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Abstract

Recent successful generative models are trained
by fitting a neural network to an a-priori defined
tractable probability density path taking noise to
training examples. In this paper we investigate
the space of Gaussian probability paths, which
includes diffusion paths as an instance, and look
for an optimal member in some useful sense. In
particular, minimizing the Kinetic Energy (KE)
of a path is known to make particles’ trajecto-
ries simple, hence easier to sample, and empiri-
cally improve performance in terms of likelihood
of unseen data and sample generation quality.
We investigate Kinetic Optimal (KO) Gaussian
paths and offer the following observations: (i)
We show the KE takes a simplified form on the
space of Gaussian paths, where the data is incor-
porated only through a single, one dimensional
scalar function, called the data separation func-
tion. (i1) We characterize the KO solutions with
a one dimensional ODE. (iii) We approximate
data-dependent KO paths by approximating the
data separation function and minimizing the KE.
(iv) We prove that the data separation function
converges to 1 in the general case of arbitrary
normalized dataset consisting of n samples in d
dimension as n/v/d — 0. A consequence of
this result is that the Conditional Optimal Trans-
port (Cond-OT) path becomes kinetic optimal as
n/v/d — 0. We further support this theory with
empirical experiments on ImageNet.

1. Introduction

In recent years, deep generative models have become very
powerful both in terms of sample quality and density es-
timation (Rombach et al., |2021}; |Gafni et al., [2022). The
recent revolution is mainly led by a class of time-dependent
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generative models which make use of predefined probability
paths p,, constituting a process interpolating between the
target (data) distribution ¢ and the prior (noise) distribution
p. The training procedure of these models can be generally
described as a regression task of a neural network, vy (z; 6),
to some vector quantity, us, that allows sampling from the
interpolation process:

‘C(e) = Ept(ﬂ?)g(vt(w;e)’ut(x))a (D

where £(v, u) is some cost function, and L is the total loss
objective that is stochastically estimated and optimized dur-
ing training. A notable family of algorithms that fits into
this framework are diffusion models (Ho et al., [ 2020; [Song
et al., 2020) as well as the recent Flow-Matching models,
(Lipman et al., |2022; |Albergo & Vanden-Eijndenl 2022} |Liu
et al., 2022; Neklyudov et al.,|2022) generalizing the prin-
ciples used in diffusion models training and apply them to
simulation-free continuous normalizing flows (CNFs, (Chen
et al.| 2018)) training. In particular, (Song et al., [2020; |[Lip{
man et al.,[2022) show that diffusion models also fall into
the simulation-free CNF framework. CNFs parameterize the
generation process via a flow vector field u, which defines
the probability path p;.

In order to make the loss in equation E] tractable, all these
methods are confined to a family of Gaussian probability

paths
P = {pt

defined by the conditional Gaussian probabilities
pi(z|z1) = N (z|azz1, m?T), on specific training examples
x1 ~ q. The space P allows scalable unbiased approxima-
tions of the loss in equation|T]and therefore it is of particular
interest. Within this space, diffusion models construct p;
as a diffusion markov process and (Lipman et al. 2022
Liu et al.,[2022) draw inspiration from optimal transport to
define the conditional probabilities. The different choices
of previously explored paths are based on known processes,
empirical heuristics (Karras et al., 2022)) or learned paths
(Nichol & Dhariwal, |2021; Kingma et al.|[2021b), but there
is no theoretical result analyzing the optimality of those
paths.

po(a) = / pt<x|x1>q<x1)dx1} ®)
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The goal of this paper is to investigate the space of prob-
ability paths, P, and single out an optimal one in some
well defined useful sense. We consider the Kinetic Energy
(KE) as the measure of path optimality. The Kinetic en-
ergy is directly tied to Optimal Transport solutions in the
dynamic formulation (Benamou & Brenier, |2000; |Villani,
2009) where the optimal probability path p; minimizes the
KE. Therefore, reducing the KE simplifies the trajectories
of individual particles, allowing faster sampling and empiri-
cally improved performance. Our key observation is that the
KE over P takes a simplified form, where its dependence
on the data distribution ¢ is summarized in a single, one
dimensional, scalar function A : [0, 00) — [0, 1]. Intuitively,
A measures the separation of the data samples at different
scales, and therefore we call it the data separation function.
We then characterize the minimizers of KE over P. These
observations allow us to approximate Kinetic Optimal (KO)
probability paths for different datasets q. Note that P is
optimized over the Gaussian paths and therefore the KO
path is usually not the Optimal Transport path.

Surprisingly, for high dimensional data we are able to char-
acterize Kinetic Optimal solutions. We prove that for arbi-
trary normalized datasets consisting of n data points in R¢
the probability path defined by the Conditional Optimal-
Transport (Cond-OT) path suggested by (Lipman et al.,
2022)) becomes kinetic optimal as

n

Vd
Empirically, we show evidence that in practice Cond-OT is
KO even for lower dimensions than predicted by the above
asymptotics, and show that KO paths provides improve-
ment in the KE of trained models over Cond-OT paths in

low dimensions and that this improvement is diminished as
dimension increases, as predicted by the theory.

—0. A3)

2. Preliminaries

We consider R? as our data domain with data points = € R,
Probability densities over R? will be denoted by p, ¢. With
a slight abuse of notations, but as is usually done, random
variables will also be denoted as x, xq, x1, where a random
variable x distributed according to p is denoted x ~ p(z).
A time-dependent vector field (VF) is a smooth function
u : [0,1] x R — R4 A VF defines a flow, which is a
diffeomorphism ® : R? — R?, defined via a solution ¢;(z)
to the ordinary differential equation (ODE):

d

a@(x) = Ut(¢t($)) )
do(z) =2 5)

and setting ®(x) = ¢1(z). A probability density path is a
time dependent probability density p;, t € [0, 1], smooth

in t. Given a probability density path p,, it is said to be
generated by u, from p if

Pt = (A¢)yp (6)

where the # is the push-forward operation of probability
densities. Continuous Normalizing Flows (CNFs) (Chen
et al.,2018) is a general methodology for learning generative
models ® : RY — R by modeling u; as a neural network.
All the generative models considered in this paper can be
seen as instances of CNFs, trained with different losses and
probability path supervision.

3. Optimal probability paths

Recent generative models learn continuous normalizing
flows by regressing a vector field defining some fixed prob-
ability density path p; that is known to take a simple prior
normal distribution (noise) p = A(0, ) to a more complex
distribution ¢ (data); equation [I] describes a general loss
objective for these models. In practice, the distribution q is
constructed (e.g., as a sum of delta distributions or a Gaus-
sian mixture model) from a training set, which is sampled
from some unknown distribution. Without limiting the fol-
lowing discussion, we will assume the target distribution ¢
is normalized, i.e.,

]Eq(ml)xl =0 @)
1 2
EEq(m) ||331H =1 (®

The second condition can be understood as setting the aver-
age variance (across coordinates of data samples z; € R?)
to be 1.

Probability paths with affine conditionals. The proba-
bility density path p, is defined by marginalizing conditional
probabilities p;(z|x1),

pi(x) = /pt(x\xl)Q(xl)dxl- )

Our goal in this paper is to analyze a popular class of such
probability paths (or paths, in short), referred here as Gaus-
sian paths, defined by the affine conditional probabilities

pe(z)|z1) = N(z|age,, m?1), (10)

where (a¢, m¢) € A, and

a1:1:m0

A= {(at,mt)

a,my:[0,1 0,00
T ]} , (11)

where we assume all functions in A are continuous in [0, 1]
and smooth in (0,1).
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Note that any choice of (a;,m;) € A will make py = p
and p; = ¢ (in the limit t — 1 The reason we call
such conditionals affine is that they can be seen as affine
maps of a standard Gaussian: if zg ~ p = N(0,I) then
T = agxry + muxo ~ pi(x|r1). Affine conditionals have
been used in most previous methods, as described next.

Diffusion models use affine conditionals of the form (Ho
et al.l [2020):

my=\/1—-61_,, a =& 4, (12)

where & = e~ ko B(s)ds  and (3 is the noise scale func-
tion. Stochastic Interpolants (Albergo & Vanden-Eijnden,
2022) are suggesting conditionals that are parameterized
with trigonometric coefficients, similar also to the so-called
cosine scheduling used in Diffusion (Salimans & Ho, [2022)

as = sin gt. (13)

™
my = cos —t,
2
Flow Matching (Lipman et al.| 2022} [Liu et al., 2022) sug-
gests linear coefficients (in t) called Conditional Optimal
Transport (Cond-OT),

my = 1— t, ay = t. (14)

The different choices of affine conditionals in the probability
path were justified mostly heuristically without any princi-
pled method for studying optimality under some sensible
criterion. In this work we will study optimality of affine
conditionals from the point of view of Kinetic Energy. To
define the Kinetic Energy we must attach to the probabil-
ity path a generating vector field (speed) in the sense of
equation [6]

Generating vector field of paths. A natural choice for
defining a generating vector field u(z) for the path p; in
the sense of equation [6] works as follows (see [Lipman et al.
(2022) for proofs of the following facts): first, the (condi-
tional) vector field u;(xz|x) that generates the affine condi-
tional p; (z|x1) from p(z) is

ug(x|z1) = ap + Pray (15)
where . .
Qp = ﬁ, ﬁt:@t—atﬁ (16)
me my

where a; = %at denotes the time derivative. Further note
that u¢(z|x1) is an affine function in variable x, and there-
fore a gradient in x of some potential making this choice of
conditional vector field u;(x|z1) unique (Neklyudov et al.

"Note that we use a forward time convention, where ¢ = 0 cor-
responds to noise and t = 1 to data, differently from the standard
convention in Diffusion models that use reverse timing.

2022). Secondly, the marginal vector field u;(z) that gener-
ates p;(x) from p(z) is provided via the following formula
that aggregates these conditional vector fields

w(a) = [ ut<x|xl>del. a7

In the next section we define the Kinetic Energy that uses
both the marginal probability path p;(z) and its generating
VF u(z).

3.1. Kinetic energy of affine paths

Our goal is to study optimal choice of affine conditionals
that lead to probability paths with minimal Kinetic Energy.
The Kinetic Energy (KE) is defined for a pair (p;, u¢) of
a probability path and its generating VF (in the sense of
equation [6)):

Elar, ) = TEop @I, 19)
where p;, u, are defined in equations [9)and [I7] respectively.
The Kinetic Energy measures the action of the path, by ag-
gregating the Kinetic Energy of individual particles’ paths.
The main motivation for studying the Kinetic Energy is that
reducing the Kinetic Energy simplifies the overall particles’
path. Namely, favors paths that are straight lines with con-
stant speed parameterization. Such paths are in fact globally
minimizing the Kinetic Energy and in turn lead to Optimal
Transport (OT) interpolants, where the minimal KE value
realizes the Wasserstein distance of the source and target
probabilities, 72(p, ¢) (McCann, [1997; |Villani, 2021). In
the context of generative models, simplifying the paths im-
proves sampling efficiency of the model (ideally, OT can
be sampled with a single function evaluation), and is em-
pirically shown to improve performance and training speed
(Lipman et al., 2022;|Albergo & Vanden-Eijnden, 2022; Liu
et al 2022). Note however, that OT paths are generally
outside the class of probability paths with affine condition-
als. Nevertheless, since affine conditionals are of particular
interest due to the fact that they are amenable to large scale
training, we investigate the kinetic optimal path within this
class of paths.

A proxy energy that will be used to investigate the Kinetic
Energy is the Conditional Kinetic Energy (CKE), that is
simply the aggregate kinetic energies of the conditional
vector fields,

1 2
gc(atamt) = EEt,q(ml),pt(Mmﬂ Hut(ﬂxl)u (19)

The CKE, for affine conditionals can be expressed as

1
Eclag,my) = / (mf + a) dt. (20)
0
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Next, the KE takes the form

1
S(at,mt):&(at,mt)f/ BE(IA(%» dt, (1)
0 my

where A = A, : [0, 00] — [0, 1] is a univariate scalar func-
tion defined solely in terms of the target distribution ¢, and
bounded by 1, i.e., A(s) < 1. Computations supporting
these derivations can be found in Appendix The A
function measures the separation in the data distribution ¢
and therefore we call it the data separation function. Before
providing an explicit expression for the data separation func-
tion, we note that having access to this function, one can
optimize equation 2]to find optimal conditional marginals
(at, my) € A. In the next section we discuss the data sepa-
ration function A = A4, followed by characterizing optimal
solutions of &.. Lastly, note that A(s) < 1 implies that
E>E.

The data separation function. The data separation func-
tion A = A\, summarizes the contribution of the data g to the
Kinetic Energy (equation[21)) in a single, univariate, scalar
[0, 00] — [0, 1] function. It therefore provides a significant
reduction in complexity that is due to the affine conditional
probabilities.

To write A = )\, explicitly, we first denote by

@) = [ pulaler)g(on)dan (22)

the result of adding Gaussian noise, ps(z|p) =
N (x|u,s2I), of scale s~1, to the data q. Now with Bayes’
rule we compute the probability of data point x; given a
noisy data point z,

ps(z|z1)q(z1)
Ps(f) .

Then the data separation function is

ps(xl |.%‘) =

1
M) = 2@ [Ep oo [ (23)

See Appendix for detailed derivation of the \ function.

To understand the data separation function intuitively, con-
sider discrete data ¢ which consists of data points x;, i € [n]:
if this data is well separated at scale s—!, then a noisy sam-
ple x = x; + ¢ ~ ps(x) will be closer to the data point
z; than any other data point x;. Hence, the softmax term
ps(z1|x) = 04, (x), where J,, () is the delta distribution
centered at x;. Therefore in this case

1

2 1 2
M3) & 2Bty aton [0 = 2By P = 1

where in the last equality we used our data assumption in
equation (8] So, the closer to 1 the function value A(s) is,

s € [0, 0o], the more separated g at scale s~ . Note however
that for data with average variance of 1 (see equation [§]
again), A is globally bounded by 1. Indeed using Jensen’s
inequality we have

1 1
)‘(S) < &E p(s(xl) : ”xl”2 = &]Eq(xl) ”:Cl”2 =1 (29
Ps(T1|T

3.2. Kinetic optimal solutions

In this section we characterize kinetic optimal paths within
the space of Gaussian paths. These solution will be depend-
ing on the data separation function A.

To facilitate the variational analysis of the KE functional in
equation 21| we perform a change of variables and represent
the conditional probability parameters (a;, m;) € A via

a; | |sin(6)

[mt] - |:COS(9t):| ’ 25
where now our optimization space of affine conditionals
becomes

r¢:[0,1]—[0,00)
B= {(m,at) G115 } (26)
00=0,6,=12

Plugging these coordinates in equation [21]1eads to the fol-
lowing form of the KE:
v(6:)
1 — X (tan(6:))
cos?(6y)

1
E(re,0,) = / 2 4 r26? {1 — }dt. (27)
0

The stationary solutions of equation obey the Euler-
Lagrange equations, which is a set of two ordinary differ-
ential equations (ODEs) with two unknown functions 7, ;.
Surprisingly, it turns out that under the mild extra condi-
tion, i.e., y(6;) > 0, this system of equations is separable
and reduces to two rather simple ODEs, with r; solvable
analytically up to a single unknown parameter, and 6, is
characterized with a first order ODE:

Theorem 3.1. The minimizer of the Kinetic Energy (equa-
tion over all conditional probabilities (r¢,0;) € B
(equation[26)) such that v(0;) > 0 for t > 0 satisfy

e = /1 — bt + bt2, (28)

1 b— b2

4
- 2
1—bt+0t2\ ~(6;) 29)

where b € [0, 4] is determined by the boundary condition
on ;.

0,

The proof of this theorem is provided in Appendix[A.3] To
better grasp the meaning of the condition v(6;) > 0 we
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show in Appendix that it is equivalent to

2
A(s) >
(s) 2 14 52’

s € [0, 00]. (30)

This implies a condition on the target data distribution
q for which our optimality result holds. To get a better
sense of this condition in Appendix we also prove
that if ¢(x) = N(0, I), namely a standard Gaussian, then
A(s) = 157 Hence, the condition in equation requires
the separation of ¢ to be at-least that of a standard Gaus-
sian. All the empirical data ¢ we tested in this paper has
at-least the separation of a standard Gaussian, namely satisfy

equation [30]

Conditional kinetic optimal solutions. One case where
the optimal solution is known analytically is when y(6;) =
1, which happens when A(s) = 1. In this case, equation
shows that the Kinetic Energy and the Conditional Kinetic
Energy are equal, that is £ = £.. Consequently solving
the Euler-Lagrange equations can be done directly for equa-
tion [20/and the solutions are the Cond-OT conditionals in
equation [T4] Alternatively, Theorem [3.1I] can be used and
equation 29 can be solved to get 6; as well as the parameter
b leading to the solution

t
re =+/(1—t)2+t> 6, =arctan <1t>
and using equation [25]to solve for a;, m; we get again the
Cond-OT conditionals in equation

Non-analytic solutions. When an analytic solution of
equation [29] cannot be achieved one can approximate the
data separation function A numerically, and then optimize
the Kinetic Energy & directly for r, 6;, where for r; it is
convenient to use the one parameter solution family in equa-
tion[28] We come back to this procedure in the experiments
section.

4. Kinetic optimal paths in high dimensions

Finding kinetic optimal conditional paths (a;, m;) in closed
form for arbitrary data g is usually hard. However, interest-
ingly, as the dimension of the data increases compared to
the number of data samples, a kinetic optimal path can be
characterized, at least asymptotically, to be paths defined
with the Cond-OT conditional (equation[I4)). To facilitate
this discussion consider again equation [21] that provides

1
éularmi) — Eam) = [ 5 (1—A(m)) at. (1)
0

As discussed above and can be seen from this equation
when the data separation function achieves its upper bound,
A(s) = 1, the KE coincides with the CKE, and in this case

the optimal path is defined by the Cond-OT conditional
(equation[I4). However, it is not a-priori clear if \ actually
approaches 1 for any data ¢, and whether closeness of A to
1 implies Cond-OT is asymptotically kinetic optimal. In
this section we show that for arbitrary finite normalized
dataset consisting of n samples in R?, indeed A\ — 1 (in
Lt sense) as n/\/g — 0, that can be used to show that
the KE of the path defined by the Cond-OT conditional is
asymptotically optimal. In the experiments section we also
verify this property empirically for real-world dataset in
high dimensions (i.e., ImageNet).

Normalized finite data and main results. We consider an
arbitrary normalized finite data distribution q. That is, q is
distributing equal mass (i.e., n~') among n points z; € R<,
i € [n], and is satisfying equations [7|and [8, which in the
discrete case means

1 n

=Y i =0, (32)

n =1

1 & 2

=D il =1. (33)
i=1

Our first result considers such data distribution ¢ and shows
convergence of \ to the constant function 1 as n/v/d — 0:

Theorem 4.1. Let q be an arbitrary normalized finite data
distribution. Then,

3n

1—A(s)|ds < 2% 34
/O| (9ds < 22 (34)

This theorem shows that essentially data separation is in-
evitable in high dimensions and that we can expect A to
approach 1 for finite data in sufficiently high dimension.
Using Theorem[4.1]in equation 31| we prove the following
theorem, under some mild extra assumption over the family
A of affine conditional probabilities (equation[TT):
Theorem 4.2. Let q be an arbitrary normalized finite data
distribution. Assume all (a;, m;) € A in equation[l1|satisfy:
(i) v%t, is strictly monotonically increasing; and (ii) a;, m;
have uniform bounded Sobolev W>([0,1]) nornfl} i.e.,
latlly oo s lImtlly o < M. Then, for all (at,my) € A

Ec(az,m —6M2£<5a,m < E&.az,my). (35
(a¢,my) \/gf(t ) < Ec(ag, mys). (35)

This shows that the KE of any path defined by a conditional
(az,m¢) € A will converge to the CKE as n/vd — 0.
Since a probability path defined by Cond-OT is minimizing
the CKE, we see that Cond-OT is asymptotically kinetic
optimal as n/+v/d — 0. We summarize:

>The Sobolev W**°([0,1]) norm is defined as £l 00 =

max { maxyepo,1) £ (1)), maxsepo,n 1£(6)]}
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Figure 1. (Left) Estimation of the data separation function A for ImageNet-8/16/32/64; note the convergence to 1 as data dimension
increases, as anticipated by Theorem @ (Middle) depicts the optimal a; and (right) the optimal m; for ImageNet-8/16/32/64; note

convergence to the linear solution (Cond-OT).

Corollary 4.3. The Gaussian probability path defined by
the conditional Cond-OT (equation[I4) is asymptotically
kinetic optimal as n/~/d — 0.

A comment regrading the first assumption on .A: note that
this assumption is equivalent to monotonicity of the signal-
to-noise-ratio (SNR), a? /m?, which is a natural assumption
on conditional paths (Kingma et al.,[2021a).

Proof idea. The complete proofs for Theorems [.1] and
M.2]are provided in Appendix[A.5} here we provide the proof
idea for Theorem [#.1} We first formulate A (equation 23]
for the finite data case. That is

2
;o (306)

inPS(xi‘x)
i=1

where using Bayes’ rule we have

1 n
As) = -~ > Ep.(alay)
j=1

2
=5 llzi—z|?

ps(|zi)q(;) e
(Ti|x) = = = ’
polaile) = s oS @l S o el

That is, ps(x;|x) is the i-th entry of a weighted Softmax
(with s2 weight) of the squared Euclidean distances between
a point z and all data points ;. The key observation is that
for x ~ ps(z|z;), a noisy sample of z;, the probability
ps(z;]x) is bounded above in expectation by a function
that depends only on the pairwise distances, i.e., ||z; — ;.
Furthermore, this function is decaying exponentially with
these distances. That is, if the data is “separated” in the sense
that ||z; — ;|| is large then the data separation function A
will be closer to its maximal value of 1.

Lemma 4.4. Let q be an arbitrary normalized finite data
distribution. Then for every s > 0,

EPS(IIxj)pS(xi|m) <n(sllz — ;). 37
where 1)(t) is integrable in [0, 00) and
/ n(t) < 3. (38)
0

This lemma is proved in Appendix [A:5] as-well. Let us
use it to prove our theorem. Using the Cauchy—Schwarz
inequality in equation[36 we can show that

1 n n
1= A(s)< %Z [ Z (ij — zi| EPS(lei)pS(Ij‘/I;)>'
i=1 j=1
J#i
Now, the integral w.r.t. s of the term in the parenthesis can
be bounded after a change of coordinates r = s ||x; — ;||

using Lemmaf.4]by 3. Lastly, using Jensen and equation [33]
we have that 3" ||| < n+/d, which provides equation

5. Related work

Continuous Normalizing Flows (CNFs) train a flow modeled
by learnable vector field v;(x) (Chen et al., 2018)), where
traditionally v;(z) was optimized to reduce the likelihod of
the train data. Other CNF methods, have tried to train CNFs
by combining the Kinetic Energy as a regularization term
alongside a likelihood term to push the resulting path toward
kinetic optimal solutions (Finlay et al., 2020; |Onken et al.,
2021); however, these still require log probabilities during
training and the combination of the losses does not guaran-
tee to produce a globally kinetic optimal solution, which
is the Optimal Transport (Villani, 2009). Computing the
log probabilities and their derivatives during training placed
a roadblock on scaling CNFs to high dimensions (Grath{
wohl et al.,[2018)). Diffusion models (Sohl-Dickstein et al.,
2015;Ho et al., 2020; [Song et al.|[2020) can be seen as an
alternative way to train CNFs with a loss that sidesteps log
probabilities and regresses the score of an a-priori defined
probability density path p;, € P (see equation[2). Recently,
(Lipman et al., 2022;|Albergo & Vanden-Eijnden, 2022; Liu
et al.| [2022; Neklyudov et al.,|2022) suggest to train a CNF
by directly regressing the generating vector field of a proba-
bility density paths p; € P. The probability paths utilized
in these methods belong to the family of paths considered
in this paper, namely the probability paths that marginalize
affine conditional per-sample probabilities, and from which
we characterize the kinetic optimal paths. Lastly, (Albergo
& Vanden-Eijnden, |2022) suggested optimizing the kinetic
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Figure 2. Left: Trajectories of trained CNF models with Stochastic Interpolants, Cond-OT, and Kinetic Optimal paths trained with 2D
checkerboard data. Right: Results of the same models when sampling with limited number of function evaluations (NFE). This is a case
of low dimensional data (i.e., d = 2) where Cond-OT is not kinetic optimal.

energy simultaneously to training the CNF, resulting in a
challenging high dimensional min-max problem; we con-
sider finding the kinetic optimal path used as supervision in
the CNF training in separation.

6. Experiments

In this section we: (i) approximate the data separation func-
tion A\ numerically for different real-world datasets, and
approximate the corresponding Kinetic Optimal (KO) paths
for these datasets. (ii)) We validate our theory of the conver-
gence of A\ — 1 in high dimensions for real-world data. (iii)
We empirically test our KO paths compared to paths defined
by the conditional probabilities of Cond-OT (Lipman et al.
2022)), IS (Albergo & Vanden-Eijnden, 2022), and DDPM
(Ho et al.,[2020). In terms of datasets, we have been experi-
menting with a 2D dataset (checkerboard), and the image
datasets CIFAR10, ImageNet-32, and Imagenet-64.

6.1. Approximation of data separation function

A simple approach to approximate X in equation 23] for
a given dataset r; € RY, i € [n], is to consider normal-
ized finite data ¢ (see Section[), i.e., giving each z; the
probability n~!, normalized in the sense of equation
and equation [8] In this case \ takes the form of equa-
tion[36] and we use Monte-Carlo estimation of the expecta-
tion w.rt.  ~ ps(z|x;), j € [n], where we can express x as
r=uz;+s 'z,and z ~ N(0, ). We sample z, ~ N(0, I),
[ € [k] i.i.d. and our estimator becomes

R 1 k n
A =522
1=1 j=1

Unfortunately, computing this sum requires the pairwise dis-
tances ||; — 2,||* and therefore direct computation scales

n

Z xips(zi|e; + s71z)

i=1

(39)

quadratically in n. To visualize ) : [0, 00) — [0,1] com-
pactly we instead show A o tan : [0,7/2] — [0, 1], so the

x-axis is annotated with 6. Figure |§| (left) shows the differ-
ence in the estimated lambda (computed with equation [39)
for ImageNet-32 using an increasing number of samples
from g starting at n = 10K to n = 100K while keeping
the number of samples from A (0, I) constant at k = 10K.
As can be inspected in this figure, beyond 50K the dif-
ferences are rather small. Note that we display the range
0 € [0,0.3] since beyond that all A approximations practi-
cally reach 1, which is also the upper bound for A. Similarly,
in Figure [4] (right), we keep the number of samples from
q constant at n = 50K and vary the number of samples k
from M (0, I), k € [0.3K, 10K], again noticing that the dif-
ferences between the estimators are negligible. We approx-
imate \(tan(f)) on equispaced grid points 6; = 0.01%4,
i € [0,100] and fit a cubic-spline to this data to be used for
estimating \(tan 6) at arbitrary 6 € [0, gl

Optimizing for kinetic optimal paths. Given an estima-
tor of \, we minimize the KE energy in equation ﬁ as a
functional of (r;,6;). We model r; with the derived one-
parameter solutions family in Theorem [3.1] For 6, we use
a 10 parameters neural network, and optimize the KE with
general purpose gradient descent, see details in Appendix [B]
Lastly, we apply the coordinate change in equation 23]and
transform the optimal , 6; back to a;, m; that is used for
training. Figure [3]shows the kinetic optimal paths computed
for all datasets considered in the paper. It is already obvious
in this figure that as the dimension of the data increases
the kinetic optimal paths get closer to the Cond-OT path,
anticipated in Theorem[#.2] We discuss this next.

6.2. Kinetic optimal paths in high dimensions

The high dimensional phenomenon presented in Theorem
A1) namely that A\ — 1 for discrete data in high dimen-
sions, does in fact manifests in real-world high dimen-
sional datasets such as ImageNet, even though the ratio
% is not small for the relevant dimensions. Figure [1|(left)
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Figure 3. The kinetic optimal paths (KO, blue), computed with our algorithm for all datasets considered in the paper, are shown alongside
the SI path (green) and Cond-OT path (orange). The KO paths get closer to Cond-OT at high dimensions; for ImageNet-64 the KO and

Cond-OT almost coincide.

CIFAR-10 ImageNet 32x32
Model NLL| KE| FIDyl FIDsol  FIDigol FIDagpel NFEaq,:l NLL] KE|  FIDgol FIDsol  FIDigo) FIDagpid NFEgapel
Ablations
DDPM 3.11 230 38.5+£0.2 18.0+0.0 125+0.1 744+0.1 34440 3.61 222 66.1+1.2 15.7+03 86+03 51+0.1 3332
SI 3.00 1.30 104+0.1 74+£01 74£01 75+£00 165+0 3.58 1.27 234+04 90+03 6.7+£02 53+02 158+2
FM Y/ OT path 297 1.09 99+0.0 68+00 6.8+£00 69+0.0 14640 3.60 1.08 9.7+0.1 6.5£0.1 56+0.0 50+0.1 14540
FM Y/ KOpath 297 1.08 9.1+0.0 62+01 6.2+£01 6.1+0.0 14740 3.57 1.07 98+03 6.6+04 58+03 51+03 12941

Table 1. For the datasets of CIFAR-10 and ImageNet-32 we log: Negative log likelihoods in BPD units; Kinetic Energy (KE); quality of
generated samples in FID computed with Euler method for 20,50,100 steps and the adaptive method DOPRIS; and Number of Function
Evaluation (NFE) with the adaptive solver. The KE, FID and NFE are averaged over three checkpoints (epochs 1990, 1995, 2000 for

CIFAR-10; and epochs 390, 395, 400 for ImageNet-32).

A(tan6)
A(tan6)

== ImageNet 32, n: 10k

ImageNet 32, n: 20k
=== ImageNet 32, n: 50k
= ImageNet 32, n: 100k

= ImageNet 32, k: 313
ImageNet 32, k: 626

= ImageNet 32, k: 2504

== ImageNet 32, k: 10016

[ 0.31 0 0.31
6 6

Figure 4. Evaluation of data separation estimation: (Left) shows
\ for Imagenet-32 with n = 10K,20K,50K, 100K data sam-
ples, and & = 10K samples from A (0,1). (Right) shows
A for Imagenet-32 with n = 50k data samples and k =
0.3K,0.6K,2.5K, 10K samples from N(0, I). Note the z-axis
is limited to [0, 0.31] to zoom in on the relevant part.

shows )\ for ImageNet-8/16/32/64, which have dimensions
192/768/3072/12,228 (resp.) computed with n = 50K and
k = 10K. We provide a detailed run-times discussion
in Appendix [D| As can be seen in this figure, as the im-
age dimension increases indeed A — 1. In particular, for
ImageNet-64, A converged to 1 for every 6 € [0.08, Zl.
(Middle),(Right) Show the corresponding kinetic optimal
paths a;, m; (resp.); the convergence of the KO paths to
Cond-OT as data dimension increases is suggested by theo-
rem K4.2]and the fact that Cond-OT is the minimizer of the
CKE. In particular, the KO optimal path for ImageNet-64 is
practically identical to the Cond-OT linear path.

6.3. Flow Matching with kinetic optimal paths

We also experimented with kinetic optimal (KO) paths for
training a continuous normalizing flows. We use the Flow

Matching (FM) approach (Lipman et al., 2022)) where (in
the notations of equation|T)),

L) = Ep p, (2 [[ve(230) — us(2)|?, (40)

where v, is a neural network with learnable parameters 6,
pi(), ue(z) are as defined in equations [0} [17] (resp.) and ¢
is uniform in [0, 1]. The actual training objective is

L(0) = Ep p, (wfor)q(an) 1013 0) — wi () ||*, - (41)
where p;(x|z1) is as defined in equation 10| and u;(z|x1)
as defined in @ which is shown in (Lipman et al., [2022)
to have equivalent gradients to the loss in equation 0] For
at, m; we use the optimal solutions of the approximated
kinetic energy (see Section [6.1)); see Figure [3for visualiza-
tions of these KO paths.

2D data. We tested FM-KO first on 2D data of a checker-
board distribution, often used for low dimensional test-bed
for CNF models. Figure [2] compares FM-KO, with FM-
Cond-OT, and IS: On the left we show the time sequence,
t € [0, 1], of the generated probabilities starting from the
standard noise pp = p. Note that KO is distributed more
evenly in time. On the right we show sampling with limited
number of function evaluations (NFE) using the Euler solver.
Note that KO outperforms the baselines for low NFE counts.
In this case the data dimension is low (d = 2) and the dataset
contains many (more then 1M) data points, which is outside
the scope of our Theory that is effective as /v/d is smaller.
Indeed, in this case Cond-OT is not kinetic optimal and is
being outperformed in terms of NFE counts.
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BT e T 1

o e S S S S

Flow Matching %/ KO

Figure 5. Generated images of CNF models trained with DDPM, SI, Cond-OT and Kinetic Optimal paths on face-blurred ImageNet-32
data. Generation is done with the Euler method, where in each column all images are generated from the same noise but with a different
number of steps (equivalent to NFE for Euler solver) as indicated; 6, 8, 12, 20 and 100 steps.

CIFAR10 ImageNet 32

=—e= DDPM

Figure 6. FID versus NFE for models trained on the CIFAR-10
(left) and ImageNet-32 (right) datasets. Samples for FID computa-
tion are generated with Euler solver.

Image datasets. Lastly, we tested KO optimal paths on
CIFAR and ImageNet-32 (for ImageNet-64 KO paths prac-
tically coincides with Cond-OT). For ImageNet we use the
official face-blurred ImageNet and downsample to 32 x 32

using an open source preprocessing script (Chrabaszcz
2017). Quantitative results are summarizes in Ta-

ble[T]while qualitative results are depicted in Figure 5} for
each method we evaluated Negative Log Likelihoods in
Bit-Per-Dimension (BPD); kinetic energy; and FID com-
puted for samples generated by Euler method with 20, 50,
100 steps and the adaptive solver DOPRIS. For FID and
NFE (adaptive) we averaged 3 different epochs at the fi-
nal stage of training. For these datasets, we find that KO
and Cond-OT paths already produce similar KE, better than
the other baselines considered. Figure [6] depicts curves of
generated image quality (FID) as a function of number of
function evaluation (NFE) for CIFAR10 ImageNet-32. We
provide example of generated images from the KO model
in Appendix [E]

7. Conclusions

In this paper we investigated the space of tractable proba-
bility paths, which are used to supervise generative models’
training, and searched for an optimal path that minimizes
the Kinetic Energy. We started with identifying a more
tractable form for the kinetic energy that incorporates the
training data using a simple, one dimensional data separa-
tion function A\. We then characterized the kinetic optimal
solutions and suggested a method to compute them using
a numerical estimation to A. The kinetic optimal paths im-
proved performance of the respectively trained generative
models mostly in low to medium data dimensions. Lastly,
we demonstrated through a theoretical analysis accompa-
nied with empirical experiments that as the dimension of
the data increases, the simple Cond-OT probability paths
are becoming kinetic optimal. That is, the kinetic energy of
paths defined with the Cond-OT conditional is converging
to the optimal kinetic energy in a family of probability paths.
This result has several implications for future research: First,
further searching the class Gaussian paths defined by affine
conditionals (equations 9} [T0]and [TT]) for useful probability
path might be futile. In fact, in high dimensions, Cond-OT
might be a close to optimal choice within this class, for most
datasets. Finding probability path with even lower Kinetic
Energy would entail abandoning the affine conditional prob-
abilities and searching within a broader class. For example,
replacing the affine model (equation[T0) with a model that
has more complex dependency on z; might allow further
improvement of the kinetic energy and consequently the
trained generative model.
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A. Auxiliary computations and proofs
A.1. Kinetic energy and \

Proof of equation[20} We compute the Conditional Kinetic Energy (CKE) . (a¢, m;). By definition, it is
1

2
d]Et7Q(I1)>Pt(I\f61) ||ut(x|x1)|| ) 42)

5c(at7mt) =

where u;(2|z1) is as defined in equation [15] That is

ug(x|z1) = apx + Pray (43)
and ) .
Q= @7 Bt:at_at@~ 44)
my my

We remind that p;(z|z1) = N (z|a;z1, m?I) and p(z) = N (z|0, I). Hence, for z ~ p(z), mux + azx1 ~ pi(z]|z1). We
can now compute the expectation w.r.t. p;(z|x1) and g(x1). That is,

VB atony sty a2 =SB g oy le(mee + )| @s)
_ éﬂzt,q(m“(w) vz + aez |2 (46)
= e gyt (0 ol + 2 -+ ) @7
= LB ooy (3 0 o) (48)
= LB, (i + id) (49)
_ /0 Cng? 1 d)?dr, (50)

where before the last equality we used equation to compute the expectation on ¢(z1).
Proof of equations |2 |and|23| We compute the Kinetic Energy (KE) £(a, m;), proving equation By definition, it is
1

E(ag,my) = pi 2, (51)

Et p, (o) [|we ()]

where u,(x) is as defined in equation Equivalently, using Bayes’ rule, we can write it as

ut(x) = Ept(zl\z)ut(x‘xl) (52)
e (a1 )q(a1)
z|T T
pe(zy|2) = M (53)
pi(7)
Now we can calculate the KE as follows
1 2 1 2
EEt,m(z) [lus ()] = EEMH(I) H]Ept(:m\z)ut(x‘xl)u (54)
1 2
= Bip) [ + BBy, oy )2 | (55)
1 2
= “Etpo) (af |2* + 2086 - Ep, (2011 + 57 |[Ep, (o1 ay 1 | ) (56)
1 2
= By (02 121l” + 20180 - B,y 1 + B2 = B2 + 5 [|Bp ooy || (57)
1

_!

75t (O‘f [2]* + 20484 - By, (1, 2y 21 + f@Qd)

Evpite) (824 = B2 [Epuortori|°)
(58)

d

11
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We perform the expectation over p;(z) for each term on the r.h.s. separately. We invoke Bayes’ rule again, which gives

pe(x)pe(w1|z) = q(w1)pe (2]21). (59)

Hence, the first term is

1 1
7Etpe(@) (af [2[|* + 20 e - By, (0 o) 71 + 5fd) = SEipu @) i) (af 2* + 204 B - 21 + 5351) (60)
1
- EEtvq(’ﬁl)th(ﬂm) <Ot? HQCH2 + 2atﬁtx c T+ B?d) (61)
1
- &Et»q(xl),pt(xlxl) (af ||* + 20 By - 21 + B7 ||=Tl||2) (62)
1
= EEt,q(.’L‘l)vpt(-l‘l.’Ifl) | + ﬁt$1H2 (63)
1 2
= EEt,q(acl),pf,(zlm) Hut(x|x1)“ (64)
= gc(ahmt), (65)

where we also used equation (8| for the expectation of ||z ||*. Next, we define A

a 1
A <mtt> - gEPt(I) ||]Ept($1‘$)xl}|2_ )
So the second term is
1 , )
(8- $ ) (3 (3)

! a
= / B2 (1 Y (’f)) dt. (68)
0 my
Finally, substituting the two terms, gives

1
Elag,me) = Eulag, my) — /O 32 (1 )\ (g;)) dt. (69)

It is left to show that, indeed, we can write A as a one-variable function. Writing A explicitly gives

2
E T N x|a T ,m2I q(Z1)dz
pf (z) H pt(ml‘aj)le /H/ 1 tL1 t ) 1 1

2
TN (@lavey, m2T) q(o1)din N (z|agzy, miT) q(z1)dzda. (70)

We will use the following identity: Given ;1 € R? and ¥ € Si,
N (z|p, 2) = (det AN (Az|Ap, ALAT). (71)
For A = a% and the change of variable a% — 2 we get the r.h.s. below which justifies writing A as a function of a; /m;:

XOORTIIE

2

t

2
x1, <T;Lt> I) q(z1)dz1dx. (72)

21, (m)2 1) q(#1)di o (x

12
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A.2. The v(6;) > 0 condition

Proof of v(0;) > 0 condition. We show that v(6;) > 0 is equivalent to:

2

A(S) > m, S € [0,00],
where (6;) is as defined in equation[27] That is
1— A (tan(6
7(915) -1— ( ( t))

cos?(6;)
Thus the condition y(6;) > 0 holds if and only if

A (tan(6;)) > 1 — cos?(6;)
= sin?(6;)
sin?(6;)
cos?(0;) + sin?(6;)
tan?(6;)
1+ tan?(6;)"

Substituting tan(f;) = s, gives the desired inequality, where for 6; € [0, 7], tan(6;) € [0, oc].

Proof of X of standard Gaussian. Note, for q(x1) = N (21]0, 1), ps(z) is

ps(x) = //\/’(m|x1,5_21)/\/(m1|071) dry

:/N(gg1|x,s_21)./\/(x1|0,l) d
=N ([0, (s> + 1)I).

In addition

/ 21ps(@|21)g(e1)da:

Ep. (z1]2)T1 =

1
PS(f)
1

(z)

= Psif) /(m + 5 2V)N (z]z1, s 1) N (2110, ) day

1 )
m(m +s Vm)ps(l')

y T
s72+1

/Jcl/\f (a:|ac1,s_21)J\/(x1|O,I) dxy

=r—S5

1
—_—.
s72+1
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(73)

(74)

(75)
(76)

(77)

(78)

(79

(80)
(81

(82)

(83)

(84)

(85)

(86)

(87)

(88)
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Hence, \(s) is

A(s) = %Eps(x) HEps(mar)leQ (89)
- ( QH) Ly o ol on

- 572 1 ©2)

- 1-7—282. ©3)

0

14
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A.3. Optimization of the Kinetic Energy £

We derive the solution for the minimization problem of the Kinetic Energy given in equation[27]

Theorem The minimizer of the Kinetic Energy (equation over all conditional probabilities (1, 8;) € B (equation
such that y(6;) > 0 for ¢ > 0 satisfy

re = \/1— bt +bt2, (94)

0 1 b— 102 ©5)
T r—bt o2\ (6

where b € [0, 4] is determined by the boundary condition on 6;.

Proof of theorem[3.1] The Kinetic energy parameterized by r; and 6; given in equation [27is

1
E(r¢,0:) :/ 7;152+T§ét2’7(9t)dt' (96)
0

The Euler-Lagrange equations for the Kinetic Energy are

o0&,  d 9&
or, dtor, " o7
o&  da&
96, diog, 8)

where &; is the integrand of £(r, 8;). Carrying out the derivation gives
02~ (60,) — i = 0 (99)

o i} . d
4r740;y(0;) + 2r20,y(0;) + ri6?

75,7100 =0. (100)

We notice that the second equation can be separated by dividing by r? ém(ﬂt), that gives

4’f't ét . %V(Gt)
— 42—+ 0, =0 101
- 6, "0y (101)

Notice that all terms can be written as derivative in time, that is

47y d

G, d .

2— = 2—log(0 103
0, dt og( t) ( )

d

amv(0)  d

g, L 7 T 0,)). 104
Gy = s ) (104)

Preforming the anti-derivative and afterwards exponentiation of both sides, gives
442 _
r 0:v(0,) = C, (105)

where C' > 0 is a constant depending on the boundary condition. Substitute back to the first Euler-Lagrange equation, that is
equation[99] gives
c
Fr = — (106)

r3

ry = v/ c+ bt + at?, (107)

15

that is solved by
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where a, b, ¢ satisfy
1
- = =C>0.
ac 1 >

Finally imposing boundary conditions on r; as in[A.T] gives

1=+, 1=+c+b+a.

We solve for ¢ and a, and get

re = /1 — bt + bt2

1
C=b--V*
4 )

(108)

(109)

(110)
(111)

where the positivity condition on C' gives b € [0, 4]. To get the equation for 0, we substitute the solution for r, and C' in

equation that gives

0 1 b— b2
T a—bt+ b2\ A(6)

A.4. Boundary condition of polar coordinates

Lemma A.1. Forr; € [0,00], 0; € [0, 5] the boundary conditions on ry and 0, are

ro = 1,
o = 0,
Proof of lemmalA.1] The values of m;,a; att = 0and ¢ = 1 are

mo:1,

CL():O,

The relation between r;, 8; and a;, m; is defined in equation that is

o] = [pitter]

Substituting ¢ = 0 and ¢ = 1 gives

1 =g cos(fp),
0 = rosin(6y),

Since neither 7o = 0 is a solution nor 1 = 0, it must be that
00 = 07

Plugging this back gives the boundary conditions also for 7y and r;.

16

r = 1,
s
91 - 5
ma O,
a; =

0 = rq cos(6y),
1 =rysin(6h).

61

o3

(112)

O

(113)
(114)

(115)
(116)

(117)

(118)
(119)

(120)
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A.5. Data separation in high dimensions

Theorem4.2| Let ¢ be an arbitrary normalized finite data distribution. Assume all (a;, m¢) € A in equation|l 1|satisfy: (i) 2+
ry q Yy Q) o

is strictly monotonically increasing; and (ii) a;, m; have uniform bounded Sobolev W 1> norm, i.e., arlly oo s Imell; o <
M. Then, for all (a;, m;) € A

n

Vd

Eclag,my) — 6M?—= < E(ag, my) < Ec(ar, my). (121)

Proof of theorem The KE given in equation 21]is

Elag, my) = Eu(ag, my) — /1 32 {1 )\ (at)] dt. (122)
0 my
The fact that A is bounded above by 1, shown in equation|142| gives
E(ag,my) < E(ag, my). (123)
For the second inequality, remember that (3, defined in equation [I€] is
B :at—at:—z. (124)
Further note that J ) ) 8

- is strictly monotonic increasing, %7‘7‘1—1 > 0. Hence both T% > 0 and m:f; > 0 for every ¢t € (0,1). Furthermore,
at, m; have uniform bounded Sobolev W1:°°(]0, 1]) norm by M > 0 and thus

0 < myBy = aymy — agriny, < 2M°. (126)

The gap between the CKE and KE is

my

1
- [l (2)[(2)]
0 my myg
! d Q¢ at
co [ (=) [ ()] ()

Since 7%1 is strictly monotonic increasing, we can make the change of variable s = ﬁl—’t and apply theoremthat gives

2M2/Oljt (:;) {1A (g;)] dt2M2/Ooo (1—A(s))ds (130)

n
< 6M?—. 131
< 7 (131)

1
Eolas, me) — Eag, my) = / 32 {1 — A (atﬂ dt (127)
0

O
Theorem Let g be an arbitrary normalized finite data distribution. Then,
*° 3n
[1—A(s)|ds < —. (132)
J i

Proof of theoren 1] In the proof we will use Bayes’ Rule multiple times. For convenience, we state it explicitly for
ps(@ilz):
ps(z|zi)q(zs)

133
p(@) (139

pS(xi‘x) =

17
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To bound \(s) from above, we apply Jensen inequality

2
1 & "
~dn ZEPS(II%) inps(xi\m) (134)
Jj=1 i=1
1 & " )
< D By X il ps(ailz) (135)
Jj=1 i=1
1 n n
2
= Z &gl ZEpAm,-)ps(wi\x) (136)
ps(@|zi)g(w;)
Z [k ZEm(m\m,) ( ) : (137)
_ 2 E 1 ps(x|z;) 138
1“7
Z |2il|* By, (2) pelelre) (139)
ps(z)
2
= % Z [zill™ Ep, (afs) 1 (140)
i=1
1 < 9
== il (141)
i=1
=L (142)
To bound \(s) from below, we first rearrange the expression of A(s)
1 n n 2
~dn ZEps(wle) inl)s(l‘i\x) (143)
Jj=1 i=1
1 n n n
= ZEPS(IW) Z in -y ps(xi]x) ps (2] 2) (144)
j=1 i=1 1=1
1 n n
= Q]Eps(w) Z in ~x1ps(xilw) ps(zi|z) (145)
i=1 1=1
1 n n
=220 % Wiy, ) ps(@il2)ps (i) (146)
i=1 1=1
Iy ps(wlz)a(w:)
— = zi - B, () o p (x| 2) (147)
d ; ; ps(x) ps()
1 n n
= % Z Z ;- szpsmxi)ps(xl\:v) (148)
i=1 l=1
1 n n
= an D> i (@ = xi + 2By, o]y s (212) (149)
i=1 1=1
1 n n
= n Z Z BNk By, (|z:) s (T1]7) + an Z Z% (1 = 2) By, (2]2,)ps (1] 2) (150)
=1 =1 i=1 [=1

Remembering that p;(z;|x) is a discrete probability density on x;, 7 € [n], and the normalization as in equation [33] the first

18
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term in[150!1s

1 n n
> il By, ey sl l2) = Zszll Ep, (ol >Zps (1]z) (151)
i=1 =1

= % Z 2ill* Ep, (ol (152)
=1
1 n )
= 20 2 il (153)
i=1
=L (154)

We substitute back to the expression of A(s) and apply Cauchy—Schwarz inequality

1 n n
Als) = Igz_; Ep, (alw) ps (T1]2) (155)
i
1 n n
> 1 ;ZZ il o = @ill B, (ol s (1] )- (156)
75
Applying the inequalities in equations[T42] [[56]and lemma [f.4] gives
oo (oo}
/ |1—)\(s)|ds:/ (I=X(s))ds (157)
0 0
< [T S il et = il By, amps(aledas 158)
i=1 =1
1%
< oS lond [ b=l o il ds (159)
= ll 1
= anZIIlel/ (160)
=1 (=1
1#1
I (161)
i= ll 1
3n
< —, (162)
Vd

where in the last equality we use Jensen inequality and equation 8]to bound the sum of norms, ||z; |, as shown below

le z; d( lexJ) (163)

O
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Lemma Let ¢ be an arbitrary normalized finite data distribution. Then for every s > 0,

Ep.(@la;)ps(ilz) < n(sllzi — ;) , (164)
where 7)(t) is integrable in [0, co) and
/OOO n(t) < 3. (165)
Proof of lemma[#4] Remembering that p(z) = N(0,I),
o= lle—a?
Ep, (z)z;)Ps(2i]T) = Ep, (af)) (166)

-5 r—x
Zl e > 112

2
— 5 |xs +z;—x;

(&
167
PO S es vyl e
e ey
- 168
> Bp( )e—§\|$«9_1+1ﬂj—$i”2 +e—§|\$s—1|\2 ( )
1

. 169
p(x) 1 e%HIi*IjHQ*S(Ii*Ij)‘x ( )

Since z ~ p(z) = N (0,I) is O(d) invariant, the last term depends only on the norm of z; — x;. That is, we denote by
z € R the component of x in the direction of z; — x;

.Tifiﬂj

p= TN, (170)
s = ;|
So z ~ N(0,1) and
E L - E 1 (171)
p(m) 1 n e%HIi*wﬂP*S(mfﬂw)-w - N(z|0,1) 1 n e%”wi*fﬂjHQ*SHIi*wﬂlz
(172)
-y 1 (173)
= ENGI0D T + ez (sllwi—z; )2 = (sllzi—=; )=
And we define 7(t) to be
1
n(t) = Exclony——p3 (174)
1+67—tz
So it is left to show that 7)(¢) is integrable in [0, co) and bound its integral. For every ¢ > 0
1
n(t) = Ex(zlo) 35— (175)
1 +67—tz
22
e~ 7dz
(176)
\/27T /oo 1+ 6742«
= 177
\/27r / e eé(z—wz 177
dz
(178)
V 27T /oo 6% + e%(zié)Q
=1/= (179)
/ % z+3 +6%( %)2

< \/7/ e 3(+8)7 g, (180)
™ Jo

:\/5/ e‘édz, (181)
TJs
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where in the third to last equality we used the fact that the integrand is symmetric w.r.t z — —z. Now on the one hand, for

everyt > 0
2 e 22 2 o0 22
\/7/ e 2dz < \/7/ e 2dz=1 (182)
™ % ™ Jo

On the other hand, 277 > 1 for every z > % Hence

\F/ e T dz < \/5/ 22 -2 s (183)

—e€
t
2 (1
_ 7/2 lo-%a (184)
T 12 t
21 t2
— ;;e*? (185)

Combining the two equations [I82]and [I85] we get that for every ¢t > 0
21 2
n(t) < min{l, tes}, (186)

which is integrable in [0, 00). Furthermore,

oo 1 o]
/ n(t)dtz/ n(t)dt—i—/ n(t)dt (187)
0 0 1
1 o] 5
g/ dH/ \/516—‘80& (188)
0 1 Tt
o0 2 _ﬁ
< 1+/ \/76 8 dt (189)
0 ™
=3

(190)
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C. Additional tables
CIFAR10 ImageNet-32
Channels 256 256
Depth 2 3
Channels multiple 1,2,2,2 1,2,2,2
Heads 4 4
Heads Channels 64 64
Attention resolution 16 16,8
Dropout 0.1 0.0
Effective Batch size 256 1024
GPUs 2 4
Epochs 2000 400
Iterations 392k 500k
Learning Rate Se-4 le-4
Learning Rate Scheduler Polynomial Decay Polynomial Decay
Warmup Steps 19.6k 20k
Table 2. Hyper-parameters used for training.
CIFAR-10 ImageNet 32x32

Model K=1 K=20 K=50 K=1 K=5 K=15
Ablation

DDPM (Ho et at|2020) 3.23 313 311 3.69 3.64 3.61

ST (Albergo & Vanden-Eijndenip022)  3.13  3.02  3.00 3.67 3.61 3.58

FM %/ OT (ipmanetarjpo22y  3.10  3.00 2.98 3.69 3.64 3.60
FM %/ KO 3.10 3.00 297 3.66 3.60 3.57

Table 3. BPD results for different uniform dequantization samples k, following the protocol of (Lipman et al.,2022).

B. Further implementation details
We model 6, using the following architecture

m [m(t) — m(0)]

o= S (D)~ m(0)

(191)

where m is an MLP defined as
o(t) = sigmoid(Ll(t) + L3 (2sigmoid (La(t)) — 1)) (192)

and L;, i € [3], are linear layers: Ly : R — R; Ly : R — R?; and L3 : R? — R. In total the model for ; uses 10 learnable
parameters. We optimize the KE using ADAM optimizer and Cosine Annealing scheduler.

For the CNF training in Section|6.3|we model v;(x) as follows: (i) For the 2D data it is an MLP with 5 layers consisting of
512 neurons in each layer. (ii) For the image datasets (CIFAR, ImageNet-32), we used U-Net architecture as in (Dhariwal
& Nicholl 2021), where the particular architecture hyper-parameters are detailed in Table 2] In this table we also provide
training hyper-parameters. All baselines (IS, DDPM) are implemented in exactly the same setting of architecture and
training hyper-parameters.

D. Runtime Details

First, during deployment (model sampling) there is no change to the original algorithm of sampling from CNFs. Second,
during training we use the optimal a;, m; found by optimizing equation 27) and equation[39} The solution a;, m; is modeled
with a -parameter MLP and causes no noticeable change in iteration time compared to Cond-OT. Third, the optimization
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Dataset Time [s]
ImageNet 8 30.4
ImageNet 16 42.0
ImageNet 32/CIFAR10 84.1
ImageNet 64 328.6

Table 4. Runtime of computing A for kK = 1 and n = 50,000 on 1 GPU (Quadro RTX 8000).

of a;, m; is done once as a preprocessing step and takes less than a minute. Fourth, the most time consuming part of our
algorithm is approximating the data separation function A but it is done once per dataset, so can be reused across training
sessions as long as the dataset hasn’t changed. The complexity of approximating A can be deduced from equation|39|and it is
O(kn?), where k is the number of samples from p = N (0, I) and n is the number of samples from ¢. In Table present
the runtime of computing A for £ = 1 and n = 50,000 on 1 GPU (Quadro RTX 8000) for a number of image datasets of
different image sizes.

E. Additional Figures
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E" i ¢ .1

B & &
4% AThh | 1
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]

Figure 7. Non-curated unconditional face-blurred ImageNet-32 generated images of a CNF model trained with FM-KO.
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DDPM

Flow Matching %/ KO

Figure 8. Sample trajectories of a CNF models trained with DDPM, SI, Cond-OT and kinetic optimal paths, on face-blurred ImageNet 32
data.
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