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ABSTRACT

The scaling laws of large language models have driven remarkable progress, yet
scaling these parameters is compute-intensive and the performance gains gradu-
ally diminish. In this paper, we show a new scaling axis, which involves our pro-
posed token-indexed parameters, can effectively provide new space for boosting
the model capacity with negligible computational cost especially at inference time.
We then propose our new architecture: ReToken, and its MoE version, Mixture
of ReToken (MoRT), whereby the transformer layers are augmented with token-
specific modulation vectors retrieved from learned embedding tables. These vec-
tors are applied through table lookups and element-wise operations, adding neg-
ligible FLOPs compared to the backbone’s O(d2) complexity per token. Across
dense and MoE backbones (190M–3B parameters), our method consistently re-
duces training loss and substantially improves downstream task accuracy with
virtually unchanged inference FLOPs and latency. Our scaling law analysis re-
veals that MoRT introduces a multiplicative improvement factor to the loss func-
tion, fundamentally shifting the quality-compute Pareto frontier, achieving equiv-
alent model quality with 20-30% less compute compared to baseline MoE models.
These results verify the token-indexed parameters as a new scaling axis.

1 INTRODUCTION

The scaling laws of large language models (LLMs), or specifically of the transformer architec-
tures [37] have significantly advanced the fast development of LLMs, whereby the increase of
model parameters can boost the performance. However simply adding parameters can cause near-
linearly [21; 14] computing cost growth, which can be economically and operationally unaffordable
even to giant companies, especially considering its performance gains are diminishing.

Departing from the notion of existing model parameters, we show an orthogonal scaling axis by
introducing a new set of parameters: the so-called token-indexed parameters with the advantage
of inuring ignorable computational cost. By design, these parameters increase model expressiv-
ity without adding GEMM FLOPs. Unlike MoE (which adds routed expert computation) [32; 8],
retrieval/memory layers (which add similarity search and lookups into large tables) [23; 17], or
adapter/LoRA paths (which add extra linear ops) [27; 15], token-indexed parameters are retrieved
via table lookups and applied through element-wise operations—adding only O(d) operations com-
pared to the backbone’s O(d2) complexity per token. This property enables models to grow sub-
stantially in parameter count while maintaining almost unchanged inference FLOPs and latency.

We develop our dense architectures: ReToken and its MoE version: Mixture of ReToken (MoRT).
ReToken augments each transformer layer with a token-specific modulation vector retrieved from
learned embedding tables, scaling the MLP residuals [11] via Hadamard products. MoRT extends
this by maintaining multiple modulators per token and using a lightweight router to select context-
appropriate mixtures. Both architectures avoid introducing new GEMMs—they rely entirely on
lookups, small routers, and element-wise operations readily fused with existing kernel epilogues.

Extensive experiments empirically validate the effectiveness and scalability of the proposed token-
indexed parameter scaling law. Specifically, across dense models (190M–1.5B) and MoE architec-
tures (1.3B–3B total parameters), ReToken and MoRT consistently reduce training loss and improve
downstream task performance — with average gains of 4 points on benchmarks — while keep-
ing inference latency virtually unchanged. Most significantly, our scaling law analysis reveals that
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MoRT fundamentally shifts the quality-compute Pareto frontier: at fixed compute budgets, MoRT
models achieve the same loss as baseline MoE models with 20-30% less compute, establishing
token-indexed parameters as a highly efficient scaling dimension. We make the following contri-
butions:

• For the first time to our best knowledge, we introduce the so-called token-indexed parameters.
These parameters technically decouples model capacity from FLOPs, and can be seamlessly inte-
grated into existing transformer architectures.

• We propose ReToken and MoRT, practical architectures that leverage token-indexed modulation
to enhance both dense and MoE models with negligible computational overhead through careful
engineering of lookups and kernel fusion.

• We demonstrate consistent improvements across scales: 50%+ training efficiency gains in dense
models, substantial downstream task improvements (4% absolute accuracy gain on average), and
20-30% compute save in scaling law analysis.

• We provide comprehensive implementation strategies for efficient training (embedding parallel)
and inference (CPU offloading, cross-layer connections) that make billion-scale token-indexed
parameters practical on commodity hardware.

2 RELATED WORKS

Scaling Law. The Kaplan scaling law [21] shows that language model performance follows smooth
power-law trends with parameters, data, and compute, enabling extrapolation across orders of mag-
nitude. Chinchilla [14] revises the compute-optimal recipe: under a fixed FLOPs budget, parameters
and training tokens should be scaled proportionally, producing smaller-but-better-trained models that
outperform much larger undertrained ones and reduce downstream costs. Extensions that account
for inference demand [31] suggest that at high request volumes it is optimal to train smaller mod-
els for longer, and caution that naı̈vely fitted laws may overestimate token benefits outside typical
regimes. For sparse architectures, fine-grained MoE scaling [22] introduces expert granularity and
reports that MoE outperforms dense models at matched compute across studied scales, with the gap
widening as scale grows, while FFN-sized experts are rarely optimal compared to many smaller ex-
perts. Overall, these results motivate jointly optimizing parameters, tokens, inference load, sparsity,
and vocabulary—rather than treating scaling as one dimensional.

Vocabulary Scaling. Beyond scaling parameters and data, it emerges as another factor for quality
and efficiency. [36] provides a compute-optimal rule indicating that larger models benefit from larger
vocabularies and show fixed-FLOPs gains. in continual-training scenarios, [35] replacing the old
vocabulary with a better-matched one outperforms keeping the original tokenizer. [16] decouples
input/output vocabularies to enlarge only the input side with no extra inference cost; [10] upgrades
the tokenizer and retrains only the input embedding and LM head, yielding shorter sequences and
faster decoding at comparable quality. See Appendix A for more related works.

Distinction from our approach: Specifically, let the vocabulary embedding matrix have shape [V, d],
the prior works primarily scale along the V dimension [16; 40]. By contrast, we scale along a d
dimension. While n-gram expansion faces combinatorial limits and tends to capture local and fixed
patterns, enlarging d provides a high-dimensional, context-interactive space in which tokens can
acquire richer semantics through attention-mediated interactions during training.

3 METHODOLOGY

In this section, we first introduce ReToken (Sec. 3.1), which augments transformer layers with token-
specific modulation vectors. We then describe Mixture of ReToken (MoRT) (Sec. 3.2), which uses
a lightweight router to select context-aware mixtures. Subsequently, we detail the efficiency opti-
mizations enabling scaling with negligible overhead (Sec. 3.3) and provide a scaling law analysis
(Sec. 3.4) to formalize the benefits of our new scaling axis.

3.1 RETOKEN: ENLARGING THE EMBEDDING ALONG d

Mechanism. ReToken scales along the embedding channel dimension d. Concretely, every trans-
former layer ℓ keeps a learned table Eℓ ∈ RV×d, so that each token id x ∈ [V ] retrieves a vector
Eℓ[x] that gates the backbone’s residual updates via light Hadamard products. This enlarges token-
wise parameters without any new matrix multiplications.

2
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Figure 1: Architecture overview. (a) ReToken augments each transformer layer with token-specific
modulation vectors retrieved from learned embedding tables and applied via element-wise multipli-
cation. (b) MoRT extends this design with lightweight routing to select context-appropriate mixtures
of modulators. Both architectures decouple parameter scaling from computational cost by relying
on table lookups and element-wise operations rather than additional GEMMs.

Formally, Let x be the token id, ∆mℓ
x be the MLP module increments (before adding to the residual

stream) of token x in layer ℓ. ReToken forms multiplicative gate pℓ
x ∈ Rd:

pℓ
x = 1+ sℓ ⊙Normε(E

ℓ[x]), (1)

where sℓ ∈ Rd is a learned per-dimension scaler and Normε(u) =
u

∥u∥2+ε (ε is a small constant to
avoid division by zero) [42]. The gated MLP increments is:

∆m̃ℓ
x = ∆mℓ

x ⊙ pℓ
x (2)

FLOPs Analysis. For each token and transformer layer, ReToken adds approximately 4d extra
FLOPs. Since the backbone model’s dominant cost is GEMMs with O(d2) complexity, the O(d)
epilogue work is negligible; after epilogue fusion many profilers dot not even count it separately.

3.2 MIXTURE OF RETOKEN (MORT)
While ReToken already offers a capacity boost by attaching a single token-indexed modulator per
layer, MoRT generalizes this idea to capture additional headroom and context variability without
introducing non-trivial GEMM FLOPs (see Figure 1(right) for the complete architecture).

The key insight of MoRT is that token representation can further benefit from contexual features.
MoRT thus equips each token with a small pool of modulators and selects a tiny, context-relevant
subset at runtime, keeping the data path bandwidth-light and inference latency essentially un-
changed, while retaining ReToken’s spirit of decoupling parameter growth from activation compute.

Mechanism. Each token is equipped with a pool of ne modulators per layer and uses a lightweight
router to pick top-K of them given the current hidden state. Crucially, selection and application
remain table lookups plus element-wise ops.

Formally, for token x, let hℓ
x ∈ Rd be the pre-MLP hidden state (after RMSNorm) in layer ℓ. Each

layer maintains a pool {Eℓ
i ∈ RV×d}ne

i=1. A linear router computes logits

gℓ
x = (hℓ

x)
⊤Rℓ ∈ Rne , Rℓ ∈ Rd×ne , (3)

selects Gℓ
x = TopK(gℓ

x,K), and forms normalized weights wℓ
i =

σ(gℓ
i )∑

j∈Gℓ
x
σ(gℓ

j)
for i ∈ Gℓ

x (with

a sigmoid σ instead of softmax to avoid probability-simplex competition and mitigate expert col-
lapse [26]). The mixed token-indexed vector is:

êℓx =
∑
i∈Gℓ

x

wℓ
i E

ℓ
i [x] ∈ Rd. (4)

We normalize and apply a learned per-dimension scale sℓMoRT ∈ Rd, producing the additive residual
injection. To ensure the variance of the hidden states controllable [28], we scale down with an extra

3
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factor 1√
2Nl

, where Nl is the number of layers in the backbone model. The ablation study of this
down-scaling factor is provided in Appendix I.

∆rℓx,MoRT =
1√
2Nl

· sℓMoRT ⊙Normε

(
êℓx

)
, (5)

Finally, ∆rℓt,MoRT is fused into the layer write-back together with MLP output ∆mℓ
x:

hℓ
x ← hℓ

x + ∆mℓ
x + ∆rℓx,MoRT (6)

MoRT generalizes ReToken while keeping the “no new large matmuls” property: it introduces
context-conditioned, top-K additive residual modulation using only table lookups, a small router,
and element-wise ops. Unlike MoE, MoRT does not invoke new FFN experts; it remains orthogonal
to MLP scheduling and is compatible with both dense and MoE backbones.

Training with Load Balancing. To encourage all the embedding experts are adequately utilized and
trained, we incorporate an auxiliary load-balancing loss during training, similar to standard practice
in MoE models. Details of the load-balancing formulation are provided in Appendix E.

FLOPs analysis. Per token and per layer, MoRT adds three terms: (i) router logits O(dne) from a
single d×ne matrix multiplication; (ii) top-K mixture O(dK); (iii) normalization+scaling+residual
add O(d) (the L2 norm is O(d) with a small constant). In total:

FLOPsMoRT ≈ c1 dne + c2 dK + c3 d, (7)

where c1, c2, c3 are small constants. Compared to the backbone MLP’s dominant cost Θ(d2) per
token , MoRT’s overhead is negligible.

3.3 IMPLEMENTATION FOR PRACTICAL EFFICIENCY

The large number of token-indexed parameters in ReToken and MoRT necessitates efficient imple-
mentation strategies to maintain negligible overhead.

3.3.1 EFFICIENT INFERENCE FOR RETOKEN

Precomputation and Kernel Fusion. At inference, for each token in each layer, we precompute

Pℓ[x] ≜ 1+ sℓ ⊙Normε

(
Eℓ[x]

)
(8)

and cache Pℓ ∈ RV×d as a look-up table on device. This removes online normalization and scaling,
reducing ReToken to a single table lookup. We then fuse this element-wise modulation with the
epilogues of MLP kernels (the same stage that applies bias/dropout/addition). This avoids extra
memory round-trips and kernel launches, hiding the lookup latency behind the GEMM pipeline.

Decoupling and Asynchronous Prefetch. The ReToken module is entirely decoupled from the
backbone topology, as its modulation vector pℓ

x depends solely on the token id x. This allows vec-
tors to be fetched ahead of time. To reduce HBM usage, we store {Pℓ} in CPU memory and asyn-
chronously prefetch only the rows required by the current batch while the GPU executes GEMMs.

3.3.2 EFFICIENT INFERENCE FOR MORT
Offload MoRT to CPU. The massive parameter count of MoRT’s embedding pools presents a
VRAM challenge. However, since these parameters are not involved in GEMM computations,
they are ideal candidates for offloading to CPU memory. This strategy makes it possible to scale
token-indexed parameters to sizes far exceeding the backbone model without consuming precious
on-device VRAM. The inference process is orchestrated as follows:

1. Initially, MoRT embedding pools {Eℓ
i}

ne
i=1 for all layers are loaded into CPU memory.

2. For each token in a given layer ℓ, the router computes the Top-K indices Gℓ
x on GPU.

3. The GPU sends a compact request containing only these indices to the CPU.
4. The CPU fetches the corresponding K embedding vectors {Eℓ

i [x]}i∈Gℓ
x

from its main memory
and transfers only this small subset of data to the GPU’s VRAM.

5. Once the vectors arrive on the GPU, the remaining computations (weighted sum, normalization,
scaling, and residual addition) are executed.
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Additional Optimizations. Beyond the aforementioned inference optimizations, we have devel-
oped two additional techniques to enhance the practical deployment of our approach. First, we
design an Embedding Parallel strategy that significantly improves training efficiency by distributing
the massive token-indexed parameters across multiple devices during the training phase. Second,
we introduce cross-layer residual connections that enable more flexible deployment across diverse
hardware configurations. Due to space limitations, we defer the detailed descriptions of these tech-
niques to Appendix B and Appendix C, respectively.

3.4 SCALING LAW FRAMEWORK FOR TOKEN-INDEXED PARAMETERS

Neural scaling laws provide an empirical-yet-principled lens to reason about the quality-compute
trade-off of LLM training. While the Chinchilla scaling law [14] is widely used, We find it does not
explicitly model the interaction between data and model capacity. As under a fixed data increase,
the loss reduction can be more pronounced for larger models than for smaller ones. We therefore
adopt the Kaplan scaling law [21] as the basis of our analysis.

Kaplan scaling law. Kaplan scaling law model the test loss as

L(Nc, D) =

[( A

Nc

)α
β

+
B

D

]β

, (9)

where Nc denotes the compute-intensive parameters (in MoE cases, it refers to activated parame-
ters), D is the number of training tokens, and A,B, α, β are empirical constants.

Compute constraint and the optimal efficient frontier. Training a model with Nc parameters on
D tokens requires about 6NcD FLOPs. Define the compute-optimal loss at budget C as

L∗(C) = min
NcD=C

6

L(Nc, D). (10)

Plugging D = C
6Nc

into Eq. 9 and minimizing w.r.t. Nc yields a closed form:

L∗(C) =

(
1 +

α

β

)β (
6ABβ

α

) αβ
α+β

· C− αβ
α+β . (11)

Token-indexed parameters as a new scaling dimension. MoRT introduces token-indexed pa-
rameters Nn in addition to the compute-intensive backbone Nc. Let η = Nn/Nc be the parame-
ter expansion ratio. We model the contribution of Nn via a discount factor γ(ρ) that depends on
ρ = K/ne which captures the MoRT activation sparsity. We define an effective parameter count

Neff = Nc + γ(ρ)Nn = Nc

(
1 + γ(ρ)η

)
. (12)

We then substitute Neff for Nc in Eq. 9:

LMoRT(Nc, D; η, ρ) =

[( A

Neff

)α
β

+
B

D

]β

=

[(AMoRT

Nc

)α
β

+
B

D

]β

,

where the effect is equivalent to rescaling the constant AMoRT = A
1+γ(ρ)η . This formalizes the in-

tuition that architecture changes from token-indexed parameters primarily manifest as a downward
shift in the model-size term (via A), while leaving the data term (B) unchanged.

Implication on the efficient frontier: multiplicative downward shift. Under the same compute
constraint C (note the budget depends on Nc and D, not on Nn), the MoRT compute-optimal frontier
becomes

L∗
MoRT(C; η, ρ) =

(
AMoRT

A

) αβ
α+β

L∗(C) =
(
1 + γ(ρ)η

)− αβ
α+β︸ ︷︷ ︸

g(η,ρ)<1

·L∗(C). (13)

Therefore, token-indexed parameters induce a multiplicative improvement on the efficient frontier:
the slope − αβ

α+β remains unchanged, while the intercept shifts downward by g(η, ρ), which appears
as a parallel shift in log space.

5
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(d) Dense-XL (1.5B)
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Figure 2: Training loss curves for dense and MoE models. The top row shows ReToken’s perfor-
mance on Dense-S, M, and L models. The bottom row shows results for Dense-XL, A110m-T1.3b
MoE, and A250m-T3b MoE. In all settings, ReToken (and MoRT for MoE models) achieves a con-
sistently lower training loss compared to the corresponding baseline model.

Compute saving interpretation. Eq. 13 further implies an isoperformance compute saving: to
match a baseline frontier loss at compute C, MoRT needs

L∗
MoRT(CMoRT; η, ρ) = L∗(C) =⇒ CMoRT =

C

1 + γ(ρ)η
. (14)

Thus, the attainable compute reduction is controlled by the effective expansion factor 1 + γ(ρ)η.

Isocompute validation protocol. Empirically, we validate Eq. 13 using standard isocompute
methodology: (i) fit a baseline frontier L∗(C) by training multiple (Nc, D) pairs on fixed budgets
C; (ii) at the same budgets, augment the optimal baseline with token-indexed parameters (controlled
η and ρ) while keeping Nc and D unchanged; (iii) test whether the measured log-loss curves exhibit
an approximately constant downward shift consistent with g(η, ρ).

4 EXPERIMENTS

4.1 OVERALL EFFECTIVENESS ON DENSE AND MOE MODELS

We first try to validate that token-indexed parameters in general consistently improve performance
across diverse architectures and scales, before further examining its scaling properties.

4.1.1 EXPERIMENTAL SETUP

Backbone Models. We establish baselines using both dense and MoE LLM architectures. For
dense models, we use four Qwen-style [39] models of varying sizes: 190M(S), 0.5B(M), 1B(L), and
1.5B(XL) parameters. For MoE models, we use two highly-sparse configurations: one with 110M
activated parameters and 1.3B total parameters (A110m-T1.3b), and another with 250M activated
parameters and 3B total parameters (A250m-T3b)1. Each MoE layer contains 145 experts, with one
shared expert and 144 routed experts, from which the top-8 are activated per token. For more details
about the model configurations, please refer to the appendix D.

ReToken/MoRT Configuration. We evaluate two methods: ReToken and MoRT. Both are im-
plemented as attached modules that augment the baseline architectures without modifying their
backbone structure. ReToken is benchmarked on all dense (S, M, L, XL) and both MoE models
(A110m-T1.3b, A250m-T3b). MoRT is evaluated on the two MoE backbones. For MoRT, we set
the number of modulator experts to ne = 5 and activate the top K = 3.

1Both excludes tokenizer vocabulary embedding and prediction head parameters.
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Table 1: Downstream task accuracy for Small, Medium, and Large dense models, comparing the
baseline architecture against our ReToken-enhanced variant. All models were pre-trained on 100B
tokens from the Fineweb-edu dataset. ReToken provides a consistent performance uplift across all
evaluated tasks and model sizes. The best result of each task is highlighted in bold.

Model Downstream Task Performance (Accuracy %)
arc e arc c openbookqa boolq winogrande sciq hellaswag piqa Avg.

Small
(Dense)

Baseline 59.34 28.50 30.20 53.58 52.17 78.70 37.75 66.54 50.85
ReToken 60.48 31.06 31.4 61.53 52.17 79.40 39.96 66.81 52.85

medium
(Dense)

Baseline 66.79 33.79 35.40 55.07 53.67 88.00 47.47 69.15 56.17
ReToken 69.61 36.52 37.80 57.58 53.99 90.30 49.67 71.82 58.41

Large
(Dense)

Baseline 71.63 38.31 37.2 59.27 53.83 91.10 53.28 72.25 59.90
ReToken 73.74 41.72 38.6 60.85 56.11 91.70 54.91 73.88 61.44

Datasets and Training. The S, M, and L dense models are pretrained for 100B tokens on the
Fineweb-edu [25], an open-source collection of text dataset. The XL dense model and all MoE
models are trained on a diverse, high-quality dataset curated from online corpora, which includes
general text, code, math, and multilingual content after rigorous filtering. Specifically, the XL dense
model is trained for 330B tokens, the A110m-T1.3b MoE model for 300B tokens, and the A250m-
T3b MoE model for 500B tokens. To ensure a fair comparison, all training configurations for the
ReToken and MoRT models were kept identical to those of their corresponding baselines. For more
details about the data and training hyperparameters, see Appendix D.

Evaluation. Downstream performance is evaluated by two benchmark suites. For the dense models
(S, M, L), we use 8 foundational language understanding tasks. For the larger XL dense and MoE
models, we employ a framework with 4 areas: Knowledge (MMLU [12], TriviaQA [20], ARC [4],
GPQA [29]), Reasoning (Hellaswag [41], C3 [33], BBH [34], SocialIQA [30]), Code (MBPP [1],
HumanEval [3], LiveCodeBench [18]) and Math (MATH [13], GSM8K [5], DROP [7]).

4.1.2 RESULTS AND ANALYSIS

Training Loss. As shown in Fig, 2, our proposed methods achieve a consistent and significant
reduction in training loss across all model scales and architectures. For the dense models, ReToken
consistently maintains a lower loss trajectory compared to the baseline models from 190M to 1.5B
parameters. Similarly, for the MoE models, both ReToken and MoRT demonstrate a clear advantage
over the strong baselines, reducing the training loss for both the 1.3B and 3B MoE configurations.
This demonstrates that scaling token-indexed parameters is a robust method for improving model
optimization and data fitting capabilities, without increasing computational complexity.

Downstream Performance. The benefits observed during training translate to robust improvements
on downstream tasks. As shown in Table 1, for the S, M, and L dense models, ReToken consistently
outperforms the baseline on every benchmark. This trend continues with the larger models, as
detailed in Table 2 and Table 3. The ReToken-XL model achieves substantial improvements over its
baseline, with notable gains across all four capability domains.

For MoE models, the improvements are even more pronounced with the addition of MoRT as shown
in Table 2 and Table 3. On the A110m-T1.3b model, ReToken delivers substantial gains while MoRT
achieves even stronger performance, with particularly impressive improvements in Knowledge and
Code domains. The larger A250m-T3b model shows a similar tiered pattern: baseline performance
is surpassed by ReToken, which is in turn outperformed by MoRT. MoRT’s gains are especially
notable in Knowledge, Reasoning, and Math tasks, demonstrating that the contextualized routing of
multiple modulators provides additional benefits over single-modulator approaches. These consis-
tent improvements across all model scales and architectures validate that token-indexed parameters
offer a robust path to enhanced language model capabilities without computational overhead. We
note that the magnitude of these improvements varies across model architectures; a detailed
discussion on this topic is provided in Appendix F.

4.2 OVERALL EFFICIENCY ON DENSE AND MOE MODELS

In this section, we discuss the efficiency of the ReToken and MoRT methods in term of latency,
especially considering the CPU-offloading approach for MoRT.
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Table 2: Performance evaluation on comprehensive downstream tasks (Part 1: Knowledge and
Code). The table compares the Baseline, ReToken, and MoRT variants for XL Dense, A110m-
T1.3b MoE, and A250m-T3b MoE models. The best result of each task is highlighted in bold.

Model Knowledge Code
MMLU TriviaQA ARC C GPQA Avg. MBPP HumanEval LCB Avg.

XL
(Dense)

Baseline 32.74 25.72 35.74 25.60 29.95 9.53 9.15 0.87 6.52
ReToken 37.29 35.22 41.58 29.80 35.97 12.20 9.76 2.61 8.19

A110m-T1.3b
(MoE)

Baseline 27.91 22.81 29.21 25.59 26.38 7.00 10.57 1.57 6.38
ReToken 30.98 27.31 30.24 28.28 29.20 10.60 9.96 1.45 7.34
MoRT 34.07 36.53 34.72 30.03 33.84 12.50 10.55 1.64 8.23

A250m-T3b
(MoE)

Baseline 36.39 39.57 39.76 29.47 36.30 19.20 16.46 2.52 12.73
ReToken 40.05 41.13 43.87 28.79 38.46 21.80 18.90 4.70 15.13
MoRT 43.47 46.29 47.01 31.70 42.12 24.51 19.89 5.96 16.79

Table 3: Performance evaluation on comprehensive downstream tasks (Part 2: Reasoning and Math).
The table compares the Baseline, ReToken, and MoRT variants for XL Dense, A110m-T1.3b MoE,
and A250m-T3b MoE models. The best result of each task is highlighted in bold.

Model Reasoning Math
Hellaswag C3 BBH SocialIQA Avg. MATH GSM8K DROP Avg.

XL
(Dense)

Baseline 51.19 39.34 21.04 41.64 38.30 2.17 5.76 10.55 6.16
ReToken 55.07 47.83 24.12 45.97 43.25 3.36 9.07 17.71 10.05

A110m-T1.3b
(MoE)

Baseline 45.70 27.95 18.96 34.44 31.76 1.96 3.87 6.60 4.14
ReToken 48.01 29.86 18.82 36.39 33.27 3.04 4.17 7.99 5.07
MoRT 52.06 30.22 20.66 38.51 35.36 4.37 4.15 8.90 5.81

A250m-T3b
(MoE)

Baseline 57.05 36.84 21.87 42.63 39.60 7.16 13.65 11.86 10.63
ReToken 58.52 44.05 24.74 44.83 43.04 8.30 16.38 13.27 12.65
MoRT 60.37 49.01 28.58 47.15 46.28 10.42 19.96 18.44 16.27

Setup. We conducted a series of benchmarks using the SGLang [43] on a single NVIDIA H800,
comparing the following configs: (1) Dense 1.5B models with and without ReToken; (2) MoE
A250m-T3B models with the baseline, ReToken, and MoRT (top K = 2, ne = 4). To address the
load-balancing requirements inherent to MoE models, we utilized the real dataset Pile [9] instead of
random tokens. Each set of experiments was conducted for 100 runs per configuration to compute
the average latency and variance. We focus on two key latency metrics: (1) TTFT (time to first
token) which measures the time cost of prefill phase and (2) TPOT (time per output token) which
measures the time taken for each token generated during the decoding phase.

Results. The quantitative latency results are shown in Table 4 and Table 5. As for TTFT, the pre-
fill phase is compute-bound, and the extra memory accesses for ReToken/MoRT are largely hidden
behind the backbone GEMMs. Across batch sizes 8/16 and sequence lengths 1k–4k, the overhead
for ReToken is negligible, while MoRT introduces up to ∼10-11% overhead in the worst case. On
the other hand, for TPOT, during the decoding phase, where memory bandwidth becomes more crit-
ical, CPU-offloaded token-indexed parameters introduce a moderate per-token latency. Specifically,
ReToken increases TPOT by ∼12%, while MoRT increases TPOT by ∼18-19%.

Taken together, these results demonstrate that the overhead introduced by ReToken/MoRT is well-
bounded during both the prefill and decoding phases. Given that ReToken/MoRT consistently im-
prove training loss and downstream task accuracy while GPU memory usage remains essentially
unchanged when token-indexed tables are CPU-offloaded, we consider this latency-efficiency trade-
off reasonable for many deployment scenarios.

4.3 STUDIES FOR SCALING LAW OF MORT
This section empirically validates our central hypothesis: scaling token-indexed via MoRT estab-
lishes a new, efficient scaling dimension that shifts the quality-compute Pareto frontier. We employ
a rigorous isocompute methodology to quantify these gains.

4.3.1 EXPERIMENTAL SETUP

We conduct a four-stage evaluation and analyze MoRT’s scaling behavior.

Stage 1: Establishing the Baseline Efficient Frontier. We establish the efficient frontier for our
baseline MoE. Following standard scaling law methodology, we select five compute budgets span-
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Table 4: Comparison of TTFT (Time to First Token) on different batch size and sequence length for
dense and MoE Models with ReToken and MoRT.

TTFT (ms) Dense (1.5B) MoE (A250m-T3B)

Baseline ReToken Baseline ReToken MoRT(2 of 4)

bs=8 seqlen=1k 37.75± 3.87 36.55± 5.19 36.39± 1.81 37.14± 1.78 40.17± 4.68
seqlen=2k 55.21± 2.42 56.77± 2.48 45.39± 1.39 46.44± 1.63 47.70± 2.86
seqlen=4k 114.09± 3.37 118.06± 4.16 89.82± 5.60 90.53± 7.67 95.90± 9.50

bs=16 seqlen=1k 60.70± 7.93 62.97± 7.52 62.73± 10.46 63.19± 8.49 66.60± 4.21
seqlen=2k 114.34± 3.40 117.27± 2.82 89.28± 6.48 90.74± 6.55 98.15± 4.45
seqlen=4k 220.99± 8.22 223.33± 8.82 180.19± 10.94 181.15± 8.58 187.14± 10.20

Table 5: Comparison of TPOT (Time Per Output Token) on different batch size and sequence length
for dense and MoE Models with ReToken and MoRT.

TPOT (ms/token) Dense (1.5B) MoE (A250m-T3B)

Baseline ReToken Baseline ReToken MoRT(2 of 4)

bs=8 seqlen=1k 2.12± 0.02 2.25± 0.02 2.83± 0.03 3.06± 0.02 3.31± 0.05
seqlen=2k 2.18± 0.02 2.31± 0.02 2.90± 0.02 3.13± 0.02 3.35± 0.03
seqlen=4k 2.28± 0.02 2.41± 0.02 3.04± 0.04 3.22± 0.04 3.41± 0.03

bs=16 seqlen=1k 2.15± 0.05 2.45± 0.08 3.19± 0.03 3.42± 0.04 3.72± 0.08
seqlen=2k 2.28± 0.03 2.56± 0.02 3.32± 0.08 3.69± 0.05 3.95± 0.06
seqlen=4k 2.45± 0.02 2.75± 0.03 3.56± 0.16 3.95± 0.07 4.20± 0.09

ning an order of magnitude: 3.89e18, 6.11e18, 1.11e19, 1.89e19, 3.33e19 FLOPs. For each budget
Ci, we conduct grid search over model size Nc and dataset size D pairs, training multiple configura-
tions to identify the optimal (N∗

c , D
∗) that minimizes test loss. Figure 3 illustrates these isocompute

curves, where each nadir represents the compute-optimal configuration.

Stage 2: MoRT Scaling Validation. Using the five optimal baseline configurations (N∗
c , D

∗),
we train the corresponding MoRT models while maintaining identical compute budgets. For this
primary evaluation, we set the parameter ratio η = Nn/Nc = 30 and activation sparsity ρ = 1.0.
This controlled comparison isolates the effect of token-indexed parameters on the efficient frontier.

Stage 3: Parameter Ratio Sensitivity(η): To study how MoRT’s efficient frontier shifts as the
amount of token-indexed parameters changes, we fix the activation sparsity at ρ = 1.0 and, for
each baseline-optimal configuration (N∗

c , D
∗) on a given compute budget, train MoRT models with

parameter ratios η ∈ {30, 50, 80}.
Stage 4: Activation Sparsity Sensitivity(ρ): To isolate the effect of activation sparsity on the
efficient frontier, we fix η = 80 and, again at each baseline-optimal configuration (N∗

c , D
∗), train

MoRT models with activation ratios ρ ∈ {0.3, 0.6, 1.0}.
All models are trained on identical dataset and evaluated using held-out test loss.

4.3.2 FRONTIER SHIFT AND SCALING-LAW VALIDATION

Our experiments show that MoRT fundamentally improves the scaling efficiency of LLMs.

Isocompute Analysis. Fig. 3 confirms that baseline MoE models exhibit the expected U-shaped
isocompute curves, with clear optimal points forming the baseline efficient frontier.

Frontier Shift. Fig. 4 gives our primary finding: MoRT models (blue, η = 30, ρ = 1.0) establish a
new efficient frontier below the baseline (red). This downward shift shows that MoRT achieves lower
test loss at every compute budget—a fundamental improvement in scaling efficiency. Quantitatively,
MoRT achieves the same loss as baselines with a 20% speedup.

A central prediction of Eq. 13 is that

logL∗
MoRT(C; η, ρ) = logL∗(C) + log g(η, ρ) (15)

9
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Figure 3: Isocompute for baseline MoE models
with compute budgets. Each curve shows test
loss vs. data size at fixed FLOPs, with optimal
points (minima) defining the efficient frontier.
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Figure 4: Efficient frontiers: MoRT (blue) vs.
baseline MoE (red). It achieves 2.0% lower loss
(vertical shift) at each compute budget, equiva-
lent to 1.20× efficiency (horizontal shift).

Table 6: Effect of η on MoRT performance.
Higher ratios of token-indexed to compute-
intensive parameters yield better loss reduction
and compute efficiency (fixed ρ = 1.0).

η 30 50 80

Loss Reduction 2.00% 2.42% 2.85%
Compute Ratio 1.20 1.25 1.29

Table 7: Effect of ρ on MoRT performance. Full
activation provides best results but with dimin-
ishing returns (fixed η = 80).

ρ 0.3 0.6 1.0

Loss Reduction 2.70% 2.81% 2.85%
Compute Ratio 1.27 1.28 1.29

The baseline and MoRT frontiers in Fig. 4 are well-approximated by straight lines with near-identical
slopes on log-log axes, and the gap between them is approximately constant across the tested bud-
gets. Together, these observations empirically validate Eq. 15.

Furthermore, it’s indicated that MoRT’s performance gain is determined by its internal configura-
tion (η and ρ), not the scale of the backbone model. This scale-invariant improvement confirms
that token-indexed parameters constitute an orthogonal scaling axis. Its benefits compound with
traditional scaling, offering a path to enhance model performance across compute budget.

4.3.3 SENSITIVITY ANALYSIS
Parameter Ratio (η). Table 6 shows that increasing the ratio of token-indexed to compute-intensive
parameters yields consistent improvements. As η grows from 30 to 80, the relative loss reduction
increases from 2.00% to 2.85%, with a corresponding improvement in compute efficiency from
1.20× to 1.29×. These gains show no signs of saturation within our tested range, suggesting that
further scaling of token-indexed parameters remains promising.

Activation Sparsity (ρ). Table 7 reveals the impact of activation sparsity. While performance
improves monotonically with ρ, we observe diminishing returns: the gain from ρ = 0.3 to ρ = 0.6
(0.11% absolute) exceeds that from ρ = 0.6 to ρ = 1.0 (0.04% absolute). This suggests an efficiency
sweet spot where partial activation balances performance with memory bandwidth requirements.

5 CONCLUSION AND OUTLOOK

We have introduced token-indexed parameters as a new and complementary scaling axis. Our
methods, ReToken and MoRT, consistently improve dense and MoE models with negligible infer-
ence overhead. A scaling-law analysis confirmed MoRT shifts the quality-compute Pareto frontier,
achieving baseline performance with 20-30% compute save.

Limitations and Future Work. Due to resource limitations, our evaluation is currently limited to
3B model, which does not reach the frontier-scales. Moreover, since ReToken and MoRT introduce
more embedding parameters, the VRAM during training will inevitably cause an overhead. Future
work will consider 1) exploring additional probabilities in the design choices, and 2) extending to
multimodal models with modality-specific parameter pools.
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A MORE RELATED WORKS

Mixture of Experts. MoE architectures have advanced toward sparser routing, finer-grained ex-
perts, and greater deployability. The sparsely-gated MoE of [32] activates only a small subset of
FFN experts per example via a trainable gate with an auxiliary load-balancing loss, scaling capacity
to tens of billions of parameters with limited extra compute and validating conditional computa-
tion for language modeling and translation. Switch Transformer [8] further simplifies routing by
selecting a single expert per token, yielding a favorable speed–quality trade-off under fixed compute
and enabling trillion-parameter scaling. [6; 24] pushes extreme expert specialization by partitioning
experts more finely and isolating shared experts for generic knowledge, improving utilization and
reducing redundancy, and reporting competitive or superior performance to larger dense/MoE base-
lines at comparable cost. To ease deployment and accelerate inference, [19] reparameterizes trained
FFN experts into lookup tables for inference, retrieving retrieving precomputed expert outputs on
demand to slash VRAM usage and avoid real-time expert compute, which yields dense-like latency
in their setting.

Large Memory Layer. Large memory layers expand model capacity by decoupling parameters
from compute. Product Key Memory [23] inserts a very large, sparsely accessed key–value table into
the FFN, adding minimal extra FLOPs while improving language modeling at scale. Ultra-Sparse
Memory [17] makes access even sparser and lighter—activating only a few slots per token—and
reports favorable scaling behavior and lower inference latency under matched compute. Memory
Layers at Scale [2] trains per-layer key–value lookups within Transformers, dedicating capacity for
knowledge storage; under fixed compute budgets these memory-augmented models surpass dense
baselines that spend substantially more compute and, at matched parameter counts, often compete
with or outperform MoE. In contrast to retrieval-based memory, our modulators are token-indexed
and act directly on the residual stream without similarity search or additional matmuls.

B EFFICIENT TRAINING: EMBEDDING PARALLEL (EMP)

MoRT’s parameters are large but sparsely accessed: in each layer and step we only touch K rows per
token across the ne tables. We exploit this with an Embedding Parallel (EmP) scheme that shards
token-indexed tables and communicates only the touched rows.

Sharding layouts. Let each layer hold {Eℓ
i ∈ RV×d}ne

i=1. We consider:

• V-sharding (vocab-parallel): split the V dimension into SV shards; rank (s) owns rows
Vs. Request for (x, i) is sent to the rank that owns x.

• E-sharding (expert-parallel over modulators): split the ne dimension into SE shards;
rank (s) owns a subset Es. Request for (x, i) is sent to the rank owning i.

• 2D sharding (V×E): partition by both vocab and modulator index, giving SV×SE shards;
request is routed to the unique owner of (x, i).

All three avoid replicating the full tables on every rank.

EPa step (per layer).

1. Local routing: Each compute rank forms Gℓ
x = TopK(gℓ

x,K) locally.

2. Row requests (all-to-allv): Build per-destination lists of (x, i, wℓ
i , token slot) and dedu-

plicate repeated (x, i) within the step/batch.

3. Remote gather & optional mixing: Owner ranks fetch Eℓ
i [x] for the requested pairs. Two

options: (A) Return raw rows (K vectors of length d), or (B) Return pre-mixedêℓ[x] =∑
i∈Gℓ

x
wℓ

iE
ℓ
i [x] (one vector of length d). Option B halves bandwidth (from Kd to d) and

moves a tiny Kd dot-product to the owner.

4. All-to-allv return & residual add: Source ranks receive rows (or the pre-mix), apply
normalization+scale, and add ∆rℓt,MoRT into the residual epilogue.
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C EFFICIENT INFERENCE: CROSS-LAYER RESIDUAL CONNECTIONS.

Considering the complexities of heterogeneous hardware and real-world deployments, there may be
cases where CPU-offloaded MoRT vectors fail to synchronize with the GPU’s computation. In such
cases, the backbone may stall while waiting for MoRT output, leading to non-trivial latency.

Mechanism. To make inference robust against such stalls, we introduce cross-layer residual con-
nection. Instead of injecting the MoRT residual ∆rℓt,MoRT immediately at the end of layer ℓ, we
delay its application to a future layer, ℓ+ ld:

hℓ+ld
t ← hℓ+ld

t + ∆rℓt,MoRT (16)

This delay opens a window where the data transfer for layer-ℓ’s vectors can occur in parallel with
the GPU’s execution of GEMMs for layers ℓ + 1, . . . , ℓ + ld. By choosing an appropriate delay ld
based on the deployment hardware, the communication latency can be largely hidden, making the
capacity expansion from MoRT virtually free in terms of inference latency.

Effect on model performance. Conceptually, delaying the injection of the MoRT residual from
layer ℓ to ℓ + ld does not reduce the representational capacity of MoRT. Formally, let F denote the
backbone mapping from layer ℓ + 1 to ℓ + ld. Without cross-layer delay, the hidden states at layer
ℓ+ ld is

hℓ+ld = F (hℓ +∆rℓ) (17)
where ∆rℓ denotes MoRT output of layer ℓ. With cross-layer injection, it becomes

hℓ+ld
cross = F (hℓ) + ∆rℓ (18)

A first-order Taylor expansion around hℓ gives

F (hℓ +∆rℓ) ≈ F (hℓ) + JF (h
ℓ)∆rℓ (19)

so that
hℓ+ld − hℓ+ld

cross ≈ (JF (h
ℓ)− I)∆rℓ (20)

In pre-norm Transformers, F is itself close to the identity mapping over a short depth ld, making JF
numerically close to I . Together with the fact that MoRT output ∆rℓ is small, this implies that the
discrepancy between same-layer and cross-layer injection is expected to be minor.

To validate this intuition, we conduct an ablation on the 3B–250M MoE backbone with 18 layers.
We apply MoRT (ne = 4, topK=2) to layers 1–16 and keep layers 17–18 unchanged to match the
parameter count. The router in all variants takes the post-attention layer-norm output as input. We
compare: (1) no delay: layer-ℓ MoRT is added at layer ℓ; (2) cross 1 layer: layer-ℓ MoRT is added
at layer ℓ+ 1; (3) cross 2 layers: layer-ℓ MoRT is added at layer ℓ+ 2.

All models are trained for 100B tokens. The training loss curves nearly overlap (as shown in Fig. 5),
and the final loss gap between no-delay and cross-2-layer is less than 0.002, showing that cross-layer
residual connections do not introduce any non-trivial degradation in model performance.

D DETAILED TRAINING AND MODEL HYPERPARAMETERS

Table 8 provides the pretraining hyperparameters for dense models, covering four model sizes
(small, medium, large, and XL). Table 9 shows the pretraining hyperparameters for MoE (Mixture
of Experts) models, specifically two configurations (A110m-T1.3b and A250m-T3b).

E LOAD-BALANCING AUXILIARY LOSS FOR MORT

Similar to MoE architectures that require balanced expert utilization for optimal throughput and
learning, MoRT benefits from uniform routing across its ne embedding experts {Ei}ne

i=1. To encour-
age all embeddings are adequately trained and contribute to model performance, we incorporate an
auxiliary load-balancing loss that encourages balanced routing distributions.

Formulation. Consider a training batch with T tokens, where MoRT maintains ne embedding
experts and each token routes to top-K embeddings. Let Gt ⊆ {1, . . . , ne} denote the top-K
routing set for token t, and p

(i)
t ∈ [0, 1] represent the routing probability of token t to embedding i.
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Figure 5: Training loss with and without cross-layer residual connections. Training curves for
the 3B–250M MoE backbone (18 layers) under three variants: (1) no delay, (2) cross 1 layer, and
(3) cross 2 layers. All models are trained for 100B tokens and the curves almost overlap, with the
final loss gap between no-delay and cross-2-layer being less than 0.002.

Table 8: Hyper-parameters for dense model pretraining.

Parameters small medium large XL

Training

lr-schedule cosine cosine cosine WS [38]
max, min lr (1e-3, 1e-4) (8e-4, 8e-5) (6e-4, 6e-5) (6e-4, 0)

warmup-ratio 0.05 0.05 0.05 0.05
decay-ratio 0.95 0.95 0.95 0.00
AdamW-β (0.95, 0.9) (0.95, 0.9) (0.95, 0.9) (0.95, 0.9)

weight-decay 0.1 0.1 0.1 0.1
grad clip 1.0 1.0 1.0 1.0

Model

hidden dim. 768 1024 1280 1536
#layers 12 24 36 28

#q heads 12 16 20 12
#kv heads 12 16 20 2

context-length 1024 1024 1024 8192
FFN size 3072 4096 5120 8960

Data tokenzier gpt2 gpt2 gpt2 qwen2
#tokens(B) 100 100 100 330
batch size 4096 4096 4096 512

We define the following quantities:

• Aggregate routing probability: Pi =
∑T

t=1 p
(i)
t — the unnormalized sum of routing probabili-

ties for embedding i

• Actual token count: ni =
∑T

t=1 1{i ∈ Gt}— number of tokens actually routed to embedding i

• Normalized routing probability: pi = Pi

T — the average routing probability for embedding i

• Normalized load fraction: fi = ni

TK — the fraction of total route capacity used by embedding i

The load-balancing auxiliary loss is formulated as:

Laux = λ · ne

ne∑
i=1

pifi = λ · ne

T 2K

ne∑
i=1

Pini (21)

16



864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

Under review as a conference paper at ICLR 2026

Table 9: Hyper-parameters for MoE model pretraining.
Parameters A110m-T1.3b A250m-T3b

Training

lr-schedule WS WS
lr 4.2e-4 4.2e-4

warmup-ratio 0.05 0.05
decay-ratio 0.00 0.00
AdamW-β (0.95, 0.9) (0.95, 0.9)

weight-decay 0.1 0.1
grad clip 1.0 1.0

Model

hidden dim. 512 768
#dense layers 1 1
#moe layer 11 17
#q heads 8 16

#kv heads 4 4
context-length 8192 8192
#routed experts 144 144
# shared experts 1 1

topK route 8 8
dense FFN size 10944 10944
MoE FFN size 512 512

Data tokenizer qwen2 qwen2
#tokens(B) 300 500
batch size 1024 1024

where λ is a hyperparameter controlling the strength of the load-balancing constraint.

Intuition. The term pi captures the expected routing distribution to embedding i, while fi measures
its actual utilization. The loss in Equation 21 penalizes the co-occurrence of high routing probability
and high actual load, thereby discouraging the concentration of routing on a subset of embeddings.
This encourages a more uniform distribution where ideally pi ≈ fi ≈ 1/ne for all i, ensuring that
all embeddings receive sufficient training signal and contribute effectively to model capacity.

Implementation. In practice, we compute this auxiliary loss per layer and average across all MoRT
layers. The hyperparameter λ is typically set to 10−4, balancing load distribution without over-
whelming the primary language modeling objective. This auxiliary loss is added to the main cross-
entropy loss during training and is automatically handled by the backward pass without requiring
special gradient computation.

F FURTHER ANALYSIS ON RETOKEN’S EFFICACY

Greater Gains on Dense-XL vs. Smaller Dense Models. ReToken’s larger performance uplift
on the Dense-XL model is directly attributable to its vocabulary size. The Qwen2 tokenizer used
by Dense-XL has a vocabulary of 152k, three times larger than the 50k GPT-2 vocabulary of
the smaller models. This triples the number of token-indexed parameters, providing a much richer
capacity to learn token-specific priors.

Performance on MoE vs. Dense Architectures. The gains from ReToken are more modest on
MoE backbones because they constitute a much stronger, more parameter-efficient baseline than
dense models. This observation aligns with prior work showing that highly efficient architectures
can exhibit diminishing returns from certain augmentations [16]. Notably, our MoRT architecture
overcomes this by further scaling token-indexed parameters, proving effective even on strong MoE
backbones.

G CHARACTERIZING THE LEARNED SPARSE EMBEDDING PARAMETERS

To better understand the behaviour of the sparse embedding parameters after training, we analyze
the element-wise scalers that modulate the contribution of ReToken/MoRT tables at each layer.

Recall that in both ReToken and MoRT, the token-indexed vector retrieved from the embedding
tables is multiplied by a learned element-wise scaler before being injected into the residual stream.
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Figure 6: Evolution of the per-layer mean element-wise scalers in ReToken for the 3B–A250m (18
layers) and 9B–A0.8B (15 layers) backbones. The x-axis denotes training iterations and the y-axis
denotes layer index.
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Figure 7: Evolution of the per-layer mean element-wise scalers in MoRT for the 3B–A250m (18
layers) and 9B–A0.8B (15 layers) backbones. The x-axis denotes training iterations and the y-axis
denotes layer index.

Intuitively, the magnitude of this scaler controls how much the sparse embedding parameters can
influence the hidden states. If the scaler stays close to zero, the backbone behaves almost like the
vanilla Transformer; if it grows larger, the token-indexed parameters play a more prominent role.

For each checkpoint and each layer, we therefore compute the mean value of the element-wise scaler
along the feature dimension and visualize it as a heatmap over training steps (horizontal axis) and
layer index (vertical axis). We report results for two backbones: an 18-layer deep–thin 3B–A250m
MoE model and a 15-layer shallow–wide 9B–A0.8B MoE model. Figure 6 shows the evolution of
the ReToken scalers, and Figure 7 shows the corresponding MoRT scalers.

Several consistent patterns emerge:

• Magnitude and stability. Across all layers and checkpoints, the mean scalers remain
well below 1.0 and neither explode nor vanish. This indicates that the sparse embedding
parameters act as small residual corrections on top of the backbone features rather than
dominating the representation.

• Depth-wise selectivity. The model does not use all layers equally. For ReToken, we ob-
serve stronger scalers in the lower and upper layers, with a valley of weaker modulation in
the middle layers. For MoRT, the scalers gradually increase with depth so that the upper
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Figure 8: MoRT training dynamics under different (η, ρ) configurations and scale-invariant gains
across model sizes.

layers receive the strongest modulation, while early layers are barely affected. This sug-
gests that the network automatically learns where in depth the token-indexed parameters
are most useful and keeps other layers close to the baseline MoE.

• Cross-architecture consistency. The deep–thin (3B–A250m) and shallow–wide
(9B–A0.8B) backbones exhibit very similar depth-wise patterns. This robustness across
backbone shapes suggests that the qualitative characteristics of the learned sparse embed-
ding parameters are not specific to a particular model size or aspect ratio.

Overall, these results show that the learned sparse embedding parameters are structured, depth-
selective and stable, and that the backbone learns to use them as targeted residual refinements.

H MORT TRAINING DYNAMICS ACROSS DIFFERENT η, ρ AND MODEL SIZE

To further investigate MoRT’s training dynamics and performance gains under different (η, ρ) set-
tings, we take the A0.3B-T3.6B MoE model as the backbone and train MoRT variants with multi-
ple (η, ρ) configurations for 100B tokens. To deeply examine how the improvements from MoRT
transfer across different model sizes, we train both baseline MoE and MoRT models with three
backbone sizes (A180m-T2B, A0.3B-T3.6B, and A0.8B-T9.1B) under a fixed MoRT configuration
(η, ρ) = (50, 0.5) for 100B tokens.

Training Dynamics Under Different (η, ρ). Figure 8a and figure 8b present the training dynamics
on the A0.3B-T3.6B MoE backbone. As shown in Fig. 8a, increasing the parameter ratio η from 30
to 80 yields consistent and approximately parallel downward shifts in the loss curve, with the final
loss decreasing by 0.02-0.03.

In contrast, activation sparsity ρ has a much more limited impact (Fig. 8b). Varying ρ from 0.25 to
0.75 results in a total loss reduction of less than 0.01, which is significantly smaller than the effect
of η. Given that larger ρ values increase the volume of modulation vectors that need to be accessed
(K = ρ · ne vectors per token), thereby impacting inference latency, a moderate value serves as an
optimal trade-off between marginal performance gains and communication overhead.

Consistent MoRT gains across model sizes. Fig. 8c shows that MoRT’s benefits are remarkably
consistent across model scales. With a fixed configuration (η, ρ)=(50, 0.5), MoRT reduces the
final loss by 0.059 on the 2B–A180M backbone, by 0.064 on the 3.6B–A0.3B backbone, and by
0.051 on the 9.1B–A0.8B backbone, corresponding to relative improvements of 2.7%, 3.0%, and
2.55%, respectively. These consistently positive and tightly clustered gains (≈ 2.75% ± 0.25%)
across a 4.5× range in model size provide strong empirical support for our theoretical framework:
the benefits of token-indexed parameters don’t diminish at larger models; thus, they constitute a
genuinely orthogonal scaling dimension.
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Figure 9: Ablation of the scaling factor 1√
2Nℓ

in MoRT on a 3B–A250m MoE backbone. Left:
training loss. Right: averaged std of hidden states over layers and tokens.

I ABLATION ON SCALING FACTOR 1√
2Nl

IN MORT

To stabilize the variance of hidden states when injecting MoRT residuals, we scale the modulation
update in each layer with a factor 1√

2Nl
(Eq. 5).

We perform an ablation on a 3B–A250m MoE backbone comparing (i) the baseline MoE, (ii) MoRT
with the scaling factor (our default), and (iii) MoRT without the scaling factor. All models are trained
under identical data and optimization settings.

Figure 9 (left) reports the training loss, while Figure 9 (right) shows the standard deviation of hidden
states averaged over all layers and tokens. Without the scaling factor, the activation std grows rapidly
to above 5.5 within the first 50B training tokens and the model slightly underperforms the baseline
MoE in terms of loss. In contrast, MoRT with the proposed 1√

2Nℓ
scaling keeps close to baseline

in a well-behaved range and consistently achieves lower training loss than the baseline. These
results confirm that the scaling factor is crucial to prevent variance explosion and to make MoRT’s
modulation effectively improve optimization.

J LLM USAGE STATEMENT

We used the advanced language models only as writing assistants during manuscript preparation. Its
role was limited to correcting grammar, improving clarity, and refining the flow of sentences, while
keeping the intended meaning unchanged. All research ideas, methods, and results are entirely the
work of the authors.
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