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Abstract

Prior work has shown that text-conditioned diffusion models can learn to identify
and manipulate primitive concepts underlying a compositional data-generating
process, enabling generalization to entirely novel, out-of-distribution composi-
tions. Beyond performance evaluations, these studies develop a rich empiri-
cal phenomenology of learning dynamics, showing that models generalize se-
quentially, respecting the compositional hierarchy of the data-generating pro-
cess. Moreover, concept-centric structures within the data significantly influence
a model’s speed of learning the ability to manipulate a concept. In this paper,
we aim to better characterize these empirical results from a theoretical standpoint.
Specifically, we propose an abstraction of prior work’s compositional generaliza-
tion problem by introducing a structured identity mapping (SIM) task, where a
model is trained to learn the identity mapping on a Gaussian mixture with struc-
turally organized centroids. We mathematically analyze the learning dynamics
of neural networks trained on this SIM task and show that, despite its simplicity,
SIM’s learning dynamics capture and help explain key empirical observations on
compositional generalization with diffusion models identified in prior work. Our
theory also offers several new insights—e.g., we find a novel mechanism for non-
monotonic learning dynamics of test loss in early phases of training. We validate
our new predictions by training a text-conditioned diffusion model, bridging our
simplified framework and complex generative models. Overall, this work estab-
lishes the SIM task as a meaningful theoretical abstraction of concept learning
dynamics in modern generative models.

1 Introduction

Human cognitive abilities have been argued to generalize to unseen scenarios through the identifica-
tion and systematic composition of primitive concepts that constitute the natural world (e.g., shape,
size, color) [18, 19, 61, 20, 64, 21, 24]. Motivated by this perspective, the ability to compositionally
generalize to entirely unseen, out-of-distribution problems has been deemed a desirable property for
machine learning systems, leading to decades of research on the topic [68, 37, 28, 58, 58, 62, 38, 33,
14].

Recent work has shown that modern neural network training pipelines can lead to emergent abilities
that allow a model to compositionally generalize when it is trained on a data-generating process
that itself is compositional in nature [38, 59, 52, 41, 5, 78, 34]. For example, [52, 54] show that
text-conditioned diffusion models can learn to identify concepts that constitute the training data and
develop abilities to manipulate these concepts flexibly, enabling generations that represent novel
compositions entirely unseen during training. These papers also provide a spectrum of intriguing
empirical results regarding a model’s learning dynamics in a compositional task. For example, they
reveal that abilities to manipulate individual concepts are learned in a sequential order dictated by the
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Figure 1: Structured Identity Mapping Task and Non-Monotonic Generalization Dynamics. (a)
Given the input “blue square apples on a tree with circular yellow leaves,” a multimodal model learns
to generate concepts in the following order: “apple,” “blue” (color), and “square” (shape) (example
adapted from [43]). (b) A multimodal synthetic task introduced by [52, 54]. The training set of the
task consists of four distinct compositions of concepts, depicted as blue nodes on a cubic graph. A
diffusion model is trained on this dataset to systematically study the dynamics of concept learning.
With the test prompt “small, blue, triangle,” the diffusion model sequentially learns the correct size,
shape, and finally color. (c) In this work, we introduce a structured identity mapping task as the
foundation for a systematical and theoretical studying of the dynamics of concept learning. The
model is trained on a Gaussian mixture data, where the centroids are positioned at certain nodes of
a hypercube (blue dots) and is evaluated on an out-of-distribution test set (red dot). Our theoretical
results not only reproduce and explain previously characterized empirical phenomena but also depict
a comprehensive picture of the non-monotonic learning dynamics in the concept space and predict
a “multiple-descent” curve of the test loss (red curve).

data-generating process; the speed of learning such abilities is modulated by data-centric measures
(e.g., gradient of loss with respect to concept values, such as color of an object); and the most similar
composition seen during training often controls performance on unseen compositions.

In this work, we aim to demystify the phenomenology of compositional generalization identified in
prior work and better ground the problem (or at least a specific variant of it called systematicity) via
a precise theoretical analysis. To that end, we instantiate a simplified version of the compositional
generalization framework introduced by [52, 54]—called the “concept space” (see Fig. 1b)—that is
amenable to theoretical analysis. In brief, a concept space is a vector space that serves as an ab-
straction of real concepts. For each concept (e.g., color), a binary number can be used to represent
its value (e.g., 0 for red and 1 for blue). In this way, a binary string can be mapped to a tuple (e.g.,
(1,0, 1) might represent “big blue triangle”) and then fed into the diffusion model as a conditioning
vector. The model output is then passed through a classifier' which produces a vector indicating
how accurately the corresponding concepts are generated (e.g. a generated image of big blue trian-
gle might be classified as (0.8,0.1,0.9)). In this way, the process of generation becomes a vector
mapping, and a good generator essentially performs as an identity mapping in the concept space.

We argue that in fact the salient characteristic of a concept space is its preemptively defined organi-
zation of concepts in a systematic manner, not the precise concepts used for instantiating the frame-
work itself. Grounded in this argument, we define a learning problem called the Structured Identity
Mapping (SIM) task wherein a regression model is trained to learn the identity mapping from points
sampled from a mixture of Gaussians with structurally organized centroids (see Fig. 1c¢). Through
a detailed analysis of the learning dynamics of MLP models, both empirically and theoretically,
we find that SIM, despite its simplicity, can both capture the phenomenology identified by prior
work and provide precise explanations for it. Our theoretical findings also lead to novel insights,
e.g., predicting the existence of a novel mechanism for non-monotonic learning curves (similar to
epochwise double-descent [51], but for out-of-distribution data) in the early phase of training, which
we empirically verify to be true by training a text-conditioned diffusion model. Our contributions
are summarized below.

 Structured Identity Mapping (SIM): A faithful abstraction of concept space. We empirically
validate our SIM task by training Multi-Layer Perceptrons (MLPs), demonstrating the repro-
duction of key compositional generalization phenomena characterized in recent diffusion model

!Conceptually, we can think of an idealized perfect classifier here.
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studies [52, 54]. Our findings show: (i) learning dynamics of OOD test loss respect the com-
positional hierarchical structure of the data generating process; (ii) the speed at which a model
disentangles a concept and learns the capability to manipulate it is dictated by the sensitivity of
the data-generating process to changes in values of said concept (called “concept signal” in prior
work); and (iii) network outputs corresponding to weak concept signals exhibit slowing down in
concept space. These results also suggest that the structured nature of the data, rather than specific
concepts, drove observations reported in prior work.

* Theoretical analysis reveals mechanisms underlying learning dynamics of a compositional
task. Building on the successful reproduction of phenomenology with MLPs trained on the SIM
task, we further simplify the architecture to enable theoretical analysis. We demonstrate that:
(i) analytical solutions with a linear regression model reproduce the observed phenomenology
above, and (ii) the analysis of a symmetric 2-layer network (f(z; U) = UU " x) identifies a novel
mechanism of non-monotonic learning dynamics in generalization loss, which we term Transient
Memorization. Strikingly, we show that the learning dynamics of compositional generalization
loss can exhibit multiple descents in its early phase of learning, corresponding to multiple phase
transitions in the learning process.

* Empirical confirmation of the predicted Transient Memorization phenomenon in diffusion
models. We verify the predicted mechanism of Transient Memorization in text-conditioned diffu-
sion models, observing the non-monotonic evolution of generalization accuracy for unseen com-
binations of concepts, as predicted by our theory.

In summary, our theoretical analysis of networks trained on SIM tasks provides mechanistic ex-
planations for previously observed phenomenology in empirical works and introduces the novel
concept of Transient Memorization. This mechanism is subsequently confirmed in text-conditioned
diffusion models, bridging theory and practice in compositional generalization dynamics.

2 Preliminaries and Problem Setting

Throughout the paper, we use bold lowercase letters (e.g., ) to represent vectors, and use bold
uppercase letters (e.g., A) to represent matrices. We use the unbold and lowercase version of corre-
sponding letters with subscripts to represent corresponding entries of the vectors or matrices, e.g., x;
represent the i-th entry of « and a; ; represent the (¢, j)-th entry of A. For a vector « and a natural
number k, we use x.; to represent the k-dimensional vector that contains the first & entries of .
For a natural number k, we use [k] to represent the set {1,2,...,k}, and 1 to represent a vector
whose entries are all 0 except the k-th entry being 1; the dimensionality of this vector is determined
by the context if not specified. In the theory part, we frequently consider functions of time, denoted
by variable ¢. If a function g(t) is a function of time ¢, we denote the derivative of g with respect to

tby g(to) = j—f o Moreover, we sometimes omit the argument ¢, i.e., g means g(¢) for a time ¢
t=to

1 ¢istrue

0 ois false to be the indicator

determined by the context. For a statement ¢, we define 14y = {
function of that statement.

2.1 Problem Setting

Now we formally define SIM, which is an abstraction of the concept space. For each concept class,
we model them as a Gaussian cluster in the Euclidean space, placed along a unique coordinate di-
rection. The distance between the cluster mean and the origin represents the strength of the concept
signal, and the covariance of the Gaussian cluster represents the data diversity within the correspond-
ing concept class. Additionally, we allow more coordinate directions than the clusters, meaning that
some coordinate directions will not be occupied by a cluster, which we call non-informative di-
rections, and they correspond to the free variables in the generalization task. See Fig. lc for an
illustration of the dataset of SIM.

Training Set. Let d € N be the dimensionality of the input space and s € [d] be the number
of concept classes, i.e., there are s Gaussian clusters, and n € N number of samples from each

n
cluster. The training set D = Upe[e] {a:,(f) )} is generated by the following process: for each
‘ k=1

p € [s], each training point of the p-th cluster is sampled i.i.d. from a Gaussian distribution a:,(cp ) ~

N [uplp, diag (a)2 , where 11, > 0 is the distance of the p-th cluster center from the origin, and
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o is a vector with only the first s entries being non-zero, and o describing the data variance on the
i-th direction. There is also optionally a cluster centered at O.

Loss function. The training problem is to learn identity mapping on R?. For amodel f : R™ xR? —
R? and a parameter vector @ € R™, we train the model parameters @ via the mean square error loss.

‘ . Q2.1

25n Z Z H (0 wks}) B wiS) 2

Evaluation. We evaluate the model at a Gaussian cluster centered at the point that combines the
cluster means of all training clusters. When the variance of the test set is small, the expected loss
within the test cluster is approximately equivalent to the loss at its cluster mean. Therefore, for
51mphclty, in this paper, we focus on the loss at the mean of the test cluster, which is a single test
pointz =57 p=1Hplp. We emphasize this point is outside of the training distribution—not just the
training data, necessitating out-of-distribution generalization. In App. B, we report further results
for the case of various combinations of training clusters, which leads to multiple OOD test points.

3 Observations on the SIM Task

We first begin by summarizing our key empirical findings on the SIM task. In all experiments we
use MLP models of various configurations, including different number of layers and both linear and
non-linear (specifically, ReLU) activations. Throughout this section and the subsequent sections, we
frequently consider the model output at the test point Z over training time, which we call output
trajectory of the model.

Due to space constraints, we only present the results for a subset of configurations in the main paper
and defer other results to App. F. We note that the findings reported in this section are in one-to-one
correspondence with results identified using diffusion models in Sec. 5 and prior work [54].

3.1 Generalization Order Controlled by Signal Strength and Diversity

One interesting finding from previous work is that if we alter the strength of one concept signal from
small to large, the contour of the learning dynamics would dramatically change [54]. Moreover, it
is also commonly hypothesised that with more diverse data, the model generalizes better [23, 10].
Recall that in the SIM task, the distance pj, of each cluster represents the corresponding signal
strength, and the variance oy, represents the data diversity. In Fig. 2, we present the output trajectory
under the setting of s = 2, in which case the trajectory can be visualized in a plane. There are two
components to be learned in this task and, from the contour of the curve, we can tell the order of
different components being learned.

Fig. 2 (a) presents the output trajectory for a setting with a fixed and balanced o, and a varied . The
results show that when ;1 < pg, the dynamics exhibit an upward bulging, indicating a preference
for the direction of stronger signal. As p is gradually increased, this contour shifts from an upward
bulging to a downward concaving, and consistently maintains the stronger signal preference.

In Fig. 2 (b), the p is fixed to an unbalanced position, with one signal stronger than the other. As we
mentioned above, when o is balanced, the model will first move towards the cluster with a stronger
signal strength. However, when the level of diversity of the cluster with weaker signal is gradually
increased, the preference of the model shifts from one cluster to another.

A very concrete conclusion can be thus drawn from the results in Fig. 2 (a) and (b): the generalization
order is jointly controlled by the signal strength and data diversity, and, generally speaking, the
model prefers direction that has a stronger signal and more diverse data. We note that the conclusion
here is more qualitative and in Sec. 4, we provide a more precise quantitative characterization of
how these two values control the generalization order.

3.2 Convergence Rate Slow Down In Terminal Phase

In Fig. 2, the arrow-like markers on the line indicate equal training time intervals. In the later phase
of training, we observe that the arrows get denser, indicating a slowing down of the learning dynam-
ics. A close examination of the markers in Fig. 2 suggests that the deceleration is not determined
by the distance of the current output to the target point (i.e. the loss value), but more depends on
the data and training time. That is, there is a timescale determined by the training data such that if
the model does not achieve OOD generalization within that period, significantly more computation
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Figure 2: Learning dynamics of MLP on SIM task. The figures show the output trajectory of
the MLP on a two-dimensional setting (i.e., s = 2), and each marker represents an optimization
timepoint. Notice that we only plot the center of the training set as a circle, but the actual training
set can have varied shapes based on the configuration of o. (a) one-layer linear model with .2 =
(.05,.05) and varied p. Concepts ¢ with larger signal (u;) learnt first. (b) one-layer linear model
with p.o = (1,2) and varied o. Concepts ¢ with larger diversity (o;) learnt first. (c) 4 layer linear
models under different dimensionality. high dim: d = 64, low dim: d = 2. Notice that (a) and (b)
are both in high dim setting. The lower the dimensionality, the stronger Transient Memorization it
has.

will be required for the model to achieve it. This effect can be observed in Fig. 2 (b) by comparing
the output trajectories of o = (0.05,0.05) case and the o = (2,0.05) case. The trajectory with
the lower concept signal (i.e. o = (0.05,0.05)) yields insufficient OOD generalization until the
dynamics slows down and thus requires many more time to approach the target point.

3.3 Transient Memorization

The results in Fig. 2 (a) and (b) are both performed with one-layer models and under a high dimen-
sional setting (d = 64). Despite the overall trend being similar in other settings, it is worth explor-
ing the change of trajectory as we increase the number of layers, and / or reduce the dimension.

High dimensional

©2 . . .

8 Low dimensional In Fig. 2 (c), we perform experiments with deeper mod-

71 els, and optionally with a lower dimension. Under these

= changes, we find that the model shows an interesting
0

irregular behavior, where it initially heads towards the
OOD test point, but soon turns toward the training set
cluster with the strongest signal. This indicates the model,
Figure 3: The test loss of multi-layer While seems to be generalizing OOD at the beginning, is
models. memorizing the train distribution and unable to general-

ize OOD at this point. However, with enough training, we

find the model start to again move towards the test point
and thus generalizes OOD. We call this overall dynamic of the output trajectory Transient Memo-
rization, which we could be suggestive of a non-monotonic test loss curve (similar to epoch-wise
double-descent [51, 53], but with an OOD test loss). To assess this further, we track the value of the
loss function during training in Fig. 3, demonstrating a double-descent-like curve. We emphasize
though that Transient Memorization is a distributional phenomenon and is different from what was
called (epochwise) double-descent, i.e., the model memorizes the training distribution and is hence
unable to generalize well OOD, while double-descent involves classical overfitting to the training
data itself, affecting model’s in-distribution generalization. We also note that the Transient Memo-
rization phenomena seems to be strongest when dimensionality d of the dataset is low, and is rather
modest with high dimensional settings. In the high dimensional setting, the OOD loss descent slows
down at some point but does not actually exhibit non-monotonic behavior. This low dimensional
preference can also be explained perfectly by our theory, further described in Sec. 4.

0 10 20 30 40 50
Training time
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4 Theoretical Explanation

We next study the training dynamics of a specific class of linear models that are tractable on the SIM
task and explain the empirical phenomenology of OOD learning dynamics seen in previous section.
In Sec. 4.1, we first analyze a one-layer model whose dynamics can be solved analytically. We
show that it can explain most phenomena observed in the experiment; however, it fails to reproduce
Transient Memorization, suggesting that Transient Memorization is intrinsic to deep models, which
highlights the fundamental difference between shallow and deep models. In Sec. 4.2, we further
analyze the dynamics of a symmetric 2-layer linear model, which successfully captures Transient
Memorization. Our theoretical results reveal a multi-stage behavior of the model Jacobian during
training, which leads to the non-monotonic behavior in model output. We show that each stage in
the Transient Memorization precisely corresponds to each stage in the Jacobian evolution.

Throughout this section, we assume f(0; x) is a linear function of x. In this case the Jacobian of f
with respect to  is a matrix that is completely determined by 8, which we denote by Wy = %.
In this way, the output of the model can be written as f(0; x) = Wypx. Using the trace trick (with
detailed calculations provided in App. C.1), it is easy to show that the overall loss function is equal

to

£(6) = % H(Wg ~I) AWH; 4.1)

where A = L 22:1 Sory w,(f ):c,(f T is the empirical covariance. In this section, we assume 7 is
large, in which case A converges to the true covariance of the dataset A = E,.p[xx ], which is a
2
2 ﬁ <
diagonal matrix A = diag(a), defined by a, = {gp TS PSS foranype [d].
p>s

Remark. Notice that in the linear setting we might not directly train Wy; instead, we train its
components. For example, we might have = (W7, W5) and have Wy = W; W,. Then, what we
actually train is W; and Wy, instead of Wy. As many previous works have emphasized [3, 30, 4, 1],
although the deep linear model has the same capacity as a one-layer linear model, their dynamics
can be vastly different and the loss landscape of deep linear models can be non-convex.

4.1 A One-Layer Model Theory and Its Limitations

As a warm-up, we first study the dynamics of one-layer linear models, i.e., f(W;x) = W, in
which case the Jacobian Wy is simply W. As we will show, this setting can already explain most
of the observed phenomenology from the previous section including the order of generalization and
the terminal phase slowing down, but fails to capture the Transient Memorization, which we will
explore in next subsection. Here we present Theorem 4.1, which gives the analytical solution of the
one-layer model on the SIM task.

Theorem 4.1. Let W (t) € R*? be initialized as W (0) = W), and updated by W = —V L(W),
with L be defined by eq. (4.1) with f(W, z) = W z, then we have for any z € R?,

FOW (1), 206 = Tgpeny [1— exp (—axt)] 2+ 3 exp (—ast) wpi(0)z: 2)

i=1

Gr(t)
Ny (t)

See App. C.2 for proof of Theorem 4.1. The Theorem shows that the k-th dimension of the output of
a one-layer model evaluated on the test point Z can be decomposed into two terms: the growth term
Gr(t) = Lyg<sy [1 — exp (—axt)] pu, and the noise term Ni(t) = 37, exp (—a;t) wy;i(0) p;.
The following properties can be observed for these two terms: (i) the growth term converges to ji
when £ < s and 0 when k£ > s, while the noise term converges to 0; (ii) both terms converge at
an exponential rate; and (iii) the noise term is upper bounded by Zle wg,; (0) ;. If the model

initialization is small in scale, specifically wy, ;(0) < m, then Ny (t) will always be small,

and thus can be omitted. With this assumption in effect, the model output is dominated by the growth
term. A closer look at the growth term then explains part of the observed phenomenology.
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Generalization Order and Terminal Phase Slowing Down. It can be observed that G (t) con-
verges at an exponential rate, which leads an exponential decay of evolution speed and explains the
terminal phase slowing down. Moreover, the exponential convergence rate of G (t) is controlled
by the coefficient a, = % (sof + 7). Therefore, the direction with larger ay, i.e., larger 11, and
/ or oy, converges faster, hence explaining the order of generalization to different concepts. The
theorem also reveals the proportional relationship between piy, (concept signal strength) and o, (data
diversity).

The Limitation of the One Layer Model Theory. While we have demonstrated that Theorem 4.1
effectively explains both the generalization order and the terminal phase slowing down, in the solu-
tion eq. (4.2), the learning of each direction is independent. This independence omits the possible
interaction between the dynamics of different directions in deeper models, and leads to monotonic
and rather regular output trajectory (this is verified by the experiment results in Sec. 3.1). However,
as the experiments in Sec. 3.3 show, when the number of layers becomes larger, the model actually
exhibits a non-monotonic trace that can have detours. The theory based on the one-layer model fails
in capturing this behavior. In the subsequent subsection, we introduce a more comprehensive theory
based on a deeper model, and demonstrate that this model explains all the phenomena observed in
Sec. 3, especially the Transient Memorization.

4.2 A Symmetric Two-Layer Linear Model Theory

In this subsection, we analyze a symmetric 2-layer linear model, namely f(U; ) = UU "z, where

U € R and d’ > d. We demonstrate that it accurately captures all the observations presented
in Sec. 3, and, more importantly, the theory derived from this model provides a comprehensive
understanding of the evolution of the model Jacobian and output, offering a clear and intuitive ex-
planation for the underlying mechanism of the model’s seemingly irregular behaviors. Due to space
constraints, we focus on providing an intuitive explanation of the multi-stage behavior of the model
Jacobian and output, and defer the formal proofs to the appendix. It is also worth noting that this
symmetric 2-layer linear model is a frequently studied model in theoretical analysis [44, 70, 31],
and most existing theoretical results for this model focus on the implicit bias of the solution found,
instead of on the non-monotonic behavior during training, which is the focus of our analysis.

For convenience, we denote the Jacobian of f at time point ¢t by W (t) = Wy (). The gradient flow
update of the ¢, j-th entry of W is given by

. 1 1

Wy, 5 :wi,j(ai + aj) — §wi,j {wi,i(Sai + aj) + ]l{i#j}wj,j(Baj + al)] — B} Z wk,iwk,j(ai +a; + Qak) .
_G —_ kti

i,5(t) S 0(1) k5

N; j(t)
4.3)

As noted in eq. (4.3), we decompose the update of w; ; into three terms. We call G; ;(t) =
Wi, (t)(ai + CLJ') the growth term, S’t}j (t) = %wm' [wi7i(3ai + Clj) + ]l{i#}wj,j (36Lj + ai)] the
suppression term, and N; ;(t) = 3> i wg,; (t)wg, ; (t) (a; + aj + 2ay) the noise term. The name
of these terms suggests their role in the evolution of the Jacobian: the growth term G ; always has
the same sign as w;_;, and has a positive contribution to the update, so it always leads to the direction
that increases the absolute value of w; ;; the suppression term S, ; also has the same sign® as w; j,
but has a negative contribution in the update of w;_;, so it always leads to the direction that decreases
the absolute value of w; ;; and the effect direction of the noise term is rather arbitrary since it de-
pends on the sign of w; ; and other terms. It is proved in Lemma D.8 that under mild assumptions,
the noise term will never be too large; for brevity, we omit it in the following discussion and defer
the formal treatment of it to the rigorous proofs in App. D.

4.2.1 The Evolution of Entries of Jacobian

In order to better present the evolution of the Jacobian, we divide the entries of the Jacobian into
three types: the major entries are the first s diagonal entries, and the minor entries are the off-
diagonal entries who are in the first s rows or first s columns, and other entries are irrelevant

“Notice that since W = UU " is a PSD matrix, the diagonal entries are always non-negative.
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Figure 5: The learning dynamics of a symmetric 2-layer linear model. Left: The change of the
test loss and the Jacobian entries with time predicted by the theory; Right: the corresponding model
output trajectory. The figures are plotted under s = 2 and all entries of W are initialized positive.

entries. Notice that the irrelevant entries do not contribute to the output of the test point so we will
not discuss them. Moreover, we also divide minor entries into several groups. The minor entries in
the p-th row or column belongs to the p-th group (thus each entry belongs to two groups). See Fig. 4
for an illustration of the division of the entries.

major entries

Initial Growth. In this section, we assume w; ;V%, j are
initialized around a very small value w such that w < .
1 . .
(See App. D.1 for specific assumptions). It s .

is evident that when all w; ; are close to w (we call this

period the initial phase), the growth term is ©(w), while .
the suppression term and the noise term are ©(w?). This

suggests that the evolution of w; ; is dominated by the ;_

growth term. Therefore, in the initial phase, every value

in the Jacobian grows towards the direction of increasing

its absolute value, with the speed determined by a; + a;.

Since we assumed that a is ordered in a descending order,

it is evident that each entry grows faster than those below Figure 4: An illustration of the entries
it or to its right. The Initial Growth stage is formally char- of the Jacobian.
acterized by Lemmas D.1 to D.3.

First Suppression. In the Initial Growth stage, the first major entry will be the one that grows
exponentially faster than all other entries, making it the first one that leaves the initial phase. Once
the first major entry becomes significant and non-negligible, it will effect on the suppression term
of all minor entries in the first group. When the difference between a; and as is large enough, the
first major entry is able to flip the growth direction of the first group of minor entries and push their
values to 0. The suppression stages are characterized by Lemma D.7.

Second Growth and Cycle. Once the suppression of the first group of minor entries takes effect,
the second major entry becomes the one that grows fastest. Thus, the second major entry will be the
second one that leaves the initial stage. Again, when the second major entry becomes large enough,
it will suppress the second group of minor entries and push their value to 0. This process continues
like this: the growth of a major entry is followed by the suppression of the corresponding group
of minor entries, which, in turn, leaves space for the growth of the next major entry. The general
growth stages are characterized by Lemma D.4 and the fate of off-diagonal entries is characterized
by Lemma D.8.

Growth Slow Down and Stop. Notice that the suppression term of a major entry is also influ-
enced by its own magnitude. Therefore, when a major entries becomes significantly large, it also
suppresses itself, leading to the slowing down of its growth. Note that this effect only slows down
the growth but will not reverse the direction, since for major entries the suppression term is always



322
323
324

325

326
327

328
329
330
331
332

333
334
335
336
337
338
339
340

341
342
343
344
345
346
347
348
349
350

351
352
353

355
356

357
358

360
361
362

363
364
365
366
367
368
369
370

smaller than the growth term, until w; ; becomes 1 where the growth and suppression terms are
equal and the evolution stops. The terminal stage of the growth of major entries are characterized
by Lemma D.5.

4.2.2 Explaining Model Behavior

Recall that we have f (U (t); ), = >, _; wk,p(t)1p. We now explain how the stage-wise evolution
of Jacobian described in Sec. 4.2.1 determines the evolution of the model output.

Generalization Order and Terminal Phase Slowing Down. From the discussions in Sec. 4.2.1,
by the end of the training, all the major entries converge to 1 and all minor entries converge to 0. The
major entries grows in the order of corresponding a,, which is determined by 1, and o, and slows
down when approaching the terminal. This explains our observation that directions with larger 1,
and / or o, is learned first, as well as the terminal phase slowing down.

Transient Memorization and Non-monotonic Loss Curve. We argue the Transient Memoriza-
tion and the non-monotonic loss curve is caused by the multi-stage major growth vs. minor growth
/ suppression process. Importantly, in certain configurations, minor entries growing towards larger
absolute values (which is the incorrect solution) can lead to the decay of the OOD test loss, and
cause an “illusion of generalizing” that the output trajectory is moving towards improving OOD
generalization. However, this effect is later eliminated by the suppression of the corresponding mi-
nor entries, leading to a double (or multiple) descent-like loss curve and a reversal in the output
trajectory.

More concretely, consider the first (initial) growth stage as an example. In this stage, for each
ke [s], f(U(t); x), is dominated by wy, 1(t)puk, since wy, 1 grows fastest among all the entries in
the k-th row. If wy, 1 happens to be initialized positive, then f (U (t); &), grows towards 1, which
is the correct direction®, and loss thus decays. Since in a symmetric initialization, each entry has
equal chance of being initialized positive or negative, when s is small, it is easy to have many minor
entries initialized positive, whose growth contributes to the decaying of loss. This causes an illusion
that the model is going towards the right direction of OOD generalization. After the minor entries
of the first group are suppressed, their contribution to the decaying of the loss is canceled, which
leads to the output trajectory turning back to the direction of memorizing a training cluster and a
transient loss increase.

Fig. 5 presents the loss curve and the Jacobian entry evolution predicted by the theory with a specific
initialization. Notice how, as claimed above, the first and second descending of loss accurately
corresponds to the initial and second growth of the major entries, and the ascending of the loss
corresponds to the suppression of the minor entries. When s > 2, there are multiple turns of
growth and suppression stages and can possibly leads to a multiple-descent-like loss curve, which
we confirm and illustrate in App. E.1.

Remark on Failure Modes. We note that our theory also provides an explanation on instances
when the model fails to achieve OOD generalization when one or more of our assumptions outlined
in App. D.1 breakdown. A specific case is when a major entry wy, j, is overly suppressed by a
corresponding minor entry before it can begin to grow, causing the growth term Gy, ;, becomes
nearly zero. Consequently, the model output at Z in that direction converges to 0, instead of pi, as
expected. See App. E.3 for more discussions and illustrations.

Remark on Existing Work. There has been extensive research on the non-monotonic behavior
of linear neural networks (in various settings). We note that existing studies either focus on one-
layer networks [57, 26] or diagonally initialized networks [53, 39, 16, 55], which essentially make
the evolution of each direction decoupled. This decoupling simplifies the learning dynamics and
can overlook critical aspects thereof (as we discussed in the preceding subsection). In contrast,
our analysis, through a careful treatment of each entry of the Jacobian, does not need to make the
diagonal initialization assumption, hence allowing us to capture and characterize the rich behaviors
that arise from the interaction between different directions.

3Notice that this is true even when k # 1, i.e. wg,1 is a minor entry.
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5 Diffusion Model Results

Tying back to our original motivation of devising an abstraction of concept space first explored in
text-to-image generative diffusion models, we now aim to verify if our novel theoretical findings can
be reproduced in a more involved empirical setup with diffusion models. To this end, we borrow
the setup from [54, 52] and train conditional image diffusion models on two concepts—size and
color.

(a) r i 0.7 (b) A Color (c) A Color
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Figure 6: Main observations reproduced on prompt-to-image diffusion models. (a) Signal
strength controls generalization speed and order. (b) Transient Memorization: Diffusion models
also undergo a Transient Memorization phase. This induces a double-descent like curve for the con-
cept space MSE. (c) Concept learning gradually slows down. Our theory predicts speed of concept
learning slows down at an exponential rate, which broadly matches the experimental results. For
details of the experiment, please see App. G.

Fig. 6 illustrates the three main observations from our theory reproduced with a prompt-to-image
diffusion model. We trained diffusion models to compose two concepts, color and size, as in
[54]. See App. G for experimental details. Fig. 6 (a) shows that the level of concept signal, here
corresponding to the difference of class mean pixel values, largely alters the generalization dynam-
ics. Specifically, we see that the speed and order of compositional generalization is determined by
concept signal, and the signal intensity can reverse the order. The latter is especially important since
we show the findings from our theory and the SIM task, where we abstracted concepts into coordi-
nates and Gaussian clusters, generalize to two naturalistic concepts: color and size. We also
see Transient Memorization occurs in diffusion training, where the generalization dynamics show a
bend towards the concept with stronger signal. This bend is transient and the generated class even-
tually converges to the intended concept space coordinate. Fig. 6 (b) quantifies this further via a
concept space MSE metric. We observe that the concept space MSE has a phase where it increases
before entering a generalization phase. This is well aligned with our findings in Sec. 4.2. Fig. 6 (c)
confirms that the speed of compositional generalization, quantified by the absolute of concept space
traversal distance per step, decelerates at an exponential rate, as expected from our theoretical find-
ings (Theorem 4.1).

6 Conclusion

In this paper, we propose SIM task as a further abstraction of the “concept space” previously ex-
plored by [52, 54]. We conduct comprehensive investigation into the behaviors of a regression
model trained on SIM, both empirically and theoretically, demonstrating that the learning dynamics
on SIM effectively captures the phenomena observed on image generation task, establishing SIM
as a basis for studying compositional generalization. We make a comprehensive. Critically, our
theoretical analysis uncovers the underlying causes of several phenomena that previously observed
on compositional generalizations, as well as predicting new ones that characterizes the multi-stage
and non-monotonic learning dynamics, which have been largely overlooked in earlier research. Our
diffusion model experiments further verify the validity of our analysis. Additional discussions and
potential future work directions can be found in App. E.

10
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A Related Work

In this section, we provide some context for this paper by reviewing some existing work on compo-
sitional generalization and the study of deep linear networks.

Compositional Generalization. Prior work on compositionality has often focused on benchmark-
ing of pretrained models [71, 2, 42, 37,77, 41, 32, 8, 76, 66, 22, 73] or proposition of protocols that
allow generation of compositional samples [15, 13, 45, 75, 76, 7, 69, 36, 14]. While perfect compo-
sitionality in natural settings is still lacking [49, 40, 8, 9, 22, 13, 45, 67, 60, 17, 29], several works
have demonstrated via use of toy settings that this is unlikely to be an expressibility issue, as was
hypothesized, e.g., by [19], since the model can in fact learn to perfectly compose in said toy set-
tings. The ability to compose is in fact rather distinctly emergent [52, 47] and the model learning
it often correlates with distinctive patterns in the learning dynamics, as identified by [54]. We note
that there has in fact been some work on understanding compositional generalization abilities in
neural networks [74, 72, 59], but, unlike us, the focus of these papers is not on the model’s learning
dynamics.

Learning Dynamics of Deep Linear Networks. Deep linear networks has been a commonly
studied model for learning dynamics, and existing works mostly focus on the final solution found
by the model, which primarily concerns the stationary point of the dynamics [3, 30, 12, 4, 1]. There
have also been works that try to characterize the full learning dynamics; however, they generally
require the learning of each direction (neuron) to be decoupled [65, 53, 39, 16, 55, 56], which can be
realized through a specific initialization choice. The decoupling assumption ignores the interaction
between different neurons and highly simplify the dynamics, and as we mentioned in Sec. 4.1, make
it unable to capture some important phenomena in practice. The symmetric 2-layer linear model is
also a specific model that is frequently studied, especially in matrix sensing [44, 70, 31], and as we
noted in Sec. 4.2, current theoretical results of this model focus on the implicit biases in the solutions
learned, while our analysis, on the other hand, aims at characterizing the full learning dynamics and
focus on its OOD behavior.

B Model Compositionally Generalize in Topologically Constrained Order

In this section, we introduce another phenomenon observed on SIM task learning that we do not put
in the main paper: the order of compositional generalization happens in a topologically constrained
order.

In this section, instead of the single test point &, we introduce a hierarchy of test points. Specifically,
let Z = {0, 1}* be the index set of test points. For each v € Z, we define a test point

S
) =" vl,, (B.1)
p=1
and call Z(*) the test point with the index v. Intuitively, the index v describes which training sets
are combined into the current test point. If ||v|| = 1 then Z(¥) is the center of one of the training
clusters.

We assign the component-wise ordering < to the index set Z, i.e., for u,v € Z, we say u = v if
and only if Vi € [n],u; < v;. It’s easy to see that < is a partial-ordering.

Interestingly, in the SIM experiment, the order of the generalization in different test points strictly
follow the component-wise order. This finding can be described formally in the following way: the
loss function is an order homomorphism between < on the index set, and < on the real number. Let
£(z) be the loss function of the test point z, then we have the following empirical observation:

VuveT,u<v — £ (5;(">) <0 (a?(”)> . (B.2)
In Fig. 7 we show the loss of each test point in several timepoints, with g = (1,2,3,4), 0 = {%}4.
There is a clear trend that the test points that are on the right of the graph (larger in the component-

wise order) will only be learned after all of its predecessors are all learned. We call this phenomenon
the topological constraint since the constraint is based on the topology of the graph in Fig. 7.
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Figure 7: The loss at each test point in different timepoints during training for a 2-layer MLP with
ReLU activation. Each graph represents a timepoint. Each node in the graph represents a test point,
with index printed on it, and edges connecting nodes with Hamming distance 1. The color of the
graph represents the loss of corresponding test point. Notice that we truncate the loss at 1 in order
to unify the scale. From lest to right: epoch =1, 3, 5.

C Proofs and Calculations

In the main text we have omitted some critical proofs and calculations due to space limitation. In this
section we provide the complete derivations. Note that we postpone the proof of related theorems
of Sec. 4.2 to App. D because of their length.

C.1 The Loss Function with Linear Model and Infinite Data Limit

In this subsection we derive the transformed loss function eq. (4.1), as well as the expression of the
data matrix A. For convenience we denote Wy by W. We have

_ L ~ _ () 2
£0) = 5 ;; H(W I)a! C.1)

1

= o Tr [mg’”(w -nT(w - I)a:,(f’)} (€.2)
1

-5 T [(W —DT(W - I)w,g%;ﬂ (C.3)

= %Tr {(W -DT(W - I)nlsm,?)m;f”} (C4)

- %Tr [A1/2(W — )T (W - I)AW] (C.5)

1 172||?

=2 H(W—I)A HF (C.6)

Let G be the data generating process. It can be viewed as two components: first assign one of the s
clusters, and then draw a Gaussian vector from a Gaussian distribution in that cluster. Specifically,
let x be an arbitrary sample from the traning set, then the distribuition of x is equal to

x~ p 4 diag(o)¢, (C.7)

where 7 is a uniform random variable taking values in [s] and € ~ N(0, I) is a random Gaussian
vector that is independent from 7. Here ~ represents having the same distribution.
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When n — oo, the data matrix A converges to the true covariance, which is is

A—E (wa:—r)
=E {(u(") + diag(a‘)&') (u(”) + diag(a)é’) T}
=E (u(”)u(")T) + Ediag(o)£¢ " diag(o)

1 S
=2 Z p® T 4 diag(o)?
p=1

1 S
=< Z p21,1) + diag(o)?
p=1

1
= diag ()* + diag(o)?.

C.2 Proof of Theorem 4.1

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

In this subsection for the notation-wise convenience we denote W = 6. Since the model is one-

layer, the loss function eq. (4.1) becomes
cow) = |ow - I)A1/2H2
2 F’
and the gradient is
VLW)=(W -1)A=WA- A.
We denote the k-th row of W and A by wy, and Ay, respectively. Then we have
wy = —Awy, + ayg.
The solution of this differential equation is
wi(t) = exp (—At) [w(0) — A7 ay] + A ay,

where we use the convention 0 x (0_1) = 0 to avoid the non-invertible case of A.

Thus for any z € R? we have
FW(t); 2)k = (wi(t), )
=((I- e_At) A lay, z) + <6_Atwk(()), z)

n apt

1-e .
= Z ai]l{k:p}apzp + Z e a*t’wk’i(O)Zi
p=1

P i=1
= Linesy (=€) zi+ Y e " wgi(0),
=1

and this proves the claim.

D Theoretical Analysis of the Two Layer Model

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)
(C.19)

(C.20)

(C.21)

In this section we provide a detailed analysis of the symmetric two-layer linear model described in

Sec. 4.2.
In this section we assume a finite step size, i.e., W : N — R%* is initialized by W (0) and updated
by

W(t+1)—W(t)

; =-UMVLU®) - VLU)U®)'

(D.1)

=W(t)A+ AW (t) — % [AW () + W (1)* A+ 2W () AW (t)] . (D.2)
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The update of each entry w; ;(t) can be decomposed into three terms, as we described in the main
text:

d

i+ 1) —w; i(t 1
w. ,J( 7)7 w ,j( ) =W, (t)(az + aj) — 5 Zwk’iw;ﬁj (ai + a; + Qak) (D3)
k=1
=w;,;(t)(a; + a;) (D.4)
—_————
Gi;(t)
1
_ §wi7j [w,;7¢(3a7; + aj) + ]l{#j}wm(?)aj + al)] D.5)
Si,j(t)
1
~3 Z w,i (D)wi (1) (a; + a; + 2ay) . (D.6)
o
Ni,j(t)

D.1 Assumptions

We need make several assumptions to prove the results. Below we make several assumptions that
all commonly hold in the practice. The first assumption to make is that both the value of aj, and the
initialization of W is bounded.

Assumption D.1 (Bounded Initialization and Signal Strength). There exists o > 0,y > 1,5 > 1
such that

Vk> a < ag < V&, (D7)

Vi, j,w < fw; ;(0)] < Bw. (D.8)

The second assumption is that the step size is small enough.

Assumption D.2 (Small Step Size). There exists a constant K > 20, such that n < ﬁ.

Next, we define a concept called initial phase. The definition of initial phase is related to a constant
P> 0.

Definition D.1. Assume there is a constant P > 0. For an entry (i, j) and time t, if |w; ;(t)| < PPw,
we say this entry is in initial phase.

The next assumption to make the that the boundary of the initial phase should not be too large.

Assumption D.3 (Small Initial Phase). Pwj < 0.4.

The next assumption to make are that the intialization value (w) should not be too large.

Assumption D.4 (Small Initialization).

min{x — 1,1 —x~Y/2} 1
w < min , D.9
= { PKAd7? V5 B2
andk > 1.1, and k < 1+ %KC’_l, P>2.
Finally, we also assume that the signal strength difference is significant enough.
Assumption D.5 (Significant Signal Strength Difference). For any i > j, we have
i+ a; log P
a; +a < og (D.10)

2a; ~ 10k2log PLﬂw +log P33’

and there exists a constant C' > 1 such that a; — 3a; > C o
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D.2 The Characterization of the Evolution of the Jacobian
In this subsection, we provide a series of lemmas that characterize each stage the evolution of the
Jacobian matrix W.

The whole proof is based on induction, and in order to avoid a too complicated induction, we make
the following assertion, which obviously holds at initialization.

Assertion D.1. Forallt € N, if i # j, then the entry (i, j) stays in the initial phase for all time.
We will use Assertion D.1 as an assumption throughout the proves and prove it at the end. This is

essentially another way of writing inductions.

We have the following corollary that directly followed by Assertion D.1.
Corollary D.1. Forallt € N and all i, j, |N; j(t)| < 2PyadB?w?.

Now, we are ready to present and prove the major lemmas. The first lemma is to post a (rather loose)
upper bound of the value of the entries.

Lemma D.1 (Upper Bounded Growth). Consider entry (i, j). We have for all t € N, at timepoint t
the absolute value of the (i, j)-th entry satisfies

|wi j (E)] < |wi;(0)] exp [nt(ai + a;)k]. (D.11)
Proof.  Since of the IV; ; term we only use its absolute value, the positive case and negative case
are symmetric. WLOG we only consider the case where w;_;(0) > 0 here.

The claim is obviously satisfied at initialization. We use it as the inductive hypothesis. Suppose at
timepoint t < T' — 1 the claim is satisfied, we consider the time step ¢ + 1.

Since Assertion D.1 guaranteed that every non-diagonal entry is in the initial phase, and the S; ;
term has different symbol with w; ;(0), we have

S; () + Nij(t) < 2PyadB®w?. (D.12)
‘We have
w; ;i (t+1) —w, ;1 () < nw; ;i (t)(a; +a;) + dnyadBow? (D.13)
< n(a; + a;j)w; ;(0) exp [nt(a; + a;)k] + 2Pnyadf?uw? (D.14)
2 PyadfB?w?
= w; (0 t(a; + a; i+ aj) +
w 7]( ) eXp [77 (Cl a‘])K/] n(a‘ a]) wi’j (0) exp [nt(al + aj)/{}
(D.15)
From Assumption D.4, we have
2P~adB?w? 9
a; +a;)+ <n(a; +a;)+ 2Pyadf*w (D.16)
Mt )b @ explntlas T ayn] < T W) 2
<n(a; +a;)+ 2(k — 1)no (D.17)
< kn(a; + a;) (D.18)
< exp(knla; + a;]) — 1, (D.19)
thus we have
w; ;(t+ 1) <w; ;(t) + [exp(kna; + a;]) — 1 w; ;(t) (D.20)
< w; j(0) exp [n(t + 1)(a; + a;)x] . (D.21)
Finally, notice that since 7} = ”21;55 < n('fllff’fj), we have
exp [nT(a; + a;)s '] < P. (D.22)
O

Next, we prove that Lemma D.1 is tight in the initial stage of the training, up to a constant « in the
exponential term.
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Lemma D.2 (Lower Bounded Initial Growth). Let Ty = 3% We have for all t € [T], at

timepoint t every entry (i,j) is in the initial phase, and the absolute value of the (i, j)-th entry
satisfies

Jwi,j (t)| > |w; ;(0)] exp [nt(a; + a;)r] (D.23)
and w; ;(t)w; ;(0) > 0.

Proof. Similar to the proof of Lemma D.1, we may just assume w;_;(0) > 0.

Moreover, we also use the claim as an inductive hypothesis and prove it by induction. Since here
the inductive hypothesis states that every entry is in the initial phase, we have

1,3 (t) + Nij (1)| < 4yadf?e?. (D.24)
We have
w; ;(t+1) —w; ;(t) > nla; + a;)w; ;(0) exp [nt(ai + aj)nfl] — 2Pnyadp?uw? (D.25)
_ 2Pnyadf?uw?
= w; ; 0)e t(a; + a; 1 ida;) —
wna(O) exp (e + ag)x [’7(“ ) " s O exp [otlas + )]
(D.26)
From Assumption D.4, we have
2P dB%w?
myadf e = < 2Pnpyodfw (D.27)
w; j(0) exp [nt(a; + aj)r1]
< (1 - /{_1/2) n(a; + aj). (D.28)

Moreover, notice that when x > 1.1, for any z < 0.1, we have k= 1/2z + 1 > ¢ '®. Since

Assumption D.2 ensured that n < m we have
Wi+ 1) = wiy(6) + wis (8) [ n(as +ay)] (D.29)
> w; ;(t) exp (n(a; + aj)s™") (D.30)
> w; j(0) exp [n(t + 1)(a; +a;)x '] (D.31)

Finally, from Lemma D.1, we have when

wij(t) < |wi;(0)exp (nt(a; + a;)k) (D.32)
< Bwexp (2nTivak) (D.33)
< Pfuw, (D.34)

which confirms that every entry (7, j) stays in the initial phase before time 77 .
O

Notice that the time bound in Lemma D.2 is a uniform one which applies to all entries. For the major
entries, we might want to consider a finer bound of the time that it leaves the initial phase. This can
be proved by essentially repeating the same proof idea of Lemma D.2.
Lemma D.3 (Lower Bounded Initial Growth for Diagonal Entries). Consider an diagonal entry
PBw
g w; ;(0)

: lo,
(i,i). Let TV =
phase, and the absolute value of the (i,1)-th entry satisfies

Sman - We have for allt € [Tl(i)], at timepoint t the entry (i,1) is in the initial

w; ;i (t) > w; ;(0) exp [277tam*1} . (D.35)

We omit the proof of Lemma D.3 since it is almost identical to the proof of Lemma D.2, only with
replacing ya by a; and Sw by w; ;(0).

Next, we characterize the behavior of one diagonal entry after it leaves the initial phase.
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Lemma D.4 (Lower Bounded After-Initial Growth for Diagonal Entries). Consider a diagonal entry
(i,4). If at time to we have |w; ;(to)| > PBw, and for a \ € (PBw,1 — K1), before time T™) we
have w; ;(t + to) < A for all t € [T™], then we have

wm(t + to) Z wivi(to) exp [27]15@1(1 — )\)Iiil] . (D36)
Moreover, w; ;(0), w; ;(to), w;,;(to +t) > 0.
Proof. Notice that since W = UU T is a PSD matrix, its diagonal entries are always non-negative,
this ensures that w; ;(0), w; ;(to), w; ;(to +t) > 0.

For the time after ¢y and before g + T (M), we use an induction to prove the claim, with the claim
itself as the inductive hypothesis. It clearly holds when ¢t = 1.

Notice that when w; ;(t') < A, we have

Gi’j (lfl) — Si’j (t/) = 2aiwi,i(t/) [1 — wi,i(t’)] Z Qaiwi’i(t’)(l — )\) (D37)
Thus we have
wiito +t+1) —w;i(to + 1) (D.38)
> 2na; (1 — Nw;(to) exp [nt(a; + a;)(1 — N)s™'] — 2PpyadBw® (D.39)
_ 2PnyadB?w?
= w; 4(t 2nta;(1 — Nk |2na; (1 — \) — D.40
wialto)exp [otas(1 =] |20l =X = e Bt~ ]| P40
Since A < 1 — K1, and w; ;(tg) > 2w > w, from Assumption D.4, we have
2Pnyadf?w? 9
< 2P d D.41
wyi(to) exp [2nta; (1 — Nk~ — myedpte ( )
<9K~! (1 _ H_1/2> na (D.42)
<2 (1 — ffl/?) nai(1— \). (D.43)
Moreover, since Assumption D.2 ensured that < 5 Kail_ b < 0a; (11_ 3y using the fact that if
k> 1.1then k=122 +1> e ' for any z < 0.1, we can get
wia(t+1) > wia(t) + wsa(t) [Ii_l/QQ’nai(l - )\)} (D.44)
> w; () exp (2na;x~" (1 — X)) (D.45)
> wii(to) exp [2n(t + 1)s~H (1 = A)] . (D.46)
O

Next, we provide an uniform upper bound (over time) of the diagonal entries. Remember that we
mentioned in the gradient flow case, the diagonal term stops evolving when it reaches 1. In the
discrete case, since the step size is not infinitesimal, Lemma D.5 shows that it can actually exceed 1
a little bit but not too much since the step size is small.

Lemma D.5 (Upper Bounded Diagonal Entry). For any diagonal entry (i,i) and any time t, 0 <
wi,i(t) <1+ 2K~

Proof. First notice that since W (t) is PSD, its diagonal entry w; ;(t) should always be non-negative,
thus w; ;(t) > 0 is always satisfied. In the following we prove w; ;(t) < 1+ 2K~ 1.

We use induction to prove this claim. The inductive hypothesis is the claim it self. It is obviously
satisfied at initialization. In the following we assume the claim is satisfied at timepoint ¢ and prove
it for timepoint ¢ 4 1. Notice that since K < 10, we have 1 + K -1 <o

Notice that by Assertion D.1 and Assumption D.4,

—1 2
INii(t)] < 2Pyadpn? < 1)

-1

22



768

769

770

771

772

773

774
775

776
777

778
779

781
782

783
784

785

786

787

788

790

791
792

793

794
795

796

If w; ;(t) > 1+ K1, we have

Gii(t) — Sii(t) = 2a;w; i (1 — w; ;) < —da; K. (D.48)
Therefore,
wii(t+1) = wii(t) +1n[Gii(t) — Sii(t) — Nii(2)] (D.49)
< wi;(t) —3a, K1y (D.50)
< w; (1) (D.51)
<142K° % (D.52)

Moreover, since w; ;(t) < 1+ 2K~ <2, we have

1
|Gii()| 4+ 1Sii(8)] + | N;s(1)] < da; + 4a; + K ra; < 9ya < T (D.53)

When w; ;(t) <1+ K~!, we have
wii(t+1) < wii(t) + 0 (1Gia(t)] + 18, (0)] + [Nii(t)]) < 1+ 2K (D.54)

The above results together shows that w; ;(t + 1) < 1+ 2K 1.
O

Corollary D.2 (Upper Bounded Diagonal Update). For any diagonal entry (i,4) and any time t,
|w“-(t —+ ].) — wm(t)| < KL

Corollary D.2 is a direct consequence of Lemma D.5 (and we actually proved Corollary D.2 in the
proof of Lemma D.5).

The next lemma lower bounds the final value of diagonal entries. Together with Lemma D.5 we
show that in the terminal stage of training the diagonal entries oscillate around 1 by the amplitude
not exceeding 2K 1.

Lemma D.6. Consider a diagonal entry (i,1). If at time to we have w; ;(to) > 1 — 2K 1, then for
all t' >ty we have w; ;(t') > 1 — 2K~ 1.

Proof. we use an induction. The inductive hypothesis the claim itself. This obviously holds when
t' = to. We assume w; ;(¢') > 1 — 2K ! at timepoint ¢’ and prove the claim for ¢’ 4 1.
If w; ;(#') < 1 — K1, then from Lemma D.4 we know

wi (' +1) > w () >1—-2K1 (D.55)

If w; ;(#') > 1 — K1, then from Corollary D.2 we have
wi (' +1)>w ()~ K P >1-2K". (D.56)
O

Now, we are ready to prove Assertion D.1 by considering the suppression. We first prove a lemma
that upper bounds the absolute value of the minor entries after its corresponding major entry becomes
significant.

Lemma D.7 (Suppression). Consider an off-diagonal entry (i, j) where i > j. If there exists a time
to such that w; ;(to) > 0.8, then for any t' > to we have

Jwi ; (¢)] < max {|w; ; (to)], w} - (D.57)

Proof. Since K > 10, from Lemma D.6 and Lemma D.4 we know w; ;(t') > 0.8 for all ¢’ > .

In this proof, we use an induction with the inductive hypothesis being the claim itself, i.e., we assume
the claim is true at timepoint ¢’ and prove it for ¢ + 1. The claim obviously holds for ¢’ = ;.

Since in this proof we only use the absolute value of N; ;, WLOG we may assume that w;_;(¢") > 0.
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If w; j(t') < w then we have proved the claim. In the following we may assume w; ;(t') > w.
We have

Gi,j (t/) - Si,j (t/) § wm- (t’)(ai + (lj) — %wm— (t')wiﬂ-(Sai + aj) (DSS)
< wi (1) (ai + aj) — wi ;(t') [0-4(3a; + a;)] (D.59)
1 3
= —gwi7j(t’)ai + gww- (t’)aj (D.60)
o
< -C wa, (D.61)

where in (i) we use Assumption D.5.

Thus we have

Gij(t'") = Si(t') = Nij(t') < Gij(t') = Sij(t') + |Nij(t)] (D.62)
< —C twa 4 2PyadB?w? (D.63)
0, (D.64)

where (i) is from Assumption D.4 and Assumption D.5. This confirms that w; ; (t'+1) < w; ;(t') <
max {lwid‘(to), w}.

Next, we prove w; ;(t' +1) > — max {|w; ;(to)|,w}. Notice that Lemma D.5 stated that |w; ;| < 2.
Notice that we also have w; ;(t') < K1, thus

Gi i ()] + 19i5 ()] + | Nij (t)] < 10ye|w; ; ()] + 2PyadB*w” (D.65)
10"11]1 j(t/)| + 2Pd52w2
< ) D.66
< oKy (D.66)
IO\wl j(t/)| + 2w
< 77 D.67
< oK1 (D.67)
L !
< @)+ w (D.68)
2n
We have
wi (" + 1) > wi (') —n(|Gi ()] + [Si ()] + [N ;(2)']) (D.69)
> =n(|Gi i ()] + 1Si,;(¢)| + [Ni s (¢)]) (D.70)
1
> —§(|wi,j(t’)l + w) (D.71)
> —max{|w; ;(t')],w}. (D.72)
O

With all the lemmas proved above, we are now ready to prove Assertion D.1.

Lemma D.8 (Assertion D.1). Forallt € N, if i # j, then the entry (i, j) stays in the initial phase
for all time.

Proof. Notice that since W is symmetric, we only need to prove the claim for ¢ > j. Moreover,
From Lemma D.7, we only need to prove that there exists a timepoint ¢*, such that w; ;(t*) > 0.8,
and |wi,j(t*)| < Pﬁw.

Pp
log wi,i;dU)

Letty = , by Lemma D.3, we have w; ;(to) > Pfw. By Lemma D.3 and Lemma D.4, we

2na;k
have for any ¢ > to such that w; ;(t) < A, where A = 0.85,
w; i (t) > w; i (to) exp [0.3n(t — to)air '] (D.73)
> Pfwexp [O.?m(t — to)am_l] (D.74)
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. . , log -2:8
Let ¢’ be the first time that w; ;(¢') arrives above 0.8. Let t* = min {M + to, t’} > to. If

0.3na;
log %
t* =/, we have w; ;(¢t*) > 0.8. If t* = e +lo, we have
w; ;i (t*) > w; ;(0) exp (O.3nt*am_1) (D.75)
0.8
>P log —— D.76
- P (g 22 o7
> 0.8. D.77)
Moreover, from Lemma D.1 and Assumption D.5, we have
|wij|(t*) < |wi;(0)] exp [nt*k(a; + a;)] (D.78)
k2 log 19%8 PB . )
Bw w a; + a;
< 1 D.79
- BUJ b [( 0.15 + o8 ’LUL,(O) % 20,7; ( )
1 i ;
< Bwexp || 10s%log —— + log PB | x Gitay (D.80)
PpBw 2a;
< fwexp [log(P)] (D81)
< Pwp. (D.82)

The claim is thus proved by combining the above bounds on |w; ;(¢*)| and w; ; (¢t*) with Lemma D.7.
O

E Additional Discussions
In this section, we further discuss the findings and theoretical predictions presented in this paper.

E.1 Multiple Descents

In Fig. 5, we verified our theoretical predictions of the Transient Memorization through an exper-
iment of an s = 2 example. However, in our theory, there can be multiple growth / suppression
stages when s > 2, which should give us a multiple descent-like curve. We note here that based on
the conditions given in App. D.1, it is indeed possible to see multiple descent but only with a subtle
choice of the signal strengths () and under specific initialization conditions.

In Fig. 8 and 9, we illustrate two settings where the loss curves exhibit epochwise triple and quadru-
ple descent. In both settings we use symmetric 2-layer linear model, same as the model used in
Sec. 4.2. Note that we tuned initialization random seed to generate these results. Moreover, since
the time scale of each descent vary, we use a log scale for the number of epochs to make the results
more apparent.

It is worth noting that in Fig. 8 and 9, each major entry starts to grow only after the corresponding
minor entry is suppressed (for example in Fig. 8, ws o starts to grow after ws 3 is suppressed, w2
starts to decay after ws o is close to 1, and w; ; starts to grow after w; » is suppressed), and each
ascending / descending stage of loss curve aligns well with a stage of growth / suppression of the
minor and major entries. These correspondence match exactly with our theoretical prediction and
shows the correctness and preciseness of our theory.

E.2 The Breakdown of the Initialization Assumption

In Sec. 3.3, we mentioned that Transient Memorization seems to be more significant when the di-
mensionality of the dataset is low, and in Sec. 4.2.2, we attributed the reason of it to the fact that
when the dimensionality of the dataset is small, it’s easier to have more minor entries initialized pos-
itive, which lead to an illusion of learning in the minor entry growth stage, whose later suppression
leads to the non-monotonic output trajectory behavior of Transient Memorization.

In this section, we note that, another reason for the Transient Memorization to be less significant is
that Assumption D.4 breaks down when the dimension is high, if we use standard Gaussian initial-
ization to initialize the model weights. Specifically, in Assumption D.4, we require that all entries of
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Figure 8: An illustration of epochwise triple Figure 9: An illustration of epochwise quadru-
descent of the symmetric 2-layer linear model. ple descent with the symmetric 2-layer linear
The dataset has dimensionality and number of in- model. The dataset has dimensionality and num-
formative directions d = s = 3, signal strength ber of informative directions d = s = 4, sig-
values g = (1.0, 1.5, 2.2), and noise values o0 = nal strength values g = (1.0,1.5,2.2,2.7), and
(0.05,0.05,0.05). noise values o = (0.05,0.05,0.05,0.5).

W are initialized around a relatively small value w, which indicates that there is no huge difference
between the magnitude of the initialization of major entries and minor entries.

However, notice that W = UU T and thus w; ; = (u—i,u,), where u; € R? is the i-th row of

U. If we use Gaussian distribution to initialize U, i.e. u; ~ N (0,72I), where 7 is a small real
number, then we have the expectation of w; ; be

Ewm = {0 Z#] (El)

A% i=j,

which highlights the different between major entries and minor entries in initialization when d’ is
large (and notice that d’ is lower bounded by d, which is the dataset dimensionality). Moreover,

when d' is small, the variance of w; ; will be large, so there is a greater chance for them to be away
from O.

E.3 Failure Modes

A breakdown in the assumptions in App. D.1 can also lead to the model converging to “wrong”
solutions that do not fully generalize OOD. For example, if a minor entry happens to be initialized
too large (breaking the Assumption D.4), and / or the corresponding signal strength distinction is
not large enough (breaking the Assumption D.5), then it is possible that the minor entry is not
suppressed until it grows to a significant value, which can, in turn, lead to a too strong suppression
on the corresponding major entry. In this case, a major entry might be suppressed to 0 (or at least,
leave the initial phase from below) before it starts to grow, and thus never has chance to grow.
This case corresponds to the model being “trapped” in a state that it only learns to compositionally
generalize to a combination of certain (but not all) concepts.

In Fig. 10, we exhibit a case of such failure mode where the model fails to fully achieve OOD
generalization. Notice how the loss value converges to a non-zero value and the major entry w1 is

suppressed at the very beginning and never grows. Additionally, the output trajectory is trapped at a
point that combines only two directions, missing the third direction.

E.4 Future Directions

We note that, current characterization of the model learning dynamics relies on the critical assump-
tions in App. D.1. Although those assumptions are reasonable and common in practice, the model
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Figure 10: An illustration of a failure case where the model doesn’t successfully generalize
OOD. The dataset has d = s = 3, u = (0.7,1.7,3) and o = (0.05, 0.05, 0.05). Left: The evolution
of values of Jacobian and the OOD loss evaluated at test point &; Right: The output trajectory
(orange curve).

behavior still shows some regularity when those assumptions breakdown. We have discussed some
of the possible consequences when one of those assumptions breakdown above, but more in an intu-
itive way, instead of a systematic way. Therefore, one important future direction is to systematically
characterize what will happen beyond the assumptions given in App. D.1. Among which, one spe-
cific and very important topic is the failure modes, i.e. under what conditions the model fails to
generalize OOD.

Another important direction is to generalize current analysis to more complex models, such as deep
linear networks or two-layer ReLU networks. The key point of current analysis of the 2-layer sym-
metric model is to correctly slice the learning dynamics of each entry of the Jacobian into multiple
stages, such that in each stage, the learning dynamics is dominated by a rather simple dynamics.

Currently, since the model is 2-layer and without bias terms, there are only first-order and second-
order terms in the learning dynamics. However, if we consider deeper models, there might be
higher-order terms in the dynamics, and it is important to identify and simplify the effect these
higher-order interactions in order to make the problem tractable.

For ReLU networks, it is know that there will be an “early-alignment” stage when trained on linear-
separable data [48, 50], where each neuron converge to a fixed direction, and make the model be-
haves like a linear model. We claim that investigating the early-alignment of 2-layer ReLU networks
on the SIM task can be the starting point of theoretically characterizing the behavior of ReLU net-
works on the SIM task.

F Additional SIM Experiment Details and Results

In this section, we present the results of SIM experiments under different settings, including linear
and non-linear models. The consistent behavior observed across these settings confirms the univer-
sality of our findings and explanations.

F.1 Experiment Details

In all SIM experiments, including those presented in main paper and in appendix, the number of
training samples in each Gaussian cluster is 5000. We use MLP models with either linear activations
or ReLLU activations, and all the models are trained using stochastic gradient descent with a batch
size of 128 and a learning rate of 0.1 for 40 epochs. Unless otherwise specified, the dimensionality
of all data points is d = 64, and the hidden layer dimensionality of the models is also 64 by default.
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It is important to note that in our theory, we assumed that all training clusters and the test point
are aligned with the standard coordinate. However, in our experiments, in order to make the results
more universal and general, we add a random rotation to all the train / test points.

F.2 Additional Experiment Results

Fig. 11 and Fig. 12 repeat the learning order experiments described in Sec. 3.1, using a 2-layer
model with and without ReL.U activation, respectively. It is easy to see that despite showing more
non-regular curves, in multi-layer models the overall trends described in Sec. 3.1 and Sec. 3.2 are
preserved.

K= (1, 2) Trajectory / Train / Test
2.0 ) [? 3.0 - O ® W=(2,2) Trajectory/ Train / Test
K = (3, 2) Trajectory / Train / Test
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Figure 11: Output trajectory of 2-layer models with linear activations. The number of informa-
tive directions in the dataset is s = 2. Left: p.o = (1, 2) with varied o”’s; Right: 0.5 = (0.05,0.05)
with varied p’s.
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Figure 12: Output trajectory of 2-layer models with ReLU activations. The number of in-
formative directions in the dataset is s = 2. Left: p.o = (1,2) with varied o values; Right:
.o = (0.05,0.05) with varied p values.

In Fig. 14, we present the output trajectory for two settings that exhibit significant Transient Mem-
orization and Fig. 14 the corresponding loss curve. Specifically, the dataset has a dimensionality
of d = 3, and is not randomly rotated. The models used have 3 layers, 3 hidden dimensions and
linear activations. Comparing these results with the curve presented in Fig. 11, Fig. 12 and in Fig. 2,
it is evident that models with more layers and fewer input dimensions are easier to have Transient
Memorization, which confirms our theoretical prediction in Sec. 4.2.2.
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Figure 14: The loss curve of corresponding models in Fig. 13. Small p: p.o = (1,2); Large u:
M2 = (2a 4)
G Diffusion Model Experiments

We describe experimental details for the diffusion model experiments. We largely follow [54] in
these experiments.

G.1 Synthetic Data

01 11
01 11 .

L] L
L .

N

(%)

Color . . .
Color
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o Size
o

Figure 15: Data Generation process with different concept signals. Figure from [54]. The data
generating processed used to train the diffusion model, where we can control the strength of the
two concept signals independently. Left: A data distribution with a stronger concept signal in the
color dimension. Right: A data distribution with a stronger concept signal in size.

Fig. 15 illustrates the DGP. We borrow part of the compositional data generating process (DGP)
introduced by in [54]. The DGP generates a set of images of circles based on the concept vari-
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ables color={red,blue} and size={big, small}. Each concept variable can be selected as
composed to yield four classes 00, 01, 10, 11 respectively corresponding to (red, big), (red,
small), (blue, big), (blue, small). Here, class average pixels values of red and blue colors
will control the concept signal for color and the difference between small and big. In Fig. 6,
we fix the big circle’s diameter to 70% of the image and the small circle’s diameter to 30% of the
image. We then adjust the absolute difference between the blue color and red color from 0.2 (very
similar colors) to 0.7 (very different colors). The DGP randomizes the location of the circle, the
background color and adds some noise to avoid having a very narrow data distribution. Please refer
to [54] for further detail.

In Fig. 15, we show two different data distributions, one with a big color concept signal and one
with a big size concept signal.

G.2 Model & Training

We train a conditional diffusion model on the synthetic data defined above. In specific, we train a
variational diffusion model [35] to generate 3 x 32 x 32 images conditioned on a 4-dimensional
vector where the first element of the vector specifies the size of the circle and the 3 others specifies
the RGB colors.

Model Architecture We use a conditional U-Net [63] with hidden dimensions [64, 128, 256] be-
fore each downsampling layer and two ResNet [25] layers in each level. The conditioning vector is
first transformed into the same dimensions as the hidden dimensions using a 2-layer MLP and are
added to the representation after every downsampling layer. The U-Net has a self attention layer
[11] in its bottleneck. We used LayerNorm [6] for normalization layers and GELU [27] activations.

Diffusion We use a learned linear noise schedule for the diffusion process as defined in [35],
initialized with Yax = 10, Ymin = —5. We assume a data noise of 1 x 103, Variational diffusion
models do not require fixing the number of diffusion steps at training time, but we use 100 steps for
generation at inference time.

Training We train our model with the AdamW optimizer [46] with learning rate 1 x 1072 and
weight decay 0.01. We use a batch size of 128 and train for 20k steps.

G.3 Evaluation

We evaluate the concept space representation of the generated output image using a trained classifier.
Since we have the ground truth DGP, we used a large amount of data to train a perfect classifier. We
used a U-Net backbone followed by a max pooling layer and a MLP classifier to classify each
concept variable color and size. We train this classifier for 10k steps and achieve a 100%
accuracy on a held out test set. We average over 32 generated images and 5 model run seeds to get
the ensemble average concept space representation.

The concept space MSE in Fig. 6 (b) is simply calculated as the MSE distance in the concept space
defined in [54]. The concept learning speed |dC'/d¢| is quantified by estimating the movement speed
in the same concept space by a finite difference method.
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