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Abstract

The Schrodinger bridge problem is concerned with finding the optimal transporta-
tion dynamics between two distributions. Existing algorithms allow to infer such
dynamics only for cases where samples from both distributions are available. We
propose a novel method that allows to model Schrodinger bridges when one (or both)
distributions are given by their unnormalised densities. We apply the newly devel-
oped method to the problem of sampling posterior distributions in latent spaces of
generative models, creating a scalable data-free image-to-image translation method.

1 Introduction

At the heart of generative modelling lies the problem of bridging two distributions by a stochastic
or deterministic dynamical system that transforms one distribution into the other. In recent years
there has been a surge in development of dynamics-based generative models, including diffusion
models |Sohl-Dickstein et al.[[2015]],|Ho et al.| [2020], Song et al.|[2021]] and flow matching models
Liu et al.|[2023]],|Albergo et al.|[2023]], Lipman et al.|[2023]. However, the former approach typically
deals with the case where one of the distributions is Gaussian, whereas the latter approach produces
deterministic dynamics. The generalised problem of inferring stochastic dynamics between two
arbitrary distributions is called the Schrodinger bridge problem, which was initially proposed in
Schrodinger| [[193 1} |{1932] and recently applied to machine learning problems in |De Bortoli et al.
[2021]],|Vargas et al.|[2021]],|Chen et al.|[2021a], Shi et al.| [2023]].

Let po and p; be two given marginal distributions over the space R, and let Q; be a reference
process on the time interval [0, 1] taking values in R (usually an Ornstein-Uhlenbeck process, such
as the Wiener process). Given this notation, the Schrodinger bridge problem can be formalised in the
following way:

P; = argmin{KL (P | Q) s.t. (m0)#P: = po, (m1)4P: = p1}, (1
Py

where the minimisation is over all processes P, whose marginals (7g)#P; and (7{)4P; at times = 0
and ¢ = 1 equal pg and py, respectively. The solution P} is a bridge — that is, a stochastic dynamical
system that transports pg to p; — that is the closest to Q; in KL divergence, which amounts to
minimising a certain transport cost.

Computationally, the Schrodinger bridge problem can be solved using the Iterative Proportional
Fitting (IPF) algorithm |Sinkhorn|[[1964], [Vargas et al.| [2021]], De Bortoli et al.|[2021]]. IPF defines a

. . ., . . R
recursion initialised at P9 = Q;:

TP;:’“ = arg min{KL(Pz | jﬁ?) s.t. (m1)4Pr = pl} (22)
Py

(]F;‘“ = arg min{KL(P, |_P)?+l) s.t. (mo)uPr = Po}- (2b)
P

t

Under mild conditions, these processes can be represented as Itd6 SDEs in forward and reverse time. It
- —
can be shown that upon convergence P, and P, become time reversals of each other and solve the prob-
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lemin (I). Until now, the ways to turn (2)) into learnable objectives had been studied only for cases where
samples from both p and p; are available|Vargas et al.|[2021], De Bortoli et al.|[2021]],|Shi et al.|[2023]].

We propose to extend the IPF algorithm (2)) to the case where one (or both) distributions are given
by unnormalised densities, but samples are unavailable: p(x) = e~ /Z, 7 = f =€) dx, where
& can be queried, but Z is unknown. We call this the data-to-energy (or energy-to-energy) setting.
To solve the optimisation problems in each IPF step, we make use of losses popular in the diffusion
sampling literature |Richter et al.|[2020]], Richter and Berner|[2024] as well as stabilisation techniques
from off-policy reinforcement learning. We apply this newly developed algorithm to the outsourced
sampling problem [Venkatraman et al.|[2025]], proposing a way to do data-free stochastic transport in
latent space.

2 Methods
2.1 Data-to-data Schrodinger bridge

As background to our main contributions, we summarise the IPF algorithm in the data-to-data case as
proposed by |Vargas et al.|[2021]] and our modifications to it.

I
IPF in a time discretisation. We assume that the processes P?, P? from (2) are given as It6 SDEs
in forward and reverse time initialised at the source and target distributions, respectively:

— — — —
dX[ = F(j(Xt,t) dt+0—[ th, X() ~ Po, dXt = F(p(Xt’t) dt+0'[ th, X] ~ Pl (3)

. . . . . . . . -
where o, should coincide with the diffusion coefficient of the reference process. We discretise P,

H . . . . . . . . .
and P, over K steps using the Euler-Maruyama scheme with Az = %, giving a joint distribution over
discrete-time trajectories 7 = (xo, ..., XK):

ERIGED)

K-1
=
Po(r) = polxo) l_[ PoGre | X0, Polxrer | xp) =N (Xk + F o (xg, kA)At, U,EA,AI) (4a)
k=0
K

-
D o(1) =pi1(x1) l_[ Dot | x6), Polxr—t [ x) =N (xk + F o (xp, kADAL, O'IEA,AI) (4b)
k=1

?cp(ﬂxl)

For each n, we represent the processes 715;’, <}P_>f as SDEs with parameters 6,, and ¢,. The two IPF
optimisation problems (2a)) and (2b) are approximately solved by maximum likelihood:

K-1

Ons1 = arg maXExwp],TJ;W (tlx1) Z log P o (xi+1 | ) (52)
o k=0
K

¢ne1 =argmaxE, o (zlx0) log Py (xk-1 | xi). (5b)
¢ n+ k:l

We call this iterative algorithm the log-likelihood method, contrasting with slightly different discreti-
sation methods proposed in|De Bortoli et al.|[2021]).

Learned variances. The majority of existing work |Chen et al.| [2021a]], Vargas et al.| [2021]],

De Bortoli et al.|[[2021]], |Shi et al.| [2023]] trains only the drift functions 77)9, Fq; or related objects
using objectives similar to (3. In contrast to that, we propose to train not only the drift, but also

diffusion coefficients of both processes, by replacing the variances o-,f A, in (@) by learned functions

?29 (xk, kAt) and <E?p()ck, kAr). We expect this to correct for the effect of time discretisation error,
inspired by results for diffusion samplers in|Gritsaev et al.|[2025]].

The optimisation problems in (3) are solved with respect to the parameters of both the drift and
diffusion coeflicients. We compare our parametrisation to others in Table

2.2 Data-to-energy Schrodinger bridge

IPF for data-to-energy setting For the case of data-to-energy Schrodinger bridge we assume that
the marginal distribution at time ¢ = 1 has the form p(x) = e &) /Z, Z = f e~ €™ dx. Since true



unbiased samples from p; are now unavailable, optimising (5a) is now impossible. Instead, for every
. . — —
xo we want to enforce the following relation: "p (7 | x0) < p o (7 | x1)p1(x1).

To enforce this proportionality, we use a variant of the VarGrad loss Richter et al.|[2020] used for
training diffusion samplers. We sample xo from some training distribution pgam and minimise the
following variance over trajectories 7 that begin at xq:

ﬁ K
Po(7 | x0)

p1(x1) P (| x1)

7ok | xi-1)
log LWk [ ¥t

+&1(x) |, T~ p™ (1| x0),
=1 P o(Xk-1 | x1)

(6)

L(0) = Var |log = Var

where p" (7 | xo) is some training distribution over trajectories.

Off-policy training methods. The above objective leaves room for the choice of training distributions
pgai“(xo) and p"™" (7 | x0). A naive choice would take pgai“ (x0) = po(x) and p™i (7 | x0) = P o(7 |
xo) (on-policy training). However, to improve exploration, we use a few tricks from off-policy
reinforcement learning inspired by approaches used for diffusion samplers Sendera et al.|[2024]:

* We keep a replay buffer Schaul et al.| [2016] of samples xx from the trained forward process
P o(7 | x0) and use them during training by sampling xx from buffer, then sampling in reverse
Xo ~ <17¢(- | x1) to obtain x for training.

* As trajectories 7 starting at xo, we use both this reverse trajectory and on-policy samples from
P ot x0).

* We periodically update the buffer using a few steps of unadjusted Langevin on the density p;.

Details are described in Appendix [B] and these methods are ablated in Fig.[I]
2.3 Outsourced sampling with Schrodinger bridge

We apply the newly developed method to the problem of Bayesian posterior sampling under a
pretrained generative model prior p(x). The posterior has the form p(x | y) o< p(x)r(x,y), where
r(x,y) is a constraint function that encodes the conditional information about the sample x, e.g., class
or text prompt. If the pretrained generative model is expressed as a deterministic function f of a
random noise variable z ~ p(z), Venkatraman et al.| [2025]] proposed to sample the posterior pulled
back to the noise space, with density p(z | y) « p(z)r(f(z),y), using a diffusion sampler. If z is
distributed with this density, then samples f(z) follow the desired posterior distribution p(x | ¥) in
data space.

Instead of using a diffusion sampler, we propose to model a Schrodinger bridge between distributions
p(z) and p(z | ¥). Since neither the normalizing constant nor samples from the latter distribution are
available, we use the data-to-energy algorithm described in §2.2]

3 Experiments Table 1: Comparison of data-to-data IPF methods.
Distributions — Gauss © GMM Gauss © S-curve
3.1 Benefits of trainable variance Algorithm | Metric — W?  PanBrergy W7 PathEnergy
DSBM-IMF|Shi et al.|[2023 0.038:0008  0.524:0022  0.053:0012  0.299:0.047
1 1ot DSBM-IMF+Shi et al. [[2023 0.033z0005  0.623z0.162 0.057<0.016  0.316x0.051
In Table E] we Present a Comparlsons Of e).(ISt%ng SF2M Tong et al.|[2024 0.04420025  0.827:0388 0.052+0037  0.706+0.082
SB methods with our proposed parameterisation  prpasea
. . DSB mean|De Bortoli et al.|[2021]  0.037- 0685200  0.135:006  0.63820013
with both learned and fixed variance. To dO  psp corelie B((;rr:glll :::1 IIZUJI 0040.00m 0685000 0351s0m0 0279050
. . s el : . SDE|Chen etal J|202z 0.019: 0718+ 002350004 0.466x
that we use three 2-dimensional distributions: 1y fqva <iVarges stalB021] 00170000 07650 0.022-000s  0.593.0.15
Gauss PN GMM Gauss P S-CurVe We nOte LL trainable var. (ours) 0.015:0.004  0.551=0.097 0.012:0.004  0.406:0.418
s .

that the same distributions were used in |Shi et al.| [2023]]. Our method is compared to [Shi et al.,
2023, DSBM and DSBM++], [De Bortoli et al., 2021, DSB] that also use IPS for training, |Chen
et al.|[2021a] that uses continuous version of IPF, and [Tong et al., [2024, SF2M].

We use dX; = V2 dW, as a reference process, training is done using 4000 steps for both backward and
forward processes and 20 IPF steps. SF>M is trained using 160’000 training steps. Path energy is
computed as KL divergence between reference process and the learned process and ‘W, distance is
computed between samples from p; (x) and samples obtained from 7 ¢ (7).

3.2 Data-to-Energy Schrodinger bridge

To prove viability of data-to-energy Schrodinger bridge training we compare the bridge between
Gaussian and GMM distributions trained using data-to-data and data-to-energy IPF versions. Fig.[T|
shows the resulting IPF trajectories and the difference in ’sz metric and Path Energy.



Outsourced SB results for StyleGAN
|

N U= Wwoew
e —~~] 0 o —

QAP Q G

3.3 Outsourced Schrodinger bridge

Finally, we show the scalability of our method by running
data-to-energy Schrodinger bridge algorithm in the
latent space of generative model. We use generators
of StyleGAN |Karras et al.| [2020, 2021]] and SN-GAN
Miyato et al| [2018] generator trained on CIFAR-10
Krizhevsky|[2009] and VAE Kingma and Welling| [2014]],
Rezende et al.|[2014] generator trained on MNIST [LeCun!
et al.| [1998]]. We train the bridge model between the
latent space prior p(z), which in our case is always a
Gaussian distribution, and reward-reweighted prior of
the form r(f(z),y) - p(z). The reward function r(x, y)
is a classifier that returns the probability of the object x
belonging to the class y (i.e., the probability that x is, for
example, boat for CIFAR-10 or the digit 5 for MNIST).

MNIST experiments are conducted in two setups: (a)
reward function returns the probability that x is even or
odd (b) reward function returns the probability that x = 5.
We present the results in the lower panel of Fig. 2]

For CIFAR-10 experiments we use StyleGAN |Karras et al.
[2020,|2021]] generator with latent dimension 512 and SN-
GAN Miyato et al.|[2018]] generator with latent dimension
128. We use a pretrained classifier model as a reward
function. We chose the target class to be cars for StyleGAN
and dogs for SN-GAN. The results are shown in the upper
panel of Fig.[2]

We would like to note a benefit of training a Schrédinger
bridge model, as opposed to a diffusion sampler or an
arbitrary stochastic mapping. It can be seen in Fig. 2] that
images already belonging to the target class change little,
while those belonging to other classes maintain features

Outsourced SB results for SN-GAN
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Gauss & GMM
Algorithm | Metric — “sz
data-to-data SB 0.015+0.004
data-to-energy SB 0.317x0.267
on-policy 0.476=+0.369
no Langevin 0.533+0.234

Figure 1: Comparison of learnt processes
at various IPF iterations for data-to-data
(top) or data-to-energy (middle) settings.
The table (botton) shows that our data-
to-energy algorithm works well despite
having no access to target data samples.

that are unrelated to the target class: the background and global structure are preserved. This suggests

that style transfer for higher-dimensional images can be a

4 Conclusion

promising application of our method.

This paper shows the potential of training data-to-energy Schrodinger bridges in a time discretisation
with learnable drift and variance for the forward and backward processes. We showed that, despite

its complexity, our method can be successfully scaled.

Future work should explore applications

to high-dimensional data, generalisation to discrete data, style transfer applications, as well as

compatibility with a broad range of pretrained generative

models.
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A Related works

In this section we establish links between our method and other research direction in the literature.

Optimal transport Optimal transport is a well elaborated area of research with solid theoretical
background and scalable applied algorithm. The problem is concerned with finding the optimal
transportation map which minimises a given transportation cost. Originally, the problem was proposed
by Monge in Monge| [[1781]]. In 20th century this problem was reformulated and generalised by a
Kantorovich in a serier of works including Kantorovich and Rubinshtein| [[1958]], Kantorovich| [1960].
Since then the problem has been rigourously studied, refer to [Peyré et al.| [2019], Villani|[2008] for a
detailed presentation of theory. In a discrete case optimal transport can be solved using Sinkhorn’s
Sinkhorn| [[1964], |Peyré et al.| [2019] algorithm. Recent works have applied optimal transport to a
series of machine learning problems, including image-to-image translation|Korotin et al.|[2022], voice
conversion |Asadulaev et al.|[2024]], and super-resolution |Gazdieva et al.|[2025]].

Schrodinger bridges Schrodinger bridge problem is concerned with finding stochastic optimal
transport dynamics between two distributions. The problem was originally proposed by Schrodinger
in|Schrodinger| [[1931] |1932]]. The Schrodinger bridge problem can be seen as a regularised version of
dynamic optimal transport [Léonard|[2014] and has interesting connections to optimal control theory
Chen et al.|[2021bf]. Computationally, the problem can be solved using Iterative Proportional Fitting
(IPF) algorithm Deming and Stephan| [[1940]], |[Sinkhorn| [[1964]]. [De Bortoli et al.| [2021]], [Vargas
et al.|[2021]] proposed the scalable formulation of this method that allows to compute Schrédinger
bridge between a pair of distributions given by unbiased samples. |Chen et al.| [2021a]] proposes a
continuous-time variant of IPF. Methods distinct from IPF have also been proposed |Shi et al.|[2023],
Tong et al.| [2024]]; all of them assume access to samples from the target distribution for an unbiased
objective.

Diffusion samplers Data-to-energy Schrodinger bridge is related to the problem of sampling from
an unnormalised density. Diffusion samplers Zhang and Chen| [2022]], |Vargas et al.[[2023]], [Richter
and Berner| [2024]], Berner et al.| [2024]], Blessing et al.| [2025]] represent one of the approaches
that solve this problem. Some methods use off-policy reinforcement learning techniques [Lahlou
et al.| [2023]], Sendera et al.|[2024] to amortise sampling from intractable density. The theoretical
connection among various objectives was established in Berner et al.| [2025].

Outsourced sampling The concept of outsourced diffusion sampling — modelling continuous-time
dynamics in latent space for posterior inference under pretrained priors — was proposed in|Venkatraman
et al.|[2025]]. The work shows that sampling can be efficiently conducted in the latent space of a
generator, where the density landscape is smoother.

B Experiment setup
B.1 Data-to-data experiments

All data-to-data experiments are conducted under the unified setup. For neural network we use MLP
with 3 hidden layers and 64 neurons in each layer, each layer is followed by a LayerNormBa et al.
[2016] and SiLU activation function. All neural networks are trained using AdamW optimiser with
learning rate 0.0008. Sampling is done in 20 steps with #,,x = 0.2 and df = 0.01. We train forward
and backward model for 4000 steps at each IPF iteration and we train each model for 20 IPF iterations.
SF’M is trained using 160’000 steps.

B.2 2D data-to-energy experiments

Data-to-energy experiments we use the same neural networks. We use 20 steps for sampling with
tmax = 0.8 and dr = 0.04. Neural nets are optimised with AdamW optimiser with learning rate
0.0005. When Langevin update is used, we update buffer samples every 500 during training of the
forward process. Langevin is used with the step size 0.01 and we do 50 updates each time. We use 2
trajectories from each x( for computations of VarGrad loss.

B.3 Outsourced Schrodinger bridge experiments

Experiments on MNIST For MNIST experiments we use our own VAE with 3 layers in both
decoder and encoder. Moreover, we also use custom MNIST classifier. We train forward and backward
networks for 5000 steps during each IPF iteration, we have 20 IPF iterations in total. All the networks



are trained with AdamW optimiser using learning rate 0.0008. We do not use Langevin updates for
this experiment, only buffer. We use the sample MLPs as in 2D data-to-energy experiment.

Experiments on CIFAR-10 with SN-GAN and StyleGAN . For CIFAR-10 experiments we use
MLP with 3 hidden layers, it has 256 hidden units for SN-GAN experiments and 512 hidden units
for StyleGAN experiments. We train forward network for 500 steps and backward network for 100
steps during each IPF iteration, we have 300 IPF iterations in total. All the networks are trained with
AdamW optimiser using learning rate 0.0005. Langevin updates are made every 500 iterations during
the training of the forward network. We run Langevin for 500 steps with initial step size 0.01, we
anneal step size to the 0.001 during the updates.

We use 20 steps for sampling with d = 0.04 for StyleGAN experiments and dt = 0.005 for SN-GAN
experiments. We use Wiener process dX; = V2dW, as a reference process.
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