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Abstract

Persistent homology (PH) is a method %HH@W%@—&@%&@%Q@% topology—
1nsp1red representations of data.

Empirical

WMWMWW
to detect a feature of interest, commonly rely on training and testing an additional model on.
the basis of the PH representation. To gain more intrinsic insights about PH, independently.
of the choice of such a model, we propose a novel methodology based on the pull-back ge-
ometry that %heymdﬂe&mwmon the data mamfold Theﬁ—byme&s&ﬁﬁg

WM%&R@&WWMMMMM
most_and least significant information captured by PH. We-experimentally demonstrate
Furthermore, the pull-back norm of tangent vectors provides insights about the sensitivity
of PH to a given perturbation, or its potential to detect a given feature of interest, and
in_turn its ability to solve a given classification or regression problem. Experimentally, the
insights gained through our methodology align well with the existing knowledge about PH.
Moreover, we show that the pull-back norm e&n—b&%&%wed&eﬁer—e#wm
the performance on downstream tasks: - and

can therefore guide the choice of a suitable PH encodln

Keywords: Fepological-data—analysisPersistent homology, data representation, Jacobian
spectrum, pull-back geometry, sensitivity analysis

1 Introduction

Persistent homology (PH) is a well-established technique in applied and computational topology
[2009; |Oudot], 2015)). At its core, PH seeks to create representations of data that highlight topological aspects.
Recently, they have been found to also capture purely geometric aspects of the data, such as curvature
(Collins et all [2004; [Bubenik et al. [2020)) and convexity (Turkes et all [2022). PH representations have
been used particularly in applications where multiscale homological features can be expected to capture
relevant information, such as in the prediction of biomolecular properties (Cang & Wei, [2017; (Cang et al.,
2018; Wang et al., 2020), quantification of similarity in materials (Lee et al., 2017), medical imaging (Singh
et al., 2023)), or the analysis of tree-like brain artery structures (Bendich et al.,|2016)). PH also increasingly
interfaces with machine learning (see, e.g., [Carriere et al., 2020} [Hensel et al [2021). Beside serving as a data
representation technique, PH has been used, for instance, to investigate the decision boundaries of neural
networks (Ramamurthy et al.,2019) or the transformations of data sets across the layers of a deep neural
network (Naitzat et al., [2020). Other work has explored training neural networks to approximate PH features
(Hofer et al.l |2019} [Montufar et al.l [2020; |de Surrel et al., [2022), which can facilitate faster computations or
serve as a basis for fine-tuning PH representations. Along this thread, a topology-encoding neural network
based on PH was proposed by [Haft-Javaherian et al. (2020)).
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employ a model, such as a support vector machine (SVM) or a neural network, on the PH features. Such
performance-based testing comes with two main drawbacks. Firstly, additional time and effort are needed
to choose the classifier or regression model and tune their hyperparameters: this typically involves a grid
search over all PH parameters, but also over models (e.g., SVM and neural networks), and over the model’s

arameters (e.g. regularization parameter of SVM, and a much larger list of hyperparameters for neural
networks), which also requires training and testing for each combination of the three groups of parameter
values. Secondly, the conclusions drawn regarding the effectiveness of PH are contingent upon the choice of
the model and its specific parameters.

In—eur—werkwe seek—to—evaluate—theproperties—In this work, we propose a novel methodology aimed at
aining a more intrinsic understanding of PH encodingsirrespeetive-of-particular-meodels-used-to-selvespeeifie

dewnstream—tasks, irrespective of a particular classlﬁcatlon or regression model Here we-use-a PH encoding
to-denote-denotes the mapping from data to 5 - W@Q

E\ijg‘pgggg’g%We use the pull-back geometry 1nduced by the PH encodmg map to investigate its
sensitivity to a-any particular data variation. We-understand-data—~variation-A data variation is represented
by a vector field in the data space, and can therefore be understood as an umbrella term —which-inchdes
beth-that includes both perturbation vector fields reflecting data perturbations (e.g., translation or dilation
of a point cloud) +as-well-as-and gradient vector fields resulting from data features (e.g., a label indicating

the presence of an anomaly or disease). By-optimizing-the-

The_Jacobian of an_ encoding mapping characterizes the behavior of the encoding in response to data
variations. Specifically, the rank and eigenvectors of the Jacobian characterize the number of independent
@wwwwmmmmmmge
pull-back norm of : : et : >
WW@%IMWMWM&

it helps assess to what extent PH is sensitive to a given perturbation or how effective it is at detecting a
iven feature (which in turns translates to its ability to solve a given problem). Furthermore, optimizin

the average pull-back norm can guide the choice of suitable PH-encodings—We—will focus—on—a—commeon

PH-eneoding-ealled-a suitable PH encoding (choice of filtration, PH representation, and their parameters):
one only needs to evaluate the pull-back norm over the different choices of PH parameters. This approach
eliminates the need to train and select a classifier on top of PH features, at the same time providing insights

that are more intrinsic to the underlying problem. Indeed, if the performance of a particular model on PH
features is poor, one can hardly make any claims about the PH representation itself (since the problem could

be that the model is poor). On the other hand, if the pull-back norm of the vector field is close to zero, we

are more confident that the representation cannot recognize the given perturbation or feature. We provide
a schematic diagram in Figure [I] that illustrates the pipeline of our proposed method and compares it with
erformance-based methods.

We center our attention on a widely used PH representation known as the persistence image (PI) (Adams
m m, which ean—-be-theught-of-as—is an image-like representation of the input data in terms of
multiscale homological features. We-note-that-our-methods—ean-be-extended-Our methodology, however,
extends to other PH representations s—provided—they—are—differentiable—andthat—+the-and, more broadly,
&MW%Mrepresemamon space can be endowed with a Riemannian manifold
structure(for-an-example; see Anirudhet-ak2046)—. In our experiments, we illustrate this generality by
applying our approach to the PointNet encoding, a benchmark deep learning model for point clouds. We

note that the insights about the (PH) encodings obtained through our approach depend on the specifics of

the data set. Nonetheless, by evaluating different datasets one may be able to draw certain conclusions that
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Figure 1: Schematic pipeline of our proposed method (comparing it with performance-based testing).

hold with some generality: for instance, conclude that a particular encoding captures a particular feature
in datasets of a particular type. This is an interesting prospect that can be facilitated by our proposed

approach,

Main contributions

We present an approach that can be used to investigate persistence images and their induced pull-back

geometry on the manifold of input data sets in terms of the rank, spectrum, and singular-eetors-eigenvectors
of the Jacobian, as well as the pull back norm of tangent vectors on the data rnamfold (Sectlon I}H Based

>)-are captured by the encodmgs and which are ignored on QAWM
also show how this facilitates an intrinsic comparison of PH encodings built with different filtrations. We
experimentally demonstrate the insights gained via our approach align well with the existing knowledge
about PH (Section.

We show experimentally-how the above approach can be used to investigate-quantify to what extent a
PH encoding can recogmze a data feature of interest on given a data set (sex feature in a data set of

brain artery trees . We also show how this quantitative evaluation can guide the
selection of hyper arameters for the encodrn s. Finally, we alse-show that the pull-back norm is related

to-predictive for the performance on a downstream task (Section ).

Related work Our discussion falls within the general subject of interpreting a complex nonlinear map
by investigating the effect that local input perturbations have on the output. This is conceptually related

IData and code developed in this research are available at https://anonymous.4open.science/r/persistent-homology-0915


https://anonymous.4open.science/r/persistent-homology-0915
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to topics such as sensitivity analysis (Saltelli, [2002), interpretable machine learning (Samek et al., 2021)),
sensitivity of outputs to input perturbations (Molnar et all [2020), activation maximization (Simonyan|

2013)), relevance propagation (Montavon et al., |2018), adversarial robustness (Engstrom et al., 2019),
interpretable controls in implicit generative models (Harkonen et all, [2020)), or function parametrizations in

artificial neural networks (Du et al.l 2019} Kornblith et al., 2019).

[Hauser & Ray| (2017) investigated the Riemannian geometry on the data manifold that is induced by
representations learned using artificial neural networks and show, in particular, that the metric tensor can be
found by backpropagating the coordinate representations learned by the network. This shares similarities
with our approach, as the induced geometry is essentially the pull-back geometry from representation space
by the Jacobian map. Meller & Berkouk| (2023]) proposed a graph representation for neural networks using a
singular value decomposition of the weight matrices. While they tackle the nonlinearity by studying linear
maps contained in the nonlinear map consecutively, our emphasis lies in the local linear approximation of the
nonlinear map.

There exist a few studies that investigate the sensitivity of PH representations to perturbations and their ability
to recognize specific features, as we do in this work. For example, Turkes et al.| (2021) study the sensitivity of
a number of PH representations to different types of transformations (such as rotation, translation, change
of image brightness or contrast, as well as Gaussian, salt and pepper noise). However, the main method
to assess this-sensitivity is the performance of a—suppert—veetor-machine-an SVM trained on the eriginal
data-representations—representations of the original data and tested on the representations of data under

transformations, and thus requires training and testing, and depends on the choice of a particular classifier.
Bubenik et al.| (]2020[) showed in theory and experiments that persistence landscapes can be used to detect
curvature of an underlying set based on a sampled point cloud. Turkes et al| (2022) conducted investigations
towards identifying fundamental types of tasks for which PH representations might be most useful. They
showed that beside curvature and number of holes, PH representations can be used for detecting convexity.
However, they focus on three specific tasks (detecting number of holes, convexity, and curvature), whereas
we study the alignment of the representations with any given feature defined on the space of input data
sets. Moreover, in that work, the performance of PH is experimentally evaluated via the aceuraey-of-an-SVM
elassifierSVM accuracy, whereas our approach does not require training and testing of any model.

More generally, in the context of inverse problems in persistence theory, there are several lines of work
that study conditions under which persistence diagram maps are surjective or injective:—; see the survey of
[Qudet-&—Selemen{2026)Oudot & Solomon| (2020) and references therein. Within this context, our work
can be seen as providing a framework related to the study of the injectivity of specific PH encodings.
The work of [Xenopoulos et al.| (|2022|) deals with local explalnablhty using topological representations. In
contrast, we deal with the e attons—representations, McGuire et al.| (2023)
measured the dissimilarity between representatlons learned by neural networks trained on PH encodings
and networks trained on raw data. They experimentally demenstrated-demonstrate that networks learn
considerably different representations when processing PH encodings instead of raw data.
compared the expressivity of PH against the Weisfeiler-Lehman hierarchy of graph isomorphism tests, and
explored the potential of PH to capture certain graph structures and characteristic properties. Finally, an
important line of work in the study of PH encodings is concerned with developing computable notions of

optimal representative cycles for persistent homology classes, sce, e.g. Li et al.| (2

2 Preliminaries on Persistent Homology

The key idea behind PH is to construct a filtration, i.e., a sequence of topological spaces by gradually adding
simplices (e-gvertices, edges, triangles, etc.) to the data, and to study the evolution of topological features
(components, holes, voids, and higher-dimensional voids) across the filtration. In this section, we give a brief
overview of the different filtrations that we consider in this work (Section , and the persistence image
that we will use to represent PH information (Section [2.2)).
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2.1 Filtration

Let X ={x; e RP |i=1,..., N} denote a point cloud consisting of N points in R”. To build a filtration on
X, we commonly construct a sequence of simplicial complexes on X.

A simplicial complex can be thought of as a space obtained by taking a union of vertices, edges, triangles,
tetrahedra and higher-dimensional simplices. Formally, a collection K c 2% of subsets of X is called a
simplicial complex if 0 € K and 7 c ¢ imply 7 € K. An element ¢ in a simplicial complex is called a
(Jo] = 1)-simplex, where |o]| is the cardinality of o. Specifically, one can think of O-simplices as vertices (i.e.,
elements of X); 1-simplices as edges (i.c., pairs of elements of X); 2-simplices as triangles, etc. We note that
according to this definition of a simplicial complex, not every element of X is necessarily a 0-simplex; this is
important for the types of filtrations that we consider in our work, such as the DTM filtration.

In the following we focus on simplicial complexes obtained as the clique complex of an R-neighborhood graph.
The clique complex of the R-neighborhood graph on a point cloud X consists of all subsets o of X such that
the distance between any pair of points in ¢ is at most R:

CI(X,R) = {0 €2* | Bg(z;, R) n Bp(z;,R) # @,Yx;,zj €0},

where Bg(z,R) = {y eRP |dp(x,y) < R} denotes the Euclidean R-ball centered at x and dg denotes the
Euclidean distance.

A filtration with respect to the clique complex is an indexed collection {K, }.cg=0 of subsets K, c CI(X, R)
satisfying the condition that K, c K., if r1 <ry. The construction of a filtration is equivalent to assigning a
filtration value ¢(c) to each simplex o in CI(X, R) in the following sense. Given {K, },cg=0, one can define
the filtration value for any simplex o as ¢(o) =inf{r: o € K,.}. Conversely, given a filtration value for every
simplex, one can define the collection of subsets as K. = {o € CI(X,R) : ¢(c) < r}.

We will focus on some common filtrations built upon C1(X, R):

1. The Vietoris-Rips filtration (Vietoris| |[1927)). This defines the filtration value for each simplex as its
diameter: ¢(o) = Diam(o) = max, yeo de(z,y).

2. The distance-to-measure (DTM) filtration (Anai et al. [2020). This defines the filtration value for each
vertex as ¢({z;}) = & Y2, eKNN(z,) AE (i, 25), where KNN(z;) denotes the set of k nearest neighbors of
x; in X, so that the outliers have a large filtration function value and appear late in the filtration. Then it
defines the filtration value for edges as ¢({z;,z;}) = ¢({z;}) + 0({z;}) + de(zi, x;)/2, and for simplices
with degree (Jo| - 1) greater than one as ¢(0) = maxy, o+, co{ ({2, 7))}

3. The height filtration with respect to a veeter-hyperplane. Let v € R™ be the unit normal vector of the-veetor
a hyperplane. The corresponding height filtration defines the filtration value of vertices as ¢({z;}) = (z4,v),
and the filtration value of any other simplices as ¢(o) = maxe,{¢({z})}. We note that this means that,

in order to capture features of interest, one needs to set the maximum length for an edge to be present in
the height filtration (for details, see Appendix [F.3)).

2.2 Persistence image

The k-dimensional homology group, or k-dimensional homology, of a simplicial complex characterizes the
k-dimensional holes in the complex. Fach non-zero A-dimensional homology class in the k-dimensional
homology group uniquely characterizes a k-dimensional hole. As we introduced earlier, the set K. includes
more and more simplices as the parameter r increases. In permstent homology, we are interested in how

QWMKW

the 5
th@ggg@s we vary the parameter r. : is

F—as—a—funetion—of+—By the matrix reduction algomthm (Edelsbrunner et al., [2002), one can 1dent1fy a
birth-death pair (b,d) € [0, R]? for every non-trivial homology class that appears in the filtration. Roughly,
the homology class first “appears” in K} and “persists” until Ky, degenerating to the trivial class afterwards.

The persistence diagram (PD) is a summary of such information.
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Formally, the k-dimensional PD is the multiset of birth-death pairs for all k-dimensional homology classes
that appear in the filtration. Although the space of PDs can be endowed with a metric structure, PDs do
not lend themselves to processing with techniques that require a Hilbert space structure, including support
vector machine (SVM) and principal component analysis (PCA) (Reininghaus et all, [2015). Hence, one often
considers vector representations of PDs. The most commonly used ones include persistence images (Adams

2017) and persistence landscapes (Bubenik, 2015).

In our work, we will focus on persistence images (PIs). Let PD be a k-dimensional persistence diagram in
birth-death coordinates. One converts this to a multiset 7(PD) in birth-lifespan coordinates by applying the
linear map 7(b,d) = (b,1) with [ = d - b to each birth-death pair (b,d). Given a kernel function g ;y(z,y) on
R? and a weighting function a(b,1), the persistent surface is the function ¢:R? - R defined by

1/}(3772/) = Z a(bJ)g(b,l)((E?y)'

(b.)en(PD)

A persistence image (PI) is a finite-dimensional representation of ¢ obtained as follows. One splits a subdomain
of 1) by a P x P grid of regions. Then the PI of resolution P is the matrix whose (4, 7)-th entry or pixel is the
integration value of ¢ over the (4, j)-th region. Note that, since the death time d cannot be smaller than the
birth time b, the birth-death pairs (b, d) always lie above the diagonal line, i.e., PD ¢ cRZ:

see an illustration in Figure [2)).
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10
- 035 035
o8 ® T o0¢ = 030 @ 030
» 2°°% g . ¢ 2
.8 - s * € 025
06 © 'S £ ©
P ot " o &
‘90 g © \ © 0.20 Q 020
04 4 ® 0 o c
. e o 8 o1s .
o o
o Q
0 o010 Lo
. | | 5 v
005 0.05
00 Ko Koz 000 .
%0 oz o4 08 08 10 *%%00 005 010 015 020 055 030 03 040 00 o o o o4
Birth parameter Birth parameter
(a) (c) (d) (e)

ipeline for constructing a persistence image described in Section From left to right:
s filtration built on the point cloud; (¢) 1-dimensional persistence diagram;
d) birth-lifespan pairs (transformed 1-dimensional persistence diagram); and (e) persistence image.

Flgure 2: The

For constructing PIs, one needs to choose 1) the resolution P, 2) the kernel function g, ;y(z,y) and its
associated parameters and 3) the weighting function «(b,7). One of the main difficulties in working with
PIb is that there is no canonical way to choose these hyperparameters (Adams et all [2017)). [Adams et al|
studied the effects of PI parameters on the performance of K-medeids-elassifiers—certain classifiers
M(Wthat take PIs as inputs. However, we note this approach heavily depend on the
choice of downstream model. This motivates us to investigate what kind of information of the input data is
intrinsically captured by the PI under different choices of the hyperparameters.

A motivation for considering PIs is that they provide differentiable PH representations (see [Leygonie et al.
2022)), and that, with an appropriate choice of metric, the space of PIs has a Euclidean structure, which
snnphﬁes computations (see Section E We will later consider derivatives of the Plencoding—with-respeetto

theinput-data-mapping from input data to PIs. These can be obtained using existing automatic differentiation

packages and libraries, such as topologylayer {Briiel-Gabrielsson—et-al-2019)-(Gabrielsson et al., 2020) and
Gudhi (The GUDHI PI‘O_]eCtI, [2020). We provide further details about this in Appendix

3 Methods: Sensitivity of PH Encoding to Data Variations

We consider an encoding map F+A—ALf: M — N, where M is a space of point clouds and N is the space
of persistence images (Section [3.1). We conceptualize input data variations (Section [3.2) and the resulting
changes of the encoding output (Section [3.3]).
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3.1 Input space and output space

We let M be the space of point clouds in R” that contain exactly N points,
M={X cRP:|X|=N}.

Meanwhile—a—A point cloud X eanis finite subset in R with cardinality |X|= N. A point cloud may be

regarded as an unordered list of points, determined only up to permutation. It can also be regarded as a proba-
bility distribution on R”. Hence we can equip M with the 2-Wasserstein distance {see;-e-g-[Peyréet-als 2017

+—(see, e.g. [Peyré et all 2019):

dw(X,Y)= min (Z:diﬁ(x,z,u(as)))2

we(X,Y) \ pex

Here Q(X,Y) denotes the set of bijections w: X — Y between the sets X% X and Y, and dg denotes
the Euclidean distance on RP. Based-enthisThe 2-Wasserstein distance induces a metric topology on M.

Further, M can be endowed with a Riemannian manifold structure with dim(M) £m = D x N. For simplicity
of presentation, in the following we treat M as a-an Euclidean space. Nonetheless, our discussion is consistent

with the Riemannian manifold structure and %Wm%e%&eﬁﬁﬂp%@%%ﬂﬂ%ﬁm—&ﬁpf@ﬁﬂ&ﬁ%ﬁlﬂﬁffe}é
stereture applies in that level of generalit (see Appendlxl B| for details).

We let A be the space of persistence images of fixed resolution P. Thus we can interpret A as a submanifold
embedded in RF*F endowed with the canonical Euchdean dlstance with dim(N ) n= P2 El Here agaln
other choices of 4 ‘ '

on the space of Pls are possible

3.2 Data variations

To characterize local variations of the input data, we consider tangent vectors on the data manifold. We
conceptualize the intuitive concepts of perturbations and feature variations ef-the-input—data—in terms of
corresponding vector fields on the data manifold.

The tangent space at X € M, denoted Tx M, is the vector space of all vectors emanating from X and
tangential to the data manifold M. The dimension of T'x M is equal to the dimension of the data manifold,
dim(Tx M) = dim(M). Each tangent vector v € Tx M characterizes a local variation of a single point cloud
X. A vector field specifies WM%MMWM.
More specifically, a vector field V on M is a smooth map V: M — uxTx M, assigning to each X en-in M a
tangent vector V(X) € Tx M.

A perturbation is a modification of a point cloud in the data manifold, e.g., by rotation or shearing. This can
be described by a map m M - M taking a—data—peint-data X € M to a perturbed data peint-m(X) e M.
The perturbation vector field V;. associates to each X € M a tangent vector V;(X) capturing the difference
between 7(X) and X (see Figure left)El

Definition 1 (Perturbation vector field). Let M be a manifold, Tx M the tangent space at X € M, and
m M - M a perturbation map. The perturbation vector field induced by 7 is defined as

Ve M > UuxTyM; X o Ve(X) =n(X) - X.
We note that if one considers the 1-wasserstein distance on the space of PDs, and any of the Ly, Lo or LOO norms on the

2

i ahn i >S 8 >¥S ReE g€ nave € I
11y 2015 T 01 i) 2l 6)
\,‘uc..w. haus et al., 2015, Theorem 3 {A‘umu et-al 2007 Remark-6)-
3This can be of interest to try to estabhsh more general stability results for PIs. An example would be a Wasserstein distance
between persistence images assigning an appropriate cost to b and [ directions.

4RigureBlis a schematic illustration. It is not intended to im ly that the kind of depicted point clouds indeed form a torus.
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Figure 3: The space of point clouds forms a manifold, which in this figure is depicted as a torus; each point
on this manifold is a point cloud. Left: vector fields indwueed-by-on the data manifold correspond to variations
of the point clouds; in this illustration, the red arrows correspond to “rotation” {red-arrewsi-and the blue
arrows to “shearing”(blue-arrows)-. Right: a continuous feature on the data manifold —Right-—induces a
gradient vector fieldindueed-by— the figure illustrates a binary feature, where the dashed line is the class
boundary, and the continuous feature value represents the probability of the data point belonging to the “red”
class.

A feature p is a real-valued smooth function defined on the data manifold, p: M — R, assigning a feature
value to each data—pointX. Discrete-valued (categorical) features can be converted to continuous ones by
considering probability distributions or logits of the feature values. For instance, the “cat-or-dog” feature can
be converted to a continuous feature p(X) = Prob(X is cat) € [0,1].

The gradient of a feature introduces a vector field on the data manifold. The gradient vectors point in the
direction of steepest increase of the feature, with magnitude indicating the rate (see Figure 3] right).

Definition 2 (Gradient vector field). Let M be a manifold, T'x M the tangent space at X € M, and p: M — R
a one-dimensional-real-valued feature. The gradient vector field of p is the vector field on M defined as

Vp: M —uxTxM; X Vp(X),

such that HgﬂEX;H ATGMAX ey At o] = 2 p(X)| and [Vp(X)| = max,ery pifof=1] 2 p(X)|. Here 2 is the

directional derivative along v.

Definition El and Definition |2| are given for the case that M is a Euclidean space. We provide definitions of
perturbation vector field-fields and gradient vector field-in-fields for the case of general Riemannian manifolds

in Appendlx- Further, we prov1de W&%%%WWW such vector
fields using finite data sets in Appeﬁd&xmw- F.3 and @

3.3 Encoding variations

Having characterized data variations in terms of vector fields, the next step is to describe the behavior of the
encoding map f in response to these variations. Specifically, we are going to introduce the average pull-back
norm of veetor-fields-a vector field to quantify the sensitivity of the encoding map to the corresponding data
variationsvariation. At the outset of this subsection, we emphasize that whether or not it is desirable to have
an encoding that is sensitive to a particular data variation depends on the specific practice scenario and
whether this variation is perceived as valuable information or as noise that one would like to filter out in the
encoding.

Jacobian The Jacobian of an encoding map f, denoted by J )f(, is a linear transformation between tangent
spaces that characterizes the local behavior of f. While a tangent vector v € Tx M describes one type of data
variation at X, the image tangent vector J ;( (v) describes the resulting variation of the encoding f(X),
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f
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Figure 4: A visualization of the Jacobian map and the pull-back norm. Here f denotes an encoding ma
from the input space M to the output space A/. Left: the Jacobian of the encoding sends tangent vectors in
the tangent space Ty M of M to tangent vectors in the tangent space T N of N. Right: the pull-back
norm of a tangent vector on M measures by what amount the output of the encoding would change in
response to the variation of the input by that tangent vector. In this schematic illustration, the pull-back
norm of the red vector (“noising”) is larger than the pull-back norm of the blue vector (“shearing”).

T Tx M = TrxyN; v T4 (v).

nxm

We may write this linear transformation in terms of a Jacobian matrix J ;( eR with respect to a basis. If
there is no risk of confusion, we will omit the super-/subscripts f and X. We provide a visualization for the

Jacobian map in the left panel of Figure [l

The rank of the Jacobian is the dimension of the image of Tx M under the Jacobian map, rank(J )f() =
dim(J )f((TXM)) It corresponds to the number of degrees of freedom of the data manifeld-that are captured
by the encoding. For instance, rank(J;() = dim(Tx M) indicates that f is sensitive to all local data
variations, whereas rank(.J )f() =0 means that f is approximately invariant under all local variations and thus
is-approximately constant near X.

Pull-back norm To measure the encoding’s effectiveness in capturing a data variation, we introduce the
average pull-back norm of a vector field. The pull-back norm of a tangent vector V(X) at X is defined asEl

Vs = 1T (VD) =V (X)T -G -V (X),.

shere-Here |- | denotes the vector norm in output space N and G = (J{)"J% is the Gram matrix of
the encoding f at X. “his-While in the above definition, we consider the Fuclidean metric for the output
space of Pls, our approach can be applied for other choices of metric as well. We present the definition of
pull-back norm for any differential encoding mapping between Riemannian manifolds in Appendix B4l We
also provide a visualization for the pull-back norm in the right panel of Figure @l

The pull-back norm of V(X)) measures the sensitivity of f to the variation V(X) at X. To measure the
sensitivity across different inputs, we take the average with respect to a distribution on M. In practice, we
use the empirical distribution of a given data set D = {Xi};-1 . p|-

Definition 3 (Average pull-back norm). The average pull-back norm of a vector field V' with respect to an
encoding map f and a data set D = {X;};-1, . p| of cardinality |D| is

1
Vi = o5 X IV
| | XeD

5Strictly speaking this is a semi-norm, as it may vanish for non-zero tangent vectors.
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Please note that in Definition[3] V(X)) denotes a tangent vector at X in the space of point clouds. Specifically,
a vector V(X) € Ty M corresponds to a “vector field” on X which assigns a vector to each point z ¢ X in
the point cloud X. We say that an encoding can detect a data variation characterized by a vector field V' if
the encoding is sensitive to V', which alludes to the average pull-back norm of V.

Singular value decomposition To gain a more fine-grained insight into the properties of an encoding, we
consider the singular value decomposition (SVD) of the Jacobian matrix,

J=QAQT.

Here Q € R™", Q € R™™ are orthogonal matrices, and A € R™™ is a diagonal matrix containing in its diagonal
the singular values in decreasing order A1 > A2 > -+ > Ayin(m,n)- This sequence of ordered singular value is
the spectrum of the Jacobian J. Accordingly, the Gram matrix has eigendecomposition G = J7.J = QA2QT.
We denote the right singular vectors, i.e., the columns of @, by q1,...,¢m,. We will refer to these ¢;’s as the
eigenvectors of the encoding. Any tangent vector v € Tx M can be written as v = Y (v, ¢;)g;, and its pull-back
norm as vy = /X A¥(v,¢;)?. With this, the pull-back norm is decomposed as two parts: the spectrum
of Jacobian and the alignment between v and eigenvectors, which is described by the inner product. In
particular, the pull-back norm is large if v is aligned with ¢;’s that have large singular values. This also
implies that the eigenvectors with top largest eigenvalues can be regarded as the data variations that the
encoding considers most “important”. We offer a visualization in Appendix

Comparison between encodings Later we will compare different encodings by examining their sensitivity
to specific data variations. To place different encodings on the same scaling level, we consider the normalized
average pull-back norm (Y |[V(X)]/ )\{ 1/ID|. We provide details about this normalization technique in
Appendix Another way of comparing different encodings is via the Bures-Wasserstein distance (Bhatia
et al. 2019)) between their Gram matrices. The Bures-Wasserstein distance quantifies the alignment between
the eigendecompositions of the Gram matrices. For two positive definite matrices A and B, the Bures-
Wasserstein distance is computed as:

dew (A, B) = [TrA +TrB - 2Tr(A1/2BA1/2)1/2]1/2 '

For matrices that are not strictly positive definite we use the same definition after adding a small multiple of
the identity matrix.

4 Identifying What Is Recognized

In this section, we seek to identify, for fixed PH encodings, which data variations are recognized and which are
ignored. Specifically, we investigate the total amount of data variations that are captured by PH encodings
(Section , and among those captured variations we interpret the most significant ones (Section . Then,
we quantify the “importance” for any data variation (Section , and measure the dissimilarity of the
captured 1nformat10n across dlfferent PH encodlngs (Section (4.4 B It is important to notice that, even though
our e-the ‘ as-approach eliminates potential inference biases induced
by downstream models, our results still 51gn1ﬁcantly depend on the %%%%%W
consideration. Therefore, we emphasize that this section is dedlcated to 1nvest1gat1ng What is recogmzed’7
by PH encodings within specific datasetsdata setss ¢ ‘ ¢
encoding.

Synthetic data Throughout this section we consider a synthetic data set of point clouds in R? sampled
from curves in the Radial Frequency Pattern (RFP) family.
The curve RFP, ., is parametrized by p(#) = 1 +acos(wf), € (0,27]. Loosely speaking it represents the
shape of a flower with w petals of size characterized by a. We take w in {3,4,...,10} and 10 values of a
evenly distributed on the interval [0.5,0.9]. For each curve RFP(a w), We evenly sarnple N =150 points to
obtain a point cloud, which is then scaled to the unit square [0,1]? (see examples in Appendix E Notably,
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each curve in the RFP family has the same topology. This allows us to validate the ability of PH to capture
information beyond topology. The RFP data set has also been used in studying the importance of specific
shape features in shape recognition and object perception (Schmidtmann et al., |2015).

PH encodings We investigate 3-PH-eneodings-PH encodings constructed on 3 different filtrations: Vietoris-
Rips (Rips) filtration, DTM filtration DZPM,—and Height ﬁltration with respect to the %%%hyperplane

nirravion, 17 1 v 1itration,
with normal vector [1,0]7). For each

datafiltration we extract the 1-dimensional PDs, and convert them to PIs with the same PI parameters

In the following discussion, we sometimes refer to these encodings by the name of the filtration on which

they are constructed, denoting for instance the PH encoding constructed on Rips filtration simply as Rips.
For reference we also include a PointNet encoding. PointNet (Qi et al., [2017) is a deep neural network

architecture designed for processing point clouds directly. We train the network to predict the number of
petals w, achieving a test accuracy of 100%. We take the output of the second-to-last layer of the trained
PointNet as the output of the PointNet encoding. More details concerning the filtration and PI parameters,
and the PointNet encoding are provided in Appendix

4.1 Spectrum of the Jacobian

As explained in Section [3:3] the rank of the Jacobian indicates the maximum amount of information, in
a dimension sense, that can be captured by the encoding. The spectrum, i.e., the sequence of ordered
singular values Ay > Ay > --- > A\, provides a fuller picture, indicating to what extent different eigenvectors
are highlighted.

Spectrum of Jacobian 1st eigenvectors 2nd eigenvectors
100 R RipS 1.0 . . 10 ) )
DTM : " : .
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& ’ L : . Do :
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Figure 5: Left: The normalized spectrum of the Jacobian for different encodings. Shown is the mean and
standard error of the ordered normalized singular values over different input point clouds. Right: The top
two eigenvectors of the Jacobian for the Rips-PH encoding constructed on the Rips filtration at a particular
input point cloud.

The left plot in Figure [§] reports the normalized spectrum of the Jacobian for different encodings, which is
the sequence of ordered normalized singular values

A
& S rank(J)

1> 22
A1 A1

> 0.

The first observation is that the rank of the Jacobian is much smaller than the dimension of the point
cloud space and the PI space. Indeed, note that the dimension of M is m=DxN=2x150=300;
m =D x N =2x150 =300, and the dlmensmn of Nis n = Px P =20x20 = 400. On the other hand,
the normalized singular values decay to 10™° before index 40. We conclude that the four encodings under
consideration capture only a small set of variations in the input data and discard many others. Secondly,
while Rips, DTM, and Height all have a similar number of singular values larger than 10~°, Rips and DTM

11
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exhibit a sharper initial decay than Height. This implies that Height has a larger effective rankﬂ while Rips
and DTM concentrate their attention more specifically on a few variations. This difference in decay rates may
stem from the fact that the size of holes, which is captured by Rips and DTMeneedings, is influenced by fewer
variations compared to the position of holes, which is information retained by theHeighteneodingHeight.

The middle and right plots in Figure EI, show the top two eigenvectors for theRips—eneeding-Rips at an
example point cloud X. An eigenvector corresponds to a list of vectors attached to all individual points
in the point cloud. These eigenvectors provide insight into the nature of the “important” data variations.
More technically, these variations correspond to the most effective way to change the birth/death parameters
of certain homology classesm For instance, in the middle plot of Figure |5 the vectors on the petals depict
variations that narrow/broaden the petals, which in turn change the death parameter of the corresponding
homology classes. The eigenvectors can also be used to obtain point saliency maps, which we discuss in
Appendix [E] However, we observe that the eigenvectors do not necessarily have an obvious intuitive description.
Hence, interpretations are needed to bridge the gap between abstract eigenvectors and human-understandable
concepts.

4.2 Alignment between eigenvectors and perturbation tangent vectors

To interpret the eigenvectors of the encoding, we consider their alignment with different perturbation vector
fields.

Perturbations on the data manifold We consider eight types of perturbations applied to the input data,
illustrated in Figure[6] The first two, rotation and translation, are Euclidean motions, i.e., transformations
that preserve the Euclidean distaneedistances between the points in a point cloud. They are used to test
the fact that pointwise distance-based encodings, namely Rips and DTM, should remain invariant under
such variations. The dilation, strecth_x, and shearing variations serve to test the sensitivity of the encoding
to invertible linear transformations of the datapoint clouds. The next two variations are used to test the
robustness of PH encoding against noise: the noising variation adds coordinate-wise Gaussian noise at each
point in the point cloud; the wiggly variation adds a sine-type noise at every point in the point cloud along
the normal direction. Lastly, the convex variation transforms the point cloud towards the boundary of its
convex hull through a linear interpolation. We present a visualization of the effects of shearing and conver on
the PH associated with Rips filtration and Height filtration in Appendix [F.3]

Rotation Trans;(lgtion Dilation Strech_x Shearing Noising

Figure 6: Eight types of perturbations on a RFP pointcloud.

We examine the angles between the top eigenvectors of the different encodings and different perturbation
tangent vectors. In Figure [7} we record the average inner product between the perturbation tangent vectors
and the top four eigenvectors of each encoding method:

1

e . i=1,2,3,4.
| DREP | xcBrpp

V=)™

The eigenvectors qlf depend on X. Since each encoding map f induces a different orthonormal basis
{q{ , qg ,...,ql} on the tangent space of the data manifold, a fixed tangent vector will have different coordinates

6The effective rank is the number of singular values that have a similar order of magnitude as the top singular value.
"This bears some resemblance to adversarial perturbations considered in neural networks.

12
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with respect to the different encodings. Figure[7]serves as a sort of dictionary, showing how each perturbation
(rotation, translation, dilation, etc.) is expressed in the language of each encoding.

Rips Height PointNet

-0.10

Convex -

0.00

Figure 7: Absolute inner product between perturbation vectors and top four eigenvectors of different encodings.
A higher value implies greater alignment, i.e., greater sensitivity to a perturbation.

For the PH encoding constructed on Rips and DTM encodingsfiltration, we find that the top eigenvectors
exhibit a relatively strong alignment with convez. The corresponding average inner product is around 0.1.
This indicates that the most “important” data variation for Rips and DTM are closely related to convexity.
This is consistent with the fact that these encodings capture geometric properties, such as birth values of
holes in the filtration (that increase under the convex perturbation, see Figure |§[) At the same time, the
top eigenvectors of Rips and DTM are orthogonal to rotation and translation. This indicates that Euclidean
motion is not as relevant in the Rips and DTMeneodings, as is to be expected from the definitions of these
encodings.

For the Height-eneoding-PH encoding constructed on Height filtration, the top eigenvectors have a significant
alignment with Euclidean motions and stretch_z. This makes sense, since the-Height-eneoding-Height is

designed to collect information on the position of holes. On the other hand, we do not observe a strong
alignment between top eigenvectors of Height encoding—and conver. This might seem to be in contradiction
with [Turkes et al.| (2022), who demonstrated that PH on height filtration can be used for detecting convexity.
Note, however, that they use 0-dimensional PH on cubical complexes (or analogously, on Rips complexes on
geodesic distances), which recognizes concave shapes by their multiple connected components (0-dimensional
cycles) for at least some height filtration directions. 0-dimensional PH with respect to such a filtration would
see two connected components (two petals) for a while, that would then merge into one at some point. This
would happen earlier under convez perturbation (i.e., one of the connected components would die sooner), so
that the alignment can be expected to be more significant in that case.

For the-PointNet encoding, the top eigenvector has a relatively strong alignment with translation. This is
consistent with a previous observation by Turkes et al.| (2022)) where the PointNet did not perform well in
classification tasks when the test data was corrupted by translations. Note akin to the approach adopted by
'Turkes et al.| (2022)), we do not use data augmentation techniques during the training for PointNet. This
might lead to the sensitivity of the trained PointNet to translation. On the other side, PointNet is robust
under convez perturbations. This can be attributed to the nature of RPF data set. Recall the RPF data set
comprises point clouds defined by two independent parameters, a and w, which characterize the size and
the number of the petals, respectively. While the PointNet is trained to identify the number of petals, it
can easily learn from the data set to ignore the size of petals. Notice increasing the petal size bears strong
resemblance to convex perturbation (see examples of RPF point clouds in Appendix . Therefore, one can
loosely infer that the RPF data set is “inherently” augmented by convex perturbation, and consequently the
trained PointNet might learn from the data to ignore convezr information.

13
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4.3 Pull-back norm of perturbation vector fields

In some scenarios, one is interested in the sensitivity of an encoding to certain types of perturbations
. In Figure [§] (left) we evaluate the average pull-back norm of different perturbation vector fields
with respect to different encodings. The pull-back norm takes into account not only the alignment with the
encoding eigenvectors but also the magnitude of the corresponding singular values.

For DTM and Rips, we find that neising—wiggly—and-eonvexnoising, wiggly, and convez, have a significantly

larger pull-back norm than the other data variations. This is consistent with the Jacobian spectrum in Figure[5]
(which indicates DTM and Rips kas-have faster-decaying spectrum and therefore eaptares-capture only few
data variations), and the alignment information in Figure El (which indicates alignment of the top eigenvectors
with these particular variations). The Height-eneeding-PH encoding constructed on Height filtration has a
relatively large pull-back norm for many of the considered data variations, including dilation, stretch, and
shearing. Also the pull-back norm associated with convexr perturbations with respect to Height enecoding
exhibits a moderate average value and a large variance. This implies Height enceding-is sensitive to convex
perturbations in certain point clouds, while being less sensitive in others. This aligns with the alignment
information in Figure [7} which indicates the most “important” data variations seen by Heightercoding, on
average, are not closely related with conver. Similar to Heightereeding, PointNet also leads to relatively
large pull-back norms, but with a different profile and with exception of eenvexconver, which has a small
pull-back norm under PointNet. Rips and DTM eneedines-have a faster-decaying Jacobian spectrum than
Height and PointNet, indicating that they are sensitive to fewer data variations.

Rips DTM Height PointNet

B Pl with Rips filtration
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Figure 8: Left: Average pull-back norm of different perturbation vector fields with respect different encodings.
Right: Bures-Wasserstein distance between Gram matrices J7.J of different encodings.

4.4 Distance between Gram matrices

Along this thread, we can also investigate the relationship between encodings. The right panel of Figure
shows the average Bures-Wasserstein distance between the Gram matrices of different encodings.

The average distance matrix shown in the right part of Figure [§| indicates that all encodings are different,
whereby some are more similar and some are more dissimilar (see also alignment pattern in Figure @ Rips
and DTM are closest each other, while PointNet and Height both differ significantly from Rips and DTM.
This indicates that Rips and DTM capture similar information which is different from the information that is
captured by Height and PointNet. This makes sense, since the DTM filtration function is the average distance
to neighbors, which approximates the distance function that underlies the Rips filtration; moreover, the data
we consider does not contain outliers. We also find that although Height and PointNet give relatively similar
pull-back norms for rotation, translation, and dilation, overall these two encodings are very different.

5 Selecting Hyperparameters

In this section, we shift our focus to the problem how do we select the hyperparameters of the encoding in
order to detect a data feature of interest. stige s-Recall that there
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are three major hyperparameters to choose when constructig PIs: 1) the resolution P, 2) the kernel function

x,y) and its associated parameters and 3) the weighting function «(b,7). We first focus on the first two
PI parameters, namely the resolution and the variance for the Gaussian kernels. We examine their impact
on the rank and spectrum of Jacobian (Section and on the pull-back norm of gradient vector fields of
the-interested-data—feature-data features of interest (Section . Finally;—we-We demonstrate there is a
strong correlation between the pull-back norms of gradient vector fields and the downstream task performance,
where the task objective is to predict that data feature (Section . We then investigate the impact
of weighting functions on the pull-back geometry. We introduce the beta weighting function, which allows

i ersistence mtervals with dlfferent length (persistence time). Then we examine the effects of

Real-world data In this section we utilize the brain artery tree data (Bendich et al.,2016]). This data
set comprises 96 artery trees in R?® (see Figure El, left). These artery trees are obtained by applying a
tube-tracking algorithm to Magnetic Resonance Angiography (MRA) images from 96 human subjects. We
randomly subsample three point clouds from the vertices of each artery tree, with each point cloud containing
N =500 points. Then we normalize the sampled point clouds to the unit cube [0,1]3.

Feature Each point cloud is labeled with a binary sex feature, based on the corresponding human subjects’

medical information.

5.1 Resolution and variance of Gaussian kernel

PH encoding We focus on the ; 1-dimensional PPsPIs on the Vietoris-Rips
filtration. We 1nvest1gate two hyperparameters 1nvolved in the construction of PIs: 1) the resolution P, and

) the variance 72 of the Gaussian kernel (see Figure @ right). We set the baseline PI parameters as P = 20,
7? =104, and consider a linear weighting function a(b,l) = — {l} quams et al. I, |2017[)

=50

Resolution

15

<

Resolution

Variance of Gaussian = 1 x 10~ Variance of Gaussian = 3 x 10~> Variance of Gaussian = 1 x 10

Figure 9: Left: point cloud sampled from a brain artery tree, where the color represents the z-coordinate.
Right: the corresponding PI representation with different parameter settings.

5.2 Speetrum-of-theJacobian

5.1.1 Spectrum of the Jacobian

We begin by analyzing the effects of the resolution P and variance 2 of the Gaussian kernel on the spectrum
of the Jacobian. In each plot of Figure we varied one parameter while keeping the other fixed at the
baseline setting, and present the normalized spectrum. We again observe a low-rank phenomenon, since the
average rank is always below 160, while in the baseline setting the dimension of the point cloud and PI spaces
are respectively m = D x N =3 x 500 = 1500 and n = P x P =20 x 20 = 400.
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Figure 10: Spectrum of the Jacobian matrix depending on the PI parameters. Left: The effect of changing
the resolution P of PI. Right: The effect of changing the variance 2 of Gaussian kernel in PI.

In the left part of Figure [I0] we see that the spectrum decays slower as the resolution increases, indicating an
increase in rank. This implies that, as one would expect, higher resolution allows the PI to capture more
information.

Interestingly, we observe that, as the variance 72 increases, the rank of the Jacobian initially increases and
then decreases. For fixed resolution, very small variance results in sparse PIs (see the first column in the
right panel of Figure E[), where multiple PD points (b,1) may fall into one pixel and can only highlight that
pixel; very large variance leads to blurred PIs (see the third column in the right panel of Figure E[), where it
also becomes difficult to distinguish between PD points.

5.2 Pull-backnerm-offeaturegradient-veetorfields

5.1.1 Pull-back norm of feature gradient vector fields

We now explore the effects of the resolution and variance on the pull-back norm of gradient vector fields of
the following data feature.

liealinformation.

Our goal is to locate the optimal PI parameters of the PI-PH encoding to effectively detect the sex feature in
the brain artery point clouds. We consider the domain (P,~?) € [15,30] x [107°,107*]. Here the ranges for P
and 72 are selected based on the values where the spectra in Figure [L0| exhibit the slowest decay.

In the upper right plot of Figure we present the average pull-back norm of the gradient field of the sex
feature under different PI parameter choices. The gradient fields are estimated via numerical methods detailed
in Appendix [F.4] We observe that the pull-back norm generally increases as the resolution P increases,
whereas the pull-back norm is not monotonic with 2. Moreover, the optimal value for 42 varies depending
on the choice of resolution. Also, comparison with the upper left part of Figure [I1] reveals that the maximum
pull-back norm is not necessarily attained for parameters where the rank of the Jacobian is maximal, i.e.,
when PIs capture the most information about the point cloud.

5.2 Ceorrelation—with-dewnstream-task—performanee

5.1.1 Correlation with downstream task performance

We investigate the hypothesis that a high pull-back norm correlates with the performance of a predictor
trained on the encoding. To this end we feed Pls generated with different choices of the parameters into
logistic regression models and train these to predict the sex feature. Here we use logistic regression as the
downstream model because of its simplicity, with the intention to minimize the impact of model complexity
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Figure 11: For the brain artery data set, shown is the effect of the resolution (vertical axis) and variance
of the Gaussian kernel (horizontal axis) of the PI on the average rank of the Jacobian (upper left), average
pull-back norm of the gradient vector field of the sez feature (upper right), as well as the test accuracy (lower
left) and robust test accuracy (lower right) of the logistic regression model predicting sez based on the PI.
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Figure 12: Gaussian kernel density estimation of the joint distribution of four pairs of variables: (a) Jacobian
rank vs. validation accuracy; (b) Jacobian rank vs. robust validation accuracy; (c¢) pull-back norms vs.
validation accuracy; and (d) pull-back norms vs. robust validation accuracy, where the downstream models
are chosen as logistic regression models.

and training techniques on the task performance. We provide results for convolutional neural networks (CNN)
in Appendix [F.4]

We evaluate the performance in terms of validation accuracy and robust validation accuracyﬂ using cross-
validation, which are presented in the lower left and lower right plots in Figure [[1] The validation accuracy
and robust validation accuracy exhibit a similar pattern to the pull-back norm. Notably, all three quantities
reach their maximum at around P =30 and 72 = 3.57 x 107°, and their minimum at the lower-left corner.

For a more quantitative comparison, Figure [[2 shows a kernel density estimate of the joint distribution of
four pairs of variables: Jacobian rank vs. validation accuracy, Jacobian rank vs. robust validation accuracy,

8Robust validation accuracy evaluates the accuracy on a test data set subject to additive Gaussian noise on the inputs.
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Figure 13: As a weighting function for Pls for the brain artery data, we use the beta weighting function

with different values of mean parameter k. Larger k assigns more importance to longer persistence intervals.
The top right corner of each panel shows the 1-dimensional PI derived from the Rips filtration on one point

cloud, illustrating the impact of the weighting function depicted in the main plot.

pull-back norm vs. validation accuracy, and pull-back norm vs. robust validation accuracy. The plots clearly
indicate a strong correlation between the pull-back norm and the performance on the downstream task. The
Pearson’s correlation coefficient (PCC) between the four pairs of variables, along with the p-value for a
two-sided test, are presented in the lower right corner of each plot in Figure [I2]

We conclude that for the considered task, there is a significant correlation between the pull-back norm and
the downstream task performance. It is also interesting to interpret these results together with the rank
of the Jacobian (upper left in Figure . The results demonstrate that the improvement in downstream
performance is only somewhat correlated with including more information, but it is strongly correlated with
including the most relevant information, which is precisely quantified by the pull-back norm. Therefore, we
suggest that the proposed framework can be used to select appropriate PH encodings in practice. Note that
the procedure is independent of the downstream model architectures and training techniques.

5.2 Weighting function

PH encoding We maintain our focus on the 1-dimensional PIs with respect to the Vietoris-Rips filtration.
We set the baseline PI parameters as P = 20 and v? = 3 x 107°. For the weighting function, we consider the
beta weighting function induced by the probability density function of a beta distribution:

_ F(Oé-!—ﬂ) a—1 -1
a(b,l)—W(nl) (1-rl)?

where I'(+) is the Gamma function and x is a scaling factor. We consider the mean-variance parameterization

for the beta weighting function: o = k . Here k is the mean parameter.

which controls the concentration of the weighting function, and s? is the variance parameter, which controls
the “degree” of concentration. We set s® as 0.065 and « as 1.

We consider beta weighting function for several reasons: 1) beta weighting function is compactly supported

which is more suitable for PI; 2) it assigns zero weight to the horizontal axis, which aligns with the stabilit

criteria proposed by |Adams et al(2017); 3) by tuning the mean parameter, one can highlight persistence

intervals with different length (see Figure for an illustration). This allows to investigate questions such
as “are short persistence intervals more crucial to this application than long persistence intervals?”

5.2.1 Pull-back norm of feature gradient vector fields

We investigate the effects of the mean parameter k on the rank of Jacobian and pull-back norm of the gradient
vector field of the sex feature (see the left and middle panel in Figure [14). In the left panel of Figure [IZ

we observe that as the weighting function assigns more importance to longer persistence intervals, the rank
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of the Jacobian monotonically decreases. This aliens with the fact that the number of longer persistence
intervals is generally smaller than the number of shorter persistence intervals. However, the pull-back norm
eaks when k is set to 0.1 and then decreases as k increases further.

Rank Pull-back norm Validation accuracy
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Figure 14: The impact of the mean parameter for the beta weighting function on the rank of Jacobian
left ull-back norm of gradient field of feature sex (middle), and the 7-folded validation classification

accuracy (right). The pull-back norms and validation accuracy are strongly correlated, and they both

indicate persistence intervals with medium length are vital to classify the sex feature.

5.2.2 Correlation with downstream task performance

We again examine the correlation between the pull-back norm and the performance of the logistic regression
models trained on Pls. We present the validation accuracy in the right panel of Figure [4l Notably, we
observe that the validation accuracy demonstrates a similar pattern to the pull-back norm. Quantitatively,
the Pearson’s correlation coefficient (PCC) between pull-back norm and validation accuracy is 0.839, with
a twossided test p-value of 0.009. In contrast, the PCC between rank and validation accuracy is 0.338, with
a p-value as 0.413. which indicates once again that including more information in the data representation
does not necessarily improve the downstream performance. These findings reinforce our conclusion that the
pull-back norm is highly predictive for the downstream task performance in this task.

Interestingly, we observe that both the pull-back norm and the validation accuracy reach their maximal at
an intermediate value for the mean parameter. This implies that persistence intervals of medium length are
most crucial for classifying the sex feature, which is consistent with the observation in the original paper
(Bendich et al, 2016)._We note that this is an example of application for which medium length intervals in
the barcode contain the most information for the problem at hand. In Appendix we complement this
discussion by considering a real-world data set of point clouds sampled from human body meshes, on which
we compare long and short persistence intervals from a different perspective: which part of the point clouds
is the focus of long intervals and which is the focus of short ones.

6 Conclusions

The methods and observations presented in this work contribute to addressmg some of the main bottlenecks
in the practical application of PH, namely how to inter
aspeets-of-the-data-identify which data variations are captured by H&es&fepfeseﬁ%&bteﬁsmw
to quantify the effectiveness of these encodings in detecting particular data features, and how to effectively

select the parameters of PH encodings in order to obtain data representations that are suitable for solving a
particular task.

We presented ways to analyze the most relevant features on the data manifold that are captured by persistence
images with different choices of the filtration and compared the results with neural-network-based encodings.
For example, in the RFP dataset we found that while a pretrained PointNet had a relatively high alignment
with translation and dilation, the 1-dimensional persistence image encoding with Height filtration had a high
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alignment with stretch, and the 1-dimensional persistence image encoding with Rips filtration had a high
alignment with a data variation that makes the point clouds more convex. At the same time we observe
that the response of the encodings to these interpretable-input-data—variations-perturbations is less than 10%
as strong as for other more abstract data variations captured by the singular vectors of the Jacobian; for
instance, the maximal value taken by inner products between unit tangent vectors representing interpretable
data—variations-perturbations and unit singular vectors is less than 0.1.

We demonstrated on a-the real-world brain artery tree data set that feature alignment as measured by the
Jacobian permits PH parameter tuning without the need to train a classifier on top of the data representation
in order to select the parameters based on the test accuracy. Rather, one can select the parameters based on
the pull-back norm of the features of interest, and perform training using the data representation with the

highest pull-back norm. Meanwhile, we found that the persistence intervals of medium length are crucial for
classifying the sex feature on this data set. This goes against the popular belief that long intervals are the

most important, at the same time confirming the findings from the original paper that employs PH on this
data set.

Limitations and future work Our analysis is based on the structure of the Jacobian of the data encoding,
which by nature focuses only on local variations of the input data. In future it will be interesting to further
advance these methods in regard to non-local data variations, where synthetic notions of derivatives such as
our empirical evaluation of the vector fields, and ideas such as the application of the iterated closest point
method could serve as a point of departure. The analysis of non-linear transformations via Gram matrices
has seen a number of recent advances in the context of artificial neural networks. It will be interesting to
eXplore pos&ble synergles between those 1nvest1gat10ns and PH data encodlngs hkeu%weﬂewe%ﬁt%eﬁ

manifoldAnother limitation of the proposed methodology is the assumption about the differentiability of
the encoding, and the need for a Riemannian manifold structure for the representation space. For this
reason, our methodology cannot be directly applied to analyze PH representations such as the most common

persistence diagrams, since these cannot be endowed with a smooth structure|Leygonie et al] (2022). We note
however, that a Riemannian framework for approzimated PDs has been introduced in |Anirudh et al] (2016)
- The pull-back geometry approach also faces some computational challenges, since calculating the average
pull-back norm for either perturbation vector fields or gradient vector fields requires the computation of the
Jacobian matrix .Jx, which is of size (P x P. D x N), for each data point X, where P, D, N are respectively
the resolution for P1, the dimension of points in the point cloud and the number of points in the point cloud.
On the positive side, this enables insights that are more intrinsic to the problem rather than being dependent
on the choice of a classifier. Performance-based methods can also involve computational challenges. due to
the need to choose the downstream models and tune their hyperparameters. We regard the proposed methods
not as a substitute but as complementary to performance-based methods.
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Appendix
The appendix is organized into the following sections.

« Appendix [A} Notation

e Appendix [Bf Riemannian manifold structure of the space of point clouds

o Appendix Q Differentiability of the Pl eneoding-mapping from point clouds to Pls
e Appendix [D} Visualizing the Jacobian of the encoding over the data manifold

o Apeendix [E} Point saliency maps for PH encodings

o Appendix [F} Details on the experiments

o Appendix [Gt Investigating which part of the data is highlichted by PH encodings

A Notation

Table [1] provides a summary of the notation.

B Riemannian manifold structure of the space of point clouds

Let M denote the collection of all point clouds in R” that contain exactly N points,
M={X cRP:|X|=N}.

Recall that the 2-Wasserstein distance dy between two point clouds of the same size in R is defined as

dw(X,Y)= min (Z:dQE(z,(,u(ae)))2

weQ(X,Y) \ pex
where w is an bijection between X and Y, Q(X,Y) contains all bijections, and dg denotes the Euclidean
metric on RP. The 2-Wasserstein distance defined above induces a metric topology on M.

Compared to other distances in the space of point clouds, for instance the Gromov-Hausdorff distance which
is commonly used in the study of stability theory of persistent homology (see, e.g., Blumberg & Lesnick,
2022)), the 2-Wasserstein distance endows the space of point clouds with a favorable manifold structure. This
manifold structure ensures that every small neighborhood is isometric to an Euclidean open set.

We discuss the topological manifold structure (Appendix [B.1)) and Riemannian manifold structure (Ap-
pendix [B.2)) on the space of point clouds. Then we introduce the Riemannian style definition for perturbation
vector fields and gradient vector fields (Appendix [B.3]).

B.1 Manifold structure

We proceed to establish a manifold structure on M.

Proposition 4. Let M be the set containing all point clouds in RP with N distinct points, and dy, be the
2-Wasserstein distance on M. For any point cloud X € M, there exists a Wasserstein ball By (X,ex) and
an injective mapping x : By (X,ex) - RPN such that

dw(Y,Z) =dp(éx(Y),{x(Z)), VY,ZeBw(X,ex).

25



Under review as submission to TMLR

Table 1: Notations and definitions

Notation Definition

M The manifold of point clouds

m Dimension of manifold M

D Dimension of the space where point clouds are located
N Number of points in point clouds

X Point cloud

x Point in a point cloud

dw Wasserstein distance between point clouds

[N] The set {1,2,...,N}

QUX,Y) The set of bijections between point clouds X and Y
w:X->Y Bijection between point clouds X and Y

dg Euclidean distance

K K, Simplicial complex

o Simplex

¢p: K >R Filtration function

b Birth parameter of homology classes

d Death parameter of homology classes

l Lifespan parameter of homology classes

TxM Tangent space at X on M

v Tangent vector

VM - uxTxM

Vector field

V(X) Tangent vector at X assigned by V

mM - M Perturbation mapping on the space of point clouds

V. Vector field induced by perturbation 7

pM->R One-dimensional feature function on the space of point clouds
Vp Gradient vector field of function p

N The manifold of persistence images

n Dimension of manifold N’

n Transformation on PD points from birth-death to birth-lifespan coordinate
bl Gaussian kernel located at (b,1)

P Resolution of persistence images

72 Variance of Gaussian kernel in persistence images

a(b,l) Weighting function

P Persistence surface

k. Mean parameter for the beta weighting function

fTM->N Encoding map from M to A/

J;(, J Jx,J Jacobian mapping (Jacobian matrix) of map f at X

Gg(, Gf,Gx,G Gram matrix of map f at X

)\Zf s i The i-th largest singular value of the Jacobian mapping

qlf , Qi The i-th eigenvector of the PH encoding mapping

I-1f Pull-back norm induced by mapping f

D Finite data set of point clouds

dpw Bures-Wasserstein distance between positive-definite matrices

Proof. Consider a point cloud X = {x;}¥, in M. For arbitrary £ > 0, we construct an injective mapping
£x from By (X, ¢) to RP*Y | then choose a radius ¢x such that the above equation holds. Denote [N] =
{1,2,...,N}. The map {x(X) can be characterized by a total order in X, 7:[N] - X, where

Ex(X) =[7(1),7(2),...,7(N)] e RPN,
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7 reorders X by assigning [N] = {1,2,..., N} to {z;}X,. For any other point cloud Y € By (X,¢), there
exists an optimal transport plan between X and Y, denoted by wxy : X = Y, satisfying

-

wxy = argmin (Z d%(ac,w(;v)))2 .

wEQ(X,Y) xeX

This maps assigns each element in X to a distinct element in Y. We define an embedding £x from Y to
RPN as follows:
Ex(Y) = [wxy o7(1),wxy o 7(2),...,wxy o 7(N)] e RPN,

We proceed to show that £x is an injective embedding. For any Y,Z € By (X,e) with {x (V) = €x(2),
consider optimal transport plans wxy between X and Y, and wxz between X and Z. Since {x(Y) = Ex(2),
we have wxy (z) =wxz(z),Vz e X. Hence, for any y €Y,

y=wxy o (wxy) ' (y) =wxz o (wxy) ' (y) € Z.

-1

Notice wxz o (wxy )" is a bijection between Y and Z. Therefore, Y = Z and {x is injective.

Next we calculate the radius £x that preserves the distance between any two point clouds. The goal is to find
a radius € such that for any Y, Z € By (X, ), the Wasserstein distance between the point clouds Y and Z,

dw(Y,Z) = (Z d2E(y7WYZ(y))) ;

yeY

is equal to the Euclidean distance between the embedding {x (V) and £x(7Z),

2

N
dp((x(Y),6x(2)) = (Z; df(wxy o 7(i),wxz o T(i)))

( E dJQE(WXY(-T)vwXZ(x)) 2
xeX

( > di(y,wxz o (wxy)l(y)) :

yeyY

Notice it suffices to find a radius e such that for any Y, Z € By (X,¢), wyz = wxz o (wxy ) *. Equivalently,
the optimal bijection between Y and Z is given by the composition wxz o (wxy) ™t :Y - X » Z. The
key idea is that if Y and Z are both sufficiently close to X in the sense of the Wasserstein distance, then
the distance between y € Y and (wxy ) !(y) and the distance between z € Z and (wxz) !(2) will be small.
Hence, each point y € Y will be close to wy z o (wxy ) ' (y) and thus we will have wy z = wxz o (wxy )~ *. The
situation is illustrated in Figure

Denote wyz o (wxy )™} as @yz. For any point cloud Y € By (X, ¢), we have

dw(X,Y) = ( Z dZE(l‘,wa(l‘)))z <E.

zeX

Hence,
maxdp(z,wxy(z)) <e.
zeX

This suggests for any two point clouds Y, Z € By (X, ¢),
m%g(dE(wa(z),wXZ(x)) < 2e.
TE

Equivalently,

max d(y, 0yz(y)) < 2.
yeY
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Figure 15: Shown are point clouds Y (orange triangles) and Z (green squares) in a Wasserstein neighborhood
of point cloud X (blue circles). Right: both wxy (x) € Y and wxz(x) € Z are close to x € X, and hence they
are close to each other. Left: the distance between y and z # Wy 7z (y) € Z is lower bounded.

Let 6 denote the minimal pairwise distance of points in X:

0= min_ dg(z1,z2).
x1,x2€X

Note ¢ is strictly greater than zero since points in X are mutually different. For a fixed point y € Y, any
point z in Z other than @y z(y) has a lower-bounded distance from y:

min dp(y,z) 20 -2e, VyeY.
By ) Y

Now consider ex = %. We have

1
dE(y,cUTZ(y))<25X:16<25:6—25Xs min de(y,z), VyeY.

zeZ\{wyz(y)}
Equivalently,
577 (y) =argmindi(y,2), VyeY.
ZE
This means wy z = @y z, which completes the proof. O

Corollary 5. Let M be the set containing all point clouds in RP with N distinct points. M, together with
the metric topology induced by 2- Wasserstein distance, forms a manifold of dimension D x N.

Proof. By Proposition for every X € M one can find a neighborhood By (X,ex) and an injective mapping
Ex By (X, ex) - RV satisfying

dw(Y,Z) =drp({x(Y),{x(Z2)), VY,Z e Bw(X,ex).

Notice {x is a bijective isometry between (Bw (X, ex),dw) and (§x(Bw(X,ex)),dg). Hence, {x is open
and continuous. Consequently, £x is a homeomorphism, and {£x : By (X,ex) = RPN} xcu, serving as an
atlas, endows M with the manifold structure. O

B.2 Riemannian metric structure

Next we introduce the Riemannian metric structure for the manifold of point clouds, and show the distance
induced by the Riemannian metric coincides with the Wasserstein distance. To this end, consider an alternative
definition for the space of point clouds:

M’ = {X:[N] - RP” | X is injective}/ ~g, .
The equivalence relation is defined by:

X1 ~SN X2 <~ HVESNZXloV:XQ <~ Im(Xl):Im(Xg)
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Figure 16: Shown is a curve in the point cloud space [v] € C, which maps the set {1,2,3} x [0,1] (left) to the
plane R? (right). In the right panel, the collection of black dots represent the image of ~y at a specific time
t € [0,1], which forms a point cloud in R?; the collection of orange arrows represents the velocity tangent
vector at v, along the curve 7.

Here Sy denotes the N-symmetric group and Im(X) denotes the image of mapping X. Two mappings are
deemed equivalent when their images are identical. Note the image of each mapping X : [N] - RP is a point
cloud in RP as we defined earlier, i.e. Im(X) € M. In fact, the mapping M’ - M:[X] + Im(X) gives the
identification between the original and new definitions for the space of point clouds. For simplicity, we use
one representative X to denote the equivalence class [X] and also refer to X’s as point clouds.

This definition allows defining smooth curves in the point clouds space. Specifically, a smooth curves in M’
is an element of the following set:

C={y:[N]xI—-RP|~(,t) is injective, Vt € I;y(k,-) € C®(I),Vk € [N]}/ ~sy -
Here I denote the closed unit interval [0,1] and the equivalence relation is defined by

Y1 ~Sn V2 <~ dve SN:'YI(V(')7 )) = 72('7')) Aad Im(’yl('vt)) = Im(’YQ('at))v V.

A curve in point cloud space [7] € C is essentially a collection of N curves in R? such that at each time
t the N points on those curves form a point cloud (see Figure . For simplicity we use v to denote the
equivalence class [7v].

The tangent space at point cloud X is defined as
Tx M’ = {V |ty Im(X) - R” |V a vector field on R”}.
Definea—

A Riemannian metric en-tangent-spaee-is a manifold structure that smoothly assigns a positive-definite inner
roduct -,-) on the tangent space Tx M at each X ¢ M. We introduce a Riemannian metric for M as

follows: Tx M'":
gx(V.W) = > (V(z),W(z)).
zelm(X)

Endowed with this Riemannian metric, M’ is a Riemannian manifold, denoted by (M’ g). We now discuss
the distance induced by this Riemannian metric. For a curve in point cloud space « € C, the wvelocity tangent
vector at 7, along curve v is defined as (see an example in the right panel in Figure :

FeIm(y) > RP; 2 - 9py(ky,t).

Here k, € [IN] is the preimage of point « under 74, i.e., 4 (k) = x. The length of curve is given by the length

functional L:
L:C->R;, v+ ‘/;\/9%(%7%)5115-

The distance induced by the Riemannian metric is the minimal length of curves between two points on the
manifold.
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Definition 6 (Riemannian distance). Let (M, g) be a Riemannian manifold. The Riemannian distance
between two points X,Y € M is defined as

dy(X,Y) =inf{L(y) : v a smooth curve in M connecting X and Y}.

We point out the Riemannian distance coincides with the Wasserstein distance. To see this, we need the
following result by |Do Carmo & Flaherty Francis| (Lemma 2.3, Chap. 9,|1992).

Lemma 7 (Do Carmo & Flaherty Francis| [1992). Let Xy, X; be two points in Riemannian manifold M, and
~ a curve joining Xg to X;. Then v minimizes the length functional if and only if v minimizes the energy
functional defined as follows:

BCoR; ve [ g, i
Moreover, when - is the minimizer, L(7y) =/E(7).

Now we proceed to introduce the main statement of this subsection.

Proposition 8. Let (M’,g) be the Riemannian manifold of point clouds. Then the Riemannian distance is
equivalent to Wasserstein distance, dg = dy .

Proof. Consider two point clouds X, X1 € M’. Let L be the length functional, and E be the energy functional
of all curves connecting X and X;. For any curve ~ joining X, to X, we have

E() = [ g0 Goin) at
- [ @) e

zelm ()

- [ ¥ Jontk.)a

weIm('yt

- /. z 100y (k1) |t
- z AR

N

:;; E[(k,)].

The above equatlons along with Lemma [7] indicate the minimizer of the length functional L coincides with the
minimizer of Y5, E(y(k,-)). Recall for each k, y(k,-) is a curve in R” joining Xo(k) to X;(k). In Euclidean
spaces, it is known that straight lines minimize the length functional, which implies, by Lemma [7] they
also minimize E(v(k,-)). Specifically for fixed end points Xy (k) and Xl(k), E(~(k,-)) has minimal value
d%(Xo(k), X1(k)). Therefore, finding the minimizer of Y1, E(y(k,-)) is equivalent to finding the bijection
between Im(Xy) and Im(X7) that produces the minimal value of the sum of squared distances between points
paired by the bijection. This exactly coincides with the optimal transport problem. In conclusion, we have

dg(Xo,X1) = H{YinL(W’)

min\/E(7)
N 3
= min (kz; E[vy(k, )])

-

> d2(w,W($)))

min
weQ(Im(Xo),Im(X1)) zelm(Xo)

= dw (Im(Xo), Im(X1))
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This is what was claimed. O

B.3 Vector fields

In this section, we provide definitions for perturbation vector fields and gradient vector fields for the manifold
of point clouds.

Assume 7 : M — M is a perturbation mapping. As introduced in Section the perturbation vector fields
V. in the Euclidean space is defined as:

Vi(X)=m(X)-X, VXeM.

The main idea behind this definition is that each tangent vector V. (X) specifies the direction of the straight
line connecting X and 7(X). For general Riemannian manifolds, the notion of straight lines is generalized by
minimizing geodesics. Formally, the curve between two points on manifold that minimizes the length functional
is a minimizing geodesic. Then the question arises whether there exists a minimizing geodesic between any
two points on the manifold. To address this, we introduce the concepts of geodesically completeness and the
Hopf-Rinow theorem.

As introduced in Appendix the Riemannian metric induces a distance dy, on the manifold M. A sequence
{Xi}iez+ of points on (M, dy) is a dg-Cauchy sequence if for any positive number € there exists a positive
integer N such that dy(X;, X;) <e,Vi,j> N.

Definition 9 (Geodesically complete manifold). The Riemannian manifold (M, g) is geodesically complete
if any dg-Cauchy sequence {X;};ez+ converges in M: 3Y e M such that lim;_, . dg(X;,Y) = 0.

Since the Euclidean space R? is a complete metric space, automatically the Riemannian manifold of point
clouds is geodesically complete. Also notice this manifold is connected, since there exists a path connecting
any two point clouds. The Hopf-Rinow theorem ensures the existence of minimizing geodesics between any
two point clouds.

Theorem 10 (Hopf-Rinow theorem). Let (M,g) be a connected Riemannian manifold. If (M,dg) is
geodesically complete, there exists a minimizing geodesic between any two points on M.

Now we formally define the perturbation vector fields.

Definition 11 (Perturbation vector field). Let (M, g) be a geodesically complete manifold, and m: M - M
be a perturbation mapping. The perturbation vector field V. is defined as

Vi M »uxTx M; X = Vo(X) = 9x,7(x)(0),

where vx r(x) is a minimizing geodesic vx ~(x): I = M with vx (x)(0) = X and yx r(x)(1) = 7(X).

We proceed to define the Riemannian gradient vector field. Assume p is a real-valued smooth function on M.
In the cases of Euclidean spaces, the gradient vector can be characeterized by the following property:

(Vp(X),0) = 2

8—p, VX eR™, veTxR™=R™.
v

For general Riemannian manifolds, the notion of directional derivatives is generalized by derivations.

Definition 12 (Derivative). Let M be a manifold, and C'*° (M) be the space of smooth functions on M. A
derivative at X € M is a linear map 9:C* (M) — R satisfying the Leibniz identity:

9(fg) = 9(f) - 9(X) +9(g) - f(X).
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For a fixed point X € M, it turns out that each tangent vector v € Tx M can be uniquely associated with a
derivative, denoted by ,, in the sense that 9,(p) measures the rate of change of the function value p(X),
moving through X with the velocity specified by v. Detailed discussion regarding the equivalence between
tangent vectors and derivations can be found in [Tu| (Chap. 8,[2011). Now we provide the definition of the
Riemannian gradient.

Definition 13 (Gradient vector field). Let (M, g) be a Riemannian manifold, and p: M — R a smooth
function. The gradient vector field of p, denoted by Vp, is defined as the vector field

VoM > uxTxM; X = Vp(X)

satisfying the property:

gx(Vp(X),0) = By(p), VX € Myve Ty M.

Note that Definition [TI] and Definition [I3] are applicable to other types of data, provided that the data space
can be equipped with a geodesically complete Riemannian manifold structure.

B.4  Pull-back metric

In this section, we provide definitions for pull-back metric for general encoding mappings between Riemannian

wanifolds.

Let (M., ga)_be the Riemannian manifold for input data, (N, gxr) be the Riemannian manifold for output
data, and f: M > N be a differential encoding mapping between the input space and output space. Recall
that for any X in M the Jacobian of f at X, denoted by J%, is a lincar mapping between Ty M and Ty V.
The pull-back metric induced by f, denoted by ¢/, is the structure that assigns the following inner-product
on the tangent space Tx M for each X e M:

Then the pull-back norm for any tangent vector V at X is defined as

Please note that when one considers N as a vector space and gy as the Euclidean metric, the above definition
while the Riemannian metric on M does not affect the pull-back metric, it is still necessary in our approach
since it’s essential in defining the perturbation vector field and gradient vector field (see Definition [T and

C Differentiability of the Pl-encedingmapping from point clouds to Pls

We provide details for the differentiability of Pleneoding-the mapping from point cloud data to Pls and

computation the Jacobian. We start with a brief review of the PI computation pipeline. Let X be a
point cloud and CI(X, R) be the clique complex of the R-neighborhood graph. The pipeline for computing
k-dimensional PH and constructing PI involves the following steps (Section:

e Determine a filtration map: ¢: C1(X, R) — R. This induces a filtration.

e Pair simplices such that every non-trivial k-dimensional homology class in the filtration is associated
to a pair of simplices (0p,04). Roughly, one can think of o, as the k-simplex that creates the
homology class and o}, as the (k + 1)-simplex that trivializes the homology class.
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o Obtain the persistence diagram PD, as a multiset of birth-death values (¢(oy), #(04)) and transform
PD into a multiset n(PD) of birth-lifespan pairs (¢(op), ¢(oq) — ¢(0p)).

+ Choose a smooth kernel g, ;), e.g., Gaussian kernel, and a smooth weighting function «(b,1), e.g.,
linear function of I, and construct the persistence surface :

w(why) = Z a(bJ)g(b,l)(xay)'

(b,1)en(PD)

o Obtain the persistence image PI in the form of a P x P matrix whose (4, j)-th entry is:
PI;; = / Y(x,y).
pixel, ;

Here u;;pixel;; forms a grid subdivision of a subdomain of 1. In our experiments, we consider
a rectangle subdomain [@min, Tmax ] X [Ymin, Ymax ] and evenly-spaced rectangle pixels. Specifically,
consider grid points z3 = Tmin + KAz for k =0,1,-, P, where Az = #magfmin and y; = yyin + 1Ay
for [ = 0,1, P, where Ay = ¥mexg¥min - Set pixel,; =[x, 2541] % [y,yj+1] for i =0,1,--, P~ 1 and
7=0,1,---)P—1. We then estimate the integral value by

PIij =S ¢($i7yi)7

where s is the area of pixel. ., i.e., s = AzAy.

ij
Notice 1, as a sum of Gaussian kernels, is differentiable with respect to the coordinates of the kernel centers
(b,1). Meanwhile, the filtration mapping is differentiable with respect to the coordinate of every point in
X. For example, the filtration value in Vietoris-Rips filtration, ¢(o) = Diam(o) = maxg yeo de(z,y), is
differentiable with respect to the coordinate of any point in X. Hence, the Pl-eneeding-mapping from point
cloud data to PI is differentiable.

More technically, as discussed in Appendix [B:1] for every point cloud X € M, there exists a neighborhood U
of X and a coordinate map &:U — RP*N. We claim that the PT-eneedingmap-mapping from point clouds

to PIs f: M — RP*P is smooth in the sense that the following composition map is smooth:
foglg(U) » RPE.

Here we omit the manifold notation for the output space A/, given that N is a submanifold in RF*F.
Specifically, assume 7:[N] — X is the total order that characterizes £(X), i.e., &(X) =[7(1),7(2),...,7(N)].

For any (i,7) € [P] x [P], k € [N], the partial derivative gf(llij) can be formulated as follows:

PP, _ 5. 9L, 96(0)
or(k) 5 9¢(o) ot (k)
-y 0 - (25, yi3) 0p(0)
o 00(0)  Or(k)

For computing the Jacobian in our experiments, we use the Gudhi library (The GUDHI Project, [2020)
version 3.8.0 and Tensorflow version 2.12.0. Specifically, we use Gudhi library to collect PDs, especially
Gudhi.tensorflow.RipsLayer class to collect PDs with respect to the Rips filtration. We then manually
compute Pls as described above using Tensorflow. Finally, we collect the Jacobian for the whole pipeline
with tensorflow.GradientTape. jacobian function.

D \Visualizing the Jacobian of the encoding over the data manifold

In this section we visualize the singular value decomposition (SVD) of Jacobian on a toy data set, aiming at
providing further intuition for the eigenvectors of Jacobian mappings. We consider point clouds that are
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uniformly sampled from axis-aligned ellipses of width w and height h. These are illustrated in the left panel
of Figure To visualize the Jacobian at an input point cloud X, we plot the pull-back unit ball around X
in the data manifold,

B*(X,1)={veTxM:|v|;=1}

This corresponds to the preimage of a unit ball in Ty(x)N. Notably, the equation 1 = |[v|; = S (v, q;)?

indicates that the pull-back unit ball forms an m-dimensional ellipsoid with semi-axes q1,qo, ..., gmn, and the

lengths of these semi-axes are given by \/IAT’ \/1/\7, e \/i\*

Height
Height

Width Width

Figure 17: Visualization of the pull-back metric on a toy data set. Left: The space of point clouds sampled
from ellipses of width w and height h. Right: The pull-back unit ball at different locations on the space of
ellipses. Shorter semi-axes of the pull-back unit ball correspond to larger eigenvalues of the Jacobian.

In the right panel of Figure[I7] we plot the pull-back unit balls for the encoding f given by the 1-dimensional PI
with respect to the Vietoris-Rips filtration. The plot reveals that the eigenvectors of the encoding associated
with the larger eigenvalue consistently align with the direction of increasing min{w, h}. This alignment is
in accordance with what we would expect the Vietoris-Rips filtration to capture on this specific data set,
since the death value depends on the radius of the inner circumcircle of a hole. Consequently, variations in
the length of the major axis have minimal impact on PI. Conversely, altering the length of the minor axis
directly affects the death parameter and changes the PI.

E Point saliency maps for PH encodings

In the context of interpretability, point saliency maps are commonly used tools to explain the decisions made
by trained models (Montavon et al 2018} [Zheng et all, [2019). These maps assign importance scores to each
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Figure 18: Point saliency score with respect to 1-dimensional PIs on Vietoris-Rips filtration for synthetic
2-dimensional point clouds.
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point in an input point cloud (or to each pixel in an input image), indicating their significance in relation to
the model’s prediction. In our study, we employ a similar strategy to visualize the importance of each point
in an input point cloud with respect to the PH encoding.

Given a point cloud X and an encoding map f, we define the encoding saliency score for each point x; € X as

of
sp(xi) = )
f( 1) Haxi »
where || - | denotes the Frobenius norm, which is the generalized Euclidean norm for matrices. Here, %

represents the Jacobian matrix of the encoding, which is a matrix of format P2 x D obtained by flattening the
PI into a vector in RY” and taking the partial derivative of each output pixel with respect to each coordinate
of each point in the input point cloud. Similarly, é% is the vector of partial derivatives of the encoding with
respect to the coordinates of the i-th point x; in the point cloud. This score quantifies the sensitivity of the
representation to variations on the coordinates of x.

In Figure [I8] we plot the point saliency score with respect to the Rips eneoding-used in Section [5] for point
clouds sampled from eight synthetic curves in R2. For each point cloud we highlight individual points
according to their saliency scores. We observe that endpoints and points related to the inner circumcycle are
often highlighted. These points correspond to the simplices that create/destroy certain homology classes
in the filtration. For instance, in the curved rhombus in the first-row, second-column panel, the endpoints
(yellow) on the upper right side are highlighted. Note that the edge between these two endpoints will connect
the gap and create a homology class. Therefore, variations on these two points can significantly change the
birth parameter of the corresponding homology class. Meanwhile, the two points (green) on the upper left
and lower right sides are highlighted. They are related to the inner circumcycle of the rhombus, and are
vertices of the triangle that destroys the homology class. Therefore variations on these two points can change
the death parameter of the homology class significantly.

Before concluding this section, it’s important to note that the saliency scores shown in Figure [18] are heavily
influenced by the sampling process. For example, many of the highlighted endpoints shown in Figure
are a result of sparse sampling. Consequently, the resulting saliency scores might be more indicative of the
sampling rather than the underlying shape itself. To better comprehend the shape, one potential approach is
to compute the average saliency score across multiple different samplings.

F Details on the experiments

F.1 Reproducibility

The data and code developed for this research are made available at https://anonymous.4open.science/
r/persistent-homology-0915.

F.2 Jacobian normalization

Throughout our work, we use pull-back norm to quantify the sensitivity of the encoding method to data
variations. One needs to be careful when comparing the pull-back norms induced by different encodings,
since encodings may have different scaling levels. For example, consider Euclidean data space M = R2, and
two encoding mappings fi =z + 0.1y, f> = z + 10y. The pull-back norms of a tangent vector v = [1,0]7 with
respect to f; and fo are

1 0
— 7 iy = . T\ =
”U”fl - ”‘] U“ - H(O 01) [LO] 17

1 0
o =170l = |5 4007 =1

In terms of “absolute sensitivity”, f1 and fo has the same level of sensitivity to variation v. More specifically,
when variation v is applied to a data point X, both f1(X) and f2(X) would change with distance approximately
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1 in the representation space. However, in terms of “relative sensitivity”, f1 is more sensitive to v. The reason
is that for f;, the vector v is the eigenvector of the Jacobian with the largest eigenvalue; while for fo, v is the
eigenvector with the smallest eigenvalue. Equivalently, for fi, v has the largest pull-back norm among all
tangent vectors with the same norm as v, whereas for f5, v has the smallest pull-back norm.

In Section 3] our goal is to study and compare the focus of different encodings. In Section [5.1.1] we search
for the encoding whose primary focus is on the data variations of interest. Hence, in both sections we remove
the scaling factor by considering the normalized Jacobian. Specifically, we divide the Jacobian matrix by its
largest singular value, J/ = J// /\{ . For vector fields V' we consider the normalized average pull-back norm:
1 ~

= 2 17 vx).

|D| XeD

Returning to the previous example, the normalized pull-back norm for vector v with respect to f; and fy are

177 _ 1 _ lT72v] _ 1 _ i
SEotiT 1 and oSG0 0.1, respectively.

F.3 Identifying what is recognized

We provide details for the experiments in Section [4]

Radial Frequency Pattern data set Figure|l9 shows some examples in the Radial Frequency Patterns
(RFP) data set Drrp.

Figure 19: Visualization of the Radial Frequency Patter (RFP) data.

PH parameters For the Vietoris-Rips encodingfiltration, we set mazimal _edge_length as 1. For the DTM
filtration, we set maximal edge length as 0.5 and parameter m as 0.02. For the Height filtration, we set
mazimal__edge_length as 0.1. We note that we need to set the maximum edge length to a small value to be
able to capture topological features of interest (for instance, one wants to avoid connecting different outer
regions of petals); alternatively, one could use geodesic distances or cubical complexes, see also
Fig.20) for a detailed discussion. Notice there’s no need to set a small maximum edge length for Rips
and DTM filtrations since the filtration value of an edge in Rips and DTM filtrations takes the distance
between its two vertices into account. In contrast, in Height filtration the filtration value of an edge is defined
by the maximal filtration value of its vertices, which implies any two points will be immediately connected by
an edge between them, if exists, after they appear in the filtration. For the construction of PI, we set the
resolution P as 20, variance 72 of the Gaussian kernel as 107, and the range of the image as [0,1] x [0, 1].
The weighting function is set as «a(b,!) = . The implementation utilized Tensorflow version 2.12.0 and Gudhi
(The GUDHI Project,, 2020) version 3.8.0.

Visualization of the effects of perturbation on PH We visualizes the effects of shearing perturbation
and conver perturbation on the persistent homology with respect to Rips filtration (see the upper panel
in Figure and Height filtration (see the lower panel in Figure 20). We omit plots associated with
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DTM filtration as they closely resemble those associated with Rips filtration. Please note that while these
visualizations provide insights into the effects of perturbations on PH, they are highly dependent on the
specific point clouds under consideration. In fact, the effects of perturbations on PH can vary significantly
across different point clouds.

As shown in the upper penal in Figure [20] the shearing changes the sparsity of points in the point clouds
and hence changes the birth values (z coordinates) of certain points in PD with respect to Rips filtration.
Meanwhile, shearing changes the size of petals and hence changes the death values (y coordinates) of certain
PD points with respect to Rips filtration. On the other hand, conver has the effect of “opening up” the
central region of the point clouds. Consequently, some loops appear later in the filtration, notably the five
loops that already exist in the second column of the first row but do not show up in the second column of the
third row. Consequently, convez also induces changes in the birth values of PD points associated with these
loops. We note that, in comparison to shearing, the convex perturbation has a more significant impact on PI.
This is consistent with the findings illustrated in Figure [§] where Rips eneedine-is more sensitive to convex
compared to shearing.

In the lower panel of Figure 20, we can observe distinct effects of these two perturbations on the PH associated
with the Height filtration. The shearing perturbation directly changes the x coordinates of the points in the
original points clouds, which correspond to their filtration values, and consequently changes the PI noticeably.
On the other hand, the convexr perturbation changes the PH in a more significant way. Specifically, certain
small loops that initially appeared in the filtration (as seen in the first row of the lower panel in Figure
no longer appear in the entire filtration after perturbation (as seen in the third row of the lower panel in
Figure . This observation arises from the small value we assigned to the mazimal edge length parameter
for Height filtration. In fact, for some point clouds, the central points originally have a distance smaller than
maximal__edge_length. Then convex perturbation can pull these central points apart, causing their distance
to exceed the maximal edge_length threshold. Consequently, edges connecting these central points vanish
from the filtration, resulting in the disappearance of certain small loops. In such cases, as shown in Figure 20]
the conver can significantly change the PI associated with Height filtration. However, for other point clouds
where the central points initially have a distance greater than maximal_edge length, the corresponding PI
may remain relatively unchanged after the convezr perturbation. This is again consistent with the results
shown in Figure [8] where the pull-back norms of the conver perturbation associated with Height filtration
exhibit a significant range of variation.

PointNet architecture and training details In our experiments, we labeled each point cloud data
X € Dryp with the number of petals, i.e. the parameter w of the curve RFP, ,, from which X is sampled.
This produces 8 classes in total and we train the PointNet model to classify each point cloud in the data set.
The PointNet model consists of a 1-dimensional convolutional layer with 64 filters and kernel size 1, followed
by batch normalization and rectified linear unit (ReLU) activation. Then global max pooling is applied
to obtain a permutation-invariant representation. This is followed by two fully connected layers with 128
and 64 hidden units, respectively, with ReLLU activation. The final output layer uses softmax activation to
produce theprobability distribution over the output classes. We trained the model with a batch size of 32 for
100 epochs, using a learning rate of 0.001. The optimization algorithm used was Adam, and the model was
trained using the cross-entropy loss function. We note data augmentation techniques are used for training
PointNet in literatures (see, e.g., |Qi et al. 2017)). However, we do not augment the data during training,
in order to ensure a fair comparison with other encodings. The implementation utilized Tensorflow version
2.12.0.

Perturbation vector field estimation Let D = {X;};cz be a finite data set of point clouds, and 7 : M - M
a perturbation mapping defined on the data manifold. In the case where the data lies in Euclidean space, i.e.
M =R™ one can compute the perturbation vectors as following:

Vi(X)=m(X)-X, VYXeD.

However, in the case of general Riemannian data manifold, the subtraction between any two points on the
manifold may not be well-defined. To address this, we control the perturbation mapping such that for every
X € D the perturbed point cloud 7(X) lies in a small neighborhood of X and calculate the perturbation

37



Under review as submission to TMLR

r=0.0 r=0.1 r=0.2 r=0.25 PD
10
08
06
04
L.
02
00
000 025 050 075 100
r=0.1 r=0.2 r=0.25 PD
10
08
06
04
L
02
- 00]”
000 025 050 075 100
r=0.0 r=0.1 r=0.2 r=0.25 PD
10
08
06
04
S
02
00
000 025 050 075 100
(a)

r=0.0 r=0.25 r=0.5 r=0.75 PD

000 025 050 075 1.00
r=0.5 r=0.75 PD

000 025 050 075 100
r=0.5 r=0.75 PD

.-u -u .-u .v --U .-v

(0)

Figure 20: Figure (a) visualizes the effects of different perturbations on persistent homology with respect
to Rips filtration. The first four columns illustrate the simplicial complex K, in the Rips filtration with
parameter r ranging from 0.0 to 0.25. The fifth and sixth columns show the corresponding PDs and Pls,
respectively. The first row is associated with the original point cloud; while the second and third rows
are associated with the point cloud perturbed by shearing and convez, respectively. Figure (b) visualizes
the effects of perturbations on persistent homology with respect to Height filtration, following the same
row-column arrangement as in Figure (a).

vector via the local coordinate system. Specifically, as shown in Appendix for each point cloud X € D, one
can find a neighborhood X € Ux ¢ M and an injective isometry £x : Ux — R™. We control the perturbation
mapping sends every point X to Uy, i.e.

m(X)eUx, VXeD.
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Figure 21: Unnormalized average pull-back norm of different perturbation vector fields with respect different
encodings.

Then the perturbation vectors can computed with the subtraction on the Euclidean domain £x(Ux) as
follows:

Vi (X) = Ex(m(X)) - €Ex(X), VX eD.

Unnormalized pull-back norms As discussed in Appendix we consider the normalized average
pull-back norms for perturbation tangent vector fields in Section We present the results of unnormalized
average pull-back norms in Figure Note that one could conclude from Figure [21| that, on average, Height
is more sensitive to convex than Rips in terms of “absolute sensitivity”. However, we reach the opposite
conclusion from Figure [§]in terms of “relative sensitivity”.

F.4 Selecting hyperparameters

We provide further details on Section [5]

PH parameters In this section, we focus on PH encoding constructed on Vietoris-Rips eneedingsfiltration.
We set the parameter maximal edge legnth as 0.25, and the range of PI as [0.0,0.25] x [0.0,0.25]. The
implementation utilized Gudhi (The GUDHI Project|, |2020) version 3.8.0 and Tensorflow version 2.12.0.

Gradient vector field estimation Let D = {X,},cz be a finite data set of point clouds, and p(X;) be the
corresponding feature values of point clouds in D. In the case when the data lies in Euclidean space, we can
estimate the gradient vectors with the finite difference method (FDM) as follows:

—_— Y)-p(X
vp(X)=X"-X, X':argmax—|p( ) —p(X)|

. ¥XeD.
YeD dp(X,X")

For binary categorical feature, i.e. p(X) € {0,1}, the formula can be modified as

Vp(X)=X'-X, X'= argmin dp(X,)Y), VXeD.
Ye{ZeD:p(Z)+p(X)}

However, in the case of general Riemannian data manifold, the subtraction between any two points on M
may not be well-defined. To address this, when estimating gradient vector located at X, we send other point
clouds in the data set to a neighborhood of X via transformation that preserves the feature value. In our
experiment, we use Euclidean transformation since the sex feature is irrelevant to the position or orientation
of the brain artery trees. Then FDM can be applied to the transformed data set, via the coordinate system
on that neighborhood.
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Figure 22: Left: shown are two point clouds in the plane. Right: the orange point cloud is transformed by
iterated closest point algorithm and the grey vectors represent the difference vector between blue point clouds
and the transformed orange point cloud.

Specifically, we utilize the iterated closest point (ICP) method (Chen & Medionil [1992; Besl & McKayl 1992).
Let E(RP) be the collection of all Euclidean transformations in RY

E(RD) ={¢: RP > RP: dg(z,y) =dg(t(x),(x)),Vr,y€ RD}.

Note each ¢ can be naturally extended to a transformation on point clouds: ¢(X) = {¢(z):x € X}. Let ( be a
error function in the sense that {(X,Y’) measures the “difference” between X and Y. Given two point clouds
X and Y, the ICP algorithm searches the Euclidean transformation that gives the minimal error value:

tx,y =argminC(X,(Y)).
teE(RP)

Here 1x y is Euclidean transformation found by ICP algorithm for point clouds X and Y. Define the ICP
discrepancy between point clouds X and Y (not necessarily a distance) as

dicp(X,Y) = dw(X,txy(Y)),

where dyy is Wasserstein distance between point clouds. Let Ux be a neighborhood of X and £x a coordinate
map Ex : Ux — R™. Estimate the gradient vector field for binary categorical feature p as follows (see an
illustration in Figure :

Vo(X) = Ex (ex x (X)) - €x(X), X'= argmin dicp(X,Y), VX eD,
Ye{ZeD:p(Z)+p(X)}

The implementation utilized python library Open3D (Zhou et all, [2018)) version 0.17.0 and POT (Flamary,

2021)) version 0.9.0.

Downstream tasks and performance In Section [5] we fed PIs produced by different parameter settings
to logistic regression models to predict the sex feature. Specifically, we normalize the PIs such that the pixel
values range within [0, 1]. We implemented logistic regression models using Scikit-learn (Pedregosa et al.
version 1.2.2 with default hyperparameters. When evaluating the model, we use a 7-fold cross validation.
And for robust evaluation in Section [5. 1.1l we add identically and independent distributed Gaussian noise
with variance 1072 to each coordinate of each point in input point clouds.

Here, we also inelude-theresultsfor-a-investigate the effects of resolution and variance of Gaussian kernel on
the downstream performance of convolutional neural network (CNN)as-the-dewnstream—model. The CNN

model takes Pls as inputs, then begins with a convolutional layer with 32 filters and a 3 x 3 kernel, followed
by a ReLU activation function. Then max pooling with a pool size of 2 x 2 is applied. Subsequently, another
convolutional layer with 64 filters and a 3 x 3 kernel is added, also followed by a ReLU activation and
max pooling. The resulting outputs are then flattened and passed through a fully connected layer with 64
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Figure 23: Right: test accuracy of the convolutional neural network (CNN) trained with PIs produced by
different parameter settings. Left: robust test accuracy of the convolutional neural network (CNN) trained
with PIs produced by different parameter settings.
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Figure 24: Gaussian kernel density estimation of the joint distribution of four pairs of variables: (a) Jacobian
rank vs. validation accuracy; (b) Jacobian rank vs. robust validation accuracy; (¢) pull-back norms vs.
validation accuracy; and (d) pull-back norms vs. robust validation accuracy, where the downstream models
are chosen as convolutional neural networks.

neurons and ReLLU activation. Finally, a single neuron with a sigmoid activation function is used for binary
classification. To train the model, we employ Adam optimizer with the cross-entropy loss function. The
implementation utilized Tensorflow version 2.12.0.

We represent the downstream performance of the CNN model in Figure 23] Shown in Figure 24]is the kernel
density estimation of the joint distribution of four pairs of variables: Jacobian rank vs. validation accuracy,
Jacobian rank vs. robust validation accuracy, pull-back norm vs. validation accuracy, and pull-back norm vs.
robust validation accuracy. Additionally, the Pearson correlation coefficient and p-value of a two-sided test
are presented at the lower right corner of each point in Figure We observe that the correlation between
pull-back norms and downstream performances remains significant.

We conjecture that complex models, such as CNNs, are able to obtain good downstream performance even
if the average pull-back norm is low, so long as it is not zero. Intuitively, when the feature information is
indeed contained in the encoded representation but is not significantly pronounced, a simple model may not
be able to extract this information, but a complex model, along with appropriate training techniques, can
still learn to extract and utilize this information.

G Investigating which part of the data is highlichted by PH encodings

In this section, we demonstrate how our method facilitates investigating which part of the data is the focus of
PH encodings. To this end, we will introduce noising perturbation on different parts of the point clouds and
examine the average pull-back norm of these perturbation vector fields. Moreover, we also consider the beta
weighting function for PTs and investigate the effects of the beta mean parameter on the pull-back geometry,
which allows comparing the focus of long and short persistence intervals.
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Human body data We utilize the benchmark mesh segmentation data (Chen et all [2009). This data set
consists of meshes representing 19 different types of 3-dimensional shapes, each annotated with manually
added segmentation labels. For our analysis, we focus on the subset of meshes representing the human body,
which encompasses various gestures such as standing, walking, and sitting. We randomly subsample three

oint clouds from the vertices of each human body mesh, with each point cloud containing N = 500 points.

PH encoding We focus on the PH encoding that sends each point cloud to its 2-dimensional PI with
respect to the Vietoris-Rips filtration. We choose 2-dimensional PH because we note that the underlyin
eometric_objects of human body meshes are 2—dimensional surfaces whose 1-dimensional homology is
typically zero, and whose reduced 0-dimensional homology is zero as well. For the construction of Pls,
we set the PI hyperparameters as P =20,y =1 x 107*, mazimal_edge legnth= 0.3, and the range of PI as
For the weighting function, we again employ the beta weighting function that we
introduced in Section We set the variance parameter for the beta weighting function s> as 0.04 and
consider the mean parameter k ranging from 0.1 to 0.5. We present a visualization of the impact of the

mean parameter on the PIs in Figure

PC with segmentation PD Pl (k =0.1)

Pl (k = 0.4) Pl (k=0.7)

(a) 000 005 o010 015 020 025 030
(b)

Figure 25: Illustration of the human body data set: (a)Point cloud with body parts segmentation;
b)2-dimensional persistence diagram with respect to the Vietoris-Rips filtration; :
images obtained with beta functions with the beta mean parameter set as 0.1, 0.4, and 0.7 respectively.

Perturbation We merge the segmentation labels for the sampled human body point clouds into 6
categories: head, torso, arms, hands, legs and feet (see panel (a) in Figure[20lfor an illustration). Accordingl
we consider 6 types of perturbations, each adding independent Gaussian noise to points in one body part.

We provide visualizations of some of the perturbations in Figure

Pull-back norm We evaluate the average pull-back norms of the noising perturbation on 6 body parts
and present the results in Figure

data, Specifically, when the mean parameter is set to 0.1, the encoding exhibits significant sensitivity to
perturbations on legs, when k = 0.2, the focus of the encoding switches to head. For larger mean parameters,
the encoding becomes most sensitive to perturbations on forso. This could be explained by observing that
shorter persistence intervals in 2-dimensional PDs on Rips filtration are more related to smaller hollow shapes
in the data, such as arms and head, while longer intervals relate more to larger hollow shapes, such as the

torso.

These findings can also guide the selection of hyperparameters for PH encodings. For instance, in a face
recognition task. we know from above that shorter persistence intervals are sensitive to data variations on
head. Hence, one should choose a value around 0.2 for the beta mean parameter in order to obtain a data
presentation that is most suitable for this task. At the same time, we note once again that long persistence
intervals do not always contain the most important information and that the optimal choice of the weighting

function (and other hyperparameters) depend on the specific task at hand.
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Figure 26: Illustration of the effects of noising perturbation on Head, Torso, and Arms on the point cloud

PD and PIs with different weighting functions .
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Figure 27: Averaged pull-back norms of noising perturbations on 6 body parts.
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