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Abstract
Transformers learn from high-dimensional representations, making it challenging to interpret how
training shapes the process. In this work, we reveal that hidden activations exhibit consistent power-
law heavy-tail spectral decay with exponents α < 1, gradually increasing across layers and fine-
tuning. This spectral evolution offers a compact signature of training dynamics, with larger α
values empirically correlating with better generalization. Complementing this, we further find
that the gradient SVD spectrum has exponents decreasing over depth, suggesting that gradients
become increasingly isotropic as they backpropagate. Together, these spectral signals offer an
alternative lens in examining the hidden structure in transformers, which potentially inspire new
ways to optimize pre-training and push the scaling-law frontier inward.

1. Introduction

Large language models (LLMs) exhibit a striking macroscopic regularity known as the neural scal-
ing law: that is, as model size N , dataset size D, or computational budget C are increased, the
model’s loss decreases as a power law, L ∝ N−αN or D−αD [1, 2, 3]. This empirical law underpins
the rapid scaling of model size in recent years [4, 5, 6, 7] and motivates the search for a better
understanding of the underlying mechanisms. Recent theoretical works suggest that these scaling
exponents are not arbitrary: rather, they have strong connections with the spectral decay of data or
kernel matrices [8]. A solvable random-feature model was also proposed to demonstrate how the
power-law spectrum in the data translates into power-law scaling of the loss [9]. These indicate that
the macroscopic behavior of scaling laws is tied to spectral properties of the data and model.

However another aspect is how the training modifies power-exponents. Meanwhile, empirical
studies have discovered consistent spectral patterns within deep networks. Instead of following the
Marchenko-Pastur distribution predicted by random matrix theory, the weight matrices, hidden ac-
tivations, and gradients of trained models often exhibit heavy-tailed spectra [10, 11, 12, 13, 14].
These power-law behaviors appear across architectures and training regimes, and have been linked
to generalization performance. Proposed explanations range from implicit regularization and re-
duced training temperature to the entropy of eigenvectors [15, 16]. Even the noise in stochastic
gradients has been shown to follow heavy-tailed α-stable distributions, potentially aiding explo-
ration during optimization [17]. Collectively, these results point toward spectral exponents as rich
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descriptors of training dynamics.

Yet transformers remain particularly difficult to probe, as their training takes place in high-
dimensional spaces, making it hard to observe the training dynamics directly. In this work, we
explore the use of the heavy-tail exponent α of the eigenvalue (or singular value) spectrum, as
a low-dimensional signature. We are particularly motivated by theoretical results that relate the
eigenvalue decay rate λi ∼ i−α to the scaling-law exponent itself [8, 18, 9]. We conjecture that
for nonlinear transformers a similar relationship holds: if the covariance eigenvalues λi decay as
i−α, then α may serve as a proxy for the neural scaling-law exponent. Spectral exponents can be
estimated from a single model without training across multiple scales, providing a cheap diagnostic
for training efficiency and optimization dynamics. Such insights could offer practical guidance for
improving model performance under limited resources, and help push the scaling-law curve inward.
We therefore pose the following questions:

1. Activation spectra evolution: How do the eigenvalue spectra of hidden activations evolve
during training? Does fine-tuning change the spectral decay compared to using plain pre-
trained weights?

2. Gradient spectra evolution: How do the singular value spectra of per-example gradients
change across layers? Is there a consistent relationship between gradient and activation spec-
tra?

3. Proxy for scaling: Can the slope α of these spectra act as a proxy for the neural scaling-
law exponent? While a rigorous theoretical link remains open, we discuss evidence and
limitations.

1.1. Contributions and Outlines

In order to investigate, we perform experiments of spectral dynamics in GPT2 models of different
sizes and datasets. Our main contributions are: (i) We characterize the layer- and sublayer- acti-
vation covariance spectra and show that, α increases gradually as we progress from layer to layer.
Moreover, apart from the embedding and final residuals, the heavy-tail exponents cluster tightly in
the range 0.65-0.90 across most depths and training conditions. This narrow band points to a con-
sistent heavy-tailed regime in deep transformer representations. (ii) We analyze gradient singular
value spectra across layers. Opposite to the activation spectrum, the gradient singular value spectra
decrease almost monotonically, but within an even tighter range.

2. Evolution of Spectra for Pre-trained Models

In order to investigate the heavy-tailed spectra, we examine from two complementary perspectives:
the activation covariance spectrum, which captures correlations in hidden representations, and the
gradient SVD spectrum, which probes the anisotropy of gradients across examples.

2.1. Methodology

2.1.1. ACTIVATION COVARIANCE SPECTRUM

Consider an autoregressive transformer with L layers. For each layer l = 0, . . . , L − 1, we col-
lect activations Xl ∈ Rm×d across m token positions, where d is the feature dimension. Unless
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otherwise specified (as in the sublayer analysis), Xl refers to the output context vectors of the l-th
transformer block. The empirical variance is

Cl =
1

N
XT

l Xl ∈ Rd×d

and we sort its spectrum λ1 ≥ λ2 ≥ · · · ≥ λd. To avoid storing all vectors in memory, we adopt
Welford’s algorithm [19], a numerically stable online covariance estimation method. Note that
this algorithm provides the exact covariance (within numerical precision) and does not introduce
approximation errors relative to the batch statistics. Specifically, given a batch of activations Xl, we
update the empirical mean µ and second moment matrix M2 as

µnew = µ+
m

n+m
(X̄ − µ) M2,new = M2 + (X − X̄)T (X − X̄) +

nm

n+m
(X̄ − µ)(X̄ − µ)T

where n is the total number of samples seen so far and X̄ the batch mean. At the end of the pass,
we form the covariance matrix Cl = M2/(n − 1). A heavy-tail manifests as a power-law decay
λi ∝ i−α for ranks i in an intermediate range. We estimate α by performing linear regression to
log λi against log i curve over a window [is, ie] (we take it to be 10-100 in our experiments) and
take α = −slope.

2.1.2. GRADIENT SVD SPECTRUM

In this case, we select a weight matrix Wl,k in layer l (e.g. the output projection of self-attention).
We then collect per-sample gradient by processing 1000 sequences of length 256 from the dataset
with batchsize 1. For each example x, we perform a forward pass to compute the loss L(x), followed
by a backward propagation to obtain the gradient of the loss with respect to the weights Wl,k. We
then flatten this gradient into a vector gx ∈ Rp and store it. We stack the collected gradients gx into
a matrix G ∈ Rn×p. We then perform SVD to capture the singular value spectrum. The exponent α
of this spectrum is computed similarly as before.

2.2. Experimental setup

We consider two model-dataset pairs. The base experiment uses the 12-layer GPT2-small [20] with
weights fetched from the HuggingFace [21] pre-trained model and evaluated on the Wikitext-2 cor-
pus [merity2016pointer]. A randomly initialized model with the same architecture serves as the
baseline. We collect spectra under 5 conditions; (i) fine-tuned for 2 epochs (FT epoch-2) evaluated
on a subset of the training split; (ii) FT epoch-2 evaluated on the test set; (iii) No FT, and evaluated
on a subset of training set (iv) No FT, and evaluated on test set (v) random initialization, evaluated
on a subset of the training set. Experiments are repeated with 5 random seeds and we report the
averages.

The second larger experiment uses the 24-layer GPT2-medium [20] with Wikitext-103 cor-
pus [merity2016pointer]. We set the sequence length to 1024 and activation spectra are computed
on 10k sampled sequences with dropout disabled. We also perform a sublayer analysis in this case,
by extracting activations from the embedding output and nine intermediate sublayers per transformer
block (layer-norm 1, attention output, attention residual, layer-norm 2, fully connected MLP, MLP
activation, MLP projection, dropout, MLP residual) as well as the final layer output. Gradient
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spectra are collected for the attention output projection weight matrices of each layer from 1000
per-example gradients. These analyses allow us to compare how heavy-tail exponents vary across
sublayers, layers, various training conditions and datasets.

3. Main Results

In this section, we present our empirical results and summarize key findings.

3.1. Results for GPT2-small + Wikitext-2

(a) (b)

(c)

Figure 1: Spectral properties of activations and gradients in GPT2-small.(a) Layer-wise activation
spectral exponent α for five conditions: random initialization, no fine-tuning + spectrum
computed by passing in a subset of training/the full test set, and fine-tuned (passing in
train/test). (b) Activation eigenvalue spectra at layer 6 under the same five conditions.
(c) Gradient singular value spectral exponent α across layers for the attention output
projection matrix under the same 5 conditions.

We first present the result for the activation covariance spectrum. In Figure 1a we observe the
following trends: (i) Shallow layers have similar slopes. For layers 0-5 the exponents concen-
trate between 0.70 and 0.75 for all trained models, indicating a relatively slow spectral decay. (ii)
Deeper layers compress activations. Beyond layer 6 the slopes increase consistently. In the fine-
tuned model the exponent increases to around 0.90 at the final layer, implying a much faster decay
of eigenvalues and hence a lower effective dimensionality. This phenomenon aligns with observa-
tions in other architectures where deeper layers have been shown to compress representations [22].
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This monotonic increase suggests that transformer layers gradually distill information and suppress
noise. (iii) Fine-tuning sharpens the spectrum. The effect is subtle compared with the difference
between random initialization and pre-trained models.
Overall, the activation spectra exhibit power-law behaviour across a substantial range of ranks.
Apart from the embedding and final residual layers, the fitted exponents lie in a tight interval of
roughly 0.65-0.90, increasing with depth and fine-tuning. To give a more explicit visualization, in
Figure 1b we plot the full spectrum for layer 6 under the same 5 conditions. α is the slope of the
black fitted dashed line. It highlights how training steepens the spectral decay relative to random
initialization.

Next we examine the singular values of per-example gradients for the attention output projection
matrix. Figure 1c plots the evolution of α under different conditions. Opposite to the activation
spectra, the gradient spectra in general present a decreasing pattern. And there is a noticeable
difference between fine-tuned curves and those without fine-tuning. Fine-tuned models (cyan and
orange curves) show smaller α values overall and they resemble U-shaped, with exponents being
large in the shallowest and final layers. Moreover, as with activation, the spectra on the training and
test splits are almost identical.

3.2. Results for GPT2-medium + Wikitext-103

In addition to GPT2-small, we analyze the spectra for a 24-layer GPT2-medium model. While
the small model aggregates activations at the block level, here we decompose each block into finer
components and for each sublayer we estimate the heavy-tail α. In Figure 2a we show the activa-

(a) (b)

Figure 2: Spectral behavior of GPT2-medium with Wikitext-103. (a) Heavy-tail exponent α for
activation spectra across sublayers in the 24-layer model under 4 conditions: no fine-
tuning + spectrum computed by passing in a subset of training/the full test set, and fine-
tuned (passing in train/test). (b) Gradient spectral exponent α for the attention output
projection weights under no-fine-tuning (train set).

tion spectra. Several patterns emerge. Firstly by zooming in, the exponent presents a bowl-shaped
trajectory. The embedding output and the final layers exhibit the largest exponents (α ≈ 1.1− 1.3).
Moving deeper into the network, the exponents drop sharply and then steadily increases, mirror-
ing the monotonic increase observed in GPT2-small. Besides, the fine-tuned models have slightly
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higher heavy-tail exponents than those of pre-trained models, particularly in later sublayers, sug-
gesting that fine-tuning accelerates spectral decay. Within a sublayer, different components have
distinct exponents. Layer-norm outputs and attention residuals typically have smaller α than MLP
activations and residuals, implying that attention mechanisms retain a broader range of directions
while MLPs compress more aggressively. A more detailed exposition can be found in Appendix 5.1.

We also computed singular value spectra of per-example gradients for the attention output pro-
jection across all 24 layers of GPT2-medium for no-FT-train condition, as shown in Figure 2b. Here
the heavy-tail exponent decreases almost monotonically from about 0.30 in the shallowest layer to
roughly 0.20 in the later layers. The behaviour is consistent with our previous observation from
GPT2-small, implying the universality of the pattern.

3.3. Interpretation and hypotheses

1. Compression by training. From previous experiments, fine-tuning sharpens activation spec-
tra and raises α, thereby reducing the effective dimension. SGD, combined with layer nor-
malization and weight decay, selectively amplifies a few principal components and suppresses
the tail. This explains why model with random initialization yields a shallower decay than
trained models. Hypothesis: increasing dropout or weight decay should further increase α.

2. Train-test consistency. Activation and gradient spectra are nearly identical when passing
through train and test datasets because both splits sample the same language distribution.
However, this may be due to the limited size of the dataset. Nonetheless, it implies that the
spectral geometry is governed more by model architecture and training than by the particular
corpus.

3. Distinct spectra for sublayers. From our experiments, we observe that attention outputs
often exhibit shallower tails than MLP activations, while dropout and MLP residuals show
steeper decay. This agrees with the intuition that attention combines multiple token contexts
via softmax kernels, producing a broad spectrum, whereas MLPs act as a filter that prunes
dimensions. Hypothesis: sharing query/key projections or reducing the diversity of attention
heads (e.g. through sliding-window attention [23]) should increase α in attention sublayers.

4. Gradient spectra. Larger values indicate that the gradients are dominated by a few direc-
tions, while smaller values indicate more uniform gradients. In both sets of experiments,
under the condition of no-FT, the gradient spectra decrease almost monotonically. This sug-
gests that deeper networks gradually isotropize gradients as error signals propagate backward.
Hypothesis: switching to more effective optimizer (e.g. Muon [24, 25]) or increased depth
should flatten the gradient tail.

4. Discussion and Outlook

Through our analysis, we find that transformer activations and gradients exhibit remarkably con-
sistent spectral patterns: aside from the embeddings and final outputs, heavy-tail exponents pre-
dominantly cluster between 0.65 and 0.90, with deeper layers and fine-tuning sharpening the decay,
while gradient spectra fall almost monotonically with depth. These spectral slopes provide a com-
pact, low-dimensional signature of high-dimensional training dynamics, offering a complementary
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diagnostic to loss curves. Intriguingly, we observe that larger α in late layers and flatter gradient
spectra correlate with improved generalization under fixed compute, suggesting that shaping spectra
via normalization schemes, attention mechanisms, or optimization strategies may effectively shift
the scaling-law frontier inward. This hints at a new avenue for improving training efficiency—not
by scaling up, but by reshaping internal dynamics. However, a theoretical justification linking α
to scaling exponents in the case of transformers is still lacking. Our empirical findings, drawn
from GPT2 variants and curated corpora, serve as a first step. Future research should investigate
whether targeted interventions (e.g., adjusting dropout, QK normalization, or optimizer tempera-
ture) can steer α in a predictable direction, validate these trends in larger and multimodal models,
and establish a formal connection between spectral structure and compute-optimal training.
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5. Appendix

5.1. Detailed sublayer spectra analysis

To further investigate the spectra behaviour, Figure 3 displays the full activation spectra for each
sublayer group across all 24 layers. This is under no-FT-train condition. Each subplot shows the
eigenvalues λi versus index i on a loglog scale together with fitted power-law exponents on ranks
10-100.
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Figure 3: Full activation covariance spectra across all 24 layers and sublayers of GPT2 medium
evaluated on subset of the training set of Wikitext-103 without fine-tuning. Each subplot
shows eigenvalues λk of the activation covariance matrix for a specific sublayer (Norm,
attention or MLP) plotted against rank index k in loglog scale. The heavy-tail exponents
α are fitted with ranks 10-100.
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