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Abstract

Carefully designed activation functions can improve the performance of neural
networks in many machine learning tasks. However, it is difficult for humans
to construct optimal activation functions, and current activation function search
algorithms are prohibitively expensive. This paper aims to improve the state
of the art through three steps: First, the benchmark datasets Act-Bench-CNN,
Act-Bench-ResNet, and Act-Bench-ViT were created by training convolutional,
residual, and vision transformer architectures from scratch with 2,913 systemati-
cally generated activation functions. Second, a characterization of the benchmark
space was developed, leading to a new surrogate-based method for optimization.
More specifically, the spectrum of the Fisher information matrix associated with
the model’s predictive distribution at initialization and the activation function’s
output distribution were found to be highly predictive of performance. Third, the
surrogate was used to discover improved activation functions in several real-world
tasks, with a surprising finding: a sigmoidal design that outperformed all other
activation functions was discovered, challenging the status quo of always using
rectifier nonlinearities in deep learning. Each of these steps is a contribution in its
own right; together they serve as a practical and theoretical foundation for further
research on activation function optimization.

1 Introduction

Activation functions are an important choice in neural network design [2,46]). In order to realize the
benefits of good activation functions, researchers often design new functions based on characteristics
like smoothness, groundedness, monotonicity, and limit behavior. While these properties have proven
useful, humans are ultimately limited by design biases and by the relatively small number of functions
they can consider. On the other hand, automated search methods can evaluate thousands of unique
functions, and as a result, often discover better activation functions than those designed by humans.
However, such approaches do not usually have a theoretical justification, and instead focus only on
performance. This limitation results in computationally inefficient ad hoc algorithms that may miss
good solutions and may not scale to large models and datasets.

This paper addresses these drawbacks in a data-driven way through three steps. First, in order to
provide a foundation for theory and algorithm development, convolutional, residual, and vision
transformer based architectures were trained from scratch with 2,913 different activation functions,
resulting in three activation function benchmark datasets: Act-Bench-CNN, Act-Bench-ResNet,
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and Act-Bench-ViT. These datasets make it possible to analyze activation function properties at a
large scale in order to determine which are most predictive of performance.

The second step was to characterize the activation functions in these benchmark datasets analytically,
leading to a surrogate performance measure. Exploratory data analysis revealed two activation func-
tion properties that are highly indicative of performance: (1) the spectrum of the Fisher information
matrix associated with the model’s predictive distribution at initialization, and (2) the activation
function’s output distribution. Both sets of features contribute unique information. Both are predictive
of performance on their own, but they are most powerful when used in tandem. These features were
combined to create a metric space where a low-dimensional representation of the activation functions
was learned. This space was then used as a surrogate in the search for good activation functions.

In the third step, this surrogate was evaluated experimentally, first by verifying that it can discover
known good functions in the benchmark datasets efficiently and reliably, and second by demonstrating
that it can discover improved activation functions in new tasks involving different datasets, search
spaces, and architectures. The representation turned out to be so powerful that an out-of-the-box
regression algorithm was able to search it effectively. This algorithm improved performance on
various tasks, and also discovered a sigmoidal activation function that outperformed all baselines,
a surprising discovery that challenges the common practice of using ReLU and its variants. The
approach, called AQuaSurF (Activation Quality with a Surrogate Function), is orders of magnitude
more efficient than past work. Indeed, whereas previous approaches evaluated hundreds or thousands
of activation functions, AQuaSurF requires only tens of evaluations in order to discover functions
that outperform a wide range of baseline activation functions in each context. Code implementing the
AQuaSurF algorithm is available at https://github.com/cognizant-ai-labs/aquasurf.

Prior research on activation function optimization and Fisher information matrices is reviewed
in Section E} This work extends it in three ways. First, the benchmark collections are made
available at https://github.com/cognizant-ai-labs/act-bench, providing a foundation
for further research on activation function optimization. Second, the low-dimensional repre-
sentation of the Fisher information matrix makes it a practical surrogate measure, making it
possible to apply it to not only activation function design, but potentially also to other ap-
plications in the future. Third, the already-discovered functions can be used immediately to
improve performance in image processing tasks, and potentially in other tasks in the future.
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mark datasets are introduced: Act-Bench-CNN,
Act-Bench-ResNet, and Act-Bench-ViT. Figure 1: Distribution of validation accuracies with
Each dataset contains training results for 2,913 2,913 unique activation functions from the three
unique activation functions when paired with benchmark datasets. Many activation functions
different architectures and tasks: All-CNN-C result in failed training (indicated by the chance ac-
on CIFAR-10, ResNet-56 on CIFAR-10, and curacy of 0.1), suggesting that searching for activa-
MobileViTv2-0.5 on Imagenette [22] 24 311 411 tion functions is a challenging problem. However,
51]. These functions were created using the mostof these functions have invalid FIM eigenval-
main three-node computation graph from PAN-  ues, and can thus be filtered out effectively.

GAEA [3]. Details are in Appendix [B]
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functions, and explain why existing methods are ActBench-CNN ActBench-CNN' - ActBench-Resiet
computationally expensive. Notwithstanding Figure 2: Distribution of validation accuracies
this difficulty, the histograms show that many ~across the benchmark datasets. Each point rep-
unique functions do achieve good performance. Tresents a unique activation function’s performance
Thus, searching for new activation functions isa on two of the three datase.:ts. Some functlo.ns'per—
worthwhile task that requires a smart approach. form well on all tasks, while others are specialized.
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Figure 2] shows the same data as Figure[I] but with scatter plots that show how performance varies
across different tasks. All three plots contain linearly correlated clusters of points in the upper right
corner, suggesting that there are modifications to activation functions that make them more powerful
across tasks. However, the best results come from discovering functions specialized to individual
tasks, indicated by the clusters of points in the upper left and lower right corners.

The three benchmark datasets form a foundation for developing and evaluating methods for automated
activation function design. In the next two sections, they are used to develop a surrogate performance
metric, making it possible to scale up activation function optimization to large networks and datasets.

3 Features and Distance Metrics

To make efficient search for activation functions possible, the surrogate space needs to be low-
dimensional, represent informative features, and have an appropriate distance metric. In the second
step, an approach is developed based on (1) the eigenvalues of the Fisher information matrix and (2)
the outputs of the activation function. This section motivates each feature type and develops a metric
for computing distances between activation functions. They form a surrogate in the next section.

FIM Eigenvalues The Fisher information matrix (FIM) is an important concept in characterizing
neural network models. Viewed from various perspectives, the FIM determines a neural network’s
capacity for learning, ability to generalize, the robustness of the network to small perturbations of its
parameters, and the geometry of the loss function near the global minimum [16} 21}, [27H29) 33],134].

Consider a neural network T with weights . Given inputs X drawn from a training distribution Qx,
the network defines the conditional distribution Ryf(x; ). The FIM associated with this model is
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where L(Y; ) is the loss function representing the negative log-likelihood associated with Ry f(x; -

The FIM has j j eigenvalues. The distribution of eigenvalues can be represented by binning the
eigenvalues into an m-bucket histogram, and this m-dimensional vector serves as a computational
characterization of the network. To calculate the FIM and its eigenvalues, this paper uses the K-FAC
approach [20, 38]|. Full details are in Appendix [C]

Different activation functions induce different FIM eigenvalues for a given neural network. They can
be calculated at initialization without training; they can thus serve as a low-dimensional feature vector
representation of the activation function. The FIM eigenvalues are immediately useful for filtering
out poor activation functions; if they are invalid, the activation function is likely to fail in training
(Figure[T). However, in order to use them as a surrogate, a distance metric needs to be defined.

Given a neural network architecture T, let ¥ and ¥ be two instantiations with different activation
functions and . Let | and | represent the distributions of eigenvalues corresponding to the
weights in layer | of neural networks f and f , respectively, and let wy be the number of weights in
layer | of the networks. The distance between ¥ and T is then computed as a weighted layer-wise
sum of 1-Wasserstein distances

P
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With this distance metric, the FIM eigenvalue vector representations encode a low-dimensional
embedding space for activation functions, making efficient search possible. Because the FIM
eigenvalues depend on several factors (Equation [I), including the activation function , network
architecture T, data distribution Q, and loss function L, they are susceptible to more potential sources
of noise. Fortunately, incorporating activation function outputs helps to compensate for this noise.

Activation Function Outputs The shape of an activation function can be described by a vector of
n sample values (X). If the network’s weights are appropriately initialized, the input activations to
its neurons are initially distributed as N (0; 1) [4]. Therefore, the sampling X N (0; 1) provides an
n-dimensional feature vector that represents the expected use of the activation function at initialization.
A distance metric in this feature veclt:(;r space can be defined naturally as the Euclidean distance
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Functions with similar shapes will have a small distance between them, while those with different
shapes will have a large distance. Because these output feature vectors depend only on the activation
function, they are reliable and inexpensive to compute. Most importantly, together with the FIM
eigenvalues, they constitute a powerful surrogate search space, demonstrated in the next section.

4 Using the Features as a Surrogate

In this section, the UMAP dimensionality reduc-
tion technique is used to visualize the FIM and
output features across the benchmark datasets.
This visualization leads to a combined surrogate
space that can be used to accelerate the search
for good activation functions.

Visualization with UMAP  The features de-
veloped above can be visualized using the
UMAP algorithm 0. UMAP is a dimension
reduction approach similar to t-SNE, but is bet-
ter at scaling to large sample sizes and preserv-
ing global structuregd5]. As a rst demonstra-
tion, Figure 3 shows a 2D representation of
the 2,913 activation functions in the benchmark
datasets. Each function was represented as an
80-dimensional vector of output values. Interpo-
lating between embedded points con rms that
UMAP learns a good underlying representation.

UMAP was also used to project the activation
functions to nine two-dimensional spaces ac-
cording to the distance metrics in Equations 2. ] . .

and 3. In Figure 4, each column represents'gélgure 3: UMAP embedding of the 2,913 activa-

different benchmark datasetdt-Bench-CNN tion functions in the benchmark datasets. Each
Act-Bench-ResNet, or Act-Bench-ViT ) and point stands for a unique activation function, repre-

each row a different distance metric (FIM eige sented by an_80-dime_nsional output feature vector.
values withm = bj j=10Cx, activation function he embedding locations of four common activa-

outputs withn = 1:000, or both). The plots only tion functions are labeled. The black x's mark

show activation functions that were not |tereﬁoordinates interpolating between these four func-

out. Each point represents a unique functiopPS: and the grid of plots on the bottom shows
colored according to its validation accuracy 0Ha’constructed activation functions at each of these

the benchmark task. Although the performand®ints. UMAP interpolates smoothly between dif-
of each activation function is already know erent kinds of functions, suggesting that it is a

this information was not given to UMAP; thegood approach for learning low-dimensional repre-

embeddings are entirely unsupervised. sentations of activation functions.

Thus, Figure 4 illustrates how predictive each feature type is of activation function performance in
each dataset. The next subsections evaluate each feature type in this role in detail, and show that
utilizing both features provides better results than either feature alone. Details are in Appendix D.

FIM Eigenvalues The rstrow of Figure 4 shows the 2D UMAP embeddings of the FIM eigenvalue
vectors associated with each activation function. There are clusters in these plots where the points
share similar colors, indicating distinct activation functions with similar FIM eigenvalues. Such
functions induce similar training dynamics in the neural network and lead to similar performance. On
the other hand, some clusters contain activation functions with a wide range of performances, and
some points do not belong to any cluster at all. Overall, the plots suggest that FIM eigenvalues are a
useful predictor of performance, but that incorporating additional features could lead to better results.

Activation Function Outputs The middle row of Figure 4 shows the 2D UMAP embeddings of
the output vectors associated with each activation function. Points are close to each other in this
space if the corresponding activation functions have similar shapes. These plots are demonstrably



more informative than the plots based on the FIM eigenvalues in three ways. First, the purple points
are better separated from the others. This separation means that activation functions that fail (those
achieving 0.1 chance accuracy) are better separated from those that do well. Second, most points
immediate neighbors have similar colors. This similarity means that activation functions with similar
shapes lead to similar accuracy, and analyzing activation function outputs on their own is more
informative than analyzing the FIM eigenvalues. Third, the plots include multiple regions where
there are one-dimensional manifolds that exhibit smooth transitions in accuracy, from purple to blue
to green to yellow. Thus, not only does UMAP successfully embed similar activation functions near
each other, but it also is able to organize the activation functions in a meaningful way.

There is one drawback to this approach: the per-
formant activation functions (those represented
by yellow dots) are often in distinct clusters.
This dispersion means that a search algorithm
would have to explore multiple areas of the
search space in order to nd all of the best func-
tions. As the next subsection suggests, this issue
can be alleviated by utilizing both FIM eigenval-
ues and activation function outputs.

Combining Eigenvalues & Outputs The

UMAP algorithm uses an intermediate fuzzy

topological representation to represent relation-

ships between data points, similar to a neigh-

borhood graph. This property makes it possible

to combine multiple sources of data by taking

intersections or unions of the representations in

order to yield new representationr40]. The Figure 4: UMAP embeddings of activation func-
bottom row of Figure 4 utilizes both FIM eigentions for each dataset (column) and feature type
values and activation function outputs by takingow). Each point represents a unique activation
the union of the two representations. Thus, &emction; the points are colored by validation ac-
tivation functions are embedded close to eagliracy on the given dataset. The colored triangles
other in this space if they have similar shapes, idientify the locations of six well-known activation
they induce similar FIM eigenvalues, or both. functions. The areas of similar performance are

The bottom row of Figure 4 shows the ben&10re continuous in the bottom row; that is, us-

ts of combining the two features. Unlike the/Nd both FIM_e|genvaIues and activation function
activation function output plots, which contairPUtPuts provides a better low-dimensional repre-
multiple clusters of high-performing activatior>entation than either feature alone.

functions in different locations in the embedding space, the combined UMAP model embeds all of the
best activation functions in similar regions. The combined UMAP model also places poor activation
functions (purple points) in the edge of the embedding space, and brings good functions (yellow
points) to the center. Thus, the embedding space is more convex, and therefore easier to optimize.

In general, activation functions with similar shapes lead to similar performances, and those with
different shapes often produce different results. This property is why the middle row of Figure 4
appears locally smooth. However, in some cases the shape of the activation function does not tell the
whole story, and additional information is needed to ascertain its performance.

For example, the colored triangles in Figure 4 identify the location of six activation functions in the
low-dimensional space. In the activation function output space (middle row), all of these functions are
mapped to different regions of the space. The points are spread apart because an activation function
and its negative have very different shapes, i.e. their output will be different for every nonzero input
(Figure 5). In contrast, in the FIM eigenvalue space (top row), the points for these pairs of functions
overlap because the FIM eigenvalues are comparable (Figure 5). Indeed, assuming the weights are
initialized from a distribution symmetric about zero, negating an activation function does not change
the training dynamics of a neural network, and they are functionally equivalent.

This issue complicates the search process in two ways. First, good activation functions are mapped
to different regions of the embedding space, and so a search algorithm must explore multiple areas
in order to nd the best function. Second, distinct regions of the space may contain redundant



information: if ELU(x) is known to be a good activation function, it is not helpful to spend compute
resources evaluatingELU(x) only to discover that it achieves the same performance.

Negating an activation function is a clear example of a modi cation that changes the shape of the
activation function, but does not affect the training of a neural network. More broadly, it is likely
that there exist activation functions that differ in other ways (besides just negation), but that still
induce similar training dynamics in neural networks. Fortunately, utilizing FIM eigenvalues and
activation function outputs together provides enough information to tease out these relationships.
FIM eigenvalues take into account the activation function, the neural network architecture, the loss
function, and the data distribution. The eigenvalues are more meaningful features than activation
function outputs, which only depend on the shape of the function. However, as Figure 4 shows, the
FIM eigenvalues are noisier features, while the activation function outputs are quite reliable. Thus,
utilizing both features is a natural way to combine their strengths and address their weaknesses.

Constructing a Surrogate These observa-
tions suggest an opportunity for an effective sur-
rogate measure: The UMAP coordinates in the
bottom row of Figure 4 have the information
needed to predict how well an activation func-
tion will perform. They capture the essence of
them andn dimensional feature vectors, and
distill itinto a 2D representation that can be com-
puted ef ciently and used to guide the search for
good functions. As the third step in this research,
the next two sections evaluate this process ex-
perimentally, demonstrating that it is ef cient
and reliable, and that it scales to new and chal-
lenging datasets and search spaces.

5 Searching on the Benchmarks

Searching for activation functions typically re-

quires training a neural network from scratch in

order to evaluate each candidate function fully, ) o )
which is often computationally expensive. Wm»glgure 5: FIM elgenvalue distributions for differ-
the benchmark datasets, the results are a|reﬁﬂy architectures and activation functions. The
precomputed. This information makes it posegends show the activation function and the cor-
sible to experiment with different search algdgesponding validation accuracy in different tasks.
rithms and conduct repeated trials to understafdthough negating an activation function changes
the statistical signi cance of the results. Thesés shape, it does not substantially change its behav-

results serve to inform both algorithm desigiPr nor its performance. FIM eigenvalues capture
and feature selection, as shown in this sectiorthis relationship between activation functions. The

eigenvalues are thus useful for nding activation

Junctions that appear different but in fact behave
similarly, and these discoveries in turn improve the
taf ciency of activation function search.

Setup Three algorithms were evaluate
weighted k-nearest regression witk = 3
(KNR), random forest regression (RFR), an
support vector regression (SVR). Gaussian Process Regression (GPR) was also evaluated but found
to be inconsistent in preliminary experiments (Appendix E). Random search (RS) was included as

a baseline comparison; it did not utilize the FIM eigenvalue Itering mechanism. The algorithms
were used out of the box with default hyperparameters from the scikit-learn pagkdgetiey were

provided different activation function features in order to understand their potential to predict perfor-
mance. The features included FIM eigenvalues, activation function outputs, or both. The features
were preprocessed and embedded in a two-dimensional space by UMAP. These representations are
visualized in Figure 4; the coordinates of each point correspond exactly to the information given to
the regression algorithms.

The RelLU activation function is ubiquitous in machine learning. For many neural network archi-
tectures, the performance with ReLU is already kno@rp, 46], which makes it a good starting
point for search. For this reason, the search algorithms began by evaluating ReLU and seven other



randomly chosen activation functions. In general, such evaluation requires training from scratch, but
with the benchmark datasets, it requires only looking up the precomputed results. The algorithms
then used the validation accuracy of these eight functions to predict the performance of all unevalu-
ated functions in the dataset. The activation function with the highest predicted accuracy was then
evaluated. The performance of this new function was then added to the list of known results, and this
process continued until 100 activation functions had been evaluated. Each experiment comprising a
different search algorithm, activation function feature set, and benchmark dataset was repeated 100
times. Full details are in Appendix E.

Results Figure 6 shows the results of the
searches. Importantly, the curves do not depict
just one search trial. Instead, they represent the
average performance aggregated from 100 in-
dependent runs, which is made possible by the
benchmark datasets. As indicated by the shaded
con dence intervals, the results are reliable and
are not simply due to chance.

A number of conclusions can be drawn from
Figure 6. First, all search algorithms, even ran-
dom search, reliably discover activation func-
tions that outperform ReLU. This nding is sup-
ported by previous work (reviewed in Section
A): Although ReLU is a good activation func-
tion that performs well in many different tasks,
better performance can be achieved with novel
activation functions. Therefore, continuing to

use ReLU in the future is unlikely o lead to be igure 6: Search results on the three benchmark

results; The c_h0|ce of the activation f_u nctio atasets. Each curve represents a different search
should be an important part of the design, si lgorithm (KNR, RFR, or SVR) utilizing a dif-
ilar to the choice of the network architecture o2 ' ' 9

; ; erent UMAP feature (FIM eigenvalues, function
the selection of its hyperparameters. outputs, or both; these features are visualized in
Second, all regression algorithms outperforifigure 4). The curves represent the validation ac-
random search. This nding holds across theuracy of the best activation function discovered
three types of activation function features angb far, averaged across 100 independent trials, and
across the three benchmark datasets. The Flive shaded areas show the 95% con dence inter-
eigenvalues and activation function outputs aval around the mean. In all cases, regression with
thus important in predicting performance of a¢JMAP features outperforms random search, and
tivation functions. searching with both eigenvalues and outputs out-
erforms searching with either feature alone. Of
e three regression algorithms, KNR performs
e best, rapidly surpassing ReLU and quickly dis-
vering near-optimal activation functions in all
nchmark tasks. Thus, the features make it possi-

to nd good activation functions ef ciently and
€liably even with off-the-shelf search methods;
he benchmark datasets make it possible to demon-
Etrate these conclusions with statistical reliability.

Third, regression algorithms trained on bot
FIM eigenvalues and activation function outpu
outperform algorithms trained on just eigenval-
ues or outputs alone. This result is consiste
across the regression algorithms and benchmar
datasets. It suggests that the FIM eigenvalu
and activation function outputs contribute co
plimentary pieces of information. The nding
guantitatively reinforces the qualitative visual
ization in Figure 4: FIM eigenvalues are useful for matching activation functions that induce similar
training dynamics in neural networks, activation function outputs enable a low-dimensional repre-
sentation where search is more practical, and combining the two features results in a problem that is
more convex and easier to optimize.

Fourth, the searches are ef cient. Previous approaches require hundreds or thousands of evaluations
to discover good activation functions,[6, 49]. In contrast, this paper leverages FIM eigenvalues and
activation function outputs to reduce the problem to simple two-dimensional regression; the features
are powerful enough that out-of-the-box regression algorithms can discover good functions with only
tens of evaluations. This ef ciency makes it possible to search for better functions directly on large
datasets such as ImageNet [11], demonstrated next.



6 Searching with New Settings

The experiments in Section 5 used precomputed
datasets and search spaces to demonstrate that
UMAP embeddings are predictive of activation
function performance, and that KNR can nd
good functions based on them. To verify that
these conclusions extend beyond the benchmark
tasks, this section contains three experiments
demonstrating that AQuaSurF scales up to more

challenging datasets and search spaces, thatiig e 7: progress of activation function searches.
activation functions can be transferred to OthEﬂach point represents the validation accuracy with
tasks, and that AQuaSurF extends to new arciynique activation function, and the solid line

tectures and baseline functions. indicates the performance of the best activation

function found so far. AQuaSurF discovers new

Scaling Up the Datasets and Search Space,ctivation functions that outperform all baseline
Inthe rst experiment, the tasks involve largef,nctions in every case.

and more challenging datasets: All-CNN-C on

CIFAR-100, ResNet-56 on CIFAR-100, and MobileViTv2-0.5 on ImageNet. Additionally, a larger
space with 425,896 unigue activation functions was searched, based on four-node computation graphs
(Appendix B). This space is large, diverse, and not precomputed, putting the conclusions from the
benchmark experiments to test in a production setting.

Based on the benchmark results, KNR witkr 3 was used as the search algorithm. The searches
all began by evaluating the same eight existing activation functions: ELU, ReLU, SELU, sigmoid,
Softplus, Softsign, Swish, and tanh. From this starting point, eight workers operated in parallel
evaluating the functions with the highest predicted performance. Details are in Appendix E.

Figure 7 shows that all three searches nd improved activation functions over time, and Figure 10 in
Appendix B shows how the searches navigate the search space. In every experiment, new activation
functions were discovered that outperform all baseline functions. Although the search space is large,
the searches are ef cient, requiring only tens of evaluations to improve performance. Impressively,
the search with ResNet-56 on CIFAR-100 produced an activation function that outperformed all
baselines on just the second evaluation.

Table 1 shows the nal results from AQuaSurF. The results reinforce the fact that substantial gains
can be obtained when using better activation functions than the default ReLU, and especially those
optimized speci cally for the task.

Transferring to a New Task In the second experiment, the best activation functions from Table 1
were transferred to a new task: ResNet-50 on ImageNet. As demonstrated in Table 2, good functions
can be discovered ef ciently in smaller tasks and then used to improve performance in larger ones.

New Architectures and Baseline Functions In the third experiment, the CoAtNet architecture was
trained on Imagenettd. (). As a hybrid convolution and attention architecture, CoAtNet presents a
new challenge for AQuaSurF. The activation functions ELiSH, GELU, HardSigmoid, Leaky ReLU,
and Mish B, 23, 37, 43] were added to the original set of baseline functions (Table 1), as well as to
the set ofunary operators, forming a new search space for AQuaSurF to explore (Appendix B).

The results show that AQuaSurF extends to architectures and baseline functions not considered in
the benchmark tasks (Table 3). AQuaSurF discovered multiple activation functions that substantially
outperform all baseline functions. Although the extended list of baseline functions presents a more
challenging task, it also provides the surrogate function more information that it uses for performance
prediction, resulting in the discovery of even better functions.

7 Understanding the Discoveries

Aside from the raw performance improvements afforded by AQuaSurF, the experiments on the
new settings are particularly interesting because they illustrate both the process of re ning existing
activation functions and the process of discovering novel designs.



Table 1: Accuracy with different activation functions. The CIFAR-100 results show the median test
accuracy from three runs, and the ImageNet results show the validation accuracy from a single run.
AQuaSurF discovers novel activation functions that outperform all baselines in every case. This result
demonstrates both that good functions matter, and the power of optimizing them to the task.

All-CNN-C on CIFAR-100 ResNet-56 on CIFAR-100 MobileViTv2-0.5 on ImageNet
HardSigmoidHardSigmoigx)) ELU(x) 0.6990 Swish( 2x) 0.7469 X (x) HardSigmoidx) 0.6396
(Softsigr(x)) ELU(x) 0.6950  SELU(sinh(e®an(x) 1)) 0.7458 ELU(SwisH x)) 0.6394
Swish(x)=SELU(1) 0.6931  x erfo(ELU(x)) 0.7419  Swish(x) erfo(bessel_iOgx)) 0.6336
ELU 0.6312 ELU 0.7411 ELU 0.6233
RelLU 0.6897 RelLU 0.7348 RelU 0.6139
SELU 0.0100 SELU 0.6967 SELU 0.6096
sigmoid 0.0100  sigmoid 0.5766  sigmoid 0.5032
Softplus 0.6563 Softplus 0.7397  Softplus 0.5853
Softsign 0.2570 Softsign 0.6624  Softsign 0.5710
Swish 0.6913  Swish 0.7401  Swish 0.6383
tanh 0.3757 tanh 0.6754 tanh 0.6098

Re nement and Novelty Figure 8 shows dif- Taple 2: ResNet-50 top-1 accuracy on ImageNet.
ferent activation functions discovered during thResults are the median of three runs. The best acti-
searches. (Plots of all 100 functions evaluatggdtion functions discovered in the searches (Table
in each search are included in Figures 13-16 jjy syccessfully transfer to this new task, with eight

Appendix E.) Visually, many the best functiongf the nine functions outperforming ReLU.
(shown in 8a) are similar to existing functions

like ELU and Swish, with subtle changes in _x (x) HardSigmoigx) 0:7776
their saturation value, the slope of the p05itiv§m§g§gziﬁl&%elgsel 060) 8;%%
segment, and the width and depth of the neg "(Softsigrx)) ELUG) 07734

tive bump. This result is not surprising since

i rctan( x) .
these functions formed the starting point for theSEl‘U(s'nh(ea D) 0:7719

search. Indeed, after a few good functions wer@HE[?(SSI\?\,Ef(mj%rd&gmomx)) ELUE) 8;;38
found, much of the search process focused oBwish 2x) 0:7664
re ning their design (Figure 10 in Appendix B). x erf ELU(x)) 0:7635
Although these re nements appear small, theyge| yx) 0:7660

were not known ahead of time and they are sig
ni cant, as evidenced by the nal results (Tables 1-3).

However, some of the best discovered activation functions,Table 3: CoAtNet validation ac-
cluding the top function for the CoAtNet experiment, emplasuracy on Imagenette. AQuaSurF
properties uncommon among the usual deep learning actiels novel functions that outper-
tion functions (Figure 8b): Some of them have discontinuofesm all baselines.

derivatives atx = 0; some do not saturate, but diverge as 2 -

x ! 1 ;some of them contain positive bumps (in contrasf;ifrf(fsé%f;t%@)%)z. xg gfgggz

to e.g. Swish, which features a negative bump). Many of thesgcsinfELU(Swish(x))) 0:8828
functions performed comparably to the existing best function

and all of them outperformed ReLU. In the future, these desig LiSH 81;2(2)8
may provide a comprehensive foundation for discovering bettetg| 0:8841
activation functions for speci ¢ new tasks. HardSigmoid 0:8487
Together, the plots show that AQuaSurF is capable of bogl\qeigﬁy ReLU gig%g
exploitation (Figure 8a) and exploration (Figure 8b). In thezye| y 0:8772
future, it will be interesting to explore tradeoffs between thesgeLu 0:8194
concepts. A more comprehensive discussion of this and oth&gmoid 0:8586
future research directions is included in Appendix F. Softplus 0:8678

Softsign 0:8530

Swish 0:8736
Discovering a Hybrid Recti er-Sigmoidal Activation Func-  tanh 0:8415

tion In the past, sigmoidal nonlinearities like sigmoid and
tanh were often used because they saturate and thus prevent exploding signals. However, currently
these functions are usually discarded in favor of recti er nonlinearities like ReLU and its variants

as these functions give better performance on modern deep learning benchzhatkdded, in

Tables 1 and 3, sigmoid, tanh, HardSigmoid, and Softsign all perform relatively poorly. It is therefore
surprising to see that the very best function discovered in the CoAtNet experenie(@oftplugx))?

(bottom left of Figure 8a), is sigmoidal in shape.



Why does this function
perform so well? As
shown in Figure 9, the
function saturates to 1 as
x 11 and to 0 as
x 'l ,and has an ap-
proximately linear region
in between. The regions
of the function that the
neural network actually
utilizes in its feedforward
pass are superimposed as
histograms on this plot.
Interestingly, at initializa-
tion, the network does not

use the saturation regimes. . @ ) ] (b) ]
The inputs to the func-Figure 8: Sample activation functions discovered with AQuaSurF in the

tion are tightly concen-four searches in Section 6. “HS” stands for HardSigmoid. (a) The top
trated around = 0 for three functions (columns) discovered in each search (rows). Many of
all instances of the activathese functions are re ned versions of existing activation functions like
tion function throughout ELU and Swish. (b) Selected novel activation functions. All of these
the network. As training functions outperformed ReLU and are distinct from existing activation
progresses, the networiunctions. Such designs may serve as a foundation for further improve-
makes use of a |arger doment and SpeCiaIization in new Settings.

main of the activation function, and by the time training has concluded the network uses the saturation
regimes at approximately< 4andx > 1.

Thus, Figure 9 shows thatrfo(Softplugx))?
serves a dual purpose. At initialization, it per-
forms like a recti er nonlinearity, but by the end
of training, it acts like a sigmoidal nonlinearity.
This discovery challenges conventional wisdom
about activation function design. It shows that
neural networks use activation functions in dif-
ferent ways in the different stages of training,
and suggests that sigmoidal designs may play
an important role after all.

8 Conclusion

This paper introduced three benchmark datasets,
Act-Bench-CNN Act-Bench-ResNet, and
Act-Bench-ViT , to support research on acti-

vation function optimization. Experiments withgijgre 9: The best discovered function in the CoAt-
these datasets showed that FIM eigenvaluggt experimenterfc(Softplugx))2, and its utiliza-
and activation function outputs, and their Iowjon py the network. The red curve shows the acti-
dimensional UMAP embeddings, predict agation function itself, and the two histograms show
tivation function performance accurately, anghe gjstributions of inputs to the activation func-
can thus be used as a surrogate for nding befsn, at initialization and after training, aggregated
ter functions, even with out-of-the-box regregyeross all instances of the activation function in the
sion algorithms. These conclusions extendegltire network. The network uses the function like
from the benchmark datasets to challenging reglrect er at initialization and like a sigmoidal acti-
world tasks, where better functions were discoyation function after training. This result suggests
ered with a variety of datasets, search spacgt sigmoidal designs may be powerful after all,

and architectures. AQuaSurF also discovereqid;s challenging the conventional wisdom.
highly performant sigmoidal activation function,

challenging the conventional wisdom of using ReLU-like functions exclusively in deep learning. The
study reinforces the idea that activation function design is an important part of deep learning, and
shows AQuaSurF is an ef cient and exible mechanism for doing it.
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A Related Work

The techniques in this paper were inspired by prior research in multiple areas, including neural
architecture and activation function search, as well as research on the FIM.

Neural Architecture Search In neural architecture search [NAS3, 57, 60], the goal is to design

a neural network architecture automatically. NAS approaches typically focus on optimizing the
type and location of the layers and the connections between them, but often use standard activation
functions like ReLU. This work in complimentary to NAS approaches, because it uses standard
architectures but optimizes the design of the activation function.

Zero-cost NAS Proxies Recently, zero-cost NAS proxies have received increased attedfipn [

50, 56]. These approaches aim to accelerate neural architecture search by using cheap surrogate
calculations in place of expensive full training of architectures. This paper adopts a similar approach,
using FIM eigenvalues and activation function outputs to predict which activation functions are likely

to be most promising before dedicating resources to evaluating them.

Activation Function Search Methods for automatically discovering activation functions include
reinforcement learningdP), evolutionary computation3d] 5, 6, 35|, and gradient-based methods
[1, 5, 19, 44, 54]). This paper builds upon existing work, focusing on ef cient search and on
understanding the properties that make activation functions effective.

Other Uses of the FIM  This paper used FIM eigenvalues to predict the performance of different
activation functions. The FIM is an important quantity in machine learning with several uses. One
important example is optimal experiment desidd][ where experiments are designed to be optimal
with respect some criterion. The criteria vary, but are often functions of the eigenvalues of the FIM,
such as the maximum or minimum eigenvalue, or the trace of the FIM (sum of the eigenvalues) or
determinant of the FIM (product of the eigenvalues). Instead of choosing one optimality criterion and
only considering one summary statistic, this paper keeps all of the eigenvalues of the FIM and learns
an optimal distribution experimentally.

Past work has also used the eigenvalues of the FIM to determine suitable values of the batch size
or learning rate for neural network$q, 16, 21, 29, 34]. The FIM provides insights to the learning
dynamics of SGDZ7] and the dynamics of signal propagation at different layers in networks with
and without batch normalization laye2y. The FIM has also been used to develop second-order
optimization algorithms for neural networka(, 38, 39]. Applying it to activation function design is

thus a compelling further opportunity.

B Activation Function Search Spaces

The activation functions in this paper were implemented as computation graphs from the PANGAEA
search spacé]. The space includes unary and binary operators, in addition to existing activation
functions [7, 12, 30, 45, 49]. This approach allows specifying families of functions in a compact
manner. It is thus possible to focus the search on a space where good functions are likely to be
located, and also to search it comprehensively.

Benchmark Datasets The benchmark datasets introduced in Section 2 contain every activation
function of the three-node fortinary(unary( x),unary( X)) using the operators in Table 4. The
result is 5,103 activation functions, of which 2,913 are unique. This space is visualized in Figure 4.

For Act-Bench-CNNandAct-Bench-ResNet, the accuracies are the median from three runs. For
Act-Bench-ViT , the results are from single runs due to computational costs.

New Settings The rst experiment in Section 6 utilized a larger search space. Speci cally, it was
based on the following four-node computation graghisary(unary(unary(  x)),unary( x)) ,
binary(unary( x),unary(unary( x))) , n-ary(unary( x),unary( x),unary( X)),
unary(binary(unary(  x),unary( x))) , and unary(unary(unary(unary( x)))) . The
unary and binary nodes used the operators in Table 4, ana-&éing node used the sum, product,

14



Table 4: Activation function search spaces were de ned through computation graphs consisting of
basic unary and binary operators as well as existing activation functions [5].

Unary Binary

0 erf(x) ReLU(x) X1+ Xz

1 erf(x) ELU(X) X1 Xz

X sinh(x) SELU(x) X1 X2

X cosh(x) Swish(x) X1=X2
iX] tanh(x) Softplugx) X2

x 1 arcsinifx) Softsigr(x) maxf X1;X29
x2 arctarfx)  HardSigmoi@x) minfXxy;X20

e e 1 bessel i0&)
(x) log( (x)) bessel i1&x)

maximum, and minimum operators. Together, these computation graphs create a search space with
1,023,516 functions, of which 425,896 are unique. This space is visualized in Figures 10 and 11.

The third experiment in Section 6, i.e. CoAtNet on Imagenette, added ELiSH, GELU, HardSigmoid,
Leaky ReLU, and Mish agnary operators to the original benchmark search space. In this experiment,
the search space comprised functions of the fomary(unary(unary( x)),unary( x)) and
unary(unary(unary( x))) . This search space contains 238,341 activation functions, of which
146,779 are unique.

C Fisher Information Matrix Details

In order to calculate the FIM, this paper uses the K-FAC appro2@8B, 39]. This technique is
summarized in this Appendix, with notation similar to that of Grosse and Martens [20].

Preliminaries A feedforward neural network maps an in@gt= x to an outpua, = f (x; )

vectorb,, and an element-wise activation function WithW, = (b, W/ )anda = 1 & g ,
each layer implements the transformation

s =Wa g, (4)
a= (s): (5)
Let = vedW.)” vedqW | )” g represent the vector of all network parameters. Parameter-

ized by and given inputx drawn from a training distributio®y , the neural network de nes the
conditional distributiorRy ¢ (x; y. The Fisher information matrix associated with this model is

F=XEQr L(y:f(x; Dr L{y;f(x; )~ - (6)
y Ryjf(xxw

As usual in deep learning, the loss functiofy ; z) represents the negative log-likelihood associated
with Ry ¢ (x; ) and quanti es the discrepancy between the model's prediaionf (x; ) and the

true labely. The network is trained to minimize the loss by updating its parameters according to the
gradientr L(y;f(x; )).

Approximations For ease of notation, writ®v = r (L(y;f(x; )). Recalling that =
vedW ;) vedqW ) ", the FIM can be expressed aslan L block matrix:

0 E veqdDW ;)veqDW ;) E veqdDW ;)vedDW ) !
F=© ; ; 7)
E vedDW | )vedDW ;) E vedDW [ )vedDW )
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