algorithms for two
real-world applications of the SMKC problem, including maximum
coverage on networks and revenue maximization on networks. The
metrics compared include the utility (i.e., the objective function
value), the number of oracle queries to the objective function, and
the maximum number of elements in memory. The following four
algorithms are implemented in the experiments:
e OneStream: our single-pass streaming algorithm (i.e, Algo-
rithm 1).
e MultiStream: our multi-pass streaming algorithm (i.e, Al-
gorithm 2).
e DynamicMRT [39]: the state-of-the-art single-pass stream-
ing algorithm for the SMKC problem.

o SmkStream [34]: the state-of-the-art multi-pass streaming
algorithm for the SMKC problem.

All our experiments are conducted on a Windows workstation with
Intel(R) Core(TM) i7-14700 @ 2.10 GHz CPU and 64GB memory?.
For each of the implemented algorithms, the parameter € for accu-
racy (if any) is set to 0.1.

6.1 Maximum Coverage on Networks

Maximum coverage has various real-world applications such as
web monitoring [60], influence maximization [43, 61], community
detection [31] and sensor placement [45]. This application has also
been considered in previous studies, such as [5, 16, 17, 19, 21, 26,
64, 68]. Given a network G = (N, E), our goal is to identify a
subset of seed nodes S C N that can influence a large number of
users within a budget B. This goal is formulated as maximizing a
monotone submodular function:

max{f(5) = | Uyes N(u)] : ¢(S) < B},

where N(u) = {v: (u,0) € E} denotes the neighbors of u. Follow-
ing [17, 35, 42], each node u € N is associated with a non-negative
cost c({u}) = 1++/d(u), where d(u) represents the out-degree of
u, and the costs of all nodes are normalized so that the average cost
is 2 and the cost of each element is at least 1, ensuring that the
approximation ratios of baselines are valid. In our experiments, we
use two network datasets sourced from SNAP [51]: (1) the epinions

The code is available at: https://anonymous.4open.science/r/LinearKnapStream/
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Figure 2: Experimental results of revenue maximization on networks

network with 131,828 nodes and 841,372 edges; and (2) the email
network with 265,214 nodes and 420,045 edges.

Figure 1 shows the experimental results of maximum coverage
on networks. It can be observed that our OneStream algorithm
achieves almost 90% of the best utility results using only 2n or-
acle queries, which is 3.43% (resp. 3.09%) of the query count of
the super-linear time complexity algorithm DynamicMRT (resp.
SmkStream) algorithm on average. This demonstrates that our al-
gorithm significantly improves the efficiency of solving the SMKC
problem while sacrificing little utility. Moreover, our OneStream
algorithm exhibits the lowest memory consumption, occupying
only 1.72% (resp. 5.45%) of the memory used by DynamicMRT (resp.
SmkStream) algorithm on average, highlighting its exceptional
memory efficiency. Regarding our MultiStream algorithm, it con-
sistently achieves the best utility while using significantly fewer
queries and lower memory consumption compared to the baseline
algorithms with super-linear time complexity (i.e., DynamicMRT
and SmkStream). While OneStream and MultiStream both have
linear time complexity and small space complexity, we observe
that MultiStream performs worse than OneStream on query count
and memory consumption in experiments due to the additional e
constant term in complexity.

6.2 Revenue Maximization on Networks

This application is based on the social network marketing model
proposed by [36], and is considered by many previous studies (e.g.,
[2, 3,8, 14, 15, 18, 28, 34, 40, 47]). In this application, we are given a
network G = (N, E) where each node u € N represents a user with
an associated cost c(u), and each edge (u,v) € E has a weight wy,
denoting the influence of u on v. Our goal is to select a subset S € N
of seed users within a budget B (i.e., Y,,cs ¢(u) < B), and pay c(u)
to each seed user u € S for advertising products to maximize the
total revenue. The revenue function is defined as

f =2 > wouw

ueN \oeS

which is monotone and submodular as indicated by [14, 47]. Fol-
lowing [8, 18, 28, 34], the network G is constructed by randomly
selecting 25 communities from the top 5,000 communities in the

YouTube social network[51]; the edge weights are randomly sam-
pled from the continuous uniform distribution U (0, 1); the cost of
any user u € N is determined by ¢(u) = /X (4,0)cE Wu,0), and the
costs of all nodes are normalized so that the average cost is 2 and the
cost of each element is at least 1, ensuring that the approximation
ratios of baselines are valid.

Figure 2 shows the experimental results for revenue maximiza-
tion on networks, which further demonstrates the effectiveness of
our proposed algorithms. More specifically, our OneStream algo-
rithm achieves approximately 94% of the best utility results, while
using only 3.47% (resp. 2.80%) of the query count of the Dynam-
icMRT (resp. SmkStream) algorithm and occupying only 3.00% (resp.
6.17%) of the memory used by DynamicMRT (resp. SmkStream)
algorithm. Our MultiStream algorithm consistently achieves the
best utility while using significantly fewer oracle queries and lower
memory compared to the baseline algorithms with super-linear
time complexity (i.e., DynamicMRT and SmkStream). Again, these
results demonstrate the superiority of our algorithms in terms of
both time and memory usage.

7 Conclusion

In this paper, we study the problem of extracting a representative
subset from data streams, formulated as maximizing monotone
submodular functions subject to a knapsack constraint. Existing
streaming algorithms for this problem only achieve super-linear
time complexity depending on the budget, potentially reaching
quadratic or even higher complexities in the worst case. Moreover,
these algorithms rely on a restrictive assumption which may ren-
der their performance guarantees invalid in practical scenarios. To
address these limitations, we propose a more practical single-pass
streaming algorithm that does not depend on such an assumption,
achieving an approximation ratio of 1/8 — € with linear complex-
ity of O(n) and space complexity of O(k log %) Furthermore, we
propose a multi-pass algorithm achieving an approximation ratio
of 1/2 — €, matching the best achievable approximation ratio in
streaming settings while maintaining linear time complexity and
minimum memory usage. The experiments on real-world applica-
tions related to web data mining and machine learning demonstrate
the superiority of our algorithms in terms of both effectiveness and
efficiency.
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A Omitted Proofs
A.1 Proof of Lemma 4.1

Proor. For any element u € U;” 1 S¢, we use S< to denote the
state of U‘ St at the moment when the element u is considered
by Line 4 of Algorlthm 1. Then we have:

ro-fJso< Y sl Ust)

=1 ueO\U", s,
<u
S N (10 R Y A
uEO\Ul" St uEO\Ul” St

FUg;, S0 i
< > Tj”-c(u) <rdJ s,
uEO\U'" St t=jn
where the first and second inequalities are due to the submodu-
larity of f(-); the third inequality is due to Line 4 of Algorithm 1;
the fourth inequality is due to the monotonicity of f(-); the last
inequality is due to ¢(O) < B. O

A.2 Proof of Lemma 4.2

Proor. For any element u € U;’; 1 St, we use S=<% to denote the
state of | Ji_ St at the moment when the element u was considered
by Line 4. Suppose that the elements in Sq are {uy, - -, u|g, | } (listed
according to the order they are added into Sg), then we have

f(Us» f(Ust)— >, f(ux|Ustu{u1, 1))
Ux€Sq
PCHROEDY @-cw
Ux€Sq Ux€Sq
q_.ls gq-1
ZM >, ) = f( s,
Ux€Sq t=j

where the first inequality is due to submodularity and the fact that

ULz St U {ug, -
Lme 4 of Alg. 1; the third inequality is due to the monotonicity. O

-, ux—1} C S<¥; the second inequality is due to

A.3 Proof of Lemma 4.3

Proor. If the deletion in Line 8 is not executed, the lemma
follows directly from T; = T;_1 U S; and Lemma 4.2

Now, consider the case where the deletion in Line 8 is executed.
In this case, we have T; = T—1 \ Tj_5 U S;. Thus, we can get

FT) = fTt \Trp US) > f(n_l US) ~ F(Tp)
> 2 f(T; o—f(T‘ D _ oo Lpmi) 2 £(Tio),

where the first 1nequahty is due to the submodularity of f(-); the
second inequality is due to Lemma 4.2 and the fact that there are
h — 1 sets are added into T;—; without any deletion from T;_j to
T;—1; the last inequality is due to the fact that 7 > 1.

Combine all the above and finish the proof. ]
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A.4 Proof of Lemma 4.4
Proor. By the submodularity of f(-), we have
Jn—1
f(U S1) < f( U S+ f( U St) (1)
t=jn
Note that U;Z; St can be written as multiple unions of S; (t €
[jn —1]), where each union consists of 7 disjoint S; that are deleted
by Line 8 of Algorithm 1. Thus, we can prove this lemma by showing
that the loss in utility caused by these deleted sets can be bounded
by the final cumulative set [ J!" Pl
Suppose that a total of M deletlons occur during the algorithm’s
execution; denote each union of deleted sets as D; (t € [M]) and
arrange them in such a way that t; < t; implies Dy, is deleted after
Dy, (in reverse order of deletion). According to the above definition,
-l St = {D¢ : t € [M]}. It can be observed that each
Dy has prev1ously appeared as a cumulative set | J! oy ] =T;(i,je

we have U]

[in]), as illustrated below:

OBSERVATION 1. For any Dy (t € [M]), there exists a T; such that
D; =T;, wherei = (M —t + 1)h and T; is defined in Lemma 4.3.

ProoF. According to Line 6-8 of Algorithm 1, the first deletion
n h 2h

=15t \ Ut: Ut1h+1

is generated, with the deleted set being Dy = Tj, = Ut:1 St. The
second deletion occurs in the iteration where T3 = U?h;-, PR

occurs in the iteration where Ty, = U?

Ut St = Ut one1 St 1s generated, with the deleted set being
Dp—1 = Tzh = Utzh+1 S;. Following this rule, we have D; =
T(M-t+1)» Which completes the proof. O

Combining this observation with Lemma 4.3, we can get

FD0) = f(Tpa-eanyn) 2 2" f(Tag-pyn) = 2" f(Disa)
Observe that D1 = Tjy.5; is the last union of sets to be deleted from
memory by Algorithm 1, and this deletion occurs when Tj;.547 is
generated. Therefore, by Lemma 4.3 and the monotonicity of f(-),
we can conclude that

FAJ S0 2 F(Tman) 2 2770 f(Tagn) =271 F(Dy).

t=jn
Using the above two inequalities, we can get f (U pl St)

2t(h=1) . - f(Dy) for any ¢’ € [M]. Combining this result Wlth Eqn.
(1), we conclude that

f(U s <fC | b+ U St)

te{Ml t=jn
<Zf<Dt>+f(Ust> <Zz tr). f(U St)
t=jn t=jn
<f<gs>;z’<hl>—f<Ust> —

where the last inequality follows from the sum of a geometric series.

The lemma then follows by rearranging the inequality. O
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A.5 Proof of Lemma 4.5

Proor. If c(Ui’;jn S:) < B, then Ui’;jn S; = Q" and the lemma
trivially holds. Therefore, we consider the case that c(Ui'; i St) > B
in the following.

For any element u € Ui’;l S;, we use S<% to denote the state
of Ui: St at the moment when the element u is considered by
Line 4 of Algorithm 1. Suppose that the elements in S(z + 1) are

{u1,- -+, s(z+1)|} (listed according to the order which they arrive),
then we have

FU ) so=r ) sevse+ )

t=jn t=jn

S fuel S\ SG+ DU ux)

U €S(z+1) t=jn
S<ux
> Y sz Y ST
Uy €S(z+1) Uy €S(z+1)
FWUL;, S\ Sz +1)
> - c(uy
B

U €S(z+1)

in
> f([ ) S\ Sz +1)),

t=jn

where the first inequality is due to submodularity and the fact that
Uiz, Se\S(z+1) U{ur, -+ ux—1} € S<%; the second inequality
is due to Line 4 of Algorithm 1; the third inequality is due to the
monotonicity of f(-); the last inequality is due to the definition of
S(z + 1) in Line 14. '
Re?arranging the inequality gbove, we obtain f (U;’; in Si)=2-
f(U;’;jn Si\S(z+1)) > Z(fFU;’;jn St) - f(S(z+1))), which means
that 2 - f(S(z+1)) > f(U;’;]n St). We denote by e’ the element
first added into S(z + 1). Applying the submodularity, we can get
2-f(Q) 2 f(S(2)) + f(€") 2 f(S(2)) + f(e) 2 f(S(z+1)),
where the second inequality is due to Line 10 of Algorithm 1; the

last inequality is due to the fact that S(z+1) \ ¢’ = S(z). Combining
the last two inequalities completes the proof. O

A.6 Proof of Lemma 5.2

Proor. By Lemma 4.1, Lemma 4.4 and the fact that M; is a
feasible solution, we must have

(-9f(M) _ (1=9f(0) _ . _fO) _ (1+ i) f (M)
< <prsiPo .

2B 2B eB
From this inequality and the definition of P in Line 1, Algorithm 2
must generate the solution A, in Line 2. We divide our following
analysis into two cases whether all elements of O \ {0, } can be
added to Ay« without violating the knapsack constraint when the
algorithm terminates.
o c(Apr) > (1-¢€)B:
In this case, by Line 4-7 of Algorithm 2, we must have:
(1-ef(©)
B

flAp) = p*-c(4p) > (1 —e)Bz— > (1/2-¢€)f(0).
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® c(Ap) <(1-¢€)B:
In this case, we can conclude that any u € O\ (Ap+ U {om}) can

be added into A,+ without violating the knapsack constraint.

Thus, the reason it is not added is that its cost-effectiveness is
smaller than the threshold p*. So we have

fO\fomh) = fAp) < D]
u€O\ (A, U{om})

f0)
2B

fulAp)

< Z p*c(u) < eB < ef(0)/2, (2)

u€O\ (A U{om})
where the first inequality is due to the submodularity of f(-);
the second inequality is due to Line 6 of Algorithm 2. Recall
our assumption that f({om}) < f(0)/2, which implies (O \
{om}) = 1/2-f(O) due to the submodularity of f(-). Combining
this observation with Eqn. (2) completes the proof.
[m]

A.7 Proof of Lemma 5.3

Proor. By Lemma 4.1, Lemma 4.4 and the fact that M; is a
feasible solution, we must have

(L-9f(M) _ (1-9f(0) _ .

2B 2(B—clom)
£(0) (14 ) (M)
= 2(B-clom) B :

From this inequality and the definition of P in Line 1, Algorithm 2
must generate the solution A, in Line 2. We divide our following
analysis into two cases based on whether all elements of O \ {0, }
can be added into A+ without violating the knapsack constraint
when the algorithm ends (i.e., whether c(A,+) exceeds B — c(om)
or not).
e c(Apr) > B—clom):
In this case, by Line 4-7 of Algorithm 2, we must have:

1-¢)f(O
f(Ap*) > p* . C(Ap*) > B - C(Om)% > (1/2 - e)f(O)
o c(Ap) <B-clom):
In this case, we can conclude that any u € O\ Ay« can be added
into A+ without violating the knapsack constraint. Thus, the
reason it is not added is that its cost-effectiveness is smaller

than the threshold p*. So we have

O = fApUfomh s > flulAy)
u€O\(A,=U{om})
< Z p* - c(u)
ueO\(A,+U{om})
£(0)

< 3B —ctory) B~ clom) = f(O)/2,

where the first inequality is due to the submodularity of f(-);
the second inequality is due to Line 6 of Algorithm 2. Combining
all the above then the lemma follows.

[m]
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