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Abstract

In this paper, we leverage stochastic projection and lossy compression to establish new
conditional mutual information (CMI) bounds on the generalization error of statistical
learning algorithms. It is shown that these bounds are generally tighter than the existing
ones. In particular, we prove that for certain problem instances for which existing MI
and CMI bounds were recently shown in Attias et al. [2024] and Livni [2023] to become
vacuous or fail to describe the right generalization behavior, our bounds yield suitable
generalization guarantees of the order of O(1/+/n), where n is the size of the training
dataset. Furthermore, we use our bounds to investigate the problem of data “memoriza-
tion” raised in those works, and which asserts that there are learning problem instances
for which any learning algorithm that has good prediction there exist distributions un-
der which the algorithm must “memorize” a big fraction of the training dataset. We
show that for every learning algorithm, there exists an auxiliary algorithm that does not
memorize and which yields comparable generalization error for any data distribution.
In part, this shows that memorization is not necessary for good generalization.

1 Introduction

One of the major problems in statistical learning theory consists in understanding what really drives
the generalization error of learning algorithms. That is, what makes an algorithm trained on a given
dataset continue to perform well on unseen data samples. Historically, this fundamental question has
been studied independently in various lines of work, using seemingly unconnected tools. This includes
VC-dimension theory [1], Rademacher complexity approaches [2], stability-based analysis [3] and, more
recently, intrinsic-dimension [448]] and information-theoretic approaches [9-21]. It is only until recently
that the above various approaches were shown to be possibly unified [22| 23] using a variable-length
compressibility technique, which is rate-distortion-theoretic in nature.

In the context of statistical learning theory perhaps one can date back information-theoretic approaches
to the PAC-Bayes bounds of McAllester [24, 25]], which were then followed by various extensions and
ramifications [26H39]. The mutual information (MI) bounds of [9] and [10] have the advantages to be
relatively simpler comparatively and of offering somewhat clearer insights into the question of generaliza-
tion. Roughly, such bounds suggest that a learning algorithm generalizes better as its output model reveals
less information about the training data samples, where the amount of revealed information is measured in
terms of the Shannon mutual information.

However, MI-based bounds are also known to sometimes take large (infinite) values and become vacuous,
such as for continuous data and deterministic models. This shortcoming has been identified in a number of
works, including [40,41]]. The issue was believed to be resolved by the introduction in [[12] of the impor-
tant framework of conditional mutual information (CMI). The CMI setting introduces a “super-sample”
construction in which an auxiliary “ghost sample” is used in conjunction with the training sample; and
a sequence of Bernoulli random variables determines which data samples among the super-sample were
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used for the training. It is shown that a bound on the generalization error involves the mutual information
between the Bernoulli random variables and the hypothesis (e.g., model parameters), conditionally given
the super-sample [12, Theorem 2]. Because the entropy of Bernoulli random variables is bounded, the
resulting bound is bounded. Many follow-up works have proposed extensions and improvements of the
original CMI bounds, including using randomized subset and individual sample techniques, disintegration,
and fast-rate variations in regimes in which the empirical risk is small — See [42] for more on this.

CMI-type bounds were largely believed to be exempt from the aforementioned limitations of MI bounds
until it was recently reported that examples can be constructed for which the standarcﬂ CMI-based bound
and its individual-sample variant fail [14} |43} 46]. The (counter-) examples of [46] are in the context
of Stochastic Convex Optimization (SCO) problems; and those of [43] involve carefully constructed
Convex-Lipschitz-bounded (CLB) and Convex-set-Strongly convex-Lipschitz (CSL) instance problems.
These limitations were sometimes extrapolated to the extent of even questioning the utility of information-
theoretic bounds for the analysis of the generalization error of statistical learning algorithms more gen-
erally [47]. In this context, we mention [23| Appendix A] in which it was shown that, when applied to
the counter-example of [47]], a lossy version of MI bounds yields generalization bounds that are of order
O(1/n), instead of £2(1) in the case of standard (lossless) MI bounds The idea of lossy compression was
also used in [49].

In this paper, essentially, we show that the aforementioned limitations are in fact not inherent to the CMI
framework; and, actually, the CMI framework can be adjusted slightly by the incorporation of a suitable
stochastic projection and a suitable lossy compression to cope with those issues. Also, leveraging the
utility of CMI and membership inference to study the problem of memorization and its relationship to
generalization in machine learning, we use our results to revisit the necessity of memorization for SCO
problems claimed in [43]. We show that memorization is not necessary for good generalization; and, as
such, the result contributes to a better understanding of what role memorization plays in machine learning,
a problem which is yet to be fully understood. Specifically, our contributions are as follows.

* We introduce stochastic projection in conjunction with lossy compression in the CMI framework, and
we use them to establish a new CMI-based bound that is generally tighter than the CMI bounds of [[12].

* We show that, in sharp contrast with classic CMI-based bounds which fail when applied to the afore-
mentioned CLB, CSL and SCO problem instances of [43],46] and may not even decay with the number
of training samples, our new CMI bound yields meaningful results and decays with the number of train-

ing samples as O(1/4/n).

* By applying them to generalized linear stochastic (non-convex) optimization problems, in the appen-
dices we demonstrate that our bounds remain non-vacuous even beyond the convex case previously
studied in [50]. The generalization is shown to come at the expense of a slower decay with n in our
case; namely, O(1/+/n) instead of O(1//n) if the functions are convex as in [50].

* We leverage the key ingredients of stochastic projection and lossy compression in the framework of
CMI to study the “memorization” issue identified and studied in [43]. Specifically, [43] has demon-
strated that, for a given problem instance and every e-learner algorithm, there exists a data distribution
under which the algorithm “memorizes” the training samples. We show that for any learning algorithm
A that memorizes the training data, one can find (via stochastic projection and lossy compression) an
alternate learning algorithm A with comparable generalization error and that does not memorize the
training data for any data distribution. In part, this means that memorization is not necessary for good
generalization in SCO.

 In the appendices, we use our general bound to study the generalization error of subspace training
algorithms. Specifically, we investigate the setting in which the training is performed using SGD or
SGLD; and we derive new bounds based on the differential entropy of Gaussian mixture distributions.
This entropy depends on the gradient difference for the training and test datasets, the noise power, the
learning rate, and the uncertainty of the index of the training dataset within the super-dataset.

!"The authors of [43] do not evaluate the performance of variants of CMI such as chained CMI [44]], evaluated
CMI and f-CMI [20l 121} 145]] on their counter-example.

>The counterexample of [47]] has also been addressed by Wang and Mao [48] using a different technique
called “Sample-Conditioned Hypothesis Stability”.



2 Notation and Background

Let Z be some random variable with unknown distribution p and taking values in some alphabet Z. Let
Sn & (Z1,...,2,) € Z™ be a set of n data samples drawn uniformly from the distribution y, i.e.,
Sn ~ Ps, = u®™. In the framework of statistical learning, a (possibly) stochastic learning algorithm
A: Z™ — W takes the training dataset S,, as input and returns a hypothesis W € W C R?. We assume
that A is randomized, in the sense that its output W £ A(S,,) is a random variable distributed according
to Py s, . We denote the distribution induced on (S, W) as Ps, . w = Pyw|s, ® Ps, = Py|s, ® u®".

For a given function £: Z x WW — R, the loss incurred by using a hypothesis w € W for a sample z
is evaluated as ¢(z,w). A statistical learning algorithm seeks to find a hypothesis w whose population
risk R(w) £ Ez.,[0(Z,w)] is minimal. However, since the data distribution z is unknown, direct

computation of the population risk R (w) is not possible. Instead, one resorts to minimizing the empirical
risk R(sn,w) = L3 | £(z;,w) or a regularized version of it. Throughout, if s, is known from the

context, we will use the shorthand notation R, (w) = ﬁ(sn, w).

The generalization error induced by a specific choice of hypothesis w € ¥V and dataset s, is evaluated as
gen(sn, w) £ R(w) — R (w);

and the expected generalization error of the learning algorithm A4 is obtained by taking the expectation
over all possible choices of (s, w), as

gen(:uv A) = EPS,,,.W [gen(Sn7 W)} = ]EPS",W [R(W) - ﬁn(W)}

2.1 Conditional Mutual Information Framework

Let S € 2" % be a super-sample composed of 2n data points Z; ; that are drawn uniformly from
the distribution p, where 5 € {0,1} and ¢ € [n]. Also, let J = (Ji,...,Jn) € {0,1}" be
a vector of n independent Bernoulli(1/2) random variables, all drawn independently from S. Let
S; = {Z1,73,, 22,355+ Zn, s, }. In what follows, S3 plays the role of the training dataset Sy, S \ S3
plays the role of a test or “ghost” dataset S7, and S is a shuffled version of the union of the two. For an
algorithm A : Z™ — W, its CMI with respect to the data distribution y is defined as

CMI(p, A) £ 1(A(S3); JIS).

The CMI captures the information that the output hypothesis of the algorithm A trained on S; provides
about the membership vector J given the super-sample S. Equivalently, the CMI measures the extent to
which the training and test datasets are distinguishable given the shuffled version of the union of the two,
as well as the trained model. In its simplest form, it is shown in [12] that the generalization error of an
algorithm for a bounded loss in the range [0, 1] can be upper-bounded as

gen(n, A) < 1/ ZCMI(, A).

Furthermore, for a Convex-Lipschitz-Bounded (CLB) whose formal definition will follow, the generaliza-
tion error of A was shown in [47] to be upper-bounded as

gen(u, A) < LRy| S CMI(y, A) ()

Definition 1 (SCO Problem). A stochastic convex optimization (SCO) problem is a triple WV, Z, £), where
W € RP is a convex set and £(z,-): W — R is a convex function for every z € Z.

Definition 2 (Convex-Lipschitz-Bounded (CLB)). An SCO problem is called CLB if i) for every w €
W, |lw|| < R, and ii) the loss function is convex and L-Lipschitz, ie., Vz € Z, Ywi,wa €
W: [€(z,w1) — €(z,w2)| < L|jwe — w1]||. We denote this subclass of SCO problems by Cr, g.

3 New CMI-based bounds via stochastic projection and lossy compression

While the CMI-based bounds are known to be generally tighter than the corresponding MI ones and
even tight in some settings [12} [14], they can become vacuous in some cases. This includes the Stochastic
Convex Optimization (SCO) examples constructed in the recent works [43, 46|, which we will discuss in



more detail in Section For these (counter-)examples, it was shown in [43} 46| that CMI-type bounds do
not vanish, so they fail to accurately describe the generalization error. In this section, we show that such
limitations are not inherent to the CMI framework. In fact, by combining stochastic projection with lossy
compression (analogously to [49], which addressed the MI case), we derive new CMI-based bounds that
do not suffer from such limitations. For instance, when applied to the SCO examples of [43]], we show
in Section 4] that our new bounds resolve the limitations of other known CMI-based bounds as identified
therein. These bounds are also shown in the appendices to apply to the analysis of the generalization error
for subspace training algorithms trained with SGD or SGLD.

Our new bounds involve two main ingredients, stochastic projection and lossy compression.

Stochastic projection. Let © € R”*% be arandom matrix with entries distributed according to some joint
distribution Pg, chosen independently of S, In our approach, similar to [49], instead of considering the
hypothesis W € W C R which lies in a D-dimensional space, we consider its projection © T W € R¢
onto a smaller d-dimensional space, with d < D.

Lossy Compression. Let € € R be given. An e-lossy algorithm is a (possibly) stochastic map A: zn
RP* 5 W that maps a pair (Sn, ©) to a compressed hypothesis or model W e W CR? generated
according to some conditional kernel Py, Wis.,0 that satisfies

Eps, wPoPy s, o [gen(Sn7 W) — gen(Sh, @W)} <e

This constraint guarantees that, when projected back onto the original hypothesis space of dimension D,
the compressed model W has an average generalization error which is within at most € from that of the
original model W. In a sense, one works with a compressed model W which lies in a much smaller
dimension space, but with the guarantee that this causes almost no increase in the generalization error. In
effect, the auxiliary projected-back model ©W substitutes the original model W.

The concept of a lossy algorithm, also referred to as a “surrogate” or “compressed” algorithm, was in-
troduced in [37) 151, 152]] and shown therein to be key to obtaining tighter, non-vacuous, generalization
bounds. In this paper, we consider a particular lossy algorithm that involves a suitable stochastic projection
followed by quantization. Specifically, we constrain the general conditional Py, Wis,,e o take the specific

form Py, oy, where W = A(Sy). Formally, one imposes the Markov chain (Sn, ©, W) — oTw-w
or equivalently Py s oy = Pyigrw- In other words, we let A(Sn,©) = A(OT A(Sy)), where
A: R* — W is defined via the Markov kernel PWl@T.A(Sn)'

Our generalization bounds that will follow are expressed in terms of disintegrated CMI, defined as follows.

Leta super sample S and a stochastic projection matrix © be given. The disintegrated CMI of an algorithm
A: — Wis defined as

CMI® (S, A) £ 199 (A(Sy,0);J),
where A(S3,0) = A(©TA(S;)) = W and |§’®(A(§J, ©);J) is the CMI given an instance of S and
©. computed using the joint distribution Py ® Py, 5. ® Py g7y, With Py = Bern(1/2)®™.
The next theorem states our main generalization bound and is proved in Appendix [E]

Theorem 1. Let a learning algorithm A: Z™ — W where W C RP be given. Then, for every € € R,
every d € N, and every projected model quantization set VW C R<, we have

gen(p, A) < inf inf Ep_p, \/WCWG(S,A) +e, )

wieTw Po

where W € W, © € RP*? the infima are over all arbitrary choices of Markov kernel PW‘@TW and
distribution Pg that satisfy the following distortion criterion:

Ere, e Po Py amy |200(Sn, W) = gen(Sn, OW)] < ¢, 3)
and the term ALy (S, ©) is given by
- 1 . .
Aly(S,0) ::EPW\SPW\@TW |:; Zie[n] (Z(ZLO: ow) — é(Zi,la @W))Z] : “

4



Observe that Py, g = Ep, [Py 5, ] Also, if £(-,-) € [0, C] for some non-negative constant C' € R,
then it is easy to see that the term Al (S, ©) is bounded from the above as Al (S, ©) < C2.

The result of Theorem [I] essentially means that the generalization error of the original model is upper
bounded by a term that depends on the CMI of the auxiliary model 474 plus an additional distortion term
that quantifies the generalization gap between the auxiliary and original models. The rationale is that,
although the (worst-case) CMI term still depends on the dimension d after stochastic projection, this di-
mension corresponds to a subspace of the original hypothesis space and can be chosen arbitrarily small in
order to guarantee that the bound vanishes with n. Also, the term in left-hand-side (LHS) of equation
represents the average distortion (measured by the difference of induced generalization errors) between the
original model and the one obtained after projecting back the auxiliary compressed model onto the original
hypothesis space. The analysis of this term may seem non-easy; but as visible from the proof, it is not.
This is because, defined as a difference term, its analysis does not necessitate accounting for statistical de-
pendencies between S and W. Instead, one only needs to account for the effect of the following sources of
randomness: i) the stochastic projection matrix, ii) the quantization noise, and iii) discrepancies between
the empirical measure of S and the true unknown distribution . As shown in the proofs, the analysis of
the distortion term involves the use of classic concentration inequalities. Furthermore, the construction of
W allows us to consider the worst-case bound for the CMI-terms of the RHS of equationwithout losing
the order-wise optimality in certain cases.

We close this section by noting that it is well known that CMI-type bounds can be improved by application
of suitable techniques such as random-subset or individual sample techniques or in order to get fast rates
O(1/n) for small empirical risk regimes, see, e.g., [20, 53| [54]. These same techniques can be applied
straightforwardly to our bound of Theorem([T|to get improved ones. For the sake of brevity, we do not elab-
orate on this here; and we refer the reader to the supplements where a single-datum version of Theorem [I]
is provided.

4 Application to resolving recently raised limitations of classic CMI bounds

Prior works [43] 146] have recently reported carefully constructed counter-example learning problems and
have shown that classic MI-based and CMI-based bounds fail to provide meaningful results when applied
to them. In this section, we show that the careful addition of our stochastic projection along with our lossy
compression resolves those issues, in the sense that the resulting new bound (our Theoremm), which is still
of CMI-type, now yields meaningful results when applied to those counter-examples. In essence, the im-
provement is brought up by: (i) noticing that the aforementioned negative results for standard CMI-based
generalization error bounds rely heavily on that the dimension of the hypothesis space grows fast with
n (over-parameterized regime), e.g., as Q(n4 logn) in the considered counter-examples of [43], which
calls for suitable projection onto a smaller dimension space in which this does not hold, and (ii) properly
accounting for the distortion induced in the generalization error after projection back to the original high
dimensional space.

First, we recall briefly the counterexamples mentioned in [43] and [46]; and, for each of them, we show
how our bound of Theorem [I] applies successfully to it. Recall the definitions of a stochastic convex
optimization (SCO) problem and a Convex-Lipschitz-Bounded (CLB) SCO problem as given, respectively,
in Definition[Iland Definition [l

Definition 3 (¢-learner for SCO). Fix € > 0. For a given SCO problem (W, Z,£), A = {An}n>1 is
called an e-learner algorithm with sample complexity N : R x R — N if the following holds: for every
d € (0,1] and n > N(g,0) we have that for every u € Mi(Z), where M1(Z) denotes the set of
probability measures on Z, with probability at least 1 — § over Sy, ~ u®" and internal randomness of A,

R(An(Sn)) — min R(w) < e. Q)

4.1 Counter-example of Attias et al. [2024] for CLB class

Denote by Bp () the D-dimensional ball of radius v € R..

Definition 4 (Problem instance P ). Let LR € Ry, Z C Bp(1), and W = Bp(R). Define the loss
function £: Z x W — Ras
Le(z,w) = —L{w, 2).

We denote this SCO problem instance as Pc(f?m) . It is easy to see that this optimization problem belongs to
the subclass Cr, r of SCO problems as defined in Deﬁnition@]



For this (counter-) example learning problem, [43] have shown that for every e-learner there exists a
data distribution for which the CMI bound of equation [I] for the optimal sample complexity, which is

(S) ((LE—R)Q) as shown in [50], scales just as ©(LR). For instance, that CMI-bound on the generalization
error does not decay with the size n of the training dataset!

Theorem 2 (CMI-accuracy tradeoff, [43] Theorems 4.1 and 5.2]). Leteo € (0, 1) be a universal constant.
Consider the above defined Pc(f,)z) problem instance with parameters (L, R). Consider any € < €o and for
any algorithm A = {Ap}nen that e-learns P with sample complexity N(-,-). Then, the following
holds: i. For every § < &, n > N(g,8), and D = Q (n* log(n)),ﬂ there exists a set Z C Bp(1)
and a data distribution n € M1 (Z), denoted as pip~, such that CMI(u, An) = Q ((LE—R)Z) ii. In

particular, considering the optimal sample complexity N(g,0) = © (LZ§2), the CMI generalization

bound ofequationequals LR\/8CMI(u, An)/N(g,8) = O(LR).

For this example, it was further shown [43l Corollary 5.6] that application of the individual sample tech-
nique of [55/156] (which is traditionally used to avoid the unbounded-ness issue as instance of so called
randomized-subset techniques wherein the linearity of the expectation operator is used to obtain an average
bound for the loss on randomly chosen subsets of the training set rather than the loss averaged over the full
training set) actually yields the very same bound order-wise; and, thus, it does not resolve the issue for this
counter-example.

Furthermore, as shown in [43] Equation 1], the expectation of the LHS of equation [5|can be bounded as

E[R(An(Sn))] — min R(w) < LRy / w +E {ﬁn(An(sn))— min Ro(w)|. (6

Thus, while the LHS of this inequality is bounded from above by € by assumption, its right-hand side
(RHS) is ©(LR) by Theorem This means that the CMI bound of equationfails to describe well the
excess error of the LHS. In [43], this was even somewhat extrapolated to negatively answer the question
about “whether the excess error decomposition using CMI can accurately capture the worst-case excess
error of optimal algorithms for SCOs”.

The above applies for any e-learner of the problem instance PLE) when 2 = {£1/v/D}P and pp-(2) =
H,?Zl (M#’“p;)for all z = (z1,...,2p), where p* = (p},...,pp) € [-1,1]7.

The next theorem shows that when applied to the aforementioned counter-example, our new CMI-bound
of Theorem [T]does nor suffer from those shortcomings. Also, this holds true for: (i) arbitrary values of the
dimension D € N including n-dependent ones, (ii) arbitrary learning algorithms (including the e-learners

of ’P(Efz) ), (iii) arbitrary choices of Z C Bp(1) and (iv) arbitrary data distributions .

Theorem 3. For every learning algorithm A: Z™ — W of the instance Pc(sz) defined as in Deﬁnition
the generalization bound of Theorem |l|yields
gen(y, A) < %-

In particular, setting N (g,0) = © (LZ§2 ) for e-learner algorithms we get

gen(p, A) = O (e).

The proof of Theorem[3]is deferred to Appendix [F2}

Some remarks are in order. First, while when applied to the studied counter-example the CMI bound
of equation |1] yields a bound of the order ©(LR), i.e., one that does not decay with n, our new CMI-
based bound of Theoremyields one that decays with n as O(LR/+/n). Second, when specialized to the

3The arXiv version of [43] requires a smaller increase of D with n; namely, D = € (n2 log(n)).
Here, we consider values of D that are mentioned in the published PMLR version of the document, i.e.,
D = Q (n"log(n)); but the approach and results that will follow also hold for D = € (n”log(n)).

“In the construction of [43]], by changing n, the data distribution changes, but, for better readability, we drop
such dependence in the notation.



case of e-learner algorithms and considering the sample complexity © ((%)2) , we get a bound on the

generalization error of the order O (g). Using this bound, we can write

we

Epg, w [R(An(Sn))] — min R(w) <O (¢) +Epg, {ﬁn(An(Sn))— min ﬁn(w)] )

Contrasting with equation [6] and noticing that if the second term of the summation of the RHS of equa-
tion (optimization error) is small then both sides of equation [7|are O(e), it is clear that now the excess
error decomposition using our new CMI-based bound can accurately capture the worst-case excess error.
Third, as it can be seen from the proof, stochastic projection onto a one-dimensional space, i.e., d = 1,
is sufficient to get the result of Theorem [3] In essence, this is the main reason why, in sharp contrast
with projection- and lossy-compression-free CMI-bounds, ours of Theorem [T| does nor become vacuous.
That is, one can reduce the effective dimension of the model for the studied example even if the original
dimension D is allowed to grow with n as Q(n4 log(n)) as judiciously chosen in[43] for the purpose of
making classic CMI-based bounds fail. Furthermore, it is worth noting that, for this problem, the pro-
jection is performed using the famous Johnson-Lindenstrauss [57] dimension reduction algorithm. Since
this dimension reduction technique is “lossy”, controlling the induced distortion is critical. To do so,
we introduce an additional lossy compression step by adding independent noise in the lower-dimensional
space. This approach is reminiscent of lossy source coding and allows to obtain possibly tighter bounds
on the quantized, projected model. Finally, we mention that for bigger class problem instances or for the
memorization problem of Section[] projection onto one-dimensional spaces may not be enough to get the
desired order O(LR/+/n). In Appendix [B] it will be shown that for generalized linear stochastic opti-
mization problems, one may need d = ©(y/n). Similarly, in Section |5{and Appendix projections with
d=n?""1,r < 1andd= ©(logn) are used.

4.2 Counter-example of Attias et al. [2024] for CSL class

The question of whether classic CMI-bounds and individual-sample versions thereof may still fail if one
considers more structured subclasses of SCO problems was raised (and answered positively!) in Attias et
al. [43]]. For convenience, we recall the following two definitions.

Definition 5 (Convex set-Strongly Convex-Lipschitz (CSL)). An SCO problem is called CSL if i) the
loss function is L-Lipschitz, and ii) the loss function is A-strongly convex, ie., Vz € Z, Ywi,wa €
W:l(z,w2) > U(z,w1) + (Ol(z,w1), w2 —w1) + %ng — w1 ||%, where 80(z,w1) is the subgradient
of U(z, ) at wy. We denote this subclass by Cy, ».

Definition 6 (Problem instance PS(CDU)QC). Let \,R € Ry, Z C Bp(1), and W = Bp(R). Define the loss

Sunction £: Z x W — Ras lsc(z,w) = —Lc{w, z) + %Hw”2 We denote this SCO problem as P,
which belongs to Cr, x, with L = L. + AR.

Setting \ = L. = R = 1, D = Q(n*log(n)), § = O(1/n?), Z = {£1/v/D}” and for a particular
data distribution that is carefully chosen therein (not reproduced here for brevity), [43, Theorem 4.2] states
that for any learning algorithm that e-learns the problem instance ngu)m,

CMI(g, Ay) = © (g)

Moreover, the application of the individual-sample technique does not result in better decay of the bound
order-wise [43, Corollary 5.7].

Noticing that (i) the loss £sc(z,w) = —Lc(w, 2) + %Hw”2 considered in Deﬁnition@differs from that
lse(z,w) = —L(w, z) of Definition 4 essentially through the added squared magnitude of the model and
(ii) that addition does not alter the generalization error of a given learning algorithm, then it is easy to see

that Theorem also applies for the problem ng)z at hand; and, in this case, it gives a bound of the order
O(1/+/n). This is stated in the next proposition, which is proved in Appendix

Proposition 1. For every learning algorithm A: Z™ — W of the instance Péﬁ)m defined as in Deﬁnitionla
the generalization bound of Theorem([I]yields
8L.R

vn o
In particular, choosing L = R = A = 1 and setting N (g, 0) = < for some non-negative constant c € R
for the ERM algorithm (which is an -learner — see, e.g., [50\ Theorem 6]), one gets gen(p, A) = O (1/2).

gen(u, A) <



4.3 Counter-example of Livni [2023]

The counter-example of [46] is the same as the problem instance of Definition E} with the one difference
that the loss function is taken to be the squared distance instead of the inner product, i.e., {(z,w) =
—L |jw — z||?, for some non-negative constant I, € R.y. Livni [46] has shown that the MI bound of [11]
(which is a single-datum bound) fails and becomes vacuous when evaluated for this particular learning
problem. However, since £(z,w) = —L ||z||* — L ||w||* 4+ 2L(w, z) and noticing that the squared norm
terms do not alter the generalization error relative to when computed for a loss function given by only
the inner-product term, it follows that Theorem [3| still applies and gives a bound of the order O(1/1/n)
for this problem instance. In addition, for the optimal sample complexity, the bound is O(e). In essence,
this means that unlike the MI bound of [11]], our new CMI-based bound of Theorem [1| does not become
vacuous when applied to the problem at hand.

In Appendix [B} we apply the bound of Theorem [I] to a wider family of generalized linear stochastic
optimization problems. In particular, we show that no counter-example could be found for which the
bound of Theorem[T|does not vanish, even if one considers the bigger class of generalized linear stochastic
optimization problems in place of the SCO class problems of [43]].

5 Memorization

Loosely speaking, a learning algorithm is said to “memorize” if by only observing its output model, an
adversary can correctly guess elements of the training data among a given super-sample. For the CLB and
CSL subclasses of problems studied in Section[d} Attias et al. [43] showed that there are problem instances
for which, for any e-learner algorithm, there exists a data distribution under which the learning algorithm
“memorizes” most of the training data. This is obtained by designing an adversary capable of identifying
a significant fraction of the training samples.

In this section, we show that given a learning algorithm .4 that memorizes the training samples, one can
find (via stochastic projection and lossy compression) an alternate learning algorithm A with comparable
generalization error and that does not memorize the training data.

Definition 7 (Recall Game [43] Definition 4.3]). Given A = {An}p>1, let Q: RP x Z x M1(Z) =
{0, 1} be an adversary for the following game. For i € [n], given a fresh data point Z. ~ p independent
of (Z;,W), let Z; 1 = Z; and Z; o = Z;. Then, the adversary is given Z; k,, where K; ~ Bern(1/2) is
independent of other random variables. The adversary declares K2 O(W, Z; k,, ) as its guess of K;.

The game consists of n rounds. At each round ¢ € [n], a pair (Z;,0, Z;,1) is considered and the adversary
makes two independent guesses: one for the sample Z; o, the other for Z; 1.

Definition 8 (Soundness and recall [43] Definition 4.4]). Consider the setup of Definition[]] Assume that
the adversary plays the game in n rounds. For every round i € [n], the adversary plays two times, in-
dependently of each other, using respectively (W, Z; o, ) and (W, Z; 1, ) as input. Then, for a given
& € [0,1], the adversary is said to be &-sound if P (3 i € [n]: Q(W, Z; 0, 1) = 1) < &. Also, the adver-
sary certifies the recall of m samples with probability q € [0, 1] if P (Zie[n] OW, Ziq1,p) > m) >q.

If both conditions are met, we say that the adversary (m, q, §)-traces the data.

Clearly, the concept of (m, ¢, £)-tracing the data by an adversary is most interesting for values of (m, g, £)
that are such that: £ is small (i.e., the adversary makes accurate predictions), m is large and ¢ is non-
negligible (i.e., the adversary can recall a significant part of the training data). As Lemma [I] which is
stated in Appendix asserts, certain values of (m, g, ) can be attained even by a “dummy” adversary
that makes guesses without even looking at the given data sample.

For the problem instance ngDz) , Attias et al. [43] have shown that, for every e-learner algorithm, there exist
a distribution and an adversary that is capable of identifying a significant portion of the training data.

Theorem 4 ([43, Theorem 4.5]). Consider the Pc(fa;) problem instance of Deﬁnitionwith L=R=1.
Fix arbitrary ¢ € (0,1] and let Z = {+1/v/D}P. Let eo € (0,1) be a universal constant. Let ¢ > 0
such that € < €9, 6 < e. Then, given any e-learner algorithm A with sample complexity N(g,d) =
O(log(1/68)/e?), there exist a data distribution pi,- and an adversary such that for n = N(g,8) and
D = Q(n*log(n/€)), the adversary (Q(1/52)7 1/3,€)-traces the data.

>The memorization problem has also been studied in [58] via some examples in which the data distribution
1 is not fixed and comes from a meta-distribution, i.e. p ~ P,,. Instead of using the recall game, [58] measured
the amount of memorization by I(.S; W|pu).



A key implication of Theorem [4|is that, for some fixed ¢ > 0, the result holds even when ¢ € (0,1] is
arbitrarily small and m = Q(n) (by choosing € = O(1/+/n)). In other words, for the considered class
of problems P... with data drawn from g+, the constructed adversary can provably trace an arbitrarily
large part of the training dataset.

We show that the stochastic projection and lossy compression techniques used in the CMI framework can
partially mitigate this memorization issue, in a sense that will be made precise in Theorem|[8] To this end,
we first establish a general result on memorization.

Theorem 5. Consider any learning algorithm A = {An}n>1 such that CMI(p, An) = o(n). Then, for
any adversary for this learning algorithm that (m, q, §)-traces the data, the following holds: i) m = o(n)
or & > q, ii) if, for some o € (0,1) and no € N*, m > an for every n > ng, then for any € € (0, «) it

holds that: IP’( >iem) QW Zio, p) = m') > (o — €)g, wherem = (m)n —o(n) = Q(n).

Theorem [5} whose proof is provided in Appendix applies to any learning problems. In particular, it
is not limited to ’PCW or the CLB subclass. The argument relies on Fano’s inequality for approximate
recovery [59, Theorem 2]. We construct a suitable estimator of the index set J based on the adversary’s

guesses, and we show that if this estimator can correctly recover a fraction ¢ > % of the membership
indices J, then CMI(u, Ay,) = ©(n).

Theorem i) means that if the CMI of a learning algorithm is of order o(n), then any adversary that recalls a
non-negligible fraction of the training dataset with some probability g (i.e., , m = ©(n)) is g-sound at best.
This means that, in this regime, no adversary can do better than a dummy one that makes random guesses
independently of the data (See Lemma([T]in Appendix for what is attainable by a dummy adversary).
Theorem ii) means that if an adversary recalls {2(n) training samples with some probability, then it must
also incorrectly guess the membership of £2(n) test samples with some non-negligible probability.

Next, we use the result of Theorem |5 I for PS5 to show that while the output model W of any e-learner
algorithm must memorize a significant fraction of the data (for some distribution) as asserted in Theorem[4]
the auxiliary model ©W (which is obtained through suitable stochastic projection and lossy compression),
achieves comparable generalization error without memorizing the data!

Theorem 6. Consider the Pc(m;) problem instance of Definition 4 I with L = R = 1. For everyr > Q,
every Z C Bp(1) and every learning algorlthm A: 2™ — RP| there exists another (compressed)
algorithm A*: 2" — RP, defined as A*(Sy,) £ ©A(OT A(S,)) = OW, where the projection matrix
© € RP*4, d = 500rlog(n), is distributed according to some distribution Pe independent of (Sy, W),
such that for any data distribution p, the following conditions are met simultaneously:

i) the generalization error of the auxiliary model ow satisfies

[Bre, o papy r [200(S0, W) = gen(Sn,0W)]| = 0 (n77) @®)

ii) if there exists an adversary that by having access to both © and W (and hence OW) (m,q,&)-
traces the data, then it must be that: a) m = o(n) or £ > q, and b) if, for some o € (0,1)
and no € N*, m > an for every n > no, then for any ¢ € (0,«) it holds that:

]P)(Zie[n] Q(OW, Zio, 1) > m’) > (o — €)q, where m’ = (W_ﬁ)n —o(n) = Q(n).

Theorem [ proved in Appendix [G.2] holds for © being stochastic and shared with the adversary. In
essence, it asserts that for any algorithm 4(S) = W, one can construct a suitable projected-quantized
model ./Zl(S7 0) = W from which no adversary would be able to trace the data, for any data distribution
w. It is appealing to contrast this result with that of [43, Theorem 4.5] on the necessity of memorization.
Consider the SCO instance problem with O(1) convex-Lipschitz loss defined over the ball of radius one
in R considered in [43, Theorem 4.5] and let an e-learner algorithm .4 with output model W and sample
complexity N (g,8) = O(log(1/8)/e?) with D = Q(n* log(n/€)) be given. The result of [43, Theorem
4.5] states that there exists a data distribution for which the algorithm A must memorize a big fraction
of the training data. Applied to this particular instance problem, Theorem [6] asserts that if a random
O is chosen and shared with the adversary then the auxiliary model OW has the following guarantees:
(1) for any data distribution, no adversary can trace the data, and (ii) on average over © the associated
generalization error is arbitrarily close to that of the original model W. At first glance, this may seem
to contradict the necessity of memorization stated in [43, Theorem 4.5]. It is important to note, however,



that the auxiliary algorithmA does not satisfy the conditions required in [43, Theorem 4.5]; and, so, the
latter does not apply to ©W. In particular, while [43| Theorem 4.5] requires the model to be bounded,

in our construction for every w we have E;, o [@W} ~wbutEy o [H@W”Q} increases roughly as %

(see Lemmain Appendix [C.4.1)). As discussed after Lemma this causes Ey;; o [”@W”Q} to grow as

Q(n®) when D = Q(n* log(n/€)). i.e., it becomes arbitrarily large as n increases. Intuitively, this is what
prevents an adversary from guessing correctly whether a sample has (or not) been used for training, and
which makes some key proof steps of Attias et al. fail when applied to the auxiliary model OW. These
steps are discussed in detail in Appendix[C.4.2]

A somewhat weaker version of Theorem [6] which is stated in Theorem [§]in Appendix [C.2] holds for the
projection matrix © being deterministic. In a sense, it provides a stronger guarantee on the generalization
error of the auxiliary model, in that the closeness to the performance of the original model holds now for
the given © and not only in average over © as in Theorem[6] However, this comes at the expense of the
auxiliary algorithm being dependent on the data distribution. A consequence of this is that the result does
not preclude the existence of other distributions for which there would exist adversaries capable of tracing
the data. Moreover, in Theorem [9]in Appendix [C.3] we show that a similar result holds if one considers
the closeness in terms of the population risk, instead of the generalization error.

Summarizing, neither of the results of Theorem E] and Theorem 8| contradict those of [43]. In essence,
they assert that for any learning algorithm .A one can find an alternate auxiliary algorithm via stochastic
projection combined with lossy compression for which no adversary would be able to trace the data; and,
yet, the found auxiliary algorithm has generalization error that is arbitrarily close to that of the original
model. Appendix [C.3]extends this closeness to the population risk.

6 Implications and Concluding Remarks

Sample-compression schemes

Formally, a learning algorithm is a sample compression scheme of size k£ € N if there exists a pair of
mappings (¢, 1) such that for all samples S = (Z1,...,Zn) of size n > k, the map ¢ compresses
the sample into a length-k sequence which the map ¢ uses to reconstruct the output of the algorithm,
ie., A(S) = ¥(4(S)). Steinke and Zakynthinou [[12] establish that if an algorithm A,, is a sample-
compression scheme (¢, 1) of size k, then it must be that the associated CMI is bounded from above as
CMI(A,,) < klog(2n). The finding of [43] that, for certain SCO problem instances, every e-learner algo-
rithm must have CMI that blows up with n (faster than n) was used therein to refute the existence of such
sample-compression schemes for the studied SCO problems. The results of this paper may constitute a path
to obtaining such schemes when the definition is extended to involve approximate reconstruction (in terms
of induced generalization error) instead of the strict Ay, (-) = 1(¢(+)) of Littlesone and Warmuth [60].

Fingerprinting codes and privacy attacks

In [61], the authors study the problem of designing privacy attacks on mean estimators that expose a
fraction of the training data. They show that a well-designed adversary can guess membership of the
training samples from the output of every algorithm that estimates mean with high precision. Our results
suggest that stochastic projection and lossy compression might be useful to construct differentially private
codes that prevent such fingerprinting type attacks. For instance, while noise would naturally be one
constituent of the recipe in this context, its injection in a suitable smaller subspace of the summary statistics
might be the key enabler of privacy guarantees in such contexts.

Concluding remarks

In this work, we revisit recent limitations identified in conditional mutual information-based generalization
bounds. By incorporating stochastic projections and lossy compression mechanisms into the CMI frame-
work, we derive bounds that remain informative in stochastic convex optimization, thereby offering a new
perspective on the results in [43}46]. Our approach also provides a constructive resolution to the memo-
rization phenomenon described in [43]], by showing that for any algorithm and data distribution, one can
construct an alternative model that does not trace training data while achieving comparable generalization.

Like prior work on information-theoretic bounds, our analysis applies to stochastic convex optimization. A
natural, open question is whether and how these results can be extended to more general learning settings.
Another key direction is to translate our theoretical findings into actionable design principles for learning
algorithms with controlled generalization and compressibility.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: We proved several theoretical results showing the effectiveness of the projection
and quantization technique and discussed it in detail. In particular, we showed how this can be
used to resolve the recently raised concerns on the information-theoretic bounds.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made in
the paper.

* The abstract and/or introduction should clearly state the claims made, including the contri-
butions made in the paper and important assumptions and limitations. A No or NA answer
to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much
the results can be expected to generalize to other settings.

* Itis fine to include aspirational goals as motivation as long as it is clear that these goals are
not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We clearly stated the problem instances and classes for which we demonstrated that
this approach results in good generalization bounds. We also stated all assumptions needed for
each result.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to vi-
olations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low
or images are taken in low lighting. Or a speech-to-text system might not be used reliably
to provide closed captions for online lectures because it fails to handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and
how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

e While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover lim-
itations that aren’t acknowledged in the paper. The authors should use their best judgment
and recognize that individual actions in favor of transparency play an important role in de-
veloping norms that preserve the integrity of the community. Reviewers will be specifically
instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

Justification: In this paper, we stated all results rigorously, along with the assumptions used and
detailed proofs in the supplements. The proofs are rigorous with enough details provided for the
reader to follow.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main exper-
imental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: Our work is a theoretical paper with rigorously proven claims, and does not involve
any experiment.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether the
code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be nec-
essary to either make it possible for others to replicate the model with the same dataset, or
provide access to the model. In general. releasing code and data is often one good way
to accomplish this, but reproducibility can also be provided via detailed instructions for
how to replicate the results, access to a hosted model (e.g., in the case of a large language
model), releasing of a model checkpoint, or other means that are appropriate to the research
performed.

* While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of
the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the case
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of closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [NA]
Justification: Our work does not involve any experiment.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be pos-
sible, so “No” is an acceptable answer. Papers cannot be rejected simply for not including
code, unless this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new pro-
posed method and baselines. If only a subset of experiments are reproducible, they should
state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions
(if applicable).
* Providing as much information as possible in supplemental material (appended to the paper)
is recommended, but including URLs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparame-
ters, how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [NA]
Justification: Our work does not involve any experiment.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that
is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental ma-
terial.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: Our work does not involve any experiment.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ”Yes” if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for ex-
ample, train/test split, initialization, random drawing of some parameter, or overall run with
given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula, call to
a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the exper-
iments?

Answer: [NA]
Justification:Our work does not involve any experiment.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual exper-
imental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make
it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Our work is a theoretical paper on learning theory and does not violate any code of
ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a devi-
ation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration
due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]

Justification: Our work is a theoretical paper on learning theory and does not have any direct
negative societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact
or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), pri-
vacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a generic
algorithm for optimizing neural networks could enable people to train models that generate
Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional or
unintentional) misuse of the technology.

 If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mecha-
nisms for monitoring misuse, mechanisms to monitor how a system learns from feedback
over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release
of data or models that have a high risk for misuse (e.g., pretrained language models, image
generators, or scraped datasets)?

Answer: [NA]
Justification: Our work does not involve any experiment.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with nec-
essary safeguards to allow for controlled use of the model, for example by requiring that
users adhere to usage guidelines or restrictions to access the model or implementing safety
filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith effort.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [NA]
Justification: Our work does not involve any experiment.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service
of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

19


paperswithcode.com/datasets

13.

14.

15.

16.

* If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our work does not involve any experiment or any new asset.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset
is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]
Justification: Our work is a theoretical paper on learning theory.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribution
of the paper involves human subjects, then as much detail as possible should be included in
the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.
Institutional review board (IRB) approvals or equivalent for research with human subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA]
Justification: Our work does not involve crowd sourcing nor any research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you should
clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines
for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LL.M usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or non-
standard component of the core methods in this research? Note that if the LLM is used only
for writing, editing, or formatting purposes and does not impact the core methodology, scientific
rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We have not used LLMs for this work.
Guidelines:

* The answer NA means that the core method development in this research does not involve
LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for
what should or should not be described.
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Appendices

The appendices are organized as follows:

* In Appendix[A] we present some extensions of Theorem[T] that are used in the subsequent sections.

* The results of Section [f] have been extended to a wider family of generalized linear stochastic opti-
mization problems in Appendix

* Further results on memorization are presented in Appendix [C] In particular

- In Appendix we discuss what values of (m, ¢, £) can be achieved by a “dummy adversary”.

- In Appendix[C.2] we consider the case where the projection matrix © is fixed and shared with the
adversary.

- In Appendix [C3] we discuss how to provide guarantees on the closeness in terms of the popula-
tion risk between the projected-quantized model to the original model.

— In Appendix @ we provide technical lemmas used in the main text on reconciliation of our
results with those of [43].

* The generalization error of subspace training algorithms is investigated in Appendix[D] In particular, in
Appendix D] we develop generalization bounds for the case where iterative optimization algorithms
such as SGD and SGLD are used for the optimization of the subspace training algorithms.

* The proof of Theorem [I]is presented in Appendix [E]

* In Appendix[F] we present the proofs of the results presented in Sectiond|and Appendix[BJregarding the
applications of Theorem |I|to resolving recently raised limitations of classic CMI bounds. In particular,

— a general Johnson-Lindenstrauss projection scheme JL(d, ¢y, v) is introduced in Appendix
which is used in the following subsections, with different choices of (d, cw, V),
— Theorem3]is proved in Appendix [F2]
— Proposition[]is proved in Appendix [F3]
— Theorem[7]is proved in Appendix [F4]
- and Lemma[d]is proved in Appendix [F.3]
« Appendix [G] contains the proofs of the results in Section [5]and Appendix [C] about the memorization.
More precisely,
— Theoremd]is proved in Appendix [G.1}
— Theorem [6]is proved in Appendix[G.2}
- Lemmal[I]is proved in Appendix [G.3]
— Theorem|§]is proved in Appendix [G.4}
— Theorem[J]is proved in Appendix [G.3}
- Lemma[2)is proved in Appendix [G.6]
- and Lemmal[j]is proved in Appendix[G.7]
* Lastly, Appendix [H] contains the proofs of the results of Appendix [D]on the generalization error of
subspace training algorithms when trained using SGD or SGLD. More precisely,
- Lemma3]is proved in Appendix [H:T]
— Theorem[I0]is proved in Appendix [H.2]

— Theorem|[13]is proved in Appendix [H.3]
- and Lemmal@)is proved Appendix [H4]

A Extensions of Theorem 1]

As mentioned in Section [3] Theorem [T] can be improved in several ways, similar to those proposed in
[20L 1531 154]. Here, we state only the single-datum version of Theorem m which is used in Appendix
followed by a remark about extending Theorem [I] and its corollary to more general lossy compression
algorithms. Denote

1>

Joi =Ty, S—i = Stz = S\ {Zi0,Zi1}.
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Corollary 1. Consider the setup of Theoremm Then,

gen(u, A) < inf inf = Z Ep, o {\/QA&M (S,0)CMIP (S A)} + e, )

PW\OTW Pon i)

and

gen(u, A) < inf inf = Z Ep,pop; {\/QA&M(S,@)CMI?M(S,A)} +e, (10

ParjeTw Po T jc [n]

where the infima are over Py, WieTw and Pg that satisfy the distortion criterion

Ere, e PoPyary |260(Sn, W) = gen(Sn, )] <, (1
and where
CMIZ(S, A) 2159 (A(S;,0); 7)),
CMIS;_, (8, A) 215729 (A(85,0); i) |
Aly(S,0) 2 ((UZio, 0W) — 0(Z13,0W))°] .

PW\§PW\(—)TW

To derive inequality [J] first note that by equation[TT} it is sufficient to show that

gen(u, A) < inf inf = Z Ep, pe [\/QA&“ (S,0)CMIS (S, A)}

PvieTw Po M for

Next, using the linearity of the expectation, we can write

1

Elgen(Sn, W) =— 3 Elgen({Z:},W)]
zE[n]
n Z - []Ezi,w[gen({Zi},W)]] : (12)
1€[n

Then applying Theoremfor each of the terms E ;13 [gen({Z;}, W)] yields equationEl
The inequality [I0]can be achieved similarly, by considering

Elgen(Sn, W) == 3" Bg_ 5, [E;, wleen((Z:}, )]

i€[n)
instead of equation[I2]

The results of Theorem [T and, consequently, Corollary [I] are valid for a broader class of learning algo-
rithms, A, and lossy compression algorithms, A, as discussed in the remark below and shown in the proof
of Theorem|T]in Appendix [E

Remark 1. As shown in Appendix|[E] the bounds of Theorem[I]and consequently Corollary[I| hold if the
learning algorithm A is aware of the projection matrix ©, i.e., if A: Z™ X RPX4 5 W rakes both the
dataset S and the projection matrix © as input in order to learn the model W. Moreover, the results of
Theorem || and Corollary|l| are valid if the quantization step can also depend on S, © and A(S,©). In
this general case, W = A(S,0) = A(0©, S, A(S,©)) = W. This setting trivially includes the case in
which A: Z" — W and the quantization depends only on @T.A(S, ©). For the ease of the exposition,
we found it better not to state the result in its most general form.

B Generalized linear stochastic optimization problems

In this section, we show that our bound of Theorem [T] can be applied successfully to get useful bounds
on the generalization error of a family of generalized linear stochastic optimization problems that is wider
than the ones considered previously in related prior art.
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Definition 9 (Generalized linear stochastic optimization). Let L, B, R € R4 and W = Bp(R). Define
the loss function £g;: Z x W — R as

Loi(z,w) = g ({w, ¢(2)) , 2) + r(w),
where g: R x Z — R is L-Lipschitz with respect to the first argument, ¢: Z — Bp(B) andr: W — R

. . . . (D)
is some arbitrary function. Denote this problem as Pglso.

This class of problems is larger than the one considered in [S0]]. For instance, while the results of [50]
require the L-Lipschitz function g(-, -) and the function 7(-) to be both convex to hold, our next theorem
applies to arbitrary L-Lipschitz functions g(-, -) and arbitrary functions r(-).

(D)

olso defined in

Theorem 7.  For every learning algorithm A: Z" — W of the instance problem P
Definition[9) the generalization bound of Theorem ] yields

)

The proof, stated in Appendix [F-4] is based on Theorem [I] In order to find a proper stochastic projec-
tion and quantization, we use the Johnson-Lindenstrauss (JL) dimensional reduction transformation in a
space of dimension d. Then, we apply lossy compression to the projected model. Thanks to the com-
bined projection-quantization, the disintegrated CMI can be bounded easily in the d-dimensional space.
However, there are two main caveats to using the JL Lemma directly. First, one needs to bound the
term Al (S, ©) (see equation . This is particularly difficult since the JL Lemma does not guarantee
distance preservation in the original space of dimension D after projecting back the quantized model.
Second, bounding the distortion term is less easy than in Theorem [3] since using the Lipschitz prop-
erty requires bounding the absolute value of the difference between inner products of the original and
projected-quantized models. In essence, this is the reason why, by opposition to JL transformation for
which it suffices to take d = log(n), here one needs a higher-dimensional projection space comparatively,

with d = /n.

Theorem [7] shows that no counter-example could be found for which the bound of Theorem [T] does not
vanish, even if one considers the bigger class of generalized linear stochastic optimization problems of
Definition E] in place of the SCO class problems of [43]. The convergence rate O(1/+/n) of Theorem
is, however, not optimal. A better rate, O(1/+/n), seems to be achievable using Rademacher analysis and
Talagrand’s contraction lemma [62]. Using a more refined analysis, the same rate might be possible to
achieve using our Theorem [I] More precisely, in the part of the current proof of Theorem [7] that analyses
the distortion term, we do not account for the discrepancy between the empirical measure of S and the true
distribution p; and, instead, we consider a worst-case scenario. A finer analysis that takes such discrepancy
into account should lead to a sharper expected concentration bound for the distortion term, and, so, a better
rate.

een(.4) =0 (

C Further results on memorization

In this section, we provide further results on memorization. In Appendix [C.I] we show that even a
“dummy” adversary can trace the data for some values of (m, g, &). In Appendix we study the case
where the projection matrix © is deterministic. In Appendix[C.3] we provide another variant of Theorem[g]
in which we can guarantee the closeness of the projected-quantized model to the original model in terms
of population risk (instead of the generalization error considered in Theorem|8). Finally, in Appendix[C4]
we present some technical lemmas used in the discussions of Section 5] on the relation of our results with
those established in [43].

C.1 Dummy adversary

In this section, we show that certain values of (m, g, £) are attainable by a “dummy” adversary who makes
guesses without even looking at the given data sample.

Lemma 1. Given a learning algorithm Ay, : Z™ — W, there exists an adversary that (m, q, §)-traces the
data for some m € [0,n] and q,& € [0, 1] if one of the following conditions holds: i) £ > q, or ii) there

existsan o € [0,1 — & N[0, 1) such that /1 — ﬁ + \/i log (m) + 2 <L
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This lemma, proved in Appendix implies in particular that even a dummy adversary can (m, g, £)-
trace the data in several cases: when £ is small, when q is large, or when £ is small and ¢ is large, provided
that m = o(n).

C.2 Deterministic projection

In this section, we show that in Theorem [6} one can allow © to be deterministic. However, this comes at
the cost of being specific to a given data distribution.

Theorem 8. Consider the Pc(ll,:;) problem instance ofDeﬁnitionwith L =R=1. Foreveryr < 1, every

Z C Bp(1), every data distribution 1, and every learning algorithm A, there exist a projection matrix
© € RP*Ywithd = [n?"~1], a Markov Kernel Py o7y and a compression algorithm Ag : 2™ — R,

defined as A% (Sn) 2 A(©T A(S,)) = W, such that the following conditions are met simultaneously:
i) the generalization error of the auxiliary model ow satisfies
EPs, wPy omw [gen(Sn, W) — gen (S, @W)} ‘ =0 (nir) , (13)
where the expectation is taken over (Sy, W, W) ~ Ps, . w Py o7 w-

ii) if there exists an adversary that by having access to both © and W (and hence @W) (m,q,&)-
traces the data, then it must be that: a) m = o(n) or & > q, and b) if, for some a € (0,1)
and no € N*, m > an for every n > no, then for any ¢ € (0,«) it holds that:

]P)(Zie[n] Q(@W, Zi0,t) > m’) > (o — €)q, where m' = (m)n —o(n) = Q(n).

As shown in the proof in Appendix [G.4] the constraint on the difference generalization error can be re-
placed with one with a faster decay with n, namely

Epg, wp [gen(Sn, W) — gen(Sy, @W)} -0 <nﬂ~)

wieTw

for some 7 € [R] and d = 5007 log(n). Also, if n = N (e, §), then m, m’ = Q (1/e?), which means that
any adversary who (m, ¢, £)-traces the training data is deemed to misclassify any arbitrary big part of the
test samples.

For the proof of Theorem [8] we first apply the projection-quantization approach of Theorem [3] Then,
for a proper O that satisfies the distortion criterion of equation |13| and for which the CMI is o(n) we
apply Theorem @ Note two important differences with Theorem El First, because one now deals with
absolute value of the average difference of generalization errors one also needs to lower bound the average
distortion. Also, for » > 1/2 a faster convergence rate of O(n~") is required. This renders the analysis
trickier and requires projection on a space of dimension n>" .

C.3 Guarantees on the population risk
In this section, we demonstrate that the closeness guarantee of the projected-quantized model and the
original model can also be provided in terms of population risk.

Theorem 9. Consider the PC(U%) problem instance of Deﬁnitionwith L=R=1. Foreveryr <1/2, ev-
ery Z C Bp(1), every data distribution i, and every learning algorithm A, there exist a projection matrix
© € RPX4 with d = [n*"], a Markov Kernel Py | o7y and a compression algorithm AS: 2™ — RY,

defined as A% (Sn) 2 A(©T A(S,)) = W, such that the following conditions are met simultaneously:
i) the generalization error of the auxiliary model ow satisfies
[Epe, by [EOV) = LOW)][ = O (n77)
where the expectation is taken over (Sp, W, W) ~ PSn,WPW\@TW~

i) if there exists an adversary that by having access to both © and w (and hence @W) (m,q,&)-
traces the data, then it must be that: a) Either m = o(n) or §& > ¢, and b) if m = Q(n)
then there exists m' = Q(n) and q' € (0, 1] such that for sufficiently large n, it holds that

P (Zie[n] QOW, Zio, 1) > m’) >q.
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This result is proved in Appendix[G.5] Furthermore, similarly to Theorem[8] the constraint on the differ-
ence of population risks can be replaced with one with a faster decay with n, namely

EPSanpW\(—)TW

[ﬁ(W) - E(@W)} -0 (n*’“) : (14)
for some r € [R] and d = 5007 log(n).

C.4 Reconciliation with results of Attias et al. 2024

In this section, we provide the technical lemma showing that the norm two of the projected-quantized
model, used in our results, is unbounded. Furthermore, we discuss in detail the steps of the proofs in [43]
where this bounded assumption is needed.

C.4.1 Uboundedness of the norm two of the projected-quantized model

In this section, for the projected-quantized algorithm OW, used in Theorem and Theorem E], we show

.12
that Bz, o [H@WH ] blows-up with n when D /d grows with n. This lemma is proved in Appendix

Lemma 2. Consider the JL(d, ¢y, V) transformation described in Appendix with some d € NT,
Cw € [1, 5/4), and v € (0, 1]. Then, for every w € W,

- |12 D+d+1 D+d+3)(D+d+5)(d+2 o 1d(e? —1)2
Ee,v, {H@WH } > (T) lJwl|? \/( )( = )( )”w”2€ 0.1d(c? —1)

Dv?
T

Consider ||w|| = 1 and let D = n* log(n/€) as considered in [43, Theorem 4.5]. We note that the notation
d used in [43]] corresponds to the notation D in this paper.

Then, considering the constructions used for Theoremand Theorem@ we have ¢, = 1.1 and v = 0.4.
Moreover, d is chosen either as

d = 500rlog(n),
or
d=n>"1 r<li.

Using Lemma[2] with these choices give

Eo.v, [H@W

2} :Q(n4).

Ee.v, [H@W‘f] =Q (n472r log(n)) =Q (n3 log(n)) ,

and

T
respectively. Hence, in both cases Eg v, M@WH } grows at least as fast as Q(n?).

C.4.2 Details of needed boundedness assumption in Attias et al.

As discussed before, [43] Theorem 4.1] and [43l Theorem 4.5] require the model to be bounded. However,
as shown in the previous section, this assumption does not hold for the projected-quantized algorithm ©W
when D /d and d grow with n. In this section, we discuss precisely where the bounded model assumption
is necessary in the proofs of the impossibility results of [43]].

* Proof of [43] Theorem 4.1] and recall analysis in the proof of [43] Theorem 4.5], in part, relies
on an established upper bound 2(1/?) on the term E[|Z|], where the set Z is the subset of
columns of supersample such that one of the samples has a large correlation with the output of
the algorithm and the other one has small correlation with the output of the algorithm.
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— To establish this upper bound, in the last inequality of Page 19 of [43], it is assumed that the
norm of the model is bounded. Now, when working with the model © W, the right-hand side
of this inequality needs to be replaced by the D /d-dependent quantity 8€4n2% + 22 =
Q(n®) when D = Q(n*) and d = o(n). This has to be contrasted with the actual bound
8e*n? 4 2¢% when the bounded model’s norm assumption holds. Thus, one important issue
is that, this quantity now being non-negligible, the LHS of (9) can no longer be lower-
bounded by the RHS of the inequality (9).

— Another step, used for establishing the upper bound on E[|Z]], is the step that upper bounds
P (£°) = O(1/n?), for the event £ defined on top of Page 19 of [43]. In this case again,
in the set of equations before equation (12), it is assumed that the norm of the model is
bounded to derive ||A0%| < 1442c*. However, since norm two of ©OW is Q(n?), then
these steps are ot valid and hence the analysis does not give P (£¢) = O(1/n?) anymore.

* Another proof step of [43 Theorem 4.1], used also in the soundness analysis in the proof of [43|
Theorem 4.5], relies on upper bounds for the error event G¢, defined on [43, Page 18] as the
probability that the correlation between the model output and the held-out samples is significant.
These upper bounds, [43, Equations 11] in the proof of [43, Theorem 4.1] and also on [43} 29]
in the soundness analysis in the proof of [43, Theorem 4.5], are based on an application of [43}
Lemma B.8] and by assuming that the norm two of the model is bounded by 1. These steps again
fail if the norm two of the model grows as Q(D/d) = Q(n?).

D Random subspace training algorithms

The generalization bounds of Theorem [I] and Corollary [T] apply to any arbitrary learning algorithm. In
this section, we show how this bound can be applied to random subspace training algorithms. Then, we
consider the case where they are trained using an iterative optimization algorithm.

Let St(d, D) = {© € RP*? . ©T@ = 1,} be the Stiefel manifold, equipped with the uniform distri-
bution Pg. Moreover, for a given © € RP* let Wg 4 £ {w € RP : Ju’ € R? s.t. w = Ouw'}.
Random subspace training algorithms first randomly generate an instance of © according to Pg, which
is kept frozen during training. A random subspace training algorithm AD ;. zn o RPXd We,q is
a learning algorithm that takes the dataset S and the projection matrix © as input, and chooses a model
W € We .4, by choosing a W’ € R,

In other words, .A(d)(S7 ©) = OW’, or alternatively, since e'e=1,WwW = @TA(d)(S, O). Hence,
using Corollary[T]and by noting Remark[I} we can obtain the following result.

Corollary 2. Consider a random subspace training algorithm and a loss function £: Z x RP — [0, C).
Then, for any € € R and the quantization set VV C R?, we have

. C -
gen(,u,A(d))SP inf  Ep,p, gZdzcv\/l@(s,VV) + ¢

w|w’,e,s

i€[n)
and
() . C o 5 -
gen(u, AY) < inf  Epgpep, | = > \/2CMIZy (S, W)| + e, (15)
Py wre.s “ln icln] )

where W € W and the infimum are over all Markov kernels PW\W/, 5.0 that satisfies the following
distortion criterion:

EpsPoPyis 0Py w50 [gen(S, OW’) — gen(S, @W)} <e (16)

This bound is used in the following subsection, when SGD or SGLD are used for random subspace
training. Note that the above bound includes the case of W = W' and € = 0, which results in

the lossless bounds of gen(u,A(d>) < Ep.po [% Zie[n] QCMl?(va’)} and gen(,u,.A(d)) <

EP@P@PJ,i [% Zze[n] \/QCMIEJ,, (S7 Wl)] .

The results presented in the next section are extensions and improvements in some aspects, upon previous
work on bounding the generalization error of SGLD without projection [38},163H67].
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D.1 Generalization bounds for SGD and SGLD Algorithms

In this section, we consider subspace training algorithms that are trained using an iterative optimization al-
gorithm such as mini-batch Stochastic Gradient Descent (SGD) or Stochastic Gradient Langevin dynamics
(SGLD).

Let b € N bet the mini-batch size, and let
Vi £ {it,la cee ,it,b},

be the sample indices chosen at time ¢ € [T, i.e., given S € Z"*2 and J = (J1, ..., Jn), the chosen

indices at time ¢ are Sy, 5 = Sy, j,, = {ZZ-U,J s Ligyds, } Furthermore, denote

SUEEE
~ 1
RV, W) 2 4> L(Ziss W)
i€V
We use also the notation V' £ (V1, ..., Vr) and recall that J_; £ T 141
[(n]\{i}

The considered noisy iterative optimization algorithm consists of the following steps:

* (Initialization) Sample © € R *4 and set the initial model’s parameters to Wy = ©W{, where
W§ € RY.
* (Iterate) For t € [T, apply the update rule

Wi = Proj {W{_y = iV R(Vi, OW{_1) + i | (17)

with 77; > 0 (the learning rate), o+ > 0 (the variance of the Gaussian noise), and ez ~ N (04, Lz)
(the isotropic Gaussian noise). Here, the projection is an optional operator often used to keep the
norm of the model parameters bounded.

* (Output) Return the final hypothesis Wr = OWi.

Note that here, we train on a subspace of dimension d < D defined by © (randomly picked at initialization
and fixed during training). Note also that when oy = 0 for all ¢ € [T, this algorithm reduces to the mini-
batch SGD (with projection).

D.1.1 Mutual information of a mixture of two Gaussians and the component
To state our results, we start by defining two useful functions. Suppose that
X=01-J)Y1 + JY>,

where (J, Y1, Y2) are independent real-valued random variables defined as follows: J ~ Bern(p), Y1 ~
N(0,1), and Y2 ~ N (a, 1), for some a € R. Then, it is easy to show that I(X; J) = f(a, p), where the
function f: R x [0, 1] — [0,log 2] is defined a.ﬂ

f(a,p) £ h(gap(x)) —log(V2me) = ~Ey, () [10g(ga,p(x)] — log(v/2me). (18)

Here, ga,p: Rx [0, 1] — R4 is defined as a mixture of two scalar Gaussian distributions with probabilities
pand 1 — p:

a1 (—ﬁ _d)
ap(@)E —(pe™ 2 +(1—ple 2 ). 19
9a.p(@) VAl (1-p) (19)

The following lemma, proved in the supplements, establishes some properties of the function f(a, p).
Lemma 3. i) For every p € [0,1], f(0,p) = 0. ii) For everyp € [0,1], f(a,p) = f(—a,p) and f(a,p)
is an strictly increasing function of a in the range [0, 00). iii) limq— oo f(a,p) = log(2)hs(p). iv) For
every a € R, f(a,p) = f(a,1 — p) and for a # 0, f(a,p) is strictly increasing with respect to p in the
range [0,1/2].

8 All logarithms are considered to have the base of e.
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D.1.2 Lossless generalization bound

We start by stating our bound in its simplest form.

Theorem 10. Suppose that £ € [0,C]. Then, the generalization error of a random subspace training
algorithm, optimized using iterations defined in[[7] is upper-bounded as

d C\/§ Nt
gen(u, Al )) ST Z Eg,@’v’_]ﬂ, Z Ep,..A, {f (EAt,iypt,i>:| )

i€[n] t: i€V

where
Ari & ||Vl (OW( 1, Zio) =Vl (OW/ 1, Zi1) ||,

pei 2P (Ji —0/8,0,V,J_;, Wiy {W,, W/_y:r<tic w}) . (20)

This result is proved in Appendix [H.2}

In the bound of equation [20} the term f (%At i, Dt Z) is an increasing function with respect to Zt, A ;,
+ s ) oy ’

and a decreasing function with respect to |p:,; — 1/2|. As t increases, the learning algorithm “memorizes”
more of the dataset; therefore, |p:; — 1/2| increases and thus these terms decrease. Furthermore, the
learning rate decreases, causing this term to decrease more.

Note that by Lemma' f(G,p)is maximized forp = % Hence, a simpler upper bound from Theorem
can be achieved by replacmg Dt by 2 5

D.1.3 Lossy generalization bound

The bound of Theorem [10|has a clear shortcoming; whenever Z—i is very small, the bound becomes loose.
In particular, for SGD where o+ = 0, the bound becomes vacuous. In this section, to overcome this issue,
we consider a lossy version of the above bound. While the lossy bound can be stated without any further
assumptions, for a more concrete bound, we make the following assumptions.
Assumption 11 (Lipschitzness). The loss function is £-Lipschitz, i.e., for any w},wh € R% any z € Z,
and any © € St(d, D), we have |¢ (z, Ow}) — £ (z, Ows) | < Ll|lw) — wh]|.

Note that since © " © = I, then ||w} — wh|| = [|Ow] — Owh|.
Assumption 12 (Contractivity). There exists some o € R, such that for any w',wh € W', z € Z, and
O € St(d, D), we have
[ (wh — 1z, ©0)) — (wh — 4V bz, O04)) | < o [uh — wh].
Whenever ov < 1, we say the projected SGLD is a-contractive.

Similar assumptions have been used in previous works, such as [68]]. In fact, the contractivity property of
SGD has been theoretically proved under certain conditions, such as when the loss function is smooth and
strongly convex [68H70].

In addition to being sensitive to cases where % is very small, the bound of Theorem |10{does not account

for the “forgetting” effect of the iterative optimization algorithms: the information obtained by W7 about
J; in the initial iterations will eventually fade out, as 7" increases. To account for this effect, similar to
[66,167], we assume that W' = Bp(R){|for some R € R.

Theorem 13. Suppose that ¢ € [0,C], W = Bp(R), for some R € Ry, and Assumptions[11]and[12]
hold with constants £ € Ry and o < 1, respectively. Then, for any set of {Vt}te[T], such that vy € Ry,
the generalization error of a random subspace training algorithm, optimized using iterations defined in
[I7] is upper bounded as

Cv2
gen(u, A(d)) ST Z Eg,@)vy.]fi Z At’iEﬁt,ivAt,i |:f (bA At zapt z):|

i€[n] t: 1€V}

2f£1“
Vo 7, 2D
P

te[T]

"n this setup, for w’ € W, Proj {w’} = w’ and otherwise Proj {w’} = i
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where

'
|

S vafe ((—)Wt_l, Zi,O) — Vurl (@Wt—h Zz:l)

pri 2P (4 =0[8,0,V, 3, Wia),

~ A
61 =4/ 02 + V2,

g 21— 20 <M>

ot

At,i = H qr,

re[t+1:T]: i¢V,
where Wt are random variables that satisfy

HWt—WtI

<> oy |en]
reft]

forei ~ N (04, 14), which is an auxiliary additional noise, independent of all other random variables, and
where ®(x) £ f;o \/% exp(—y2 /2)dy is the Gaussian complementary cumulative distribution function
(CCDF).

This theorem is proved in Appendix [H.3] Here, we discuss some remarks.

First, the “gained” information from the initial iterations fades as 7" — co, when ¢; < 1 (note that always
g+ < 1).

Second, we note that, unlike in Theorem @} where p; ; depends on all past iterations in which sample ¢
is used, in this theorem, p; ; depends only on the immediate past iteration. It can be shown that a similar
result can be achieved for Theorem i.e., allowing p¢ ; to depend on all past iterations, at the expense of
replacing all {g: }¢+ by 1.

Third, it can be observed that if V¢ € [T]: v+ = 0, we recover Theorem except for the definition of
D+, that can be adjusted at the expense of replacing all {q: }+ by 1, as explained above. Furthermore, by
increasing v, the second term in equation i.e. the “distortion” term, increases; but the first “rate” term

decreases since f ( \/o?,tTv,?At’i’ Pt,i | decreases. Therefore, in general, the lossy bound can outperform
the lossless bound. In particular, for SGD, i.e., when o; = 0, the lossless bound and previous works (for
the case of no projection) [38}163H67]] become vacuous, while the lossy bound does not.

Lastly, to achieve this bound, we considered a sequence of parallel “perturbed” iterations. In each of these
auxiliary iterations, we introduced an additional independent noise v¢ey, where €; ~ N (0g4,14). It can be
seen that for the contractive SGD/SGLD, the effect of added perturbation in the initial iterations vanishes
as T' — oo. Therefore, once again, it can be seen that the effect of the increase in mutual information from
the initial iterations eventually fades.

E Proof of Theorem [I]

We prove the theorem in its most general form stated in Remark [T} This means that we assume that the
learning algorithm A is also aware of the projection matrix ©, i.e, A: Z™ x RP X4 _, W takes both
the dataset S, and the projection matrix © as input to learn W. Moreover, we allow the quantization
step to depend on S, ©, and A(Sy,, ©). In this general case, W = A(S,0) = A(O, S, A(S,0)). We
denote this general compressed algorithm by PWI S, W0 Note that PW'@TW is a special case of this
more general setup.

Fix some € € R and the quantization set W. Consider any Markov kernel PW‘ s w.o and Pg that satisfy

the following distortion criterion:
Epg, Po Py s, 0 [gen(Sn, W) — gen(Sh, @W)} <e.

Using this condition, it is sufficient to show that

. 2A04(S, 0
gen(p, A) = Epg_ PoPy s, 0 [gen(Sn, @W)} <Ep.p, \/75)

CMI®(S, A) |,
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where
[% ey (€10, 0W) = (2, @W))Q] .
Denote the marginal distribution of (Sn, ©, W) under Ps, Po PW7W| s,.e by Ps_ oy and conditional
distribution of W given (S, ©) by P15, o Hence, Py o iy = Ps, Po Py g ¢ and
gen(u, A) =Epe, pory, ., o [gon(Sn, OW)]
“Epyraps s, o |[R(Sae, 0W) = R(S5,0W)] .

It is hence sufficient to show that for any S and o,

2AL4 (S, 0)

n

Ep, [ﬁ(éJc,@W) - ﬁ(SJ,@W)] g\/ CMI® (S, A).

Pyis5.0
A A A .

Denote PW\g,@ = EPJ [PW‘Q_J,@} and PJ,W|§,® = PJPW|§J,® = PJ|§7@7WPW|§7® be the condi-

tional distributions of (J, W) given (S, ©). Note that the marginal distribution of J under Py 5,0 18

P_], i.e.,

EPW\S,(—) [PJ\S,@,W} =Ps.

Now, fix some A # 0 that will be determined later. We have

]EPJ\QW,(—) [ﬁ(SJv @W) - 7/é(g.l, GW)}
(a) P L .
< %DKL (PysavollPr) + §1og (Ee, [ RS O RS 0]
%DKL (s ollPs) + %bg (Br [oF S (-7 200 0W)—t(Z00,0W)])
®1 1 N2 (0(Z;, ,@W) —U(Z, ,@W))Z
< XDKL (PJlg)V”Vy@”PJ) + 1 ‘;] i,0 » il .
K3 n

where (a) follows from Donsker-Varadhan’s inequality and (b) by the inequality 4 (e ™" + e®) < e /2,
Hence,
Erypys, o |[R(S5:, 0W) = R(Ss,01)]
=By 0Py o |R(Sae, 0W) — R(S5,0W)]

1
<3 Prr (PWIS,@PJ\S,W,@HPJPW|é,@>

A 1 . .
t o ErPyise |5 > (U Zi0, OW) = U(Zi 1, OW))?
i1€[n]
1 ALy (S, )
=yDxe (PW|S,®PJ\§,,W,®HPJPW|§,9) Y
AL, (S, 0)
=<DkL (PJPW\SJ,(—)HPJPW|S,@) + om

o AAL,(S,0)
+ - - T 7
2n

<\/2A%(§,@)CMI®(§,A)
- n

where the last step is followed by letting

This completes the proof.
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F Proofs of Sectiond and Appendix B} Application to raised limitations of
CMI bounds

For the proofs of Section[dand Appendix [B] we always consider the normalized setup, i.e., R=1,L =1
(for Theorem[3), L. = 1 (for Proposition[I), and B = 1 (for Theorem[7). The proof applies for arbitrary
values of (R, L, L., B), by simply scaling the constants.

All proofs are based on Theorem E} with a particular class of choices of Pg and PW| o called the

choices from the scheme JL(d, ¢, v) for some d € N, ¢,y € [17 \/5/4), and v € (0, 1], described in
Appendix |[F1] For a given JL(d, cw, v), we then use Theorem I| for some suitable € € R:

2A44(S, 0)

; CMI®(S, A)| +e (22)

gen(u, A) <Ep,p, \/

Recall that the term Al (S, ©) is defined as

~ . 1 A R
Aly(S,0) =Ep_ .p {E Zie[n](e(zi,o,@W) —U(Ziq1,0W)) ]

wistwieTw

and the choices of Pg and PW\@T w should satisfy the distortion criterion

EPe, wPoPy ot [gen(Sn, W) — gen(sn,@W)} <e 23)

For brevity, we often use the notation
A(W,0W; S,,) = gen(Sn, W) — gen(Sy, OW).

Furthermore, denote the D-dimensional ball of radius v € Ry and center w € R by Bp(w,v). If
w = 0p, for simplicity we write Bp(0p,v) = Bp(v), where 0 designates the all-zero vector in R~

F.1 Johnson-Lindenstrauss projection scheme

Fix some constant ¢, € |1, \/g and v € (0,1]. Letd € N* and © be a matrix of size D X d whose
elements are i.i.d. samples from A (0, 1/d). For a given © and W = A(Sy,), in the scheme JL(d, ¢, 1),
let

. (24)
04, otherwise.

_— {@Tw, it [0TW < cu,

Let V, be a random variable that takes value uniformly over By (v). Let W € W = By(cw + v) be
defined as

W=U+V,. (25)
This means that W is a random variable that takes value uniformly over By (U,v):
W ~ Unif (Bq (U, v)) .
In other words, we define 1/ as a quantization of W’ = © T W obtained as follows: if [|© T W || < cu.,
then W is uniformly sampled from B4 (@TW, 1/); otherwise, W is uniformly sampled from B, (). Such

quantization has been previously used in [22] to establish a generalization bound for the distributed SVM
learning algorithm.

Disintegrated CMI bound: The disintegrated CMI bound CMI® (S, A) in the scheme JL(d, ¢, v)
can be upper bounded as

CMI®(S, A) =rSC (W) — 1S°(11]J)
D5 ) — 15O (|3, W)
©pS0 0¥y — pi|eTW)
2 og (Volume (Ba(cw + ) — log (Volume (Ba(1)))
—dlog (“11), (26)
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where
. hg’e(W) is the differential entropy of TW ~ Py 500 hg’e(W|J) = Ey [hé,e,J(W)}’ and
hS-©-J (W) is the differential entropy of W ~ Py 5,000
(a) follows from the fact that conditioning does not increase the entropy,
(b) yields due to Markov chain W — O TW — (S,0,J, W),

and (¢) holds since i) ||W|| < ¢, + v by construction and hence 5 (W) is upper bounded
by the differential entropy of a random variable taking value uniformly over By (c., + v), and ii)
since given © T W, W is chosen uniformly over a d-dimensional ball either around 04 or © T W/,
depending on ||© TW|.

F.2 Proof of Theorem[3

As explained in Appendix B we consider the case L = R = 1, and use Theoremusing the JL(d, cw, V)
transformation described in Appendix with some d € NT, ¢,, € [1, \/5/4), and v € (0, 1]. To do

50, we start by bounding CMI® (S, A), the distortion equation and Eg o[Aly (S,0)].

Bound on the disintegrated CMI: It is shown in equation 26] that
e, 7 Cw + VvV
=< .
CMI®(8, A) =<dlog ()

27

Bound on the distortion: Next, we bound the distortion term. By definition, and using the linearity of
expectation, we obtain

A(W,0W; S,) = gen(Sn, W) — gen(S,, OW)

B (W.2)] 4 2 Y W2 + Ban 0. 2)] - L Y (e, 20
= —(W.EzlZ] — + > Z) + (O, BzeplZ] — > 7)
=-(W.2)+(W,0'2), (28)

where Z £ Bz, [Z) — 130 | Zs.
Additionally, since for any (z,y) € RP x RP, Ee[(0 "z, 07y)] = (z,y), then
Ey o,w,s, AW, OW; 5,)] = Ew ow,s, (W, Z) + (W,072)]
=Ey ows, [—(O0TW,072)+(W,072)]

=Ei ows, [(W— e'w,e'2).

Let £ be the event that ||© T W|| > ¢, and denote by £€ the complementary event of £. By the law of

total expectation,

Evi 0,5, [AW,0W; $,)] = E[(W — 07 W,07 2) | E]P(€) + E[(W — 0T W,07 Z) | £IP(£7).
(29

By definition of W, E[W] = 0 under &, E[W] = © "W otherwise. Therefore, equation [29| can be
simplified as

By o.w.s, [AW,0W;5,)] =E[-(0'W,0" Z) | E]P(E)
=E[-(0"W,0" Z)1{&}]
<E[le " W|eT Z|1{e}] (30)
<E[lOTZ|*) 2 E[|le W]/ E[L{e}, 31)

where equation [30] follows from Cauchy-Schwarz inequality, and equation [31] results from Holder’s in-
equality.

Now, we bound each of the terms E[[|© " Z||?], E[||© T W||*], and E[1{E}].
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« Since the elements of © € RP*? are iid. from N(0,1/d), then for any fixed vector z €
Vde Tz

ll|

.
Hence, V., = ‘ Vdo o

RP, each entry of is an independent random variable distributed according to N'(0, 1).
2

is a chi-squared random variable with d-degrees of freedom, and we

Il

have
E[Vz] = d.
This concludes that for any z,
T2 _12
E[107z7] = 121
* Moreover, since V is a chi-squared distribution with d-degrees of freedom, we have that
27 2 27 g2
E[V;] =E[VL]” + E[(Ve — E[V])°] = d° + 2d.

Hence for every w € W,

4
4 VdO T w
E T 4 :”w” E
o 107 wl] =Tz R ||y
_||w||4 2
=g Fe [Vw}
- (1 + 3) .
* By [71l Lemma 9], for any w € Bp (1), if ¢,y € [1, ¥%2),
P(E) < e 021D 32)

More precisely by [71, Lemma 9] we have for any ¢ € [0,1/4) and any w € Bg(1),
P (1107 wl? = flwl” > tlw]”) < e,

We note that this inequality is a “single-sided” tail bound version of [71, Lemma 9] (while therein

stated as a “double-sided” tail bound). This explains why RHS of the inequality in [71| Lemma

. — 2 . — 2
9] is 2¢~2219t" wwhile here we have e~ 2219t

Next, note that (¢ + 1)||w||?> < (¢ + 1), hence
P (10T wl® — flwl® > thwl*) =P (107wl > ¢+ Dllw|*) > P (j|©Tw|® > t+1).
Thus, by letting ¢t = 2 —1forecy € [1,4/5/4), we have

P (107wl > ) < 7021 = 02D,

Combining the above upper bounds on E[||© " Z||?], E[||© "W ||*], and E[1{E€}], we obtain,
Eyp 0,w,s, AW, OW; S.)] < E[| Z]*) /2 B[]0 W]/ e et

0.21

i ) e
< E[IZ]*) 2 Ew W] + W4 e e

= 1911/2 2 1/4 021 (2 _1)?
<E(IZ|*)" (1+3) e e (33)

where equation [33|follows from assuming that W C Bp(1).
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It remains then to upper bound E[|| Z||?]. By definition of Z and the linearity of expectation, we have

E[|I Z|I*) = E[|E[Z] - *ZZ 1]

- E[II%Z(E[Z} - 2|

- %}E <Z(}E[Z} - Zi)) Z(E[Z} - Zj)

n n

_ n1—2E S S (®lZ) - 2)T (EZ] - 2;)

i=1j=1

= E Z(E[Z] - Z:)" (E[2] - Zi) + )_(ElZ] - Z:)" (E[2] - Z))

i#]

i n
= SE D IEZ] - Zi|? + ) Cov(Zi, Z;)
i=1 i#j

1 [ n
= —E|>_|EZ] - Z|)” (34)
Li=1
<4 (35)
n

where equationresults from Cov(Z;, Z;) = 0 for ¢ # j since Z;, Z; are independent, and equation
follows from Z C Bp(1) (thus, for any i, |E[Z] — Z;|| < 2).

Combining equation [33]and equation[34] we conclude that the distortion is bounded by

R 2 2\ V4 oar e
Eip o5, [AW,0W; 8,)] < 7 (1+E> o S2d(e3—1)? (36)

Bound on Eg o [Aly (S,0)]: We have

| =

Epspro [AEID(S>@)] ::]EPgP(—)PW‘gPW‘eTW n Z (E(Zi,():@W) - E(Zi,la QW))Q

=Ep.rop,

\SPW\G)TW % Z <W7 eT (Zi,O - Zi,1)>2
€ln

(a)
SEPSP@PW\SPW\@TW . Z HGT(Z@O_ 1,1 H ”WH

L ZE [n]
(®) 1
S(C’w—'—y)QEP@P@ E Z ||eT( 3,0 — 11)”
i€[n)
(0) )
2 h(ew + 1), (37

where (a) follows by Cauchy—Schwarz inequality, (b) is derived since ||| < (cw + V), and (c) since for
any fixed z, each entry of (?‘TTHZ is an independent random variable distributed according to N(0, é) and
hence

Eo |7+ = 117 <.

since HZi,O — Z,-,1|| < 2.
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Generalization Bound: Now, let
1/4
€= l 1+ z e—%d(ci—l)Q.
vn d
Inequality {36 shows that the above choices of Po and Py g1y, (according to the scheme JL(d, cw,V))
satisfy the distortion criterion equation23] Hence, equation[22] gives

5 (S N 1/4 .21 2 2
gen(u, A) <Ep, Py \/M”(S’G)CMI@(S,A) 2 (1+§) o~ Bitd(el,—1)
n

G

(@) 2A44(S,© w | 2\ om g
SEP'gPe \/ wg/ )dlog(c :_V> +% (1"’&) e Ofld(ci’ n?

) | 2dEp, py |Aly(S,0) va
®) s Pe [ }log(cw+u)+2 (1+g) o SR 1)

- n Vn d
() 8d(cw + l/)2 Cw + UV 2 2 1/4 021 gp2 _1)2
= ! ( ) Jn 1 d (Cw ) ’
*\/ n e\~ )t~ ( + d) e’

where (a) is achieved using equation 27, (b) by Jensen inequality and due to the concavity of the function
vz, and (c) is derived using equation

The proof is completed by letting

F.3 Proof of Proposition|T]

As explained in Appendix [F} it is sufficient to consider the case L. = R = 1. We have
gen(, A) =Epy,  [ROV) = Rn(W)]
1
:ﬁ Z EPSTL,W [EZNM[KSC(Zv W) = Lse(Zi, W)]

i€[n]

a)l

oY Er,w Eznnl=(W.2)] + (W, 2)]
i1€[n]

b) 1

O Ere, o Bamulbe(Z,W))] - (20, W)
1€[n]

(©

< i,
n

where (a) by definition of £s.(z, w) = —(w, 2) + 5 ||[w]|* by Deﬁnition@ (b) holds since by Deﬁnition
we have £¢(z,w) = —L{(w, z), and (c) follows by Theorem 3]

F.4 Proof of Theorem (7|

As explained in Appendix@ we consider the case L = R — B = 1. First, note that similar to the proof
of Proposition the generalization error does not change, if we consider the loss function £, (2, w) =
g ({(w, é(2)),2) — g (0, z) instead of £;(z,w) = g ((w, #(2)) , z) + r(w). More precisely,

gen(u, A) =Ep,_, [R(IW) = Rn(W)]

:% Z Il:EPSTL,W [EZNH[EQl(Zv W)] - Egl(Zia W)]
i€[n)
=% > Epy, w Ezenlg (W, 8(2)), Z) + r(W)] = g (W, 6(Z:)) , Zi) — r(W)]

i€[n]

= Br o [Bamlg (W, 6(2)), 2)] - g (W, 6(20)), 20)
i€[n]
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LS B [Ermulg (W,0(2)), 2) — g (0, 2)] — g (W, 6(Z0)) , 2) + 9 (0, 2)

i€[n]
1
= > Epg, i [Bzenllyim (2, W)] = Lgim (Zi, W)],
i€[n]
where (a) follows since Ez~.,[g(0, Z)] = Ez,~.[9(0, Z;)].

Hence, for the rest of the proof, we consider the generalization with respect to the following loss function:
eglm(zv w) = ) (<w7 ¢(Z)> 7Z) -9 (07 Z) :

Note that due the Lipschitzness of the function g(-, -) with respect to its first argument, for every z € Z
and w € W, we have

[€gim (2, w)| = |g ((w, ¢(2)) , 2) — g (0, 2)| < [(w, ¢(2))!. (38)
Furthermore since ||w||, ||¢(2)|| < 1, using Cauchy-Schwarz inequality yields
[€gim (2, w)| < 1.

Now, we proceed to establish a generalization bound with respect to the loss function £4;,, (2, w) We
use Theoremlw1th the JL(d, cy, ) transformation described in Appendix |F.1| for some d € NV, ¢, €

[1, 5/4) ,and v € (0,1]. To do so, We start by bounding CMI® (S, A), the distortion equation and
Eg oAy (S,0)].

Bound on the disintegrated CMI: It is shown in equation 26] that

LY Cw +V
:< .
CMI® (8, A) =<dlog ( - )
Bound on the distortion: Next, we bound the distortion term.
A(W,0W; S,,) =gen(Sn, W) — gen(Sn, OW)
1 n
=Ez~plloim (2, W)] - — > lgim(Zi, W) = Ezepllgim (2, 0W)] Zeglm Z;,0W)

=1 =1

Bz lg (W.6(2). 2)] - = 3" g (W,0(Z0) . 2)

~Ezu 9 ((OW,6(2)), 2)] + %ig ((ew,6(2)),2:)
=1

=

®).7)
<Ezep |0 (W.6(2)).2) — g ((0W.6(2)) . 2)||
+ % Z: ]9 (W, 6(2:)),Zi) — g (<@W,¢(z,-)> z)

CEys H<W _ oW, ¢(Z)>H n % 3 KW _ow, ¢(Zi)>’ : (39)
i)

where (a) holds due to Lipschitzness of the function g with respect to its first argument.

Hence,
Ew ows, [A(VV, ow; Sn)} <2 szqu)) Ey O~ Po Py 0T H<w —eow, ¢(z)>H
(|, 02)) = (W, 07 6(2))]

<2sup (Be [|(w,0(:)) — (0,07 9(2))|] + Evi.o [| (Ve 076()])
(40)

=2 sup Ey O~PoPy o,

37



where the last step follows since by equation , W=U+V,.

In the rest, we fix z and w and upper bound each of the terms in the right-hand side of equation[d0}
C1 £Eonr, [|(w,6(2)) - (1,07 6(2)]],
C2 £Ey,, o~ Uniform(Ba(»)) Po H<Vu, @T¢(2)>H .

Let & be the event that |© T W || > ¢,, and denote by £¢ the complementary event of £.

* We start by bounding C'.

C1 =Eo [|(w,6(2)) = (0,07 6() )| 1{€}] + e [|(w, 6(2)) — (V.07 6(2))| 1{£°}]

o [|(w, ¢(2)) ~ (04,07 6(2))| 1{€}] + Eo [|(w, 6(2)) ~ (0T w,076(2))| 17}

<Ee [|(w, ¢(2))| 1{EN + Ee [|(w, 6(2)) — (0Tw,074(2) )]

UEo [1{£}] + Fo (| 0(2)) = (87w, 0T 6(2)]

(26—0.21(1(1—03)2 +Ee H<w7¢(z)> — <@Tw,@—r¢(z)>u ) 41

where (a) holds since by equation under £, U = 04, and under £, U = ©T W, (b) is derived since
llwll, [|#(2)]| < 1 and hence, Cauchy-Schwarz inequality yields |{w, #(z))| < 1, and (c) derived by
equation 32}

Thus, to bound C1, it remained to bound Ee [|(w, $(2)) — <@Tw,@—r¢(z)>’]. We use a trick
borrowed from [71, Proof of Theorem 9]. Note that ||w]|, ||¢(z)|] < 1. Hence, to upper bound

Ee [|(w, #(2)) — <@Tw, @T¢>(z)> ], it is sufficient to consider the case where [|w|| = [|¢(2)[| = 1.
Let

v Ew — (w,¢(2))$(2),

pa v

REN

It is easy to verify that (v, ¢(z)) = 0. Hence, since ¢(z) L v, we have
ol = Vilwl? = {w, ¢(2))2[|$(2) 2 = V1 — (w, ()2 < 1.
Now, for every r € [d], denote the r’th row of © T € R?*P by T, and let
Xy 2Ty, ¢(2)),
Y, 2(T,,d).

Since ¢(z) L v and since the Gaussian distributions are rotationally invariant, we have that
X1,...,Xa,Y1,...,Yyareiid. Gaussian random variables distributed according to N'(0, 1/d).
Hence, using the identity w = v + (w, ¢(2))¢(z), we can write

(w,6(2)) = (O w, 07 6(2))| =|(w,8(2)) = (O v+ (w, 9(2))6(2)), 0 6())|

~ w0 (1= [oTo]") - IelteTo. 070t

< oo - 1| +|@70.67002)

=|[e7e=)

2—1‘+ > X Yo, (42)
reld]

where (a) is derived using the inequalities ||{(w, ¢(z)) < 1 and ||v|| < 1.

We bound the expectation over © of each of these terms, denoted respectively as

sg, [ lo7s()|” - 1” |

C1,2 =Eeg Z XY
reld]

Ch,

=

38



— Note that the distribution of )
ool
is a chi-squared distribution Xz(d) with d-degrees of freedom. Moreover, asymptotically as d —

00, x*(d) converges to N (d, 2d). Equivalently, asymptotically, x*(d) — d — A(0, 2d). Combin-
ing this asymptotic behavior with the fact that for a Gaussian random variable 3 ~ N (0, o2), with
o € Ry, we have that E[|3]] = a\/g, yield
1
Ci1 <O (\/3) . (43)
— To bound the term C1 2, notice that ZT cld) XY, converges to a random variable with Gaussian
distribution (0, 1/d), as d — co. Hence, once again using the fact that for a Gaussian random

variable 3 ~ N (0, 0?), E[|3|] = a\/g, yield

v
Ci22Fe || D X, V|| =0 (7> :
reld] \/a
Combining equation #1] equation[d2] and equation 43| gives
¢l llwl]

C1 2 Eomp, H(w é(2)) — <U, @T¢(z)>H e 0-210=cl)* | o (T) (44)

<em021d(1-¢2)* | <i) . (45)

QL

* Now tobound Co, let V, = (V,,1,..., V.. q).
Cs :E@NPO]EV,,NUnifOITn(Bd(V)) H <Vl/a @T¢(z)> H

(@)
DEon roEv, ~tnitom(Ba(v) [[Ve| 107 6(2)]

~Eo~ra 107 6()I] Ev, ~unitom(s, () [V ]

(b)
< EV,, ~Uniform(By(v)) [|VV,1 ”

© v (4 +3)
VAl (5 + 1)
Qw2 (46)
Vr(d+1))
where (a) holds by the symmetry of the distribution of V;,, (b) holds since Eg~ pg [||6T¢(z)||] <
Eomrs [1076(2)12]> = [6(2)]] < 1. (c) holds by Lemma 4] proved in Appendix|F.5] and (d)
holds since by using Gautschi’s inequality we have % < %

Lemma 4. Let V, = (VV’1,...,VV7d) ~ Um'form(Bd(l/)). Then, EV,,NUniform(B,,(u)) [|VV71H =

v(432)
Combining equation [39] equation 43} and equation ff6| gives
By o, |AW,0W;8,)] < 02107 1 0 (%) . @7
Bound on Eg o [Aly; (S,0)]: We have
(a)
[gim (2, 0W)| < [(Ow, ¢(2))]
=|(2.0760:))|
<[l @f|e" (=)l
(2)( T
<(cw + V)0 d(2)], (48)

39



where (a) holds by equation[38]and (b) since by construction ||| < cu + v.

Hence,

~ 1 N N
Es,0[Aa(S,0)] =Epspory s Pyorw |5 > (lgim(Zi0, OW) = Loim (Zis1, OW))?

i€[n]
(a) 1
< (cw + V)’ Epg Po Py s P o v - > (0T Zio)ll + 107 ¢(Zin)I)*
i€[n]
1
=(cw + v)*Epgpe - > (10T ¢(Zio)ll + 107 ¢(Zi)II)?
1€[n]

=4(cu+v)*supEp, [ |07 6(2)’]

(®)

4(cw +v)? sup ()|
<4(cw +1v)?,
where
* (a) follows from equation 48]

* (b) since for any fixed z, each entry of (?ITTHZ is an independent random variable distributed ac-
cording to (0, ) and hence

Eo [1©72%] = |12

Generalization Bound: Now, using Theoremfor the above choices of Po and Py, g1y, (according
to the scheme JL(d, ¢, v)) gives

205 (S, © . .
gen(y1, A) <Eg o \/é)cw@(s,A) +Ej o ws, [A(W,@W;Sn)]

)

(a) (S V

Si-

) |2dEg o [Aeﬁ,(s, e)}

Cw +V —0.21d(1—c2)? 1
% w
= n log ( v ) te +0 ( d
(@) [8d(cy +v)2 Cw +V —0.21d(1—c2)? 1
< ‘ w [
_\/ n log( v )—i—e +O(\/g>’

where (a) is achieved using equationand equationf47| (b) by Jensen inequality and due to the concavity
of the function 1/, and (c) is derived using equation

The proof is completed by letting

d=vn, cw=11, v=0.5.

F.5 Proof of Lemma]
Note that

E‘/,,NUHifOI’m(Bd(U)) HVV,IH = VEXNUniform(Bd(l)) [|X1” )

where X = (Xi1,...,X4) ~ Uniform(Bg(1)). Hence, it is sufficient to show that
(e
IEXNUniform(lSd(l)) [|X1H - Wzd%s)-
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First, we compute the marginal distribution of X;. Note that

2

1 1—z7 l—zi——x5_
fx,(x1) = 7V01ume(8d(1)) /xr 2“-/%7 T dzo - - -dzg

=—y/1-z7 =—y/1—z% —T5_ 4
Volume (Bd,1< 1—93%))
- Volume (B4(1))
I (4£2) o it
A T

Now, we have

IEXr\/Uniform(Bd(l)) HXl ” :EX1~fX

[
oI (412 1 a1

(le)./ul:o (1 —u)%du

where (a) is achieved by letting v = 7 and in (b), Beta(-, -) is the Beta function.

G Proofs of Section [5|and Appendix |[C; Memorization

In this section, we provide the proofs of Section[5]and Appendix|[C] Recall that for a given K, the adversary
outputs its guess of K; as K; = Q(W, Z; k,, pu). Throughout the proofs and for better readability, we
sometimes denote K; = i = 1by K; ; = ‘in” and K, i = 0by K i = ‘not in’, referring to the semantic meaning
that the given Z; g, is part of the training dataset or not.

G.1 Proof of Theorem[3]

We prove each part separately. As stated in the beginning of Appendlx G throughout the proofs and for
better readability, we sometimes denote Ki=1 by K;=‘in"and K; = 0 by K; = ‘notin’, referring to
the semantic meaning that the given Z; g, is part of the training dataset or not.

G.1.1 Parti.

We prove the result by contradiction. Suppose that there exists an adversary for the algorithm A that is
&-sound and certifies a recall of m samples with probability ¢, where & < g and m = Q(n). As before,
we denote the output of the learning algorithm by Ay, (Sp) = W.

Recall that Sy = {Z1,1,, Z2,7,, - - -, Zn.7, } is the training dataset Sy, and S \ S is the test dataset S},.
Define J; € {0, 1} as follows:

0, ifQ(W,Zio,pu)="in"and Q(W,Z; 1,p) = ‘notin’,

Ji={1, ifQW,Zio,u) = ‘notin’ and Q(W, Z; 1, u) = ‘in’,

U;, otherwise,
where U; ~ Bern(1/2) is a binary uniform random variable, independent of other random variables.
Recall that given .4, a £-sound adversary means that,

P (Ji € [n]: QW, Zi, ye,p) = ‘in’) <&,
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and an adversary certifying a recall of m samples means that,

P Z H{OW, Z;s g, ) =i’} >m | >q.

i€[n]

Since we assumed m = Q(n), there exists ¢1 € (0, 1] and no € N such that, for all n > ng, m > cin.
The second condition then yields,

P Z H{OW, Z; j,,u) =i’} > cin | >gq.
i€[n]

Define the Hamming distance dzr : {0,1}™ x {0,1}™ — [n] between binary vectors J and J as
dy (Jj) = ST i £ Jik.
i€[n]

Next, we use Fano’s inequality with approximate recovery [59, Theorem 2]. Let ¢t = % L% (1 - %)J and
denote

P, 2P (dH (J,j) > nt) :
> 1{du.) <nt}.

je{o,1}"

(1>

N;

Note that N; is the same for all j € {0,1}™. Indeed, dH(j,j) =dy(j & a,j® a), where @ de-
notes the modulo two summation, for any a € {0,1}", and 3 ;¢ 13» Jl{dH(j Gajda)< nt} =

Zje{o,l}” ]l{dH(j,j @a) < nt}. Hence, Nj = Nj@a for any a, and the maximum overj of Nj is

equal to Ny, .

With these notations, we have

o(n) Li(3; w|8)

O3, WS, K)

i3, w, 318, K)
(d) .
>1(3;318, K)
(e) .

>1(3;3)

(i)l Pe,) 1 2 log(2
2 (1= Petos (- ) 108(2)

n

(9
2n (1= Pe,) (1= hp(t)) — (1 = Pe,)log(cz) —log(2),
where (a) follows by the assumption of the theorem, (b) results from K is independent of (W, S, J), (¢)
results from I(J; J|W, S, K) = 0 since J is a function of (W, S, K), (d) results from I(J; W, J|S, K) =
1(J;JIS,K) + I(J; W|S, K, J) > 1(J;J|S, K) (by the positivity of mutual information), (e) is due to
the identities below,
1(3;JIS,K) = H(J) — HJI, 8, K) > HJI) — HI|J) = 1(J;J),

(f) results from applying Fano’s inequality with approximate recovery [59, Theorem 2], and (g) is de-
rived using the claim, proved later below, that N1, < c3 277 () for some constant c3 € Ry and for n
sufficiently large.

Note that t = + [2 (1 —<)] < 1/2andas n — oo, t — =%/2 < 1/2. Hence, since hy(z) is a

2 2
l—cy/2
2

continuous function of z € [0, 1], 1 — hs(¢) converges to the constant 1 — hy, ( ) > 0. Hence, if

we show that for sufficiently large n, 1 — P., > 0, we obtain a contradiction. Since the left-hand side is
of order o(n), which is greater than the right-hand side, which is £(n), and the proof is complete.
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Hence, it remains to show for n sufficiently large, Claim i) N1, < c3 2770 (%) for some constant c3 € Ry,
and Claim ii) P., < 1.

Proof of Claim i)
‘We have

N, = S 1{du(i1a) < nt)

je{o,1}»

( )271 ho((nt41)/n’) 1
- dr(nt/n’ +1/n’)(1 — nt/n’ —1/n’)

(d)
<eg2m ™) (49)

where n’ = 2[%2] and c3 € Ry, (a) results from n’ > n, (b) follows from applying [[72| Proposition
5.18ﬂ(n’ is even and nt < n’/2 — 1), (c) is derived using the relation

mhy,(j/m) m m mhy(5/m) m
(& o7 N S . S € a_ -/ N>
8j(m —j) (J) 2mj(m = j)

which is valid for any m € Nand 1 < j < m — 1 (see [73 Exercise 5.8.a]), and (d) holds for sufficiently
large n, usingn < n' <n+ 1.

Proof of Claim ii) Define the following events: & £ {3Ji € [n]: Q(W, Z; je,p) = ‘in’}, €2 £
{ ier) HQW, Zi gy, ) = “in’} < cln} Then, we have

P, A]P’(d ( ) >nt)
(dH > nt,sf,ss) FP (&1, E)

Dp ]l{U # J}1{QW, Z; 5.,p) = ‘notin’} > nt, ET,E5 | + P (€E1,E2)

i€[n]

> P( Z 1 {Ul 7& JZ} 1 {Q(VV? Ziinﬂ/'l’) = ‘not in’} > nt,
[r"(l c1)1]

1€[n]

Z 1{Q(W,Z; 5,,1+) = ‘notin’} = r,Sf,5§> +P(&1,8E2)

i€[n)

< > P(Z1{U¢¢Ji}1{Q(W,ZZ-,Ji,M):‘notin’}>nt,

re[[n(l—ec1)]] 1€[n]

Z 1{Q(W,Z; 5,,1+) = ‘notin’} = r) +P(&1,8&2)

i€ [n)

= > P> 1{Ui # L} 1{QW, Zi s, 1) = notin’} > nt| Y 1{QW, Z; s, p) = ‘notin’} =7

re[[n(l—ecy)]] i€[n] 1€ [n]

8See alsohttps://mathoverflow.net/questions/17202/sum-of-the-first-k-binomial-coefficients-for-fixed-n
for a reformulation.
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xP | > 1{QW, Zi,,u) = ‘notin’} =r

i€[n]

+P(&1,8&2)

© > P> 1{U # L} 1{QW, Zi g, ) = notin’} > nt| > 1{Q(W, Zi s, pn) = ‘notin’} =r

rent,[n(l1—c1)]] i€[n] i€[n]

x P Z 1{Q(W, Z;,5,,p) = ‘notin’} =r

1€[n]

—I—]P)(gl,gg)

nt 2
@ Z e (5 -3)'p Z 1{OW, Z;,j,,r) = ‘notin’} =r | + P (&1, E)
rent,[n(l—c1)]] i€[n)

< max eiQT(%ﬁf%)' +P(&1,E2)
rent,[n(l—cq1)]]

nt 2
(;)G—an(l—clﬂ([n(lfclﬂ_%) +P(81752)

F) _orm(1—c nt___1)?
Ze 2[n(1 1)-\([,1(1701)1 i) +P(51)+P((€2)
A 2
§672[n(1*c1ﬂ ( [n(f:clﬂ 7%) + é’ +1— q,
and we justify the main steps hereafter:

* (a) holds since under the event £T, we have that Vi € [n], 1{Q(W, Z; j¢, ) = ‘in’} = 0 and also
whenever i) both Q(W, Z; je, 1) = ‘notin’ and Q(W, Z; j,, ) = ‘notin’, Ji is chosen as U; and
hence the Hamming difference of the i’th coordinate is 1 {U; # J;}, and ii) when Q(W, Z; je, ) =
‘notin’ and Q(W, Z, s,, 1) = ’in’, Ji is chosen as J; and hence the Hamming difference of the i’th
coordinate is 0.

* (b) holds since under the event £3, we have that Zie[n] {OW, Z;,5,, 1) = ‘notin’} < n(1 — c1),

* () holds since for r < nt, the probability is zero,

* (d) holds by Hoeffding’s inequality for the independent uniform random variables 1{U; # J;} and
since nt > n(1 — ¢1/2)/2 > r/2 for n sufficiently large,

(e) holds for n large enough since,

2
nt 2
log ( max e 2r(%-3) > - _ min % <nj _ 1)
re[nt,[n(1—c1)]] rent,[n(l—cy)]] r 2
2
=- rnir} Znt% (n—t — %)
#6[1, [n( T;Cl).l] n r

. (1 1)2
=—2nt min x|l ——=
wef1, [nienl Tz 2

1
=—2nt min <771+£)
vel1,nlenly \ @ 4

@—zm(——ﬂi—f—1+£ﬂiiﬁﬂ>

[y

[n(l—c1)] 4nt
2
nt 1
=—2[n(1 — S L
it = (e =3)
where () is derived since i) for n sufficiently large, fn(ln—tﬁﬂ = [28:2))3 which is less than 2 for n
2 2

large, and ii) since (2 — 1 4 £) is decreasing in the range (0, 2],
o (f) results from P (€1, E2) <P (&1) + P (E2).
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Cn(l— _at__1)? _
Since for sufficiently large n, e fn(=c0] ( frn(1=c1)] 2) (which converges to e 8(1-<1) ) gets sufficiently
small, hence, if £ < ¢, then P., < 1. This completes the proof of Claim ii), and hence of Part i).

G.1.2 Partii.
Similarly to Part i) (Appendix |G.1.1), we will prove the result by contradiction: assume that there exists
an adversary for A such that

P (Hi € [n]: QW, Z; je, ) = ‘in’) <,

and

P Z H{Q(W Ziw]i’M) = ‘in,} >an | 2>gq.

i€[n]

This also gives,

P> 1{QW, Zi s, p) = notin’} >n(l—a) | <1-gq. (50)
1€[n]

In our proof, we allow the adversary to be stochastic. We denote expectations and probabilities with respect
to the adversary’s randomness (which is independent of all other random variables) by Eg[-] and Pg[],
where needed. The main part of the proof relies on the following lemma, which we state below but prove
later (in Appendix [G.7) for better readability.

Lemma S. The following holds.

Ewsio Z (1{QW, Z; je, ) = ‘notin’} — 1{Q(W, Z; 5,, ;1) = ‘notin’}) | = o(n).
1€[n]

By Lemmal[5] we have

Bwsao Z 1{Q(W, Z; je, u) = ‘notin’ }

1€[n]

=o(n) + Ey 5 5,0 Z 1{Q(W, Zi,j;, 1) = ‘notin’}
1€[n)
(a)
<o(n) +n(l—q) +n(l —a)g
=o(n) +n(1 — aq),
where (a) holds using and Zie[n] 1{O(W, Z; 5,,u) = ‘notin’} < n.
Hence, using Markov’s inequality,

P( > 1{QW,Z; se, 1) = ‘motin’} > n—m’> < o) +nll-ag)

n—m
i€[n]

or equivalently,

P( Z 1{Q(W, Zi je, ) = ‘i’ } Zm’) >1— w.

) n—m'
i€[n]

Hence, for any

' ' o(n) +n(l —aq) _ n(ag—q —o(1))
qG(O,aq)7 m =n- 1_q/ = 1_q, )

we have

P( S 1{QW. Zige,p) = i’} > m’> >q.

i€[n]
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Hence, by varying ¢’ over the interval (0, q), the ratio m’/n changes asymptotically from O to ag. In
other words, if n is sufficiently large, then for any

/

e€(0,a), m' = n —o(n) = Q(n),

€
(l/q +e— a)
we have
]P’( Z 1{Q(W, Zi je,p) = ‘in’ } > m/> > (o —€)q.
i€[n]
This completes the proof of Part ii).

G.2 Proof of Theorem|[6]

To prove Theorem EL we show that for any learning algorithm A: Z — RP, the projected-quantized
algorithm, defined as

A*(S,) 2 0AOT A(S,)) = W,
satisfies equation 8]and
CMI(z, A%(Sn)) < Eo [CMI® (1, A"(S0))] = o(n), 51)
for any distribution . Having shown this, applying Theorem 5] completes the proof.

Fix any arbitrary distribution p. Consider the construction of JL(d, ¢, v/), described in Appendix It
is shown in equation26] that

CMI® (S, A) <dlog (M) ,
v
which, together with the data-processing inequality, yield
CMI® (1, A*(Sn)) <dlog (

C”j ”) . (52)

Furthermore, similar to equation[36] where it is shown that

EPSvLyWP@PW\@TW [gen(Sn,W) - gen(Sn,@VV)} <

g

it can be shown that

~ 2 1/4 _0.21 g2 _1)2
‘EPSV,L,WPGPW‘GTW [gen(Sn,W) —gen(Sn,@W)H < (1—|— 3> o~ MEd(el, -1 (53)

2
vn
Plugging the choices

d =500rlog(n), cw =11 v =04,
in equation [52]and equation 53| result equation[51]and equation|[8] which completes the proof.

G.3 Proof of Lemmalll

If m = 0, then consider an adversary that always outputs Q(W, Z, 1) = 0, forany Z € Z.

In the following, we assume that m = nm’ # 0. Let V € {0, 1} be a binary random variable, independent
of all other random variables, such that P(V = 0) = «. For example, if there exists a set B C W such
that P(W € B) = «, then the adversary can set V = 1{W ¢ B}.

Consider an adversary that first picks a random V. If V. = 0, then for any Z € Z, it declares
QW,Z,u) = 0. Otherwise (e, V = 1), it declares Q(W, Z, 1) = 0 with probability r, and
Q(W, Z, ) = 1 with probability 1 — 7, independently of (W, Z, ).

If V = 0, the adversary never recalls m samples with any positive probability

P> QW Zii,p)=m | =P (> QW,Zia,p) >m,V =1

1€[n] i€[n]

=(1—a)P| > QW Zi1,p) >m|V =1

i€[n]
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Moreover,
P(Hi c [n] Q(VV, Zi70,/1,) = ].) = P(Hi S [TL} Q(W, Zi,o,,u,) = l,V = ].)
=(1—-a)P(3Ji€n: QW, Zio,pn) =1V =1).

Using the above two relations, this adversary is &-sound and recalls m samples with probability q if,
restricting to V' = 1, the adversary is ufia)—sound and recalls m samples with probability —Z—. For the

(1-a)
adversary to be ufia)-sound given V' = 1, we should have P (Vi € [n], Q(W, Z; 0, ) = 0) > 1—@.
Hence, this adversary is £-sound if and only if
nsq_ 8§

O

therefore,
3
n > 11— .
B Ry

Next, when V' = 1, to find the probability of recalling m = nm’ samples with probability r%), note
that the probability of Q(W, Z; 1, 1) = 1is equal to (1 — r,,). We consider two cases:

i Ifrn,=0,P (zie[n] QW, Zia, i) > m|V = 1) =1
ii. If m’ < 1 — 7, using Hoeffding’s inequality, we have
P S QW, Zin,w) 2 m|V =1 21— g2+’
1€[n]

Considering these two cases separately,

i. We should find a value of « such that ﬁ <land0 > /11— ﬁ Both conditions are
satisfied fora =1 — &, if € > q.

ii. It is sufficient to find a value for r, such that m’ < (1 — 7y,), rn, > /1 — (1E7a) and 1 —

e ey L R \/;n log (1_;) > 0, then let

-

rm=1-—m 1 log< ! )
nm T A gy 1—- 42 |-
2n 1 o)

It satisfies the first condition and the recall condition. Lastly, the soundness condition is satisfied
if for sufficiently large n, we have

£ + ilog # +

{1 — <1

s[3

G.4 Proof of Theorem|[§

We prove the theorem and the comment after it, separately.

In the first case and to prove Theorem|[8] we show that for every r < 1 there exists a projection matrix © €
RP*? with d = [n?"~1], a Markov Kernel Py o7 w and a compression algorithm AGn: 2" = RY,

defined as A ,, (Sn) 2 A(© T A(S,)) = W, such that

EPs, wPy o w [gen(Sn7 W) — gen(Sh, GW)} ’ =0 (n_r) ,

and

CMI(u, AS ) = o(n).
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Having shown this, then applying Theorem [5]completes the proof.

In the second case, we show that for every r € R, there exist a projection matrix © € RP*? with
d = [rlog(n)], a Markov Kernel Py o7y and a compression algorithm A 2" — R¢, defined as

Ag,n(‘sﬂ) é A(GT.A(Sn)) = W, such that
[gen(Sn, W) — gen(Sh, @W)} =0 (n”") )

EPSanPW\(—)TW

and
CMI(1, AS,) = ofn).
Having shown this, again applying Theorem [5]completes the proof.

Hence, it remains to show the existence of such projection matrices © € RP Xd, Markov Kernels
Py o7y and compression algorithms AG p: 2" — RY, for each of the above cases.

G4.1 Casei.
Consider the construction of JL(d, ¢, V), described in Appendix It is shown in equationthat
CMI®(S, A) =<dlog (Cw;r 7).

Hence, for any fixed O,
€] 1 Cw +V
=< .
CMI” (i, A) =<dlog ( ” )

Now, let
A(W,0W; S,,) = gen(Sn, W) — gen(S,,, OW).
We show that for any » < 1, letting
d=n>"1 co=11, ,v=04,

results in
. 1
& 2 Eo [[By s, [A0V.0W:50][] = 0 (7> . (54)
El on n’!‘
Having shown this, it’s easy to see that there exists a ©, for which simultaneously
P 1
[, [AV,07:8,)]| = 0 <n—> ,
and
CMI® (4, A) = o(n).
Fix this matrix © € R”*¢ and the Markov Kernel PW‘GTW induced by that. Choosing the overall
algorithms as Ag ,,: Z" — R< completes the proof.

Hence, it remains to show that equation[54] holds. By equation 28] we have
AW, 0W; 8,) = —(W, Z) + (W,0" Z),
where Z £ Bz, [Z]) — 2 37| Z;. Recall that W = U + V., where Ey, [V;,] = 0. Hence,

n

Eeo HEW,W,S,L [A(W, @W;Sn)] H =Ee H}EW,SH [*(W Z) + (U, @TZ>} H
<Eouws, [|-(W.2) + .07 2)]]

<Egs, wEe H—<U), Z> + <U, @TZ>H .

Combining above equation with equationfor &(Z) = Z gives
- : - 1
R .S, < —0.21d(1—c2)? )
Eo [[Ew w.s, [AW,0W;5,)]|] <e +Es, [1ZI]0 (=

Next, we know by equationthatIEl[HZH] < E[|Z23]])Y? < % Hence,
1

Eo [, [30% 05| <7020 o (L),

The proof is completed by letting
d=n*"1 cu,=11 v=04.
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G.4.2 Caseii

Consider the construction of JL(d, ¢, V), described in Appendix It is shown in equationthat
CMI®(S, A) =<dlog (%) .

Hence, for any fixed ©,
CMI® (1, A) =<dlog (%) . (55)

Furthermore, it is shown in equation[36]that

N 2 1/4 _0.21 ge.2 _q1)2
EPs, wPoPy o7 [gen(Sn,W) —gen(Sn,@W)} < 14 E) e~ T dle, =17

2
Vn
Hence, there exists at least one © for which

[gen(Sn,W) - gen(sn,GW)] < % (1 + Z)W o Bt —1)? (56)
Choose this matrix © € RP*? and the Markov Kernel PW| oTw induced by that. Call the overall
algorithms as Ag ,,: Z" — R?, with the choices

d =500rlog(n), cw=11 v=04.

Plugging these constants in equation|3_5'] and equation|3_3| completes the proof.

EPSn,WpW\eTW

G.5 Proof of Theorem[9

We first provide the proof of Theorem [0} The proof for the comment after the theorem, i.e., to show
equation [T4] instead of equation[I3] then follows similarly to the below proof, in a similar manner shown
in the Case ii part of the proof of Theorem [§]

To prove Theorem@ we follow the Case i part of the proof of Theorem with a slight modification: Z is
replaced by Z, which results in convergence rates roughly +/n larger than the current ones. For the sake
of completeness, we provide the proof.

Let
AL(W,O0W) = R(W) — R(OW).

Following similarly to the Case i part of the proof of Theorem @ it is sufficient to show that for any
r < 1/2, letting

results in
A N 1
¢ 2 g HEWW [Az:(W,@W)} H o) (77) . (57)
Hence, it remains to show that equationlﬂholds. We have
AL(W,OW) = ~ g, [(W, Z) + (O, 2)]
= Ez, [(W, Z) + (W, @TZ)]
= — (W,Eznul2)) + (W, 0 Bz, (2)).
Denote 2 2 Ez.,,[Z]. Hence, since W = U + V,,, where Ev,, [V,] = 0, we have
Eo HEWW [Ac(w,@W)] H —Eo HIEW [4W, 7+ (U,@Tz>] H
<Eow [[(W.2) - w,073)|].
Combining the above equation with equation and by replacing ¢(Z) by Z, gives

Eo [ [so0n ] | s o ().

The proof is completed by letting
d=n*", cuo=11 v=04.
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G.6 Proof of Lemmalf2l

Consider the the JL(d, ¢y, V) transformation described in Appendix with some d € NT, ¢, €

[1, \/5/4), and v € (0,1]. Recall that W = U + V,,, where V, be a random variable that takes value

uniformly over By (v) and

04, otherwise.

_— {@Tw, if |0 w| < cu,

Let £ be the event that ||© "w|| > ¢,, and denote by £€ the complementary event of £. We have

o o] 5o [1007] - o 107417

where

Pre [l0U?] - %EVV [Iv21P]

se [lov)?] - 2
DEe -H@@Tw‘f 1{56}} - Df

5o [[o0"u]"] -z o] 6] - 7
Sio [Jlo ][] 2o o0 ] Eatr ey2 - 2
Vko _H@eTwa ~Ee _H@eTwm 2 o e _ DTVQ

D+d+1 2 D+d+3)(D+d+5)(d+2
<:>< +d+)w|_\/( ++)(d3++>(+)

[[w]]

(a) follows by the triangle inequality,
b)
¢) holds since V,, € By (v),

d) is derived by the definition of U and &,

(b) follows by noting that each element of © is i.i.d. with distribution N'(0,1/d),
(

(

(e) follows using Cauchy-Schwarz inequality,

(f) is derived in equation 32}

and (g) followed by following relations

e [[o0Tu|] = (24 i,

Ee [H@@Twm _(D+d+3)(D+d+5)(d+2)

4
- ol

shown below.

2670.101(&”71)2

Proof of norm two. Note that Eg [H@@Twnﬂ scales with ||w||. Hence, it suffices to assume that ||w|| =

1. Next, first we show that Eg [H@@Tw]ﬂ is the same for any w with ||w]|| = 1.

For any w € RP, there exists an orthonormal matrix Q € RP*P such that QQ" = Ip and Qu = e1 £
[1,0,0,--- ,O]T. This matrix can be constructed by letting the first row as w', and choosing the other
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rows orthogonal to w ' . Next, by letting ©’ = QO, we can write
H@@TwHZ 000700 w
=] Q000 Q e
=] 0070’0 ¢y
ol

The result follows by noting that E [H@'@’Tel ”2} =E [H@@Tel ||2} , since the distribution of © is
rotationally invariant.

Hence, it is sufficient to compute E [H@@Tel HQ} Denote the elements of © by 6; ;, where ¢ € [D],
j € [d]. Then, simple algebra gives

]E|:H96T61H2:|:E > Z 9,g9 3101,301,5

i€[D]j,j'€ld
We know that for 6 ~ N(0,1/d),
E[0™) = 0foroddm, E[6?] = 1l g E[6!] = 3
d a2’
Then, it suffices to consider terms in the expansions that are non-zero, i.e. the terms where only even

norms of each random variable appear. We consider all such cases:

1. i # 1: D — 1 choices
1.1. j = j': d choices and and the expectation of each term equals d%.
2. ¢ = 1: 1 choice

2.1. j = j': d choices and and the expectation of each term equals C%.
2.2. j # j': d(d — 1) choices and and the expectation of each term equals chQ'

Summing all terms and factorizing properly gives

[H@@T“M—E Z >° 0is00,501,301

D] j,5’€[d]?
B D+d+1
-0

O

Proof of norm four. Note that Eg [H@@Twnﬂ scales with ||w||. Hence, it suffices to assume that ||w]|| =
1. Next, similar to the proof of norm two, it can be shown that Eg [H@@—erAL] is the same for any w

with ||w|| = 1. Hence, it is sufficient to compute E [”@@Tel H4]. Denote the elements of © by 6; ;,
where i € [D], j € [d]. Then, simple algebra gives

4
E[HQGTelH ] —E| 3 ST 0up 05000 3,01,5,01,5,01 5191 5,

i,4’€[D]? j1,52,51,45€[d]*
We know that for 6 ~ N(0,1/d),
m 2 1 4 3 6 15 s 105
E[6™] = 0 for odd m , E[e } =2 E[e } == E[e } - =, E[e } - =
Then, it suffices to consider terms in the expansions that are non-zero, i.e. the terms where only even
norms of each random variable appear. We consider all such cases:
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1. i =4’ # 1: D — 1 choices

1.1. j1 = jo = ji = jb: d choices, and the expectation of each term equals ;—4.

1.2. Two of (51, jo, j1,j5) are the same, and two others as well, with a different value: 3d(d—1)
choices, and the expectation of each term equals (Tl4~

Hence, the sum of the expectation of the terms for this case equals:

3d*(D —1)(d+2).

2. 4,4’ # landi #4": (D — 1)(D — 2) choices

2.1. j1 = j2 = ji = jh: d choices, and the expectation of each term equals ;—4.
2.2. j1 = j2 and different from ji = j: d(d — 1) choices and the expectation of each term
equals ng4~

Hence, the sum of the expectation of the terms for this case equals:

d=3(D = 1)(D —2)(d +2).

3.i=1and# # lori = 1andi # 1: 2(D — 1) choices

3.1. j1 = ja = j1 = j4: d choices, and the expectation of each term equals %.

3.2. j1 = jo and different from ji = j5: d(d — 1) choices and the expectation of each term
equals %.

3.3. j1 different from j1 = j5 = jo: d(d — 1) choices and the expectation of each term equals
3
dj.

3.4. jo different from j7 = j5 = j1: d(d — 1) choices and the expectation of each term equals
3
d74.

3.5. j1 # j2 and both different from ji = j5: d(d — 1)(d — 2) choices and the expectation of
each term equals d%.

Hence, the sum of the expectation of the terms for this case equals:

2d72(D —1)(154+9(d — 1) + (d — 1)(d — 2) = 2d"*(D — 1)(d + 2)(d + 4).

4. i =14"=1:1 choice

105

7.

4.2, Exactly three of the indices among (j1, j2, 51, j5) are the same: 4d(d — 1) choices and the
expectation of each term equals Lli—i.

4.3. Two of (j1, jo, j1,j5) are the same, and two others as well, with a different value: 3d(d—1)
choices, and the expectation of each term equals d%.

4.1. j1 = jo = j1 = jh: d choices, and the expectation of each term equals

4.4. There are exactly two same indices among (j1, j2, j1,75): 6d(d — 1)(d — 2) choices and
the expectation of each term equals %.

4.5. All indices among (31, jo, j1,j4) are different: d(d — 1)(d — 2)(d — 3) choices and the
expectation of each term equals %.

Hence, the sum of the expectation of the terms for this case equals:
d—3 (1054 60(d — 1) +27(d — 1) + 18(d — 1)(d = 2) + (d — 1)(d — 2)(d — 3))
=d ?(d+2)(d+4)(d+6).

Finally, summing all terms and factorizing properly gives

4
E M@@Tel [ ] SAEY 03,303,520, 0ir,3301,3101,3201,51 01,3
i, €[D]? j1,j2,47,35€[d]*
_ (D+d+3)(D+d+5)(d+2)
- =
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G.7 Proof of Lemmalf3

To prove this lemma, we show the below stronger result:
Z ‘wasi,@]"]i’g []. {Q(VV, Ziw]f’/f') = ‘in’} -1 {Q(VV, Zi,J”,UJ) — ‘in’}} ' = o(n)’
i€[n)

which results also

Ewsio Z (1{QW, Z; je, ) = ‘notin’} — 1{Q(W, Z; 5,, ;1) = ‘notin’}) | = o(n).
1€[n]

For a given (W, Z; ;), denote

Pgo (QW, Zij, 1) = ‘in’) = Eg [L{Q(W, Zi j, ) = “in’}] £ p(W, Zi ;) ,

where the probability and expectation with respect to Q refer to the stochasticity of the adversary. Note
that p (W, Z; ;) is a measurable function of (W, Z; ;).

Forr € {0,1,...,2™ — 1}, denote its binary representation as r = (br.1,. .., br ), where b, ; € {0,1}.
Now, consider 2" auxiliary estimators, indexed by » € {0,1,...,2"™ — 1} and defined as follows. The
estimator r, for the ¢-th sample, by having access to (W, Z; 0, Z;,1) estimates .J; as

14+(=1) i p(W,Zi0)— (—1)"mip(W,Z: 1)

j - 0, with probability

I

p)
—(—=1)rip(W. —_V\rip(W.Z, 1
1,  with probability 1= D ’Z7"Ug+( D p(Wi i)

Note that each of these estimators makes its estimations only by having access to (W, Z; 0, Z;.1).
Define the Hamming distance dgr : {0,1}™ x {0,1}™ — [n] between binary vectors J and J as
dy (J, j) = ST i # Ji).
i€[n]
We now compute the expectation of dz(J,J) for the r-th estimator, i.e., Eywsyi [d a(J,J )] . Note that
due to the symmetry of S, we can only consider the case where J = (1,1,...,1) = 1,.

Eyws.1.3 [dH(J»j)] =Ky g 51321, [dH(ln,j)}

= Z EW,S,‘,)p],ji‘Jl:l [dH(lvji)}

i€[n]
= Ews, . [1 + (=1)"ip (W, Zio) — (=1)°rip (W, Zi;1)
- W,S,,;_[] J;i=1
i€[n) ’ 2
n 1 by
=5+t5 2. U Ews, 5= (W, Zio) = p (W, Zi)]
1€[n]
n 1 by
=513 (D" Ews, ., 0 (W, Zige) —p(W, Zi 1,)]
i€[n]
n 1 by G
:5 + 5 Z[](—].) ’ ]EW7§«;,[2]’J7‘,;Q |:]]. {Q(W, Zi,Jf?/’l’) = '1n }
1€n

—1{QW, Zi 5, 1) = ‘in’}}.

Then, there exists an estimator 7, for which
n 1

Ewsas [da@D] =2 =53 [Ews, e [L{QW Zius ) = in'} = 1{QW, Zius, ) = in'}]|.
i€[n]

Now, suppose by contradiction that

3 ’Ew’si)mﬂjug [11 {QW, Zi e, p) = “in’} = 1{Q(W, Zi s, 1) = ‘in’}]

i€[n]

I
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is not o(n). This means that there exists some by € R+ and a sequence {a; };en such that lim; o a; =
oo and limiting n to this subsequence, we have

Z ‘EW,éi,[z],JmQ [1 {QW, Zi gz, ) = i’} = 1{QW, Ziy,, 1) = ‘in’}} ‘ 2 2bin.
1€[n]
Without loss of generality, we can assume that by € (0, 1/4). Then, for the estimator *,
A n(l —2b
By, |du(3.3)] < %

Next, we use Fano’s inequality with approximate recovery [S9, Theorem 2]. Let ¢t = % {WJ and
denote

P, 2P (dH (J, j) > nt) ,

> 1{dulig) <nt}.

jefo, 1}

[>

N;

It is easy to not that Nj is the same for allj € {0,1}". Hence, the maximum overj of Nj isequal to Ny, .

‘With these notations, we have

(a) -
o(n) =1(3; W)
Y3, w,318)

>1(J;J|S)

n

> (1— P.,)log (%) — log(2)

n

V(1= Py (1— hy(t)) — (1 — P.,)log(3) — log(2),

where (a) is by construction of W and as shown in the proof of Theorem [3| (b) is derived since J is a
function of (W, S), (c) is derived due to positivity of the mutual information, (d) is derived due to the
below relations

I(J;J18) = H(J) = HJI|J,S) > H{JI) ~ H(I|J) =1(J; ),
(e) is derived using [59, Theorem 2], and (f) is derived using the claim, proved later below, that N1, <
32" ™) for some constant ¢ € R and for n sufficiently large.

Note thatt = % {WJ < 1/2and asn — oo, 1—hy(t) converges to the constant 1 — hy, (%) > 0.

Hence, if we show that for sufficiently large n, 1 — P., > 1 — b2, for some constant b2 € (0, 1), the
contradiction is achieved. Since the left-hand side is of order o(n), which is greater than the right-hand
side, which is ©2(n), and the proof is complete.

Hence, it remains to show for n sufficiently larg i) N1, < c3 2mhe(®) for some constant ¢ € R4 and ii)
P., < ba, for some constant b2 € (0, 1).

Proof of Claim i) This is shown in equation[49]

Proof of Claim ii) Using Markov’s inequality, we have
P., 2P (dH (J,J) > nt)

<EW,S,J,3 [dH(J»j)}

- nt

_(1—2b)

- 2t
1—2b;

—1—-0b1 + l/n
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b L
1—561+ 1/n
<bg,

=1

for some constant b2 € (1/2, 1) and n sufficiently large (or a; sufficiently large).

This completes the proof of the lemma.

H Proofs of Appendix D Random subspace training algorithms

H.1 Proof of Lemma[3

Part i. Fora = 0,

1 =2
e 2

ga,p (I) = \/ﬂ )
which is a standard Gaussian distribution. Hence, h(gaq,p(x)) = log(v/2me) and f(a,p) = 0.

Part ii. The relation f(a,p) = f(—a,p) is trivial since by the symmetry of the distribution g, . To
show the increasing behavior with respect to a, consider 0 < a’ < a and some p € [0,1]. We show
f(a',p) < f(a,p). Fora > 0, let
1 1
X1:Y1—|—Ja, XQZEXlzayl—}—J,

where Y1 ~ A(0, 1) is independent of J ~ Bern(p). Then, it is easy to verify that

I(X2;J) = 1(X1;J) = f(a,p). (58)
Now let o £ 4/ (%)2 — 1 and define
1 1
Xz = Xo+ EYQ = E(Yl +Ya) + J, (59
where Y2 ~ N (0, 0?) is independent of other random variables. Note that Y3 = @ is indepen-
dent of J and distributed according to A/(0, 1). Hence, we can write
1
X = —Ya+ . (60)

Now, we have
fla.p) €10, )
()
< |(X3; J)

© ', p),

where (a) follows from equation (b) from equation and the strong data processing inequality, and
(c) from equation This completes the proof of the strictly increasing behavior with respect to a in the
range [0, 00).

22 (a=

Tr—a 2
Part iii. Denote Q1 (x) = \/%677 and Q2(z) = \/%ef 5~ Note that Ja,p(z) = pQ1(x) + (1 —

P)Q2(x). Hence, h(ga p(2)) = —pEq, [log(gap(2))] — (1 — p)Eq,[10g(ga p(2))]. Now, considering
the limit to infinity, we have

Jim_h(ga.p(2)) = = pEq, [log(pQ1(2))] — (1 — p) lim Eq,[log((1 — p)Q2(=))]
= —plog(p) — (1 —p)log(1 = p) = pEq, [log(Q1(z))] — (1 —p) lim Eq, [log(Q2(z))]
“ log(2)hs(p) + 5 loa(2re),

where (a) is deduced by noting that both @1 and Q2 are Gaussian distributions with variance 1 and hence,
their differential entropy is equal to 5 log(2me).
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This concludes that limg— o0 f(a, p) = hs(p).
Partiv. f(a,p) = f(a,1 — p) is trivial since by the symmetry of the distribution gq,p.
To show the strictly increasing behavior with respect to p, consider 0 < p1 < p2 < 1/2. Let
X1 =Y + Jia,
where Y ~ N(0, 1) is independent of J; ~ Bern(pi). Then, due to Part ii,
(X15 /1) = f(a,p1) = h(ga,p(2)) — log(v2me). 61)
Moreover, note that
h(X1) = h(ga,p, (7)) = h(ga,1-p, (2))- (62)
Let Z ~ Bern(q) be independent of other random variables for some ¢ € (0, 1) that will be determined
later. Let
X2 2Y + Va,
where V = |J1 — Z|. Note that V' ~ Bern(p1¢ + (1 — p1)(1 — ¢)) is independent of Y.

Now, on the one hand, we have
h(X2|V) = h(Y) = h(X1]J1). (63)

On the other hand,

h(X2) S h(x)2)
=h(X2|Z =0)q+h(X2|Z=1)(1-q)
=h (Y + |Jila) g+ h (Y 4+ |J1 — 1|a) (1 — q)

Oh (Y + Jia) g+ h (Y + Jia) (1 - q)
Dh(Gapn ()0 + h(gas1—p, (2)) (1 — q)

Db (gan (2)))
Yh(x1),

where (a) is derived by strong data processing inequality and since p1 € [0,1/2) and ¢ € (0, 1), (b) is
derived for J' ~ Bern(1 — p1) independent of Y, and steps (c), (d), (e) are derived using equation

Hence, combining equation[61} equation[63] and equation [63] we have

fla,p1) =1(X1;J1)
<|(X2;V)

=f(a,prg+ (1 —p1)(1—-4q)).

The proof completes by find a ¢ € [0, 1] such that p1g + (1 — p1)(1 — ¢) = p2. To show that such g exist,
first denote ep, (q) = p1g + (1 — p1)(1 — q). Now, note that ep, (1) = p1 < peandep, (0) =1 —p1 >
1 > po. Hence, there exists a ¢* € (0, 1) such that e, (¢*) = pz. This completes the proof of this part.

H.2 Proof of Theorem [10]

Recall that
Vi & {iva, ..o yiep)s

is the set of sample indices chosen at time ¢ € [T'], chosen independently of any other random variables.
Hence,

gen(p, AY) = Ey [gen(u»A@ )] ,

where Ag ) is the algorithm A? where the batch indices V = (V1, ..., V) are used.
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The proof consists of bounding each of the conditional mutual information terms
CMIS ;5 (8, W) 2187-20AP(S5,0); 0), i€ n),
and then using the boundof Corollary [2| with Ag ) = Ag )and € = 0.

It is sufficient then to show that for a fixed V and every fixed ¢ € [n], we have that

CMI\@’,inyi(g7W/) S Z ]Ept,i7At_L |:f <%At,i7pt,i>:| 5 (64)
t: i€V,
where
Ari & ||Vl (OW( 1, Zio) =Vl (OW( 1, Zi1) ||,

pei 2P (Ji —0/8,0,V,J_;, Wi_y {W,, W/_y:r<tic w}) .

For a fixed ¢ € [n], if {¢: ¢ € V;} is an empty set, then the final model is independent of J; and hence
CMI%Z-, 3_,(S, W') = 0, which completes the proof. Now, assume that this set is not empty. For ease of
notation, suppose that

{t:ieVi}={t1,...,tm},
where 1 <t; <to <. -- <ty <T.
Then, for a fixed V,
CMID 5 _,4(S, W) 215700 (A (85, 0): 1)
:IS’J*'“@’V(W%;JZ-)

(a) &
S,J_;,,V / ’ ’ / / ’ .
SI (WtM7WtM—17WtM,17WtM,1—17'" 7Wt17Wt1—17Ji)

(©) Z S$,J_;,0,V j1xs/
23 BV
me[M]

(o) QJ,, o,V / / / / / /
= E > (th; Ji|th717th_thm_lfla e 7Wt17Wt171)7
me([M]

! ! ! ! !
Wt,,,,—1§Jz‘|Wt th,l—ly"' 7Wt1:Wt1—1)

m) m—1

where (a) holds since by the data processing inequality 15:7-+©-V(W4.; J;) < 157-:9:V(Wwy - J)
and 157-09V(wy o) < 18TVl oWy W WLy W W 15 ;) by the
non-negativity of the mutual information, (b) is derived using the chain rule for the mutual information and
by using the convention that when m = 1, the conditioning part {W; W/ 4 -+ W{ W{ _;}is
an empty set, and (¢) is derived since IS"]—i’e’V(Wt’m,l; Ji| Wi W e W W ) = 0.

Consider a fixed value of (W} 1, W/ W{ e Wi, WL ) and let

m—1)

m—1) m—1—1»

Fon 28,0,V Ii Wi, 0 Wi, W e WL W )

Note that
P i AP (Ji =0[8,0,V, I, Wi 1, {WL W/ _1ir <tmic Vr})

=P (Ji = 0|]-'m) .
Hence, it is sufficient to show that
(Wi i) < f (—b"t'" Atm,i,ptm,i) : (65)
Ot

Recall that N
Wi, = Proj {Wi, 1 =1, VurR(Va,, W, 1) + 01,020, }

where R(V;, , W) £ %Ei'ev,, ¢(Zy,s,,W). Denote

1
ReiVe, W) 5 > £(Zvg,, W),

.7

K2
y e
1€V, i #L
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Furthermore, denote

Wi, 2W{ 1 = e, Var R(Vi

m

=W, o1 = 1, VurRei(Vi,, OWH, 1) = BN il (Zig, OWE, 1) + 01,20,

m m

@Wt ,1) +Ut Et

tms m m

where the last line holds since by assumptionz € V; .

Using the data processing inequality, we have that
(W i) SV (W 02).

Hence, it is sufficient to show that

1 (Wh,; Ji) < f ( b Atm,i,ptm,i> : (66)

Note that

1 (W, s Ji) =17 (W, Jov,, s i) = B2 (Wa,, Jow, ) — h7 ™ (W, [os,,

J). (67

m )

To compute each of the two terms in right-side of equation[67] first we derive the marginal and conditional
distributions of —— Wt

* Given J,, and given J; = 0,

oWy, 1) — Mo 7l (Zi0, OW( _1) +e,

1 - 1 ~
— Wy, =—W{ | — Mvw’R—i(%
Ot,, Ot,, bO’tm

ot

m )
m

Hence, given F,, and given J; = 0, %th is distributed as

1 - ~
— Wi, ~ Po 2 N (o, 1), (68)
t

m

1 ~
po 2 — W/ = Mg R_(Vi, , OW, 1) = om0l (Z5,0,0WF, 1) .

m b O.t m

m tm m

* Similarly, given F,,, and given J; = 1, 1 Wt is distributed as

7V~Vtm ~ P2 N (u1,14), (69)

gt

m

1 ~
J751 L 7Wt/m—1 — ntim w/R,i(VYt 6Wt,,,—1) bo ;n V ( i1, @th—l)

m tm m

* Lastly, since P (J; = 0|.7:m) =Pt

myt

then given F,, ﬁth is distributed as
— Wi, ~ P 2py, iPo+ (1= pr,.i) Pr
=pt,.,iN (po,1a) + (1 = p,.,i) N (11, 1a) -
Now, we compute each of the two terms of 7™ (W, /ov, ) and h"™ (W, Jou,, | Ji):

* The term h”™ (W4, /o+,,) equals the differential entropy h(P). Since the differential entropy is in-
variant under the shift and since also the Gaussian distributions Py and P are invariant under the
rotation, h(P) is equal to the entropy of the distribution (), defined as

Q = pi,, iN (04,1a) + (1 = pt,,.i) N (ag,1a) ,

where

aq = (ntm ,[1‘70707"' 70> eRdy

bUt

m

58



and

8 5%ty — ol
= 1 — MO
Ui

= ||Vl (OW:, _1, Zi0) =Vl (OW], 1, Zi1)||
:Atm,z

Note that [[aq|| = [[x1 — pol-

Furthermore, we can write

Q=Q1®Q2® - Qq, (70)

where

Q1 =pt,, N (0,1) + (1 —pt, ) N <bmm Ay, i, 1) ;
Ot
and forr € {2,3,...,d},

Hence,
W (W, /o1,,) =h(P)
=h(Q)
ST Q)
re(d)
b
Dh(@Q1) + (d - 1) log(v2re)
© o
ih (galyptm L( )) ( - 1) IOg( 27T6)
d
WDy < T At"”i,ptm,i) + dlog(v/2me), (71)
Tt
where (a) is derived by equation n (b) holds since the distributions Q2, . .., Q4 are scalar standard

A

Gaussian distributions, (c) is derived for a1 = mm At,,, .i and by the deﬁmtlon of ga,p(*) 1n and
(d) by the definition of f(a, p) in[I8]

* To compute b (W, /o, |J ) note that for each value of J;, due to equatlon.and equatlon. 69| the
conditional distribution of —Wt ~ is a multivariate Gaussian distribution with covariance 15. Hence,

hm(Wa,, Jo, | i) =dlog(V/2me). (72)
Combining equation[71]and equation[72] gives equation [66] which completes the proof.

H.3 Proof of Theorem 13|

Recall that N
W/ = Proj {Wt’_1 Vo R(Ve, OW/_1) + atet} :

0(Z; 5, W).

In the proof, to define the lossy compression algorithm PW‘W, o.gof Corollarylz} we introduce auxiliary

where R(V;, W) £ 3 eV,

optimization iterations {Wt} ar as follows. Let Wo = W/, and for t € [T, let
te[T

Wi = Proj {Woe1 = mVaR(Vi, W) + over + mel } (73)
where e; ~ N (04, 1) is an additional noise, independent of all other random variables.

In the following Lemma, proved in Appendix , we show that, this choice of PW|W/ o.g v satisfies the
distortion term equation[T6}

gen(S, OWr) — gen(S, @VAVT)} <,

EPSP@PVPW’T\S,(—),VPWT\Wé,,s,(—),v [

for

zfm“ ((d+1)/2) Z Tt

I'(d/2) fomrz!
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Lemma 6. The following inequalities holds:

HWt—Wt’

t— /
<2 o,
re(t]

and

gen(S, OW4) — gen(s, @WT)] <

EPSp@PVPW’T\S,e,vPWT\W’T.s,(—),v [

Hence, it is sufficient to show that

]EPSP(:)PVPWT‘S)@)V [gen(S, QWT)}

cV?2 s A -
= Z Esov,a_, Z AriEy, | A, {f <At,i7pt,i
"oem t: i€V, oo b\/oF + v}

Note that the iterations defined in equation [73]are equivalent in distribution to the following iterations:

W, = Proj {Wtfl — eV R(Ve, OWi—1) + a'tét} )

where £, ~ N (04, 1,) is independent of all other random variables and

~ A
ot = \/Utz—l—lltz.

Similar to the proof of Theorem[I0] and by using Corollary 2] it is sufficient to show that for a fixed V and
every fixed ¢ € [n], we have that

CMIY 5_,.:(S, Wr) Z Avily A, [f (bA Avi, P, z):| )
t:ieV;
where
CMIG 5, 4(8, W) 215729V (Wrp; ),
Avi 2 |Vt (OWin1,Zi0) = Vurt (€W, Zi1 )|

)

Pri =P (Ji = O|s,@,V,J—i7Wt—l) ,
At,z‘ = H qr.
re(t+1:T]: i¢V,

For a fixed ¢ € [n], if {¢: ¢ € V;} is an empty set, then the final model is independent of J; and hence
CMI?M, 3_,(S,Wr) = 0, which completes the proof. Now, assume that this set is not empty. For ease of
notation, suppose that

{t: i€ ‘/t} = {tl,...,tM},
where 1 <t; <to<--- <ty <T.
We show by induction on m € [M] that, we have

SYRENCR AR ED i N Y ¢ | 74
k

k<m

where At,i and p; ; are defined as above and

Ai:z = H qr,

reft+1:t']: i¢V,

with the convention that Afl =1fort <t.
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Once this claim is shown, then we have

- ) . (a) T & a
|S’J7“@’V(WT;J1’) < < H qr) |S’J7“9,V(WtM§Ji)

r=ty+1

(®) £ t Nt A ~
2 I1 o) X et [ ()]

r=ty+1 k<M

®) A .
- Z Auilly, A, [f (bgt: Atk,mptk,i)} .
k

k<M

where

* (a) is achieved by repeated using of [74, Lemma 4],
* (b) is derived using equation [74]
* and (c) holds by definitions of Ay, ; = AZ:,,i and AfM

th it
Hence, it remains to show that equation [74]holds by induction.

Consider the base of the induction m = 1. Note that Aiil = 1. Hence, the result follows using the

proof of Theorem more precisely using equationwith W' — th , A — At,i, Dt,i — Dt,i, and
ot — (3'15.

Now, suppose that the result holds form = N < M — 1, i.e,

CMIG 5, (S, Wiy) < Y AifﬁiE,stm,A%i [f (;Z;” Atr,i,ﬁtr,iﬂ ) (75)
re[N] tr
where
tN .

tryi T H qt-
tet,+1:tn]: igVy

We show that it also holds form = N +1 < M.
‘We have
IS,J_M@’V(WtNJrl; Jl) Slsj‘]_i’@’V(VAVtNJA ) WtN+1*1; Jl)

S$,J_;,0,V /13 2 S$,J_;,0,V /1%
=l (Wi 13 Jil Wiy —1) + 1 (Wi 1—15 i)

(a) Nt A R §,J_;,© %
SEZAHN+1.1 [f <$AtN+1,i7ptN+1,i>:| +1 o 7V(VVtNJrl—l;Ji)

b&tN+1
(b) Nt . .
SEﬁf,N+l,i [f <ba':\::1 AtN+lyi7ptN+lsi):|
tye1—1 i A
+ | I o | BTV (s i)
r=tny+1
(2E“ (A B
= P1N+l,z ba'tN+1 N+1, N+1)
| .
t te A R
+ H qr Z At:’,iEﬁtr,i |:f (b&t At,,.,i,pt,,i):|
r=ty+1 re[N] r
d N ~
@S B |f (b
re[N+1] tr

where

* (a) is derived using the proof of Theorem more precisely using equation |65 with W{ ——
Winsrs Dti = Diyir,is Peonyi = Dingris Oty — Otyyq» and by considering

Fon — {S797V,J_i,ng+l,1}.
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* (b) is derived by repeated using of [74, Lemma 4],
* (c) holds by the assumption of the induction[73]
+ and (d) by definition of Aifj and Aiz“.

This completes the proof of the theorem.
H.4 Proof of Lemmal6
To prove the result, we show first what

HWt—Wg

< Z oy, HE;H , (76)
relt]

using induction over ¢ € [T']. Then, using the Lipschitzness property of the loss function, we have that

EPSP®Pva’T\s,e,vPWT\W’T,s,e,v [gen(S,@Wr}) B gen(S,@WT)} <2LE Z aT_TVT HEITH
re(T)
@2v2ET((d+1)/2) T,
I'(d/2) Z o

where (a) is obtained using the fact that if 3 ~ N'(0,14), then ||3]| has a chi-distribution, whose mean is

equal to V2 1‘((1:1(-57/1%)/2)-

Fort =1,

|W1 W]

‘(Wo — MV R(Vi, OW) + o161 + V1€1) - (Wé — MV R(VL, OWY) + 0151) H

— [

where (a) is derived since for any w/,w) € R%,
contraction property of the projection. This shows the base of the induction.

< flwh -

Suppose that equationholds for t = t’. Now, we show that it also holds for ¢t = ¢’ 4 1.

IN

HWt’+1 — Wi H (Wt' - 77t'+1vw’7/€(‘/t’+17 OWy) + opry16041 + Vt’+152’+1)
- (Wt/’ — 41V R(Vir g1, OW)) + Ut’+15t’+1) H

=l (Wer = nes2 Var R(Ver1, W) ) = (Wir = me 1 Voo R(Virg1, OWY)) )

/
+ vy 1€ 41

st

(b)
HWt/ _ Wt’

T e

(c)
<a 3 oy b + v [Jeba |
re(t’]

Z a(t +1)— TV Hfr

re[t’'+1]

I

where (a) is derived using the triangle inequality, (b) using the contractility assumption, and (c) using the
assumption of the induction. This completes the proof of the induction and the proof of the lemma.
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